®

Available online at www.sciencedirect.com

Journal of

reckio ScienceDirect Differential
’ S Equations
ELSEVIER Journal of Differential Equations 441 (2025) 113472 _—

www.elsevier.com/locate/jde

Ergodic semi-implicit approximations to periodic
measures of stochastic differential equations with
locally Lipschitz drifts—Error analysis in Wasserstein
distance

Chunrong Feng “¢, Yu Liu", Yujia Liu ", Huaizhong Zhao **

& Department of Mathematical Sciences, Durham University, DHI 3LE, UK
b School of Mathematics, China University of Mining and Technology, Xuzhou, Jiangsu 221116, China
¢ Research Centre for Mathematics and Interdisciplinary Sciences, Shandong University, Qingdao, Shandong, 266237,
China

Received 26 November 2023; revised 25 March 2025; accepted 22 May 2025

Abstract

We study numerical approximations to the periodic measures of time-periodic stochastic differential
equations. For those systems with locally Lipschitz coefficients, while the explicit Euler-Maruyama scheme
does not work, we carry out semi-implicit Euler-Maruyama schemes to compute their periodic measures.
We prove the local Doeblin condition for the numerical schemes uniformly with respect to discretization
step size. This, together with a Lyapunov function argument due to the weakly dissipative condition, leads
to the existence and uniqueness of periodic measures of numerical schemes, and geometric ergodicity with
the convergence being independent of the step size in the discretization. The novelty of our approach is that
without knowing any a priori information about periodic measure of the original problem, even the exis-
tence, we can prove its existence and ergodicity from that of periodic measure of the discretized numerical
scheme.
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(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Random periodicity attracts increasing attention since the works of [60] and [22]. It can de-
scribe many natural phenomena consisting of both periodicity and uncertainty. Examples include
seasonal climate variations and the evolution of glacial periods, where alternations between the
two climates that occurred approximately every 50,000 years were observed in the early last cen-
tury; human activities including but not limited to agricultural and industrial productions, which
are highly affected by periodic patterns. Some stochastic differential equations with time-periodic
coefficients, such as the stochastic resonance model for climate change and a temperature model
in the study of the weather derivative were proposed, respectively ([4], [5]). This work is devoted
to developing their numerical analysis as one of the key tools in this analysis underpinning this
kind of mathematical model.

The study of random periodicity is carried out in two different, but highly related indispens-
able ways, namely random periodic solutions and periodic measures, which give the mathemat-
ical definitions of random periodicity in the pathwise sense and in the sense of distributions,
respectively ([19]). Periodicity in the sense of distribution was also studied in [12], [32]. The re-
cent works ([21], [20]) discussed the existence of a periodic measure and its geometric ergodicity.
In [19], the ergodic theory of random periodic processes started to emerge. The “equivalence” of
the random periodic solutions and periodic measures and their characterization in terms of purely
imaginary eigenvalues of the infinitesimal generator of the Markovian semigroup were obtained.
The presence of pure imaginary eigenvalues distinguishes random periodic processes/periodic
measures regime from stationary processes/mixing invariant measures. In the latter case, the
Koopman-von Neumann Theorem says the infinitesimal generator has a unique eigenvalue 0 on
the imaginary axis, and the eigenvalue is simple.

Our concept of random periodicity is the random counterpart of periodicity in the theory of
dynamical systems. It has contributed to many important works in studying random periodicity in
a variety of different topics, including bifurcations ([55]), random attractors ([3]), stochastic res-
onance ([10], [21], [20], [16]), random horseshoes ([30]), modelling El Nifio phenomenon ([8]),
stochastic oscillations ([13]), linear response and homogenizations ([6], [54]), large deviations
principle ([24]), synchronization ([14]), random almost periodic solutions ([7], [46]), random
periodic solutions of certain functional differential equations ([23]), certain stochastic differen-
tial equations and stochastic partial differential equations ([35], [49], [2]), invariant measures of
quasi-periodic stochastic systems ([ 18], [35]).

However, it is difficult to give explicit formulae for periodic measures in many concrete mod-
els, so numerical approximation becomes critical in the study of stochastic dynamics. There are
abundant important works on numerical analysis of SDEs on a finite horizon ([28], [31], [33],
[41], [42]). A numerical analysis on approximation to invariant measures of SDEs by discretizing
the pull-back flow was given in [38], [51], [52], [53], [57], [58]. Despite importance of random
periodicity both at the theoretical and applied level, their numerical analysis has barely been
investigated until very recently. Since its publication, the work [15] has prompted many recent
works in this direction especially those in the last two years including [56], [43], [9], [59], [61],
[62]. However, the current work is still the only work so far in the study on ergodic theory of nu-
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merical schemes and their approximation of periodic measures of SDEs with polynomial growth
and weakly dissipative drift.
In this paper, we consider the following nonautonomous stochastic differential equations

dXt)=bt, X(t))dt +o(t, X()dW;, t=>s5, (1.1)

with initial condition X (s) = x, where b : R x RY > RY o :RxR?Y — RI*4 W, is a two-sided
Wiener process in R¢ on the Wiener probability space (2, F, P). We assume that b is t-periodic
in the time variable and locally Lipschitz weakly dissipative in the space variable, o is T-periodic
in the time variable and Lipschitz in the space variable and nondegenerate. This equation has a
unique solution, denoted by X**(¢), t > s, throughout the paper.

Denote by (2, F, P, (65)scr) the metric dynamical system associated with the canonical
probability space (2, F,P) for Brownian motion W in R?. Here 6, : @ — Q is defined by
Bsw)(t) = W(t + s) — W(s) for all s € R and it is a measurable map. It is measurably in-
vertible, as 6~ (s) = 6(—s) exists for all s € R, so the inverse is also measurable. Denote
Fi=0{Wy:—oco<s<t}), A:={(t,s)eR?>:s<r}and u: A x Q x R > R? as a periodic
stochastic semi-flow of period 7 if for all (z,s) € A and r € [s, t]

u(t,r,w)ou(r,s,w)=u(t,s,w), (1.2)

and
u(t+t,s+t,w) =u(,s,0;w), (1.3)

for almost all w € 2. In the case of SDE (1.1), u(t, s, w)x = X** (¢, w) defines a periodic semi-
flow of period t.

The work of Meyn and Tweedie [40] gave a criterion for the existence of invariant measures
of stationary Markovian processes under a Lyapunov condition and the local Doeblin condition.
More relevant interpretation for stochastic differential equations of this abstract and general er-
godicity framework was provided in the work [38]. In [21], the authors gave a method to obtain
the geometric ergodicity of periodic measures for periodic stochastic semi-flows. It was also
proved that the periodic measure p, exists and has a density function. In this paper, we study the
numerical approximation of the periodic measure.

It is well known that the forward Euler-Maruyama scheme requires a global Lipschitz condi-
tion on the drift and diffusion coefficients ([38]). The analysis of periodic measures suffers the
same drawback ([16]). However, an implicit Euler-type scheme supplies a tool to study many
important SDE models with locally Lipschitz property on their drift terms. Semi-implicit Euler-
Maruyama schemes on autonomous SDEs were studied in [28], [29], [33], [38]. Some more
recent works ([1], [11], [36], [45], [47]) studied infinite-horizon problems on numerical approx-
imations to invariant measures. In [48], the authors gave a perturbation theory for stationary
Markov chains and invariant measures. Helped by this, they showed that the geometric ergodic
property provides a way to obtain a uniform numerical error for the infinite-horizon problem.

Without a global Lipschitz assumption on the drift term, we apply some semi-implicit numer-
ical schemes such as the backward Euler-Maruyama method and the split-step Euler-Maruyama
method to approximate nonlinear random periodic flows. For any fixed initial time s and initial
position x, we denote by {)A( nin=0.1,..., the discrete approximation of the solution of (1.1) with
step size At =7/K and Xo=x,ie X, := )A(S’x(s + nAt). We prove that the discrete semi-flow
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has a periodic measure ﬁsAt , s € R and the transition probability converges to the periodic mea-
sure in the Wasserstein distance W; uniformly with respect to the step size At (Theorem 2.7).
The uniformity is the main result of the first part of this paper. To prove this result, the local Doe-
blin condition and the Lyapunov function condition in one time-step At, in which the parameters
depend on At, are not enough. Instead, we need to consider these two conditions for é discrete
steps corresponding to a time interval of length of period t together and obtain estimates that are
uniform in Az ((2.13), (2.18)).

The other main result is Theorem 5.3 which proves that the cumulation of discretization errors
in the Wasserstein distance Wj is of the order of (’)(At)% for the approximation of periodic

measure for some 7 € (0, 1) i.e. for any s € [0, 1),

Wi(ps, p2) = sup / ¢ (x)ps(dx) — / ¢ ()P (dx)| < C(AN?, (1.4)
¢eLip(l) y
Rd

where C > 0 is a constant independent of Ar. With the help of the perturbation theorem, the
ergodicity of the approximating numerical scheme and the convergence to its periodic measure
uniformly in the step size Af., we can obtain (1.4) if the true periodic measure p; exists (Propo-
sition 5.1). The novelty of our approach is that without knowing any a priori information about
ps, s € R, even its existence, we can prove the existence and ergodicity of pg, s € R from that
of periodic measure 527, s € R of the discretized system (Theorem 5.3). In addition to the per-
turbation result, the explicit form of the dg distance, the use of the Wasserstein distance and the
estimate of transition probabilities of the true and approximating system (2.12) make it possible.

