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Abstract

In this paper, we reformulate the Bakry-Emery curvature on a weighted graph in
terms of the smallest eigenvalue of a rank one perturbation of the so-called curvature
matrix using Schur complement. This new viewpoint allows us to show various cur-
vature function properties in a very conceptual way. We show that the curvature, as
a function of the dimension parameter, is analytic, strictly monotone increasing and
strictly concave until a certain threshold after which the function is constant. Further-
more, we derive the curvature of the Cartesian product using the crucial observation
that the curvature matrix of the product is the direct sum of each component. Our
approach of the curvature functions of graphs can be employed to establish analogous
results for the curvature functions of weighted Riemannian manifolds. Moreover, as
an application, we confirm a conjecture (in a general weighted case) of the fact that
the curvature does not decrease under certain graph modifications.

1 Introduction and statements of result

The Ricci curvature is a fundamental notion in Riemannian geometry. It is also an essential
ingredient in Einstein’s formulation of general relativity. Lower Ricci curvature bounds
on a Riemannian manifold allow one to extract various global geometric and topological
information [25, 46]. The notion of Ricci curvature or its lower bound has been extended
in various ways to general metric measure spaces. One of such extensions is Bakry-Emery’s
curvature dimension inequalities CD(KC, N) [1, 2]. Bakry and Emery demonstrated that
lower Ricci curvature bounds can be understood entirely in terms of the Laplace-Beltrami
operator: On an n-dimensional Riemannain manifold (M™,g), for any N € [n, o], the
Ricci curvature is lower bounded by K at a point x € M if and only if the inequality
CD(K,N), which can be formulated purely in terms of the Laplace-Beltrami operator,
holds at z [1, pp.93-94].

Bakry-Emery theory has been a source of spectacular mathematical results [3]. In recent
years, the discrete Bakry-Emery theory on graphs has become an active emerging research
field. There are a growing number of articles investigating this theory, see e.g., [7, 8, 9, 10,
11, 12, 14, 15, 17, 20, 21, 22, 23, 24, 26, 27, 28, 29, 31, 32, 33, 34, 35, 37, 38, 39, 41, 42,
44, 45, 47, 48, 49, 52|. Let us mention here important related works on non-linear discrete
curvature dimension inequalities, see e.g., [4, 13, 18, 19, 43].



A basic fact about the optimal lower Ricci curvature bound at a point = of a Riemannian
manifold (M", g) is that it is equal to the smallest eigenvalue of the Ricci curvature tensor
at x (when treated as a symmetric (1, 1)-tensor) [46, Section 3.14].

In this paper, we provide an analogue of this basic fact in discrete Bakry-Emery theory.
That is, we reformulate the optimal lower curvature bound K in Bakry-Emery’s curvature
dimension inequality CD(IC, N) at a vertex z of a weighted graph as the smallest eigenvalue
of a rank-one perturbation of the so-called curvature matriz (see Theorem 1.2). The
curvature matrix at x is of size m x m, where m is the number of neighbours of = in the
graph. This might be surprising at first glance: Graphs are discrete and there are no way
to define any curvature tensor directly. For instance, there are even no chain rule and
the Laplacian is not diffusion [33, 4]. We achieve our result and conceive the concept of
curvature matrix by combing an idea of Schmuckenschldger [49] with the trick of Schur
complements [5, 6, 16|, see also [12, Proposition 5.13|. This new viewpoint leads to a
confirmation of [12, Conjecture 6.13] concerning the monotonicity of the Bakry-Emery
curvature under certain graph modifications.

We further study the Bakry-Emery curvature as a function of the dimension parameter.
Building upon the new viewpoint, we study the shape of the Bakry-Emery curvature
functions systematically, especially the relation between the shape of the function and the
spectrum of the curvature matrix. Very interestingly, the curvature matrix of a Cartesian
product of two graphs is simply the direct sum of the curvature matrix of each graph. We
use this to prove that the curvature function of Cartesian product is the star product (see
Definition 1.11) of the curvature function of each factor.

The method we developed is also applicable to the setting of weighted Riemannian man-
ifolds. Our results about the curvature functions of graphs can be transferred to the
weighted manifold setting straightforwardly. In particular, we derive an analogous result
about the curvature functions of Cartesian products of weighted Riemannian manifolds.

In the sequel, we will survey our results in more detail.

Let G = (V,w, ) be a weighted graph consisting of a vertex set V', a vertex measure
p:V — RT and an edge-weight function w : V x V' — RT U {0} which is a symmetric
function with wg, = 0 for all x € V. Two vertices z,y € V are adjacent if and only if
Wgy > 0. The graph G is assumed to be locally finite, that is, each vertex has only finitely
many neighbours. For r € N, the combinatorial sphere (resp. ball) of radius r centered at
x € V, denoted by S;(x) (resp. By(x)), is the set of all vertices whose minimum number
of edges from z is equal to (resp. less than or equal to) . In particular, Si(x) contains all
neighbours of x.

Furthermore, let d,, := Zyev Wgy be the vertex degree of x, and pyy = 1/”;*’ be the transition

rate from x to y. In the special case of d, = pu, (that is, ZyEV Dy - 1) for all z € V,
the terms p,, can be understood as transition probabilities of a reversible Markov chain.
Another special situation is a non-weighted (or combinatorial) graph G = (V, E) where E
is the set of edges (without loops and multiple edges), that is, p = 1 and wyy = 1 iff x is
adjacent to y, and w;y, = 0 otherwise.

The Laplacian A : C(V') — C(V) (where C(V) is the vector space of all functions f : V —




R) is given by
Af(z) = : S wy (F@) — F@) = 3 poy (F) — ().
z yeVv yeVv

The Laplacian associated to non-weighted graphs is also known as the non-normalised
Laplacian.

The Laplacian A gives rise to the symmetric bilinear forms I' and I's, namely,
2I(f, 9) == A(fg) — fAg — gAf,
2Ta(f.9) = A(L(£.9)) = (£, Ag) — T(g. Af),
with additional notations I'(f) := I'(f, f) and I'a(f) := Ta(f, f).

These bilinear forms are important for the following Ricci curvature notion due to Bakry-
Emery [2], which is motivated by a fundamental identity in Riemannian Geometry called
Bochner’s formula.

Definition 1.1 (Bakry-Emery curvature). Let G = (V,w, ) be a locally finite weighted
graph. Let K € Rand N € (0,00]. We say that a vertex € V satisfies the Bakry-Emery’s
curvature-dimension inequality CD(K, N), if for any f: V — R, we have

Do) (@) > - (Af(@))? + KT(f)(x), (11)

where N is a dimension parameter and C is regarded as a lower Ricci curvature bound at
x. The Bakry-Emery curvature, denoted by (G, z; N), is then defined to be the largest
KC such that z satisties CD(KC, N).

The Bakry-Emery curvature function of x, namely Kg.(N) := K(G,z; N) can be refor-
mulated as the solution to the following semidefinite programming:

maximize K (P)
1
subject to T'y(z) — NA(w)TA(ZE) — KT'(x) = 0,
where the symmetric matrices I'(z) and I'y(z) correspond to the symmetric bilinear forms
I' and I's at . The explicit expression of these matrices is given in Appendix A. Here,
M > 0 (resp. M > 0) means M is positive semidefinite (resp. positive definite). The

above computing method has been studied by Schmuckenschléager [49], and later on in [38],
[36] and [12].

In this paper, we reformulate the above semidefinite programming problem as a smallest
eigenvalue problem by employing the Schur complement of a square block matrix Mo in

M = (Mll M12>’ namely M /Mass := My; — M12M231M21, applied to the matrix

Moy Moo
To(z)sy,sr T2(7)sy,s >
To(x): = 1,51 1,52 )
2(2); < Ly(x)s,.5 Ta(w)sy.s,
Here the matrix I'p(x); refers to the principle submatrix of I's(x) obtained by removing

its first row and column corresponding to the central vertex z. The matrix I's(7)s; s,
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refers to the submatrix of I'y(z) whose rows and columns are indexed by the vertices of
the combinatorial spheres S;(z) and S;(z).

We use the notation Q(x) := I's(x);/I'2(x)s,,s, for simplicity, and define
Ao () = 2 diag(vo(z)) " Q(z) diag(vo(z)) ™,
An(z) = Ano(z) — %vo(x)VQ(x)T, (1.2)

where vo(7) := (\/Pry; /Prya - \/pmym)—r with S1(x) = {y1,vy2, ..., Ym } labelling the neigh-
bours of x. Note that the matrices Q(x), Aso(x), An(x) are all symmetric matrices, and
that Ax(z) is a rank one perturbation of Ay (x). All our subsequent results are based on
the following theorem.

Theorem 1.2. Let G = (V,w, p) be a weighted graph. For x € V and N € (0,00], the
Bakry-Emery curvature Ka.»(N) is the smallest eigenvalue of the symmetric matriz An(z),
that 1is,

]CGJ(N) = )\mm(AN(.CIJ))

Theorem 1.2 is proved in Section 2. This concept of the curvature expression as eigenvalues
was discussed in [12, Section 5] in the special case that a vertex z is Si-out regular.
Henceforth we will use the simplified notations vg, @, A and Ay for the vector vo(x)
and the matrices Q(z), Ax(z) and An(z), where x is a fixed vertex of G. We may refer
to the matrix Ao = Axo(z) as the curvature matrix of x.

The relation Kg,(IN) = Amin(An) allows us to investigate various properties of the cur-
vature function Kg, : (0,00] — R. Some of the results here were already introduced in
[12] in the case of non-weighted graphs, but this paper presents a unified and simplified
approach to these results by employing the variational description of minimal eigenvalues

via the Rayleigh quotient

TA
)\min (AN) = inf v NY

We first describe the shape of the curvature functions (see proofs in Section 3).

