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Abstract 

Unsaturated soils exhibit water retention hysteresis, with different water retention 

behaviour during drying and wetting paths. Water retention hysteresis has often 

been modelled using expressions for the main drying and main wetting water 

retention curves that are unsatisfactory at low values of degree of saturation. In 

addition, the effect of retention hysteresis on the unsaturated hydraulic conductivity 

behaviour has typically not been explicitly considered. This paper presents a new 

hysteretic hydraulic constitutive model for the water retention and hydraulic 

conductivity behaviour of unsaturated soils, which is effective and easy to apply. 

The model includes: i) main wetting and main drying water retention curves 

modelled with a modified version of the van Genuchten model, improved at low 

degree of saturation; ii) hysteretic scanning water retention curves modelled using 

a bounding surface approach; iii) the effect of hydraulic hysteresis on a SHCC model 

improved at low degree of saturation and including the effect of liquid film 

conductivity. The new hysteretic hydraulic model is then validated against 

experimental data. After implementation in the finite element software Code_Bright, 

the new hydraulic constitutive model is applied in a numerical study of the impact of 

hydraulic hysteresis on the behaviour of capillary barrier systems (CBSs). Water 

retention hysteresis, which has typically been neglected in the modelling of the 

hydraulic behaviour of CBSs, is shown to have a significant impact on: i) movement 

and redistribution of water within the finer layer of a CBS; ii) the phenomenon of 

water breakthrough across the interface between the finer and coarser layers of a 

CBS and the subsequent restoration of the CBS after infiltration at the ground 

surface ceases; iii) the prediction of evaporation from a CBS into the atmosphere. 
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1. Introduction 1 

 2 

The hydraulic behaviour of unsaturated soils is represented by the soil water retention 3 

curve (SWRC), i.e. the relationship between degree of liquid saturation Sl and suction s, 4 

and the soil hydraulic conductivity curve (SHCC), i.e. the relationship between hydraulic 5 

conductivity kl and either degree of saturation or suction. 6 

 7 

For a given soil, the water retention curve is not unique, with different retention behaviour 8 

during drying and wetting paths (Haines, 1930); an effect known as retention hysteresis. 9 

In addition, water retention behaviour is affected by changes of void ratio of the soil (e.g. 10 

Gallipoli et al., 2003). This paper focuses on the inclusion of retention hysteresis within 11 

non-deformable unsaturated soils (i.e. the influence of changes of void ratio is not 12 

included). 13 

 14 

In terms of retention behaviour, two limit curves can be identified: the "main drying curve", 15 

representing a drying process which starts from a saturated condition, and the “main 16 

wetting curve”, representing a wetting process which starts from a dry condition. 17 

"Scanning curves" lie between the main drying curve and main wetting curve, and these 18 

represent paths followed after reversals between drying and wetting at intermediate 19 

values of degree of saturation. Some authors (e.g. Likos et al., 2013) distinguish between 20 

a “primary drying curve” (followed during drying from a saturated condition) and a “main 21 

drying curve” (followed during drying from the end point of the main wetting curve), 22 

however it is argued later in this paper that this distinction is unnecessary. 23 

 24 
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The main cause of retention hysteresis is the “ink-bottle effect” (Haines, 1930), caused 25 

by the fact that the value of suction at which a void fills with water during wetting is 26 

associated with the radius of the void, whereas the value of suction at which the same 27 

void empties of water during drying is associated with the smaller radius of a narrow throat 28 

giving entry of air to the void. Other causes of retention hysteresis include differences of 29 

contact angle during drying and wetting (Klausner, 2012). 30 

 31 

Several hysteretic SWRC models have been proposed. These hysteretic SWRC models 32 

can be divided into two groups: the conceptual (or physically based) models and the 33 

empirical models. The conceptual models assume that the soil is made of a domain of 34 

pores which are either filled or empty of water and two different values of suction are 35 

associated to each pore: one which causes water-filling of the pore and one which causes 36 

water-emptying of the pore. A detailed review of the conceptual hysteretic SWRC models 37 

is given by Pham et al. (2005). The empirical hysteretic SWRC models assume 38 

mathematical forms for the main drying curve, main wetting curve, scanning drying curves 39 

and scanning wetting curves and then the values of relevant soil constants in the 40 

mathematical expressions are selected to fit the predicted curves to experimentally 41 

observed behaviour. In recent years, empirical hysteretic SWRC models have been more 42 

widely used than physically based models, in particular when coupled with mechanical 43 

models for unsaturated soils. 44 

 45 

In some empirical hysteretic SWRC models, in particular those which relate retention 46 

hysteresis and mechanical behaviour, once the main wetting and main drying curves were 47 

defined, the scanning curves were simply approximated by straight lines in a linear plot 48 

(Hanks et al., 1969) or in a semi-logarithmic plot (Wheeler et al., 2003; Khalili et al., 2008; 49 

Nuth and Laloui, 2008). Other empirical hysteretic SWRC models related the shape of 50 
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the scanning curves to the shape of the corresponding main drying or main wetting curve 51 

(Dane and Wierenga, 1975; Jaynes, 1984; Scott et al., 1983; Kool and Parker, 1987; 52 

Parker and Lenhard, 1987). Among these, the model proposed by Kool and Parker (1987) 53 

is probably the most widely used because it has been implemented in commercial 54 

numerical codes, e.g. UNSAT-H (Fayer, 2000). According to this model, a scanning curve 55 

is modelled as a scaled version of the corresponding main curve passing through the last 56 

reversal point (e.g. a scanning drying curve is a scaled version of the main drying curve). 57 

This model may however predict unrealistic results when used to model cyclic variations 58 

of suction, leading to an artificial "pumping effect" (Klute and Heermann, 1974) that can 59 

result in scanning curves falling outside the main curves. In order to solve this drawback, 60 

Parker and Lenhard (1987) proposed a modification to the model. This consisted of 61 

enforcing that scanning wetting-drying loops must be closed. Although this model solved 62 

the artificial pumping effect of the Kool and Parker model, it has two drawbacks: (i) the 63 

prediction of wetting-drying loops which are always closed may be unrealistic; (ii) when 64 

implemented in a numerical code, the model may require high memory capacity because 65 

all the reversal points at all the positions of the numerical model must be saved. 66 

 67 

More recently, various empirical SWRC models based on "bounding surface" concepts 68 

have been proposed (Li, 2005; Pedroso et al., 2009; Zhou et al., 2012; Gallipoli et al., 69 

2015). In these bounding surface hysteretic SWRC models, the slope of a scanning curve 70 

is related to the slope of the corresponding main curve at the same value of degree of 71 

saturation. 72 

 73 

All existing empirical hysteretic SWRC models assume conventional empirical (non-74 

hysteretic) SWRC expressions to describe the main drying curve and the main wetting 75 

curve, such as those proposed by Brooks and Corey (1964) or Van Genuchten (1980). 76 
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The empirical hysteretic SWRC models are also typically used in conjunction with a 77 

conventional SHCC expression, such as Mualem (1976), for the hydraulic conductivity 78 

behaviour. Although the conventional SWRC and SHCC expressions are able to 79 

represent well the retention and hydraulic conductivity behaviour of unsaturated soils at 80 

medium and high values of degree of saturation, they are unreliable at very low values of 81 

degree of saturation, in the pendular condition, when the soil pores all contain air and the 82 

liquid water present in the soil is only in the forms of meniscus water bridges around 83 

particle contacts and thin liquid films around each soil particle (Scarfone et al., 2020). In 84 

addition, little consideration has been given to whether combination of a given hysteretic 85 

SWRC model with a conventional SHCC expression, such as Mualem (1976), results in 86 

appropriate representation of any hysteresis in the hydraulic conductivity behaviour. 87 

 88 

Recently, Rudiyanto et al. (2015) proposed a complete hydraulic model for unsaturated 89 

soils accounting for retention hysteresis and incorporating improved modelling of SWRC 90 

and SHCC at low degree of saturation. Although this model represents an interesting 91 

contribution towards a complete hydraulic model for unsaturated soils, improved at low 92 

degree of saturation and including retention hysteresis, it is affected by some 93 

weaknesses: (i) the SHCC model is not fully predictive; (ii) it employs the hysteretic 94 

SWRC model proposed by Parker and Lenhard (1987), which is affected by weaknesses 95 

discussed above. For this reason, the first aim of this paper is to present a new hysteretic 96 

hydraulic constitutive model for unsaturated soils, improved at low degree of saturation, 97 

including the SHCC and easy to apply.   98 

 99 

Accurate modelling of the hysteretic hydraulic behaviour of unsaturated soils can find 100 

applications in a wide variety of problems in geotechnical engineering. One of these is 101 

numerical modelling of the hydraulic behaviour of capillary barrier systems, which are 102 
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typically subjected to multiple cycles of rain (i.e. wetting) and evapotranspiration (i.e. 103 

drying). 104 

 105 

Capillary barrier systems (CBSs) are geotechnical structures made of an upper finer layer 106 

(F.L.) overlying a lower coarser layer (C.L.), placed over the ground with the aim of 107 

preventing the percolation of water into the underlying soil (Stormont and Anderson, 108 

1999). The coarser layer is typically at very low degree of saturation and, consequently, 109 

the corresponding unsaturated hydraulic conductivity may be several orders of magnitude 110 

lower than that of the finer layer. Thus, prior to significant water breakthrough into the 111 

coarser layer, rainwater is stored in the finer layer whereas the coarser layer acts as an 112 

almost impermeable barrier. This water can then be removed by evapotranspiration 113 

(Khire et al., 2000) and, if the barrier is sloped, by lateral drainage (Ross, 1990). The 114 

barrier fails when the amount of water stored in the F.L. is so high that the suction at the 115 

interface between F.L. and C.L. reduces to the “bulk water-continuity value” of the coarser 116 

layer, at which the hydraulic conductivity of the C.L. starts increasing significantly 117 

