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ABSTRACT: Many models of incision by bedrock rivers predict water depth and shear stress from discharge; conversely,
palaeoflood discharge is sometimes reconstructed from flow depth markers in rock gorges. In both cases, assumptions are made
about flow resistance. The depth–discharge relation in a bedrock river must depend on at least two roughness length scales (exposed
rock and sediment cover) and possibly a third (sidewalls). A conceptually attractive way to model the depth–discharge relation in
such situations is to partition the total shear stress and friction factor, but it is not obvious how to quantify the friction factor for rough
walls in a way that can be used in incision process models. We show that a single flow resistance calculation using a spatially av-
eraged roughness length scale closely approximates the partitioning of stress between sediment and rock, and between bed and
walls, in idealized scenarios. Both approaches give closer fits to the measured depth–discharge relations in two small bedrock
reaches than can be achieved using a fixed value of Manning’s n or the Chézy friction factor. Sidewalls that are substantially rougher
or smoother than the bed have a significant effect on the partitioning of shear stress between bed and sidewalls. More research is
needed on how best to estimate roughness length scales from observable or measurable channel characteristics. © 2019 John Wiley
& Sons, Ltd.

KEYWORDS: bedrock rivers; roughness; shear stress; stress partitioning; sidewalls; hydraulic geometry; friction factor; incision process models;
palaeohydrology

Introduction

An increase in water discharge (Q) within a river channel is
matched by an increase in the product of water width (w),
mean flow depth (d) and mean velocity (v). The relative
changes in width and depth depend on the shape of the chan-
nel cross-section, and the relative changes in depth and veloc-
ity depend on the flow resistance behaviour of the river
(Ferguson, 1986; Dingman, 2007). Different assumptions about
flow resistance therefore lead to different predicted rates of
change of w, d and v with Q, and different quantitative predic-
tions of flood risk, in-stream habitat and geomorphic processes.
In bedrock rivers, which are the particular concern of this
paper, assumptions about flow resistance are central to calcula-
tions of depth and shear stress at a given discharge in landscape
evolution models (LEMs) of the stream-power type (e.g. How-
ard, 1994; Whipple and Tucker, 1999) and in more detailed
reach-scale models of incision processes and sediment cover
(e.g. Sklar and Dietrich, 2004; Turowski et al., 2007; Lague,
2010; Inoue et al., 2014; Zhang et al., 2015). They are also es-
sential for estimating palaeoflood discharge from the height at
which slackwater deposits are preserved on the walls of bed-
rock gorges (e.g. Baker, 1987; Miller and Cluer, 1998).
Almost all research on these aspects of bedrock river behav-

iour assumes either the Manning equation

v ¼ R2=3S1=2

n
(1)

or a dimensionally consistent version of the Chézy equation:

v ¼ Cf gRSð Þ1=2 ¼ 8gRS
f

� �1=2

(2)

Here and later, R is the hydraulic radius of the river (often ap-
proximated by the mean depth d), S is the channel gradient, g
is the gravity acceleration, n is Manning’s roughness coeffi-
cient, Cf = (8/f)1/2 is the non-dimensional Chézy coefficient
and f is the Darcy–Weisbach friction factor. LEMs use a shear
stress formulation that implies a spatially and temporally con-
stant value of either n or Cf (e.g. Howard, 1994; Lague et al.,
2005). Some process models that include sediment cover and
sediment transport rate have used the Manning equation with
a Strickler-type relation between n and the 1/6 power of a rep-
resentative sediment grain sizeD (e.g. Inoue et al., 2014), while
others have assumed a fixed value of Cf (e.g. Chatanantavet and
Parker, 2009). A few process models have departed from the
standard assumptions and used a logarithmic resistance equa-
tion containing a bed roughness height (e.g. Lamb et al.,
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2008; Nelson and Seminara, 2012). In palaeohydrology, the
Manning equation is used at a series of cross-sections to predict
the water surface profile, and discharge is varied to obtain the
best match to the palaeostage indicators. The value of n is usu-
ally the same for each section and invariant with discharge.
The fixed-n and fixed-Cf assumptions are convenient in inci-

sion models because they simplify the calculation of depth
from discharge. However, both assumptions are questionable.
One concern is the use of fixed n or fixed Cf in LEMs and other
incision models that allow discharge to fluctuate. The available
evidence from flow measurements in bedrock rivers suggests
that neither n nor Cf remains constant as discharge increases
from low flow to flood conditions; instead, both n and Cf de-
crease, the latter more strongly (Heritage et al., 2004; Kidson
et al., 2006; Richardson and Carling, 2006; Ferguson et al.,
2017a). This is also the case (e.g. Reid and Hickin, 2008;
Ferguson, 2010) in alluvial channels with coarse beds, which
are recognized as having much in common with bedrock rivers
(Whipple et al., 2013).
The second problem with assuming a fixed value of n or Cf is

the lack of any basis for specifying Cf in terms of observed or
assumed characteristics of a bedrock river, and the weakness
of specifying n from a grain size when the sediment-free parts
of the channel may be far rougher or smoother and the extent
of sediment cover may vary over time. This conceptual
objection was recognized by Nelson and Seminara (2012),
Johnson (2014) and Inoue et al. (2014), who proposed using
an area-weighted average of separate rock and sediment
roughness length scales to estimate depth and bed shear stress
in bedrock rivers.
Our aim in this paper is to develop better ways of modelling

the bulk hydraulics of bedrock rivers in which there are differ-
ences in roughness between rock bed, sediment cover and pos-
sibly also sidewalls (Ferguson et al., 2017a). The improvements
we seek are a stronger conceptual or physical basis, the ability
to specify model parameters from observable channel charac-
teristics and superior predictive performance compared to the
fixed-n and fixed-Cf assumptions. We begin by generalizing
the weighted-average approach to allow for distinctively rough
or smooth sidewalls. We then propose an alternative concep-
tual approach based on partitioning of the total shear stress
(and thus also the total friction factor) and develop a practical
calculation method using this approach. We show that these
new models give very similar predictions of the depth–
discharge relation in simplified representations of two large
bedrock rivers, and can closely reproduce the measured
depth–discharge relations in two small bedrock reaches for
which we have detailed flow measurements. When applied to
large-river scenarios, the new models show that distinctively
rough or smooth sidewalls can significantly alter the distribu-
tion of shear stress between bed and sidewalls. We discuss
the implications of our results for incision process models and
palaeohydrology, and call for more research on how best to
estimate roughness parameters from observable channel
characteristics.

Alternative Conceptual Frameworks

The approach proposed by Nelson and Seminara (2012) is a
single flow resistance calculation for the entire cross-section
using a composite roughness length scale (denoted hereafter
by kav) calculated as the area-weighted average of separate k
values for exposed rock in the bed (kr) and a partial sediment
cover (ks). Thus, if sediment covers a proportion c of the bed,
kav = cks + (1 � c)kr. Inoue et al. (2014) took a similar approach
in their model, Johnson (2014) proposed a variant of it and

Ferguson et al. (2017a) tried it in a discussion of field
measurements.

