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Quantifying the effects of vibro-compaction on soil heterogeneity and 
geotechnical uncertainty
Martí Lloret-Cabota, Kun Zhanga, Wangcheng Zhanga, Alaa Kourdeya and Michael A. Hicksb

aDepartment of Engineering, Durham University, Durham, UK; bDepartment of Geoscience & Engineering, Delft University of Technology, 
Delft, the Netherlands

ABSTRACT  
Geological materials exhibit spatial variability in their properties as a result of their formation. Many 
studies have focussed on how to characterise this spatial variation by means of the correlation 
length θ. Such a characterisation has been applied in the geotechnical design of geostructures 
at numerous sites where cone penetration tests (CPTs) were available, because θ can be 
relatively easily estimated from this in-situ information. However, the CPTs available at a given 
site are often part of the initial site investigation, and hence carried out before the application 
of any ground improvement technique. This raises the question of how (and by how much) the 
estimated θ is affected by subsequent stages of the construction project and, more specifically, 
by the application of ground improvement processes intended to alter the initially poor 
mechanical condition of the in-situ soil. This paper investigates in-situ data from three trial test 
sites, where CPT data before and after application of vibro-compaction are available. In addition 
to the expected overall mechanical improvement of the soil, the application of vibro- 
compaction has a significant impact on soil heterogeneity, with a substantial reduction in the 
coefficient of variation and θ of the cone tip resistance and sleeve friction.
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1. Introduction

Soils are naturally heterogeneous as a consequence of 
their formation and subsequent geological/geotechnical 
history. A knowledge of the extent of the spatial (i.e. 
within a soil layer) and temporal (i.e. over their lifetime) 
variations of their geotechnical properties is important 
for the design of geotechnical structures. Commonly, 
the relevance of the random temporal variations of a 
soil property is of less interest to geotechnical engineers 
than its random variation in the spatial dimension, 
which may explain why the random temporal nature 
of soil properties are less often taken into account. How-
ever, many geotechnical projects require the application 
of ground improvement techniques (e.g. vibro-compac-
tion) to improve the originally poor mechanical and 
hydrological properties of the in-situ ground (Baumann 
and Bauer 1975) and these techniques are typically 
applied after carrying out an initial in-situ soil charac-
terisation. The sequence of these construction stages 
raises the question of how, and by how much, such 
ground improvement techniques influence the hetero-
geneity of the soil profile, and what are the likely 

implications for the reliability-based design of a geo-
technical structure.

Alonso and Krizek (1975) and Vanmarcke (1983) 
demonstrated that the spatial variation of a soil property 
can be relatively well described by means of an impor-
tant spatial statistic referred to as the spatial correlation 
length (or scale of fluctuation) θ. This spatial statistic 
controls the decay of the spatial correlation structure 
of a soil property with distance (in a given direction). 
The estimation of θ has been extensively discussed in 
the geotechnical literature (Baecher and Christian 
2005; Campanella, Wickremesinghe, and Robertson 
1987; Ching et al. 2023; Ching, Phoon, and Sung 2017; 
DeGroot and Baecher 1993; Fenton et al. 2015; Hicks 
and Samy 2002; Li et al. 2021; Lloret-Cabot, Hicks, 
and van den Eijnden 2012; Phoon and Kulhawy 1999; 
Popescu, Deodatis, and Nobahar 2005; Uzielli et al. 
2007; Uzielli, Vannucchi, and Phoon 2005; Wackernagel 
2003). The initial focus was correlation in the vertical 
direction (Cafaro and Cherubini 2002; de Gast, Vardon, 
and Hicks 2017; Lloret-Cabot, Hicks, and Nuttall 2013; 
Wickremesinghe and Campanella 2020; Zhang et al. 
2021), but later also included correlation in the 
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horizontal direction (Cami et al. 2020; Ching et al. 2018; 
Dasaka and Zhang 2012; de Gast 2020; de Gast et al. 
2021; Firouzianbandpey et al. 2014; Jaksa, Kaggwa, 
and Brooker 1999; Kim and Santamarina 2008; Lacasse 
and Nadim 1997; Larsson, Stille, and Olsson 2005; Li 
et al. 2014; Li, Uzielli, and Cassidy 2015; Liu et al. 
2019; Lloret-Cabot, Fenton, and Hicks 2014; Monforte 
2024; Onyejekwe, Kang, and Ge 2016; Pieczyńska- 
Kozłowska, Chwała, and Puła 2023; Stuedlein et al. 
2012; Zhang et al. 2022). A detailed literature review 
on correlation length, including an exhaustive data 
base of estimated values is provided in Ching and 
Schweckendiek (2021).

The spatial correlation length θ is a key input par-
ameter of numerous random field generators, such as 
the local average subdivision (LAS) method proposed 
by Fenton and Vanmarcke (1990), because it controls 
the representation of a soil’s inherent variability within 
the generated random soil domain. The combination of 
random field theory (e.g. LAS) with the finite element 
method forms the so-called random finite element 
method (RFEM). The RFEM allows for the investigation 
of spatially variable soil behaviour in classical geotechni-
cal problems (Cassidy, Uzielli, and Tian 2013; de Gast 
et al. 2021; de Gast, Vardon, and Hicks 2021; Fenton 
and Griffiths 2002, 2003, 2008, 2010; Griffiths and Fen-
ton 1993, 2001, 2004; Griffiths, Huang, and Fenton 
2009, 2011; Hicks and Onisiphorou 2005; Hicks and 
Spencer 2010; Hicks, Nuttall, and Chen 2014; Jiang 
et al. 2022; Li et al. 2022; Phoon 2008; Pieczyńska- 
Kozłowska and Vessia 2022; Vessia et al. 2009) and 
facilitates probabilistic assessments of geotechnical sys-
tems (as opposed to conventional deterministic analyses 
that lead to a single factor of safety). Therefore, good 
estimates of θ (i.e. that are representative of actual 
ground conditions) are critical to the application of 
RFEM in reliability assessments of geotechnical struc-
tures, because its value influences the averaging of prop-
erties along potential failure planes affecting the 
mechanical performance of the geotechnical structure 
investigated, as well as its probabilistic characterisation, 
as discussed in more detailed in Ching et al. (2018).