Theorem 1.3. Let G = (V,w, u) be a weighted graph, and fir x € V.. Then the curvature
function Kg 4 : (0,00] = R is continuous and there exists a unique threshold Ny € (0, 0]
(possibly, N1 = oo) with the following properties:

(i) Ka is analytic, strictly monotone increasing and strictly concave on (0, N1] with
limpn_so ]CGJ(N) = —o00 and limN_>N1 K:GJ;(N) =: Ki < o0.
(1t) Kg o is constant on [Ny, 00] and equal to K.
In fact, the threshold Ny is the minimal N € (0,00] for which Apnin(An) is not simple.

Another interesting threshold is given when the curvature function vanishes. Here we have
the following result.

Proposition 1.4. Assume that A, > 0 (that is KCg 4 (00) > 0). Then there exists a unique
Ny € (0,00) such that Kg »(No) =0, and it is given by

No = 2v] ALV =2 \/Pay Doy, (A)is-

i?j



Next we prove in Section 4 the following curvature bounds. The upper bound, in particular,
plays an important role in our curvature analysis, where we study the situation when this
upper bound is attained (called curvature sharpness; see the definition below). The notion
of curvature sharpness was introduced [12] and studied in, e.g., [10].

Theorem 1.5 (Upper and lower curvature bounds). Let G = (V,w, u) be a weighted graph.
Then we have for x € V and N € (0, 0],

2 d ) 2d
K — =2 < Kaa(N) <K () - == 1.3
6(00) = 1 < Kaa(N) < K(o) = 1 (13)
with
T
V, A Vo 1 da; M 2 Ha 2
K)o L[ yte,) t 5
Vg Vo 2\ pg dy dy )
Here we use the notation pq(ﬁ,) = Ewevpuwpwv- Moreover, a vertex x € V is called N-

curvature sharp iff (*) in (1.3) holds with equality.

The next proposition clarifies the relation between curvature sharpness and the appearance
of the following shapes of the curvature function K¢ ,:

o Kgaz(N)=c— %% (with a constant ¢ € R) for all N near 0, and

e K¢ (N) is constant for N near oo.

Proposition 1.6. If x is Ny-curvature sharp for some Ny € (0, 00], it is also N -curvature
sharp for all N € (0, N1]. If z is Ny-curvature sharp for a mazimally chosen Ny, then this

Nj is the threshold mentioned in Theorem 1.3, and hence K¢ (N) = K% (z) — %Z—j for all
N € (0, N1] and Kg 5 is constant on [N1,00]. Conversely, if Kg »(N) = ¢ — %Z—; for some

constant ¢ € R on some nontrivial interval (N', N"), then x is N"-curvature sharp.

The following proposition provides insights into relations between curvature sharpness and
the spectrum of the curvature matrix A.

Proposition 1.7. Let G = (V,w, u) be a weighted graph and fix a vertex x € V. Denote
Enin (Ax) to be the minimal eigenspace of Aso.

(i) vo is an eigenvector of A if and only if x is Ni-curvature sharp for some Ny €
(0, o0].

(i1) vo € Emin (As) if and only if x is co-curvature sharp.

(1it) vo is perpendicular to Emin (Aso) if and only if Kg 4 is constant on [Ny, 00] for some
N1 < 0.

The proofs of Propositions 1.6 and 1.7 are provided in Section 5.

Remark 1.8. If v is an eigenvector of A, corresponding to a non-smallest eigenvalue of
Ao, then vq is perpendicular to Fuyin (As). The converse is not true; a counterexample is
the non-weighted Cartesian product Ps x P, discussed in Example 5.2. In this example, v
is perpendicular to Epin (As) but it is not an eigenvector of A, and its curvature function
K¢,z is strictly increasing and strictly concave (but not curvature sharp) on (0, Ni] and
constant on [Ny, 0o].



In Section 6, we discuss an important property of the curvature matrix A, that is, the
curvature matrix of the the Cartesian product of two graphs is simply the direct sum of
the curvature matrices of each graph.

Definition 1.9 (weighted Cartesian product). Given two weighted graphs G, G’ and two
fixed positive numbers a, 3 € RT, the weighted Cartesian product G x,5 G’ is defined
with the following weight function and vertex measure: for z,y € G and 2/,y' € G’,
W(z,a)(y,a') = YWaylat,
W(za')(z,y') = ﬁww’y’,u';r:

H(zz'y = KoMz’
The parameters a and [ serve two purposes.

1. In the case of non-weighted graphs G and G’ (i.e., p =1 and w € {0,1}), the choice
of a = 8 =1 gives the usual Cartesian product graph G x G'.

2. In the case of G and G’ representing Markov chains (i.e., when >y Way = fip and
Zy, Wy = [ig), the choice of & + B = 1 gives the weighted product G x,g G
which represents the random walk with probability o and 3 following horizontal and
vertical edges, respectively.

Theorem 1.10. The curvature matriz of the product G X, g G’ is the weighted direct sum
of the curvature matrices G and G':

AL (,a) = aAS (@) & BAG ().

As a consequence, we give a new proof (in a more general case of weighted graphs) of the
fact that the curvature function of a Cartesian product is the star product of the curvature
function in each factor (see Theorem 1.12 below).

Definition 1.11 (star product [12, Definition 7.1]). Let fi, f2 : (0,00] — R be continuous
and monotone increasing functions with lim;_,o f1(t) = limyo f2(t) = —oo. Then the
function fi % fo : (0,00] — R is defined by

f1x fa(t) = fi(t1) = fa(t2),

where t; + to = t such that f1(t1) = fa(t2).

Let us remark also that the star product is commutative and associative [12, Propositions
7.5 and 7.6].

Theorem 1.12. The curvature function of the product G x5 G’ satisfies the following
nequalities:

min{ake 2, Be o} < Kax, s (2,2r) < max{aKgq, BLGr o }-

Consequently, we have Ky, 6 (z,21) = (aKg.z) * (BKaGr o).



In Section 7, we discuss analogous results in the smooth setting of weighted manifolds.
Consider a weighted Riemannian manifold (M™, g, e*Vdvolg) of dimension n, with a metric
g, the volume element dvoly, and a smooth real function V' : M — R. The Bakry-Emery
curvature function Kpzy4 : (0,00] = R at 2 € M is defined as

Kamya(N) = 1}eisn(fM) Ricn4n,v (v, v), VN € (0, 00],

where S, (M) is the space of unit tangent vectors at x, and

gradV @ grad V
N —n

Ricyy := Ric+HessV — , VN € (n, ],

where we follow the notation in [54, Equation (14.36)]. We define Ky v, as a function on
the interval (0, co] instead of on (n, oo] to make it compatible with the curvature functions
of graphs. All the results (Theorems 1.3, 1.5 and 1.12, Propositions 1.4, 1.6 and 1.7) have
analogous counterparts in the manifold case. For example, the upper bound is ICpz v (N) <
K9 (z) — % grad V||* with

(Il grad V|[) -

KO () = Ric < gradV.  gradV ) grad V (z)

lgrad V[|" | grad V|| ) || grad V(z)|

We also show that the Cartesian product of two weighted manifolds (M;", g;, e*V"dvolgi),
i € {1,2} has the Bakry-Emery curvature function

ICMI X M2, Vi®Va,(z1,22) — ICMl,VhIl * ICM2,V2,$2' (1'4)

Furthermore, we may define the generalised scalar curvature for a weighted Riemannian
manifold (M, g,e~" dvol) to be the trace of the Ricci tensor

Smvz(N) :=trRicyiny, VN € (0,00]. (1.5)

In Example 7.4, we investigate curvature sharpness properties of weighted 2-spheres and
derive explicit formulas for the curvatures Ky, and Syrv. At the end of Section 7, we
also discuss an interesting connection between curvature sharpness and Ricci solitons (see
Theorem 7.5).

In Section 8, we prove the following curvature results related to the geometric structure
of Ba(x). First, we define for a graph G an analogue to the generalised scalar curvature,
namely

Scz(N) :=trAy, VN € (0,00].

In contrast to Ricci curvature, this scalar curvature can be formulated explicitly for non-
weighted graphs in terms of the vertex degrees, the number of triangles and the size of

Sg(l')

Let us denote Si(x) = {y1,...,94,}- At a vertex = in a non-weighted graph, we define
the out-degree dj. of y; € Si(z) to be the number of neighbours of y; in Sy(x) and the
in-degree d of z € Sa(z) to be the number of neighbors of z in Si(x).

Proposition 1.13. Let G = (V,w,v) be a non-weighted graph. Then



(i) The curvature matriz at a vertex x € V is given by

3 - d
Aoo($) = *2A51(z) — 2A51( ) +J

((df,..odf )T), (16

where J is the d, X d; all-one matriz, Agl (z) 18 the Laplacian matriz of the subgraph
of G induced by S1(z) and AS{ (x) 18 the Laplacian matriz of the weighted graph with

vertex set S1(x), vertex measure p = 1, and edge weights ’lUySily(f) = ZZESZ(x) e

dz
for i #£ j and 0 otherwise.
(ii) The generalised scalar curvature at a vertex x € V' is given by
2
Sca(N) = dy —f+f ; dy + (@) = 2182()| — 57 ds, (1.7)
ye 1(

where §a(x) denotes the number of triangles (3-cycles) containing the vertex x. In
particular, for a d-reqular tree, we have Sg o(N) = d(3 —d) — 5

It follows from (1.7) that the scalar curvature is larger in the presence of more triangles or
a smaller two-sphere. Secondly, we provide a sufficient criterion for curvature sharpness.

Theorem 1.14. Let G = (V,w, p) be a weighted graph. A vertex x € V' is N-curvature
sharp for some N € (0,00] if the following two homogeneity properties of x are satisfied:

o x is Si-in reqular: p~(y) = pyx is independent of y € Si(x),

e 1 is Si-out reqular: pt(y) = D28y (x) Pyz is independent of y € Si(z).

In the case of the non-weighted graphs, the S;-in regularity is always satisfied (p~(y) = 1),
and we even have equivalence between Si-out regularity and N-curvature sharpness for
some N € (0,00] [12, Corollary 5.10]. In fact, one can check directly from (1.6) the
following fact in the case of non-weighted graphs: vq is an eigenvector of A, if and only
if x is Si-out regular. Therefore, our Proposition 1.7(i) is a substantial extension of [12,
Corollary 5.10] in the case of general weighted graphs..