As Johnson (2014) noted, this approach can in principle be
generalized to use a weighted average of more than two rough-
ness length scales using the relevant proportions of the wetted
perimeter. In a trapezoidal channel with a proportion c of
sediment cover on its bed, and sloping sidewalls with a
distinctive roughness length scale kw, the area-weighted aver-
age roughness is

kav ¼ cw0ks þ 1� cð Þw0kr þ 2skw
w0 þ 2s

(3)

wherew0 is the bed width and s is the slant distance up the sub-
merged part of each side wall (so s = d for a rectangular chan-
nel). This approach is easily applied to calculations of velocity
and discharge at a known depth, but requires iteration if the re-
quirement is to calculate depth from discharge since the value
of s is not then known in advance. It can also be criticized as
lacking physical basis, even though it is phenomenologically
correct in that the overall flow resistance varies according to
the extent of different roughness zones.

An alternative conceptual framework with a stronger physi-
cal basis is stress partitioning. This approach has long been
taken in other fluvial contexts involving two or more distinct
sources of resistance. Sand-bed rivers may have dune bedforms
as well as grain roughness, torrents often contain rarely mobile
boulders and/or large woody debris as well as gravel, and in
flume experiments on sediment transport the glass sidewalls
are smoother than the bed. In each case the standard concep-
tual approach is stress partitioning (e.g. Einstein and
Barbarossa, 1952; Vanoni and Brooks, 1957; Manga and Kirch-
ner, 2000; Yager et al., 2007), so this is an obvious framework
for handling multiple scales of roughness in bedrock rivers.

Both approaches involve area-weighted averaging, but of dif-
ferent variables as shown in cartoon form in Figure 1. In the
stress-partitioning approach, three separate calculations are
performed to estimate a different friction factor for each k value,
and the reach-average friction factor f is then obtained as an
area-weighted average of the three individual f values. In the
kav approach, the overall f is obtained by a single resistance cal-
culation using the area-weighted average of the different k
values. Either way, once f is known it is used in Equation (2)
to calculate velocity and discharge if depth and slope are
known (as in palaeoflood estimation), or to calculate depth
and velocity if discharge and slope are known (as in incision
models).

Our suggested stress-partitioning framework for bedrock riv-
ers with three roughness length scales is an extension of the
standard Vanoni and Brooks (1957) method for applying a side-
wall correction to the bed shear stress in flume experiments
with smooth glass walls and a relatively rough sediment bed.
The basis of that method is to partition the total boundary shear
force per unit channel length as

wþ 2dð Þτ ¼ wτb þ 2dτw (4)

where w, d are the flume width and flow depth, τ denotes the
total shear stress (= ρgRS) and τb, τw are the stresses on the
bed and walls, respectively. Since the flume walls are smooth,
τw is less than τ and τb must be higher than τ. In uniform flow
the overall mean velocity is v = (8gRS/f)1/2, so τ = ρv2f/8. If this
last relationship is assumed to apply also to τb and τw, it follows
that the overall friction factor is given by a weighted average of
the bed and wall friction factors, fb and fw:
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f ¼ wfb þ 2dfw
wþ 2d

(5)

In a flume experiment the slope, discharge and depth are either
known or easily measured and f is therefore also known.
Equation (5) can then be solved for fb (and thus the bed shear
stress) by using an estimate of the (low) value of fw for the glass
sidewalls. This estimate is obtained from the smooth-pipe
Moody diagram using the Reynolds number of the flow.
Applying this approach to bedrock rivers differs in three ways

from the flume sidewall correction problem: we are trying to
predict the overall f rather than fb, the sidewalls are hydrauli-
cally rough not smooth and we need to allow for a partial sed-
iment cover on the rock bed. If the bed friction factor is
decomposed into sediment and rock components, fs and fr, re-
spectively, the overall friction factor in a trapezoidal bedrock
channel can be expressed as

f ¼ cw0fs þ 1� cð Þw0fr þ 2sfw
w0 þ 2s

(6)

where c, w0 and s again denote cover fraction, bed width and
sidewall slant depth. This has the same form as Equation (3):
an area-weighted average, but now of friction factors not
roughness length scales. The bed friction factors fs and fr can
be modelled using appropriate roughness length scales in any
preferred flow resistance relation, but specifying the sidewall
friction factor fw is more problematic. The value of fw must de-
pend on the drag coefficient for the particular wall topography
and the near-wall velocity vw, but a rigorous fluid-mechanics
analysis of flow near undulating walls (Kean and Smith, 2006)
concluded that even if the drag coefficient CD is known, vw de-
pends also on the overall mean velocity v, which is one of the
variables we are trying to predict. Similarly, Cheng (2011) de-
rived an equation to predict fw in flumes with rough vertical

walls characterized by a roughness length scale kw, but it re-
quires that the overall friction factor is known whereas we are
trying to predict it. An iterative calculation would be possible
where depth is known (as in palaeoflood estimation), but it
would be impractical as part of a general incision process
model. Cheng’s equation implies that fw decreases with in-
creasing hydraulic radius and overall mean velocity, but in-
creases with kw at any given velocity. This qualitative
behaviour can be obtained by calculating fw from R/kw, which
we use as an approximation later, but this has no physical basis
and its accuracy is unknown.

Resistance Equations and Roughness Length
Scales

Whether the overall conceptual framework is weighted-
average roughness or friction partitioning, the link between
the hydraulic variables of interest and the roughness length
scales kr, ks and kav has to be a flow resistance equation in
which Cf varies with the relative submergence R/k. The Man-
ning equation when combined with the Strickler relation n ∝
D1/6 is of this type, since it can be expressed as Cf ∝ (R/k)1/6.
Johnson (2014) and Inoue et al. (2014) both used this resistance
model to explore how roughness differences affect the develop-
ment of sediment cover in bedrock rivers. However, analyses of
extensive data compilations of flow measurements in alluvial
channels with coarse beds have shown that the Manning–
Strickler equation systematically underestimates resistance in
shallow flows (Ferguson, 2007; Rickenmann and Recking,
2011). Underestimation of resistance implies overestimation
of velocity, and underestimation of depth and total shear stress,
at a given discharge. A ‘shallow’ flow in this context means a
depth that is less than about 5D84, where D84 (the 84th

Figure 1. Alternative frameworks for calculating the bulk hydraulics of a bedrock reach with different roughness length scales for rock floor (kr), sed-
iment cover (ks) and sidewalls (kw) and either one or three values of the friction factor f. Dashed grey arrows denote averaging of the three compo-
nents, weighted by their areal extent. Black arrows denote assumed physical relations. [Colour figure can be viewed at wileyonlinelibrary.com]
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percentile grain diameter) is the conventional operational defi-
nition of k in alluvial channels. Many bedrock rivers are shal-
low in this sense because of exposed rock ribs and/or large
clasts that have fallen in from the sides or been detached from
the bed, and as already noted the few published measurements
of flow resistance in bedrock rivers all show that n decreases
with increasing discharge at a site.
Ferguson (2007) and Rickenmann and Recking (2011)

analysed large compilations of flow data from gravel- and
boulder-bed channels and found that the best fit to the trend
of the relation between Cf and R/D84 is obtained using either
of two relative submergence resistance equations that are not
simple power laws. The first is the logarithmic relation