A number of studies in the literature have investi-
gated and demonstrated the effectiveness of vibro-com-
paction on granular soils (Baumann and Bauer 1975; 
Lees, King, and Mimms 2013; Renton-Rose, Bunce, 
and Finlay 2000; Slocombe, Bell, and Baez 2000), but 
they mostly focused on the geotechnical improvement 
of the in-situ ground in terms of stiffness, strength, 
hydraulic conductivity and reduction of liquefaction 
potential. The evaluation of such soil improvement is 
commonly carried out by assessing cone penetration 
tests (CPTs) performed before (pre-) and after (post-) 

application of vibro-compaction. With few exceptions 
(Cai et al. 2017; Schorr, Cudmani, and Nübel 2023; 
Zhai et al. 2024), the effect that vibro-compaction has 
on the heterogeneity of granular deposits is rarely inves-
tigated and, to the authors’ knowledge, it has not yet 
been investigated for sand deposits in Eastern Saudi 
Arabia. Filling this gap is one of the purposes of this 
paper. Surprisingly, studies on the characterisation of 
the geotechnical properties of sands from Eastern 
Saudi Arabia are relatively uncommon in the geotechni-
cal literature, despite the rapid expansion and substan-
tial investment that the region is experiencing in the 
construction of major infrastructure. The CPTs and 
the geostatistical study provided in this paper address, 
at least partially, this gap.

More specific aims of the paper are to quantify the 
heterogeneity of this Arabian sandy soil in its natural 
condition, in terms of the dispersion and spatial varia-
bility of cone tip resistance qc and sleeve friction, fs, 
and to then compare it with the heterogeneity of the 
same granular deposits after the application of vibro- 
compaction. Such a comparison enables the expected 
benefits of vibro-compaction on the overall increased 
means of both soil properties to be confirmed, as well 
as quantifying the lesser known effect that vibro-com-
paction has on the point variances (and associated his-
tograms) of these properties. In addition, the study 
facilitates a comparison of their spatial variability (ver-
tical and horizontal) before and after vibro-compaction 
to quantify the impact of this ground improvement 
method; something that is currently unknown for 
these soils. Finally, the overall study on the heterogen-
eity will provide a valuable source of information, not 
only to anticipate the potential benefits of vibro-com-
paction at similar sites in the region, but also as an 
additional way of assessing quality in the execution of 
this ground improvement method.

For this investigation, in-situ CPT data from a large 
construction project in Saudi Arabia have been used to 
geo-statistically characterise the state of sand deposits 
at the site. This was done in terms of the point statistics 
(i.e. mean μ, variance σ2 and coefficient of variation 
CoV), probability density function (pdf) and spatial stat-
istics (i.e. correlation lengths in the vertical θv and hori-
zontal θh directions) of both the measured CPT tip 
resistances, qc, and sleeve frictions, fs, before (pre-) and 
after (post-) application of vibro-compaction. Impor-
tantly, three trial sites have CPT data available before 
and after vibro-compaction. This allowed for a thorough 
quality assessment, which included the proposal, by the 
engineering contractor responsible for the ground 
improvement works, of an acceptance criterion to ensure 
that minimum target values of qc were achieved at 
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different specified depths of the granular deposits after 
vibro-compaction. However, the data are herein used 
for the statistical quantification and analysis of the 
effect that vibro-compaction has on soil heterogeneity 
and the associated geotechnical uncertainty.

2. Statistical soil characterisation of the site

A shipyard is in the final stages of construction in the 
Eastern Province of Saudi Arabia, covering an area of 
about 1,125 ha. Because of its very large extent, an 
extensive quality assurance and monitoring programme 
was carried out before and during construction. Based 
on the information from the drilled boreholes, the pre-
dominant ground conditions across the site were ident-
ified to be deposits of saturated medium dense to dense 
calcareous sands, with occasional bands of calcarenite 
caprock, overlying weak calcareous sandstone and silt-
stone at approximately 20 m below the ground surface. 
A typical CPT profile from the site is illustrated in 
Figure 1, including the tip resistance qc, sleeve friction 
fs and pore water pressure uw. The figure shows that 
the phreatic surface is at the ground surface and that 
the variation of uw with depth is approximately hydro-
static. It also shows that the measured tip resistances 
are quite variable within the first few metres below the 

ground surface, reaching substantially high values (up 
to about 40 MPa). As further discussed later, these 
very large tip measurements near the ground surface 
are explained by the presence of a superficial thin 
layer of sand dry crust and interbedded thin layers of 
stronger material at shallow depths (e.g. calcarenite 
caprock). Complementary geotechnical information 
on representative properties of similar sand deposits 
in the area can be found elsewhere (Poulos 2018).

Of the total projected area of the shipyard, this 
research focusses on three representative smaller areas 
referred to as trial test sites A, B and C. Each of these 
trial sites has a plan area of about 30 m × 30 m, as illus-
trated in Figure 2. The figure shows the locations where 
vibro-compaction was applied (referred to as print 
points) and the locations of all CPTs before and after 
vibro-compaction. Nine CPT soundings are available 
for trial sites A and B. From these sites, four CPTs are 
available from before the application of vibro-compac-
tion, which will be referred to as pre-CPTs hereafter 
(and are indicated as A1-A4 and B1-B4). Four further 
CPTs were executed 50 days after vibro-compaction at 
each of these sites, at 1 m distance from the correspond-
ing pre-CPT to reduce the influence of distance between 
the two CPT readings (see Figure 2). These are referred 
to as post-CPTs (A1-A4 and B1-B4). Test trial site C has 

Figure 1. Typical CPT soil profile: (a) tip resistance; (b) sleeve friction and (c) pore water pressure.
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eleven CPTs: five pre-CPTs and five post-CPTs (C1- 
C5). One additional CPT was carried out 10 days after 
the post-CPTs at sites A, B and C to check the overall 
mechanical improvement of the soil after vibro-com-
paction (denoted as T-A, T-B and T-C, respectively).