Our final result states that the curvature is nondecreasing under certain graph modifica-
tions.

Theorem 1.15. Let G = (V,w, ) be a weighted graph and fiz a vertex x € V. Assume
that x is Si-in reqular, i.e., p~ (y) = pye s independent of y € Si(x). Consider a modified
weighted graph G obtained from G by one of the following operations:

(01) Increase the edge-weight between a fized pair y,y" € Si(x) with y # y' by Wy, =
Wyy + C1 for any constant C1 > 0.

(02) Delete a vertex zy € Sa(x) and remove all of its incident edges, i.e., Wy, =0 for all
y € S1(xz). Increase the edge-weight between all pairs y,y' € S1(x) with y # vy by

Wyy = Wy + CoWyzy Wy (1.8)
p (y)

2
Mmpa(cz)o

with any constant Cy >




Then K5 (N) > Kgo(N) for any N € (0, 00].

The part (O2) of the above theorem confirms Conjecture 6.13 in [12] in the case of non-
weighted graphs where we consider wy,, = wy, + 1 for all pairs v,y € Si(z) of neighbours
of zp. In this special case, the constant Cy = 1 is bigger or equal to the threshold

Py 1 1

Hngfz)o N pa(ﬁ2z)0 " in-degree of 2’

In fact, the Si-in regularity condition at x can be weakened to Si-in regularity at x for the
involved vertices in Si(z). In the operation (O1) we only require py, = p,,, and in (02)
we require py, is constant for all y € Si(x) such that wy., # 0.

Note: After the submission of our first arXiv version, we became aware of the work by
Siconolfi [50, 51] in which the co-Bakry-Emery curvature Kg z(00) is also formulated as
an eigenvalue problem in the special case of non-weighted graphs.

2 Curvature reformulation

In this section, we prove the eigenvalue reformulation of the curvature (Theorem 1.2).
Recall the optimization problem which formulates the Bakry-Emery curvature Kaz(N),

maximize K (P)
1
subject to T'y(z) — NA(%‘)A(ZL’)T — KT'(x) = 0,

This curvature is a local concept and uniquely determined by the structure of the two-ball
By(z). In particular, the symmetric matrix I'y(z) is of size |Ba(x)|, and the symmetric
matrices A(z)A(x)" and TI'(z) are of sizes |Bi(x)| (and trivially extended by zeros to
matrices of sizes |Ba(z)|); see Appendix A for details.

Schmuckenschléger [49] observed that the size of these matrices can be reduced by one:
since Ty (f), T'(f), Af all vanish for constant functions f, the curvature-dimension inequal-
ity CD(K, N) remains valid after shifting f by an additive constant. It is therefore sufficient
to verify (1.1) for all functions f : V' — R with f(x) = 0. This observation allows us re-
move from these matrices the row and column corresponding to the vertex x, and we are
able to reformulate the above problem (P) as

maximize K (P)

subject to Mg n(z) = (I‘g(x) - iA(:I:)TA(m) - KI‘(Q:)) =0,

N S1US2,51USs N

Next we recall the concept of the Schur complement, which allows us to further reduce the
size of the involved symmetric matrices in (P’).

My M12>
Msy My )’
where My, and Moo are square submatrices, and assume that Mog = 0. The Schur com-
plement M /May is defined as

Lemma 2.1 (Schur complement). Consider a real symmetric matrizc M = (

M/M22 = MH — M12M231M21. (21)



Then M/Mag = 0 if and only if M > 0.

The proof of this lemma can be found in, e.g., [16, Proposition 2.1] or [12, Proposition
5.13]. We aim to apply this lemma for the symmetric matrix My y(x) given in (P’). Since
A(z) and I'(z) have zero entries in the Sy(z)-structure, it means the matrix Mg n(x) has
the following block structure:

() = (P TR T )
By folding My n(z) into the upper left block, the Schur complement is given by
M n(2)/Ta(2)s,,5,
= Do(@)s, 5, — 1 A@)s AL — KT(a)s, 5, ~ Do(@)s, 5,T2(x)5 ks, Ta(0)s, 5

= Q) - pA@S ADY, ~ KT ()55,

where Q(z) := I'2(x); /T'2(x)s,,s, denotes the folding of 'y (x); = (?2%321? ?;Eg??)
2,01 2,02

The importance of I'y(x)g,,s, for a lower curvature bound was already mentioned in

Schmuckenschléger [49, pp.194-195| (where he used the notation Ajy).

Lemma 2.1 implies that

Kaaz(N) = arglrglax {Q(az) — %A(x)glA(:{:)g1 — KI'(z)s,,5, = 0} . (2.2)

We recall from Appendix A that I'(z)s, s, = & diag(A(z)s,) and A(z)s, = (Pay; Pays - Paym) -

where S1(z) = {y1, Y2, .-, Ym }-

Y

Denote the vector v := vo(2) = (\/Pry; +/Prys - \/pxym)T. The maximum argument in
(2.2) does not change under the multiplication by diag(vo)~! = 0 both from left and right
sides, that is,

1 K
K z(N) = argmax {diag(vo)_lQ(x) diag(vo) ™! — NVOV(—)r - EId - 0} . (2.3)
K
In other words,
. —1 - 1 2 T
Kea(N) = Amin (2 diag(vo) ™ Q(z) diag(vo) ™ — rvovo )

2
= Amin (Aoo - NVOV(—)F) - )\min (AN)7

where Ay = Axo(x) and Ay = An(z) are defined in (1.2), and Apin (Anx) denotes the
smallest eigenvalue of Ax. This finishes the proof of Theorem 1.2.

Remark 2.2. It follows from the Appendix (A.11)-(A.13) that the curvature matrix at
a vertex x is completely determined by the weighted structure of the incomplete two-ball

inc

around z, namely B5(z), which is obtained from the induced subgraph of Bs(z) by
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(a) The Bi¢(x)-structure of G4 (b) The Bir¢(z)-structure of Go

Figure 1: Two graphs G and Go with different Bi"°(z)-structures share the same curvature
matrix. For example, G can be the 4-dimensional cube Q.

removing all edges connecting vertices within Sa(z). It is interesting to note however that
two graphs can share the same curvature matrix, even when they have non-isomorphic
BIr¢(z). For example, both graphs G1 and Ga, Whose Birc(z) are as in Figure 1, have
their curvature matrix at x equal to A Hz) =2Idy — £ Js = AG2 (z).

On the other hand, the curvature matrix Ay (x) contains more information than the cur-
vature function Kg ., and A (z) cannot be recovered from K¢ ;. For example, it is shown
below that the non-weighted cube Q3 and complete bipartite graph K3 3 share the same
curvature function, while having different curvature matrices.

For any vertex = in G = Q3: For any vertex x in H = K3 3:

8/3 —1/3 —1/3

2
~ s Aflw) = -1/3 8/3 -1/3) - L.
~1/3 —1/3 8/3
6 6
2 Na 2} O'(Ag(l')) = {2 - N7373}a
6 6

3 Properties of the curvature function g,

This section is devoted to the proof of Theorem 1.3 about properties of the curvature
function g 4 @ (0,00] — R, which will be divided into small steps.

Proposition 3.1. The curvature function Kg g @ (0,00] — R is continuous, monotone
increasing and concave with limy_0 Kg z(N) = —o0 and limy o0 Kg 2 (N) < o0.

Proof. It is known that the zeros of a polynomial are continuous functions of the coefficients
of the polynomial (see, e.g., [40, Theorem (1,4)]). In particular for the characteristic
polynomial in A\, namely det(Ay — AId), it means the ordered set of eigenvalues of Ay,
respecting their multiplicities, are continuous in N. In particular, Kg »(N) = Amin (An) is
continuous in N.
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Monotonicity and concavity of K¢, employ the crucial fact that, for symmetric matrices

A and B,

"(A+B TA "B
v (A+ )UZinfUTv+infUTv
v#0 V'V v#A0 V'V

Amin (A + B) = 11)2% T = Amin (A) + Amin (B),
and the inequality holds with equality iff A and B share an eigenvector corresponding

to their minimal eigenvalues. Recall also that VOVOT is a rank one matrix with the only

nontrivial eigenvalue vg v > 0, S0 Amax (vovg ) = vg vo and Amin (Vovg ) =0.

For 0 < N’ < N < oo, we have

2 2
)\min (AN) — )\min (AN/ + (ﬁ — N)VoVJ)
2 2 T
> >\min (AN’)+>\min((ﬁ *N)V0V0> :Amin (AN’)v (31)
>0

Similarly, for 0 < N’ < N < oo and « € (0,1), we have

a l-a 1
)\min (AaN—i—(l—oz)N’) = )\min (OdAN + (1 - a)AN/ + 2 (N + N — N T+ (1 — a)N/) VOVJ)

> aAmin (AN) + (1 = @) Amin (AN7),
To derive K¢ 4(00) = Iimy 00 Kgz(N) < 00 and limy 0 Kg »(IN) = —o0, we argue that
Amin (AN) = Aunin <AOO — Svov] ) S dmin(Aw) 8 N o o0,
and

2 2
Amin (AN) < || Asoll + Amin (—NVOVJ) = ||Acoll — NVJVO — —00 as N — 0,

where || - || denotes the operator norm. O

Lemma 3.2. If Ayin (Anv) is not simple for some N’ € (0, 00|, then Ain (AN) = Amin (An7)
for all N € [N',00]. In other words, K¢ 4 is constant on [N, o0].

Proof of Lemma 3.2. Assume that A\pin (An7) is not simple, that is, the minimal eigenspace
Epnin (An/) has dimension at least 2. We first argue that there exists a nonzero w €
Epin (An7) such that w L vo. Consider any two linearly independent vectors v1 = a;vg +
b1w1 and V9 = agVg + bgwg in Emin (AN/) with w1 1 Vo and w2 1L Vo. In case a] = 0 or
as = 0, we immediately obtain such a vector w. In case a; # 0 and ao # 0, the vector

évl — évg represents such a vector w.