Cf ¼ 8
f

� �1=2

¼ 1
κ
ln

aR
k

� �
(7)

where κ ≈ 0.4 is von Karman’s constant and α ≈ 12 ± 1 de-
pending on channel cross-section shape (Keulegan, 1938;
Hey, 1979). This relation is derived by integrating the logarith-
mic ‘law of the wall’ for velocity profiles in turbulent boundary
layers. The roughness height k is equated with grain size for
uniform sediment but has to be increased to a multiple of D84

or D90 for the best fit to data from gravel-bed rivers (e.g. Bray,
1979; Hey, 1979; Ferguson, 2007). As noted above, Lamb
et al. (2008) and Nelson and Seminara (2012) used this type
of relation in process models of bedrock rivers.
The other alternative is the variable power equation (VPE)

proposed by Ferguson (2007):

Cf ¼ a1a2 R=kð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ a22 R=kð Þ5=3

q (8)

This is a smooth link between two asymptotes: for deep flows
the Manning–Strickler relation Cf = a1(R/k)

1/6 and for very shal-
low flows the roughness layer relation Cf = a2R/k that was im-
plied by results in Rickenmann (1991) and Aberle and Smart
(2003). The coefficients take best-fit values a1 ≈ 6.5 and a2 ≈
2.5 when k is equated with D84. Equations (7) and (8) give very
similar results in most rivers, but the VPE works marginally bet-
ter in extremely shallow flows (Ferguson, 2007; Rickenmann
and Recking, 2011). It has been adopted in several studies of
steep torrents (e.g. Nitsche et al., 2012; Schneider et al.,
2015), and Lamb et al. (2017) found it closely matched flow
over a rough planar bed in a steep flume. The VPE with coeffi-
cients 6.5 and 2.5 was used for all calculations reported later in
the paper, but with different relative submergence ratios de-
pending on the context: R/ks for a separate calculation of flow
over a partial sediment cover, R/kr for a separate calculation
of flow over exposed rock in the bed, R/kw for a separate calcu-
lation for the sidewalls or R/kav for a single calculation using an
area-weighted average of two or three different roughness
length scales. We repeated some of the calculations using
Hey’s (1979) logarithmic relation, which uses k = 3.5D84, as
a sensitivity check and obtained similar results when our k
values were inflated by a factor of 3.5.
The final choice when applying any model that uses rough-

ness length scales is how to estimate the k values. As already
noted, the length scale for bed sediment, ks, is generally based
on a grain diameter from the coarse tail of the size distribution.
The alternative is to use the topographic standard deviation of
bed elevation (σz hereafter) as derived from a digital elevation
model after removing the overall channel gradient and any
other large-scale trend. This is conceptually attractive since
the same grain size distribution can give a rougher or smoother

surface depending on how the grains are packed. Aberle and
Smart (2003) found that using σz instead of D84 gave a better
log-law fit to the measured flow in flume experiments with
coarse beds and slopes of 2–10%. The topographic standard
deviation is also the only obvious way to characterize the
roughness of exposed bedrock. It has been used for this in
flume experiments with concrete ‘bedrock’ (e.g. Finnegan
et al., 2007), in bedrock process models (e.g. Johnson, 2014)
and in analyses of sediment transport (Hodge et al., 2011) and
flow resistance (Ferguson et al., 2017a) in natural channels. We
are not aware of any published work on estimating the rough-
ness length scale kw for rock sidewalls, but conceptually it
should again be related to the topographic irregularity of the
walls.

Comparison of Models: Idealized Scenarios

The literature review and theory earlier in the paper can be
summarized as follows: stress partitioning is conceptually
attractive but there is no convenient physically based way to
apply it to channels with rough sidewalls, whereas the
weighted-average roughness approach lacks physical basis
but is easy to apply. But how much practical difference is there
between the two approaches in situations where both can be
applied with confidence? To answer this question, we made
calculations for simplified representations of two large bedrock
channels that have been described in the literature: the Liwu
River in Taiwan and the Fraser Canyon in western Canada.
The same scenarios are used later to investigate how sidewall
roughness affects the bed and sidewall shear stresses.

The Liwu River has been the scene of much research on inci-
sion rates and fluctuations in sediment supply and evacuation
(e.g. Hartshorn et al., 2002; Turowski et al., 2008), and Lague
(2010) used a simplified representation of its channel in his ge-
neric simulation of long-term cover variation and incision rate.
We adopt his geometry here. The river is represented as a trap-
ezoidal channel with bed width 30m, 60° sidewalls and a 2%
gradient. We made calculations for discharges of 100 and
1000 m3 s�1, which correspond to moderate flood conditions
and slightly above the mean annual flood.

The middle course of Fraser River runs through a series of
rock-walled canyons along a fault zone between the Coast
Mountains and Cascade Mountains. The morphology of
reaches with two, one or no rock walls is described and
contrasted by Rennie et al. (2018). As for the Liwu River, we
represent rock-walled reaches of the Fraser River by a trapezoi-
dal channel with 60° sidewalls, but now with a gradient of
0.1% and a bed width of 100m (based on data in Figure 8 of
Rennie et al., 2018). We made calculations for discharges of
3000 and 10 000 m3 s�1; for comparison, the mean discharge
and mean annual flood at the downstream end of the canyons
are approximately 2700 and 8700 m3 s�1.

To determine whether the two methods predict substantially
different mean flow depths for a given discharge, we made cal-
culations for both rivers on the assumption of a 50% sediment
cover that does not vary with discharge and a factor of 4 differ-
ence between the roughness length scales for exposed rock and
sediment cover (e.g. kav = 1m was achieved by setting one
roughness length to 0.4m and the other to 1.6m). This ratio
was used because it is well within the range of what can be
found in bedrock rivers, particularly those with smooth rock
beds, but should be sufficient to reveal any strong sensitivity
of predicted depth to calculation method. In the absence of
published information on the roughness of the beds of either
river, we repeated the calculations for several different values
of kav. This also allowed comparison of differences in depth
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according to flow resistance model with differences in depth
according to overall bed roughness. The depth for each given
discharge was obtained first by a single VPE calculation using
R/kav and then by the stress partitioning approach with fs and
fr computed separately using the VPE with R/ks and R/kr, respec-
tively. In each case the calculation started with a trial value of
the depth and ended with a discharge value; the depth was
then adjusted to obtain the target value of the discharge.
The results show that depth depends far more on discharge

and overall roughness than on the calculation method
(Figure 2). The percentage difference between the depths cal-
culated using the kav and stress-partitioning methods increases
with the average roughness of the bed, but over the range of
conditions we considered it is always small: 2–6% at the lower
discharge in each river, and 1–4% at the higher discharge.
These differences in depth according to calculation method
would be even smaller if the contrast in roughness was lower,
eventually disappearing in the limit of no difference in rough-
ness. Even with the factor of 4 ratio of roughness lengths used
here, the differences in depth according to calculation method
are far smaller than the changes in depth when the average bed
roughness is altered (Figure 2). This numerical experiment pro-
vides a clear answer to the question posed at the start of this
section: the depth–discharge relation in the scenarios consid-
ered is much less sensitive to the choice of calculation method
than to the overall roughness of the channel.