Vibro-compaction is typically used in cohesionless 
soils (as in this construction project) because denser 
configurations of their granular arrangement can be 
easily attained by the application of vibration, especially 
if the soils are initially in a loose state. Indeed, the appli-
cation of vibro-compaction in coarse-grained soils 
results in a reduced void ratio and compressibility, 
increased strength (higher friction angle) and increased 
seismic resistance (Slocombe, Bell, and Baez 2000). 
Application of vibro-compaction at the trial areas was 
performed according to project specifications. These 
involved setting out first the locations of the pre-CPTs 
at each trial area, with a frequency of at least one CPT 

per 200 m2 of plan area (see Figure 2). To achieve a 
more uniform densification of the sand state with 
depth, the vibration is applied in stages, starting in this 
project from a depth of about 15 m and then raising 
the vibrator to the desired new level in 1 m lift intervals. 
Each stage requires the vibrator to be maintained for a 
specified time (i.e. holding time or period), which was 
here set to between 30 and 40 s. The densification effect 
tends to reduce with depth and, at any given depth, den-
sification decreases with increasing radius from the 
vibrator (Slocombe, Bell, and Baez 2000). This means 
that, in addition to specifying a lift interval and holding 
time, it is also necessary to establish a plan grid. The 
design of the adopted plan grid is shown in Figure 2 for 
the two triangular grids considered in this construction 
project. One denser grid was formed from approximately 
equilateral triangles of side length 3.6 m and resulted in 
about 20 prints, while another less dense grid of slightly 

Figure 2. Layout for trial test sites A, B and C.
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larger equilateral triangles (side length of 4 m) also 
resulted in about 20 prints. All post-CPTs were executed 
50 days after the application of ground improvement, 
ensuring full dissipation of any potential excess pore 
pressures generated during vibro-compaction.

Figures 3, 5, 7 provide information on the qc measure-
ments with depth for trial sites A, B and C, respectively. 
In each figure, Part (a) includes the qc measurements for 
each individual pre-CPT, an averaged tip resistance over 
all pre-CPTs at the test site along with its estimated linear 

Figure 3. CPT tip resistance measurements from trial test site A: (a) pre-treated; (b) post-treated and (c) acceptance criterion.

Figure 4. CPT sleeve friction measurements from trial test site A: (a) pre-treated; (b) post-treated and (c) final post CPT.
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mean depth-trend (indicated by the dashed line), and the 
project acceptance criterion for the ground improve-
ment. Part (b) shows equivalent information for the 
post- CPT tests. Part (c) compares the project acceptance 
criterion specified by the contractor against the extra, last 
CPT for the site, and also includes the corresponding clo-
sest pre- and post-CPTs for further comparison (see also 
Figure 2). Equivalent results are presented in Figures 4, 6, 
8 for sleeve friction, fs.

The geostatistical analysis presented next is based on 
the CPT information presented in Figures 3–8. The data 
were obtained using a 10 cm2 tip area cone and a sleeve 
area of 150 cm2, with measurements taken every 2 cm. 
In general, the penetration depths of all pre-CPTs are sub-
stantially larger than those for the post-CPTs, with most 
depths ranging between 15 and 20 m (see Figures 3(a)– 
8(a)). In contrast, the maximum penetration depth of 
the post-CPTs is around 7 m (see Figures 3(b)–8(b)). 
However, the extra CPTs, indicated as T-A, T-B and T- 
C in Figure 2, have a larger penetration depth of about 
20 m (see Figures 3(c)–8(c)) so that the acceptance cri-
terion in the measured tip resistance can be compared 
for the whole depth (see Figures 3(c), 5(c) and 7(c)). 
Note that, to facilitate the comparison, the penetration 
depth considered in the statistical analyses for T-A, T-B 
and T-C corresponds to the depth of the closest post- 
CPT as indicated by the shaded area in Figures 3(c)–8(c).

2.1. Point statistics for CPT tip resistance and 
sleeve friction

To investigate the influence of vibro-compaction on soil 
heterogeneity and geotechnical uncertainty, it is first 
useful to statistically characterise the pre- and post- 
CPT data, including tip resistances qc and sleeve friction 
fs measurements. This is done for each CPT in terms of 
its point statistics, the mean μ and variance σ2, and the 
coefficient of variation (CoV = σ/μ where σ is the stan-
dard deviation). For measurements of cone tip resist-
ance, the results of these statistics for trial sites A, B 
and C are presented in Tables 1–3, respectively. Tables 
4–6 show the equivalent results for sleeve friction. 
Tables 1–6 also include the individual slope m and the 
intercept b of the estimated linear mean depth-depen-
dent trend t of qc and fs for each CPT (i.e. t = b + mz).

The effectiveness of the mechanical improvement in 
the sand state achieved after vibro-compaction can be 
clearly seen by the overall increased mean tip resistance 
and mean sleeve friction in each of the post-CPTs when 
compared against the µ of the corresponding pre-CPTs. 
This is true for all 3 trial sites, although, as explained 
next, the percentage increase differs between the sites. 
The following discussion mostly focusses on the stat-
istics results for tip resistances presented in Tables 1–3
but, in general, similar trends are found for sleeve fric-
tion (Tables 4–6).