(Scarfone et al., 2020). At this point, water breakthrough occurs from the F.L. to the C.L., 118 

and eventually into the underlying soil. 119 

 120 

Surprisingly, although water retention hysteresis is expected to be relevant in the 121 

modelling of the behaviour of CBSs, since they are subjected to multiple cycles of rain 122 

and evapotranspiration, only very few authors (e.g. Zhang et al., 2009) considered the 123 

role of water retention hysteresis in the numerical modelling of CBSs. 124 

 125 

This paper initially presents a new hysteretic hydraulic constitutive model, including 126 

retention behaviour and hydraulic conductivity behaviour, improved at low degree of 127 

saturation and obtained using a bounding surface approach. This hysteretic hydraulic 128 
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constitutive model is then validated against experimental data. Finally, the new model is 129 

employed in a numerical study of the hydraulic behaviour of a CBS by means of the finite 130 

element software Code_Bright (Olivella et al., 1996). 131 

 132 

 2. Hysteretic hydraulic constitutive model 133 

In this section, a new hysteretic hydraulic constitutive model for unsaturated soils 134 

improved at low degree of saturation is presented. The model involves the definition of 135 

the following elements: 136 

- main drying and main wetting SWRCs; 137 

- scanning retention curves; 138 

- SHCCs, including the effect of hydraulic hysteresis. 139 

The model assumes that the soil is incompressible and it is intended for application to 140 

relatively coarse-grained soils, because the effect of deformation due to changes in 141 

suction, mainly relevant to fine-grained soils, is not considered. 142 

 143 

2.1 Main drying and main wetting SWRCs 144 

The main drying curve and the main wetting curve are each represented by a modified 145 

version of the conventional van Genuchten (1980) expression. The modification was 146 

proposed by Fayer and Simmons (1995), to provide improved modelling at low values of 147 

degree of saturation. 148 

 149 

In the conventional van Genuchten expression, the degree of saturation Sl is given by: 150 

( )l lr ls lr leS S S S S= + −   151 

(1) 152 
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where Slr is the residual degree of saturation, Sls is the maximum value of degree of 153 

saturation (both Slr and Sls are soil constants) and Sle is the effective degree of saturation 154 

(with a value between 0 and 1), which varies with suction according to:  155 

0

1

m
n

le

s
S

P

−

  
 = +  
   

 156 

(2) 157 

where P0, n and m are parameters of the model (soil constants). Parameters m and n are 158 

often correlated as m=1-1/n (van Genuchten, 1980). Equations 1 and 2 mean that the 159 

conventional van Genuchten SWRC model predicts that Sl varies from a maximum value 160 

Sls at s=0 to a minimum value Slr as s tends to infinity. 161 

 162 

The conventional van Genuchten (VG) model of Equations 1 and 2 cannot accurately 163 

represent the SWRC at low values of Sl. As shown in Figure 1, the VG model predicts 164 

that Sl tends asymptotically to a minimum value Slr as s tends to infinity (typically non-165 

zero values of Slr are employed in the VG model, to produce a reasonable fit to 166 

experimental data at intermediate values of Sl). In contrast, experimental results at very 167 

low values of Sl (Campbell and Shiowaza, 1992), supported by thermodynamic 168 

considerations (Richards, 1965), show that the value of Sl reduces to zero at a finite value 169 

of suction of approximately sdry=1GPa, regardless of the type of soil.   170 

 171 

In particular, experimental results (e.g. Campbell and Shiowaza, 1992) show that at low 172 

values of degree of saturation the SWRC decreases approximately linearly with the 173 

logarithm of suction and Fayer and Simmons (1995) proposed a modified version of the 174 

VG model to capture this behaviour and hence to extend the use of the model to very low 175 



8 
 

values of Sl . In the modified van Genuchten (modVG) SWRC model of Fayer and 176 

Simmons (1995)1, Equation 1 is replaced by: 177 

ln ln
dry dry

l ls le

s s
S S S

s s
 

    
=  + −       

    

 178 

(3) 179 

where  is a fitting parameter, sdry is the suction at oven dryness, i.e. sdry=1GPa, and the 180 

effective degree of saturation Sle is still given by Equation 2. A qualitative comparison 181 

between the performance of the VG and modVG models is shown in Figure 1. Fayer and 182 

Simmons (1995) showed that Equation 3 could also be used to produce a modified 183 

version (modBC) of the conventional Brooks and Corey (1964) SWRC model and Khlosi 184 

et al. (2006) used the same approach to produce a modified version (modK) of the 185 

conventional Kosugi (1996) SWRC model. 186 

 187 

In this paper, the modVG model of Equations 2 and 3 is used to represent the main drying 188 

SWRC and the main wetting SWRC. Different values of the soil parameter P0 (see 189 

Equation 2) are required for the main drying curve and the main wetting curve, with 190 

P0d>P0w. 191 

 192 

In using the modVG model within numerical analyses it is recommended that the 193 

maximum value of degree of saturation Sls in Equation 3 is taken as Sls=1 for both the 194 

main drying curve and the main wetting curve. Laboratory wetting tests may appear to 195 

show that Sls should be less than 1 for a main wetting SWRC, due to the influence of air 196 

entrapment during wetting (Stonestrom and Rubin, 1989). However, Scarfone (2020) 197 

 
1 In the original paper of Fayer and Simmons (1995), the modVG model is expressed rather differently to Equation 3 

and in terms of volumetric water content θl, rather than degree of saturation Sl. The parameter  in Equation 3 is 

related to the parameter β in the original expression of Fayer and Simmons by the following relationship: 

ξ=(Sls·θa)/(θs ln(βhm) ), where θa, θs, β and hm are parameters in the original Fayer and Simmons expression 

(hm=sdry/γl, where γl is the unit weight of water). 
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shows that, once air trapping occurs, the apparent SWRC measured in a wetting test in 198 

the laboratory is not the same as the true SWRC (unless the laboratory test is performed 199 

exceptionally slowly) because the gas pressure in the trapped air is greater than the 200 

externally applied gas pressure. The true main wetting SWRC, of Sl plotted against the 201 

true internal suction (the difference between the pore liquid pressure and the gas pressure 202 

within the trapped air), reaches full saturation at a positive value of suction (the air 203 

exclusion point). Hence, it is appropriate to assume Sls = 1 when using the VG or modVG 204 

model to describe the true main wetting SWRC. In contrast, the apparent main wetting 205 

SWRC measured in a laboratory test (with Sl plotted against the externally applied 206 

suction) is not simply a representation of the soil behaviour, as it also depends upon many 207 

aspects of the wetting test conditions. Scarfone (2020) shows that the only correct way 208 

to represent the occurrence and influence of air trapping during wetting within numerical 209 

modelling is to use the true SWRC in combination with a gas conductivity expression that 210 

goes to zero when the gas phase becomes discontinuous. If the true main wetting curve 211 

is used (with Sls=1), there is no distinction between the “main drying curve” and the 212 

“primary drying curve”, as described earlier. Throughout the remainder of this paper, the 213 

term “main drying curve” is preferred to “primary drying curve” (for consistency with the 214 

terminology of “main wetting curve”), except in discussing experimental data where it is 215 

clear that wetting was performed too fast to measure a true main wetting curve and hence 216 

there was a need to distinguish between measured drying curves corresponding to 217 

primary drying and main drying. 218 

 219 

At very low values of Sl, in the pendular condition, where liquid water is present only in 220 

the forms of meniscus water bridges and liquid films, experimental results show that the 221 

water retention behaviour is non-hysteretic (Schelle et al., 2013). As a consequence, the 222 

value of the parameter   in Equation 3 would be expected to take the same value for the 223 
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main drying SWRC and the main wetting SWRC (d=w). In addition, with Slsd= Slsw and 224 

d=w, there should theoretically be a requirement that the value of the parameter n in 225 

Equation 2 should take the same value for the main drying SWRC and the main wetting 226 

SWRC (nd=nw and hence md=mw), otherwise the main wetting curve would lie above the 227 

main drying curve at extreme values of s, which is impossible (this problem would occur 228 

at very high values of s for nd>nw and at very low values of s for nd<nw). In practice, 229 

however, it is probably acceptable to have different values of n for the main drying SWRC 230 

and the main wetting SWRC, if this provides a better match to experimental SWRCs, 231 

because the main wetting curve will typically be predicted to lie above the main drying 232 

curve only at very extreme values of s, where the values of Sle predicted by Equation 2 233 

are so close to zero or 1 that the main drying curve and the main wetting curve are 234 

indistinguishable. 235 

 236 

Figure 2 shows typical main drying and main wetting SWRCs predicted by the modVG 237 

model (Equations 2 and 3), with P0d>P0w, Slsd=Slsw=1 and d=w, but with nd>nw.        238 

 239 

2.2 Scanning retention curves 240 

Scanning retention curves are modelled using a bounding surface approach proposed by 241 

Gallipoli et al. (2015), in which the gradient of a scanning drying curve (dSle/dlns)d and 242 

the gradient of a scanning wetting curve (dSle/dlns)w (expressed in a semi-logarithmic plot 243 

of effective degree of saturation Sle against the logarithm of suction lns) at a general point 244 

A (see Figure 3) are related to the corresponding gradient of the main drying curve 245 

(dSle/dlns)Md or main wetting curve (dSle/dlns)Mw respectively by: 246 

d d

dln dln

d

le le

d dd Md

S Ss

s s s


    

=     
     

 247 

(4a) 248 
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d d

dln dln

w

le lew

ww Mw

S Ss

s s s


    

=    
    

 249 

(4b) 250 

sd and sw are the image values of suction, namely the suction values corresponding to 251 

the horizontal projection (at the same effective degree of saturation Sle) of the current 252 

point A (s,Sle) onto the main drying curve or the main wetting curve at point B (see Figure 253 

3). (dSle/dlns)Md and (dSle/dlns)Mw are respectively the gradients of the main drying curve 254 

and the main wetting curve (in the same semi-logarithmic plot of Sle against lns) at their 255 

image points B (see Figure 3). The terms d and w are parameters of the model (soil 256 

constants) for the scanning drying curve and scanning wetting curve respectively and 257 

they always assume positive values. The closer is the current value of suction s to its 258 

image value, sd or sw, the closer is the gradient of the scanning curve to the gradient of 259 

its corresponding main drying or main wetting curve. The main curve thus represents an 260 

asymptotic limit for the corresponding scanning curve.  261 

 262 

The parameters d and w control the shape of the scanning curves, as shown in Figure 263 

3, where the scanning curve from A shown by the chain-dotted line is for a higher value 264 

of d or w than the scanning curve from A shown by the continuous line. As the value of 265 

d or w increases, the variation of the gradient of the scanning curve becomes sharper. 266 

