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We study the complete parameter space of a bulk axion in flat and warped extra spacetime dimensions.
We characterize in detail the regimes where no single KK mode is produced along the canonical QCD axion
line, and instead, it is maximally deviated along with several other axions that constitute a multiple solution
to the strong CP problem. In both flat and Randall-Sundrum scenarios, and assuming that all Peccei-Quinn
breaking comes from QCD, we find that these solutions are however subject to tight phenomenological
constraints. In light of these results, we expect that only KK canonical patterns (with the zero-mode close to
the standard QCD line) can emerge from a bulk axion in one or more extra spacetime dimensions. As a
byproduct, we generalize the axions eigenvalue and eigenvector equations for an arbitrary number of

spacetime dimensions and compactifications.
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I. MOTIVATION AND SUMMARY

Axions are among the most compelling candidates for
new physics and, today, one of the most prominent targets
of small-scale experiments built all over the world. They are
associated with continuous shift symmetries, which can be
broken by nonperturbative dynamics, endowing the axions
with a mass m? ~ A} /7, where Ay, denotes an instanton
scale. Therefore, they can be naturally light and weakly
interacting while providing a window to deep UV physics
that might otherwise be beyond our reach. This connection
is further strengthened by quantum gravity consistency
requirements and string theory compactifications [1-3],
which lead us to expect a plethora of axions at low energy
populating diverse scales. Following the Peccei-Quinn
(PQ) paradigm, the strong CP problem could be solved
if one combination of these fields remains light at the QCD
scale to dynamically explain the absence of CP violation in
the strong sector. This motivates searches for the QCD
axion in a precise band where mf7 = A§cp.

Recently, it has been shown that if such light combina-
tion mixes with other fields, the solutions to the strong CP
problem could be located outside the canonical single axion
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band, with the maximal departure possible given by
g = mif7/Noep = 1, the number of QCD axions in
Nature [4]. Following the previous work, we denote the
axions satisfying this mass-scale relation by QCD maxions.
Such a scenario leads to a new displaced QCD axion band
where all the n, signals are aligned, which is a direct
consequence of the QCD axion sum rule [4]:

Ny 1

= 1,
i=1 gi

(1.1)

which has been derived for generic mixing potentials that
preserve a PQ symmetry at the classical level. Finding a
compelling UV framework where such large deviations are
realized could radically change the axion phenomenology
by redefining the target of many axion experiments, with-
out the need to extend the SM gauge group. However, the
first difficulty that one encounters in trying to build such a
setup is that the large deviations must then be associated
with a large number of axions that mix sizably into each
other. While this is challenging from a 4D perspective, such
a large number of axions is a direct prediction in models
with extra spacetime dimensions, where one axion propa-
gating in the bulk of the extra dimension is identified with
an infinite tower of Kaluza-Klein (KK) modes upon
dimensional reduction [5,6]. We are therefore led to search
for the noncanonical axions in such scenarios, assuming
that the SM is localized on a 4D brane.
Phenomenological studies of a 5D QCD axion have been
presented in a series of seminal works [7-9] and
have garnered renewed attention in recent years [10-16].
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One motivation for this framework is to produce a weak
axion coupling to gauge bosons from a high fundamental
PQ scale by the same mechanism that lowers the Planck
scale in the higher dimensional theory. Importantly, this
framework also allows one to decouple the mass of the zero
mode from the PQ scale, mpq, which can be instead set by
the scale of the extra dimension, R~!, as first pointed out in
Ref. [7]. Moreover, the presence of the KK tower can
impact substantially the experimental bounds, as well
as provide a mechanism for dynamical dark matter in
which the relic abundance is shared among several of the
KK fields. These aspects have been discussed extensively
in the literature in the context of flat extra-dimensional
models [17-19].

In this work, we will focus on the critical role of the KK
tower in solving the strong CP problem in the full
parameter space of both flat and curved Randall-
Sundrum (RS) [20,21] scenarios. We will prove that an
extra-dimensional bulk axion can either give rise to one
canonical axion or a set of N deviated QCD maxions
predicted by the sum rule (1.1) that is maxions are the
noncanonical solutions of generic extra spacetime dimen-
sional models (assuming that QCD is the only source of PQ
breaking). The two possible patterns that can arise are
shown schematically in Fig. 1, represented by an orange or
a blue line. The first indicates a canonical QCD axion
solution, where all but one mode are decoupled from the
solution to the strong CP problem. The second type of
pattern corresponds to the extra-dimensional QCD maxion
scenario, where no single axion is found close to the
canonical band. Such maximal mixing regimes arise if
Apy/mpg < 1, with g, denoting the lightest graviton mass
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and A the warping factor associated with the curvature of
the extra dimension. Such curvature can take the QCD
maxions further out of the canonical line and separate
significantly the zero mode from the rest of the KK tower;
this is representated by the dashed blue line in Fig. 1.

The aim of our work is to, first, characterize fully the
axion patterns stemming from extra dimensions and show
how the location of the KK modes encodes a mapping to
the fundamental properties of the higher-dimensional bulk
axion. In flat extra-dimensional scenarios, the mass spec-
trum and the KK couplings have been previously computed
in a series of works [7,17,18]. Nonetheless, we will obtain a
general formalism from which we will rederive these results
and extend them to the case of a warped extra dimension.
Moreover, we will obtain generalized expressions for the
eigenvalues and eigenvector equations that apply to a
broader class of higher-dimensional axion models with
arbitrary compactifications and number of spacetime
dimensions, whose relevance extends beyond the scope
of our work.

Secondly, we will take into account the most con-
straining phenomenological probe to identify which of
these patterns are allowed by current data. We will be
mostly interested in understanding whether the extra-
dimensional maxion scenarios, with g; > 1, survive this
scrutiny. Such scenarios are the most interesting ones in
what concerns the possibility of identifying new regions of
signal to search for QCD axions. Moreover, some of the
patterns represented in Fig. 1 are common to other frame-
works, namely the string axiverse [23] and grand unified
theories [24]. (This is not surprising, as these patterns
follow directly from the generic QCD axion sum rule.)
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FIG. 1.
dashed lines highlight gaps in the mass spectrum.
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Current axion bounds [22] and schematic representation of possible KK axion patterns arising from extra dimensions. The
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For this reason, investigating the constraints on KK signals
from extra-dimensional models is essential to eventually
discriminate the origin of a potential multiple axion pattern
observed in Nature.

We will show that the QCD maxion patterns from a PQ
bulk field are tightly constrained by a combination of
consistency, astrophysical, and gravitational bounds. To the
best of our knowledge, this result is completely new for
scenarios with a warped extra dimension. Moreover, this
result holds independently of the number of (universal)
spacetime dimensions and the VEV profile of the PQ field
in the bulk. We, therefore, expect that more complex con-
structions, with additional bulk fields or less generic com-
pactifications, are required to produce the most exotic patterns
in Fig. 1. In turn, the observation of a plateau of heavy fields
together with a canonical QCD axion could be explained by a
single PQ field, propagating in the bulk of a hidden
dimension. We will demonstrate how a potential observation
of such a plateau could in this case hint toward the location of
the zero mode in the canonical QCD axion band.

II. EXTRA DIMENSIONAL MODELS

We consider the Einstein-Hilbert action in d =4 + 6
spacetime dimensions

MZJ“S R 7R
Spy = —4 /d4x/ dy1-~-/ dysv/9(R — 2Ap),
2 —R —nR
(2.1)

with y, denoting a coordinate of the extra dimensions,
which we assume to be compactified on a (S'/Z?) orbifold
of universal radius R. Accordingly, y, — —y, are identified
for all points in the interval [-zR, zR]. In the equation
above, g is the determinant of the metric, R the Ricci scalar,
M, the d-dimensional Planck mass, and Ap the vacuum
energy of the bulk.' Regarding the matter content, we focus
on models where the SM fields are localized on the branes,
which are the boundaries of the extra dimensions.

