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1. INTRODUCTION AND MAIN RESULTS

Problems both in pure and applied mathematics lead to investigating energies depending on the
curvatures of manifolds. A famous example is Willmore’s energy

W(E) = / H?*an 1
b

where ¥ C R” is a hypersurface, H denotes its mean curvature and H* the k-dimensional Hausdorff
measure. Often, one may reserve the term Willmore’s energy for the case n = 3 and denote the same
energy on plane curves as Euler’s elastica energy. Like the minimal surface problem in the gradient-
theory of phase transitions [Mod8&7], this energy can be approximated by diffuse functionals on phase-
fields [BMO13]. For a more extensive review of the literature, see e.g. [DLW1T].

There are several phase-field models for Willmore’s energy. The one described in the following is
particularly satisfying for two reasons: 1) Higher order terms appear only quadratically, allowing for a
comparatively easy and stable implementation of the gradient flow and 2) the Willmore integrand is the
density associated to the first variation of the diffuse area integrand squared. In this sense, the diffuse
functional is constructed in direct analogy to the sharp interface energy.

Assume that n = 2,3, Q € R", W is the double-well potential W (u) = 1 (u? — 1)* and ¢y =

f_ll \/2W(s) ds = 2v/2/3. Then we consider the Modica-Mortola energy

L o5 VUl + LW (u)dz ue W)
+00 else

S.: LYQ) =R, S.(u)= {

as an approximation of the surface area measure and the functional

2
+ ot (fAu—2W'(w) dz uwe W?3(Q)
400 else

W.: LHQ) - R, W.(u) = {

as an approximation of Willmore’s energy. In [RS06], Roger and Schétzle proved that
D(L}(@)) — lim OV, + A S.) (X — Xeng) = WOE) + AR (9E)

forany A > 0if £ € Q and OF € C? in n = 2,3 space dimensions. We shall always restrict ourselves
to these dimensions in the following. The recovery sequence is constructed by using the well-known
transition layer for the Modica-Mortola energy [BP93]. It is given by functions of the type

uf(x) = ¢ (sdist(z, OF) [¢)

where sdist is the signed distance function to F and ¢° is a suitably cut-off approximation of ¢(t) =
tanh(t/+/2) which is the stationary transition between the wells u = +1 of W in one dimension since
—q" + W'(q) = 0. Sequences of this general structure will be referred to as optimal profiles.

Clearly, optimal profiles converge to xg — Xo\g in L'(2). More generally, they converge in all
finite LP-spaces and they become constant away from JF. Our aim in this article is to understand
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the convergence properties of general sequences u. such that the total energy &.(u.) = We + S:)(u.)
remains bounded in n = 3 dimensions.

We notice that such a sequence must have a limit point in the L%-sense (in any dimension) since a
uniform bound on S. implies a uniform bound on u. in L*(Q) and on G(u.) in BV (Q2) where G is a
primitive function of v/2W. This argument only uses the strict monotone growth of G and Young’s
inequality.

While u. € W22(Q) is continuous on 2 (and Q2 if 9Q € C%1) due to the Sobolev embedding theorems,
the limit u is either discontinuous or constant +1, and uniform convergence u. — u cannot be expected.

To properly understand the convergence of a fixed finite energy sequence u., one needs to consider
the associated Radon measures p., a. given on open sets U C R™ by

1 1 1 1 1 2
1 (U) = — SVl + = W) dz,  a.(U) = — - (a Au, — - W’(ug)) de
co Juna 2 € co Juna € €
which localise the functionals S. and W, respectively. We also denote the Willmore integrand by
ve == — Au, + %W’ (ue). By the compactness theorem for Radon measures, there exist finite Radon

measures j, o supported in Q with [Du| < 2u such that (for a further subsequence) . — pand a. — a.
Due to [RS06], the restriction u|g is the mass measure of an integral varifold with square integrable
mean curvature and Hﬁ pla < a.
In this article, we will always make the following non-restrictive assumptions:

(1) The sequence u. has finite energy, i.e. limsup,_, & (us) < oo,

(2) all quantities have a limit, i.e. u. — u in L*(Q), e — p and o — o,

(3) ¢ is small enough for the phase fields to resemble the limit in the sense that we assume that

p(R™) =g, a(R") =a and p.(R") < p+1, a.(R") <a+1 and

(4) on 09 we have either |u.| < 6 for all € > 0 and some 6 > 1 or d,u. = 0 for all € > 0.
Sequences along which the Modica-Mortola energy Se(uc) stays bounded can behave quite badly. In
specific situations, uniform convergence u. — u away from the support of the measure p has been
established:

(1) If the functions u. are not only bounded in energy but also local minimisers of S. under the
constraint ﬁ Joudz =m € (0,1), [CCI5].
(2) More generally, if they are stationary states
1
U € Wl’Q(Q), —ep Aug, + — W’(uk) =M\
€k
with e, — 0 for which the sequence of Lagrange multipliers A, remains bounded [HT00].
(3) Assuming the same energy bounds as we do, but in dimension n = 2 [NTQ7].
We can take a continuous representative of u. € W22(Q) «— C%/2(Q) if Q is regular and u, €

Clo O’i/ 2(Q) else. For u we take the representative that is constant +1 on €\ spt(z) (which exists since

|Du| < 2u). We will show that the following hold.

Main Theorem. Let n = 3, 0 € R" open and the conditions above be satisfied. Then the following
hold true.

(1) Let Q' € Q. Then there exists C > 0 such that |uc| < C on Q' for all e < dist(,00)* and
u. € COV2(B.(x)) for all x € ' with
uely) e < gy ==Y Ve Be)
c1/2

(2) Let Q' € Q. Then us — u in LP(Y) for all 1 < p < 0.
(8) Let 7 > 0. Then there are only finitely many points x € Q with the following property:
Jxz. —x  such that limsup |uc(zc)| > 1+ 7.
e—0
The number of points can be bounded in terms of i, & and T.
(4) Let 7 > 0. Then there are only finitely many points x € Q \ spt(u) with the following property:

dxz. —x such that limsup | ue(xe) — u(:c)| > T
—0

The number of such points can be bounded in terms of i, @ and T.
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(5) Let Q' € Q\ spt(u). If o has no atoms in ' \ spt(u), then u. — u uniformly on . In
particular, if V is an integral varifold supported in Q with mass measure pu such that p. — p
and additionally ae(Q) — W(p), then ue converges to u uniformly on all Q' € Q\ spt(u).