Comparison of Models with Field
Measurements

As a test of our new models, we investigated how well they
could reproduce the measured depth–discharge relations in
two contrasting reaches of Trout Beck, a small stream in the
Pennine hills of northern England. The channel, its geological
setting and hydrology, and the field measurements made are
described at length in Ferguson et al. (2017a, 2017b). The site
is a 0.3 km long gorge where Trout Beck, which has a local

channel gradient of about 2%, cuts through a thin band of mas-
sive limestone in an otherwise less resistant sedimentary se-
quence dipping at less than 2%. We measured cross-sections
and water levels in four short reaches of the gorge and one al-
luvial reach immediately upstream, and used the discharge re-
cord from a nearby gauging station to calculate reach-average
velocity and flow resistance over a range of discharge from
<0.1 to 9 m3 s�1; for comparison, the mean discharge is
~0.4m3 s�1 and the mean annual flood is ~11m3 s�1. Details
of the methods are in Ferguson et al. (2017a). Here we consider
two reaches, one (reach F2) with negligible sediment cover and
the other (reach F3) a short way downstream with 70% cover.
The sediment cover was mapped during low-flow conditions
before, during and after the period of flow measurement. No
overall change was detected. It is possible that transient
changes in cover occur during major flood events, but we do
not think this occurred to any significant extent in the study pe-
riod, which did not include any major floods. A tracer-pebble
experiment reported in Ferguson et al. (2017b) showed that
sediment is flushed through reach F2 even in moderate
(~2m3 s�1) discharges and that tracers entering reach F3 had
lower mobility than anywhere else in the 0.3 km-long gorge.
We accordingly treated the 0 and 70% cover fractions as invari-
ant in the main calculations reported below, though we do dis-
cuss to what extent within-event changes might affect the
results.

Reach characteristics

The morphology of the two reaches is illustrated in Figure 3.
Each reach is about 25m long, they are 30m apart and have
bankfull widths of about 6m (F2) and 7m (F3). Because the
stream is flowing almost along the dip, the rock bed of reach
F2 is notably smooth apart from small steps and a shallow inner
channel. We do not have detailed measurements of rock rough-
ness in F2, but Hodge and Hoey (2016) made a laser scan of an
18 × 9m area about 200m downstream and still on the same
limestone bed. Analysis of the digital elevation model obtained
from that scan showed that the standard deviation (σz) of
detrended rock bed elevation increases from 0.06 to 0.10m
as the averaging area used increases from 3 × 3m to 9 × 9m
(Ferguson et al., 2017a).

Both reaches have rock sidewalls with a much more irregular
topography than the bed of F2. The walls are stepped in cross-
section with an alternation of rounded ledges and near-vertical
parts (Figure 3, top left). In plan view, the near-vertical parts
have angular protrusions and embayments with an amplitude
of up to nearly 1m where large blocks have been removed.
Flow separates at the protrusions and recirculates within the
embayments (Figure 3, lower image). Since topographic irregu-
larity in the streamwise direction is the main source of flow re-
sistance, we infer that the sidewall roughness length scale (kw)
in F2 and F3 is a few to several decimetres (i.e. considerably
greater than the bed roughness length scale). The sediment
cover in reach F3 is coarse. A 100-clast Wolman-type pebble
count gave an estimated median diameter (D50) of 84mm and
a D84 of 191mm. As can be seen (Figure 3, top right) the reach
contains a large number of boulders, with diameters up to
1.1m and a mean spacing of ~1m.

The measured changes in mean flow depth and flow resis-
tance as discharge increases in the two reaches were reported
in Ferguson et al. (2017a) and are reproduced here for conve-
nience (Figure 4). In both reaches there is a kink in the depth
curve at a discharge just below 2m3 s�1. Above this level, wa-
ter rises up the irregular sidewalls and depth increases more
rapidly than at lower discharges, especially in F2. Velocity

Figure 2. Predicted depths in idealized representations of two bed-
rock rivers with a factor of 4 difference in roughness between two
halves of the bed. Depth is shown as a function of discharge, mean
roughness and calculation method. [Colour figure can be viewed at
wileyonlinelibrary.com]
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(not shown) does the opposite, increasing more slowly at high
discharges. Flow resistance as quantified by n is very high in
F3 at low discharges, but decreases progressively as the stream
rises. Resistance in F2 is considerably lower than in F3 at most
discharges, as expected for a smooth rock bed without the
coarse sediment that covers most of F3, but at discharges above
2m3 s�1, n increases as the stream rises up the rough sidewalls.
The reach-averaged friction factor f (not shown) varies in the
same way as n in both reaches, but over a greater range. Cf

consequently increases monotonically in F3 but undergoes a
reversal in F2, increasing at low flow but decreasing in flood
conditions.

Application of alternative flow resistance models

We have data on mean flow depth, energy slope and other bulk
hydraulic variables in both reaches at 17 distinct water dis-
charges from <0.1 to 9 m3 s�1. To determine how well alterna-
tive flow resistance models can reproduce the measured
depth–discharge relation in each reach, we used them to pre-
dict the mean velocity and thus estimate the discharge Q =
wdv for comparison with the known value. The traditional
fixed-n and fixed-Cf resistance models allow direct calculation
of velocity from hydraulic radius and slope. For the kav model,
the overall friction factor at each depth was calculated using
the VPE [Equation (8)] with R/kav, and v and Q could then be
calculated. The level at which the sidewalls begin was deter-
mined by sharp kinks in plots of measured mean depth against
flow width and corresponds to a discharge of 2m3 s�1 in F2
and 1.5m3 s�1 in F3. In the stress-partitioning model, the rock
bed, sediment cover and sidewall friction factors were

Figure 3. Views of reaches F2 and F3 of Trout Beck at low flow (upper) and ~2m3 s�1 (lower) to illustrate their morphology, sediment cover, and bed
and sidewall rock roughness. Bankfull widths are 6 to 7m. Field measurements of hydraulic variables were averaged over the distance between the
dashed lines in the upper images. [Colour figure can be viewed at wileyonlinelibrary.com]

Figure 4. Measured changes in reach-average mean depth and flow
resistance as discharge increases in two reaches (F2 and F3) of Trout
Beck. [Colour figure can be viewed at wileyonlinelibrary.com]
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estimated using the VPE, with R divided by the relevant rough-
ness length scale, then combined to give the overall friction
factor and hence v and Q. Each model thus generated a unique
depth–discharge relation, and the various relations could be
compared with each other and with the measured hydraulic ge-
ometry shown in Figure 4.
Since the aim is to see how well the depth–discharge relation

can be modelled using observable channel characteristics, our
initial calculations were done using roughness length scales
based on the field observations mentioned in the site descrip-
tion. We set kr to the midpoint (0.08m) of the scale-dependent
σz value from farther downstream, and a Strickler-type calcula-
tion using this value of σz gave a trial value of n = 0.032 for the
sediment-free reach F2. The ‘few to several decimetre’ sidewall
roughness (kw) in the kav and f-partitioning models was set to
0.3m as a rough estimate for initial calculations. For the sedi-
ment cover in reach F3, we equated ks with the D84 value of
0.191m, since the VPE was calibrated for use with R/D84 in al-
luvial rivers, and set n to 0.037 based on a Strickler-type calcu-
lation from this D84. Some of the calculations were repeated
with one or more of the model parameters adjusted to minimize
an error metric that is defined below. The fixed-Cf models of
both reaches were optimized from the start, since there is no
way to specify f directly from measured roughness.
The metric used to quantify goodness of fit when comparing

or optimizing models was the root mean square (rms) of errors
defined as

ei ¼ log10Qmi � log10Qpi (9)

whereQmi denotes the measured discharge at the ith depth and
Qpi the predicted discharge at that depth. The use of logarithms
avoids the fit being biased almost entirely to the highest dis-
charges. The errors so defined can be visualized as horizontal
residuals in the standard log–log plot of d against Q. This is
the logical way to represent error in models for palaeoflood es-
timation in channels with rough walls. From the perspective of
modelling incision processes and sediment cover variation,
one would ideally compare the rms error of predicted depths
for given discharge values, but it is not then possible to set up
explicit calculations and this prevents the simultaneous optimi-
zation of two or more roughness parameters. The relative good-
ness of fit of alternative models should be the same either way,
since we presume that lower rms error in predicting Q from ob-
served d corresponds to lower rms error in predicting d from
known Q.