The action in Eq. (2.1) features an extra-dimensional
graviton, iy (x,y). As usual, to obtain the effective theory
in four spacetime dimensions, the §-dimensional fields can
be decomposed into a tower of KK modes via a set of
orthonormal functions {y;(y)}; in the case of the graviton,

1

B (,¥) = ij K@) (22)

'We will denote coordinates belonging to the full extra-
dimensional models, to the 4D EFT, and to the extra dimensions
with capital indices (e.g., x4), Greek letters (e.g., x* with
u=0,1,2,3), and in Latin lowercase (e.g., x¢ with
a=5,6,....,d, or y, with a =1,...,8), respectively. We will
also make use of y = (yy, ..., ys) to highlight the full set of extra-
dimensional coordinates.

The relation between the extra-dimensional and 4D Planck
mass can then be obtained by matching the 4D EFT to
general relativity (GR), and ultimately amounts to a rescal-
ing controlled by the volume of the extra dimensions (V):

(2zR)°
W

m = VsM5 = MZ?, (2.3)

where mp is the reduced Planck mass.

On top of the gravitational interactions, we will introduce
an axion field that propagates in the bulk of all dimensions.
(We discuss later departures from this assumption.) The
corresponding action for such a field is

7R 7R 1
Sa_/d4X/ Rdyl/ Rdyg@[EMngBaAaaBa

o, a

+ G,,G"50) (y — ﬂR)] , (2.4)

87 fd

where the 6 function localizes the axion couplings to QCD
on the SM brane, at y, = zR. The interactions above are
assumed to be generated at a fundamental scale M, with f,
denoting the PQ breaking scale. The former can be
removed from the kinetic term by an appropriate redefi-
nition of the axion field and the axion decay constant.

Analogously to the graviton case, the extra-dimensional
axion can be decomposed as

atey) = ! (2.5)

———— ) ay(x .
27rRMS)5/2; n ()pa(y)
The canonical kinetic and mass terms for these KK states
are obtained by imposing the following normalization
conditions:

(271'1—R)5/_zz Ay /99" Wa(V)Ym(¥) = Snm”, (2.6)

1 7R
W/— Rdy\/ﬁg‘”’aay/n (¥Y)0pwrm(y) = _/'llzlén,mv (2.7)

where y,, is the mass of the n mode obtained by solving the
Sturm-Liouville problem of the equations of motions
(EOM) of the free theory
05(\/3950sa) = 0, (2.8)
which depends on the background metric of the extra
dimensions.
From here on, we restrict the discussion to the case 6 = 1
(once again, departures from this assumption will be

discussed in the next sections of our work). The effective
action for the KK modes reads, in this case:
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1 1
Sy D / dix) <§ (0,81,)> = 5 ﬁag)

I a ~
—_— a R)|G,,G", 29
| S ()| G0 (29
where fpq = f4 = /22RM,fs is the effective PQ scale in
4D. Below, we match the parameters of this EFT to the flat

and RS models. The following sections are dedicated to a
detailed study of the emergent axion phenomenology.

A. Flat extra dimension

In a flat extra-dimensional model, the background metric

is given by2
ds? = n,,dx*dx” — dy?, (2.10)
where 7, is the Minkowski flat metric, and Az = 0. This
leads to the following identification of the reduced Planck

mass:

my = (2zR)M3, (2.11)
such that the theory is effectively ruled by a single

parameter.
The EOM of the 5D axion reads

d,0"a + 0s0°a = 0. (2.12)
This reproduces the canonical KG equation if and only if
one imposes

aSasl//n = :u%zl//n (213)
The solutions to this equation that are compatible with the
orbifold symmetry read

wa(y) = N, cos(u,y), (2.14)

where N, is fixed by the normalization conditions in
Eq. (2.6):

N_{l n=0,
"L (-1)"V2 n>o.

Note that a minus sign was included in these factors, for
convenience in subsequent steps. By imposing the boun-
dary condition dsy,(zR) = 0, one obtains the mass spec-
trum of the theory:

(2.15)

n
=—. 2.16
Hn R ( )

“We adopt the “mostly minus” convention for the metric.

The WFs on the IR brane, therefore, read

1 n=20,

v, (ZR) = { V3 (2.17)

n > 0.

B. Randall-Sundrum

In the RS model, the curvature is manifested via a
conformal factor in front of the 4D metric:

ds? = e72bly, dxtdxv — dy?, (2.18)

with k = \/=Ag/6. The exponential A(y) = e P! is typ-
ically called the warp factor, which reduces to 1 in the
flat case (where k — 0). The connection to GR is now
encoded by

(2.19)

where p = kR. Therefore, the model is ruled by two
parameters. We recall that in flat models, current limits
on R are incompatible with a solution to the Higgs
hierarchy problem with § = 1. On the contrary, due to
the warp factor in this setup, the Higgs mass is expected to
be ~e™**Mj5 in the IR brane so that the hierarchy problem is
solved even for M5~ mp and u ~ O(10). We will not
attempt to solve this problem in the current analysis.
The RS metric can be expressed using an alternative
coordinate, dy = A(y)dz, such that it becomes conformally
flat’:
ds? = A%(z)(n,, dx*dx* — dz?). (2.20)
In terms of this coordinate, the EOM for the axion
[cf. Eq. (2.8)] reads
A%0,0'a — 0,(A%0,)a =0, (2.21)

which, upon KK reduction, leads to the following eigen-
value equation:

9; (A3az)l//n = —Ay,. (2.22)
The solutions are given by
wa(y) = N Ps(z,) + @, Ya(z,)], (2.23)

where

The relation between the two sets of coordinates can be
obtained by integrating A(y)~'dy = dz. One can set A = e™® =
1/(zk) by appropriately choosing the integration boundaries.
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eklyl

in =EHn—>

p (2.24)

and N,, is a normalization constant. The constants «,, and y,,
are determined by the boundary conditions d 0.

YWn |y=o,ﬂR =
We obtain

Jl (ﬂn %)

2 2.25
Yl (ﬂn eT) ( )

a, =

while the masses y,, are the solutions of the transcendental
equation

7 <ﬂ,, e—/’j) Y, (%) —J, (%) Y, <ﬂn %) —0. (2.26)

There is no general solution to this equation, but in the limit
e’ > 1, we find

o (2lol-m)

— Iy(y, e,
‘IO(Yn) 2( )

walp = yR™") & —\/27p

M R Ypke ™, (2.27)

wherey, ~ z(n + 1/4) is the nth zero of the Bessel function
J(x). In the opposite limit, i.e., k < 1, the setup reduces to
the flat model. On the IR brane, these WFs read

W (TR) = /27 x {

1 n=0,

2.28
e n>0, ( )

where we have used the identity J,(y,) = —Jo(7,)-

III. GENERAL MASS MATRIX

The EFT in Eq. (2.9) predicts a very particular mixing
structure for the KK axions, which in full generality can be
written as

2
ﬂ.
(Mz)ij = m12>Q [ll/il//j +y? (/J_i> 51']} , (3.1)
1.€.,
v Yovi Wows
M? wviwo yi+y’ %)
7 ) .
Mpq vawo  wayn s YR
where
1
y=—, v, =y(7R), (32)
me

mlzDQ = yqocp/ flz,Q is the standard PQ mass and

m,mgy

m, + my) (3:3)

Xqcp = mifz ( 5

is the QCD topological susceptibility. Such a mass matrix
reproduces any of the models described in the previous
section, by simply matching the WFs to Eqgs. (2.17) (flat)
and (2.28) (RS). Note that the main difference between
these constructions in the g > 1 limit lies not in the mass
ratios, but rather in the expressions for these WFs, which
are exponentially enhanced by the curvature.