(6) Let I € (—1,1). Then there exists a compact set K C Q and a subsequence € — 0 such that
u-1(I) — K in Hausdorff distance. K satisfies

KnNQ=(spt(pp) NQ)U{z1,...,2Nn}

for finitely many points x1,...,xny € Q. If a has no atoms outside spt(u), then K NQ =
spt(p) N Q.

(7) There exists a countable set A C Q\ spt(u), such that u. — u pointwise everywhere on €\
(spt(p) U A). In particular, for C € Q \ spt(p), s > 0 such that H*(C) < oo we have that
ue — u H®|c-almost everywhere.

The statement and the proof are split over Corollary Lemma [2.6] Theorems [2.11} [2.14] and [2.20]

Under the same assumptions, Nagase and Tonegawa [NTO7| proved uniform convergence in n = 2
dimensions. The differences between the cases n = 2 and n = 3 arise from the sharp interface problem,
not the phase field approximation. Namely, due to the fact that Willmore’s energy is scale invariant,
the sequence of manifolds

My, = 9B1(0) U 0B /x(0)

has Willmore energy W(My,) = 327 in n = 3 dimensions. It satisfies My, — 9B1(0) in the measure
sense, but My, — 9B1(0)U{0} in Hausdorff distance. Such a sequence can be used to show that uniform
convergence cannot hold for the phase field problem. The analogue of Willmore’s energy on curves, also
known as Euler’s elastica energy, is not scale invariant since the exponent of the mean curvature p = 2
is higher than the dimension n — 1 = 1 of the manifold.

It is an important feature of our analysis that we only assume that & (uc) is bounded and not
necessarily that wu. is a local minimiser or stationary point of a related functional under suitable side
conditions. This is of central importance for applications, where Willmore’s energy is usually not the
only term contributing to the total energy in a model.

We remark that our result is sharp. While the formulation is new, it is geometrically intuitive.
Namely, the sets

A; ={z € Q\spt(p) | I . = = such that limsup |u.(z.) — u(z)| > 7}
e—0
and A=, .o Ar = Upe,y Ak, encode how far u. is from converging uniformly to u. Since u is locally
constant on €\ spt(u), it is easy to see that u. — w locally uniformly on Q\ spt(p) if and only if A = .
We show that the 7-distant sets A, are finite for all 7 > 0, but may be non-empty. So while uniform
convergence cannot be achieved in general, the set where it fails by any given positive amount is as
small as can be.

This is still a strong statement, and we shall call such functions converging essentially uniformly
on Q \ spt(u). Essentially uniform convergence is especially suited for investigating functionals that
depend on individual level sets and can be used to deduce uniform convergence for certain minimising
sequences, see Section[3] The new technique is particularly useful in fourth order problems where energy
competitors cannot be constructed as easily as in generalised Modica-Mortola functionals.

Our convergence results can be applied to functionals depending on level sets of phase-fields (like the
connectedness constraint functionals in [DEWIT]), to rigorously justify the usual notion that the zero
level set of a phase field approximates a sharp interface limit (via Hausdorff convergence) and to prove
the stability of closedness under varifold convergence in the class of embedded surfaces with uniformly
bounded Willmore energy.

The article is organised as follows. In Section|2.1] we collect a few helpful results and first applications
to boundedness and LP-convergence of u.. We deal with essentially uniform convergence in Section [2.2]
and Hausdorff convergence of the level sets of u. to spt(u) in Section Applications to uniform
convergence for minimisers and varifold geometry will be discussed in Section We conclude the
article with examples demonstrating that our results are sharp in Section

2. PROOFS
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2.1. Auxiliary Estimates. In this section, we will collect a few estimates. The first Lemma is essen-
tially obvious from the energy estimates, but important in controlling the Sobolev norms of u. from the
control over & (ue) = W + Se)(ue).

Lemma 2.1. Let u. € W*%(Q). Then there is a constant C depending on E-(u.) and Q such that

[luell2,.0 < C, [|Vuell2,0 < [|Aucl|2,0 <

C
Ve 72’
Due to Sobolev embeddings, u. € Cloo’cl/z(Q).
We further present the following estimate of how large certain integrals of the phase-fields u. outside
[-1,1] can be.
Lemma 2.2. [RS06, Proposition 3.5] Forn =2,3, Q CR", ¢ > 0, u. € C?(Q), v. € C°(Q),
1
—eAu, + EWI(UE) =v. 1,

and Q' € Q, 0 < r < dist(Q,09), we have
/ W (u:)? < Cp(1 + r_zks%)az/ v? 4 C’;cr_zks%/ W (u.)?
{lue|>1}NQY Q {lue|>1}NQ2
for all k € Ny.

Together, these statements imply the following.

Corollary 2.3. Let Q' € Q). Then

1
= W (u.)?*de < C
€% Jarn{luc|>1}

and )
lim sup —3/ W (uo)?dx < a-(Q).
€% Jarn{|ue|>1}

e—0

A key tool in our argument is a simplified monotonicity formula. Notably, it contains the Radon

measures given by
€ 1
&a0) = [ (2 Va2 — W(ug)) da
UunQ € +

on open sets U C R™. These and their absolute value versions

)= [

are also known as the discrepancy measures because they control the deviation from the natural situation
of equipartition of energy in the Modica-Mortola functional. Intuitively, a blow up of phase fields
resembles solutions to the stationary Allen-Cahn equation

—Au+W'(u)=0

on R™ and due to a classical estimate of Modica [Mod85], these satisfy |Vu|? < W (u), so that at least
&+ may be expected to vanish. For an optimal profile type sequence, |¢.|(R™) — 0 exponentially fast in
g, and due to [RS06, Proposition 4.9] the same is true for general finite energy sequences. The positive
part & 4 can be estimated quantitatively using a small parameter § > 0 as follows.