At the upper limit, i.e. d→ or w→, the scanning curve is horizontal in the Sle:lns plot 267 

until reaching the corresponding main curve, at which point, the gradient of the scanning 268 

curve changes sharply and the scanning curve follows the corresponding main curve. In 269 

contrast with other models in which scanning curves are modelled as scaled versions of 270 

the corresponding main curves (e.g. Kool and Parker, 1987; Parker and Lenhard, 1987), 271 

the introduction of d and w as two additional parameters allows a greater degree of 272 
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freedom in representing the scanning curves, although the parameter values must be 273 

determined for each soil. 274 

 275 

The modVG expression of Equation 2, defining the main drying SWRC and the main 276 

wetting SWRC, can be inverted to give expressions for the image values of suction sd 277 

and sw in terms of the current effective degree of saturation Sle: 278 

( )
1/

1/

0 1
d

d
n

m

d d les P S −
=  −  279 

(5a) 280 

( )
1/

1/

0 1
w

w
n

m

w w les P S −
=  −  281 

(5b) 282 

where P0d, nd and md are the parameters of the modVG model for the main drying SWRC 283 

and P0w, nw and mw are the parameters of the modVG model for the main wetting SWRC. 284 

 285 

From Equations 4a and 4b, in combination with Equations 5a and 5b, and after some 286 

algebraic manipulation (see Scarfone, 2020), the following closed-form relationships can 287 

be obtained, describing the variation of effective degree of saturation Sle along a scanning 288 

drying curve or a scanning wetting curve: 289 

( )
1/

,

0

1

d
d

d
d

m
n

d

le d

d

s A
S

P




−

  −  = + 
 

 
  

 290 

(6a) 291 

( )
1/

,

0

1

w
w

w
w

m
n

w

le w

w

s A
S

P




−
−

−  −  = + 
 

   

 292 

(6b) 293 
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The integration constants Ad and Aw are calculated by imposing the condition that the 294 

scanning curve passes through the reversal point (s0,Sle0): 295 

( )
1/

1/

0 0 0 1
d

d
d d

n
m

d d leA s P S


 − = −  −
  

 296 

(7a) 297 

( )
1/

1/

0 0 0 1
w

w
w w

n
m

w w leA s P S



−

− − = −  −
  

 298 

(7b) 299 

where Sle0 is the effective degree of saturation at the reversal point, which can be obtained 300 

from the actual degree of saturation at the reversal point Sl0 as: 301 

0

0

,

ln

            for drying

ln

dry

l d

le

dry

ls d d

s
S

s
S

s
S

s





 
−  

 =
 

−  
 

 302 

(8a) 303 

0

0

,

ln

            for wetting

ln

dry

l w

le

dry

ls w w

s
S

s
S

s
S

s





 
−  

 =
 

−  
 

 304 

(8b) 305 

where Sls,d and d are the parameters of the modVG model for the main drying SWRC 306 

and Sls,w and w are the parameters of the modVG model for the main wetting SWRC. 307 

 308 

Equation 3, giving the general relationship between degree of saturation Sl and effective 309 

degree of saturation Sle in the modVG model, means that the variation of Sl  along a 310 

scanning drying curve (Sl,d) or a scanning wetting curve (Sl,w) is given by: 311 

, , ,ln ln
dry dry

l d d ls d d le d

s s
S S S

s s
 

    
= + −     

    

 312 
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(9a) 313 

, , ,ln ln
dry dry

l w w ls w w le w

s s
S S S

s s
 

    
= + −     

    

 314 

(9b) 315 

Equations 9a and 9b, in combination with Equations 6a, 6b, 7a, 7b, 8a and 8b, form a 316 

simple but effective method to include water retention hysteresis in the modVG SWRC 317 

model. 318 

 319 

Scarfone (2020) also examined a slightly different hysteretic version of the modVG SWRC 320 

model, where Equations 4a and 4b were replaced with alternative expressions, where 321 

effective degree of saturation Sle was replaced by degree of saturation Sl. Scarfone (2020) 322 

showed that the predictions of the two different versions of hysteretic modVG model were 323 

indistinguishable, but the version presented here (based on Equations 4a and 4b) has 324 

two advantages. Firstly, it has a slightly stronger physical justification, because one of the 325 

most important causes of retention hysteresis is the “ink-bottle effect” described earlier, 326 

which is linked to the bulk water component of the liquid water present in an unsaturated 327 

soil, and the volume of this bulk water is implicitly associated with the effective degree of 328 

saturation Sle in the modVG model (whereas the remainder of the degree of saturation Sl 329 

is implicitly associated with the volume of water within meniscus water bridges and liquid 330 

films). Secondly, the version of hysteretic modVG model based on Equations 4a and 4b 331 

is mathematically much simpler than the alternative version, and much less 332 

computationally demanding when implemented within a finite element code, because, 333 

with the modVG model, the expression for Sle (see Equation 2) can be inverted to provide 334 

closed form expressions for the image values of suction sd and sw in terms of the current 335 

effective degree of saturation Sle (see Equations 5a and 5b), whereas the expression for 336 

Sl (see Equations 3 and 2) cannot be inverted. 337 
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 338 

Scarfone (2020) showed that the hysteretic approach represented by Equations 4a and 339 

4b (Gallipoli et al., 2015) is also suitable for developing hysteretic versions of other 340 

existing (non-hysteretic) SWRC models, provided that the existing model involves an 341 

expression for effective degree of saturation Sle that can be inverted to give suction s as 342 

an explicit function of Sle. He demonstrated this by presenting hysteretic versions of the 343 

modified Brooks and Corey (modBC) and modified Kosugi (modK) SWRC models 344 

described earlier. 345 

 346 

2.3 SHCC model 347 

Scarfone et al. (2020) recently showed that the conventional Mualem (1976) SHCC model 348 

used in conjunction with the van Genuchten SWRC model is unable to describe 349 

accurately the hydraulic conductivity of unsaturated soils at low values of degree of 350 

saturation and they proposed a new SHCC model to address this problem. According to 351 

this new SHCC model, known as the Modified Mualem plus Liquid Film (modM+LF) 352 

model, following the general approach adopted by Peters (2013), the hydraulic 353 

conductivity kl can be split into two components: 354 

Bulk Film

l l lk k k= +  355 

(10) 356 

where kl
Bulk is the component of hydraulic conductivity related to liquid flow occurring 357 

through the bulk water whereas kl
Film is the component of hydraulic conductivity related 358 

to liquid flow occurring within thin liquid films covering the surfaces of soil particles, 359 

connected by meniscus water bridges at inter-particle contacts. At medium and high 360 

values of degree of saturation, the hydraulic conductivity is controlled by the bulk water 361 

component kl
Bulk whereas, at very low values of degree of saturation, when bulk water is 362 

no longer present or where it is discontinuous, the hydraulic conductivity is controlled by 363 
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the liquid film component kl
Film, although this is many orders of magnitude smaller than 364 

the hydraulic conductivity at high values of degree of saturation. Hence, kl
Bulk is 365 

represented with a modified version of the Mualem (1976) model, which has kl
Bulk going 366 

to zero when the bulk water becomes discontinuous, and kl
Film is included through a semi-367 

empirical expression.   368 

 369 

The bulk water component kl
Bulk (Scarfone et al., 2020) is calculated by using a modified 370 

version of the Mualem model (modM) which can be written as: 371 

( )( )
2

1/

1 1
m

m
Bulk C B

l ls l lk k S S
 

=  − − 
 

 372 

(11) 373 

where kls is the saturated hydraulic conductivity and m is the parameter of the modVG 374 

SWRC model. The terms Sl
C is defined by: 375 

,

,

    for dryingl l BWDC

l

ls l BWD

S S
S

S S

−
=

−
 376 

(12a) 377 

,

,

    for wettingl l BWCC

l

ls l BWC

S S
S

S S

−
=

−
 378 

(12b) 379 

where Sl,BWD and Sl,BWC are the values of degree of saturation at the bulk water-380 

discontinuity (BWD) point and at the bulk water-continuity (BWC) point, namely when the 381 

bulk water becomes respectively discontinuous during drying and continuous during 382 

wetting. The terms Sl
B is defined by: 383 

,

,

    for dryingl l BWEXB

l

ls l BWEX

S S
S

S S

−
=

−
 384 

(13a) 385 



17 
 

,

,

    for wettingl l BWEB

l

ls l BWE

S S
S

S S

−
=

−
 386 

(13b) 387 

where Sl,BWEX and Sl,BWE are the values of degree of saturation at the bulk water-exclusion 388 

point (BWEX) and at the bulk water-entry (BWE) point, namely when the bulk water is 389 

respectively expelled from the last pores during drying and enters the first pores during 390 

wetting. In the absence of more precise data, Scarfone et al. (2020) suggest to assume 391 

Sl,BWD=Sl,BWEX and Sl,BWC=Sl,BWE and that these two points are identified from experimental 392 

SWRC data with a simplified graphical procedure. According to this procedure, with the 393 

SWRC presented in the standard semi-logarithmic plot (Sl:logs), the intersection point of 394 

the tangent through the inflection point of the main drying curve and the straight line 395 

formed by the final linear portion of the main drying curve defines a suction sBWD/BWEX. 396 

The value of Sl,BWD=Sl,BWEX is then taken as the value of Sl on the main drying curve at 397 

the suction sBWD/BWEX. A corresponding procedure using the main wetting curve gives the 398 

value of Sl,BWC=Sl,BWE. 399 

 400 

The liquid film component of the hydraulic conductivity kl
Film (Scarfone et al., 2020) is 401 

expressed by: 402 

( )
1.5

Film Film Film

lk C a s
−

=  +  403 

(14) 404 

aFilm is a dummy parameter only introduced to avoid kl
Film tending to infinity when s tends 405 

to 0 but it must be small enough to have a negligible effect in the range of suction where 406 

the hydraulic conductivity is controlled by kl
Film (i.e. when kl

Bulk =0). Cfilm is a model 407 

parameter (soil constant) which can be calibrated experimentally if hydraulic conductivity 408 

data kl:s are available at very low degree of saturation, i.e. in the range where the 409 

hydraulic conductivity is governed by the liquid film component kl
Film. However, such data 410 
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are rarely available and, in these cases, Scarfone et al. (2020) suggested that CFilm can 411 

be estimated as: 412 

1Film

DC X
D

−
=  413 

(15) 414 

where  is the porosity, D is a representative particle size and XD is an empirical 415 

parameter (soil constant). In particular, Scarfone et al. (2020) suggested a value 416 

XD=2.35x10-9 mm.ms-1.kPa1.5 for D=D10 or a value XD=1.08x10-8 mm.ms-1.kPa1.5 for 417 