Since w L vy, it lies in the minimal eigenspace Fin (VOVOT ) whose minimal eigenvalue is
zero. This means w € Epin (An') N Emin (vovg ), so the inequality (3.1) holds with equality,
.., Amin (AN) = Amin (An7) for all N € [N/, o0]. O

Lemma 3.3. If Ayin (AN) is simple for some N € (0,00] , then Kq 5 is analytic in a small
neighbourhood of N .
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Proof. The idea is to prove analyticity by using the implicit function theorem. More
precisely, we aim to apply [30, Theorem 6.1.2|. Consider the matrix-valued function A(t) =
Ay, and denote \g(t) < Aqi(t) < ... < Ap—1(t) to be all eigenvalues of A(t). Let to = +
and assume that \g(tg) = Amin (An) is simple. Consider the following polynomial in ¢ and
Al

F(t, ) := det(A(to + t) — (Mo(to) + N)Id) Za”t M.

The characteristic polynomial factorization gives

m—1 m—1

F(0,)) = det(A(to)—(Mo(to)+M)Id) = T (Milto)—(Nolto)+2)) = A T] (Mi(to)—ro(to)—N),
1=0 i=1

which means agp = 0, and a1 # 0 since Ag(tg) # Ai(to) for ¢ > 1. The analytic implicit
function theorem asserts that there exists an analytic function A(t) around ¢ = 0 such
that A\(0) = 0 and F(¢t,A(t)) = 0 for all ¢ near 0, that is, Ao(t9) + A(t) is an eigenvalue
of A(tg +t). Moreover, the assumption that Ao(Zp) is a simple and smallest eigenvalue of
A(to) implies that \g(to) + A(¢) stays the smallest eigenvalue of A(tg +t) for ¢t near 0. O

Lemma 3.4. If A\pin (An,) is not simple for some Ny € (0,00], then there exists the
smallest such Ny, and consequently Kq . 1s analytic, strictly monotone increasing and
strictly concave on (0, Ni], and constant on [Ny, 00].

Proof. Consider the set
Naps :={N € (0,00] : Amin (An) is not simple},

and denote Nj := inf NVy.

We know from Lemma 3.2 that K¢ is constant on [V, oo] for all N € Nyg. Therefore, Kg ,
is constant on (N7, co|. Note that Ny > 0; otherwise K¢ , is constant on the whole interval
(0, 00], which contradicts to the fact from Proposition 3.1 that limy_,0 Kg 4 (N) = —o0.

If Amin (A, ) were simple, then Apin (Ax) would also be simple for all NV in a small neigh-
bourhood of N;. This contradicts to the definition of Nj. Therefore, Amin (An,) is not
simple, and N7 = min

Since Amin (An) is simple for all N € (0,Ny), we know from Lemma 3.3 that K¢g, is
analytic on (0, N7). Recall also from Proposition 3.1 that g, is concave and monotone
increasing. If Kg , were not strictly concave on (0, N7), this would mean K¢, is linear
on some interval [a,b] C (0,Ny). Then the analyticity of Kg, on (0,N;) would then
imply that K¢, is linear on the entire interval (0, N1), which contradicts to the fact that
limy_0 Kgz(IN) = —oo. Thus K¢, is indeed strictly concave on (0, N1 ), and consequently
it is strictly monotone increasing on (0, N1). This finishes the proof of Lemma 3.4. O]

By combining Proposition 3.1 and Lemmas 3.3 and 3.4, we can conclude Theorem 1.3
with the description of the threshold N; € (0,00], namely Ny = min{N € (0,00] :
Amin (AN) is not simple} (and N = oo in case this set is empty).

Let us end this section with the proof of Proposition 1.4 about the uniqueness of the
threshold Ny such that Kg ,(No) = 0, which is asserted by the intermediate value theorem
for the continuous curvature function Kg , : (0, 00] — R.
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Proof of Proposition 1.4. Since Kgg(00) > 0 (by assumption) and limy_o /g (V) =
—o00, the intermediate value theorem asserts that there exists an Ny € (0,00) such that
Ka z(No) = 0. This implies det Ay, = 0.

Furthermore, g z(00) > 0 means det Ay > 0 and A is invertible. The matrix determi-
nant formula then gives

2 2
0 =det Ay, = det(Ao — —vovy ) = (1 — —v] ALl vg) det An. (3.2)
No No

Therefore, Ny is uniquely given by Ny = 2vg A lvy. O

4 Curvature bounds and curvature sharpness

Proof of Theorem 1.5. We derive the lower curvature bound via the Rayleigh quotient as
follows:

T 2 T T T T
v (Ao — % VOV )V v A 2 v' vgVvg U 2 T
Kao(N) = inf N inf — —sup——2" = Ka(00) — —=viv
G.2(N) 040 vlv o0 vl N wfo) vTv G.2(%0) N0
T dy
where vy vg = Zyesl (2) Pay = 4=
On the other hand, the upper curvature bound can be derived as
T T 2 T T
vy ANV vy (Ase — &VoVvy )V, vy AxoV, 2

Lemma A.1 in Appendix A confirms that
0 V(—)FAOOVO 1 d (2)
K ( ) =TT T 5 —+ 37 x:v - Z Dxz
Vo Vo Ha l. z€S2(x)
O

Remark 4.1. In the case of non-weighted graphs, the quantity X2 (x) reduces to the one
in [12, Definition 3.2|. Indeed, we have in that case

1 1
/cgo(gc):5 dy +3—— > odf =245 [ de— Z dy | + Aw),

¥ yesi(z) ¥ yesi(z)

where d;f is the out-degree of y € Si(x) (i.e., the number of neighbours of y in Sy(x)) and
i (x) denotes the number of triangles containing .

5 Relations between the spectrum of the curvature matrix
A and the curvature function g,

Proof of Proposition 1.7 and Proposition 1.6.
The vertex x is N-curvature sharp if and only if the upper bound (4.1): Apin (An) <
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.
V%?ﬁovo holds with equality, which happens if and only if v( is in the minimal eigenspace
Enin (An). In particular, = is oo-curvature sharp if and only if vo € Epin(As). This

proves Proposition 1.7 (ii).

Assume z is Nj-curvature sharp for some N; € (0, 00]. Then Ay, vo = Amin (AN, )Vo, which
implies Aoovo = (Amin (AN, ) + N%VJVQ)VQ, that is, vo is an eigenvector of Ax..

Conversely, assume vq is an eigenvector of A, that is, Ascvg = Avg for some A € R.
Denote the spectrum of A by 0(As) = {A, A1y ooy Am—1} with A; < ... < A1, Consider
Asov; = A\ju; where all eigenvectors v; of Ay (different from v() are chosen to be orthogonal
to vg. We then obtain for any NV,

2 2

Anvy = (Ao — NVQVS—)VQ =(\- NVJVQ)V[);

2
Anv; = (Aoo — NVQVJ)W = Aov; = \jv; V1l <i<m,

which mean its spectrum is o(Ayx) = {A — %VOTVO, ALy ooy Am—1}-

We choose the threshold N7 = 2;73;10 in case A > A\ (and choose N1 = 0o if A < A1), so
that
A—Zvivy if N <Ny,

Arnin A -
(4w) {M it N > Ny

This means for all N < Ny, vg € Enin (An), that is, z is curvature sharp on (0, N;]. This
proves Proposition 1.7 (i). Furthermore, for all N > Ni, Apin (An) = A1 = Amin (Aoo),
that is, g 5 is constant on [N, oo]. This proves the two forward statements of Proposition
1.6.

To verify the converse statement in Proposition 1.6, suppose that g ,(N) = ¢ — %z—z for

all N € (N, N") and hence at N = N, N” by continuity of K¢ ,. We observe that

2 dg 2 T
Cc— WE = Amin (AN“) = Amin <AN’ + (ﬁ — ]V”)VOVO>

_inf vl Ay (i B i) ’UTV()V(—l)—U
v£0 vl N’ N” vl
T
. v Anv 2 2
= zljr;g) vlo (ﬁ B W) oo
2 2\ dg 2 d,
—)\min(AN’)ﬁL(ﬁ*W);: *W%a

so the inequality holds with equality, which occurs when vy € Eni, (An7). Consequently,
it holds that vg € Ein (An»). So x is N”-curvature sharp as desired. O

The next result is an interesting observation about the non-smallest eigenvalues of Ay,
which is not included in the Introduction.

Corollary 5.1. If Kg z(00) > 0, then all of the non-smallest eigenvalues of An are strictly
positive for all dimensions N € (0, c0].
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Proof. Let \j(Ayn) denote the i-th smallest eigenvalue of Ay (respecting multiplicity).
Assume for the sake of contradiction that there exist N’ € (0,00) and ¢ > 2 such that
Xi(AN7) # Amin (An7) and A (Anr) < 0. We also know from K¢ ;(00) > 0 that \;j(As) >
0. Since A;(An) is continuous on N, the intermediate value theorem implies that A;(A g, ) =
0 for some Ny € (N',00), and hence det(Ag ) = 0. The matrix determinant formula
0=detAg =(1- N%VJA;}VO) det Ao with det Ao > 0 (because Kg 5(00) > 0) asserts
that ]\70 = 2v8— Agolvo, which is the same threshold as Ny in Proposition 1.4. In other
words, Amin (Ag,) = 0 = Xi(Ag, ) is not simple. By Lemma 3.4, K¢, must then be
constant on [Ny, 00), which is contradiction to the fact that g ,(No) =0 < Kgz(c0). O

Proposition 1.6 raises the question whether there exists a graph with a vertex x which is
not curvature sharp for any finite N but nevertheless its curvature function is constant
near infinity. The following example provides the answer.

Example 5.2. We consider the Cartesian product P3 X P, where P, is the path containing
n vertices.