Figure 5. CPT tip resistance measurements from trial test site B: (a) pre-treated; (b) post-treated and (c) acceptance criterion
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From the tip resistances before vibro-compaction at 
trial sites A and B, it is reasonable to infer that the initial 
state of their sand deposits was relatively looser than at 
trial site C. Mean values of about 18 MPa are estimated 

for sites A and B, whereas a value of about 24 MPa is 
estimated for site C. Similarly, the highest mean value 
of the sleeve friction corresponds to site C. Given that 
the effectiveness of vibro-compaction reduces in denser 

Figure 6. CPT sleeve friction measurements from trial test site B: (a) pre-treated; (b) post-treated and (c) final post CPT.

Figure 7. CPT tip resistance measurements from trial test site C: (a) pre-treated; (b) post-treated and (c) acceptance criterion.
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granular soils (Slocombe, Bell, and Baez 2000), the den-
ser initial state of site C could explain the smaller 10% 
increase in the averaged mean post qc (see Table 3), 
whereas an almost 30% increase is observed at sites A 
and B (see Tables 1, 2). This explanation also agrees 
with the smaller 34% increase in the averaged mean 
post fs estimated for site C (see Table 6), whereas an 
over 100% increase is observed at sites A and B (see 
Tables 4, 5). The higher percentage increase in the aver-
aged fs compared to the averaged qc indicates that vibro- 
compaction causes a significant increase in the in-situ 
horizontal stress and hence in the coefficient of lateral 
earth pressure K (where K is defined as the ratio of hori-
zontal to vertical effective stress).

Soil variability in terms of the point variance of tip 
resistance decreases for all three trial sites after the appli-
cation of vibro-compaction. This suggests that a more 
homogenised profile has been achieved, with a reduced 

dispersion in the tip resistance. The effectiveness of 
such a reduction seems to improve for more dispersed 
initial conditions of the sand, as a substantially greater 
reduction (of over 45%) is observed for trial site B 
where the initial point variance is largest (143.3 MPa2). 
A reduction of about 20–30% is observed for sites A 
and C, respectively. Interestingly, the level of homogen-
isation achieved at all sites after the application of vibro- 
compaction is relatively similar in terms of σ2, with aver-
aged point variance values ranging between 80 and 90 
MPa2 (as opposed to 100–140 MPa2 observed in the 
pre-CPTs), which seems to reflect a consistent execution 
of the vibro-compaction method. The estimated point 
variance values of sleeve friction before vibro-compac-
tion are very small and remain small (although, on aver-
age, the results show an increasing tendency) after the 
application of the ground improvement method (Tables 
4–6). The averaged increased variance in the post-CPT 

Figure 8. CPT sleeve friction measurements from trial test site C: (a) pre-treated; (b) post-treated and (c) final post CPT.

Table 1. Tip resistance point statistics for trial test site A.

Trial site A

Pre-CPT Post-CPT

μ: σ2: CoV: m: b: μ: σ2: CoV: m: b:
(MPa) (MPa)2 (–) (MPa/m) (MPa) (MPa) (MPa)2 (–) (MPa/m) (MPa)

A1 18.30 85.77 0.51 −0.77 24.62 26.13 60.99 0.30 2.39 17.77
A2 17.84 109.91 0.59 −1.05 27.20 22.30 101.56 0.45 6.20 5.74
A3 18.77 107.93 0.55 −1.20 28.56 23.22 79.60 0.38 2.11 16.53
A4 17.92 89.22 0.53 −0.72 24.41 23.99 76.55 0.36 3.60 14.00
T-A – – – – – 22.00 63.30 0.36 2.71 14.11
Average 18.21 98.21 0.54 −0.94 26.20 23.53 76.40 0.37 3.40 13.63

Note: μ, mean; σ2, variance; CoV, coefficient of variation; m, slope and b, intercept.

8 M. LLORET-CABOT ET AL.



data for fs seems to suggest, as further discussed later, that 
the ground improvement in the horizontal direction due 
to vibro-compaction is less uniform.

The dispersion in the measured values of qc can be 
further described by the CoV, for which the average 
value consistently reduces for all three sites after 
vibro-compaction. Decreases of about 30–40% are 
observed for trial sites A and B, respectively, and 
about 20% for C. The values of the CoVs corresponding 

to each individual pre-CPT are also quite consistent. For 
example, at trial site A, the pre- CoV values range from 
0.51 to 0.59 (see Table 1), whereas at trial sites B and C 
the range is 0.60–0.76 (see Table 2) and 0.39–0.53 (see 
Table 3), respectively. Variations in the individual 
post- CoVs are marginally larger but still relatively con-
sistent. The only pair of CPTs in which the CoV 
increases after vibro-compaction corresponds to C5 in 
Table 3. This behaviour can be explained by the 

Table 2. Tip resistance point statistics for trial test site B.

Trial site B

Pre-CPT Post-CPT

μ: σ2: CoV: m: b: μ: σ2: CoV: m: b:
(MPa) (MPa)2 (–) (MPa/m) (MPa) (MPa) (MPa)2 (–) (MPa/m) (MPa)

B1 17.47 150.13 0.70 −1.39 30.70 18.06 94.85 0.54 4.23 7.45
B2 16.91 164.34 0.76 −1.41 30.88 19.43 53.43 0.38 2.77 9.74
B3 18.81 145.44 0.64 −1.15 29.51 25.73 84.84 0.36 −0.93 28.97
B4 17.87 113.41 0.60 −1.15 27.89 26.12 96.05 0.38 4.29 13.07
T-B – – – – – 24.87 55.04 0.30 −0.90 29.22
Average 17.77 143.33 0.67 −1.28 29.74 22.84 76.84 0.39 1.89 17.69

Note: μ, mean; σ2, variance; CoV, coefficient of variation; m, slope and b, intercept.

Table 3. Tip resistance point statistics for trial test site C.