% |V |> — éW(us) dx

Lemma 2.4. [RS06, Lemma 3.1] Let n = 2,3 and assume that u. € W22(B1(0)). Then there are
C,80 >0 and M > 1 such that for all0 < 6 < dg, 0 < e < p and

po =max{2,1+5 Me}p
we have
-n —-n — —-n 1 55
Pl (B,) < C {8 p " e (Bay) + 25 Mpt a:(B,,) +/ —= W'(ue)dz | +— 5.
Bpom{‘ua|>1} € P

With this in mind, we may state our estimated monotonicity formula. A similar estimate is also
given in [RS06, Proposition 4.3]; see also [DLW17, Lemma 3.6].
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Lemma 2.5. Let 0 <r < R <1, z € Q such that Br(z) € Q. Denote B, := B,(x). Then

1—n 1—n B EE,-F(BP)
T "ue(Br) <3R " uo(BR) + 3a.(Br) + 2 pindp
In the case that u. satisfies the boundary conditions (4.1]), the following Lemma was already proved

in [DLW17, Lemma 3.1], but the proof also goes through in our case. Set
Q. :={z € Q| Ba(z) C Q}.
Lemma 2.6. There is Cg pn > 0 such that

l[telloo,2. < Ca -
Take x € Q. and set Be == Bc(x). Then ue is Holder-continuous on B. with

fomm
luc(y) — ue(z)| < % ly — 2|

forally,z€ B. andy<1/2ifn=3,vy<1ifn=2.

Optimal interfaces have precisely these Holder-coefficients, so they cannot be improved. With Corol-
lary [2:3] the regularity Lemma could be extended to the case without boundary conditions on compactly
contained sets.

Remark 2.7. Note that ). is growing as ¢ — 0, so that the local boundedness and Hoélder continuity
hold on every set ' € Q with constants independent of ', at least for small enough € > 0. We shall
make use of this in the following.

Corollary 2.8. Let 1 < p < co. Then u. — u in LP(Q) for all ¥ € Q.

Proof. We know that u. — u in L'(Q) and that the sequence wu. is bounded uniformly in L (Q').
Hoélder’s inequality does the rest. (I

2.2. Essentially Uniform Convergence. In this section, we will investigate the convergence of u. in
n = 3 dimensions. As we shall see in Example uniform convergence away from the interface does
not hold in this case. Therefore, we are forced to introduce a new notion of convergence which is better
adapted to phase field problems.

Definition 2.9. Let U C R", f., f: U — R continuous functions. Then we say that f. — f essentially
uniformly (e.u.) if the sets

A, ={x €U|3 z. — x such that limsup|f.(z:) — f(z)| > 7}
e—0

are finite for all 7 > 0.

Since we assume f to be continuous, locally uniform convergence corresponds to A; = @ for all
7 > 0 and implies essentially uniform convergence. Even without the assumption of continuity, e.u.
convergence implies convergence pointwise everywhere on the complement of a countable set. With this
definition, our results on convergence in three dimensions can be summarised as

Ue — u eu. on €\ spt(pu) and (Jue| =1), — 0 e.u. on Q.

Remark 2.10. Essentially uniform convergence is a powerful tool for our purposes, but still quite far
from uniform convergence. The following properties are easy to establish.

(1) Assume that fo = feu.onU. Then A = J . A7 = [J;Z; Ay is countable and f.(z) — f(x)
forallz € U\ A.

(2) Let K € U\ A. Then f. — f uniformly on K.

(3) A is countable and may lie dense in U, in which case the previous point is vacuous. In particular,
it may happen that f. — f e.u. but there exists no open set U’ C U such that f. — f uniformly
on U’. We shall see in Example that this may happen in our case of finite energy sequences
Ue.

7>0
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In one space dimension, the same kind of convergence was used by Dal Maso and Iurlano for phase-
fields governed by a Modica-Mortola energy [DMI13, Proof of Proposition 1]. In one dimension, the
Modica-Mortola functional controls functions well enough to show essentially uniform convergence. In
Remark we discuss under what assumptions our techniques can be adapted to prove essentially
uniform convergence in higher dimensions.

We begin by proving convergence from outside [—1, 1], also at spt(u).

Theorem 2.11. Let 7 > 0 and x € Q a point for which there exists a sequence x. — x such that
limsup,_,q [ue(xe)| > 1+7. Then there exists @ > 0 depending only on &, i and T such that a({z}) > 6.
In particular, there are only finitely many such points.

Proof. Passing to a subsequence and replacing 7 by 7/2, we may assume that |u.(z:)| > 1+ 7 for all e.
Since  is open, there exists » > 0 such that By.(x) C Q. Thus Bs,.(z) C Q. for all sufficiently small
€, SO we may use Lemma with uniform constants. Since z. — x, for all sufficiently small € > 0 we
have B.(z.) C B,(z), and by Hélder-continuity of u., there is 0 < ¢ < 1 such that

lus| > 14 % on Be.(x.)

which implies that
W(l+7/2)

pie(Br (%)) = pre(Bee(e)) 2 wn (ce)” - -

Using Corollary we find that a(Bg,) > wy, ® W(1 + 7/2) where ¢ only depends on the Holder
constant of u. on Be.(x.) and thus only on the energy bounds. Taking r — 0, we see that

a({z}) = Cap,r-
A point with the properties of z is therefore an atom of o with a minimal size depending on &, i and
7. In particular, since & < oo, there are only finitely many such points. O

Note that we had to use the limiting measure a. Its existence may always be achieved by taking a
subsequence £ — 0. On the other hand, if we add bumps as Example [£.1] based at points along a dense
sequence in some ' € Q \ spt(u), we see that all points = € Q' are limits of bad sequences. Thus the
existence of « is of critical importance for the argument above.

The following result is the three dimensional version of [DLWI7, Lemma 3.9], obtained with a slightly
improved estimate and streamlined argument. We slightly abuse notation and denote by W;, S¢, & also
the functionals given by the same formulae as above on the function space L'(B1(0)) instead of L(Q).

Lemma 2.12. Letn=2,3, B=B1(0) CR", 0 €[0,1) and

Xg = {u € W**(B) | |u(0)| < 6}.
Then the function

e:[0,1) = R, e(f) = hgr;l(l)qf u}en)gg Ee(u)

18 strictly positive.