X

Figure 2: Cartesian product of Ps and P

The curvature matrix at = is given by

2 0 0
Ax(z)=1 0 15 1 ,
0 1 1.5

and it has the smallest eigenvalue of 0.5. The vector vo = (1 1 1)T is not an eigenvector,
but it is perpendicular to the minimal eigenspace Eyin (Aoso(x)) =span (01 —1)T.

The rank one perturbation Ay(x) = Ao (x) — %VQVJ = Ax(z) — %Jg has its spectrum

equal to o(An(z)) ={3, § -2 £/ — 5 + %} Therefore, the curvature function at

x is given by

3 1 1 9 : 10
N TG_W—i_m lfNE(O,g]

if N €[22, 00].

ICPSXPQ (:C) = {

N[ i [©

6 Curvature of Cartesian product of graphs

Given two weighted graphs G, G’ and two fixed positive numbers o, 3 € RT, the weighted
Cartesian product G X, 3 G’ is defined with the following weight function and vertex
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measure: for z,y € G and 2/, € G/,

Wza)(ya') = FWayfla's
Wz (x,y') *— /Bwa:’y’,u:r:v
H(z,z') = Koz’
One can translate the above definition into the transition rate p as

Wy Mg

p(w,x’)(y,z/) = Oém = OPgxy,

P(aa')(xy) = PPary's
d(:v,z’) d, dy
—EEL =) Paawa) T D Plaa)ay) = 0 A
:L[/(x,x’) Y y/ Mo i

Here we use the same symbols w, u1, p and d for all graphs G, G’ and its product, where the
associated graph can be determined from the input vertices. With this idea, we also use
the notations A (+), An(:) and Q(-). This simplifies our notations without making them
ambiguous.

Proof of Theorem 1.10. Now the central vertex is (z, ') with horizontal neighbours (y, 2)
for y € Si(x) and vertical neighbours (z,y’) for ¥ € Si(a’). Note also that (y,z’) and
(x,y") are not adjacent but sharing one common neighbour in So, namely (y,y’). On the
other hand, the vertex (y,y’) has exactly two neighbours in S, namely (y,z’) and (z,v’).
The transition rate on each edge are presented in the following scheme.

o]
(x,y") Py (v, 9")
o 0
ﬁp /y/ ﬁp /y/
rer (T )
O
ey P ) P ()

Figure 3: The scheme showing a horizontal neighbour and a vertical neighbour of the
central vertex (z,z’) in the Cartesian product G' x, g G’ and transition rate p on each
edge.
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For y € Si(x), we have from (A.11) that

AQ((2, 7)) (g0t (y.a)
d(@,2)

2
= Wew)ya) TP P aa) T 5 P )
+ 3P (y.a) (Z Plya')(za’) T Zmy,xf)(y,y'))
z€82(x) y'€S1(z’)
Y BPaanwanPwan@a’) T Plaa) @D @) )
g€S1 ()
2 2
_4 Pla,a) (yo) Plya) (z0)
ceate) VS (@) Plaa) e Plya') (z.2)
2 2
_4 Z Pz, (y,2)Ply.2) (y.")
s Paa)wa)Pua)y) T Plea)@y)Pley) (vy)
de dy
= 2a2p§y + 3a2pxypyx - (0‘7 + /67/)(0‘131‘1/) + Sapxy( Z APy, + Z ﬁpm’y’)
Ha Ha z€852(x) y ESl (z")
px p z apa: sz
+a’ Z (3pxypyﬂ + pwﬂpﬂy) - 4(0‘2 Z y y + Z Qayﬁp P - ) )
§ES1 (2) 2€85(x) sz y' €S (z wybPa’y’
= 4042@(»”5)1/31

And similarly, 4Q((%, %)) (3.4 (z.y) = 462°Q(2)yry for y' € Si(2’).
For y; # y; € Si(z), we have from (A.12) that
4Q(((E, m/))(yi,x’)(yj,x’)
= 2P(a,a") (ys,2") Pz, z/)(yj,w = 2P(aa") (yi,a") Plyia!) (yj ') — 2P(xa’) (y;2)Ply; ) (yi.a')

1Y Ple,a) (i) P(ys,a") (2,8 P(@,a’) (3,0 ) Ply; 27) (2,27)
Eyesl< ) Pla,a) (52 P(.27) (2,2")

z€8S2(x)
a4pxyipy¢zpzyjpyjz
() 2 gess (@) VPP

2 2 2
=2a Pay; Pay; — 20 Pry;Pyiy; — 20 Pay;Dyjy; — 4
zE€So

= 4042Q(a:)yiyj.
And similarly, 4Q((z, x’))(%y;)(x,y;) = 4B2Q(aj)yéy§ for y; # y; € Si(a').
For any y € S1(x) and 3 € S1(2’), we have from (A.12) that
4Q((@,2) (a1 a.1)

= 2D(z0") (g ) P2 ) (@y') —

4 P(z,a") (y,2)Ply,a’) (y,y" ) Pa,a!) @y ) Play') (y,y')
P(aa")(y,e)Ply,a)(yy') T Plaa)(@y)Pley) (yy')
(aﬁpxypx’y’ )2

= 2afPayPary — 4W -
'y

We can conclude from the above calculation that Q((z, ")) = o2Q(x) ® 82Q(y). Note also
that the matrix diagvo((z,2)) = adiagvo(z) & /B diagvo(z’). Therefore, we derive
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the curvature matrix as

Aco((2,2")) = 2diag vo((2,2")) ' Q((x,2")) diag vo((2,2")) ™" = aAo(z) ® BAx(a'),
as desired. O

Next we prove Theorem 1.12, which will be rephrased in a more abstract way. This will
be useful in the next section when we discuss the Ricci curvature of weighted manifolds in
an analogous manner.

Theorem 6.1. Foric {1,2}, let A; be m; x m; symmetric matrices and v; be vectors in
R™i. Given fized weights o, B > 0, let A and v be given as

A=aA| ®PAy and v = /avi © \/BVQ.
For N € (0,00], consider

2
Ai N) = Az V;V,
(V) N
Then we have

min{aAy, BA2} < Amin (A(N1 + N2)) < max{adi, SAz}, (6.1)
where i := Amin (4:(IV;)).

Proof of Theorem 6.1. Let us first consider the case N1, No € (0,00). We have the matrix

T T
T [ avivy Vapvivy
vv' = < JaBvovl  Bvavy > It follows that

N.
A+ = (PO 2 (et o),

+
ﬁAQ(N2)> N1+ Ny —\/@ngir %I VQV;—
=:J

We want to verify that J = 0, which will then imply the left inequality in (6.1).

w . .
For any vector w = <w1> with w; € R™i, we have
2

Ny Ny
w' Jw = an- wl—vlvrwl + B w;va;—wQ — 2/ afw] vivy ws
N

\/a—wlvl \/B w2v2 >()

Thus J > 0. Next we prove the right inequality in (6.1). For i € {1,2}, we choose a unit

eigenvector w; such that A;w; = \jw; where \; = A\pin (4;(N;)), and let w = <21X1>
2W2

with arbitrary constants ¢; # 0. It follows from the Rayleigh quotient description that

w ' (aA;(Ny) & ﬁAz(Nz))W N IW

)\min (A(Nl + N2))

— A A .
C% a2 (0461 1+ 363 2+N1+N2 14/ W1V1 2/ B W2V2 )
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Ni o, T Noo . T
We may choose ¢; = ﬁﬁéWQ vy and ¢y = aﬁwl v1 so that the square term above

becomes zero. As a result,

iy + Bc3dg

)\min A(N- N: <
( ( 1+ 2)) C%—i—cg

< maX{aAb 5)\2}7
which finishes the proof of (6.1). The case that N; or Ny equals oo is not hard to prove
by modifying the above argument. O

Now, Theorem 1.12 follows from Theorem 6.1 and the following general fact [12, Proposi-
tion 7.3] about star product.

Proposition 6.2 ([12]). Let fi, fo : (0,00] — R be continuous monotone non-decreasing
functions with limy_,og = —o00. Then a function F : (0,00] — R satisfies F' = fy * fo if and
only if it holds for any N1, Ny € (0,00) that

min{ f1(N1), fo(N2)} < F(Ny 4 N2) < max{f1(N1), f2(N2)},
and F(co) = limpy_,o0 F'(N).

7 The case of weighted manifolds

In [12, Section 1.6], the authors briefly draw a comparison between the Bakry-Emery curva-
ture functions of graphs and that of weighted Riemannian manifolds. Here, we discuss this
comparison further by investigating the analogous result that the optimal lower Ricci cur-
vature bound at a point on a weighted Riemannian manifold is also the minimal eigenvalue
of a rank one perturbation of a curvature matrix.

A weighted Riemannian manifold is a triple (M",g,e~"dvol,), where (M™,g) is an n-
dimensional Riemannian manifold, dvol, is the Riemannian volume element, and V' is a
smooth real valued function on M™. The N-Bakry-Emery Ricci tensor of (M™, g, e*Vdvolg)

is defined to be
gradV @ grad V

N —n ’
where Ric is the Ricci curvature tensor of (M™,g), HessV is the Hessian of V, and
grad V' is the gradient of V' ([1, 2]). Using the V-Laplacian Ay := Ay — g(grad V, grad ),
where A, is the Laplace-Beltrami operator on (M",g), one can define the Bakry-Emery
curvature-dimension inequality CD(K, N) (at any point « € M) as in Definition 1.1. Then
CD(K,N),N € (n,o0] (at a given point € M) holds if and only if Ricy v > K (at z € M)
(see [1, pp. 93-94]).

Ricy,y := Ric + Hess V — (7.1)

Definition 7.1. Let (M", g, e_Vdvolg) be a weighted Riemannian manifold. For a given
N € (n,o0], the Bakry-Emery curvature K(M,V,z; N) at a point x € M is defined to
be the largest I such that CD(K,N) holds at x. The function Kpyvz : (0,00] = R
given by Kps v (N) :=K(M,V,z; N +n) is called the Bakry-Emery curvature function of
(M™, g,e=Vdvoly) at x.