In the case where the numerical error does not accumulate with respect to the time duration
of the random periodic flows, we have the coefficient n = 1, and thus the error is of order 1/2.
This is the case, for example, when the drift is strongly dissipative and Lipschitz. Under these
stronger conditions, our result agrees with the previous result that the infinite horizon problem
will possess the same order of numerical error as that of the finite time scheme ([15], [56]).
Needless to say that the results in this paper go beyond these previous results without requiring
global Lipschitz and strong dissipative conditions.

The results in this paper are applicable to many physically relevant SDEs, for instance, Benzi-
Parisi-Sutera-Vulpiani’s stochastic resonance model (BPSV model) for the ice-age transition in
the climate change dynamics is given by SDE (1.1), with b(¢, x) = x — x> + A cos(Br) ([5]). This
model was proved to have a unique periodic measure ([21]). This result implies the presence of
transitions between the ice-age and the interglacial climates. A partial differential equation for
expected transition time provides a method for studying the transition time in the stochastic
resonance problem ([20]). The ergodic numerical analysis of the Euler scheme to periodic mea-
sures was given in [16] for SDEs with weakly dissipative and linear growth drifts, so that result
was only applicable to a modified BPSV model. Compared with the result of [16], the implicit
schemes release the global Lipschitz condition on the drift term and are applicable to the true
BPSV model.

The rest of this paper will be organized as follows. In Section 2, we prove that the semi-
implicit numerical schemes are ergodic and have discrete periodic measures which contains the
main theorem of the first part of the paper (Theorem 2.7). In Section 3, we use a modified SDE
(3.4) to analyze the approximation error for a finite horizon. In Section 4, we give the a priori
estimates for the numerical schemes, original SDEs and an auxiliary SDE. These two sections
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provide the necessary preparations for the use of a perturbation theorem. In Section 5, to consider
the infinite-horizon problem, we prove a perturbation theory on the periodic measures. This leads
us to obtain the order of the numerical error of the approximate periodic measure to the true
periodic measure and the main result of the second part of the paper Theorem 5.3. In Section 6, a
numerical experiment on the BPSV model is carried out as a verification of the theoretical results
proven in this paper.

2. Geometric ergodic periodic measures of SDEs and their semi-implicit discretizations
2.1. Assumptions and numerical schemes

A solution of stochastic differential equations (1.1) with coefficients being periodic in time
with period t, when it exists and is unique, generates a periodic semi-flow by setting u (¢, s)x =
X**(t). Moreover, for any I" € B(R?), t,5 € R, (t,5) € A denote the transition probability of u
by P(t,s,x, ') =P{w:u(t,s, w)x € I'}). Then it satisfies the periodicity property

Pit+rt,s+7,x,)=P(,s,x,-), (5 €A, 2.1

and the measure preserving property of ;. Define for ¢ € By(R?),

im¢ay=meua»=/@@ﬂwJJuwxrza
Rd

where B, (R?) is the space of bounded and Borel measurable function from R4 to R. Then it
is well known that P g : Bb(]Rd) — B;,(]Rd) defines a semigroup and satisfies the r-periodic

property:
Pt+r,s+r = PI,S’

and the semigroup property
Pr,s o Pt,r = PI,Sv

for all s <r <. The definition of periodic measure of the periodic Markovian semigroup is
given below. Let P(R?) denote all probability measures on R¢. The measure-valued function
p: R — P(RY) is called a 7-periodic measure of the t-periodic Markovian semigroup P if

PLpri= [ Pltsx dpd) = pi0). puse = 22)
Rd

for all s € R, € R™. Such kind of p was also called T —periodic evolution system of measures
([12], [34], [37]). We use the name periodic measure for simplicity. In this paper, we use || to
denote the Euclidean norm in R and use ||-|| to denote the matrix norm.

Condition (A1) Functions b and o are locally Lipschitz with respect to the spatial variables,
%—H{')’lder continuous and t-periodic with respect to the time variable, and o is bounded.

5
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Condition (A2) (Non-degeneracy) There exists a positive constant ¢ such that for any t € R
and x € R?, we have Z a,,(t X)Xixj>c |x|2, where a = oo*.

Condition (A3) (Weak dissipativity) There exist constants B > 0 and M > 0 such that for any
teRandx eRY, (x,b(t,x)) < —B|x|* + M.

If all (A1), (A2) and (A3) are satisfied, we call Condition (A) holds. Under this condition, it
was proved in [21] that a periodic measure p : (—00, +00) — PR ) exists and is geometrically
ergodic: there exist C > 0 and 6 > 0 such that

IP(nt +s,5,%) — psllpy < Ce . (2.3)

To approximate the periodic measure, we consider a semi-implicit scheme with step size At =
7/K >0, for some K € N, for SDE (1.1). In the followmg, to simplify notation especially in
the numerical schemes, we denote X =X X(s +iAD), Z =75 *(s + i At). Sometimes to
simplify notation, we also set that b° (i At, x) := b(s + i At, x), O’Y(l At,x):=o(s +iAt,x) and
A*W; = Weri+1)ar — Wetias. This reparameterization is very convenient to signify the starting
time s and to make it as if from the time 0. We denote the exact solution as X, := X5 (s + ).
The equation (1.1) is rewritten as

dX, =b'(t, X,)dt + o (t, X,)dW,, t>0, 2.4)

where W, = W,y — Wy = (Bs0)(1). A
We consider the split-step Euler-Maruyama scheme (SSEM) {X;};cN given by

X=X, +b° (A1, XA, 2.5
Xiy1 = XF+0° (A1, XA W, '

with initial condition )A(o = x and the backward Euler-Maruyama scheme (BEM) {2,-},~€N given
by

Zig1=Zi +0°((i + DAL, Zig ) At +0* (1AL, Z) AW, (2.6)

with initial condition Zo = x. The fully-implicit scheme involves an unbounded random variable,
which requires a more stringent assumption on the model. Therefore, we consider schemes where
the diffusion terms are in explicit form. This is why they are called semi-implicit schemes. In
order to emphasize the dependence of X; and Z; on At, we may denote them by X iA[ and ZiA[ .
When no confusions occur, we still use the notation X; and Z; for simplicity. One can find more
details for the semi-implicit schemes of autonomous cases in [33], [29], [50], [28].

Remark 2.1. The two schemes are equivalent. If 2,- satisfies (2.6), then X i = Z —b*(i At, 2,-)At
solves (2.5) where Z; coincides with X ;“, and vice versa.

There are many ways to generate the stochastic increment ASW; := Wy i+1)ar — Wstins-
In this paper, we apply scaling Gaussian random variables in the approximation of numerical
schemes i.e. ASW; = +/AtN(0, 1). To apply numerical approximation, we give an additional
assumption on the SDE.
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Condition (B1) The functions b and o are C', and there exists Ly, > 0 such that for any t € R
and x,y € R%, we have (x — y, b(t, x) — b(t, y)) < L |x — y|2.

Function o is globally Lipschitz with respect to the spatial variables, i.e. there exists a con-
stant Ly > 0 such that for any t € R and x, y € R,

lo(,x)—o( Y =<Lolx—yl.

Here ||o|| is the matrix norm ||o || = 4/trace(co*) for a R9*4 matrix o.

Condition (B2) The initial condition X (s) = & is finite in any order of moment, i.e. for any
integer p > 2, E |&|P < oc.

If both Conditions (B1) and (B2) are satisfied, we say Condition (B) holds. Sometimes we
also need the following Condition.

Condition (C) There exist C > 0 and positive integer q such that for all x,y e R? and t € R,
b, ) = bt I = € (14 P2+ 1y ) 1x =y

Remark 2.2. For any fixed 7, At, denote G'2! (x) = x — b(t, x) At + ¢ with some given constant
c. From Condition (B1), forany # € [0, 7) and x, y € R4, we have

(x =3, G @) = G A () = lx = yI* = At {x = y,b(t,x) = b(t, 7)) = (1 = LpAn) |x — y|*.
We choose a step size At < 1/Ly to satisfy the condition of the following theorem.

Theorem 2.3 (Uniform Monotonicity Theorem [44], [50]). Suppose G : R? — R? is continuous
and there exists ¢ > 0 such that for any x,y € R4,

(x—y,Gx)—GH») =clx—y?,

then G is one-to-one and onto. Furthermore, G~ is Lipschitz continuous and for any x, y € R?,
-1 -1 -1
G ()-G | =c |x—yl

Remark 2.4. Under Condition (B1), from Remark 2.2, we know that the map G(x) = x —
b(t, x)At is one-to-one when Ar < 1/Lj. Thus, G is invertible, and the first equation of (2.5)
has a unique solution. As a direct consequence of Theorem 2.3 and Remark 2.1, the numerical
schemes (2.5) and (2.6) are well-defined.