Proof. For a contradiction, assume that there is 6 € [0,1) and a sequence u. € Xy such that & (u.) — 0.
As usual, denote B, := B,(0) and the diffuse mass and Willmore measures by p. and a., respectively,
despite the change of domain. Consider the densities

fe(p) = pl_nﬂa(Bp)

for p € [¢,1]. By the Holder continuity on B/, from Lemma we get fo(e) = el T"u(B:) > ¢ >0
for a uniform constant depending only on € by the same argument as in Theorem m (sincei=a=0

by assumption). In the next step, we will apply Lemma with & = n. (¢/p)? for some 0 < B < 1/M
and 7. — 0 so slowly that
(1) n-Ma.(B) — 0 and
(2) o MelME < 1,
Note that the second condition also implies that =Me = (¢/p)"MP n-Mc < 1 for p > . In particular,

0 < Jp independently of p > ¢ for all small enough € > 0. Using the estimated monotonicity formula
from Lemma for e = r < R =1/3 together with the estimates for
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— &4 from Lemma [2.4] for the § given above, for
= ||uel|oo, By, 5 from Lemma [2.6| and for

Bays{lue|>1} LW (ue)? da: as in Corollary.

we obtain

R
fe(e) §3R1_WM5(BR)+3045(BR)+2/ ge,er(an)dp

R B
—n € —n
<3R'"" u(Br) + 3a-(Br) +2 C/ e i P " pe(Bay) dp

i (0B (o) de ) + ST
+/ —=a N a:(Bs +/ W dx | + dp
- pn Mp 'le € P Bayn{luc|>1} 53 p2+ﬂ

R
. 20, e?
<3R! ME(BR)-F?)CVE(BR)-F/ p1+ﬁfs(2p)

S48 { ~(1+8) _ p- (1+ﬂ)}
_|_

_(5e)3
+ C EQ—M,@’ {,r,l—n-l-MB _ Rl—n+Mﬁ} no { BZR 1 (R) E(BQR)+

n—1—-Mp
1 (5e
2 (%) el -4ue<BzR>}

2R
20 e
§%+/ S e

with 7. — 0 as ¢ — 0. We may now use Gronwall’s inequality backwards in time to deduce that

2/3 C 5’8
fe(e) < 7e exp </ p?iﬁdp> <C7e.
£

This is a contradiction since 7. — 0, but on the other hand f.(¢) > ¢ > 0 due to Holder continuity. O

In the next step of our program, we will reduce the problem of uniform convergence to this minimi-
sation problem. The central tool in doing so is the following rescaling result, compare e.g. the proof of
[RS06 Theorem 5.1].

Lemma 2.13. Let u.: B(z,r) = R, A >0 and G.: B(0,7/\) = R with

e (y) = ue(x + Ay).
Set 7:=1/X, €:=¢c/),
. 1 (6, 5 1. . . 1 (. 1. N\
fe = — | = |[Vie|* + = W(ae) | L7, Ge = — [EAG — = W'(Ge) | L™
co \ 2 € €

Then

P "fi(B(0,7)) :rlinﬂs(B(x,T))a 3 " ae(B(0,7)) :rginas(B(xar))'

With this in mind, we proceed to our main result on convergence away from spt(x) in three dimensions.

The proof resembles that of [DLW17, Theorem 2.1], where uniform convergence in two dimensions was
established.

Theorem 2.14. Let 7 > 0 and x € Q\spt(u) such that there exists a sequence x. — x with the property
that

lim sup |ue(ze) — u(x)| > 7.
e—0
Then there exists 0 depending only on T such that a({z}) > 6. In particular, there are only finitely
many such points.
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Proof. Since convergence from outside [—1, 1] is already clear, we only consider = that admit a sequence
z. — x such that

lign_jglf lue(ze)| < 1—7.

Without loss of generality, we may assume that u(xz) = 1. Assume that there is a subsequence z. — z
such that u(z.) < 0. Since u. — u in L'(Q) (so pointwise almost everywhere, up to a subsequence),
and wu is locally constant, there is also a sequence . — x such that u.(Z.) > 1 — 7/2. Using the
continuity of u., we obtain a sequence z. — x such that |u.(z.)| < 1 — 7. Passing to a subsequence in
€, we may assume that this holds for all .

So assume that . — x € Q and |u.(z:)] <1 — 7. Since 2\ spt(p) is open, there is > 0 such that
B(z,3r) C Q\ spt(p). As . = z, B(ze,7) C B(x,2r) for almost all € > 0. We have u(B(z,3r)) =0,
so (using the terminology of Lemmas and

(B, () > a(B,())
> lim sup (a5<Bzr(x) + 77" e (Bay ()

e—0

> lim sup (045 +7"1 " e (By(z s)))

e—0

—hmsup( <(B1(0)) + 4 (B1(0)))

> hm sup inf (W:+S:) (u)

e—0 uEXi-r

>0
with G (y) = ue(ze + ry) and € = ¢/r. Letting r — 0, we establish that

a({z}) 20

where 6 only depends on 7. Again, z is an atom of a fixed minimal size, so there are only finitely many
such points. O

Corollary 2.15. Assume that Q' € Q \ spt(u). Then the following hold true.

(1) For all T > O there exists &, > 0 such that if o has no atoms of size at least ¢ in (, then
|lue| — 1] <7 on Q.

(2) If a has no atoms in ' at all, then u. — u uniformly on €.

(3) If u is the mass measure of a varifold V and a(2) = W(V) (i.e. u. is a recovery sequence for
its limit), then ue — w locally uniformly in Q \ spt(u).

Proof. All but the last point are obvious. Clearly, it suffices to show that a has no atoms outside
spt(p). For a contradiction, assume that zy ¢ spt(p) is an atom of « and choose ' = Q\ B,.(zg) such

that B,(zo) € Q\ spt(x). Then consider the sequence . = u. pointwise. Clearly still . — p, but
liminf,_,o We (@) < W(V) contradicting the I" — lim inf inequality from [RS06]. O

The following is an easy corollary once essentially uniform convergence is established. We state it
here in order to illustrate the properties of this mode of convergence.

Corollary 2.16. There exists a countable set A C Q\ spt(u), such that u. — u pointwise everywhere
on Q\ (spt(p) UA). In particular, for C € Q\spt(u), s > 0 such that H*(C) < oo we have that u. — u
H?|c-almost everywhere.

Proof. The statement follows from Remark point (1), which is evident from the definition of essen-
tially uniform convergence. O

A few remarks are in order.