Results

We discuss the sediment-free rock gorge (F2) first as being the
simpler case, then consider F3 where the sediment cover intro-
duces a third roughness length scale.
The simulated depth–discharge relations for F2 are illustrated

in Figure 5, with parameter values and goodness-of-fit metrics
in Table I. The fit of the Manning equation to F2 with n based
on rock-bed σz is poor (Figure 5a), with discharge over-
predicted by a factor of 2 or more at all depths. This corre-
sponds to under-prediction of depth at known discharge and
implies that the actual flow resistance is much higher than that
n value suggests. The best fit with an optimized value of n still
overestimates discharge in shallow flows, and now underesti-
mates moderate discharges, but at high discharges it gives a
close fit to the data. The same is true of the optimized
fixed-Cf fit. These good fits at higher discharges are possible be-
cause the measured n and f in this reach remain nearly constant

(declining slightly then rising slightly) over this range of dis-
charge (Figure 4). However, the best-fit value of n (Table I) is al-
most double the initial estimate based on rock-bed σz, and
could only be predicted in a Strickler-type calculation by as-
suming an implausibly high k value of well over 2m.

In contrast, the f-partitioning model with our initial estimates
of the rock bed and sidewall roughness length scales fits the
data very well (Figure 5b), with a much lower rms error than
the optimized fixed-n and fixed-Cf models (Table I). The kav
model with initial k values gives an excellent fit at intermediate
discharges but slightly overestimates low and high discharges,
corresponding to underestimation of depth at a given true dis-
charge (Figure 5b). Optimizing the bed and sidewall k values
in the f-partitioning model makes no visible difference to the al-
ready excellent fit and reduces only the fourth significant digit
of the rms error (Table I). Optimizing kr and kw in the kav model
brings the depth–discharge curve indistinguishably close to the
f-partitioning fit, so for clarity it is not shown in Figure 5. The
best fit of both models is obtained with a bed roughness of
0.11m (Table I), which is only just outside the 0.06–0.10m
range of rock-bed σz measured 200m away. The optimized

Figure 5. Fits of different resistance models to the measured depth–
discharge relation in reach F2 of Trout Beck. Symbols show the known
discharge at each measured depth; curves show the discharge pre-
dicted by each model. See Table I for parameter values and good-
ness-of-fit metrics. The best fits of the kav and f-partitioning models
are not shown since they are visually almost identical to the initial fits.
[Colour figure can be viewed at wileyonlinelibrary.com]

Table I. Goodness of fit of alternative flow models in Trout Beck reach
F2

Method Rms error in log Q Parameter values

Initial fixed n 0.277 n = 0.032
Best-fit fixed n 0.104 n = 0.058
Best-fit fixed Cf 0.123 f = 0.31 (Cf = 4.7)
Initial kav model 0.122 kr = 0.08m, kw = 0.30m
Best-fit kav model 0.064 kr = 0.11m, kw = 0.49m
Initial f-partitioning 0.067 kr = 0.08m, kw = 0.30m
Best-fit f-partitioning 0.067 kr = 0.11m, kw = 0.36m
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kw values (0.36 and 0.49m) are higher than our very approxi-
mate visual estimate of 0.3m but not inconsistent with it, and
as expected they are much higher than kr.
The depth–discharge relations predicted for reach F3 are

shown in Figure 6, with parameter values and goodness-of-fit
metrics in Table II. The fit of the Manning equation with n esti-
mated from the measured D84 of the sediment cover is very
poor (Figure 6a), with low discharges overestimated by a factor
of >5 and high discharges by a factor of >2. The fit remains
poor even when n is optimized, and the same is true of the fit
using an optimized fixed value of Cf. These traditional models
underestimate flow resistance at low discharges and overesti-
mate it at high discharges, giving the wrong slope for the

depth–discharge relation (Figure 6a). This inability to fit the
data using a constant value of n or Cf is inevitable given the
strong observed decline in both n and f as discharge increases
in this reach (Figure 4).

The depth–discharge fits using the kav and f-partitioning ap-
proaches are almost identical to each other (Figure 6b,
Table II) and have the right slope. However, the fits using our ini-
tial values for the three roughness lengths are systematically bi-
ased (Figure 6b): the predicted discharge for a given depth is too
high, implying that the actual flow resistance is considerably
higher than these roughness lengths suggest. Since this reach
has 70% sediment cover the dominant roughness scale is ks,
and equating ks with the sediment D84 clearly underestimates
the resistance of the boulder-rich sediment cover. The fits of
the kav and f-partitioning models are greatly improved by opti-
mizing ks alone while retaining the initial field-based estimates
of kr and kw. The simulated depth–discharge curves in Figure 6
b are now very close to the measured relation at all discharges,
and the rms errors of these fits (Table II) are comparable to the
best fits of the same models to reach F2. In both models the
best-fit value of ks is nearly three times the measured D84.

Attempting to optimize all three parameters simultaneously
revealed an identifiability problem: the rms error can be re-
duced slightly by many different combinations of changes in
the k values, and the greatest reduction required kw → 0
(Table II), which is physically unrealistic. These overall best fits
are visually indistinguishable from the ‘best ks’ fits and are not
shown separately in Figure 6b.

We also experimented with variable sediment cover in this
reach, and found that a gradual decrease in cover as discharge
increases gave a slight improvement in the fit of the f-
partitioning model with initial values of kr and kw but ks opti-
mized. However, the reduction in rms error is tiny compared
to the effect of optimizing ks (0.003 compared to 0.23), and
the tracer-pebble evidence summarized above suggests that if
cover in this reach changes at all during events it is more likely
to increase than decrease.

Effect of sidewalls on flow depth and shear
stress distribution

Since friction partitioning is equivalent to stress partitioning,
any difference in roughness between bed and sidewalls must
affect the shear stresses on these two components of the chan-
nel perimeter. Our final set of calculations used the kav model
to investigate this. We simulated flow in the idealized Liwu
and Fraser geometries at the same moderate and major flood
discharges as before, but now with a homogeneous bed and
relatively rough or smooth sidewalls. We characterized the
bed as a whole by an average roughness length scale kb, with-
out distinguishing between exposed rock and sediment cover,
and calculated the flow with three alternative values of the
sidewall roughness length scale kw: the same as kb as a control
case, and increased or reduced by a factor of 2.