2.2. Discrete periodic measures

Take Ar = 7/K with an integer K > 0 and consider the discrete counterpart of periodic
stochastic semi-flow with period K. Denote the discrete Wiener shift 0:Q—>Q by 6 = 0a,
then 6K = 6;. Denote A= {G,)) e VAR Jj <i}. For a fixed parameter s € [0, t), define
05 A xQx Rd — RY as a stochastic semi-flow satisfying for all (i, j) € A and j <[ <i,

~S S S
Up oy ;=i j, a.s. 2.7
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and the random periodicity condition

Uiy jrkx (@) =i J(GKa)) =i ;(6rw), foralmostall w € Q. (2.8)

The numerical scheme (2.5) possesses a discrete semi-flow defined as
i} j(@)x = Xi—j = XA (s +iAD (),

where (i, j) € A. Here )A(o = Xs+iae *(s + jAt) = x as initial condition of the scheme at time
s 4 j At. The transition probability is

P (x,T) = P ;Ir(x) =P} j(w)x T}, T eBRY,

the corresponding semigroup 135 . is given by

B0t = [ B eango). .)€ d,

Rd

for any ¢ € Bb(Rd) From the Markovian property and (2.7), it is easy to see the semigroup
property of PS, ie. P3 ) PAZ = PS for all (i, j) € A and j < l <1, and from (2.8) and the
measure preserving property of 6, it follows that Pl VKK = P; ], forall (7, j) € A. We call a

measure-valued function 5* : Z — P(R?) a periodic measure of the semigroup Pl.vj with period
K if

/ P D)5 (dx) = (D), (i e A,

R4

and
Piyk =i, 1€

To consider the existence of discrete periodic measures under a Wasserstein distance, we apply
the Harris small set and Lyapunov function method ([27], [40]). This method was refined in
Theorem 1.3 in [26] where the authors gave the measure contraction result under a weighted
total variation distance on P(RY),

dg(e1, u2) = /(1 + BV (x)) 1 — 2l (dx),
R4

where 8 > 0. It was known that dg is complete for the space of probability measures P[RY).
In the following, let P : B,(R?) — B, (R?) be a linear map and P* : P(RY) — P(R?) be its
conjugate. Denote P (x, ) := PL(x) = P*8,(-).
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Lemma 2.5. [26] Assume there exist a measurable function V : RY — [0, 00) and constants
C>0andy € (0,1) such that

(PV)(x) <yV(x)+C, xeR’, (2.9)
and there exist a constant ¢ € (0, 1) and v € PR?) such that

inf P(x,-) >¢v(), (2.10)
xeC
with C = {x e R?: V(x) < R} for some R > % Then for any ju1, i € P(RY)

dg(P* 1, P o) < adg(r, 12),

where o = max{l — %, %};ch)} <land B= %

Remark 2.6. (i) When 8 = 5=, R > 12_—Cy

2+ B(Ry +2C) _l_ﬂ(R(l—y)—ZC) -
2+ BR N 2+ BR

1.

(i) A function V satisfying (2.9) is called a Lyapunov function, and the second condition of
Lemma 2.5, i.e. (2.10), is called the local Doeblin condition.

In the following two theorems, we give the existence of discrete periodic measures and the
geometric contraction of numerical approximations (SSEM and BEM schemes). Note the con-
vergence of P} _, ... to 0} as k — 0o is proved to be uniform in At for At < Ll;,

Theorem 2.7. Assume Conditions (A), (B) and (C). If At < 1/Lyp, then the split-step Euler-

Maruyama scheme (2.5) is geometrically ergodic, i.e. for any fixed s € R, there exists a periodic
measure p° : 7. — P(R?) such that

dy (ﬁg_km (x."), ﬁ;) < C(1 + |x[Pedke+idD e, @2.11)
for some constants C,8 > 0 and any i € Z.
Proof. Firstly, we will verify the local Doeblin condition hold for the discrete transition semi-
group generated by the numerical approximation by scheme SSEM or BEM. We will mainly
use Theorem 6.2 in [38]. It is not difficult to generalize this theorem to the semigroup P; 5 as the

Chapman-Kolmogorov equality still holds. Here, we have K At = 7 is fixed for all At sufficiently
small. For any open set O and compact set C, define for any § > 0,

05§ == {x : dist(x, O) < §}.

Then for any x € C,



C. Feng, Y. Liu, Y. Liu et al. Journal of Differential Equations 441 (2025) 113472

P(X**(s+1)e0) =P(X; €0)
=P(X, — Xx + Xk €O)
>P(Xk € Os, |X: — Xg| <)
>P(Xk € Os) — P(IX: — Xg| = ).

So, by Theorem 4.5, (note: the proof of Theorem 4.5 does not use any argument of this theorem)

P(Xx € O) — P(X; € 0) <P(Xg € O\Os) + P(|X, — Xg| > 8)

~ 1 N
<P(Xx € O\Oy) + 5 E[1X< — Xk|?]

. 1
<P(Xg € O\Os) + 8—2C6“(At)2

—0,

as At — O first and then § — 0. This verifies the first condition in Condition 6.1 of [38], i.e.

sup | By o(x, 0) = P(s +1,5,x,0)| 223 0, 2.12)

xeC

On the other hand, as the noise term is assumed to be non-degenerate, so it is easy to verify
the density p(t, s, x,y) and p(s + At,s, x,y) exist, and p(t,s, x,y) is jointly continuous in
(t,s,x,y) € A x C x C. Denote ko be an integer such that kgAr > % By Theorem 1.2 in [39],
we can get for k1, ko > ko and k1 + k» = K, the density p(s + k1 At, s, x, y) is differentiable in
(x, y) with derivative bounded independently of Ar sufficiently small, for k; At > % fixed and
for some y* € Int(C),

P(s+kiAt,s,x,B5,(y") >0, i=1,2, VxeC.

Because of (2.12), we can see

|p(s+kiAt,s,x,y) —ﬁ(s+kiAt,s,x,y)| <e,

for sufficiently small At. Therefore the second condition in Condition 6.1 of [38] is also verified.
Then by Theorem 6.2 of [38], we have

inf P o(x,T) > cv(D), (2.13)
xeC ’

where ¢ is independent of At. Thus we obtained the local Doeblin condition (2.10) as C = {x €
R?:V(x) < R} is a compact set, where V(x) =1+ |x|2.

Next, we prove the Lyapunov condition (2.9) with V(x). For the numerical scheme SSEM
(2.5), from the first equation and Condition (A3), we have

10
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A N N 2
X2 = ’X;" — (ADB (i At X

2
- R o o,
= X7 - 2<X7, (ADD (i At, X;“)) + ‘(At)bs (iAt, X7)

>(142BA0|X} > —2M At,

where M is the constant in Condition (A3). So,
X2 < (1428407 (|Xi|2+2MAt). (2.14)

Define ]:', = Fs+ine. As X ;‘, X ; are measurable with respect to ]:', and independent of ASW;,
and E [ A W;| £ ] =0, it follows that
E [Iffmlzlﬁi] 2.15)
—F [|X;‘|2|ﬁ,~] +2E [(x ot (i A1, XF)AS W,~> |ﬁ,~] +E [wam, £5a¢ w,-|2|j'-‘,~]
<IRFP+ ot (o XDIPE (|4 Wil | £
<(14+28A0)" X2+ C'At.

Here we can find such a constant C’ from the uniform boundedness assumption of o and
E [|ASW,-|2 |]-A',] = At. As (1 —i-ZﬁAt)’1 < 1 with strictly positive 8 and At, so there exist
constants r = Tlﬂm € (0, 1) and C; > 0 such that
E[V&in|F] =t +E[ 1% 2|5 2.16)

=147r|X;|*>+C'At

=rV(X;))+1—r+C'At

<rV(X;) +2BAt +C'At

<rV(X;) + CiAr.

This implies that
Piy V) <rV() +CiAr, i=0,1,.... (2.17)
By the semigroup property of 135 ., it is easy to obtain that

K-1

Py V) =r kv + ) riCiAr
i=0
K
:(1+2,3At)ﬁV(x)+C1Azl -

11
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1 +2B8At

—1gr
<e 2P'V Ci At
<e x)+C 2B

—e TV () + O, (2.18)

where C; is independent of Ar. . .
Set P = Py . From P « = Py . then Py = (P ()¥ = P, and

dg(P*(x, ), P*"1(x, ) =dg(P*"1* P(x, ), (PFT1)*8,).
By Lemma 2.5, we have
dg(P*(x, ), PN (x, ) =dp (Pl o(x. ) Po_yyk0(x. )

Sadﬂ(ﬁ(sk_nK,o(x’ s ﬁ(sk_z)l(,()(x’ )
S()lk_ldﬁ(ﬁ;(,o(x» ), 6x)

= [ pyon |Bg -
R4

(dy)

By /(1 L BVONBL o) + / (1+ BV (7))3(dy)
R R

<1 (24 BE (V(R0)) + V@)
<o (24 BTV () + C2) + BV ()
=at 1 (24 BT 4 1)1+ )+ 5C2)
<Ca* 11+ Ix]P,
where C > 0 is a constant and 0 < « < 1 is a constant. It follows that for any [ > k,
dg(P'(x, ), P*(x,)) =dg(PY)* P'™ (x,), (P)*5,)
<Cafdg(P{_x 0(x.).8:)
<Ca* (24 B IV () + C) + V()

<Co* (1 + |xP),

so we know {P*}; is a Cauchy sequence. Then we have the existence of its limit which is an
invariant measure of P¥, denoted by ,68 Let [ — oo, we have

dg(Piy o(x, ), 53) = dg(P*(x, ), p)) < Ca* (1 + |x[P) = C@ MK (1 + 1xP).  (2.19)
Let 8 > 0 be chosen such that e 32" = o % | then

12
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dp(By i (x, ), 93) < Ce (1 + |x[?). (2.20)

Note from (2.17) and Lemma 2.5 again, we also have for any w1, us € PR?),and alli € Z,

dg((Piyy ) s (Piyy ) pa) < Ce®Mdg(ur, o). 221
Define
A= (P hy, i=0,1,.... (222)

Then it is easy to see from the semigroup property, (2.20) and (2.21) that fori =0, 1, ...,k e N,

dp (B i (x,), 5}) =dp((Po)* Py i (x, ), (P0)* )
<e™ Mg (B§_yx (x.). )

<CedKTHAD (1 4 |x?). (2.23)

In the following we want to prove the above also holds for i € Z\N. From (2.20) and periodicity
of P_f , we know that

dg(P i (x.), p3) <e %07 (1 4 [x]?).
Define p° , = ;) then
dg(PS g ik (x, ), pEg) <ePEDT(1 4 |x ).
Define
Bl =(Pi_ )P g, i=—-K+1,-K+2,..., (2.24)
then it is obvious that 57 defined in (2.24) is consistent with that defined in (2.22) for all i € N.