Remark 2.17. The only difference to the case n = 2 lies in the different rescaling properties of a. in
two and three dimensions. There, we could deduce that «(Bs.(z)) > 6/r, which gives a contradiction
as r — 0 and establishes uniform convergence of |u.| — 1 on sets ' € Q \ spt(u).
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Remark 2.18. As pointed out, if Q' € Q and u(Q) = a() = 0, then |u.| — 1 uniformly on every
Q" € Q. However, the convergence has no a priori rate in € in n = 3 dimensions. Functions like

us =1+ f(e) g((x — zo)/¢)
will not lead to atoms of « if g € C(R™) and f(¢) — 0 as ¢ — 0. For similar considerations, see
Example In two dimensions, the optimal rate of convergence is /¢ as shown in [NT07] from outside
[-1,1]. The argument can also be applied in general.

Remark 2.19. The argument presented above can clearly be adapted to other situations with the fol-
lowing ingredients:

(1) a sequence of functions u. which induces two sequences of Radon measures p.,a. uniformly

bounded on compact subsets
(2) Limiting objects such that u. — u, pe — p and . — a,
(3) an infinitesimal generation of mass property like
lue(x) — u(x)] >0 = 7" (B.) > ¢,
(4) a monotonicity formula resembling
RY™"u.(Bgr) > c1 7 " "u.(B,) — ¢ a.(Bg) + E., c1,c2 > 0, e<r<R

for pe which involves only ., a. and an error term =, which goes to zero and
(5) a critical or sub-critical rescaling property for o, and an invariance property for the ‘density’
=" u.(B,).
Then we can re-write the problem of uniform convergence into a minimisation problem and employ
the same arguments as above. Depending on the nature of the rescaling property, we may be able to
obtain uniform convergence this way (as for n = 2) or essentially uniform convergence (as for n = 3).

2.3. Hausdorff Convergence. In applications, we like to think of spt(x) as being approximated by
the set {u. = 0}. This is rigorously justified in the next theorem.

Theorem 2.20. Let I @ (—1,1) be non-empty, not necessarily open. Then, up to a subsequence, u_*(I)
converges to a compact set K C Q) in Hausdorff distance such that
(1) KNQ=spt(p) NQ ifn=2 orn=23 and o has no atoms in 2\ spt(u),
(2) KNQ = (spt(p) NQ) U U,If:l{:ck} for finitely many points x, € Q if n = 3. The number N of
points can be bounded in terms of I and limsup,_,o & (ue).

Proof. In accordance with convention, we may replace uZ!(I) with its closure without affecting the

limit. Since uZ'(I) C Q is bounded, there is a compact set K C 2 and a subsequence such that
u'(I) —» K
in Hausdorff distance. K can be calculated as the Kuratowski limit
K={zxe Q|3 2. €u'(I) such that z. — x}.

In [DEW17, Theorem 2.2 and Lemma 3.15], we showed that spt(u) C K under the assumption that
u. € -1+ VVO2 2(Q) Our original argument had to be more sophisticated to imply a stronger result, so
we shall sketch a simplified version of the proof.

(1) spt(u) is rectifiable and when we introduce the diffuse normal direction v, = %7 the varifolds

Ve == pe ® ve converge to the varifold introduced by p as Radon measures on R x G(n,n — 1)
due to [RS06], Proposition 4.1]. The discrepancy measures

i) = |

vanish as |¢.| = 0 [RS06, Proposition 4.9].

(2) Since points x at which u possesses a tangent space T, and which are Lebesgue points of the
density 6 and not atoms of « lie dense in spt(u), it suffices to show the following: For z as
specified and r > 0, there is z € uZ1(I) N B,.(z) for all sufficiently small £ > 0.

Blowing up along a suitable sequence of dilations . (y) = ue(z+ A y) with \e — 00, e Ac — 0,
we can further reduce this to the case in which p = 0 H" " !|1,,, a = 0 like in [RS06, Theorem
5.1].

€ 9 1
a £ - - £ d
2\Vu| 6W(u) x
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(3) Let 0 < 7 < 1—1/v/2and L,y > 0 to be specified later. When we use this varifold convergence

and |&| N 0, for all sufficiently small € > 0 we can find a point y = y. € Br/z(x) such that
|ue(y)] <1 — 7 and (up to rotation)

€l Buew) + [ 1= e dpe <5 (4L
Bare(y)
Imagining L to be large and ~ small, this roughly expresses that Vu, points in the direction e,
on average over Byr.(y) and that the discrepancy measure over the ball is small.

(4) If we choose L large enough and ~ small, then [DLWI17, Lemma 3.12] or the proof of [RS06
Proposition 5.5] show that u. is C°-close to an optimal profile in direction e,, over Byr.(y) and
makes an almost full transition from —1 to 1 within that ball. We thus find z € Byr.(y) C B,(x)
such that u.(z) € I.

For the other direction, assume that € QN K \ spt(u). Take r > 0 such that B, (z) C Q\ spt(p). If

n =2 orn =3 and « has no atoms in B,(z), we see that |u.| — 1 uniformly on B,.(x), which leads to a
contradiction. If n = 3 in general, then x must be an atom of o with a minimal size depending only on

sup 6] < 1.
oel

Since there can only be finitely many such points, the theorem is proven. O

Remark 2.21. In the case where we have u. € —1 + T/V02’2(Q)7 we can extend u. to a larger domain
as a constant function outside 2. Thus we obtain the stronger result that uz'(I) — spt(u) if n = 2
(or if n = 3 and « does not have atoms outside spt(x)) and uZ1(I) — spt(p) U {z1,...,2x} (up to a
subsequence) if n = 3 for a finite collection of points x; € Q. If n = 2 or n = 3 and « has no atoms, the
uniqueness of the limit implies that actually the whole sequence uZ!(I) converges to spt(u). The same
holds for periodic boundary conditions.

Without boundary conditions, the relationship of K N 9Q and spt(u) N AN is more complicated. If
0Q € O?, we may consider an optimal interface transition for 9 such that only the positive part of the
transition lies inside . This induces the measure u = 1/2H" 0. So u may well fail to be an integral
varifold at the boundary, and the inclusion spt(p) NI ¢ K N OS2 need not hold (take I € (—1,0)).
Further details are given in a forthcoming publication [DW17].