We aim to diagonalize this mass matrix exactly. Even
though this is challenging in general, the problem can be
simplified under the assumption that

wi=y;, VY ij>0, (3.4)
which holds in both the flat and RS models in the
interesting limits. Under this assumption, we find that
the eigenvalues mj = A*mg, are the solutions to the
following equation:

> wa)
27 Gy (35)

n=0

see App. A for details. We note that while this formula has
been derived in Ref. [7] for the flat scenario, here we prove
that it holds also for RS models. A more general approach
to obtain the eigenvalues will also be derived in Sec. VI.

IV. MAXIMAL DISPLACEMENTS OF KK AXIONS

To identify all possible patterns of KK axions in the mass
vs coupling parameter space, we turn to the computation of
the g; factors, as defined in Ref. [4].

Let us denote by U the rotation matrix that diagonalises
the mass matrix in Eq. (3.1), such that the physical fields
are identified via the relation

a; =y Uya. (4.1)
A
The physical couplings in the mass basis,
ag a; ~
LD —~-—"GG, 4.2
8 fﬂ ( )
are given by
1 1 —
fi fea (; '

Consequently, the g factor of each eigenstate reads

075006-5



ARTURO DE GIORGI and MARIA RAMOS

PHYS. REV. D 111, 075006 (2025)

m2 f? A 2
g = H:< _ ) (4.4)
XQCD Zn:O WaUn;

The detailed calculation of the rotation matrix is pre-
sented in Appendix A. Using the results therein, we find

ll/.
Um:-/\/uz l

=y

with

Voo X o) | @9

The g factors can now be found using Egs. (4.4) and (3.5):

A - y, )2
BNz 2 (/12 — (un/m1)?y?)

n=0

(4.7)

Remarkably, using the definition above, one rediscovers the
QCD axion sum rule in the extra-dimensional models:

2
> <i> = Z(@) =1, (4.8)
T \9 7\ 4

proven in all generality in Ref. [4]. In the flat scenario, this
result has been previously derived in Ref. [7]. In
Appendix B, we present a different proof that extends
beyond the flat case. We will now infer the consequences
of these general results to the models introduced in the

previous section.

A. QCD macxions in flat space

In flat scenarios, the sum in Eq. (3.5) can be performed

exactly:
2 _ 2
ﬂ—/lcot <ﬂ> =1+ 2</1 ;’UO) (4.9)
y y "8
By inserting the values of y |, we obtain
ﬂ—/lcot<ﬂ—/1> =A% (4.10)
y y

in agreement with what was previously found in Ref. [7].
Similarly, one finds

L (7R 3P —yd 202 =3P
A 2 2y2 12 /Izw%
1
=5 (22 + 1+ (n/y)?). (4.11)

This formula encodes some of possible patterns of axions
represented in Fig. 1. To see how, let us first consider the

limit y > 1. In this case, the expression above reduces to
Ao ~ 1, such that g, = 1. The zero mode therefore behaves
as the canonical QCD axion, being, e.g., localized in the
same position as the orange bullet in Fig. 1.

On the contrary, maxion patterns can appear only when
the mass matrix is not diagonal, i.e., when the diagonal
elements are subleading with respect to the off-diagonal
ones, for a subset of modes n < n,. This leads to the
condition:

M1
y<—vyy,

Ny

(4.12)

which, in the present model, requires y < 1. In such limit,
we find the masses to be well described by

2 = (n—&—%)y[l —i—i+(9(y“)]. (4.13)

Hence, for the zero mode, we have

~Y
o5, (4.14)
2
T
N 4.1
90 2y29 ( 5)
7[2
fozf4xx/§F. (4.16)

Indeed, in this limit, the third term in Eq. (4.11) dominates
over the mass term: This is not only true for the zero mode
but for several of the KK axions in the tower. We, therefore,
expect to find n, ~ g, QCD maxions with the same g factor
and deviated from the canonical line by a factor of |/gy.
Technically, these are approximately maxions as their ¢
factors are almost identical, but not exactly equal. Such
behavior can be checked explicitly by using the same
Eq. (4.13) for the first n eigenvalues as long as the
condition (4.12) is satisfied; we find

1
A0 & (n + 5) 2 (4.17)
2
Vs
9n>0 Nz—yz, (4.18)
V2 7t
Sns0 ™ f4 XH_—an (4.19)

These results confirm our expectations and agree with
previous studies of the mass spectrum of this theory [17].

The tower of QCD maxions is always accompanied by a
plateau of heavier modes that decouple from the sum rule.
Since the QCD contribution to the mass is negligible for
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these modes, i.e., they are already eigenstates in the basis of
Eq. (2.9), we must find Ajjyequ ~ ny. The plateau is then
expected to appear for modes with n > n, ~x/y?, for
which the ¢ factors are dominated by the mass term in
Eq. (4.11). [Note that such modes no longer satisfy the
condition for large mixings; see Eq. (4.12).] Working out
the expressions explicitly, we obtain

/Iplateau rny, (420)
n2y2 n2y2

Yplateau ~ 2 = l//% > (421)
Ja _f

fPlateau ~ 7% = ﬁ . (4.22)

These are consistent with the previous arguments and
show that the plateau’s contribution to the sum rule,
S, 1/g,~ >, 1/(ny)?, falls rapidly to zero ensur-
ing its convergence.

By performing a numerical analysis, we have obtained
representations of the eigenmodes for different values of y,
as shown in Fig. 2(a). While the observation of n, aligned
axions would be a probe of the extra dimension scale in
units of the Peccei Quinn mass, the observation of the
plateau would allow us to extract the coupling v,/ fs.
Combining these two features, we would be able to
determine the value of R corresponding to the pattern of
axions observed. This scale is determinant to understand
whether such a pattern complies with current bounds.
While large R values displace the QCD axion canonical
band to the right, f, can enhance the plateau coupling
making it visible to experiments.

1076

10—7_

107%}

1/f¢ [GeV_l]

10—10 L " n " L
0.001 0.010 0.100 1 10 100
m; [eV]

(a)

B. QCD maxions in curved space

In the RS model, the computations are more elaborate as
U, x ¥,. The sum in Eq. (3.5) can be performed exactly by
means of the identity [25]

‘]I./ I(Z)_
Jj(Z) B> :

o0
=17

2f (4.23)

kZz

where y,, is the nth zero of the Bessel-function J,(z),
which leads to the following eigenvalue equation:

<Z_1) Do(z) _wg—2
2)Ji(z1) i

The computation of the g factors can also be performed
starting from Eq. (4.23), as

> (e) ()
= % {f —4+ (zjﬁ’%)z] . (4.25)

By employing the recurrence relation for Bessel functions
Jo(2)/J1(z) =2/z—J>(2)/J1(z) jointly with Eq. (4.24),
this expression can be further simplified, leading to the RS
g factors:

LE w1
2oyl

RS = ﬁwz 20* =y
A 4y2 1 /12

(4.26)

0.001
m; [eV]

(b)

1076

FIG. 2. Representative patterns of KK axions in flat (left) and RS (right) models. The solid black line and the black star represent,
respectively, the single QCD axion mass-scale relation and the benchmark point of mpy = 1 eV. (a) Flat. (b) RS (y = 1).
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Let us now study the limiting cases of these formulas to
characterize the axion patterns that emerge in this setup.
The lightest eigenvalue can be estimated by Taylor expand-
ing Eq. (4.24) around A ~ 0, yielding

8
Ao & Ve y<l’/°> ; (4.27)
71 ¥
7’% 2
Jo = S—yzwl’ (4.28)
2 2
1 (Y
~ ——). 4.29
So f4x8y2 <l//o> ( )

In comparison to the flat result, the lightest mode becomes
exponentially suppressed by the warp factor, while its g
factor and interaction scale are enhanced by 3.