On the other hand, (2.21) holds for all i € Z. Thus it follows that for i > —K, k > 1, similarly as
(2.23),

dﬁ(ﬁif_kK(xa ), ,5,5) :dﬂ((ﬁ's,_[()*ﬁilg,_k[((xv ), (ﬁis,_K)*/aS_K)
Se—SAl(i-FK)Ce—(S(k—l)T(l + |x|2)

—CeSKTHAD (] 4 |4]2).
The result can extend similarly to all i < —K as well. The result of this theorem is proved. O
Remark 2.8. For the backward Euler-Maruyama scheme (2.6), define, for (i, j) € A,
Pf(x,T)=P(Z el|Z; =x}.

13
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The map X; = Z; — b*(iAt, Z;) At = G}'*' (Z;) between the SSEM scheme X; and the BEM
scheme Z; is one-to-one with step size At < 1/Lp. By Remark 2.1, we have that for any set I,
(i, )) €A,
Pf(x.T)=P{Z;_;eT)
~ . s, At
=P{(GI) 1RG5 iAr) eT)

~ . s, At
=P{X* /400 O (s +iarn eGP (D))
=F} (G (@), G (1)

:(st"m)ilﬁifj(G;’At(x)y ). (2.25)
In particular,
Pk . D) =P (GTop (), G2 (D)
=P} 1k (GPR (), GIA (D). (2.26)
Now define
ALY = 53 (GT A (D) = (G 1. (2.27)

From the periodicity of of and G521 we see that i +—> ,5; is also K-periodic. Moreover for
(i, j) € A, T € BRY),

(P} )*p3(0) = / B (G (), G MNAYGT ' (dy)

Rd
= [ P .(x,GSR(M))pS(d
= F;x0; p;j(dx)
Rd

=45 (G} (1) = 3 (D).
Thus pf is a periodic measure of ISY
Similar to the proof of Theorem 2.7, we have the geometric ergodicity of BEM.
Theorem 2.9. Assume Conditions (A), (B) and (C). If At < 1/Ly, then the backward Euler-

Maruyama scheme (2.6) is geometrically ergodic i.e. for any fixed s, there exists a periodic
measure p° : 7. — P(R?) of period K such that

dg (ﬁg_kK(x, ), ﬁf) < C(1 + |x[Pedke+iAD e, (2.28)
for some constants C,§ >0 andi =0,..., K — 1.

14
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3. A priori estimates for SDEs and their semi-implicit numerical scheme

The main objective of the rest of this paper is to estimate the error of the periodic measure and
its numerical approximation. For this purpose we need a priori estimates for both the solution of
SDE (1.1) and its numerical approximation.

3.1. A priori estimates of the semi-implicit numerical schemes

First we show the numerical approximations under Conditions (A) and (B) possess bounded
2 p-th moments.

Proposition 3.1. Assume Conditions (A) and (B), 0 < At < 1/Ly, then for any integer p, there
exist constants Cp, A > 0 such that for any x € ReandneN, s eR,

E|XS* (s +nAD*P <Cp (1 + x| eXP(—kpnAt)) ;

Proof. For simplicity in this proof, we denote X,, = X*** (s +nAr). Firstly by applying Young’s
inequality, we have for any a, b > 0,

—1
I » e —1 -2
i ()0 e | (75 o
=1

Here §; > 0 can be any fixed constants. For any given integer p and A¢, we choose each §; such
that és,? = (¢At). Then,

p—1
@+b)? <| 14> (‘;’) (AN [aP 4+ Cpareb? < (1 +eADPaP +Cppreb?. (3.1
=1

Here Cp ar,¢ is a constant depending on p, At, ¢. Using the estimations (2.14) and (2.15), ap-
plying the inequality (3.1), we have for each i,

~ N . N p
%12 = (1%) +0° G ar, XA W)

5 : - p
bel +2( as(iAt,Xf)A‘W,->+|os(iAt,X;")ASW,-|2)
z)l’

) NP
as(iAt,X;k)AsWi‘ )

<( (1 +e1AD)| X+ Care, |05 (AL, XA W

IA

14+28At
(I+e1AD)(1 + &A1)
1+ 2BAt
(14 &1 A1+ e2A1)(1 4 £3A1) £, |2)
1+2B8A1

IA

v o2 b S/ Ok s 2p
(|Xi| +2CAt> F Cpoarerer |0 (AL XDATW;

IA

1+e¢ At
< ! |Xi|2+2CAf> +CAZ,81

15
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S O % s 2p
+ Cp.ate; QCADP +Cp pryeyer [0 (AL XHATW,| .

It is worth noting that if we take then

__B
€= 27BAr*

1+ear Ut mgmAt 24 garpar 1
1+B8At 1+ BAt _(1+,3At)(2+ﬂAt)_1+gAt'

So we choose €1 > 0, €2 > 0, £3 > 0 in succession to satisfy that

(I +e1AD(1 + &A1) (1 +e3A1) 1
L +2BA1 RN
n(1+5 Ar)
Then we take A = ———— > 0tohave

(Lt a1 AN+ 280 +e3A0) _ 4,
1 +28At B

< 1.

By the boundedness of o* (i At, )A’i) and its independence with A*W;, we have that
E(1%i11127|5) = e 218127 4 Cp (3:2)

Here A, Cp, » could depend on At, but independent of i. Iterating (3.2), we obtain that

n
E|)’zn|2p S e—kpnAt |x|2p + Cp,a Ze—)»piAt.
i=0

o PiAt

The result of this proposition follows from the fact that ) 7_, < <oo. O

1
T—e—?pA7
Denote G;’At(x) =x —b*(t,x)At =x — b(t + s, x)At and take Ar < 1/Lj with one-sided
Lipschitz coefficient L, of b. It is easy to see there is a unique solution to x = y 4+ b* (¢, x) At, for

any give y € R?, denoted by x = (G ’A’)’1 (y). In [28], the authors presented an idea to analyze

the semi-implicit scheme by an explicit numerical scheme in a finite horizon for autonomous
SDE:s. In the following, we will extend the analysis to the non-autonomous SDEs. This is an
important step to analyze the semi-implicit scheme in infinite horizon. For this, set

b1, x) =b°(1, (G (x)), 6%, x) =0 (1, (G 7)) (3.3)
and consider
dS, =b*@t, S)dt + 65, §,)dW;, (3.4)

with 3’0 = x, where W, = Wity — Wy = (650)(t). Note that by rewriting the SSEM (2.5), we
obtain

16
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Xip1=Xi + b5 At, X)) At + 6° (i At, X)) AW

It is clear that the above is an explicit Euler-Maruyama scheme of modified SDE (3.4) which
will help to carry out the desired analysis. We first give the following estimates in Lemma 3.2.

Lemma 3.2. Assume Condition (A3), (Bl) and take At < ﬁ, then for any x,y € R? andt e R

A 1
b (¢ <——b'(z 3.5
B0 < el (3.3)
‘ , 2 1
s,At\—1 _ s,At\—1 _v2
(G070 =GO S e (3.6)
. . Ly 5
B x) = B = - 3.7
(v =2 B0 =B G0) <5 T =P (3.7)
~S t _AS t <70 _ 2, 3.8
6%, x) — 6% y)H_l—ZLbAt|x yl (3.8)
<x, l;S(t,x)> m-—P e (3.9)
- 14+28At

The proof of (3.5) follows a homotopy argument as in [25] and the rest parts of Lemma 3.2
follows the proof in [28] (Lemma 3.4). The only difference is that the functions b, 6 depend on
a time variable ¢ here. But this does not create any difficulty to the proof, so we omit the proof in
this paper.

Now we consider the solution of (3.4), we have the following estimate.

Lemma 3.3. Assume Conditions (A) and (B) and take At < i. Then for any integer p > 2,
there exists Cp, L, > 0, such that for any t > 0,

E|S:|7 < Cp(1 41301 exp(—L ). (3.10)

Proof. From (3.9), we have a corresponding weakly dissipative condition for the modified SDE

(3.4). Following the proof of Proposition 3.5, we conclude the result with some new constant C,
and L,. O

Now we consider

X; = X; + (1 —iADD (i A1, X;) +6° (i At, X)) AW (1), (3.11)

where W, = W,y — Wy = (0,0)(r), X, := XA, F =iAt forr € [s +iAr,s + (i + 1)Ar) and

Xo =E&. Here X; is given in SSEM (2.5). Note Xiar = X;, 50 (3.11) is a continuous version of

the SSEM Scheme agrees with X; for i =i At. This can be rewritten as (3.11) below.