3. APPLICATIONS

3.1. Enforcing Connectedness in Limits of Phase Fields. Our research into the uniform conver-
gence was motivated by difficulties in [DLW17] where we needed phase fields to converge along curves
(thus objects of co-dimension 2) also in dimension n = 3. Accordingly, our results can be used to
simplify the proof of [DEW17, Theorem 2.5], but there are many other applications.

Remark 3.1. In the proof of [DLW1T, Theorem 2.5], once we have shown that (in the terminology of that
Theorem) u. € [61,02] € (—1,1) on a connected set K. bounded away from spt(u.) which contains two
distinct points with a uniformly positive separation, we can obtain a contradiction more directly. All
points in the Hausdorff limit K of K. must have have the distance property, and since K is connected
and contains two distinct points, it is not a finite collection of points. Since furthermore K C Q\ spt(u),
this poses a contradiction to Theorem

3.2. Minimising Sequences Converge Uniformly. In the second application, we demonstrate how
essentially uniform convergence can be used to obtain uniform convergence under additional assump-
tions. It formalises the intuition that phase fields have no energetic incentive not to converge uniformly
in three dimensions.

Lemma 3.2. Let X = -1+ VV022(Q), S,VeR, A>0, x>0 and

E: X — [0,00), E-(u) = Wo(u) + A (S=(u) — S)* + x (;/Q(u—k 1)dz — V)

an associated energy functional. Furthermore, assume that u. € X and u € BV(Q) are such that

E-(ue) :néi}l(lé'g(v), ue — u in LY(Q).
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As usual, let e = p, oe — o. Then spt(a) C spt(p). In particular, u. — u uniformly on compact sets

K C Q\ spt(u).

The parameters S and V' play the roles of a preferred surface area and enclosed volume and A,y
express the strength of the preference.

The existence of minimisers of &, follows from the direct method of the calculus of variations and
Sobolev embedding theorems. A similar statement holds if X is W22(£2) or the subspace of W??2((2)
with vanishing normal derivatives.

Proof. Note that the sequence @, = —1 keeps & uniformly bounded, so we have limsup,_, & (us) < o0.
Let us consider a subsequence € — 0 such that all three terms in the energy have a limit.

By Corollary ue — u locally uniformly in Q \ spt(u) if @ has no atoms outside spt(u), so it
suffices to show the inclusion spt(a) C spt(u). By extending wu. to a slightly larger domain ' as a
constant function, we only need to consider the case that spt(a) @ Q. Recall that the support of a
measure is the collection of all points for which any neighbourhood has positive measure. Thus for a
contradiction, we may assume that there exists a ball Bs,.(z) C Q \ spt(u) such that a(B,.(z)) > 0.

Since there are only finitely many points x € Q \ spt(u) such that there exists a sequence z. — x
with the property that limsup,_q||uc(z:)| — 1] > 7 for any given 7 > 0, we can choose two radii
r <11 <7rg < 2r and the ring domain

R={yeQlr <|z—y| <re}

such that |uc| > 1/v/2 on R’ for all sufficiently small ¢ and a slightly larger set R’ such that R € R'.
We now need a statement similar to Corollary but from below +1. Since for phase-fields which stay
close enough to +1, there is no significant difference between v =1+ (v —1) and 4 = 1 — (u — 1), it
is clear that such an estimate should hold. The proof of [RS06, Proposition 3.5] can be sharpened to
show that

(3.1) pe(Br N {1 —7 < Jue| <1} < 7o (B N {Jue] <1 —7}) + &2 ac(Ba,) + o(e?),
and thus in our case p.(B,) = o(¢?). Details will be given in a future publication. Since we know that

1

—W'(uo)?da < Ce?,

RE
we can pick a ring
Re={y€Q|re <|o—y| <r-+|log(e) '} € R
such that )
e 4 (R,) +/ 25 W (ue)? dr < € [log(e) |

R.
Then we choose a cut-off function 7 such that = 1 inside B,_(z), n = 0 outside B,_y|iog¢|-1(7),
|Vn| < 2|logel, |Ae| < C'|loge|? and define

e = (1*77)u€+77'
Since |u.| > 1/4/2 on R, we can suppose that without loss of generality u. > 1/v/2. Tt follows directly
from u. > u. > 0 that

1 1
L Wi de < / LW (o) da
RE RE
and furthermore 0 = fi.(By, (v)) < pe(By, (z)). Finally, we note that

[ 51aP o< e [ (90 1=+ (ue = 17 V9P do = O |1og <P
R R

due to (3.1), so in particular that ji. — g and lim._,S. (%) = lim._,S.(uc). Since u. — 1 in
LY (By,(x)) already before the modification, we do not change the limiting integral either:

lim [ d.dz=lim [ wu.dz.

e—=0 Jo e—=0 Jo
Hence the last two terms in & converge to the same limits as before. Thus it suffices to show that
lim inf. o W-(@.) < liminf. o We(u.) to see that

hig%lf E(te) < 11?;1(1)1f E(ue),
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which means that u. cannot be a minimiser of £ for some small £ > 0. This is the contradiction we are
looking for. So calculate

&E(Br€+|logs\*1(z)) = &s(Re)
1 1 2
= <5Aa5 - W’(ﬁ8)> dz
Co € R, 9

1 1 ?
< +6/ <5Au5 - W’(u5)> (1—mn)*da
Co € R. 9

+ (1 + ;) 1 /R <_25 (Vi V) +e (1 —us) An+ %[W’(ue)(l ) — W’(ae)])2 da

Co €

< E<5Augiwxue))Qn?dH(H;) = V()1 1) = W () o

Co€ coed

1
+ (1 + > E/ 4(Vn, Vu5>2 + (ue — 1)2 (An)2 dx
5 Co R,

1 1
<(1+8)ac(R)+ |1+ = i/ W' (u)?dz+ (14 <) C (% |loge> +£* |loge|!)
0 Co 63 R. 0

1 3 1
< (1+ (R + (14 =) - 1 211 2 411 4
( 0) ae(R:) ( +5) e 1o 5|—|—< —|—5>C(5 |loge|” + & |0g5|)

for 06 > 0. Here we used that . is a convex combination of u. and 1 pointwise, so that the estimate in
the middle integral works. Taking first ¢ — 0 and then 6 — 0, it follows that

@(Bzr) = Oé(BQr \ Bro) < Oé(BQT-)

where rg = lim._.g - > 7. This implies the contradiction and concludes the proof. O

Cases of independent geometric interest are the formal limits A = x = co and A = oo, x = 0. The
problem becomes more complex, and in the first case, solutions can only exist if V' < £L™(Q2) and S > ¢
for some ¢y depending on V' through the isoperimetric inequality and the geometry of 2. These limits
can be expressed in phase field models for example in the choice of the function space

X.(Q) ={ue -1+W2*Q)|S.(u) = S}

or by choosing A = A\, = ¢!, and similarly in the first case. Our simple modification clearly does

not go through in either scenario, but we believe that the same result should still hold. We will see
that uniform convergence still holds for a penalised functional when we add a version of the topological
term discussed in [DEW17]. For simplicity, we restrict ourselves to the case discussed there, but a total
integral term could easily be included.