D=D50, regardless of the type of relatively coarse-grained soil (gravel, sand or silt). 418 

 419 

It is now important to consider the implications of combining the new modM+LF SHCC 420 

model with the new hysteretic modVG SWRC model described earlier. The bulk water 421 

component of the SHCC kl
Bulk is typically recognized as non-hysteretic when plotted 422 

against the degree of saturation (Fredlund and Rahardjo, 1993; Kool and Parker, 1987; 423 

Mualem, 1986; Vachaud and Thony, 1971), and thus hysteretic if plotted against suction, 424 

due to the hysteresis in the SWRC (see Figure 4). In order to satisfy the requirement that 425 

kl
Bulk is non-hysteretic when plotted against Sl, the following restrictions must be applied 426 

to the parameters of the hysteretic modVG SWRC model and modM+LF SHCC model: 427 

( ) ( )1 1/ 1 1/d d w wm n m n= − = = −  428 

(16) 429 

, ,l BWC l BWDS S=  430 

(17) 431 

, ,l BWE l BWEXS S=  432 

(18) 433 

All 3 of these restrictions are typically realistic (Likos and Godt, 2013). Under the 434 

assumptions of Equations 16, 17 and 18, Equation 11 gives a unique relationship 435 
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between kl
Bulk and Sl, irrespective of whether the soil state is on the main wetting curve, 436 

the main drying curve or a scanning curve (see Figure 4c). 437 

 438 

The liquid film component of the hydraulic conductivity kl
Film is still given by Equation 14, 439 

with aFilm and CFilm as soil constants, and thus kl
Film is uniquely related to suction s, 440 

irrespective of whether the soil state is on the main drying curve, the main wetting curve 441 

or a scanning curve i.e. kl
Film is non-hysteretic when plotted against s (see Figure 4b). 442 

 443 

Figure 4 qualitatively shows the performance of the new hysteretic hydraulic modVG-444 

modM+LF model in the Sl:s plot, the kl:s plot and the kl:Sl plot, by simulating a virtual 445 

sequence of wetting and drying paths (starting at point A and ending at point K). Results 446 

in Figure 4 were obtained assuming Sls,d=Sls,w=1, d=w and sdry=1GPa. Under saturated 447 

conditions and at very low degree of saturation the water retention behaviour is non-448 

hysteretic (see Figure 4a). Scanning curves (e.g. A-B) describe the hysteresis in the water 449 

retention behaviour at intermediate values of degree of saturation. The bulk water 450 

component of the hydraulic conductivity kl
Bulk can be identified as the SHCC at medium 451 

and high values of degree of saturation (i.e. Sl>Sl,BWC/BWD in Figure 4c) whereas the liquid 452 

film component kl
Film can be identified as the hydraulic conductivity at very low degree of 453 

saturation (straight line in the kl:s log-log plot in Figure 4b and Sl<Sl,BWC/BWD in Figure 4c). 454 

 455 

The bulk water component of the hydraulic conductivity kl
Bulk is non-hysteretic when 456 

plotted against degree of saturation Sl (see Figure 4c) whereas kl
Bulk is hysteretic when 457 

plotted against suction s (see Figure 4b) due to hysteresis in the SWRC. The liquid film 458 

component kl
Film is non-hysteretic when plotted against suction s (see Figure 4b). From 459 

the physical point of view, the liquid film conductivity is related to the thickness of the 460 

liquid films, which is solely a function of suction for a given soil. At very low degree of 461 
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saturation, kl
Film is non-hysteretic also when plotted against Sl because only liquid film 462 

water and meniscus water are present and, in this condition, also the SWRC is non-463 

hysteretic. However, kl
Film is slightly hysteretic in the kl:Sl plot at the transition between 464 

bulk water-dominated hydraulic conductivity and liquid film-dominated hydraulic 465 

conductivity (see Figure 4c), in particular for values of the degree of saturation between 466 

the BWC/BWD points and the BWE/BWEX points, i.e. Sl,BWE/BWEX<Sl<Sl,BWC/BWD. This 467 

prediction of the model has a physical explanation. Since Sl<Sl,BWC/BWD, bulk water is not 468 

continuous and the liquid flow is governed by the liquid film hydraulic conductivity but, 469 

since Sl>Sl,BWE/BWEX, a small amount of bulk water is present in the soil although it does 470 

not contribute to liquid flow. Hence, within this transition range, the bulk water influences 471 

the value of Sl but does not influence the value of kl. 472 

 473 

2.4 Experimental validation 474 

Scarfone et al. (2020) showed that the modVG-modM+LF hydraulic model (without 475 

hysteresis) was able to match well experimental SWRC and SHCC data on main wetting 476 

or main drying curves over the full range of degree of saturation for a broad variety of 477 

relatively coarse-grained soils (gravels, sands and silts). In this current paper, the 478 

hysteretic aspects of the new hydraulic model for unsaturated soils are validated against 479 

experimental data for coarse-grained soils from the literature. 480 

 481 

Figure 5 shows experimental SWRC data for Tottori sand (Rudiyanto et al., 2015), 482 

covering the full range of degree of saturation and including scanning drying and scanning 483 

wetting curves. Figure 5a shows results over the full range of suction (with suction on a 484 

logarithmic scale), whereas Figure 5b shows a zoom of the low suction range (with 485 

suction on a linear scale). The SWRCs are shown in terms of the volumetric water content 486 
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l, which, assuming no deformation of the soil, can be expressed as l=ls∙Sl where ls is 487 

the water content when the soil is fully saturated. 488 

 489 

The experimental SWRC data for Tottori sand were fitted using the hysteretic modVG 490 

model (see Figure 5). The primary drying curve and the main wetting curve were firstly 491 

best fitted to the corresponding experimental data. Note that the main wetting curve does 492 

not reach a fully saturated condition as suction approaches zero, indicating the likely 493 

occurrence of air trapping (i.e. this was an apparent SWRC, rather than a true SWRC). 494 

Hence, a value of Sls less than 1 was selected to fit the main wetting curve. Subsequently, 495 

the scanning curves were fitted by imposing the curves to pass through the previous 496 

reversal point and fitting Equation 6a or 6b to the experimental data, where d for drying 497 

and w for wetting were the only fitting parameters. Table 1 shows the model parameters 498 

obtained with this procedure. Note that d=w but nd>nw and d>w. The hysteretic modVG 499 

model fits well the experimental SWRC data for the main drying curve and main wetting 500 

curve over the full range of degree of saturation, and it also fits well the single scanning 501 

drying curve and the single scanning wetting curve. 502 

 503 

Scarfone (2020) showed that the experimental SWRC data for Tottori sand shown in 504 

Figure 5 could also be successfully fitted by the hysteretic modBC and hysteretic modK 505 

SWRC models mentioned earlier, although the fit achieved by the hysteretic modBC 506 

model was slightly less satisfactory than the other two models. 507 

 508 

Figure 6 shows the comparison between the hysteretic modVG model and experimental 509 

SWRC data for Wray sand obtained by Gillham et al. (1976). For this soil, different 510 

scanning drying curves (see Figure 6b) and different scanning wetting curves (see Figure 511 

6c) were available. The modVG model was initially best fitted to the experimental main 512 
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drying and main wetting curves (see Figure 6a). Subsequently, all the experimental 513 

scanning curves of a family, i.e. wetting or drying, were fitted by the hysteretic modVG 514 

model using a single value for d (for all scanning drying curves) or w (for all scanning 515 

wetting curves).  The parameter values are shown in Table 1. Note that Sls,d=Sls,w=1 and 516 

the values of d and w are very similar, but nd>nw and d>w. From Figures 6b and 6c, it 517 

can be seen that the model provided a very good fit to all the scanning curves. Therefore, 518 

the use of a single pair of values for the parameters d and w was sufficient to model the 519 

different scanning curves starting from different reversal points. 520 

 521 

Figure 7 shows experimental data for aggregated glass beads from Topp and Miller 522 

(1966), covering SWRC curves and SHCC curves (kl:l) for primary drying, main wetting 523 

and main drying (Figures 7a and 7b), together with a family of 5 scanning drying SWRC 524 

curves (Figure 7c) and a family of 6 scanning wetting SWRC curves (Figure 7d). Primary 525 

drying, main drying and main wetting SWRC experimental data were fitted by the modVG 526 

model assuming a single value of  for all three curves, but allowing different values of n 527 

for the three curves. The scanning SWRCs were fitted by the hysteretic modVG model 528 

using a single value of d or w for each family of scanning curves, as described for the 529 

Wray sand. The primary drying, main drying and main wetting SHCCs were predicted 530 

using the modM+LF model, assuming the constraints given by Equations 17 and 18 (the 531 

constraint of Equation 16 was not imposed, as a consequence of the decision to allow 532 

different values of n for the three SWRCs). The resulting model parameters are shown in 533 

Table 2. Note that Sls<1 for the main wetting curve and the main drying curve, indicating 534 

the likely occurrence of air trapping during wetting (see Figure 7a). 535 

 536 
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The experimental primary drying, main wetting and main drying SWRCs for aggregated 537 

glass beads were fitted satisfactorily by the modVG model (see Figure 7a). As was 538 

observed for the Wray sand (see Figure 6), the use of a single value for d and a single 539 

value for w for the aggregated glass beads led to very good fitting of the scanning drying 540 

SWRC curves (see Figure 7c) and the scanning wetting SWRC curves (see Figure 7d). 541 

 542 

Inspection of the experimental and predicted SHCCs for the aggregated glass beads (see 543 

Figure 7b), presented as the ratio of hydraulic conductivity to saturated hydraulic 544 

conductivity kl/kls plotted against volumetric water content l, shows that the experimental 545 

measurements of kl did not extend into the range where the hydraulic conductivity was 546 

controlled by flow in liquid films. According to the model predictions, k=kFilm for 547 

Sl<Sl,BWC/BWD, corresponding to l<0.09, and the predicted values of kl/kls are then less 548 

than 10-6 (see Figure 7b and compare with Figure 4c). Experimental validation of modVG-549 

modM+LF predictions of hydraulic conductivity in this domain controlled by flow in liquid 550 

films was presented for a range of other soils by Scarfone et al. (2020), but for 551 

experimental data from the literature that did not include both drying and wetting paths 552 

(i.e. there was no opportunity to examine the presence or absence of hysteresis). 553 