Lemma 3.4. Assume Conditions (A) and (B), take At < ﬁ Then for any integer p > 2, there
exists a constant C = C(p) > 0, such that for any t > 0, the process X defined in (3.11) satisfies

E|X | <cC,. (3.12)

17
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Proof. Note from (2.5),
XF=X; +b* (A1, XAt = X; +b° (i At, X)) At (3.13)

Then it can be proved as in (2.14) that |)A(;"|2 < (1+28An7" (I)A(il2 +2CAI). Denote a =

%. Hence from (3.11) and (3.13), we have that for any ¢ € [i At, (i + 1)At),

v |2P X {7 % AS (s X s 2p
X[ =] - )% +a%} +6° G Ar X)A W)

2 V.2 k2 AS (s v K 2p
<22 (A=@K +alX; P + |6 aan Xoa wio| ).
From (2.14), boundedness of o and Proposition 3.1, we obtain the result of this lemma. O

3.2. A priori estimates for the solution of equation (1.1)

Denote by X, := X**(s 4 t) for simplicity. We also need p-th moment estimates for the
solution of equation (1.1) as given in the following proposition.

Proposition 3.5. Assume Conditions (Al) and (A3). Then for any integer p > 2, there exist
Cp, Ly >0, such that for any t > 0 and x € RY,

E|X/|? <Cp(1+ |x|P exp(=L,1)). (3.14)

Proof. The Brownian motion is also shifted, W, = Wiqs — Wy = (650)(t). Applying Itd’s for-
mula and Conditions (A1), (A3), we have

d (”1X:17) < (8 — pB) ™ |X,17 di + po (t, X)e™ | X, |7~ dW,

1
+ <pM+%C§> X, 1P 2 dr, (3.15)

where C, is the bound of function o, M and B are as given in the weak dissipativity Condition
(A3). Denote Cp » = pM + @cg. Let Ty be the first exit time of the process X; from the
ball of radius N centred at O, then |E j; Tty o(t, X:)|X:|? dW; = 0 for arbitrary p. Now take
expectation on both sides of (3.15) after integrating from s to T A Ty, together with Young’s
inequality, we have

EeS(T/\TNfs) |XT/\'L’N |[7

T ATy T Aty
<|x|P+ @6 - pBE / S X, |Pdt 4+ Cp o E / U9 | X, 1P dt (3.16)
A A
T Aty
2C
<Ix]? 4+ 2P TAN) 1) 4 KR / S IX, P dr,
pée? 5
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(p— 2)Cp o

where Ko =6 — pB + 8# and we applied Young’s inequality

(x|72er2 (4 2,
P + = gr—2 |)(l|p + P
p pe?

|Xt|p_2 =

p—2
2 e
; P B P
with € < ((p—z)c,,,(,) .
Now we consider § = 0. In this situation, Ky < 0 and we have E |XTMN |p < |x|? < o0. Let

Qo={w: lim oy <T},
N—o00

then note [x]” > E|X7aey|” = E1g, |X7aey|” = NPP(Q0). Thus P(Q) < 77 |x|? — 0
as N — oo. So P(Q29) = 0. Note ty is non-decreasing in N a.s. So P(€2p) = 0 suggests
limy_ ooty =T as. But T is arbitrary. Hence, ty — oo as N — oco. Next we let N go to
o0 in (3.16), by Fatou’s lemma

STE(X7|P <E lim TV X 70|
N—oo

<liminfEXTAN=9) | X7 1P
— 00

T ATy —s
2C ,
<liminf | |x|P + L7 E(T N7 — 1) 4 K / SUIE | X, |7 dt
N—o0 p582 J
T

Q’CPU S(T—s) S(t—s)
<px|? + L7 T 1)+ Ky [ e E|X,|"d:. (3.17)

pde?

N

Now we choose the constant § to guarantee K > 0 and apply the Gronwall inequality on (3.17),

STE |X7|P < =22 2Cp.0 ST +eK°T x|P — ZCI,’;, + 2KoCp.0 . (eST _ eKoT)' (3.18)
p882 pdée? p(6 — Ko)de?

Then (3.14) follows as Ky < 5. O
4. Convergence of numerical schemes in finite horizon

In the previous sections, we have given the numerical schemes to stochastic periodic systems
and discussed the existence of their periodic measures. In order to analyze the error of the ap-
proximated periodic measures to the true periodic measures, we first need to study the numerical
approximation to the true solution of the SDE (1.1) in finite horizon first.

As b(t,0) is continuous and periodic in ¢, we know that it is uniformly bounded for any 7 € R.
From Condition (C), we have a polynomial growth of b in the spacial variable as

b, 0 < 21b(, 0 +2€ (1+1xP ) 1x 2.
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Applying Young’s inequality and rearranging the constants, we have that

(1, x)1> < Cy (1 4 |x]*+2). 4.1)

Assuming Conditions (A) and (B) and applying Proposition 3.5 and Proposition 3.1, we have
that

E b, X)) = C; (1+E1X[2172) < Cy(1 + B P exp(-nLagi2An)  (42)
and
Elb(r, X2 = C) (14 EIRa72) < CL(1 +E [P 2 exp(—nLags280).  (43)

Under Condition (B2), we have the boundedness of b under the expectation following (4.2) and
(4.3).

Lemma 4.1. Assume Conditions (A), (B) and (C) and take At < ﬁ Then there exist g € 7=

and constants C; = C;(q), i = 1,2, 3 such that for any x,y € R? and t € R, b, & defined by
(3.3) satisfy

16°(t, x) — b° (1, )I* < C1(1+ |x 7 + [y |x — yI?, 4.4)

b5 (1, x) — b* (1, 0)|* < Ca(1 + |x|*+2) (A1), (4.5)

lo¥ @, x) =6, 0)|° < C3(1 + 22y (A0, (4.6)

Proof. Similar to the argument in (2.14), we have [(G"*)~!(x)2 < #ﬁm(mz +2CAN. It

implies that (Gf’A')_1 (x) has the same growth order as x, i.e.

(GPAN T @)IP < Cp(1+ 1x]P) 4.7)
for any fixed integer p > 2. From Condition (C) and (3.6)
|6° (¢, x) — b (2. y)I?

¢ (141G @ G ) |65 0 - 612 |

<C (14 xP 4 3P ) 1 = 2.
Here C is a constant. Next from the fact that

B (6, x) = b° (1, (G2 (x)) = b* (t, x4 b (z, (G2 (x))) — b (1, x + b° (1, x) A1),

it follows that
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b1, x) = B0 <€ (1413 4160 @) 1B 1 o an?
=Ca (14 1) 16 (1 (670 e P(an?
=Co (14 1xP) (141G~ 042 (an?
<Co(1+[x[* %) (An)?,

where (4.1), (4.7) were used andAconstant C; can differ from time to time. Finally as o is globally
Lipschitz, 6°(¢, x) = o* (t, x + b* (¢, x) At), (4.7), with a similar argument, it follows that

lo* (1, %) = 65, 0)||* <Lo 1B (1, x) (A1)

=L, |b'(t. (Gi*“)*‘(x))\z(m)2

=C3 (141G~ @ P72) (an?
<C3(1+ [x P2 (An)?.
Here C3 is a constant that may differ from time to time. O

Recall the notations in the proof of Proposition 3.5 for simplicity: X; = X**(s +1¢), ¢t >0, is
the solution of (1.1) with Xo = x. X; = X**(s + i At) is the SSEM scheme approximation with
Xo=xand t; =i At.

Lemma 4.2. Assume Conditions (A), (B) and (C). Then for 0 <t < T with a given T > 0, the
solutions of original SDE (1.1) and modified SDE (3.4) satisfy

sup E|X; — §1* < CeX1T(Ar)?,
0<t<T

for some constants K1 and C > 0.

Proof. Define e(t) = X; — 3}, so e(0) = 0. We apply It6’s formula to have

t t

le()2 =2 / (b0 Xp) = 5. 8), er))r + / 16" (r, X,) — 6°(r, $)|2dr + M(2),
0 0

where

t

M) = 2/<e(r), &*(r. X,) — 6°(r, 3,)dvi/,>

0
and W, = W, — Wy = (6s0) (7). Note
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t

2/<bS(r, X,) = b, S, e(r)>dr
0
t

:2/<bs(r, X)) —b'(r 8. e(r))dr +2

0

<bs & -5 8, e(r)>dr

o .

t t t
52Lb/|e(r)|2dr+2/|bf(r, S, — b (r, S'r)|2dr+2/|e(r)|2dr
0 0 0

t

t
52(Lb+1)/|e(r)|2dr+2C2(At)2/[l+|3‘,|4‘1+2]dr
0 0

and

t
/ o (r, X,) — 6°(r, $,)||7dr
0

t t
<2 / lo* (r, X,) — o (r, $,)1%dr +2 / lo* (r, 8,) — &°(r, $,) |1 2dr
0 0

t

t
<L, / le(r)|*dr + 2C3(At)2/[1 + |S‘r|2q+2] dr.
0 0
So it follows from above and Lemma 3.3 that

t t
Ele(t)|25(2(L;,+1)+Lg)/IE|e(r)|2dr+2(C2+C3)(At)2/[1+E|§,|4q+2]dr
0 0

t
<K, /E le(r)|? dr + K2(At)?t,
0

where K1, K> are independent of At. From the Gronwall inequality,

t
K
Ee()? < Ka(Ar)? / My < 22K (Ar).
1
0

The desired result follows. O

Lemma 4.3. Assume Conditions (A), (B) and (C), then the local error of (3.11) satisfies for any
rp=1
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supE|X, — X,|?P < Cp(A1)P.
>0

Proof. Recall the definitions of X and X; in (3.11),

X, = Xi =G At, X))t —iAt) + 65 AL, XA Wi (1),

and the coincidence of this two processes on grip points, i.e. X, :=X;, F=iAt forr €[s +
iAt,s + (@ + 1)Atr). We apply (3.5), (4.1) and the boundedness of o to deduce that

_ N N A~ |2 N 2
E|X, — Xi|? <2(A0)E b (i At, X;)| 42K |65 At, X)) AW (1)

2(At)?
< 7
~ (1 = LpAt)?
2
- 2C, (A1)
(1 = LpAt)?