For each roughness scenario we assigned a trial depth, cal-
culated the overall friction factor using R/kav in the VPE, and
thus obtained the mean velocity and discharge. The depth
was then adjusted to give the target discharge. The total shear
stress is τ = ρgRS, the mean bed shear stress was calculated as
τb = ρv2fb/8 with fb obtained using R/kb in the VPE and the mean
sidewall shear stress was determined by subtracting the bed
shear force from the total shear force as in Equation (4). Re-
peated calculations using the f-partitioning approach showed
the same qualitative patterns, with very similar (difference ≤

Figure 6. Fits of different resistance models to the measured depth–
discharge relation in reach F3 of Trout Beck. Symbols show the known
discharge at each measured depth; curves show the discharge pre-
dicted by each model. See Table II for parameter values and good-
ness-of-fit metrics. The ‘best ks’ fits use the initial values of the rock
bed and sidewall roughness length scales, but an optimized sediment
roughness length scale. The overall best fits of the kav and f-partitioning
models are not shown since they are visually identical to the best-ks f-
partitioning fit. [Colour figure can be viewed at wileyonlinelibrary.com]

Table II. Goodness of fit of alternative flow models in Trout Beck
reach F3

Method
Rms error
in log Q Parameter values

Initial fixed n 0.493 n = 0.037
Best-fit fixed n 0.183 n = 0.109
Best-fit fixed Cf 0.214 f = 1.23 (Cf = 2.6)
Initial kav model 0.291 ks = 0.19m, kr = 0.08m,

kw = 0.30m
kav model, best-fit ks 0.056 ks = 0.54m, kr = 0.08m,

kw = 0.30m
kav model, fully optimized 0.047 ks = 0.57m, kr = 0.11m,

kw = 0.00m
Initial f-partitioning 0.278 ks = 0.19m, kr = 0.08m,

kw = 0.30m
f-partitioning, best ks 0.055 ks = 0.48m, kr = 0.08m,

kw = 0.30m
f-partitioning, fully
optimized

0.050 ks = 0.50m, kr = 0.10m,
kw = 0.00m
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3%) values of depth, total shear stress and bed shear stress but
slightly bigger differences in the sidewall shear stress.
The results in Figure 7 are for one particular value of the bed

roughness length scale (kb) for each river; calculations using half
or twice this value generated similar curves to those shown but
shifted up (higher kb) or down (lower kb) by approximately 10%.
In the control case the mean bed and sidewall shear stresses are
the same as the total shear stress whichever calculation method
is used. With kw = 2kb (sidewalls rougher than bed), the depth
and total shear stress are slightly higher than in the control case,
the bed shear stress is considerably lower and the wall shear
stress is considerably higher. With kw = kb/2 (sidewalls smoother
than bed), the changes are in the opposite direction and more
modest in absolute terms, though comparable in terms of per-
centage change. Depth and total shear stress are slightly lower
than in the control case, the shear stress on the sidewalls is
lower than in the control case and that on the bed is correspond-
ingly increased. As would be expected, this is the same qualita-
tive pattern as in a glass-walled flume.

Discussion

Bedrock rivers normally have a partial sediment cover, and that
cover is unlikely to have exactly the same topographic rough-
ness as exposed bedrock. The sidewalls are usually bedrock
or colluvium rather than fluvially transported sediment, and
their topographic roughness need not be the same as either part
of the bed. In our Trout Beck field site a difference between
rock bed and rock sidewall roughness exists because the stream
flows almost along the dip of the sedimentary rock, but its walls
have protrusions and embayments where large joint blocks
have been detached. A similar situation could arise in jointed
igneous rocks, for example where channels are incised into
near-horizontal lava flows as described by Baynes et al.
(2015). Differences between bed and wall irregularity and
roughness are also possible in channels incised into tilted sed-
imentary or metamorphic rocks. The walls might then be either
rougher or smoother than the bed, depending on the dip angle
and direction of the bedrock and the extent to which irregular-
ities in the rock bed are smoothed by a partial sediment cover
filling depressions.
We have developed two possible frameworks for modelling

the depth–discharge relation in a bedrock river with multiple
roughness length scales: partitioning of the total mean shear

stress and thus of the overall friction factor, or a single flow-
resistance calculation using the area-weighted average of the
separate roughness length scales (Figure 1). Both approaches
allow prediction of depth and shear stress if discharge and
slope are known or assumed (as in LEMs and incision process
models), or of discharge if depth and slope are known (as in
palaeohydrology). Applying either framework requires (1)
choosing a specific flow resistance equation, (2) deciding
whether a different roughness length scale should be used for
the sidewalls and (3) specifying the values of the roughness pa-
rameters in the chosen model. We discuss these issues in the re-
mainder of the paper, and consider what implications rough
sidewalls might have for bedrock river process models and
palaeohydrology.

Choice of conceptual framework

The stress-partitioning approach is conceptually attractive be-
cause of its physical basis, and because other composite-
roughness situations are often handled in this way: sand-bed
rivers with dunes, glass-walled flumes, torrents with large
woody debris, and so on. We have shown that it can, in princi-
ple, be extended to bedrock rivers in which exposed rock in the
bed, the partial sediment cover and the sidewalls all have dif-
ferent roughness length scales. There is, however, a practical
complication: analyses by Kean and Smith (2006) and Cheng
(2011) suggest that the sidewall friction factor fw depends on
the overall friction factor (or, equivalently, the mean velocity),
so that the velocity for a given depth can only be determined
by iteration. Our simulations using this approach therefore used
an approximate sub-model for fw that gives the theoretically
correct qualitative behaviour. This gave excellent fits in Trout
Beck, even though it lacks physical basis. We think this con-
firms the potential of the approach, but at present are unsure
whether to recommend it for practical applications.

The alternative is to use the simpler average-k approach first
proposed by Nelson and Seminara (2012), which appears to
give a close approximation to the results obtained using friction
partitioning. We have two lines of evidence for this. First, our
calculations for idealized scenarios based on the Liwu River
and Fraser Canyon show that the depths predicted by the two
methods differ by no more than a few percent when only two
roughness scales are involved, whether bedrock and sediment
cover with a factor of 4 difference in k (Figure 2) or bed and

Figure 7. Effect of relatively rough or smooth sidewalls on the partitioning of total shear stress in idealized approximations of two large bedrock
rivers. [Colour figure can be viewed at wileyonlinelibrary.com]
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sidewalls with a factor of 2 difference (discussion of Figure 7).
Second, the fits of the f-partitioning and average-k models to
the measured depth–discharge relations in contrasting reaches
of Trout Beck are very similar, whether using our initial esti-
mates of the roughness lengths or optimized values (Figures 5
and 6). And since both fits match the observed relation closely,
it can be presumed that a more accurate calculation of the side-
wall friction factor would not change the f-partitioning fit signif-
icantly and it would remain very close to the average-k fit and
the field data.
We conclude, therefore, that an area-weighted average of

two, three or potentially more roughness length scales for dif-
ferent parts of the wetted perimeter is a robust way to allow
for differences in frictional resistance to flow. This does, how-
ever, require that each distinctive roughness length scale can
be associated with a distinct part of the channel perimeter in
order to calculate an area-weighted average. It would not, for
example, be appropriate to use the average-k approach in a
sand-bed river with dunes, where both grain and form resis-
tance exist over the entire bed area. A comparable situation
might exist in a bedrock river with boulders arrayed over the
whole of a relatively smooth rock bed. Stress partitioning is
the preferred approach in such situations.