 554 

The experimental values of kl/kls shown in Figure 7b confirm very little hysteresis when 555 

plotted against l (or Sl), as expected for the range where hydraulic conductivity is 556 

controlled by bulk water flow. Very careful inspection of the experimental data suggests 557 

a very small amount of hysteresis, with values of kl/kls being slightly greater on the primary 558 

drying curve and slightly smaller on the main wetting curve than they are on the main 559 

drying curve. Interestingly, this very small amount of hysteresis is also captured in the 560 

model predictions, because of the use of different values of n for the three curves (i.e. 561 

because the constraint of Equation 16 was not imposed). 562 
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 563 

Comparison of the model predictions and the experimental measurements in Figure 7b 564 

shows that the modVG-modM+LF model provides a good match to the experimental data 565 

for l>0.18 and correctly captures the fact that kl/kls tends to extremely low values as l 566 

approaches 0.09 (corresponding to kBulk tending to zero at Sl,BWC/BWD). However, the fit of 567 

the model predictions is less good in the range immediately above Sl,BWC/BWD, suggesting 568 

a minor weakness of the modVG-modM+LF model when applied to this highly idealised 569 

soil (or problems with the experimental measurements at these relatively low values of l, 570 

when much longer time durations are required to ensure proper equalisation of suction 571 

throughout a soil sample, because of the much lower values of kl). It is important to 572 

emphasise that the experimental data shown in Figure 7b were not used at all in 573 

determining the model parameter values. 574 

 575 

3. Application of the hysteretic hydraulic constitutive model in a numerical study 576 

of capillary barrier systems 577 

The new hysteretic modVG-modM+LF hydraulic constitutive model was implemented in 578 

the Code_Bright finite element software (Olivella et al., 1996). This code was then used 579 

to perform one-dimensional numerical simulations of infiltration and evaporation 580 

processes in a capillary barrier system (CBS). Initial simulations, presented by Scarfone 581 

et al. (2020), did not include the hysteretic aspects of the hydraulic constitutive model. 582 

These initial simulations demonstrated that the improvements at low values of degree of 583 

saturation contained within the modVG-modM+LF hydraulic constitutive model are 584 

essential for correct simulation of the phenomenon of breakthrough in a CBS. The 585 

purpose of the subsequent numerical simulations presented in this paper was to assess 586 

the role of hydraulic hysteresis in the fundamental hydraulic behaviour of CBSs. 587 

Surprisingly, water retention hysteresis has often been neglected in numerical modelling 588 
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of the hydraulic behaviour of CBSs but, as will be shown in this section, it may have a 589 

significant role. 590 

 591 

Retention hysteresis will affect the behaviour of a CBS if individual soil elements within 592 

the CBS experience reversals of wetting and drying. Hence, the numerical study reported 593 

here examined the influence of retention hysteresis under 3 different situations: i) 594 

redistribution of water within the finer layer if rainfall ceases prior to any breakthrough of 595 

water to the coarser layer; ii) conditions at breakthrough (if sustained rainfall occurs) and 596 

on subsequent restoration of the CBS if rainfall then ceases after breakthrough; and iii) 597 

during alternating periods of rainfall and evaporation from the ground surface. Restoration 598 

of the CBS (after breakthrough has occurred) is the condition where water stops flowing 599 

across the interface between finer and coarser layers, some time after water infiltration at 600 

the ground surface ceases (Stormont and Anderson, 1999). 601 

 602 

3.1 Numerical models 603 

The numerical model consisted of a vertical column of soil made of two layers: an upper 604 

layer, 0.5m thick, representing the finer layer (F.L.) of a CBS and a lower layer, 0.75m 605 

thick, representing the coarser layer (C.L.) (see Figure 8a). The thickness of the coarser 606 

layer was unrealistically high in order to have the bottom boundary sufficiently far from 607 

the interface that the phenomenon of breakthrough at the interface between F.L. and C.L. 608 

was not affected by any influence of the bottom boundary. 609 

 610 

In all analyses, the solid phase was considered as non-deformable and the gas phase as 611 

non-mobile, with a constant and uniform value of pore-gas pressure pg=100kPa (pore-612 

gas pressure pg and pore-liquid pressure pl were both expressed as absolute pressures). 613 

The simulations involving the study of the effects of water retention hysteresis on i) water 614 
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redistribution within the finer layer and ii) breakthrough and restoration conditions were 615 

isothermal and a constant and uniform distribution of temperature was imposed, with 616 

T=20C. The simulations involving the study of the effects of water retention hysteresis 617 

on iii) evaporation from the ground surface were non-isothermal (i.e. thermo-hydraulic), 618 

with heat conduction modelled by Fourier’s Law, and vapour diffusion in the gas phase 619 

(modelled by Fick’s Law) was also included. Heat convection, i.e. the heat flux associated 620 

to the mass fluxes of water and air, calculated as the product of the mass flux and the 621 

corresponding internal energy, was also included in the thermo-hydraulic analyses. 622 

 623 

The materials forming the two layers were each modelled by defining the hydraulic 624 

constitutive models (SWRC and SHCC), together with the values of saturated hydraulic 625 

conductivity kls and porosity . In addition, in the thermo-hydraulic simulations, the 626 

parameters modelling the thermal conductivity and the vapour diffusivity were also 627 

defined. Each of the two layers was considered as a uniform material. The parameters 628 

chosen to model the finer layer were representative of a fine sand (Scarfone, 2020) 629 

whereas those of the coarser layer were representative of a gravelly sand (Tami et al., 630 

2004). The hydraulic behaviour of the materials was modelled using the modVG-631 

modM+LF model. In the simulations, the hydraulic behaviour of both the finer layer and 632 

the coarser layer was modelled using three different SWRC models: a unique curve 633 

corresponding to the main wetting curve (W), a unique curve corresponding to the main 634 

drying curve (D) and the full hysteretic model (H) (i.e. including the main wetting curve, 635 

the main drying curve and the scanning curves). The comparison of the results obtained 636 

using these three models highlights the role of water retention hysteresis in the modelling 637 

of the fundamental behaviour of CBSs. The parameter values of the materials are shown 638 

in Table 3 and the SWRCs and SHCCs are shown in Figures 8c and 8d respectively. 639 

 640 
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The numerical simulations that were performed were divided into three different stages 641 

(1a, 1b and 2). Stage 1a analysed the effect of hydraulic hysteresis on water redistribution 642 

occurring in the finer layer if rainfall ceased after a short period of intense rain that was 643 

insufficient to cause water breakthrough to the coarser layer. Stage 1b analysed the effect 644 

of hydraulic hysteresis on the behaviour of a CBS at breakthrough and at subsequent 645 

restoration. Stage 2 studied the effect of hydraulic hysteresis during alternating periods 646 

of rainfall and evaporation from a CBS to the atmosphere. 647 

 648 

In stage 1a, the initial pore-liquid pressure profile (see Figure 8b) consisted of a 649 

hydrostatic distribution in the C.L., varying between pl=100kPa (s=0kPa) at the bottom 650 

and pl=92.5kPa (s=7.5kPa) at the interface, and a constant value of pl in the F.L., 651 

pl=75kPa (s=25kPa). As a consequence, as shown by the initial degree of saturation 652 

profile shown in Figure 8b, the F.L. and C.L. were initially almost dry, excluding the bottom 653 

few centimetres of the C.L. (which did not affect any of the results shown in this paper), 654 

and hence main wetting and drying curves are indistinguishable in this range of degree 655 

of saturation values. The discontinuity of the suction profile initially present at the interface 656 

between the finer layer and the coarser layer had negligible impact on the results. In stage 657 

1a, a liquid water flow rate varying with time was imposed at the top boundary (soil 658 

surface). As shown in Figure 9a, a high infiltration rate (a mass flow rate per unit plan 659 

area P of 2x10-1kg/(m2s), corresponding to a volumetric infiltration rate per unit plan area 660 

i of approximately 2x10-4m/s) was imposed at the top boundary for 5 minutes. The 661 

infiltration at the ground surface was then stopped and replaced by an impermeable 662 

boundary condition (i.e. P=0 kgs-1m-2) at the top boundary. In this subsequent period, 663 

redistribution of water occurred within the finer layer, and this redistribution had almost 664 

finished after 10 days. After 10 days, the cycle of boundary condition at the top boundary 665 

was repeated, i.e. another 5 minutes of intense infiltration rate and then no infiltration until 666 
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20 days. In stage 1a, the total amount of water entering at the top boundary was 667 

insufficient to cause water breakthrough across the interface. A fixed value of pore-liquid 668 

pressure pl=100kPa (s=0kPa) was imposed at the bottom boundary. 669 

 670 

In stage 1b, the simulations continued from the end of stage 1a (t=20days). The bottom 671 

boundary condition in stage 1b still consisted of a fixed pore-liquid pressure pl=100kPa 672 

(s=0kPa). At the top boundary (see Figure 9b), a relatively slow infiltration rate was 673 

applied (P=10-4kgs-1m-2, corresponding approximately to i=10-7m/s) for 20 days (from 674 

t=20days to t=40days). During this time, breakthrough occurred with all the models (W, 675 

D and H). At t=40 days, the infiltration was ceased and the simulation was run for another 676 

20 days (from t=40days to t=60days), with an impermeable boundary condition at the 677 

ground surface. Restoration of the CBS (cessation of water flow across the interface 678 

between F.L. and C.L.) occurred during this final period. 679 

 680 

In stage 2, non-isothermal simulations were performed in which water vapour diffusion 681 

within the gas phase in the soil pores was also included. Initial hydraulic conditions were 682 

the same as imposed in stage 1a (see Figure 8b). In addition, an initial uniform 683 

temperature profile, with T=25C was prescribed. A fixed pore-liquid pressure pl=100kPa 684 

(s=0kPa) was again imposed at the bottom boundary. At the top boundary, an 685 

“atmospheric” boundary condition was applied. This included rain P and evaporation E 686 

for the mass transfer, and radiation Rn, sensible heat flux (advection) Hs and latent heat 687 

flux Hc (convection) for the energy transfer. The evaporation E was modelled as 688 

(Brutsaert, 1982): 689 

( )
( )