~ 2
E[b(, X0)| +2C2Ar

(1+EIXiP+?) +2¢2Ar.

The desired result when p =1 follows from the a priori estimate in Proposition 3.1 and the
notation of X, and X;. Moreover, the above inequality can be extended to any power 2p (p > 1)
and the result of this lemma follows immediately from Proposition 3.1 again. O

Lemma 4.4. Assume Conditions (A), (B) and (C), then the solutions of modified SDE (3.4) and
continuous-time extension (3.11) satisfy

sup E[S; — X, |* < Cce®5T(an),

0<t<T

for some constants K3, C > 0.

Proof. Define e(t) = S’t — X,. First ¢(0) = 0. Again Itd’s formula leads to

t
le(1)]? :2/(1? r.8,) —b° G, X)), e(r)>dr

0

t
+ / 165 (r, $,) — 6%, X)) 2dr + M(1), (4.8)
0

where

M(t) = 2/(e(r), (&S(r, §)—6°G, f(,)) dWr>.

0

Note first from Lemma 3.2, (4.4) and Condition (A1)
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t
2 [ (5.8 = 5. &), r
0

t
=2/<13S(r, S —b*(r, X,), e(r)>dr
0

t t
+ 2/(5? r. X,) —b°(r. X)), e(r)>dr 42 <13S r. X)) — b . X)), e(r)>dr
0 0

t t
2L
5ﬁ/|e(r)|2dr+2/|e(r)|2dr
0 0

t t
R _ N 2
+/ b'(r, X)) =b'(r, X,) dr+/

0 0

t
2Ly 5
<24+ ——— d
_( +1_2me>/|e(r)| 5
0

t
e / (1 1%, 19 + |f(,|‘1) |X, — X, 2dr + Ly(AD)L.
0

. . . .2
b'(r, X,) = b, X,)| dr

Then take expectation and apply Cauchy-Schwarz inequality to have

t

2E/<BS(;», $) —BS(?,)},),e(r)>dr 4.9)
0
t
(24 2L /El()|2d
= 1—2L,A e ar
0
1
t 5 t 2
+C, /]E(1+|X,|Q+|f(,|‘1) dr-/]E|)'(,—)2,|4dr F1Ly(AD).
0 0

Moreover,

t
E / 16°( §) — 6° G, R |2dr
0
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t t

<3 / E6°(r. §) — &° (r, X)|Pdr +3 / E[6°(r. X,) — 6° (r, X,)|dr
0 0
t

+3/E||6S<r, %)) — 65, X |2dr

0
t t
SSLG/]E|e(r)|2dr+3Lg/IE|}_(, — X, Pdr +3tLo (AD). (4.10)
0 0

Putting (4.8), (4.9) and (4.10) together applying Lemma 4.3 and a priori estimates for X
(Lemma 3.4) and X (Proposition 3.1), we have some constants K3 and K4 independent of At or
t, such that

t
Ele®)|* < K3 /]E le(r)|? dr + K4(Ab)t.
0

Then the desired result follows from the Gronwall inequality. O

Now we simply apply the triangle inequality with the results of Lemma 4.2 and Lemma 4.4
to derive the following result.

Theorem 4.5. Assume Conditions (A), (B) and (C), and take At = % < ﬁ with some integer

K. Then the solution X** (s + i At) of original SDE (1.1) and its numerical approximation )A(im
given by the SSEM scheme (2.5) satisfy that for any fixed integer n,

~ 2
sup E X5 (s +iAt) — XM < CeMM(Ar),

0<i<n
where A = max{K1, K3} with K, K3 given in Lemma 4.2 and 4.4 respectively.

Proof. Note first as demonstrated in Section 3.1, the SS]::,M schfime is_ equivalent to the forward
Euler-Maruyama scheme of the modified SDE (3.4) i.e. Xl.A’ = X; = X(iAt). Thus,

N 2
sup E | X**(s +iAr) — X

0<i<n

) N _
<2 sup (E‘XS’X(S-HAI)—SIN‘ +E |Siar — Xiar

0<i<n

2
) < CeMA (AL,

and then the desired result follows from Lemma 4.2 and Lemma 4.4. O

Remark 4.6. (i) From the equivalence between BEM and SSEM as in Remark 2.1, we have that
Zi =X + DAL, Zi)At = X; + b (i A1, (G20 ™ (X)) Ar = X; 4 b (i At, X;) At. Thus,
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% 712 % ¥ 1S (s % 2 Y. (12q+2 2
EIX; - ZiP =E | % — (X + 5 G A Xoan| = € (1 + EIZP)(an?,

where the inequality follows from (4.4). Then we combine the above inequality, Proposition 3.1
and Theorem 4.5 to conclude that

N 2
sup E ‘X,-Al - ZZ-A’ < CeMPU(AD).

0<i<n

This gives the numerical error of the BEM scheme.

(ii) Theorem 4.5 which is about the error estimates of a finite time horizon problem will play
a key role in the infinite horizon error analysis of periodic measures in the Wasserstein distance
in the next section.

5. Discretization and pathway to periodic measures and error estimates
Denote by L(X) the law of process X. Consider a Markov chain {)A( ,’j }n=12,... with an arbitrary

time-increment %, generated by the SSEM numerical approximation X5 (s +nh), to the periodic
Markov process X** (s + nh), with its transition probability as

L(X**(s +nh))(B) = P(s +nh,s,x,B) =P{we Q: X**(s +nh) € B}, BeB[RY).

We also consider the Markov chain {X**(s + nh)},=12, . generated by the exact solution of
(1.1). The corresponding transition probability is

L(X**(s +nh))(B) = P(s +nh,s,x,B)=P{we Q: X**(s +nh) € B}, BeBRY).
For a given p > 1, we consider the following subspace of P(R%),

P

P,(RY) =1 uePRY)

ity = [ [ 1017 e | <0
d

This space is a Polish space under the following p-Wasserstein distance

P

Wouiop) = inf /|x—y|f’v(dx,dy> L e e Py(RY,
veC(uy,m2) oo
xR

where C(ut1, i12) is the set of all couplings of 11 and p, containing all probability measures on
RY x R with marginal distributions w1 and w,. For 1 € P,(R?) and ¢ : R? — R measurable

with sup, (g % < 00, denote u(¢) = fR‘f ¢d . Furthermore, let Lip (1) be the collection of
all functions f : RY — R that are Lipschitz continuous with Lipschitz constant | | Lip < 1.
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Consider W; and its dual representation gives

Wi(ui, i) = sup / FEOm1(dx) — / FEOua(dx)
R4 R4

feLip(l)

feLip(l)

= sup / (F(0) = FO) (1 — ) (d)
R4

< sup /If(x)—f(O)llm—le(dX)
Rd

feLip(l)

s/lem — ol (). 5.1)
Rd

For notational convenience, denote it = 1 — up. If we assume V(x) > |x| and

G = {measurable ¢ : RY — R, [¢(x)| < V(x)}.

We introduce the notation u+ = max{u, 0} and ©~ = max{—pu, 0}. It is easy to see from (5.1)
that

Wl(m,uz)S/V(X)M+(dX)+/V(x)M_(dX)

R4 R4

_ / (V) Lyt dx) — / (V) gy ()
R4 R4

< sup / $COut(dx) — / $(Ou (dx)
¢eg
R R4
— sup / ¢ (pr (dx) — / ¢ (Opa(dx) | . (5.2)
¢eG
R R

Take V,(x) =1+ |x|%? and let

G, = {¢ :R? = R such that [¢(x)] < V,(x),
lp(x) —dp ()] < C(1+ x>~ 4+ |y>?~1)|x — y| for a constant C} .
It is easy to see that
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Wi(pt, n2) < sup /(P(X)m(dX)—/qﬁ(X)uz(dX) . (5.3)
»eGp Ré

R4

We give the following two hypotheses needed for a perturbation lemma. The idea of the per-
turbation theory was introduced in [48] to analyze the long time behavior of an approximation
scheme to invariant measures. However, we substitute the geometric ergodicity condition of the
original continuous semigroup with that of the discretized approximating process. This approach
offers a significant advantage that it eliminates the necessity to directly establish the ergodic-
ity of the original continuous-time process as a priori information. In fact, we will demonstrate
that the ergodicity of the discretized approximating process implies the ergodicity of the original
continuous process.

The theory is presented in an abstract form, applicable to the solutions of SDEs and their
discretization schemes. Although the theory is general, it can be verified and applied to some
specific SDEs discussed in the previous sections.

Hypothesis (I) (Geometric ergodicity) For some constant C; > 0, 0 < r < 1, we have for all
sel0,7),n>0,

W (L)), fon ) = sup [E@ (X7 (s +1h)) = pean(@)] < C1r™V (v),
=Y

where p. is the periodic measure on (R4, B(RY)) of discrete time Markov process {)A(n}nzl Do
Hypothesis (II) There exist some constant C > 0, R > 1, such that for all s € [0, T),n > 0,

Wi (L(X“(s +nh)), LX5 (s + nh))) < sup [E¢(X** (s + nh)) — E¢(X** (s + nh))
g

<CoR"™V (x)s,

where ¢ is a parameter related to the process X**(-) and the process Xsx ).