Let us briefly recall the structure of the topological functionals. Take ¢1 € C.(1/v/2,1) to be a non-
negative function with connected support, ¢; #Z 0 and F; > 0 a continuous function such that Fy-¢; =0
and Fy(£1) > 0. Set ¢a(t) = ¢1(—t) and Fz(t) = Fi(—t). Then we have the geodesic distances

4P (z,y) = inf {/ F;(u) du? | K connected and z,y € K}
K

and the topological energies
1

)
€% Jaxa

Ci(u) = di(u()) di(uly)) d™ ) (2, y) dz dy

fori=1,2.
Lemma 3.3. Let X = —1+ W3?(Q), o € (0,4), k > 3 and
E: X = [0,00),  E(u) =We(u)+e 7 (Sc(u) = S)>+e" (CL 4+ C2) (u).

Assume that u. € X are minimisers of & and u,a, i as usual. Then spt(a) C spt(p) and ue — u
locally uniformly in €\ spt(p).
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Sketch of Proof: The proof proceeds in two steps. In the first one, we assume that if z € spt(u) and
y € Q such that y. — y and u.(y:) € supp(¢1). Then we deduce that

. 1 1
lim inf (5 /Br(z) ¢1(Ua(93))d93> <€3 /Br(y) ¢1(u€(y))dy> >0

for all » > 0 using [DLW17, Lemma 3.15] on the first term and infinitesimal Holder regularity on the
second. Repeating the proof of [DLW17, Theorem 2.4], we obtain a contradiction. Having excluded the
situation of Example we use the same modification as in Lemma [3.2| on u. in the second step of the
proof. Since we know that |u.| > 1/v/2 on the whole ball B,,(z) rather than just the ring domain R,
the difference in the diffuse area functional can be controlled to be o(g7) for all o < 2. Thus the same
argument as above goes through. O

3.3. Hausdorff-Convergence of Manifolds with Bounded Willmore Energy. Last but not least
we show how our results can be used to obtain results on the interplay between varifold and Hausdorff
convergence using only our PDE techniques and just a bare minimum of geometric measure theory.

Lemma 3.4. Let M}, be a sequence of compact orientable C?-manifolds embedded in R® and Vj, their
induced varifolds. Assume that V is a varifold with mass measure ||V|| such that

Vi =V, limsup [W(Vi) + H*(My)] < oc.
k—o0
Then limy 00 My = spt(V) U {z1,...,xn} for a finite collection of points x;, i =1,..., N in the sense
of convergence in Hausdorff distance for every subsequence along which the limit exists. Moreover, if

My, is connected for all k € N or limy_, 0o W(Vi) = W(V), then
spt((IV]]) = lim M.

Proof. Due to an improved estimate of L. Simon [Top98, Lemma 1], the manifolds have uniformly
bounded diameter

diam(My) < % T2 (M) WM

If they go off to infinity, ||V|| = 0 and the Hausdorff limit is empty, so there is nothing to show. Thus
we may assume that M, C Bg(0) for a suitably big R > 0. If we wished to avoid geometric measure
theory altogether, we could alternatively assume that the manifolds M} are a priori all contained in
some bounded subset of R3.

A simple contradiction shows that spt(]|V||) C limg—_ oo Mg, so only the inverse direction is difficult.
This concerns the uniform or essentially uniform convergence of phase fields away from u. which we
established using exclusively PDE techniques and no geometric measure theory at all.

As M;, is compact, orientable and embedded, it is the boundary of a set Ex C R3. Since furthermore
My, € C?, there is a sequence ¢ — 0 such that the signed distance function sdist(-, M},) is C2-smooth
on

U, = {JE e R" | diSt(I,Mk) < 2\/5k}
and we can consider the sequence

ug: Bry1(0) — R, ug(z) = qe, (sdist(x, My)/ek).

By construction, uy € —1 + W?(Bry1(0)) and My = {ug = 0}. If we choose & sufficiently small, it
becomes obvious that

lim = [|V]], lim ap(R?) = lim W(My).
k—o0 k—o0

k—o0

We can therefore invoke Corollary (with boundary values) to see that

lim My, = lim {ux =0} = spt(||V]]) U{z1,..., 2N}

k—o0 k—o0
for a finite collection of points x1,...,zy € Br(0). Now assume additionally that M}, is connected for
all k € N. Then, by standard results on Hausdorff convergence, limy_, ., M} is connected, so the finite
collection of points must be empty.
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Last, assume that we have a recovery sequence, i.e. limy_,.o W(My) = W(V). If we choose e
sufficiently small also Wk, (ux) — W(V), thus

lim My = lim {u; = 0} = spt(||V]])

k—o00 k—o00
as explained in Corollary [2.15] O
Corollary 3.5. If My, is connected for all k € N, then also spt(||V||) is connected.

In particular, we have shown with phase field techniques that the problem of minimising Willmore’s
energy in the class of connected surfaces arising as the limits of boundaries is well posed in three
dimensions. This is by no means immediate since it is not obvious whether thin cylinders connecting
bigger pieces of the manifolds My, can collapse away in measure with bounded Willmore energy while
keeping the bigger parts at a positive distance.

It is easy to give an example V, = V with additional points in the Hausdorff limit. Namely, Take
My, = MUOB,, (x) for some M, x ¢ M and r;, — 0. Then, if V' denotes the varifold induced by M, we
have

Vi =V,  spt(V) =M, Jim My =MU{z},  W(My) = W(M) + 167

A diffuse analogue of this example will be discussed in Example

4. COUNTEREXAMPLES TO UNIFORM CONVERGENCE

In this section, we give examples showing that our results are optimal. All constructions are simple
perturbations of an optimal interface recovery sequence.