2

2

0ln /

a
v va

a

k v
E

z z


 = −  690 

(19) 691 
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where k is Von Karman’s constant (k=0.4), za is the screen height, va is the wind speed 692 

at the screen height,  is the stability factor, z0 is the roughness length, va is the absolute 693 

humidity of the atmosphere at the screen height and v is the absolute humidity in the gas 694 

phase within the soil pores at the soil surface (i.e. boundary nodes). va is a is a function 695 

of atmospheric air temperature Ta, atmospheric relative humidity RHa and atmospheric 696 

gas pressure pga, whereas v is a function of soil surface temperature T, pore-liquid 697 

pressure pl and pore-gas pressure pg. These relationships are governed by the 698 

psychrometric law. Thermo-hydraulic analyses were required within the soil, in order to 699 

calculate the soil surface temperature T, which affected the corresponding absolute 700 

humidity within the soil pores v and hence the evaporation E from the soil surface through 701 

Equation 19. The sensible heat flux Hs was modelled as (Brutsaert, 1982): 702 

( )
( )

2

2

0ln /

a
s ga a a

a

k v
H C T T

z z


= −  703 

(20) 704 

where ga is the atmospheric gas density, Ca is the specific heat of the gas, Ta is the 705 

atmospheric temperature at the screen height and T is the soil surface temperature. 706 

 707 

In stage 2, the atmospheric boundary condition imposed at the soil surface (top 708 

boundary), consisted of multiple cycles of rain and evaporation, as shown in Figure 9c. 709 

Each cycle, lasting 12 hours, was composed of 30 minutes of intense rainfall (P=10-2kgs-710 

1m-2, corresponding approximately to i=10-5m/s) and 11 hours and 30 minutes of 711 

evaporation. Evaporation was not active during rainfall. The evaporation and the different 712 

boundary heat fluxes were the result of the assigned atmospheric parameters shown in 713 

Table 4. These atmospheric parameter values are representative of a soil surface 714 

covered by short grass and of summer weather conditions in Cagliari (Italy) (Servizio 715 
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Metereologico Aeronautica Militare, 2018). 20 cycles of rain and evaporation were 716 

simulated, for a total duration of 240 hours. 717 

 718 

3.2 Results and discussion 719 

3.2.1 Stage 1a: water redistribution prior to breakthrough 720 

Numerical simulations of stage 1a were performed to analyse the role of water retention 721 

hysteresis during water redistribution within the finer layer after intense rainfall events 722 

(see Figure 9a). Figure 10 shows suction and degree of saturation profiles obtained at 723 

different times in stage 1a, using the main wetting curve model (W), the main drying curve 724 

model (D) and the full hysteretic model (H). The results at 4 key times are shown: 725 

t=5minutes, t=10days, t=10days and 5minutes and t=20days which are respectively the 726 

end of the first intense rainfall event (Figures 10a,e), the end of the water redistribution 727 

period following the first intense rainfall event (Figures 10b,f), the end of the second 728 

intense rainfall event (Figures 10c,g) and the end of the water redistribution period 729 

following the second intense rainfall event (Figures 10d,h). 730 

 731 

At the end of the first intense rainfall event (t=5minutes) (see Figures 10a,e), a sharp 732 

wetting front is located at a height of approximately 1.1m. Above this wetting front, the 733 

soil of the finer layer is almost saturated whereas, below the wetting front, the CBS is 734 

approximately in the initial condition. This type of infiltration pattern is typical of high ratios 735 

of infiltration rate i compared to unsaturated hydraulic conductivity kl (Zhang et al. 2004, 736 

Zhan and Ng, 2004), i.e. high values of i/kl. At this time (t=5minutes), the results obtained 737 

with the H model coincide with the results obtained with the W model because the soil 738 

above the wetting front has experienced only wetting and the remainder of the soil in the 739 

CBS has not experienced any significant wetting or drying. Slightly higher suction values 740 

are predicted with the D model close to the soil surface. 741 
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 742 

After the first intense infiltration event, water redistribution occurs within the finer layer, with 743 

water draining down from the upper part of the F.L. to the lower part of the F.L. This water 744 

redistribution has almost ceased after 10 days. At t=10 days, different suction profiles and degree 745 

of saturation profiles are predicted with the different models (see Figures 10b,f). The suction 746 

profile in the finer layer obtained with the H model is intermediate between the profiles obtained 747 

with the W model and the D model (see Figure 10b). However, a different pattern is found in the 748 

degree of saturation profiles in the finer layer (see Figure 10f). In contrast with the profiles 749 

obtained with the W model and the D model, which show Sl monotonically increasing through 750 

the F.L. from the ground surface to the interface with the C.L., the degree of saturation profile 751 

obtained with the H model shows Sl increasing from the ground surface (point E) to point D, 752 

decreasing from point D to point B and finally increasing from point B to the interface (point A). 753 

 754 

The degree of saturation profiles obtained in the finer layer after 10 days with the H model 755 

(Figure 10f) can be interpreted more clearly if plotted in the s:Sl plane and compared with the 756 

adopted SWRCs of the finer layer, as shown in Figure 11a. From Figure 11a, it can be seen that, 757 

after 10 days, the hydraulic states of the soil at heights between point A and point B lie almost 758 

on the main wetting curve, between point D and point E they lie almost on the main drying curve 759 

and between point B and D they lie on different scanning curves. The following interpretation 760 

can be given. During the initial intense rainfall event, the soil in the upper part of the finer layer 761 

(from point D to point E) reaches high values of degree of saturation and low values of suction. 762 

When infiltration is stopped, the water in this zone starts flowing downwards and the soil in the 763 

upper part of the finer layer dries significantly. Hence, the soil between points D and E moves 764 

along scanning drying curves and almost onto the main drying curve (see the scanning drying 765 
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curve followed by the soil at point D, indicated by a dashed line in Figure 11a). A similar process 766 

occurs in the soil at heights between points B and D but, in this case, the first wetting does not 767 

cause such high values of degree of saturation and the subsequent increase of suction due to 768 

drying is not sufficient to bring the soil state close to the main drying curve (see the scanning 769 

drying curve followed by the soil at point C, indicated by a second dashed line in Figure 11a). 770 

Therefore, the hydraulic states of the soil at heights between point B and point D are located on 771 

different scanning curves. Finally, the soil at heights between point A and point B experience only 772 

main wetting paths because these points experience only monotonic wetting. 773 

 774 

At the end of the second rainfall event (t=10days and 5minutes) (see Figures 10c,g), the 775 

soil in the upper part of the finer layer is almost saturated and, below a sharp wetting 776 

front, the suction and degree of saturation profiles are approximately coincident with those 777 

obtained before the beginning of the second rainfall event. 778 

 779 

At the end of the second water redistribution period (t=20days) (see Figures 10d,h), the 780 

patterns obtained in the suction and degree of saturation profiles are similar to those 781 

obtained at t=10days. The graphical interpretation in the s:Sl plot of the hydraulic states 782 

of the soil in the finer layer is shown in Figure 11b. In this case, the higher amount of 783 

water stored in the finer layer leads to higher values of degree of saturation and lower 784 

values of suction, but the phenomenon of water redistribution within the finer layer of the 785 

CBS can be interpreted in the same way as at t=10days. 786 

 787 

Generally speaking, the modelling of water retention hysteresis leads to significantly 788 

different predictions of the redistribution of water in the finer layer of a CBS after intense 789 

rainfall events than is predicted by using a unique SWRC (irrespective of whether this is 790 
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a main wetting curve or a main drying curve). Given that rainfall events produce mainly 791 

wetting in the soil, it might be expected that the main wetting curve alone would be 792 

adequate to model the situation of stage 1a. However, the redistribution of water 793 

generates wetting in the lower part of the finer layer and drying in the upper part of the 794 

finer layer. This explains why the use of the hysteretic model leads to different results 795 

compared to the use of only the main wetting curve. Moreover, in contrast with what might 796 

be expected, the degree of saturation profiles obtained with the H model are not 797 

intermediate between the profiles obtained with the W model and the D model. In 798 

particular, the use of the H model leads to the prediction of more similar values of Sl at 799 

the top and bottom of the finer layer than is predicted by the W or D models (see Figures 800 

10f and 10h). 801 

 802 

3.2.2 Stage 1b: breakthrough and restoration 803 

Numerical simulations of stage 1b were performed to analyse the role of water retention 804 

hysteresis in water breakthrough from the finer layer to the coarser layer of a CBS and 805 

the subsequent restoration of the barrier after breakthrough if rainfall ceases. The study 806 

of the conditions at breakthrough is of primary importance for understanding the water 807 

storage capacity of a CBS (Stormont and Morris, 1998; Stormont and Anderson, 1999), 808 

i.e. the maximum amount of water that can be stored in the finer layer before 809 

breakthrough occurs. The study of the conditions at restoration is of primary importance 810 

for understanding the ability of a CBS to partially recover its water storage capacity after 811 

breakthrough has occurred and then rainfall ceases (Stormont and Anderson, 1999). 812 

 813 

Figure 12a shows the time histories of the downward liquid flows occurring across the 814 

interface between finer layer and coarser layer, predicted with the W model, the D model 815 

and the H model, following the onset and cessation of a sustained period of rain (from 816 
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t=20 days to t=40 days). Figure 12b shows the corresponding time histories of suction at 817 

the interface. The times at breakthrough, identified as the time at which water flow across 818 

the interface first dramatically increases, and at restoration, identified as the time at which 819 

water flow across the interface almost stops (some time after water infiltration at the 820 

ground surface ceases), are marked by symbols in Figures 12a and 12b. It should be 821 

noted that significantly different times at breakthrough are predicted with the different 822 

models: the earliest is obtained with the W model and the latest with the D model. 823 

Accordingly, the highest water storage capacity is predicted with the D model and the 824 

lowest with the W model. Restoration of the CBS occurs very soon after rainfall ceases 825 

(at t=40 days) in all 3 cases (see Figure 12a). 826 

 827 

Before breakthrough, as infiltration at the ground surface occurs, the suction at the 828 

interface between F.L. and C.L. predicted by all three models decreases (see Figure 12b), 829 

because of the wetting of the finer layer. Suction at the interface then stops decreasing 830 

when water breakthrough across the interface commences. According to the W and H 831 

models, breakthrough starts approximately when suction at the interface attains the bulk 832 

water-continuity value of suction sBWC of the coarser layer, whereas according to the D 833 

model, breakthrough starts approximately when suction at the interface attains the bulk 834 

water-discontinuity value of suction sBWD (see Figure 12b). These soil states at the time 835 

of breakthrough are indicated in Figure 13, with their relationships to the main drying 836 

curve and the main wetting curve of the coarser layer. 837 

 838 

According to the W model and the D model, the suction at the interface after breakthrough 839 

remains almost constant at the breakthrough value until infiltration at the ground surface 840 

ceases (at t=40 days), soon after which restoration occurs and the suction at the 841 

interfaces then slowly increases (see Figure 12b). In contrast, according to the H model, 842 
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the suction at the interface shows a small step increase from the breakthrough value sBWC 843 

immediately after breakthrough occurs and it then remains constant until water infiltration 844 

at the ground surface ceases, at which point it shows another step increase to sBWD, when 845 

restoration occurs (see Figure 12b). This behaviour is indicated in Figure 13, which shows 846 

breakthrough and restoration states at the top of the coarser layer predicted by the 3 847 

models. Post-restoration, the H model predicts that the gradual increase of suction at the 848 

interface occurs more quickly than is predicted by the W and D models (see Figure 12b). 849 