The mass and couplings of the next n > 0 modes can be
similarly derived; namely in the y; > 1 limit, one must
have z; =y, , in order to satisfy Eq. (4.24). More precisely,
we obtain

7/2,n

/ln>0 ~ y’ (430)
71
2
~ N
G0 ¥ 43 Wi, (4.31)
11
fn>() ~ f4 X 2}/2’ny2 V- (432)

We therefore find that several of the modes have the same g
factor, mostly identical to that of the zero mode. This
confirms the existence of QCD maxion solutions also for
this model. Nevertheless, the couplings of these modes are
exponentially enhanced relative to that of the zero mode, in
deep contrast with what was found in the flat model. Some
exact solutions to the equations above are represented in
Fig. 2(b), where it is apparent that the distance of the
maxions to the QCD axion canonical line is exponentially
enhanced by the curvature of the extra dimension.

The coupling of the plateau modes is also exponentially
enhanced with respect to the flat model. To see this, we
consider A ~ v,y as the QCD contribution is negligible for
these modes. The mass of the first mode in the plateau can
then be derived by finding the n, at which the decoupling
limit is enforced, or equivalently for which the condition
(4.12) is no longer satisfied. A more precise value can be
obtained by finding the n, at which the terms enhanced by
the mass in Eq. (4.26) become comparable to the maxions g
factor:

e (4.33)

For n = n,, we therefore find

Vn
ln,plaleau ~ 7y’ (434)
71
) 1
Oplateau ~ y_) X—, 4.35
plas ( 14! l//% ( )
/
fplateau ~ =2 . (436)

These results, together with Eq. (4.33), allow us to estimate
the localization of the lightest eigenvalue, as well as of the
plateau, for the several scenarios represented in Fig. 2(b).
We note that a partial study of the mass spectrum of this
model was previously presented in the literature [26], while
expressions for the masses and some mixing factors were
derived in Ref. [27].

V. THEORETICAL AND EXPERIMENTAL
CONSTRAINTS

To infer whether an experiment could detect the KK
maxion patterns, it is essential to identify the cutoff of the
KK EFT in Eq. (2.9) below which we can rely on a
perturbative treatment of the tower." With this aim, let us
consider a process with gluons scattering off the gluonic
axion combination, at a fixed center of mass energy
\/s > m,. Such a combination interacts with overall
strength

Taking N =~ +/s/u;, we then expect that the scattering
amplitude scales as’

aiN as¥ 2ﬂ<1
F? 8nfs) m ~

“The perturbative unitarity constraints based on the scattering
of KK gravitons have been already obtained for the RS model
with one extra dimension, by studying the process h;h; — hih;.
The corresponding unitarization scale is given by [28]

(5.3)

2\ 1/3
Agrav“m1.9%z1.9(’“m”) : (5.1)

i l//%

>Note that the sum over propagators can be divided into three
regimes, depending on whether s > m2, s ~ m2, or s < m2. The
resonant regime is expected to involve only a small number of
modes, while in the third regime, the propagators are dumped by
the heavy masses. We, therefore, expect these contributions to be
subleading with respect to those in the first regime, where the
propagator scales as 1/s for N ~ \/s/u; modes; this justifies the
form of the scattering amplitude in Eq. (5.3).
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Collection of bounds on massive gravitons as a function of the lightest KK graviton mass, y;. The red, green, and purple

regions are excluded by fifth force experiments [30-37], astrophysics [38,39], and collider searches [28,40,41], respectively. The black
dashed line corresponds to the threshold mass value below which KK maxions can be generated; see Eq. (5.8). This assumes that the KK

tower remains perturbative up to TeV energies.

from which follows a naive perturbative bound on the
energy by requiring that the expansion parameter is less
than unity. The result agrees, up to O(1) factors, with the
more rigorous calculation presented in Appendix C that
leads to the following constraint:

2\ 1/3
Az(sﬁn)x<’“£“> .

Vi

(5.4)

By rewriting the equation above in terms of the
parameters in the fundamental theory, we find that it is
in fact the 5D axion scale that sets the strength of the
axion couplings when the full tower is taken into account.
This is the expected result of the KK resummation;
see Eq. (5.1).

The final expressions for the g factors will depend on this
cutoff scale, as well as on the mass of the lightest graviton.
It is therefore necessary to introduce gravity constraints in
our setup. A detailed discussion on the impact of the full
KK tower to such bounds is beyond the scope of this work
and does not change the overall conclusions. We therefore
consider the bounds on massive gravity induced only by the
presence of the lightest graviton. For very small masses, the
latter induces long-distance forces that modify Newton’s
potential and enter the ballpark of fifth-force searches.
Experiments look for deviations in the form

myny

V(r) = =Gy (1 + ae™4, (5.5)

r

where Gy is the Newton constant. Taking into account the
4D Planck mass definition in Eq. (2.3) and upon factorizing
Gy, the contribution from the first massive KK-graviton
fixes a ~ (4/3) (w1 /wo)?* and A~ 1/p; [29] so that current
limits [30-37] can be reinterpreted in terms of our model
parameters. For larger graviton masses, astrophysics
bounds from stellar cooling [38,39] become dominant,
while for masses larger than p; 2 100 MeV, relevant
constraints come from beam-dump and collider searches
[28,40,41]. The resulting two-parameter space bounds are
presented in Fig. 3. In the flat scenario, where vy /v is
fixed, the bound reads R~! > 6 x 1073 eV.

To combine these constraints, motivated by the form of
the eigenvalue equation (3.5), we consider a simplified
approach to extra-dimensional maxions that relies on using
the 2 x 2 block mass matrix

wow'’ )
Wi +y?

2
M2 — m%Q < (wo)
vivo
This is equivalent to truncating the sum in Eq. (3.5) to the
second term. The lightest eigenvalue can then be predicted
up to an accuracy of O(u;/u)* and, in the limit

V. yo <y, reads
2 <ll/0> 2
U1

(5.6)

2 ~
A’O.ZXZ ~

In the same limit, we find
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Vi _ ¥iXocp XQCD
R—>=— ~ (36m)° =

= , 5.7
VR w07

90

which approximates very well the expressions in
Egs. (4.11) and (4.28). In light of these results, let us
argue why this approximation makes sense. The lightest
eigenmode obtained in this approach corresponds to the
lightest maxion of the full model, while the second one is
forced to go close to the canonical line to satisfy the sum
rule (for whatever truncation of the mass matrix, the KK
interactions preserve always a PQ symmetry at the classical
level). By considering more scalar fields, i.e., going beyond
the 2 x 2 approximation, the number of maxions increases
but the prediction for g, remains reliable, as the mixing
angles between the light fields are all similar. Nevertheless,
the realistic pattern of maxions that reproduce the low-
energy consequences of the full model, with no canonical
eigenstate in the y < 1 limit, can only be recovered by
considering a much larger number of fields n*, such
that n* /gy =~ 1.

In Eq. (5.7), we have expressed the g factors in terms of
the EFT cutoff identified in Eq. (5.4), up until our perturba-
tive predictions are valid. After this step, requiring the g
factor to be larger than the unity results in the condition

X
m S (362252 (5.8)

which is independent of the (exponential) differences
between the flat and RS models. We will consider scenarios
with A = 1 TeV. Such value ensures that the UV resonances
that complete the 5D axion gluonic interaction, such as
colored fermions localized on the IR brane [9], evade LHC
bounds.® Even though more exotic constructions with extra
branes and throats could weaken these limits, a smaller
cutoff scale would induce large corrections to QCD reso-
nances, namely to the mass of the #'.” It follows then from
the previous expression that noncanonical KK axions could
arise for pu; < O(10) eV. Using the conservative one-
graviton bounds in Fig. 3, we find that this value is 3 orders
of magnitude above the limit imposed by tests of the
fifth force.