Trial site C

Pre-CPT Post-CPT

μ: σ2: CoV: m: b: μ: σ2: CoV: m: b:
(MPa) (MPa)2 (–) (MPa/m) (MPa) (MPa) (MPa)2 (–) (MPa/m) (MPa)

C1 26.36 198.56 0.53 −0.80 32.77 25.81 80.38 0.35 2.58 17.11
C2 25.35 187.49 0.54 −1.62 38.67 31.02 107.27 0.33 4.07 16.77
C3 20.05 60.43 0.39 0.23 18.87 25.62 72.04 0.33 3.98 14.77
C4 22.75 84.67 0.40 1.36 17.59 29.70 98.08 0.33 3.64 17.02
C5 23.76 90.09 0.40 −1.16 33.54 20.07 126.17 0.56 8.94 0.24
T-C – – – – – 27.92 39.75 0.23 1.39 23.09
Average 23.65 124.25 0.45 −0.40 28.29 26.69 87.28 0.36 4.10 14.83

Note: μ, mean; σ2, variance; CoV, coefficient of variation; m, slope and b, intercept.

Table 4. Sleeve friction point statistics for trial test site A.

Trial site A

Pre-CPT Post-CPT

μ: σ2: CoV: m: b: μ: σ2: CoV: m: b:
(MPa) (MPa)2 (-) (MPa/m) (MPa) (MPa) (MPa)2 (-) (MPa/m) (MPa)

A1 0.08 1.1E−03 0.42 7.4E−04 0.07 0.06 1.6E−03 0.72 0.02 −0.01
A2 0.08 1.1E−03 0.43 −8.8E−04 0.09 0.07 1.9E−03 0.64 0.03 0.00
A3 0.09 1.6E−03 0.46 −1.6E−04 0.09 0.21 1.5E−03 0.19 0.02 0.15
A4 0.08 1.1E−03 0.43 8.4E−04 0.07 0.38 6.3E−03 0.21 0.01 0.34
T-A – – – – – 0.07 1.7E−03 0.61 5.0E−04 0.06
Average 0.08 1.3E−03 0.44 1.4E−04 0.08 0.16 2.6E−03 0.47 0.02 0.11

Note: μ, mean; σ2, variance; CoV, coefficient of variation; m, slope and b, intercept.

Table 5. Sleeve friction point statistics for trial test site B.

Trial site B

Pre-CPT Post-CPT

μ: σ2: CoV: m: b: μ: σ2: CoV: m: b:
(MPa) (MPa)2 (–) (MPa/m) (MPa) (MPa) (MPa)2 (–) (MPa/m) (MPa)

B1 0.07 3.5E−03 0.86 −1.9E−03 0.09 0.56 7.8E−02 0.50 0.07 0.39
B2 0.07 1.7E−03 0.62 −2.7E−03 0.09 0.06 9.8E−04 0.52 0.01 0.01
B3 0.07 1.1E−03 0.47 −2.3E−03 0.09 0.05 3.0E−04 0.36 2.5E−03 0.04
B4 0.08 1.0E−03 0.41 −1.1E−03 0.09 0.05 1.2E−03 0.74 0.02 4.2E−03
T-B – – – – – 0.06 6.2E−04 0.45 3.0E−05 0.05
Average 0.07 1.8E−03 0.59 −2.0E−03 0.09 0.15 1.6E−02 0.51 0.02 0.10

Note: μ, mean; σ2, variance; CoV, coefficient of variation; m, slope and b, intercept.
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presence of a superficial sand dry crust and shallower 
interbedded calcarenite layers (as reflected by the very 
large intercept and negative slope for C5 before vibro- 
compaction) that is totally or partially broken by the 
application of vibro-compaction (notice the very small 
intercept and positive slope of C5 after vibro-compac-
tion). However, the complete removal of these stronger 
superficial layers depends on the efficacy of the 
improvement method, which, for this particular case, 
has not been fully achieved (as reflected by the high var-
iance of the post-CPT C5). In terms of sleeve friction 
measurements, the estimated CoV values remain 
approximately the same, which seems to indicate that 
fs is less affected than qc by the application of vibro-com-
paction (probably because the measurements of fs 
already incorporate some spatial averaging).

Tables 1–3 also show the change in sign of the slope 
of the assumed linear mean depth trend over each indi-
vidual CPT after applying vibro-compaction (see also 
Figures 2–4), which is favourable for geotechnical 
design. This change in the sign of m is consistent with 
the overall decrease of the intercept b observed in the 
post-CPT data at all sites. Indeed, the application of 
vibro-compaction homogenises the top soil profile by 
weakening the stronger top crust (destruction of calcite 
structure) and strengthening the weaker sand below, 
causing a reduction in b. Based on the values of μ, σ2, 
CoV, m and b presented in Tables 1–3, there is no 
clear indication that the denser grid of print points 
(see the lighter areas indicated in Figure 2) produces a 
better-quality soil.

Figure 9 plots the tip resistance and sleeve friction data 
for the pre- and post- CPTs at each trial site in the form 
of histograms to help visualise the change in μ and σ 
before and after vibro-compaction. This figure shows 
that vibro-compaction clearly affects the shape of the his-
togram, although the exact pattern of this influence is 
somewhat inconclusive. However, the moderate overall 
translation of the histogram to higher values of tip resist-
ance and sleeve friction (reflecting higher mean values) is 
a clear trend observed for all three sites.