The small step increase of suction (approximately 0.15kPa) predicted after breakthrough 850 

with the H model can be physically explained as follows. When breakthrough occurs, a 851 

small amount of bulk water suddenly moves from the finer layer to the smaller voids of 852 

the coarser layer close to the interface. This water movement causes a very small 853 

(undetectable) decrease of water content in the finer layer (i.e. following a drying path), 854 

which corresponds to a small but noticeable increase of suction, due to the shallow 855 

gradient of the drying scanning curve starting from the BWC point. 856 

 857 

Of the results presented in Figure 12b, only the predictions of the H model qualitatively 858 

agree with the behaviour of CBSs observed experimentally by Stormont and Anderson 859 

(1999). They showed that, at breakthrough, the suction at the interface attains the BWC 860 

value of the coarser layer, identified as the bend in the main wetting SWRC at low degree 861 

of saturation. They also observed that, after infiltration at the ground surface ceases and 862 

water breakthrough stops, this suction at the interface significantly increases due to the 863 

effect of water retention hysteresis, thereby leading to restoration of the capillary barrier 864 

effect. Therefore, whereas the W model may be adequate to represent the hydraulic 865 

behaviour of the CBS up to breakthrough it is not able to represent correctly the 866 

restoration conditions. On the other hand, the D model is able to capture the restoration 867 

conditions but it is unable to correctly represent the hydraulic behaviour of the CBS at 868 
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breakthrough. Only the hysteretic model is able to represent adequately both the 869 

breakthrough conditions and the restoration of the CBS after breakthrough. 870 

 871 

3.2.3 Stage 2: effect of evaporation 872 

Stage 2 was simulated to study the effect of hydraulic hysteresis on the prediction of 873 

evaporation to the atmosphere from a CBS. The CBS, which was initially almost dry, was 874 

subjected to 20 cycles of 30 minutes of rain and 11 hours and 30 minutes of evaporation 875 

(see Figure 9c), corresponding to relatively hot and dry weather conditions (i.e. 876 

representative of summer conditions in Cagliari, Italy). 877 

 878 

Figure 14 shows the results of the simulations, in the form of time histories of (a) 879 

evaporation rate, (b) cumulative evaporation, (c) water flow rate across the interface and 880 

(d) cumulative inflow and outflow into/from the finer layer. The cumulative evaporation in 881 

Figure 14b was obtained by integrating the evaporation rate over time. In Figure 14d, the 882 

cumulative inflow to the finer layer at the ground surface was obtained by integrating over 883 

time the rain minus evaporation, the cumulative outflow from the finer layer to the coarser 884 

layer was obtained by integrating over time the water flow rate across the interface and 885 

finally the cumulative net inflow to the finer layer was calculated as the difference between 886 

the cumulative inflow at the ground surface and the cumulative outflow to the coarser 887 

layer. 888 

 889 

In the first 7 cycles (0h<t<84h), the evaporation fluxes predicted with the W and D models 890 

almost coincide whereas the evaporation predicted with the H model is, in cumulative 891 

terms, significantly higher (see Figures 14a and 14b). In each cycle, the evaporation 892 

predicted with the W and D models is initially high but it rapidly decreases, whereas the 893 

evaporation predicted with the H model remains relatively high during the full duration of 894 
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each evaporation period (see Figure 14a). These different evaporation patterns can be 895 

better understood by inspection of the corresponding degree of saturation profiles at the 896 

beginning of a cycle (e.g. t=72.5h) and at the end of the same cycle (e.g. t=84h), as shown 897 

in Figures 15a and 15b. At the beginning of a cycle, when the evaporation rate predicted 898 

by all the models is relatively high (see Figure 14a), the degree of saturation values at 899 

the soil surface predicted with all the models are relatively high (see Figure 15a). By 900 

contrast, at the end of a cycle, when the evaporation rate predicted with the H model is 901 

still relatively high but that predicted with the W and D models is much lower (see Figure 902 

14a), the degree of saturation at the surface predicted with the H model is moderately 903 

high whereas that predicted with the W and D models is very low, approaching zero (see 904 

Figure 15b). This is in agreement with the fact that the evaporation from wetter soil 905 

surfaces occurs at a higher rate (Brutsaert, 1982). In other words, with the H model the 906 

water distribution is predicted to be more uniform in the finer layer compared to the W 907 

and D models. With the H model, the higher availability of water close to the surface 908 

allows higher evaporation rates to be sustained for longer times. 909 

 910 

For subsequent cycles (in particular for t>120h), the evaporation rate predicted with the 911 

W model follows the same patterns as before whereas the evaporation rate predicted with 912 

the D model coincides with that predicted with the H model (see Figures 14a and 14b). 913 

This can again be better understood by observing the degree of saturation profiles at the 914 

beginning of a cycle (e.g. t=228.5h) (see Figure 15c) and at the end of the same cycle 915 

(e.g. t=240h) (see Figure 15d). At the beginning of the cycle, relatively high values of 916 

degree of saturation at the surface were predicted with all the models (see Figure 15c) 917 

as well as relatively high evaporation rates (see Figure 14a). In these later cycles, the 918 

amount of water stored in the F.L. is greater than during the initial cycles (compare 919 

Figures 15c and 15a) and the water stored close to the surface predicted with the D model 920 
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is now much higher, even higher than that predicted with the H model. Consequently, at 921 

the end of the cycle (see Figure 15d), the degree of saturation values predicted with the 922 

D and H models at the surface both remain relatively high whereas the degree of 923 

saturation value predicted with the W model at the surface is very low, approaching zero. 924 

 925 

The outflow from the finer layer through the interface (i.e. water breakthrough from the 926 

finer layer to the coarser layer) (see Figure 14c and the dashed lines in Figure 14d) is a 927 

result of the effects of the evaporation and of the water storage capacity of the CBS. 928 

Breakthrough is predicted to start after a lower number of cycles with the W model and, 929 

in each cycle, a higher total volume of water flows from the finer layer to the coarser layer. 930 

This is due to the low cumulative evaporation and low water storage capacity of the CBS 931 

when the W model is used. Comparing the predictions of the H model and of the D model, 932 

water breakthrough predicted with the H model starts one cycle earlier than water 933 

breakthrough predicted with the D model because a slightly lower water storage capacity 934 

of the CBS is predicted with the H model. After breakthrough has started, similar 935 

increases of cumulative water outflow during each cycle are predicted by the H and D 936 

models, because the cumulative evaporations are similar with both models. 937 

 938 

In general, compared to the use of the main wetting curve alone or the main drying curve 939 

alone, the use of the full hysteretic model leads to significantly different predictions of the 940 

thermo-hydraulic response of the CBS when subjected to cycles of rain and evaporation. 941 

Therefore, the lack of consideration of hydraulic hysteresis in the simulation of the cyclic 942 

behaviour of CBSs may lead to unreliable results. Higher evaporation rates are in general 943 

predicted using the H model, as also confirmed by the results of Zhang et al. (2009). The 944 

water storage capacity of the finer layer and the amount of percolation into the coarser 945 
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layer predicted with the H model are intermediate between those predicted with the W 946 

model and those predicted with the D model. 947 

 948 

4. Conclusions 949 

In this paper, a new hysteretic hydraulic constitutive model for unsaturated soils improved 950 

at low degree of saturation is presented and validated against experimental soil water 951 

retention curve (SWRC) and soil hydraulic conductivity curve (SHCC) data. After 952 

implementation in the Code_Bright FE software, the new hysteretic hydraulic constitutive 953 

model has been applied to the numerical study of the hydraulic behaviour of capillary 954 

barrier systems (CBSs). 955 

 956 

In the new hysteretic hydraulic constitutive model, main wetting and main drying SWRCs 957 

are modelled using a modified version of the van Genuchten model, improved at low 958 

degree of saturation. Scanning curves are modelled using a bounding surface approach, 959 

which leads to simple closed-form expressions for the scanning curves. 960 

 961 

The SHCC model is improved at low degree of saturation, by distinguishing between the 962 

contributions to the hydraulic conductivity of liquid flow within bulk water and liquid flow 963 

within water films covering the surfaces of soil particles. Introducing certain parameter 964 

constraints in the hysteretic SWRC model means that the bulk water component of 965 

hydraulic conductivity kl
Bulk is assumed non-hysteretic when plotted against degree of 966 

saturation Sl, whereas the liquid film component kl
Film is non-hysteretic when plotted 967 

against suction s. 968 

 969 

The new hysteretic hydraulic constitutive model has been validated against experimental 970 

SWRC and SHCC data from different soils. The model is able to represent well the 971 
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hysteretic hydraulic behaviour of relatively coarse-grained unsaturated soils (gravels, 972 

sands and silts) over the full range of degree of saturation. Moreover, the model is easy 973 

to apply (it involves simple closed-form expressions), it is flexible (the same approach can 974 

be applied with other expressions for the main drying and main wetting SWRCs) and it 975 

requires a relatively low number of parameters (once the main SWRCs are defined, only 976 

a single pair of additional parameters, d and w, are required for the definition of the 977 

scanning SWRC curves and only two more parameters, the saturated hydraulic 978 

conductivity kls and CFilm, are required to define the SHCC behaviour). In addition, the 979 

simplicity of the model makes it suitable for implementation in numerical codes, as was 980 

done for Code_Bright. 981 

 982 

After implementation in Code_Bright, the new hysteretic hydraulic constitutive model was 983 

applied in a numerical study of the effect of hydraulic hysteresis on the behaviour of 984 