Ezample 4.1. Let E € Q with OF € C? and denote by d(z) = sdist(z, F) the signed distance function
from OF. Like in the introduction, we take an optimal interface transition u¢(x) = ¢.(d(z)/e) where q.
is constant for arguments larger than e~'/2. Now take z¢ ¢ OF, g € C>°(R™) and set

ug(z) = u(x) + P g(e 7 (x — x0)).

For small enough ¢ > 0, we know that u® = +1 close to xg, which simplifies the energies of the modified
functions. We may assume that u® = 1 around zg. If ¥ > 0 (or v = 0 and ¢ has sufficiently small
support), this implies the following identities.

2 +e8g)?
g2(+59) de

1
S.(u5) = Su(u) #2102 [ Sywgpag g it [ BEE g,

2
W (ug) = W (u®) + /n 2(6”6‘2” Ag—e"tg(1+eg) (246" g)) (7" (z — xo)) da.

In the bending energy, both terms scale differently unless
1+-2y=5-1 & ~y=1

In this situation, we can simplify the integral to give

W (us) = We(uf) + 5257‘””/ (Ag —2g)?dx

under the assumption that 8 > 0. For a compactly supported non-zero function g the last term cannot
be zero, so we have the heuristic condition
3—n

2
for the energy to remain finite. Conversely, it is easy to see that the energy does remain finite in these
cases in both n = 2 and n = 3 dimensions. Setting 5 = 0 shows that u. need not converge uniformly
to +1 away from the interface in three dimensions. In two dimensions, setting 5 = 1/2 shows that we
cannot obtain a convergence rate better than /.

Note in particular that we have u(B,(z)) = O(e?) if ay has an atom at x and uf(B,(z)) = o(e?)
otherwise, both in two and three dimensions. In three dimensions, we can consider the function

e:[0,1) = (0,00), e(0) = inf { W1 + Si](u) |u € 1+ W *(B1(0)), u(0) = 0}.

26-34+n>0 & pg>
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It is positive and monotone decreasing and satisfies limgy_,; f(6) = 0, so we can take a sequence 6,, — 1
such that

> £(Bn) < 0.

Then we take corresponding minimisers g,, a dense subsequence x,, in 2\ OF and define

En = min{ min M, (éﬂ%ln dist(xi,aE)/Q) } ;o un(z) = {j(in)((z ~@)fen) i Be, (@n)

1<i#£j<n 2 else

with the choice of sign for g,, such that the function is continuous. Then &, — 0, u,, — u in L'(Q)) and
essentially uniformly, but there exists no open set Q' € Q \ OF such that u,, — » uniformly on €.

The next example gives a different modification in three dimensions only. It shows that in R?, uniform
convergence away from the interface may fail even if the discrepancy measures |£.| vanish faster than
polynomially in e. Another implication is that there is no guaranteed rate of convergence for (') — 0
for Q' € Q\ spt(u).

Ezample 4.2. Consider a set Q' € Q \ spt(p) and zo € Q. Assume that u® is an optimal profile
type recovery sequence, or at least that u® is constant on Q’. Let r > 0 such that B,(zg) € Q' and
e3/* < r. < r/2. Then the functions

ie() = uf(x) x ¢ Br(xg)
: +q. (sdist(x, 0B,_(z0))) « € Br(zg)

are C2-smooth (if the sign of the optimal profile is chosen correctly and ¢. is constant beyond /£). This
is a recovery-type sequence for OF with an additional interface at spheres 0B,_(x¢) and can easily be
seen to satisfy
47 r?
3 )
since spheres of any radius have Willmore energy 167 in three dimensions with our normalisation of
the Willmore functional. As r. may go to zero arbitrarily slowly, so can p.(£2’). Due to the optimal
interface construction, [£.|(2) < CeY for all v € (0, 00).

a: () ~ 167

fie = 22 fie (V) =~

This shows that no penalisation of the discrepancy measures can enforce uniform convergence away
from the interface in three dimensions. In two dimensions, this does not work since small circles have
large elastica energy while the Willmore functional on surfaces in R? is scaling invariant.

We have investigated similar problems in a previous article [DLW17] with a different focus and under
the additional assumption that

(4.1) u. € W22(R™) and u. = —1 outside €,

loc

although essentially uniform convergence could not be established. By extension theorems, these con-
ditions are equivalent to u. € —1 + W02 2(Q) and thus implied if 9Q € C? and v, = —1, d,u. = 0 on
0f). This is a suitable model for some problems in biological applications where we are interested in
minimising YW among a class of connected surfaces confined to the container €. If we assume boundary
conditions or periodic boundary conditions, the results may be sharpened as follows:

(1) we is bounded on 2 and u. — u in LP(Q) for all p < oo,

(2) it is Hélder continuous with constants as above on every ball B.(z) N Q for z € €,

(3) we may replace “finitely many points in Q (or Q \ spt(u))” with “finitely many points in € (or
O\ spt(1))”,

(4) the Hausdorff limit is K = spt(u) if o has no atoms outside spt(u), and K = spt(u) U
{z1,...,2zy} in general.

In this article, all regularity and convergence results we obtained were valid only in the interior of
Q, away from the boundary. The treatment of boundary values is different, since their blow-ups are at
most governed by solutions to the stationary Allen-Cahn equation on half-space, which gives us much
less control than the same equation on the whole space. For example, the Modica gradient bound clearly
fails.
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In certain situations, one may be tempted to prescribe boundary conditions u. = +1 on I'y C 02
and u. = —1 on I'_ C 99 and leave u, free on 00\ (I'y UT'_) to make an optimal transition. However
(for simple geometries), it can be seen that the infimum energy of functionals of the type

E.=W.+e2(5. - 8)>

under these boundary conditions is identically zero, where minimising sequence is given by the superpo-
sition of optimal profiles for a minimal surface spanning a suitable boundary curve and a solution to the
stationary Allen-Cahn equation on half space with suitable boundary values and rescaled, inserted at
a convex boundary point. The super-position still has almost zero Willmore energy and the boundary
modification can be scaled precisely to create an atom of p of the right size. More explicit constructions
(and boundary values that prevent these pathological examples) will be presented in [DWTT].
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