The de-trending of qc and fs was performed by 
removing the linear mean depth trend (defined by b 
and m) for each CPT (see Tables 1–6). The de-trended 
tip resistances (or sleeve friction measurements) were 
then divided by the standard deviation of the de- 
trended data (σres). This process of de-trending and 
normalising the CPT tip resistance (or sleeve friction) 
was carried out in order to approximate the data to a 
stationary system, which is a requirement for the geos-
tatistical approach used in the next section to estimate 
the correlation length (Lloret-Cabot, Fenton, and 
Hicks 2014). In the context of geotechnical engineer-
ing, stationarity means that the mean, variance and 
higher order moments of the soil property being con-
sidered are constant in space. Weak stationarity 
requires that the mean and variance are constant so 
that the autocorrelation structure depends only on 
the distance between the observations (i.e. lag τ) and 
this is the assumption adopted here. As discussed in 
Jaksa, Kaggwa, and Brooker (1999), it is common prac-
tice to transform a non-stationary soil data set to a 
stationary one by simply removing a low-order poly-
nomial trend. The subsequent normalisation of the 
de-trended data achieves a constant unit variance. 
Figure 10 shows the histograms and Gaussian distri-
bution fits to the CPT data after this de-trending and 
normalising process. The figure demonstrates that 
the Gaussian distribution provides a good represen-
tation of the de-trended and normalised qc and fs, 
especially after the application of vibro-compaction 
(post-CPTs), which is consistent with the Gaussian 
field of a random property generated by LAS (Fenton 
and Vanmarcke 1990). Remarkably similar histograms 
are observed for all trial sites after the application of 
vibro-compaction, which suggests a proper execution 
of vibro-compaction in the project resulting in a 
more homogenised profile. The point-wise variability 
in the pre tip resistances (as well as in the pre sleeve 
friction measurements) is quite consistent between 
the histograms for the three sites, especially for sites 
A and B (see Figure 7(a, b)).

Table 6. Sleeve friction point statistics for trial test site C.

Trial site C

Pre-CPT Post-CPT

μ: σ2: CoV: m: b: μ: σ2: CoV: m: b:
(MPa) (MPa)2 (-) (MPa/m) (MPa) (MPa) (MPa)2 (-) (MPa/m) (MPa)

C1 0.12 5.2E−03 0.62 1.7E−03 0.10 0.06 2.1E−03 0.76 0.02 −1.6E−03
C2 0.10 2.9E−03 0.52 −2.4E−03 0.12 0.06 1.1E−03 0.57 0.01 0.01
C3 0.07 1.2E−03 0.47 7.4E−03 0.04 0.08 2.1E−03 0.61 0.02 0.03
C4 0.07 3.2E−03 0.78 1.2E−02 0.03 0.06 1.2E−03 0.62 0.01 0.01
C5 0.10 1.9E−03 0.43 −7.0E−05 0.10 0.44 6.0E−03 0.18 0.07 0.27
T-C - - - - - 0.07 1.7E−03 0.60 8.0E−04 0.06
Average 0.09 2.9E−03 0.56 3.8E−03 0.08 0.13 2.4E−03 0.56 0.02 0.06

Note: μ, mean; σ2, variance; CoV, coefficient of variation; m, slope and b, intercept.
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Figure 9. Histograms for pre- and post- CPT data: (a) trial site A; (b) trial site B and (c) trial site C.
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2.2. Spatial statistics for CPT tip resistance and 
sleeve friction

Capturing the spatial nature of the variation of a soil 
property is of particular importance. As discussed ear-
lier, a useful spatial statistic for its characterisation in 
the vertical direction is the vertical correlation length 
θv, which is estimated relatively easily from in-situ 

CPT data because of the large amount of equi-spaced 
values available vertically, i.e. measurements every 2 
cm. An important requirement to estimate θ is that 
the data are statistically homogeneous (or stationary), 
which can be achieved, at least approximately, by de- 
trending and subsequently normalising the CPT data 
as discussed previously. There are various methods 
available for estimating θv from CPT data, as discussed, 

Figure 10. Histograms and probability distribution fits for de-trended and normalised pre- and post- CPT data: (a) trial site A; (b) trial 
site B and (c) trial site C.
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for instance, in Lloret-Cabot, Fenton, and Hicks (2014) 
and Cami et al. (2020). A simple approach is to estimate 
the experimental correlation structure r̂ (which may 
also be named here as the auto-correlation function 
since only qc or fs are involved in the calculation) 
from available CPT data and best fit it with a theoretical 
correlation function r. Although other alternatives are 
possible, this research assumes a Markovian theoretical 
correlation (or auto-correlation) function, given by:

r(t) = exp −
2|t|
u

 

(1) 

where t is the lag distance. The experimental correlation 
function has been estimated as:

r̂( jt) =
1

(n − j − 1)ŝ2

n− j

i=1
(Xi − m̂)(Xi+j − m̂) (2) 

where t is the lag distance in a given direction between 
sample observations X1, X2, … Xn, m̂ is the estimated 
mean, and ŝ2 is the estimated point variance. For corre-
lation in the vertical direction, n is the total number of 
data points in the CPT profile.

This method has been applied to each CPT. Hence, at 
trial site A, four values of θv are obtained from the four 
pre-CPTs available and five further values of θv are 
obtained from the five CPTs available after vibro-com-
paction (i.e. four post-CPTs plus T-A, see Figure 2), 
and similarly for the other two sites. Furthermore, for 
each site, a representative mean value of θv before 
vibro-compaction is obtained by averaging the calcu-
lated individual values of θv from each pre-CPT, and 
similarly for after vibro-compaction. The results from 
these calculations are presented later in tabular form 
for the 3 sites.

A second approach to estimating a representative 
mean value of θv before and after vibro-compaction 
has also been considered, and this gives comparable 
results to analysing the individual θvs. This is based on 
obtaining an average vertical experimental correlation 
function from the individual vertical experimental cor-
relation functions (Equation 2), and then best fitting this 
function to the theoretical correlation function 
(Equation 1) to obtain a single value of θv. The results 
corresponding to tip resistances for sites A, B and C 
are illustrated in Figures 11–13, respectively, with 
Parts (a) and (b) of the figures showing, respectively, 
the information before and after vibro-compaction. 
Figures 14–16 show equivalent results for sleeve friction.

The estimation of the horizontal correlation length θh 
is more challenging, because less data are available in 
the horizontal direction and these data are commonly 
not equi-spaced (although the latter is not necessarily 

a disadvantage for the estimation of θh, as discussed in 
Ching et al. (2018)). The typical scarcity of data in the 
horizontal direction means that some assumptions are 
often needed to estimate θh and less reliable estimates 
are typically obtained. In this context, the main assump-
tion needed in this research is that an equivalent corre-
lation structure is assumed in any direction within a 
given horizontal plane and that this hypothesis holds 
for each depth (thus, over the whole CPT depth at 

Figure 11. Estimation of the qc vertical correlation length for 
trial test site A: (a) before and (b) after vibro-compaction.