CBSs. It is shown that inclusion of water retention hysteresis leads to significantly different 985 

predictions of the redistribution of water in the finer layer of a CBS after intense rainfall 986 

events, compared to predictions employing a unique SWRC. The full hysteretic 987 

constitutive model leads to a more uniform distribution of water in the finer layer after 988 

redistribution. The reason why use of a unique SWRC based on the main wetting curve 989 

is not adequate, even when there is no evaporation or other removal of water from a CBS, 990 

is that redistribution of water within the finer layer after rainfall ceases means that the 991 

upper part of the finer layer experiences drying during this redistribution.  992 

 993 

The numerical study of CBSs also demonstrated that only the full hysteretic constitutive 994 

model is able to represent successfully both the condition at breakthrough (with suction 995 

at the interface attaining the BWC point of the coarser layer) and the condition at 996 

restoration of the CBS (with suction at the interface attaining the BWD point of the coarser 997 
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layer). Finally, it is shown that hydraulic hysteresis has a major impact on the prediction 998 

of evaporation from a CBS to the atmosphere, because the hysteresis leads to higher 999 

water availability in the soil close to the ground surface and hence to the prediction of 1000 

higher cumulative evaporation. 1001 
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Tables 1132 

Table 1. Hysteretic modVG SWRC model parameter values for Tottori sand and Wray 1133 

sand 1134 

Soil 

 Drying curves Wetting curves 

ls Sls,d d P0,d nd d Sls,w w P0,w nw w 

[-] [-] [-] [kPa] [-] [-] [-] [-] [kPa] [-] [-] 

Tottori sand 0.374 1.00 0.0107 2.90 7.77 6.25 0.92 0.0107 1.73 5.45 5.41 

Wray sand 0.301 1.00 0.0281 3.166 9.45 6.34 1.00 0.0277 1.834 5.46 5.30 

 1135 

 1136 

Table 2. Hysteretic modVG-modM+LF SWRC and SHCC model parameter values for 1137 

aggregated glass beads 1138 

 Primary drying Main drying Main wetting       

ls Sls,d P0,d n Sls,d P0,d n Sls,w P0,w n  d w kls Sl,BWC/BWD CFilm 

[-] [-] [kPa] [-] [-] [kPa] [-] [-] [kPa] [-] [-] [-] [-] [m/s] [-] [ms-1kPa1.5] 

0.609 1.00 4.03 10.53 0.90 3.95 9.61 0.90 2.46 6.46 0.0131 7.85 4.20 3.3E-4 0.15 4.6E-9 

 1139 

 1140 

 1141 

 1142 

 1143 

 1144 

 1145 

 1146 

 1147 

 1148 

 1149 

 1150 

 1151 

 1152 

 1153 

 1154 

 1155 

 1156 

 1157 
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Table 3. Constitutive laws and parameters used in the FE analyses 1158 

Soil water 

retention 
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S S S

s s
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, , ,ln ln
dry dry

l w w ls w w le w

s s
S S S

s s
 

    
= + −     

     
 

C.L. 

H 

P0d=1.65E-4 MPa, P0w=4.60E-5 MPa, 

md=mw=0.604, d=w=1.82E-3, Slsd=Slsw=1, 

d=w=4, sdry=1 GPa 

C.L. 

D 

P0d=1.65E-4 MPa, md=0.604, 

d=1.82E-3, Slsd=1, d=4, sdry=1 GPa 

C.L. 

W 

P0w=4.60E-5 MPa, mw=0.604, 

w=1.82E-3, Slsw=1, w=4, sdry=1 GPa 

F.L. 

H 

P0d=5.85E-3 MPa, P0w=3.34E-3 MPa, 

mw=md=0.812, d=w=1.47E-3, Slsd=Slsw=1, 

d=w=9, sdry=1 GPa 

F.L. 

D 

P0d=5.85E-3 MPa, md=0.812,  

d=1.47E-3, Slsd=1, d=9, sdry=1 GPa 

F.L. 

W 

P0w=3.34E-3 MPa, mw=0.812, 

w=1.47E-3, Slsw=1, w=9, sdry=1 GPa 

Soil hydraulic 

conductivity 

curve, 

SHCC 
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C.L. 

kls=7.6E-2 m/s, Sl,BWC=Sl,BWD=0.15, 

Sl,BWE=Sl,BWEX=0.15, aFilm=5E-5 MPa, 

CFilm=1.702E-14 MPa1.5ms-1 

F.L. 

kls=1.4E-4 m/s, Sl,BWC=Sl,BWD=0.15, 

l,BWE=Sl,BWEX=0.15, aFilm=1E-4 MPa, 

CFilm=4.379E-13 MPa1.5ms-1 

Diffusion of 

water vapour in 

the gas phase 

(Fick’s Law)* 

( )w w

g g g gS D = − w

gi I  

( )273.15K
n

w

g

g

T
D D

p

 +
 =
  

 

C.L. =0.382, =1, D=5.9E-6 m2Pas-1K-n, n=2.3 

F.L. =0.382, =1, D=5.9E-6 m2Pas-1K-n, n=2.3 

Conductive 

flux of heat 

(Fourier’s 

Law)* 

T= − ci  

( )1sat l dry lS S  = + −  

( )1

dry solid gas

   
−

=           ( )1

sat solid liq

   
−

=  

C.L. 
solid=7.7 Wm-1K-1, gas=0.02619 Wm-1K-1, 

liquid=0.591 Wm-1K-1 

F.L. 
solid=7.7 Wm-1K-1, gas=0.02619 Wm-1K-1, 

liquid=0.591 Wm-1K-1 

* Only used in numerical analyses of stage 2 1159 

SWRC (subscript d for drying paths, subscript w for wetting paths): Sl=(liquid) degree of satuation; Sle=effective (liquid) degree of saturation; 1160 
, P0 [MPa], =parameters controlling the shape of the SWRC; : parameter controlling the residual degree of saturation function; sdry 1161 
[MPa]=suction corresponding to complete dryness; A=function of the last reversal point, controls the position of the scanning curve (A=0 for 1162 
main wetting or main drying curves). SHCC: kls=saturated hydraulic conductivity; Cfilm

 [ms-1MPa1.5], afilm [MPa]= parameters governing the 1163 
liquid film component of the hydraulic conductivity; Sl,BWD= bulk water discontinuity value of the degree of saturation; Sl,BWEX= bulk water 1164 
exclusion value of the degree of saturation; Sl,BWC= bulk water continuity value of the degree of saturation; Sl,BWE= bulk water entry value of the 1165 
degree of saturation. Fick’s Law: iw

g [kg m-3 s-1]=diffusive water flow in the gas phase; =tortuosity; =porosity; g [kg/m3]=gas density; Sg=gas 1166 
degree of saturation (Sg=1-Sl); D

w
g [m

2/s]=diffusion coefficient of water in the gas phase; w
g [kg of water per kg of gas]=water mass fraction 1167 

in the gas phase; D [m2/s], n =parameters of the model; T [K]=temperature. Fourier’s Law: ic [W/m2]=conductive heat flux;  [W m-1 K-1168 
1]=thermal conductivity; solid [W m-1 K-1]=thermal conductivity of the solid phase; gas [W m-1 K-1]=thermal conductivity of the gas phase; liq 1169 
[W m-1 K-1]=thermal conductivity of the liquid phase. 1170 
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Table 4. Atmospheric parameters used for numerical analyses during stage 2 1171 

z0 za  ga Ta pga RHa Rn va 

[m] [m] [-] [kg/m3] [C] [MPa] [-] [Jm-2s-1] [m/s] 

0.001 2 1 1.1883 25.5 0.1 0.65 325 3.14 

 1172 

Figures 1173 

 1174 

 1175 

 1176 

Figure 1. Qualitative comparison between SWRCs predicted by the VG and the modVG 1177 

models 1178 

 1179 

 1180 

Figure 2. Typical main drying and main wetting SWRCs predicted by the modVG model 1181 

 1182 
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 1183 

Figure 3. Water retention (a) drying scanning curve and (b) wetting scanning curve, 1184 

shown in Sle : lns plots 1185 

 1186 

Figure 4. Performance of the hysteretic hydraulic model: (a) SWRC, (b) SHCC plotted 1187 

against suction s and (c) SHCC plotted against degree of saturation Sl 1188 

 1189 

 1190 
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 1191 
 1192 

 1193 

Figure 5. Comparison between experimental SWRC data for Tottori sand (Rudiyanto et 1194 

al., 2015) and hysteretic modVG model: (a) full range of suction; (b) zoom at low suction 1195 

 1196 

 1197 

Figure 6. Comparison between experimental SWRC data for Wray sand (Gillham et al., 1198 

1976) and hysteretic modVG model: (a) main drying and main wetting curves, (b) 1199 

scanning drying curves, (c) scanning wetting curves 1200 

 1201 
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 1202 

Figure 7. Comparison between experimental data for aggregated glass beads (Topp and 1203 

Miller, 1966) and hysteretic modVG-modM+LF model: primary drying curve, main drying 1204 

curve and main wetting curve ((a) l:s and (b) klr:l), (c) scanning drying curves (l:s) and 1205 

(d) scanning wetting curves (l:s) 1206 

 1207 

 1208 
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 1209 

Figure 8. Properties of the numerical model: (a) mesh, (b) initial conditions for stage 1a 1210 

and 2, (c) SWRC models and (d) SHCC models 1211 

 1212 
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 1213 

Figure 9. Time history of the liquid water flow applied at the top boundary during (a) stage 1214 

1a, (b) stage 1b and (c) stage 2 1215 

 1216 
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 1217 

Figure 10. Stage 1a: suction (a-d) and degree of saturation (e-h) profiles at different times 1218 

 1219 
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 1220 

Figure 11. Stage 1a: interpretation of the s:Sl profiles in the finer layer at times (a) t=10 1221 

days and (b) t=20 days 1222 

 1223 

 1224 

 1225 
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  1226 

Figure 12. Stage 1b: time histories of (a) liquid flow at the interface and (b) suction at the 1227 

interface 1228 

 1229 

 1230 

  1231 

Figure 13. Stage 1b: interpretation of the s:Sl points in the coarser layer at the interface 1232 

at breakthrough and restoration 1233 

 1234 

 1235 
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 1236 

Figure 14. Stage 2: time histories of (a) evaporation rate from the ground surface, (b) 1237 

cumulative evaporation, (c) water flow rate across the interface, (d) cumulative inflow and 1238 

outflow to/from the finer layer 1239 

 1240 
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  1241 

Figure 15. Stage 2: degree of saturation profiles at different times: (a) t=72.5 h, (b) t=84 1242 

h, (c) t=228.5 h and (d) t=240 h 1243 

 1244 