Let us then explore the limiting case of u; ~ 1072 eV
which, according to Eq. (5.7), would lead to the largest
value possible for

®For instance, a KSVZ-like interaction of the form Sy D
f d4x\/§y\p‘i‘L(I>‘PR + H.c., where @ denotes the PQ field, pro-
duces heavy fermion masses that get warped down,
miy ~ ySA(ZR)* f2 ~ Yo N3 J(A(mR)M,). If A(zR)M, ~ A, the
KSVZ fermions are expected at energies of the order of the
EFT cutoff scale.

In the limit where m, ; — O, the correction to the #' mass is
given by A(m)* & NyiAbep/ oo ~ Aoep/ A

1072 eV /1 TeV)3
90%4.5x103x<0 ¢ )( © ) (5.9)
Hi A

Such mass is not yet ruled out experimentally in the flat
scenario, but for RS setups, only larger values for y; are
viable and therefore smaller g factors; see Fig. 3.

The previous expression localizes the maxion modes, but
those that interact more strongly with the SM are the heavy
ones in the plateau, for which

107 GeV 12 /1 TeV\3/2
AP 1.2( A > ( ¢ ) . (5.10)
fplateau 107= eV A

according to Egs. (4.22) and (4.36). In terms of the
coupling represented in Fig. 1,

_ o |Cay|
gaiﬂzg f; ’
i

(5.11)

we obtain g, plaean & 2.5 X 10710 GeV~!, after fixing
pr ~ 1072 eV, A~ 1 TeV and |C,,| ~ 1.92 since all axions
inherit the same model-independent coupling to photons
from the original interaction in Eq. (2.4). Such coupling is
on the verge of the constraints imposed by single-axion
searches in stars; see Fig. 1. We note that model-dependent
interactions could be introduced in the IR brane to make the
KK axions more photophobic, at the cost of some tuning
(see, e.g., Ref. [42]). Nevertheless, supernova data probes
directly the gluonic coupling in Eq. (5.10) for the largest
possible displacements identified in Eq. (5.9). Such bound
takes into account the production of a single axion in the
star, which does not hold in our setup. However, as we
show below, the production of additional eigenstates
strengthens this limit severely in the parameter space of
interest.

By employing the approach of Ref. [19], one can obtain
the effective interaction scale of the KK axions, integrated
up to some characteristic energy E. (around 30 MeV for
typical supernovae core temperatures):

1 R(E)
= , 5.12
f4,eff. f4 ( )
where
5 5 1 22
R(E)=F D> 5= > (=] (5.13)
(ﬁm4><Epf B Gmy<k, NI

Let us now take some interesting limits of this expression,
assuming E. > p;. In flat scenarios, we obtain
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1 £
32 (”']"3 ) my > iy,

Nﬁm(Ec) ~2 X . (5.14)
(,71”) my <K< fiy;
while in the warped case,
3
i e (45) wima> .
Ngs(Ec) (5.15)

Yimy <K< .

The results in Eq. (5.14), applicable to flat extra-dimen-
sional models, agree with previous findings reported in
Ref. [19]. In maxion-dominated regimes, 83, ~y <1, so
that the collective KK bounds can become weaker relative
to those obtained for a single axion. In contrast, in the
regime dominated by the plateau modes, the relation
1/ faetr. ~ V/N/fa4, where N ~ E,./u;, leads to a substantial
strengthening of these constraints. Note that the transition
between this mass-dependent and flat regimes occurs
approximately at

my &

5.16
2w (5.16)

By extending these results to the warped case, we find
that the curvature exponentially suppresses the maxion
regimes, while it enhances the plateau contribution.
Whichever of these effects dominates, and therefore the
fate of the bounds, depends on the parameter space of
interest.

Figure 4 shows the values of the “rescaling factor,” R,
computed numerically for the flat and different RS scenar-
ios. In this figure, we can clearly identify the transition
between maxion and plateau dominated regimes,
as well as other features discussed previously. Choosing

10%: —_— = 1072 eV, Py = V2 A
=16V, ¢ =2

g 1081 —_— =1V, =101 A
=

S 10tk H H ) |
I
S

Z 100 |

1F |

107 0.01 1 100 10*

my [eV]

FIG. 4. The “rescaling factor” R(E,), defined in Eq. (5.13), as a
function of the PQ mass. The different lines correspond to
different benchmark values for y; and y; that allow for maxion
regimes interpolating the RS and flat scenarios. The characteristic
energy was taken to be £, = 30 MeV. The parameter space to the
left of the dashed lines, where A > 1 TeV, is consistent with the
EFT analysis; see the text for details.

i, = 1072 eV, which produces the largest g factors allowed
by fifth force constraints in the flat scenario [see Eq. (5.9)],
we find that the rescaling factor is dominated by the plateau
modes and, therefore, it is extremely large, R, ~ 10°. To
compare this with curved models, we have chosen a larger
value for 4; = 1 eV that complies with gravity constraints
fory, as large as 10*. For the same A = 1 TeV (represented
by the vertical lines in Fig. 4), we infer that the
warped scenario worsens significantly the bounds, with
Rrs ~ Rpaw; ~ 108, Such benchmark corresponds already
to a very small displacement of the KK modes from the QCD
canonical line, gy ~ 10%.

We can take the argument further by computing the
minimum value of my, in Eq. (5.15), which is compatible
with a suppression of the bounds, i.e., R(E,) < 1. Plugging
in this value in the expression for the maxion g factor, we
obtain

E3\ 12 Wl E\3/2
m3 2 <M1 6) = goRrR A4y <—C> . (5.17)
! i Py N\

Written in terms of the cutoff scale, as in Eq. (5.7), such
condition implies that

oyl A°E}
M2 e
(36”)6)(%2CD

21002 (-2 ) (B Vgev, (518
1 TeV 30 MeV

which is clearly incompatible with the maxion regime.
Indeed, the equation above is in strong contradiction with
Eq. (5.8). This shows unambiguously that R(E,.) > 1 even
for maxion regimes, unless E. is comparable to y;.

We, therefore, conclude that the maxion patterns from
the extra-dimensional models analyzed in this work are in
severe tension with the joint combination of gravity and
astrophysical constraints.

Using this simpler 2 x 2 approximation, we also checked
the possibility of generating maxions in the continuum
clockwork model [43]. We have found that also for this
model, the previous conclusions hold: There is no param-
eter space that complies with gravity bounds where g, > 1.
This is in part expected as the clockwork mechanism was
constructed to suppress mixings between neighbors.

VI. GENERALIZATIONS

In the previous discussion, we explored the conse-
quences of only one extra dimension and exploited the
common WFs of the KK gravitons and axions. One might
then wonder if different conclusions could be drawn in
more general scenarios. Generalizations to the previous
assumptions include an extension of the number of extra
spacetime dimensions, with the axion propagating only in a
subset of those, §* < &, and a misalignment between the
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gravitons and axion WFs due to more complex dynamics of
the PQ field in the bulk.

In the following, we briefly discuss such points with
some examples.