Remark 7.2. Recall n is the dimension of the underlying Riemannian manifold. The
purpose to define the curvature function Kz, on the interval (0, oo] instead of on (n, 00]
is to make it compatible with the graph case.
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When V is constant, that is, when the curvature-dimension inequality is based on the
Laplace-Beltrami operator Ay, the dimension parameter N in (7.1) can be equal to n, and
the function Ky, is a constant function on [0, 0o] (see [1, pp. 93-94], [3, Appendix C.6]).
When V' is not constant, Kasv,,(N) tends to —oo as N tends to 0.

Next we investigate the shape of the Bakry-Emery curvature function Ky at © on a
weighted Riemannian manifold (M™,g,e~"dvol,). If grad V(z) = 0, then this function
ICarv,2 is constant. In the sequel, we consider the case that grad V' (z) # 0. Since Ricy,y is
a symmetric (0, 2)-tensor, there exists a linear transformation Ay_,, : T, M — T, M from
the tangent space T, M of M at z to itself, such that

Ricy,v(v,v) = g(AN—nv,v), for any v € T, M.

Therefore, the optimal lower Ricci curvature bound at x can be expressed as the minimal
eigenvalue:

Kamyaz(N) = Ueing Ricn4n,v (v,v) = Amin (An), for any N € (0, oo,

where S, M stands for the space of unit tangent vectors at . For any v,w € T, M, the
tensor Ricyyn,v, N € (0,00] can be written independently of the choice of an orthonormal
basis {e;}!" ; of the tangent space T, M as

v(V)-w(V)

Ricn4n,v (v, w) = Ric(v, w) + HessV (v, w) — I

n

1
= Z g(R(v,e;)e, w) + g(Vy grad V,w) — Ng(g(grad V,v) grad V, w),
i=1

where V- is the covariant derivative along v, and R(-,-)- is the Riemann curvature tensor.
Let us define linear transformations A, B : T, M — T, M as follows: for any v € T, M,

AoV 1= Z R(v,e;)e; + Vy, grad V,
=1

1
B := ig(grad V,v) grad V.

Therefore, the linear transformation Ay : T, M — T, M satisfies

2
Recall that T, M equipped with the inner product g is an n-dimensional Euclidean vector
space. Let Ay, An be the matrix representation of A, Ax with respect to an orthonormal
basis {e; }I* ; of T, M. Let v be the n-dimensional coordinate vector of % grad V (z) with
respect to {e;} ;. Then we have a matrix version of (7.2):
2 T

AN = Aoo — NVOVO . (7.3)
Notice that both Ao, and Ay are symmetric n X n matrices. We call A, the the curvature
matriz at x (with respect to the orthonormal basis {e;}" ;) of the weighted manifold
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(M, g, e_Vdvolg). The matrix Ay is a rank one perturbation of the curvature matrix A..
The Bakry-Emery curvature function satisfies

2
,CM,V,w(N) = Amin (AN) = Amin (Aoo - NVOV(—)F)~ (74)

Therefore, we reduce the study of the Bakry-Emery curvature functions of weighted Rie-
mannian manifolds to a matrix eigenvalue problem of the same type as in the graph case.

Then, it is direct to check the results (Theorem 1.3, Proposition 1.4, Theorem 1.5, and
Propositions 1.6 and 1.7) describing the shape of curvature functions of graphs also holds
for the curvature functions of weighted manifolds.

In particular, we mention the quantity K% (z) in the weighted manifold case

_VJAOOVO _ g(Ax gradV,grad V)

Ko = _
oo (T) Vi vo g(grad V, grad V)
' gradV. gradV > grad V(z)
= Ric, , grad V||).
(ngadVH ||gradV|| ||gradv(x)|| (” ||)
Then we have
V(—)r‘4NVO 0 1 9
KarvalN) £ 220 = Kio(o) = [ grad Vi) (7.5
\R% N

We say that x is N -curvature sharp if (7.5) holds with equality. Then, for example, one can
conclude similarly to Proposition 1.7 that x is co-curvature sharp if and only if grad V(zx)
is an eigenvector corresponding to the minimal eigenvalue of A...

Now we discuss the curvature functions of the Cartesian product of weighted Riemannian
manifolds. Given two weighted manifolds (M, g;,eVidvoly,), i € {1,2}, the Cartesian
product (M, g,e~Vdvol,) = (M x Ma, g1 ® g2, e~ V1%V2dvoly, a4,) has a canonical identifi-
cation of the tangent space T(xwz)M ~ Ty, My & Ty, Ms. We observe that A, B of the
product is naturally decomposed into the corresponding Ao, B in each factor, that is,

ni n2
Ag(vl B vg) = Z R(vi,e)e; ® Z R(ve,e;)e; + V,, grad Vi & V,, grad V3
i=1 j=1

= AN (v1) @ AL (v2),

and B(v1 @ v2) = g(grad Vi @ grad Vo, v1 @ va)(grad Vi & grad Va), for any v; € T, M;. In
the matrix form, we have
oo 0

M_ M1 MQ M_ Ml M2
A = A @ A, and vy = vyl @ vy c.

Theorem 6.1 is then applicable for manifolds and yields the following theorem.
Theorem 7.3. The curvature function of the Cartesian product
(M, g, e_Vdvolg) = (M1 X Ma, g1 @ go, e_Vl@VdeolgI@gg)
satisfies the following inequalities:
min{ Amin (AN?), Amin (AN2)} < Amin (AN, 4 ;) < max{Amin (AND), Amin (AN2)},

and consequently, ICijy(xlm) =Ky vien * Ko, Voo -
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We conclude this section with the following example of a weighted Riemannian manifold
with co-curvature sharp points.

Example 7.4 (weighted 2-sphere). Let M = S%(r) be the two-dimensional sphere of
radius r with coordinates x(6,¢) = (r cos @ cos ¢, rsinf cos ¢, rsin¢) for 6 € (0,27) and
¢ € (—n/2,m/2), and the corresponding metric g = 72(cos?(¢)df @ df + dp @ dg). Let
V : M — R be a smooth height function, i.e., V(x(6, ¢)) = h(¢) for some smooth function
h. Consider the weighted manifold (M, g, e~V dvoly) and a point p € M with grad V (p) # 0.

The tangent space T, M is spanned by grad V' (p) and the tangent vector x¢(p) € T,M,
which satisfy g(xg(p), grad V' (p)) = 0. We first check that both the tangent vector grad V' (p)
and xg(p) are in fact eigenvectors of Ay (based at p).

Consider the geodesic a := x(fp, -) : (—7/2,7/2) — S?(r) which passes through p = a(t) =
x(0g,t). The tangent vector grad V(p) is parallel to o/(t), so we may write grad V(p) =
k(t)d/(t) for some smooth function k : (—7/2,7/2) — R. It follows that at p € M
Veradv grad V = Vi ko' = kV ko' = k* Vo +kK o/ =k grad V,
=0

and hence,

rad V

g(grad V, grad V') .

2
Ay gradV = Z R(gradV,e;)e; + Vgraay grad V — N

i=1

On the other hand, we have ¢,(Vx, grad V,grad V) = 0, and

X
gp (vXQ gradV || ||> ||.T9ng <gra'dv V HXzH) HxGHQP <gra‘dv kg ” ||>

where kg =1 ;- tan(t) is the geodesic curvature of the parallel circles with the unit tangent

vector 22 ”( p), and ”x¢||( p) = Hg’gll = aft). It follows that

o/(t)

Vio(p) gradV = —g <grad Vip), ) %tan(t)xe(p) = —k(t) tan(t)xq(p).

Therefore, we have

g(grad V(p), xg
N

2
Anxg(p Z (xg,€i)e; + Vx, grad V — ) grad V (p)

_ <12 k(t) tan(t)> x9(p)-

It means that both grad V(p) and xg(p) are eigenvectors of Ay. Then the Bakry-Emery
curvature and the generalised scalar curvature at p are given by

N

Survp(N) = % — k(t) tan(t) + K'(t) — ]‘“(’“L)NZTQ.

2?“2
,CM,V,p(N) = min {:2 + ]C,(t> — k(t) Ti — k‘( )tan( )} s
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Recall that the point p = «(t) is co-curvature sharp if and only if grad V' (p) corresponds
to the minimal eigenvalue of A, which occurs precisely when k'(t) < —tan(¢)k(t). In
the special case when k : (—m/2,7/2) — R is even, either the point p = «(t) or its mirror
p' = a(—t) (or both) is co-curvature sharp. In particular, if k() = ccos(-) on the whole
interval (—7/2,7/2) for some ¢ # 0 (which means V(x,y,z) = az + b with a = ¢r and
b € R), then we have k¥’ = — tan(-)k and hence p is co-curvature sharp. In fact, every point
of M except for the south and north poles (i.e., when ¢ = —n/2,7/2) is oco-curvature
sharp. At the south and north poles, the curvature functions are constant. Moreover, this
choice of k provides a non-constant potential function V for the round sphere as a gradient
Ricci soliton.

A complete Riemannian manifold (M, g) is called a gradient Ricci soliton with a potential
function V' if Ricy o = Ag for some constant A (see, e.g., |53, Definition 1.2.3]).

Theorem 7.5. Every gradient Ricci soliton (M, g) with a potential function V leads to a
weighted Riemannian manifold (M, g, e*Vdvolg) which is co-curvature sharp at every point
x € M with grad V(z) # 0.

Proof. Being a gradient Ricci soliton means, for every point x € M, Ay (z) = Ald. In
particular, if grad V' (z) is nonzero, then it is an eigenvector corresponding to the smallest
eigenvalue of A (x), and therefore x is co-curvature sharp by Theorem 1.7(ii). O]

8 Geometric structure of By(z) and curvature properties

In this section, we present the proofs of the three results (Proposition 1.13, and Theorems
1.14 and 1.15) about the curvature at  which are related to the geometric structure of
the Ba(x).