In the above hypotheses, all constants Ci, Ca, r, R are independent of i. Hypothesis (I) is
about geometric ergodicity that represents the long time behavior of the approximating process.
Hypothesis (I) is on an error accumulation in a finite time horizon. Hypotheses (I) and (II)
together enable us to obtain a uniform error estimate over an arbitrary long time horizon. In ap-
plications to numerical analysis, the perturbation ¢ is essentially a numerical error of form (Af)”
with some order p. In the following lemma, for a given V, we denote p(V) := SUP;e[0.7) os(V)

and ,5(V) 1= SUP;¢[0,7) 05 (V) respectively.

Proposition 5.1. Under Hypotheses (1) and (1l), there exist constants C > 0, g9 > 0 such that for

any 0 < & < g, there is a constant N = hl(>‘lgo(+ij)’ such that
Wi (L (s +nh)), pstnn) <2Cmax{p(V), V())e",  foranyn=N,  (5.4)
_ logr . r 2h —h -1 .
where n = Togr—2TogR € (0,1] and &9 = min =2 ,(2C1r +2C2) 7). Furthermore, if

the Markov chain {X**(s + nh)},=12,... has a periodic measure p., then we have for any s €
[0, 7),
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Wi (s, Bs) <2C{(V) + H(V))e". (5.5)
Proof. For the given constants 0 <r < 1 and R > 1 and fixed 4 as in Hypotheses (I) and (II),
2h
we have that for any 0 < ¢ <¢gg < (#) , the constant N (¢) = % > 2 satisfying

eR*Nh — pNh — o0

From Hypothesis (I), we have for any s € [0, 7), L> N — 1,

E¢(XL) — fs+1h ()

141 (E(XL)’ /3s+Lh> <sup
»eg

<Cirthv) < Cir PN v () = Cir T v (e,
Also from Hypothesis (IT), we have forany i =0,1,..., K — 1, L <2N,

114 (L(X”(s + Lh)), .C(;?L)) <sup |[E¢(X* (s + Lh)) —E¢(X1)

¢eg
<CRM™V (x)e < CLR*™"V (x)e = CL V (x)&".

Combining the above two results, we have for any L € [N — 1,2N],

Wi (L(X*¥ (s + Lh)), pyrrn) < sug |E¢p(X** (s + Lh)) — psLn(@)| <CV(x)e",  (5.6)
¢e

where C = C1r~" + C,. Thus it follows from (5.6) that

LX (s + L)(V) =EV(X* (s + Lh)) < fs1a(V) + [EV (X (s + L)) — fsra (V)]
<Psr1n(V) + CV ()" < H(V) + CV (x)e", (5.7)

where L € [N — 1,2N].
Now we prove by induction that for any s € [0, 7), M e N andanyn € [MN, (M + 1)N]

M—1
Wi (LX (s + 1)), pstan) < V) D (Ce™I +V(x)(CeMM. (5.8)
j=1

First note that when M = 1, the first summation of (5.8) is 0, so the inequality holds due to (5.6).
Next we assume that (5.8) holds for a fixed M € N. Consider any integer m € [(M + 1)N, (M +
2)N]. Let n be the closest integer to m — N subject to the constraint thatn € [M N, (M + 1)N].
Son e[m—N—1,m— N+ 1] and hence the integer L :==m —n € [N—1,N+1] C [N —1,2N]
as N > 2. From the semi-flow property, X** (s +mh) = XSHLY (s + mh) |y:Xs,th, the Markov

s+
property, the induction assumption (5.8) forn € [MN, (M + 1)N], (5.7), we have that
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W1 (L(X** (s +mh)), Psrmh)

= sup /f(y)ﬁ(XS’x(ermh))(dy)—/f(y)ﬁs+mh(dy)‘
feLip(l)

= sup //f(y)E(X”“”Z(S+mh))(dy)£(XS’x(s+Lh))(dz)
feLip(l)

—/ F ) Ps4mn (dy) (X (s + Lh))(dz)

< / sup
feLip(l)

= / Wi (LR (s 4 Lh o nh)), pyiienn ) £OC (5 + L))(d2)

/ FONVLXSTERZ (s 4 mh)) (dy) — / F(3)Ps+mh (dy)‘ L(X**(s + Lh))(dz)

M—1
< / (5(V) > (e + V(z)(Ce”)M) L (s + L)(d2)
j=1
- M-1 .
=p(V) ) (CeM + LK™ (s + L) (V) (CeM
j=1
- M—1 . -
<6(V) Yo (€ + (A(V) +CV (e ) (Cce™
j=1
B M
=6(V) ) _(Ce" + V(x)(CeHMH,
j=1

_1
By induction principle, (5.8) holds for arbitrary M > 0. As & < g9 < (2C 17" +2C3) "7, we
have Ce" < 1/2. Then (5.4) is proved as

M+1
Wi (L(X5 (s +nh)), pypnn) < max{p(V), V(0)} Y (Ce")/ <2max{p(V), V(x)}Ce".
j=1

At last, (5.5) follows from the dual representation of Wasserstein distance, definition of periodic
measures and averaging of Wasserstein distance of (5.4) with respect to p;:

Wl (pS7 /6&‘) - Sup

/f(y)ps(dy) —/f(y)ﬁs(dy)'

feLip(l)
= sup //f(y)P(s+mr,s,x,dy)ps(dx)—//f(y)ﬁs(dy)ps(dX)
feLip(l)
5/ sup '/f(y)P(ermf,s,x,dy)—/f(y)ﬁs(dy) ps(dx)
feLip(l)
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_ / W1 (LCX (5 4 m)). yme) 05 ()
<2{p(V)+ p(V))ICe". O

Remark 5.2. In Proposition 5.1, the choice of increment /2 of Markov chain is arbitrary. However,
it is worth noting that to impose fewer restrictions on

. r A\ —h -3
£0 = min (ﬁ) ,(2C1r +2C2> ,

a smaller value of & would be preferable and more practical. In theoretical arguments, one could
always fix & in advance, such as setting & = 7, without introducing any rigorous issues in the
proof.

In the following theorem, we assume the test function ¢ : R? — R being measurable and
satisfying that there exist some constant C > 0 and integer p such that for any x, y € R, we
have

()| < CA+ [x ) =CV,(x) (5.9

and

9@ =1 = C (14 PP 4 1y e = 1. (5.10)

The test functions ¢ € G,,. Consider the SSEM scheme (2.5) generates a discretized periodic
measure ﬁsA’ for s € [0, ) with a step size At = % To consider the numerical error and con-
vergence rate of these two measures, we apply the law of large numbers following the ergodicity
(see [17]) to approximate the measures as

N-—1
PR (9) = Nn;nm% go o (%,). (5.11)

Similarly the approximation of the BEM scheme (2.6) generates a discretized periodic measure
ﬁSA’ by the law of large numbers:

N-1

5 (¢) = N“l“oo% go 6 (2n). (5.12)

Note that (5.11) and (5.12) are not used immediately in the following error analysis of the pe-
riodic measures. But they are extremely useful in simulation of periodic measures in the next
section. In the next theorem, we obtain error estimates of the approximation to the periodic mea-
sure p. by the discretized periodic measures 52’ and 2! in the Wasserstein distance in terms of
the step size At.
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Theorem 5.3. Assume Conditions (A), (B) and (C). Then the Markovian process defined by SDE
(1.1) has a periodic measure pg, s € R and there exist C > 0 and At > 0 such that for any
At € (0, Atgl and s € [0, T), we have

Wi (B2, ps) < CAN?, Wi (52, ps) < C(AN2, (5.13)
where n = % with & given in Theorem 2.7 and A given in Theorem 4.5.

Proof. By (5.3), Proposition 3.1, Proposition 3.5 and Theorem 4.5, we have that

Wi (L), LK)

< sup |E¢(Xun) — E¢p(Xy)
9€G,

< sup E [¢p(Xpn) — ¢(X,)
»€Gp

~ 12p—1 N
<V3E [(1 X7 4 \X( ) (\th '

)
] (e

<C (1 + |x|2f’—1) eT(An2,

X,

e

<C []E (1 + [ Xan P72 +

where h = [ At for some integer / and X is obtained from Theorem 4.5. We take R = e3 > 1 and
V,=1+ |x|P to achieve

[E6 (Xan) — E@(X)| = CR™V, (1) (A0, (5.14)

Thus Hypothesis (II) is verified with Lyapunov function V,(x) and ¢ = (Ar)1/2. Moreover, recall
Theorem 2.7, in which the existence of discrete periodic measure ' was proved and Hypothesis
(I) was verified for At < le, where L, is the one-sided Lipschitz constant of b. We take r =
e ¥ <1and V,=1+ |x|?” to have

sup E¢(X** (s +nh)) — pspan(@)| < CV,(x)e ",
¢e

where § is given in Theorem 2.7. It follows from Proposition 5.1 that

Wi(P(s +nAt s, x, ), B, a) < 2Cmax{(V), V(D)) (AN'72,
where P(s + nAt,s, x,-) = L(X**(s + nAt)). Then triangle inequality implies that {ﬁsA’ 1S5 €
R} forms a convergent family of measure valued functions with period t as Az — 0. Denote this

limit by ps, s € R and it is easy to see that s > p; is also t-periodic. Note when t = n At fixed,
for any open set I' € R?,
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/P(t—}—s,s,x,l")dps:/P(t—i—s,s,x,F)d(pS—ﬁsAl)(x) (5.15)
]Rd ]Rd
+/(P(t+s,s,x,r‘) M (x, F))dﬁA’(x)
R4
+/ O(x, TYdpi (x).
Rd