A. Beyond one extra dimension

The consequences of considering a larger number of
extra dimensions are not trivial to address and depend on
the size of each dimension as well as its compactification.
In general, in 6 extra dimensions, the axion field can be
expanded as

1
a(x,y) = Wzn:a"(x)l’/"(y)‘ (6.1)
This results in the generalized KK Lagrangian
Ly=> l(a a )2—1;,2&2
4 - 2 n%n 2 n“n
1 a N ~ 5
E% (anl//n)G/wGﬂ ’ (62)
n
and in the generalized eigenvalue equation,
(wa)
=1 (6.3)
2 22 = (un /i)y’

[n|<N

see Appendix A for details. As before, y; is the lightest
mode of the theory, while N denotes the largest KK number
allowed by perturbative unitarity constraints, i.e.,
N = A/u,. Note that the above expression is completely
general and holds independently of the number of dimen-
sions and type of compactifications. It also shows a new
feature compared to the one-dimensional case: The sum
diverges logarithmically and exponentially with N for
0 =2 and 6 > 3, respectively. This suggests a stronger
dependence of both the eigenvalues and the g factors on the
cutoff scale with respect to the one-dimensional case.

To find explicitly these expressions, let us consider
a scenario in which each of the o extra dimensions
respects the same orbifold symmetry as considered in
the previous sections so that the WFs can be written as
W =Wy, (V1) X -+ Xy, (vs). The smallest eigenvalue in
our problem can be then computed by approximating

S s~ [ dingnh =i [ dnn g, (64

n

where S;_; = 27%2/T°(5/2) is the surface area of the & ball.
Such an approximation is sufficient to capture the relevant
behavior of the expressions with 6 (in particular, the leading
growth with N), but further precision can be achieved by
including Euler-Mclaurin correction terms [44]. In the

limits y; >y, and N > 1, we find®

s=1,
26 25
zgzyz‘(ﬂ) <5—> 1/log N §=2  (6.5)
v "Vl (5-2)/N2 523

Notice that in the case d = 1, we recover our previous
result, which is independent of the large N behavior.
The corresponding ¢ factor reads in turn

2 /g 1 6=1,
% z";—lz <%> x { logN §=2, (6.6
N2/(6-2) 623;
and consequently:
% /g 1 6=1,
fo zf4xl/;/—15(2§—;lé> x < logN 5=2, (6.7)
0 No=2/(§-2) 6>3

The previous expressions show that the potential maxion
displacements grow exponentially with the number of
dimensions. Nevertheless, the unitarity and gravity con-
straints also become stronger. Indeed, the cutoff scale must
be modified by the enhanced coupling and number of
modes contributing to the amplitude, as discussed in
Appendix C. This results in

o o (22) (45,
Ss-1 W%‘s

By reexpressing g, in terms of this scale, we find

(6.8)

1, o=1,
() 42 o

() o2

The result is quite remarkable. On the one hand, it does not
depend on ¢ for a large number of extra dimensions. On the
other hand, all results beyond 6 = 1 are suppressed by
uy/A. In fact, for 6 > 3, the dependence on u; completely
drops out. Therefore, we conclude that the inclusion of
more extra dimensions further precludes the possibility of
maxion solutions.

On the experimental side, the contribution of the lightest
gravitons with mass y; to fifth force experiments gets
rescaled by the number of dimensions, i.e., & o 8(y; /y)>.
The lowest values of p;, which were allowed in the 6 = 1
case, are consequently excluded in scenarios with more

XQCD
~ (367m)3 ==
90 ( 7[) /l]AS

¥The 2° stems from summing only over the positive n.
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spacetime dimensions. Therefore, if the axion propagates in
only a subset 6* <2 of the total number of spacetime
dimensions, the bounds on g, will become stronger.

One might still wonder about the consequences of
introducing nonuniversal features among the extra dimen-
sions. Such a case is more involved and does not allow a
general answer, as fifth-force searches do not constrain the
same combination of WFs and masses that enter the
eigenvalue equation. Nevertheless, let us imagine a sce-
nario where a series of massive gravitons (and therefore
axions) develops much larger WFs than the rest, potentially
giving an important contribution to the maxions g factor.
While these would contribute to the eigenvalue equation
with a factor ~(wy«/pn+)?, this is not the combination
bounded by gravity tests, ~(yp+)>e™**". In particular, the
exponential suppression could effectively screen the con-
tribution of these modes to the Newton potential, such that
the corresponding WFs would remain essentially uncon-
strained by tests of the fifth force. This scenario would then
have the potential to change our conclusions concerning the
largest value allowed for g,. However, the contribution of
such modes to astrophysical probes as well as to the
scattering amplitude that determines the unitarization scale
is expected to scale in the same way as the contribution to
the g factor. Therefore, these two constraints could close the
parameter space for maxions even in this case.

Overall, while the above arguments are not sufficient to
completely rule out the KK maxion scenarios, they suggest
that it is unlikely to find such solutions in a generic extra-
dimensional model.

B. A different VEV profile in the bulk

The EFT in Eq. (2.4), studied throughout this work,
could be generated by a constant VEV profile of the PQ
field on the bulk. A possible straightforward extension
of our setup is then to consider a less trivial, namely
y-dependent, VEV profile for this field. To discuss this
case, we write, in a flat spacetime background, a model for
a complex PQ field, ® = pe'®/fs /\/2, freely propagating in
the bulk:

So = M, / dxdy\ /G0, 0% 0D — 2|2 (6.10)

The case of a warped scenario is discussed in Ref. [45]. We
additionally include a localized potential to induce a VEV
(p(¥))y—zr = f5 on the IR brane, i.e.,

Sir C /d4xdy\/g_]6(y — 7R) [gABaACI)*aB(I)
A
-S1ep(or - 1) (6.11)

Let us now discuss the y profile of p(x,y) =
(p(y)) + p(x,y). The free EOM for the (p(y)) reads

(05 —m?)(p(y)) = 0. (6.12)
where m? = Asf2 is the mass of the radial mode after
spontaneous symmetry breaking. By imposing the boun-
dary conditions

05<P<J’>>y=0 =0, (p(zR)) = f5, (6.13)
we obtain
B cosh(my)
(p(¥)) =[5 % m- (6.14)
In turn, the axion EOM reads
o {aAa (M) } 0. (6.15)
fs
By employing the KK decomposition,
1 (o)
a(x,y) = W; an(X)n(y), (6.16)
we obtain a modified Sturm-Liouville equation:
=05[p(¥)95$(¥)] = Har(y)n. (6.17)
where
=r=(Z2) e
s

To find the solutions for ¢,, we require that the derivatives
vanish at the boundaries,

(65¢n (y))y:O,HR =0. (619)

A constant function is a solution of Eq. (6.17) for yy = 0,
corresponding to the lightest mode. After normalization,
and defining v = mR, we obtain

4zvcosh?(nv)

fo = 27y + sinh(27v)

m — 0;

1,
= 6.21
{ V2zrmR, m — oo. ( )

The flat model is recovered by taking m — 0.

’As in Eq. (2.6), we require:

L™ dyr )0, 0) = 83 (6.20)

27R —7R
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We turn now into the massive modes, for which we

.10
obtain

3a0) = (1 o f), (62)
with
= |
The corresponding masses are given by
W= 2, (6.24)

where ji, are the solutions to the following equation:

m tanh(zv) cos(zRf,) + fi, sin(zRji,) = 0.  (6.25)
Such an equation has no closed solution, but in the limit of
small and large m, one finds

1 (n, m — 0;
fin =+ (6.26)
R{(n+1/2), m— oo,
with n €N. In both cases, the masses are bounded from
below, pu,, > m.
By making use of Eq. (6.25), we can write the WFs at
y =7nR as

i, sin(zRji,)
R) = —(-1)"———"-~ , 6.27
DlaR) =~ W), (627)
which, in the previously considered limits, read:
1, m — 0,
$o(7R) = V2 (6.28)

—(%), m — .

Using these results, it becomes clear that in the presence
of a massive bulk PQ field, the KK axions become heavier
and the WFs more suppressed, for n > 0. The correspond-
ing mass matrix is therefore expected to become more
diagonal, and the a,,-( eigenstates more decoupled from the
zero mode. In this way, in the limit where the predictions
are distinct from the ones analyzed in the previous
sections, this scenario is expected to deliver a canonical
QCD axion.

lOAgain, we choose the signs that are convenient in later steps,
but with no impact on the results.