Proof of Propositions 1.13. The computations for the matrix A, and

2
Sa.a(N) = tr(As = =Vovg) = Sgz(00) — -

are given in Appendix (A.18) and (A.14). In the particular case of non-weighted graphs,
the terms in (A.18) and (A.14) are simplified by p; = 1 and py, € {0,1}, which directly
gives the desired result. O

Proof of Theorem 1.14. In view of Proposition 1.7, we need to show that vq is an eigenvec-
tor of Ao under the Si-in and Si-out regularity assumption: p~(y) := pye and p*(y) :=
2.8, (x) Py= are independent of y € Sy ().

The vector vg = ( /Pryi  /Prys " /pxym)T is an eigenvector of A, if and only if
vy = Aovo = 2diag(ve) tQ diag(ve) ™! for some A € R, or equivalently,

2Q]lm =A (pxyl Pzrys, pxym)T s

that is, ﬁyi Z;”Zl Quiy; = %)\ is independent of i € [m] :={1,2,...,m}.
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A direct calculation using the formula (A.15) yields, for any i € [m)],

dy Doy
ZQyzygzl 3pyz Z Dy;z +Z A Pyivi — UM)

Pzxy; = 4 iy 2652(55) 4 Pzy;
1d, pym
i pyzx_ Z py1Z+ Zpylyj . )7
4 /"L.Z’ pyiz
zESg(x ——
=0
which is independent of ¢, given that x is Si-in and Si-out regular. O

Proof of Theorem 1.15. We denote by Q, oo and AN the corresponding matrices @, A
and Ay centered at the vertex x of the modified graph G = (V,, p). We aim to prove that
K& ,(N) > Kgz(N), that is, Amin (AN) = Amin (An). It suffices to show that Ay — Ax
is positive semidefinite, since it would then imply that Ay, (ZN) > Amin (ZN — Apn) +
)\min (AN) Z )\min (AN)

Note that the vector vg = (\/pz,gy1 /Pryz \/pxym)—r is unchanged under this graph modifi-
cation, so we have Ay — Ay = gdiag(vo)_l(@—Q) diag(vo)~t. To prove that Ay—Ay >= 0
is equivalent to showing that Q@ — @ > 0.

Operatlon (01): The modlﬁcatlon Wyy = Wy + Cq for a constant C1 > 0 means
Pyy' — Dy = S and Py —pyry = . We then derive from the formulae (A.11) and (A.12)

that the matrix Q — @ have four nontrwlal entries:

~ 1
(Q - Q)yy (3pxy (pyy pyy’) + Py’ (ﬁy’y - py’y))

Cl < Py pzy’) Cl
= — 37 + e == 3 + / )
4 Hy Hy 4,uw( Pyz T Py =)

and similarly, (Q—Q)yry = £ (pya+3pya) and (Q—Q)yy = (Q—Q)yy = — 5= (PyatPya)-

Consequently, the matrix C~2 — @ has two nontrivial eigenvalues, corresponding to those of
the following 2 x 2 matrix

Q-Qy @-Qyy \_C < Bye +Pys  —20ys — Wy > .
(Q - Q)y’y (Q - Q)y/y’ Aty _2py$ - 2py’x Dyz + 3py’x

This matrix has eigenvalues py, +p,/. = /21712@ + 2p§,x, and it becomes positive semidefinite
when we assume py, = py,.

Operation (02): Note that the edge-weight modification Wy, = wy,y + Cowyz, Wy, for
all different y, vy € S1(x) means Py, — Pyy = CoPyzoPzoy fzo -
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For y;,y; € Si(x) such that y; # y;, the formula (A.12) gives
1 1 Pxy; Py; 20 Pry; Py; 20

(Q - Q)yiyj = _§p$yi (ﬁyiyj - pyiyj) - ipwyj (ﬁyjyi - pyjyi) + 2) (8~1)
Pzzy
1 1 Dy, Dy; 20 Pry; Py; 2
= —5Pzy; - 02pyi30p20yjlu’20 — 5Py, - C2pyj30p2031iu'30 + 0(2) =
2 2 Pzzg
Dy, Dy;z0Pry; Py; 2
= _C2pzyipyi20pzoyjuzo + 0(2) S
Pzzg
Pxy; Py, 2
= ~Pzy; Py;z0Pzoy; <02,u20 - J(JQ)O> )
Pzoy;Pxzo

where the third equation is due t0 pay, Dy, 20Pz0y; = Pay;Py;20Pzy; Which can be checked by

Pzy; Py;20Pzoy; _ Wy, Wy, 2o Wzoy; ) Hoa oy [z _ Wy, Ly; _ Dy;x _ D (y) -1
Pay;Py;z0Pzoy: Hea oy oz Way; Wy, 20 Wzoy; Hy; Way,; Pyjz P (y)
For y; € S1(x), the formula (A.11) gives
N 3 1 ) ) PryiPyiz
(Q - Q)yiyi = _Zp:cyipyizo + Z Z (pryi (pyz‘yj - pyiyj) + Dazy; (pyjyi B pyjyi)) + TO
Y 7Y Pzz
(8.2)
3 3Csu Cop P2y, Py,
= _Zp:(:yipyizo + Z <Zop:cyipyizopzoyj + Tzopxyjpyjzopzoyi + %
Yj#Yi ZZ0
3 P2y Dy,
= _Zp:cyipyizo + Capiz, Z DayiPyizoPzoy; + = (231/ =
Y 7Y Pazo
3 Py Pyiz
= Pxy; Py; 20 _Z + CQNZ() Z pzoyj + @) .
yjfyi Pzxzg

Combining (8.2) and (8.1), we derive the sum of entries in i-th row as

(Q - Q)yiyi + Z(Q - Q)yiyj = pl’yz‘pyizo _1 + y(gi/ : + Z y](Q;JJ :

j#i Pxzg j#i Pzzo

3 1
= Pxy; Pyizo _1 + @2 Z PzyPyzo
Pzzo yes (z)

1
= pryipyizo > 0.

(Note that the terms involving Co are cancelled out in the above expression.)
Pxy;Py;z0

(2)
Pzoy;Pzzo

Q— Q)y;y; < 0. It then follows that

(@ - Q)yiyi > = Z(@ - Q)yiyj = Z ‘(@ - Q)yiyj
i j#i

Under the assumption that Cop,, > for all j # i, we can guarantee in (8.1) that

i
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which shows @ — @ is diagonally dominant and hence @ —-Q =0

Finally, we remark that the assumption Cop,, > ]szyg)o can be re-written as the as-
Pzoy;Przo
sumption given in Theorem 1.15, namely C5 > P ((yg due to the following identity:
MxPxzg
Pxy;Py;z0 ) 1 Wey,; Wy, zg _ Dyjz P (y)

2 - 2 2) 2) °
pzoyjp:(vz)o Hzo ,uz,uijzoyjp:(nz)o u;pp;(m)o szg(rz)g

A Explicit Structure of relevant matrices

In this section we collect the explicit expressions of matrices (A(x)A(aj)T)i, [(z), Ta(x)i,
Q(z) and A (z), all of which are important ingredients to our curvature calculation in
Theorem 1.2. These expressions will be given in (A.1), (A.2), (A.5)-(A.9), (A.11)-(A.12)
and (A.13), respectively.

We fix the central vertex x € V and let m = |S1(z)| and n = |S2(z)| be the size of 1-sphere
and 2-sphere around z, respectively. The vertices in Sj(x) and Sa(x) are indexed by

S1(x) = {y1,y2, s ym};  Sa(x) = {21, 22, .00, 20}

The linear operator A(-)(z) and the bilinear forms I'(+,-)(x), (-, -)(z) can be represented
by a vector A(z) and matrices I'(z), '2(z) as follows:

Af(z)=A)"f,

I(f,9)(z) = fTT(2)d,
To(f,9)(x) = f T Ta(x)g.

8

In the first two equations, f and ¢ are vector representations indexed by vertices in Bj(x)
as

F=(f@ fo) - flm)',

and similarly for g. In the last equation, f and ¢ are vector representations indexed by
vertices in Ba(x) as

T

F=0f@) flyn) - flum) f2) - flza) )

and similarly for g.

More explicitly, the defining equation Af(z) =3_, cg, (o) Pzy(f(y) — f(2)) is translated to
J T
Az) = ( _sz Pzy: Pzys *°° Pzym ) )

and A(2)s, = ( Poyi Payo ** Paym )T when restricted to the vertices in Si(x).
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Hence we derive that

p?ryl pxyépny o Pzy1 Prym,
PzysPxyy Dz o PxysPrym
T T Y2
(A@A@T). = A@)s A, = | T S . (A1)
PzymPryr  PrymPrys pazcym

The defining equation 2I'(f,g9) = A(f -g) — f - Ag — Af - g means
(£, 9)(x) = D Payl(f(W)9(y) — f(2)g(x)) — f(2)(9(y) — 9(x)) = (f(y) — f(2))g()]

y€S1 ()

= Y puy(fly) — F2)(9(y) — g(x))
yeS1(x)

= Y puylf@g(z) = f@)g9@y) - FW)gx) + F)g(y)],
y€Si(x)

which can be translated to

% —Pzy1 —Pxys " “Paym
~Pay, Pzyy
1
F({L‘) = 5 —Pzxys Pzys
—Pxym, Payrm,

In particular, after removing the first row and column corresponding to the vertex x, we
simply have

1 . 1.
F(x)i =T'(2)s,5 = idlag( Pzy1 Pzyz " DPaym ) = idlag (A(z)s,) - (A.2)

Now we discuss the structure of the matrix I's(x). After removing the first row and column
corresponding to x, the matrix I'y(x); has the following block structure in Sy (z) L Sa(x):

Ta(z)s,,s D2(2)sy,s, > . (A.3)

FQ(x)i = F2($)51US27S1USZ = < 1-\2(%)52751 F2(x)52752

The defining equation 2I'5(f, g) = A(T'(f,9)) — T'(f,Ag) — (g, Af) yields
ATy(f,9)(x) = > pay 20(f,9) (W) — (f(y) — [(2)Ag(y) — (9(y) — g(x)) AL (y)]

y€S1(w)

- idjm 9)() + 28 f () Agl(z).