Figure 12. Estimation of the qc vertical correlation length for 
trial test site B: (a) before and (b) after vibro-compaction.
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each 0.02 m interval). Another important assumption is 
that all profiles are off-set to a common zero-depth, so 
that the ground surface is at the same level for each 
site. These are reasonable assumptions here, given the 
sedimentary nature and relatively flat surface of the 
ground investigated, plus the fact that all three trial 
sites are relatively close to each other (see Figure 2). 
Under these assumptions, it is possible to estimate the 
experimental correlation function at various specific 

horizontal lags, considering that the horizontal distance 
between any two CPTs (before or after vibro-compac-
tion) corresponds to a particular horizontal lag. For 
example, in addition to th0 = 0 m, three further hori-
zontal lags can be considered between the four pre- 
CPTs available at trial site A (see Figure 2). Three pre- 
CPT pairs are separated by a distance of about th1 =

16.5 m (A1-A2, A1-A3 and A2-A4). One pair of pre- 
CPTs is separated by a distance of th2 = 19 m (A3- 
A4) and two pairs by th3 ≈ 24 m (A1-A4 and A2-A3). 

Figure 13. Estimation of the qc vertical correlation length for 
trial test site C: (a) before and (b) after vibro-compaction.

Figure 14. Estimation of the fs vertical correlation length for trial 
test site A: (a) before and (b) after vibro-compaction.

Figure 15. Estimation of the fs vertical correlation length for trial 
test site B: (a) before and (b) after vibro-compaction.

Figure 16. Estimation of the fs vertical correlation length for trial 
test site C: (a) before and (b) after vibro-compaction.
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As shown later, some additional experimental data are 
available after vibro-compaction thanks to the extra 
CPTs T-A, T-B and T-C indicated in Figure 2.

At each measurement level of a given pair of CPTs 
separated by one of these lags, a value of the experimen-
tal horizontal correlation structure can be found by 
applying Equation 2 in the horizontal direction, with 
m̂ and ŝ being the mean and the standard deviation of 
all CPT data involved in the calculation (i.e. over the 
depth range considered). Importantly, when using 
Equation 2 to calculate r̂(t) in the horizontal direction, 
the two CPTs need to be analysed over exactly the same 
depth range. Hence, if their respective penetration 
depths are slightly different, the smaller penetration 
depth is taken to be the limiting depth. For a given th, 
the final estimated r̂(th) is the average of all individual 
r̂s over the depth range considered. Note that, when 
more than one pair of data is available for a particular 
th (as, for instance, in the case of th = 16.5 m discussed 
above), the overall averaged r̂ between all pairs is taken.

Given that applying this process to the pre-CPT data 
from trial sites A and B results in only three relevant 
values of r̂ (i.e. corresponding to th = 16.5, 19 and 24 
m), and considering the fact that sites A and B are 
next to each other (see Figure 2), a further two horizon-
tal lags are considered only for the analysis of the hori-
zontal correlation structure before vibro-compaction at 
these trial sites. These two additional horizontal lags 
correspond to the closest pairs of pre-CPTs between 
the two sites and hence have the shorter lag distances 

(i.e. th4 = 11 m for A4-B3 and th5 = 14 m for A2-B1, 
see Figure 2). Values of the experimental correlation 
structure at short lags (relative to the estimated θh) are 
especially useful in estimating θh, because, as high-
lighted in DeGroot and Baecher (1993), they play a 
more important role in the best fitting strategy than 
experimental correlation structure values at large lags. 
Further details on the estimation of the horizontal cor-
relation length can be found elsewhere (Ching et al. 

Figure 18. Estimation of the qc horizontal correlation length for 
trial test site B: (a) before and (b) after vibro-compaction.

Figure 19. Estimation of the qc horizontal correlation length for 
trial test site C: (a) before and (b) after vibro-compaction.

Figure 17. Estimation of the qc horizontal correlation length for 
trial test site A: (a) before and (b) after vibro-compaction.
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2018; de Gast et al. 2021; Jaksa, Kaggwa, and Brooker 
1999; Larsson, Stille, and Olsson 2005; Lloret-Cabot, 
Fenton, and Hicks 2014).

The results of estimating the horizontal correlation 
length for qc are illustrated in Figures 17–19 for trial 
sites A, B and C, respectively, with Parts (a) and (b) of 
the figures showing, respectively, the information before 
and after vibro-compaction. Equivalent information for fs 
is given in Figures 20–22. In all these figures, filled sym-
bols indicate values of r̂ at lags corresponding to pairs of 

pre- or post-CPTs from the same site being investigated. 
Figures 17(a) and 18(a) (and, equivalently, Figures 20(a) 
and 21(a) for fs) include two additional empty square 
symbols indicating the extra pair of values of r̂ corre-
sponding to the adjacent pre-CPTs between trial sites A 
and B. Meanwhile, the empty circular symbols in Parts 
(b) of these figures indicate additional values of r̂ result-
ing from the extra post-CPT used to assess the project 
acceptance criterion (T-A, T-B and T-C). A summary 
of the estimated values of θv and θh for qc is given in 
Tables 7–9 for trial sites A, B and C, respectively. Equiv-
alent information for fs is provided in the Appendix for 
completeness (see Tables A1, A2 and A3).

Unlike similar studies on the effects of vibro-compac-
tion in other regions (Cai et al. 2017; Zhai et al. 2024), 
the estimated θv for the tip resistances from the pre- 
CPTs used in our study is significantly larger than that 
estimated from the post-CPTs, for all CPTs at all three 

Figure 21. Estimation of the fs horizontal correlation length for 
trial test site B: (a) before and (b) after vibro-compaction.