VII. THE ONLY POSSIBLE PATTERN

We have concluded that noncanonical QCD axion
patterns induced by a PQ bulk field are in significant
tension with fifth force and astrophysical bounds. This
claim was verified in both flat and RS scenarios, for
different VEV profiles of the bulk field, and independently
of the number of extra orbifolded spacetime dimensions. In
light of these results, we therefore expect that only
canonical KK patterns emerge in these generic scenarios.

The canonical pattern consists on having one axion in the
canonical QCD band plus a plateau of heavy modes,
located a distance Am = p; away from the former. Even
though the plateau modes are expected to be as weakly
interacting as the QCD axion, their resummation could
make the pattern more visible to experiment and eventually
lead to the identification of the QCD axion interaction
scale. For instance, in a broadband experiment like CAST,
the overall effect of the KK exchange induces a stronger
coupling to photons given by

g(%zyy,eff ~ Nglzl}’}’
(a) (72)
27 fa
_(keV\ a2/ 1 \?
- Am 2r f plateau ,

which illustrates how a discovery of a multiple KK signal
could translate into an identification of the zero mode in the
canonical QCD axion band. Additional implications of the
KK photon coupling have been discussed, for instance, in
Refs. [7,46-48]. It is also worth pointing out that, while in
these regimes the massive KK modes would be decoupled
from the solution to the strong CP problem, they could
contribute sizably to the dark matter abundance of the
Universe, affecting significantly the predictions with
respect to the single axion case [17-19,27].

For large values of u; ~ O(MeV), such that the second
mode would appear at LHC scales, the resummation effects
are expected to be substantially weaker, and instead only a
small number of modes could be tested resonantly, with no
significant implications to the QCD axion. (This conclusion
could be substantially different, however, in models
capable of generating large displacements of KK maxions.)

Finally, let us also comment on which UV parameters
could generate the patterns discussed in this work. As we
showed in previous sections, the mixing among KK modes
is fully predicted by the compactification of the higher-
dimensional theory, and it is controlled by the mixing
parameter

(7.1)

2
781 ) AQCDmP

— ~ Y

y v (M5f5)3/2’ 7-2)
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where, in the second step, we assumed that M ~ f5 < Ms5.
In particular, if we further require that all scales are equal in
the UV model, it follows that

A 2
Mo (-2 )«
y  \A(zR)M;

(7.3)
due to the requirement of perturbative unitarity in the
gravity sector up to the TeV scale [see Eq. (5.1)]. The most
natural extra-dimensional setups hence lead to the decou-
pling of the massive modes, and consequently to the
presence of a single axion in the canonical QCD line.
More hierarchical scenarios, with M5 > f5, would then be
required to produce large mixings among the KK modes.
Such hierarchical scenarios could nevertheless be real-
ized in Nature, at the cost of raising new questions, e.g.,
related to the mechanism to stabilize the different UV
scales. The interest of our results is that we proved,
independently of relations among the fundamental para-
meters, that all the exotic scenarios that could arise from the
UV theory are phenomenologically constrained.
Although this holds in generic models, established upon
standard KK WFs and compactifications, engaging in more
elaborate constructions to allow sizable KK mixing could
have profound consequences on the axion phenomenology.
It remains to be tested, for instance, the possibility to
generate the extra-dimensional maxion patterns in

(1) Scenarios where QCD also propagates in the bulk
of the extra dimensions & [12,49], enhancing a
S6*-axion mass and therefore that of the 4D
KK modes;

(2) More exotic constructions where the WFs of the
axion are disentangled from gravity bounds, e.g.,
due to the combination of additional bulk fields and
more involved compactifications; and

(3) The string axiverse, which provides extra mass
sources for the KK modes of higher dimensional
fields, in setups where the PQ symmetry remains
essentially unbroken at low energies. Under the
assumption that the different instanton scales are
highly hierarchical, it has been found that the mixing
of light ALPs with the axion gluonic combination is
very weak [23]. However, a study of more aligned
regimes, which could lead to the exotic phenom-
enology discussed in this work, is still lacking.

We plan to explore some of these directions in the near
future.
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APPENDIX A: EIGENSYSTEM OF THE MASS
MATRIX

1. Eigenvalues in one extra dimension

To obtain the eigenvalues in our problem, we must
compute the determinant of the following (N + 1)? matrix,
which accounts for the mixing of the zero mode with N
massive modes:

M2

=m—]2)Q—/121
Co ¢ ¢ ¢
{ o+c c o
=1 ¢ c o+cy ... c , (A1)
o
4 o 1 o o+cy

where ¢ =yop;, o= ()%, co=(wo)’ -4, and ¢;=
(u;/p1)*y* — 2> By making use of the fact that linear
combinations of rows (¢) and columns (c¢) do not change
the determinant, we can greatly simplify this matrix. For
instance, by making £, —» ¢, — ¢, , starting from the
second row, i.e., n = 1, we find:

o ¢ ¢ ¢ ¢
0 Cq —C) 0 0
0 O - 0
det(A) = | COQ “ . (A2)
€3
{ o o c o o+cy

The matrix is now triangular, up to the last line. Assuming
¢; # 0, we will now subtract each of the lines above in order
to eliminate consecutively the elements Ay,,. For example,
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after the first iteration £y — £y — ({/co)¢y, We get to

Co ¢ ¢ ¢ ¢
0 C1 —C) 0 0
0 0 Cr —C3 0
detld) =) 0 0 ¢ 0
3
0 —SlEG—élz/Co =81 =81 =51 Cy— 8
(A3)

After the second iteration £y — £y + (s1/¢;)¢, we can
eliminate Ay; so that the next element Ap, becomes
—s, = —s; — (¢y/cy)s;. Denoting by —s, the Ay, term
obtained after each iteration, we can work out the recursive
relation

c
Sppt =81+ ZH Sps (A4)

n

with the boundary condition

sy =51+ SN_] — CN- (AS)

CN-1

Using now Eq. (A4) to replace the element sy_; in the Eq.
above, and doing so consecutively for the elements sy_,,
Sy—3, etc., we finally obtain

|
—Sy = cN[l —slgc—j.
As the matrix is now upper triangular, the determinant reads
N-1
det(A) = (H c,,> X (=sy)
n=0

The eigenvalues are to be found in the zeros of such
determinant. By assumption, ¢; # 0, so we must require

(A6)

(A7)

N
| 1
0= 1 - — A8
Sy & S n§::1 c, ( )
that is, the eigenvalues satisfy the equation
N
—=1 A9
S ; c, ( )
In the original notation, such a relation reads
N
2 —2%). A10
N

In more compact notation, it follows that

i (Wﬂ)z . 1
2 22
n=0 A=

(Un/11)%Y (A1)

where py = 0.