Choice of resistance law for use with roughness
length scales

If the frictional resistance of some or all of the channel perime-
ter is parameterized by a roughness length scale k, the effects
on the flow have to be represented by an equation for Cf as a
function of the relative submergence L/k, where L is some
flow-related length scale. In calculations for the entire channel
using kav, or separate parts of the bed using kr and ks, L should
strictly be the hydraulic radius R, though this is often approxi-
mated by the mean depth d. Our approximate resistance rela-
tion for sidewalls also uses R. The standard choices for the
resistance function are either a logarithmic relation, as used
in the first paper to propose using a weighted-average k (Nelson
and Seminara, 2012), or the 1/6 power law implied by the
Manning equation with n ∝ kav

1/6, as used by Johnson (2014)
and Inoue et al. (2014).
Our measurements in, and simulations of, Trout Beck suggest

that the Manning equation with a fixed k-based value of n is not
always appropriate for bedrock rivers. In reach F3 of Trout
Beck, n decreases rapidly as the flow depth increases over its
70% cover of coarse sediment. In the sediment-free reach F2,
n is fairly constant at moderate to high flood discharges, but
only because the sidewalls in this reach are rougher than the
bed, so that decreasing bed resistance to flow as the water level
rises is offset by increased sidewall resistance. This might seem
to suggest that the Manning equation is suitable for channels
with relatively rough sidewalls, but the n value required to give
a good match to the data is far higher than can be estimated
from the 1/6 power of any plausible roughness length scale
for either the bed or the sidewalls.
If a fixed value of n is inappropriate, the main alternatives are

a logarithmic relation or the VPE [Equations (7) and (8)]. They
make almost identical predictions in all but very shallow flows.
Both have the inconvenience of not being invertible to allow
explicit calculation of depth from discharge in the way that
the Manning equation permits. One solution to this problem
is to use the non-dimensional hydraulic geometry approxima-
tion of the VPE that was devised by Rickenmann and Recking
(2011). This allows direct calculation of depth from unit dis-
charge, slope and D84, and the latter could be replaced by a
kav value. Another possibility is to assume Cf ∝ (R/k)1/2, which

Smart et al. (2002) noted as giving a good fit to flume measure-
ments in shallow flows over coarse sediment.

Significance of sidewall roughness

Relatively rough or smooth sidewalls have a limited effect on
the bulk flow in a wide and shallow bedrock river where they
make up only a small proportion of the wetted perimeter and
may frequently be overtopped. But bedrock rivers are often rel-
atively narrow and deep. Rennie et al. (2018) found that reaches
of Fraser River with rock walls on both sides were systematically
narrower than those with only one, or no, rock sidewall, and the
majority of the bedrock channels tabulated by Wohl and David
(2008) have a width-to-depth ratio of 6 or less. Sidewalls there-
fore constitute a substantial part of the wetted perimeter in many
bedrock rivers, especially in flood conditions.

Rough sidewalls increase the overall flow resistance so that
the river is somewhat deeper and slower than it would be with
smoother walls, and has a higher total shear stress. Our calcu-
lations for idealized channels modelled on the Liwu River
and Fraser Canyon suggest this effect is quite small: increasing
the sidewall roughness length scale to twice the average rough-
ness of the bed increases mean depth and total shear stress by
only a few percent at a given discharge (Figure 7). But differen-
tial roughness has a substantial effect on the partitioning of total
shear stress between bed and sidewalls (Figure 7). Increasing
the sidewall roughness length scale to twice that of the bed
causes bed shear stress to be reduced by 10–20% in the Liwu
scenario (depending on discharge and bed roughness) and by
8–15% in the Fraser scenario. Conversely, reducing sidewall
roughness by a factor of two causes bed shear stress to increase
by 5–13% (Liwu) or 5–9% (Fraser). The mean shear stress on
the sidewalls changes in the opposite direction to that on the
bed, and by an even greater percentage.

These simulations are for idealized trapezoidal channels in
which the sidewalls have the same roughness at all heights.
In reality, the bed is unlikely to be completely flat and the side-
wall roughness is likely to increase with height as abrasion be-
comes less frequent and block collapse more likely. This less
abrupt change in roughness would give a more continuous var-
iation in shear stress around the perimeter, as predicted in more
detailed models of bedrock channel evolution (e.g. Turowski
et al., 2008), but there could still be a big contrast between
bed and sidewall shear stresses at high discharges.

The reduction in bed shear stress and increase in sidewall
shear stress when walls are rougher than the bed has implica-
tions for sediment cover and erosion rate. This is not the place
to explore the consequences in detail, but their direction seems
clear. A lower bed shear stress at a given discharge implies
lower sediment transport capacity, and therefore an increase
in the ratio of sediment supply to transport capacity if the sup-
ply is assumed to be exogenous. This in turn should increase
the sediment cover, which is widely assumed to depend on
the supply ratio – even though views differ on the precise form
of the dependence (e.g. Sklar and Dietrich, 2004; Turowski
et al., 2007). The supply of abrasive tools is unchanged but
with less of the bed exposed, the overall rate of bed erosion
should decrease. However, this will be offset by an increase
in erosion of the protruding parts of the rough sidewalls since
they now experience a higher shear stress than the bed.

Some of these consequences may be moderated in the long
term by feedback: for example, preferential erosion of sidewalls
rather than bed eventually widens the channel, so that the
rough sidewalls occupy a smaller proportion of the wetted pe-
rimeter. Also, if the sediment is coarser than the roughness
length scale of exposed rock in the bed (ks > kr in our notation),
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the increase in sediment cover will increase the average bed
roughness and reduce the difference between bed and sidewall
shear stress. A further complication is that if there is a difference
in roughness between rock bed and sediment cover, then a
change in cover affects the overall flow resistance and total
shear stress to at least some extent. Nevertheless, it seems likely
that a contrast between the roughness of rock bed and
sidewalls would still have implications for long-term channel
evolution and incision rates as well as for steady-state channel
width.
These speculations are for the case of sidewalls rougher than

the bed. In the opposite case of relatively smooth sidewalls,
bed shear stress increases at the expense of sidewall shear stress
and the above arguments can be reversed: transport capacity
should increase, sediment cover decrease and bed erosion rate
increase.
A contrast between the roughness of bed and sidewalls also

has implications for the practice of palaeoflood estimation from
stage indicators on the walls of bedrock gorges. In reach F2 of
Trout Beck, with sidewalls much rougher than the bed,
Manning’s n is fairly constant over a range of flood discharges.
This might seem to justify the standard assumption of a fixed
value of n in the hydraulic models used for palaeoflood recon-
struction, but it is still necessary to get the n value right. There
are often no flow measurements at lower discharges with which
to calibrate n, which instead is assigned on the basis of sedi-
ment grain size or generalized recommendations in hand-
books. In Trout Beck, the best-fit n value for reach F2 is far
higher than we estimated from the measured roughness of the
rock bed, which is not representative of the rough sidewalls
that become increasingly important in flood conditions. In the
opposite scenario, with sidewalls smoother than the (presum-
ably rough) bed, flow resistance is likely to decrease strongly
as flow depth increases. The assumption that n is invariant with
discharge is then unsafe, and there is no obvious way to predict
what range of values might be appropriate for palaeoflood con-
ditions. Calculations using a logarithmic resistance equation or
the VPE would probably be more reliable in this case, espe-
cially if the bed roughness height can be calibrated by observa-
tions in low-flow conditions.