Let us denote by I(+,-)(x) the bilinear form defined via

I(f,9)(x) = D pay 20(f,9)(y) — (fF(y) = f(2)Ag(y) — (9(y) — 9()Af ()],
yeSi(z)
and the matrix representing it by I(x). Then we have
2d, -

ATy(z) = I(x) — Er(ﬂf) +2A(z)A(x) ',
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and hence
ATy (w); = I(x); — id:r(m)i +2(a@a@T). (A4)

In order to derive I(x);, we only need to compute the expression of I( f, g)(z) for functions
f and g satisfying f(z) = g(x) = 0:

I(f,9)(x)
= > ey 20(L9) W) — f(W)Ag(y) — 9() AL (y)]

y€S1(w)

= ) D papy= [(F(2) = FW)(9(2) = 9(v) — FW)(9(2) — 9(v) — 9W)(f(2) — ()]

y€S1(z) 2€51(y)

= > > papy: lf(2)9(2) = 2f(2)g(y) — 2 (v)9(2) + 3f (1)9(v)]

yeS1(z) 2€51(y)

= > > Paypy: [F(2)9(2) = 2 (2)a(y) — 2f ()9 (2) + 3£ ()9 (v)]

y€S1(x) z€52(x)

+ D> paypyy [FWN9W) = 2f W) = 2f W)W + 3f(1)g(v)]

y€S1(z) y'ES1 ()

+ > Puypye-3F®)9(y)

y€S1(x)

= Z 3PzyPyz + 3Py Z Pyz + 3Pay Z Pyy + Z Day'Pyry | F(Y)9(y)

y€S1(x) 2z€S2(z) y'€S1(x) y' €S1(x)

= Y > 2y (FW)9W) + FW)9W)

yeSi(z) y'eSi(x)

— > > 2apy(fW)9(2) +9W) )+ Y P f(2)a(2).

y€S1(x) z€52(x) z€8S2(x)

In the above, we use the notation

p;(EQZ) = Z PxyDyz-
y€S1(z)

Therefore we have the expression of the matrix I(z); as below. For any y € S1(x),

I(x)yy = 3payPya + 3pay Z Pyz + 3Py Z Pyy + Z Pzy'Py'y-
z€Sa(x) y'€S1(x) y' €S1(x)

For any y;,y; € Si(x) such that y; # y;,
I()y,y; = =2PayPyiy; — 2Pay; Dyjyi-
For any y € Si(x) and z € Sa(z),
I(2)yz = 1(@)zy = —2paypyz, 1(2)2e = p).
For any z;, z; € Sa(x) such that z; # zj,

I(x),2;, = 0.
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Combining the above expressions for I(x); with (A.1),(A.2) and (A.4) yields the expressions
for T'y(x); as below.

For any y € S1(z),

d
(4T2())yy :2piy + 3PayPye — /Txpxy + 3Py Z Dy= (A.5)
* z€82(x)
+ Z (3p$ypyy’ +pxy’py’y) :
y'€S1(z)

For any v;,y; € S1(z) such that y; # y;,
(4F2(5C))y¢yj = 2Dpy;Pay; — 2P2y;Pysy; — 2Pay; Pyju; (A.6)
and, for any z € Sa(z),
(Al2(2))yz = (40'2(2))zy = —2Pzypyz; (A7)

(4T2()).2 = p(x2z)7 (A.8)
and for any z;, z; € So(x) such that z; # z;,

(4P2($))zizj- =0. (A.9)

The Schur’s complement

Q(x) = FZ(x)i/FQ(x)Sz,& = F2(x)51751 - F2($)517S2F2($)§21732F2(x)52751
is the result of folding the matrix in (A.3) into the upper-left block.

For all y;,y; € Si(x) (with possibly i = j), the (y;, y;)-entry of I' (x)ShSQFQ(x)E;’SQ I'a(z)s,.s,
can be computed from (A.7), (A.8) and (A.9) as

(D@5, Ta(@)5) g Dalw)s,s,) = Do FHEE gt (A.10)
e z€Sa2(x) Pzz

Combining the above equation with (A.5) and (A.6), we obtain the entries of Q(x) as
follows.

For y € Si(x),

1 3 1d 3
Q(x)yy = ip?:y + prypya: - Z;szy + pry Z Dyz (All)
z€Sa(x)
1 Py,
+Z Z (3p£(3ypyy’ —+ pxy/py,y) _ Z J»‘y(Q)yz '
y'eSi(z) 2€8(x) Pz

For y;,y; € Si(z) such that y; # y;,

1 1 1 Pzy; Py; zPxy; Py,
Q(x)yiyj = ipxyipxyj - §p$yipyiyj - ipxyjpyjyi - Z (2) —. (A'12)

z€S2(x) Pzz
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The curvature matrix Ay (7) = 2diag(ve)~'Q(z) diag(ve) ™! with

Vo(SU) = (\/pxyl \/p:r:yz \/pxym)T

has its entries equal to
2

Ao (T)yy; = TPy
iy

Q(l’)yiyj (A.13)

for all y;,y; € Si(x) (with possibly i = j).

The generalised scalar curvature S¢ . (N) = tr(As — £vovy ) = S (00) — %z—z can then

be computed from (A.11) as below:
3
SG,m( ) (1 - *> — + = Z Pyz + 5 Z Z Dyz
yGSl :B) yeSi(z) z€S2(x)
L 3 p;ry’py vy pyz A.14
t3 XX (3w 22 2 Py (AL
y€S1 () y' €51 () Pay yES1 (z) 2€52(x) Pt

Next we analyse the structure of the matrix Q(x) via certain Laplacians, extending results
in [12, Section 8. Let Ag, (,) be the Laplacian of the weighted graph with the vertex set
{y1,y2,...,Ym}, the vertex measure u = 1, and the symmetric edge-weight function given
by

Si(z) . L 1

wyiyj T §pxyipyiyj + §pxyjpyjyz"

That is, for any function f : {y1,92,...,ym} — R, we have

Ag, () f(yi) = Z wgily(f)(f(yj) — f(yi),

jelm]
where we use the notation [m] :={1,2,...,m}. We observe that
1
S
Z ylly(;IC = ’pwyz Z Dyiy; T 9 Z Pry; Py -
j€[m] y;€81(x) y; €51 (x)

We then derive from (A.5) and (A.6) that

Ta(e)s,.5 = ~Bsyio) + 5 (A@AE@T). — 1= ding(A(2)s,) + ding(wi(e)),  (A.15)

2
where Ag, (,) stands here for the corresponding Laplacian matrix and wi(z) denotes the
m-~dimensional vector with the ¢-th entry given by

3 _ n 1
4Py (0~ (yi) +p" (vi)) + 1 Z (P2y:Pyiy’ — Pay Py'y,)-
y'eSi(z)

In the above we use the notations p~(y) = py, and p*(y) = 22652(33) Dy for y € Si(z).

Let Agr(;) be the Laplacian on the weighted graph with the vertex set {y1,92, - Ym},
the vertex measure p = 1, and the symmetric edge-weight function given by
Si(=) Pzy; Py;z2Pxy; Py; =

Wyy; = @)
z€Sa2(x) Pzz

for i # j, and 0 otherwise.
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As an operator, we have for any function f: {y1,y2,...,ym} = R,
A ) 51 (z) N .
() f(Yi) = wyly (f(y5) = f(i))-

JE€[m]

Observe that

S! () P2y D
x zYi Yz
Z Wyy; = Pay:" (yi) — Z y@)y .
jelm] 2€55(z) Pz

We then derive form (A.10) that

To(2)s,,5,02(2) 5, 5,T2(2) 55,5, = At (2) + diag((pey, " (1) *+* Payd™ (ym)) 7). (A.16)

Combing (A.15) and (A.16), we arrive at

Q) = By + 5 (A@ADT). — 1 ding(A(w)s,) + ding(w(z),  (A17)

where Agr () := Ag, (2) + Agy(z) and w(z) is the m-dimensional vector with the i-th entry
given by
_ 1 1
4 PeyiP (yi) — meyipﬂyi) + 1 Z (Pay:Pysy’ — Pay'Py'y:)-
y'€S1(x)

In terms of the Laplacian Agr (., we have the following identity from (A.17)

1d,
AOO(I) = — 2diag(v0)_1ASi/(x) diag(vo)_l + VQV(—)I— — 5;1(1 (AlS)

- Payy Py o —Pay! Py’
3p~(y1) —p"(y1) + Zy/esl(m) Y171y y'Py'yy

Pzy,

1
+ B diag

_ PeymPypmy’ ~Pry' Py’ ym
307 (Ym) = PT (Ym) + X yres (@) — L

pzym

We conclude this Appendix with the following Lemma.

Lemma A.1. Let G = (V,w, ) be a weighted graph. Then we have for any x € V,

o Aelmte) 1 (gt e )

T - xTxr xz
vo(z) "vo(x) 2\ pig dg dy esats)

Proof. By (A.13), we obtain

VO(JU)TAoo(x)VO(ZU) = Z \/pl'yipxyjAOO(x)yiyj =2 Z Q(if)yiyj'
i,J

Z'hj

We will continue the calculation by applying (A.17). We observe the following facts:

Z AS{’(x)yiyj =0 and Z Z (Pay:Pysy’ — Pay'Pyry;) = 0.
i,

i y'eSi(z)
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Furthermore, we derive from (A.1) that >, ; (A(z)A(x)")

= (d—1> 2. Therefore,

i)yiyj fha:

applying (A.17) yields that

1/d,\* 1 _
2> Q2)yy, =3 (u) +3 > (3payp” (i) = Pey,p™ (1))
ij r i
(41 2 - Y P2
2 Mx 2 T xrz
z€852(x)

Recalling that vo(z)"vo(z) = %, we finish the proof of this lemma. O
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