2. Eigenvectors in one extra dimension

We focus now on the eigenvectors u of M. As the linear
system that we are trying to solve is homogeneous,
Au =0, we can use as a starting point the result found
in the previous section, i.e., the matrix

oo ¢ ¢ ¢ ... ¢

0 ¢ —-co 0 ... 0

0 0 ¢ —c; 0 (A12)
0O 0 O c3 0

T Y

0O 0 O 0 0 =—sy

Let us consider the family of N 4 1 eigenvectors, each
labeled by its eigenvalue A, with components u;. All entries
in the last row vanish once we employ the condition in
Eq. (A8). This grants us the freedom to set one component
to an arbitrary constant, e.g., uy. By solving the eigenvector
equation, we then find a recursive relation for the eigen-
vector components

Cily = Ciy Ui, 1 SISN—l, (A13)
which implies:
w=Yuy, Vie[l,N-1]. (Al4)

i

Consequently, the first component can be written as

Uy = —— u, | =-C— —uy=—"—u
0 Co n—1 ! Co n—1 Cp N §1 Co N
-5 o, Al5
aco—CZCNuN ( )

where in the last steps, we made use of Eq. (A9).
Altogether, the eigenvectors can be expressed as

ll:./\/’l(... il . ¥i >T
T/ )Y =22 (uy /)Y = A2)
(A16)

with the normalization constant A/, given by
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N N " 27-1/2
= — . Al7
’ [z; <(ﬂn/ﬂ1)2y2 —/12> ] (AT
More compactly, we can write

Uy = i (A18)

Fue/ )y =22

3. Eigenvalues and eigenvectors in arbitrary dimensions

The formulas for the eigenvalues and eigenvectors found in
the one-dimensional case can be generalized to the case of an
arbitrary number of dimensions o, without the need to make
any assumptions on y,,. The key observation is that any
matrix with different WF factors can be transformed into a
universal one, with nonuniversal terms only in the diagonal.
This allows us to use the previously obtained results.

Let us begin by revisiting the mass matrix structure for
o=1:

N2
(Mz)ij = m12>Q [l//ill/j +y? (/%) 51‘;} . (A19)

The same structure holds for an arbitrary & since each
vector label n = (ny,n,,...,ns) can be counted using a
single n label; e.g., for 6 = 2:

(0,0) > n=0, (,L0) > n=1,
(2,0) > n=3, (I,1) > n=4,

0.1) = n =2,
(A20)

So, in this example, the mixing in the entry M%z is given by
W1W2 = W (1,0)¥(0,1) in the notation above. We will identify
u; with the mass of the lightest mode in the theory (which
now can have several copies).

We now proceed with the computation of the eigenvalues
and eigenvectors.

a. Eigenvalues. The eigenvalues are found by requiring
that the determinant of the following matrix

A= mIZDQ[I//in + (Y2 i/ 1)* = 22)6;)] (A21)

is zero. By multiplying a row or a column by a number «,
the determinant also gets multiplied by a. This does not
affect the zeros of the characteristic polynomial. We
therefore multiply each i row by w,/w; and each j column
by w/y; and proceed to evaluate the equation

—0. (A22)

2
W+ [(yz(ﬂi/ﬂl)z ) WWO ]511;

irj

This matrix has the same form as the one studied in the one-
dimensional case [see Eq. (A1)], with constant values in all
entries besides the diagonal. Therefore, by applying the
same steps as in Sec. A, we obtain the straightforward

generalization of Eq. (Al1):

- (wn)?
E —r 1, A23
=0 - (/"n/ﬂl)zyz ( )
or equivalently
(i)
E e A24
A2 = (un/p1)?y? (A24)

[n|<N

b. Eigenvectors. The computation of the eigenvectors
follows a similar reasoning. We aim to compute the
solutions of the homogeneous linear system defined by
Eq. (A21). Being homogeneous, we can multiply each row
by a constant without modifying the solutions: we choose
wo/w,;. Regarding the columns, we redefine the jth
component of the eigenvectors (that is just a variable in
our linear system of equations) as

_ Yo ,
= —U..

u .
J
Y

j (A25)

After these replacements, the system is again in the form of
the one we analyzed in the one-dimensional case. This
allows us to use the same results derived before, upon
replacing, in the end, each jth component by u; By
following this procedure, one finds the result formally
reads the same, and one can replace the sum over the single
label n with the sum over all possible vector labels n.

Finally, this also implies that the expression for the
g-factors remains formally the same.

APPENDIX B: THE QCD AXION SUM RULE IN
EXTRA DIMENSIONS

The QCD axion sum rule was proved in all generality, for
an arbitrary dimensional mass matrix, in Ref. [4]. Since the
extra-dimensional models considered here are PQ invariant,
the sum rule must also apply here. One can check it
explicitly using the results derived in the previous section.

With this aim, let us consider the following unit vector:

5=(1,0,0,0,...). (B1)
By applying this vector to the squared mass matrix in the
original basis, we can extract its first component:

wi=(M?)y =s"M?s =vIM2, v

phy " - (B2)

This must be equivalent to acting with v = U”s on M7, ,
the physical mass matrix obtained after diagonalization via
the rotation matrix U = (u,,uy, ,....,u, ). In particular,

the components of such a vector are given by
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V; = ZUJ[S/ = UOi' <B3)
J
Using Eq. (A18), it then follows that
T 2 292 N2
vViIMG, v = ZUM = 1//02/1—2, (B4)
A 2
which—in order to match Eq. (B2)—requires
2 1
S(F)-2()-r e
) A 2 9a

APPENDIX C: PERTURBATIVE UNITARITY
CONSTRAINTS

We will focus separately on the one- and multi-
extra-dimensional cases.

Setting 0 = 1 at first, let us consider the elastic scattering
a;g — a;g to infer a constraint from perturbative unitarity.11 The
diagrams contributing to the process are depicted in Fig. 5. We
employ partial-wave analysis (see, e.g., Ref. [50]) and compute
the J =1

M, zi/d(cos@)d{lle(e)/\/lslsz(s,9), (C1)

32
where d{ ;. (6) is the Wigner d-function, and in this case M
is the amplitude relative to the helicities s; , = = of the initial
and final gluons. The scattering matrix element is nonvanishing

for the same initial and final color state and in the high-energy
limits reads

M .4_(M1,++ Mu—)_(axw,»)?i(l/zt 1 )
MM M) \8afy) 6x\ 1 1/4)°

(@)

Perturbative unitarity imposes the smallest of the eigenvalues of
such matrix to be smaller than 1, thus implying

A\ 2
agwi\*( 5 s<1.
87Tf4 24-7[

If we now consider the full set of processes a;g — a;g, the
number of amplitudes increases. The full scattering amplitude
matrix for this set of processes can be block built starting from
M ;; such that

(C3)

(Ml)ij = Ml,ij~ (C4)

"Note that by considering the a;g — a;g process convoluted
with the gluon PDFs, or even other processes involving weaker
tree-level couplings of the axions, the unitarity bound would only
become weaker.

If we consider the first N axions, then the largest eigenvalue of
such matrix is found to grow linearly with N and the condition of
Eq. (C3) becomes

N 2 N 2 3/2
N (AW (2 g0 (EVi) (D)2 <1, (C5)
8nf, 24rx 8nf, 4r) u

where in the last step, we approximated again the number of
available axions as N ~ /s/u;. The result matches the naive
result of Eq. (5.3) comected by a numerical factor
of 5/(24rn) ~ 1/(5x).

We can therefore identify the cutoff of our EFT to be

Aw (3 202”3> h (”lf ‘2‘> "~ (36m) ("I_Jf*> " (co)

2
ag Vi i

where we employed a,(1 TeV) ~0.08 [51].

When dealing with a larger number of extra spacetime
dimensions, 6 > 1, the previous discussion needs to be
generalized. We will obtain now the more general expres-
sion for the unitarization scale, assuming that all dimen-
sions respect the same orbifold symmetry as discussed in
Sec. VIA.

In such case, Eq. (C5) is modified since the number of
modes contributing to the amplitude now grows exponen-
tially. Denoting by N the number that saturates the
condition u, < +/s, the effective number of axions can
be estimated as

S5—1 S
Neg= Y _ 1 Mo N (C7)
In|<N
As before, N ~ +/s/u; so that Eq. (C5) becomes
s\ 2
ayq 5
N — s <1, C8
" (8ﬂf4> (247r>s . )
leading to
255 2,0
A2 % (367)° () <f4§f;> (C9)
Ss-1 v

(a) ' (b)

FIG. 5. Feynman diagrams contributing to a;g — a;g.
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