For any fixed ¢, the first term of the RHS is less than & when At is sufficiently small as 52 tends
to py in the Wasserstein Wy metric and P (¢ + s, s, x, I') is Lipschitz in x with bounded Lipschitz
constant. For the second term, we use first

/(P(t+s,s,x,l") B o (x, F))dﬁm(x) (5.16)
Rd

— / (P(t—i—s,s,x,l") B o (x, F))d A1 ()

Vx)<M

+ / (P(t+s,s,x,F) B o, r))dﬁA’(x)

Vx)>M

But from (2.18), we derive that

X C
BigoV@) < (€ ¥V @) + —2—,
' 1 —e2P7
and from (2.19) it is easy to see that
C
/V(x)dﬁSA’(x) <——2_ -~
1 —e2F7

R4
Thus by Chebyshev’s inequality we have

C
At
Vx)=M) < T

So for any fixed &, there exists M > 0 such that pA’(V(x) >M)< & < 28 It turns out that

(P(t—i—s,s,x,F)—Is,f,O(x,F)) dpl (x)| <e. (5.17)

x)>M
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For this particular chosen M > 0, on x € {V(x) < M}, from the same convergence as that of
(2.12), we have that ‘P(t +s,5,x,) — ﬁn,o(x, I‘)‘ — 0as At — 0, thus when At is sufficiently
small,

/ (P +s.5.5.T) = By, D)) dp ()| <. (5.18)
x)<m

This together with (5.17), gives the desired estimate the second term of (5.15). The last term of
(5.15) gives that

A A N N At—0
[ B 5 ) = 3% (D) = B ) 27 o), (5.19)

Rd

It then follows from (5.15), (5.16), (5.17), (5.18) and (5.19) that

/P(t-i-s,s,x,l“)dps = pr+s (1), (5.20)
R

forany t > 0, s € R and I" being an open set. Then by a standard 7 -system argument, we have
that (5.20) holds for any Borel set I" € R?. Thus, ps, s € R is a periodic measure of the transition
semigroup P .

It turns out now that the first claim of (5.13) follows from Lemma 5.1 where it is trivial

to see that n = logﬁ% = %. Similarly, by Theorem 2.9 and Remark 4.6, one can verify
Hypotheses (I) and (IT) with respect to 527. The second conclusion of (5.13) also follows from

Lemma 5.1 immediately. O

Remark 5.4. (i) It is worth noting from the proof of Theorem 2.9 that we do not have to know
the form of the periodic measure or even the existence of the periodic measure of the original
Markovian system as a priori information for this analysis. Our result establishes the existence
of a periodic measure following that of the discretized approximating system. This novel ap-
proach was made possible by ensuring that the convergence of the transition probability of the
discretized approximating system to its periodic measure is uniform in the discretization step
size At, as the pull-back time approaches infinity.

(ii)) We can also use the ergodicity of the discrete numerical approximation to deduce the
ergodicity of the original system. This can be seen from the following brief argument that for the
SSEM scheme, we can use Theorem 2.7 and 5.3 to get:

Wl (P(t, s, X, ')7 ,Ot) :Wl (L:(sz(t))v pt)
=W (LOCS@0), L)) + Wi (£ 1), 51) + Wi (61, 1)
<CR'™V,(x)(AD? + C(1 + [xD)e =) 1 C|Ar)3,

and then let At — 0 to conclude the result. For the BEM scheme, we can use Theorem 2.9 and
Theorem 5.3 to get the result.
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(iii) It is worth noting that in a special case with a further strong dissipative condition, which
required that

2(x — y,b(t,x) = b(t,y)) + o, x) —ot,y)I* < —Cllx — y|I?,

for some C > 0, the numerical error does not aggregate with respect to time. One can follow the
proof as in [15] to obtain a convergence result of paths with different initial values.

With the strong dissipative condition, the numerical error analysis in Lemma 4.2 and 4.4 gives
estimates with negative constants K1 and K3. Thus, the conclusion in Theorem 4.5 becomes

~ 2 ,
sup E|X5%(s +iAr) — XA < Ce ™A (Ar),

0<i<n

for some A" > 0. Consequently, the numerical error does not aggregate with time-length of sim-

ulation, which ensures the Hypothesis (IT) with R = 1 in this case. Therefore the infinite horizon
. . _ logr

problem possesses the same order of numerical error as finite ones by 7 = = Togr—2TogT = =1.In

this special case, the result agrees with the result in [56] and our earlier resuffv t [15]. Needless

to say that the results in this paper go much beyond the results requiring a strong dissipativity

assumption e.g. in [15] and [56].
6. Numerical experiments

In this section, we simulate the Benzi-Parisi-Sutera-Vulpiani stochastic resonance model of
the ice age transition in the dynamics of climate change with b(¢, x) = x — x3 +0.12¢0s(0.0017)
and o (x) = 0.285(2 + cos(x)). To rescale the period as integer T = 5000, we take b(z, x) =
0.4 (x — x3 +0.12c0s(0.00047¢)) and o (x) = 0.285 x /0.47 (2 4 cos(x)).

In such a model, the computational difficulty in giving an approximation of the periodic mea-
sure comes from the fact that the period is very large. One way to conquer the difficulty would
be to rescale the model to keep the resonance property by choosing a different scaling coeffi-
cient C as b(z, x) = C(x — x> +0.12¢0s(0.001C1)) and o (x) = 0.285 x +/C. But if we change
the period, for example, to v =5, then the coefficients of the SDE will also change accord-
ingly. As a result, C = 400 and so the approximation requires a very small step size to satisfy
At < 1/2Lp =1/2C = 1/800m = 0.0008. With such a small step size, the computing time is
essentially the same as the problem with the original large period. This does not seem to be an
efficient way to address the problem.

From the ergodicity, we can compute the discrete periodic measure p from one sample path
by the law of large numbers due to the ergodicity [19], see (5.11) and (5.12). But, to deal with
such a large period problem, one can split the approximations into a collection of several sample
paths with independent Brownian motions. We apply multiprocess computing to reduce the total
cost of computation time. We may lose some accuracy from convergence at the beginning of the
computation for each sample path. However, our method, unlike the Monte Carlo method, uses
a small number of sample paths. Thus, this kind of error is, in fact, negligible by the geometric
convergence for each sample path.

From Lemma 4.2, Lemma 4.4, Theorem 4.5 and their proofs, we see that the coefficient A =
max{Ki, K3} =max{2(L, + 1)+ Ls,2 + 1—21‘% + 3L }. It is worth noting that
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L
lim A= lim K3= lim ——2  —
At—)ﬁ At— ﬁ At— o 1 —2LpAt
Thus, though it is allowed to take A < 57— - to be close to 57— L , it does not make Very good sense

to take A to be close to m This results in a large value of A, causing n = 755 +5 to be small,
and ultimately leading to a suboptimal error rate order. However, in the case of L, < Ly, if one

chooses At < %, then A = K| and 7 is independent of A¢, and the error rate is always

(A2,
In the BPSV model, L, = 0.4 &~ 1.2566, L, = 0.285+/0.47 ~ 0.3195. Thus K| ~ 4.8327

and an efficient choice of At makes K3 &~ K1, which gives Ar < 21Tb — m ~ (0.1311.
1 1 1 1 1

So we choose At = 80 &> 30° 20° 16° 10 in the numerical experiments. As the problem has
no explicit solution, we may regard the outcome when we take At = 1/400 as the true solution.
To achieve the best possible accuracy, we have performed the computations for the time up to
1850007=185000x 5000 for each At. With the help of multiprocess computing, we are able to
generate 185000 x ==+ 5000 data for each At.

To compare the numerlcal error in the Wasserstein distance Wi, we generate approxima-
tions of X**(s 4 i Ar) with different step size At = t/K and collect the data on period points
{X 5%(s + nK At)}y=1.2,....n. Then we sort the data in the ascending order for each Az, denoted

by {X,,A’}nzl 2. N- Fmally, the numerical error in the Wasserstein distance W) is estimated

,,,,,

N
. 1 517400 5
Wilps. 52 = 20| &4 = 2.

n=1

which agrees the result by applying the “wassersteinld” function in the R language as men-
tioned in [17]. Here, due to our large amount of computations mentioned above, we can take
N = 185000.

The numerical errors for At = 81_0’ 61—4, 51—0, 21—0, 11_6’ 11—0 are presented in Fig. | in the log-log
scale. They align with the 0.5 order line very well. '

We also simulate paths and take the values of X5 (s +nt) for {s;}j=0,1,....7 where s; = %,
can then compute their density for each s; by the law of large numbers (5.11). The histogram pre-
sented as in Fig. 2 for each s; illustrates the approximations to the density of the periodic measure
ps; - Itis noted that the density patterns change according to the periodic term 0.12 cos(0.00047¢)
in the drift b(z, x).

Finally, we summarize some important points from the numerical experiment as follows. The
semi-implicit Euler schemes provide a numerical tool to estimate periodic measures of locally
Lipschitz drift systems. The cost of the implicit schemes is higher than that of the explicit scheme
discussed in [16], but they allow for larger step sizes in practical experiments and work for
problems with polynomial growth coefficients. In addition, the Wasserstein distance has been
studied to analyze the errors of the approximate periodic measure pg for each s € [0, T) of the
semi-implicit schemes to the true periodic measure. A rigorous proof of the error analysis is
given, and the numerical experiment is carried out as a verification of the theoretical results.
It is noted that the results of the numerics align with the theoretical results proved in this pa-
per.
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Log-log plot of Wasserstein distance versus stepsize
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Fig. 1. Error of approximation to periodic measure versus step size in log-log graph.
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