Specifying roughness length scales

Topographic irregularity is the only obvious basis for estimating
the roughness length scales of rock beds (kr) and sidewalls (kw).
The results of our Trout Beck simulations are encouraging inso-
far as our initial estimates of kr and kw gave good (kav model) to
excellent (f-partitioning model) fits to the sediment-free reach
F2 (Figure 5b), with little or no scope for improvement by
optimizing the length scales. The initial estimate of kr was the
mid-range value of the scale-dependent topographic standard
deviation obtained by analysis of a laser scan made more than
20 channel widths away from F2. Although F2 and the scan
location are on the same limestone bed, there are some visual
differences between them: for example, F2 has a small
inner channel whereas the scan site does not. It is not therefore
a matter of great concern that the best-fit value of 0.11m for
the rock bed of F2 in kav and f-partitioning calculations using
the VPE is just outside the 0.06–0.10m range of σz in the
scanned area.
These findings are for a relatively smooth rock bed. Very little

research has been done on the topographic roughness of more
irregular beds, in which tilted sedimentary or metamorphic
rocks are exposed and their orientation and dip angle are likely
to affect flow resistance. More research is needed on how best
to smooth the macro-topography of a reach in order to obtain a

representative value of σz, at what spatial scale to do this and
how to allow for any preferred orientation of topographic highs
and lows.

Even less research has been done on quantifying sidewall
roughness and resistance. Our estimate of ‘a few to several
decimetres’ for the sidewall roughness length scale kw was
based on the assumption that kw ought to be smaller than the
amplitude of plan form irregularity in the sidewalls, but not an
order of magnitude smaller. Our initial value of 0.3m was only
a ballpark estimate, but gave a good to excellent fit in reach F2
(Figure 5b), and the best-fit values of 0.49 or 0.36m remain
plausible.

Clearly, though, much remains to be learned about the con-
tribution of rough sidewalls to flow resistance. Rough sidewalls
affect the spanwise velocity profile, creating separation zones
and wakes and depressing the mean near-wall velocity. This
is analogous to what happens in flow over a cobble/boulder
river bed, but with the important difference that rock sidewalls
generally have zero porosity. For this reason, physically based
models for flow over rough sediment beds (e.g. Lamb et al.,
2017) are unlikely to be applicable to rock sidewalls. The most
relevant work that we are aware of is Kean and Smith’s (2006)
analysis of flow near alluvial river banks which have a repeated
sequence of full-height protrusions whose plan form resembles
the Gaussian probability distribution function. In this geometric
model the protrusions always have rounded tips, but their as-
pect ratio (amplitude divided by wavelength) depends on the
standard deviation of the distribution. Kean and Smith found
that the spatially averaged drag coefficient could be predicted
from the aspect ratio, but they did not express their results in
terms of an effective roughness length and they showed there
is no unique relation between the drag coefficient and the side-
wall friction factor fw. The alternative to a theoretical approach
is to learn more about the details of flow near irregular side-
walls by numerical experiments using computational fluid dy-
namics, or flume experiments using scale models of natural
bedrock reaches.

Our simulations of F3 show that the problem of estimating
roughness length scales from observable channel characteris-
tics also applies to coarse sediment cover. The measured D84

of the 70% cover in this reach greatly underestimated the ac-
tual flow resistance, whether used in our new models or to es-
timate Manning’s n, and the best fits using the new models
required ks to be increased to between two and three timesD84

(Table II). This is most likely a consequence of the high boulder
density in this reach. Boulders that protrude above the water
surface generate spill resistance and form drag, and studies
have shown that total resistance increases with the areal den-
sity of obstacles until skimming flow starts to develop (e.g.
Bathurst, 1978; Yager et al., 2007; Nitsche et al., 2012). A
stress-partitioning approach that treats boulders separately from
mobile sediment on the bed may be appropriate in such situa-
tions, especially if the aim is to estimate the effective shear
stress available for sediment transport (Yager et al., 2007). It
would also be useful to investigate the extent to which the σz
of sediment patches can deviate from their D84.

Conclusions

It is recognized that the partial sediment cover in a bedrock
river may be hydraulically rougher or smoother than the ex-
posed rock in the bed, and that this can have consequences
for sediment cover (e.g. Nelson and Seminara, 2012; Johnson,
2014). There can also be a contrast between the roughness of
the sidewalls and that of the bed. We have developed two alter-
native conceptual frameworks for modelling the bulk flow in a
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bedrock river with multiple roughness length scales, tested
them in two reaches whose depth–discharge relations are
known and used them to investigate the consequences of rela-
tively rough or smooth sidewalls in idealized representations of
two large bedrock rivers. We reach the following conclusions.

1. A stress-partitioning approach generalized from the flume
sidewall correction method is possible, but how best to es-
timate the sidewall friction factor is unclear at present.

2. Using an area-weighted average roughness length scale in a
single flow resistance calculation gives very similar results
to stress partitioning in idealized scenarios and in simula-
tions of measured flow.

3. To the extent that bedrock rivers resemble coarse alluvial
channels with relatively shallow flow, a fixed value of Man-
ning’s n or the Chézy friction factor Cf is unlikely to be an
accurate model for how depth varies with discharge in a
reach. A logarithmic or variable power resistance relation
is likely to give more accurate results. An alternative that
should be explored is a 1/2-power relative submergence re-
lation, which is invertible to allow direct calculation of
depth from discharge.

4. The topographic standard deviation of exposed rock in the
bed appears to be a good basis for estimating a roughness
length scale, but research is needed on the appropriate av-
eraging scale and how best to de-trend the topography.

5. The effective roughness of the coarse sediment cover in one
of our reaches was greatly underestimated by the measured
D84, and it would be useful to investigate the alternative of
using a topographic standard deviation.

6. The roughness length scale of rock sidewalls ought to de-
pend on their topographic irregularity in plan form, but very
little is known about this. Flume experiments and computa-
tional fluid dynamics simulations may be useful comple-
ments to field measurements.

7. In simulations of large bedrock rivers, making the sidewalls
rougher than the bed causes a slight increase in depth and
total shear stress at a given discharge, a significant reduc-
tion in bed shear stress and a significant increase in sidewall
shear stress. This has implications for sediment transport ca-
pacity, sediment cover and long-term incision rate and
channel evolution.
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Nomenclature

α cross-section shape coefficient [–] in logarithmic
resistance equation [Equation (7)]

κ von Karman constant [–] in logarithmic resistance
equation [Equation (7)], taken to be 0.41

ρ water density [ML�3], taken to be 1000 kgm�3

σz standard deviation of bed elevation [L] relative to a
smoothed version of the topography

a1,
a2

coefficients in variable power resistance equation
[Equation (8)] [–], taken to be 6.5 and 2.5

c proportion of river bed covered by sediment [–]
Cf non-dimensional Chézy coefficient, defined by inverting

Equation (2) [–]
d mean flow depth [L]

D representative grain diameter of sediment cover [L]
e goodness-of-fit metric, defined in Equation (9) [–]
f friction factor [–], defined in Equation (2); subscripts b, r,

s, w refer to the bed as a whole, exposed rock in the bed,
partial sediment cover and walls, respectively

g gravity acceleration [LT�2], taken to be 9.81m s�2

k roughness length scale [L]; subscripts b, r, s, w refer to
the bed as a whole, exposed rock in the bed, partial
sediment cover and walls, respectively

n Manning’s friction coefficient [T L�1/3], defined by
inverting Equation (1)

P wetted perimeter [L]; subscripts b and w refer to bed and
walls, respectively

Q water discharge [LT�3]
R hydraulic radius [L]
S channel slope [–]
v mean velocity [LT�1]
vw near-wall velocity [LT�1]
w water width [L]
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