Figure 20. Estimation of the fs horizontal correlation length for 
trial test site A: (a) before and (b) after vibro-compaction.

Figure 22. Estimation of the fs horizontal correlation length for 
trial test site C: (a) before and (b) after vibro-compaction.

Table 7. Vertical and horizontal correlation lengths for tip 
resistance at trial test site A.

Trial site A

Pre-CPT Post-CPT

θv: (m) θh: (m) θv: (m) θh: (m)

A1 0.80 – 0.68 –
A2 0.60 – 0.54 –
A3 0.78 – 0.36 –
A4 0.89 – 0.71 –
T-A – – 0.48 –
Average 0.77 57.4 0.55 38.7
σ2 0.01 - 0.02 -
CoV 0.14 - 0.23 -

Note: μ, mean; σ2, variance; CoV, coefficient of variation and θ, correlation 
length.
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sites, with mean reductions ranging from about 30% for 
trial site A to about 60% for trial site C (see Tables 7–9, 
respectively). Even greater differences are observed in 
terms of fs, reaching mean reductions of about 70% 
for trial site C (see Appendix). The variances of the esti-
mated θv for qc are relatively small, ranging from 0.01 to 
0.22 for the pre-CPTs and only 0.01 to 0.06 for the post- 
CPTs. Slightly larger variances of the estimated θv are 
observed in terms of fs, but still within a similar range. 
Considering the averaged pre- and post- values for θv 
from all three sites, the application of vibro-compaction 
reduces the mean estimated θv from about 1 m to about 
0.5 m, and this reduction holds true for the calculations 
corresponding to sleeve friction measurements. A poss-
ible explanation for such a reduction is given as follows. 
The mixing of sand caused by vibro-compaction results 
in a denser and stronger particle arrangement as 
demonstrated by the overall increased mean tip resist-
ance (and also confirmed by an increased mean sleeve 
friction). This denser configuration has involved the 
mixing of sand grains from different depths, with the 
sand at each depth expected to have had a specific geo-
logical history and hence similar geotechnical proper-
ties. It is likely that the application of vibro- 
compaction removes (at least partially) some of the orig-
inal spatial similarity of soil properties, which could 

explain the significantly smaller estimated values of ver-
tical correlation length after vibro-compaction.

The application of vibro-compaction also tends to 
reduce the estimated θh, with larger (relative) reductions 
found in terms of fs. In terms of qc, the averaged value of 
θh for all the sites is about 60 m before vibro-compac-
tion and 30 m after, which is consistent with the average 
reduction observed for θv, albeit one order of magnitude 
higher. In terms of fs, the averaged value of θh for all the 
sites is about 40 m before vibro-compaction and 15 m 
after. While tip resistance is primarily influenced by 
the relative density of sandy soils, sleeve friction is 
affected by both the relative density and the lateral 
earth pressure coefficient. The more pronounced 
reduction in correlation length observed in sleeve fric-
tion data is attributed to the vibro-compaction treat-
ment, which not only uniformly densifies the soil but 
also removes (though not uniformly) the influence of 
sedimentation history on soil particle orientation, 
thereby altering the lateral earth pressure coefficient.

It is interesting to see how close the experimental 
horizontal correlation structure for the qc of the pre- 
CPTs is to the horizontal theoretical correlation struc-
ture for the largest lags at trial sites A and B (filled sym-
bols in Figures 17(a) and 18(a)). As mentioned 
previously, these three experimental points at larger 
lags are calculated using CPTs from the given site, 
whereas the two additional experimental points at 
shorter lags (indicated as empty square symbols) involve 
CPTs from the adjacent site. A reasonable level of cor-
respondence is still seen in these experimental values 
at shorter lags, which provides confidence on the esti-
mated values for θh despite the small number of points 
available. A similar level of correspondence is observed 
at trial site C for the experimental points at shorter hori-
zontal lags before application of vibro-compaction, 
although a relatively larger departure is observed for lar-
ger lags (Figure 19(a)). Further inspection of Figures 
17(a), 18(a) and 19(a) shows that relatively high corre-
lations are observed for short horizontal lags (up to 
about τh = 15–20 m), with values larger (or slightly 
less) than 0.5 at all three sites.

The influence of vibro-compaction is clearly seen 
when comparing the initial high correlations at short 
lags in the pre-CPT data with the corresponding exper-
imental correlations at similar lags from the qc of the 
post-CPT data (Figures 17(b), 18(b) and 19(b)). At all 
three sites, vibro-compaction alters the original level of 
soil uniformity achieved during its formation by horizon-
tal deposition, as reflected by the decrease in the exper-
imental correlation at shorter lags (up to about τh = 15– 
20 m, the observed correlation is now lower than 0.5 in 
most cases). In other words, the mixing of soil due to 

Table 9. Vertical and horizontal correlation lengths for tip 
resistance at trial test site C.

Trial site C

Pre-CPT Post-CPT

θv: (m) θh: (m) θv: (m) θh: (m)

C1 2.06 – 0.70 –
C2 1.84 – 0.74 –
C3 1.13 – 0.43 –
C4 0.76 – 0.71 –
C5 1.29 – 0.17 –
T-C – – 0.95 –
Average 1.42 30.9 0.62 23.9
σ2 0.22 – 0.06 –
CoV 0.33 – 0.41 –

Note: μ, mean; σ2, variance; CoV, coefficient of variation and θ, correlation 
length.

Table 8. Vertical and horizontal correlation lengths for tip 
resistance at trial test site B.

Trial site B

Pre-CPT Post-CPT

θv: (m) θh: (m) θv: (m) θh: (m)

B1 0.99 – 0.69 –
B2 1.31 – 0.60 –
B3 1.16 – 0.55 –
B4 0.80 – 0.60 –
T-B – – 0.42 –
Average 1.07 80.4 0.57 35.0
σ2 0.04 – 0.01 –
CoV 0.18 – 0.09 –

Note: μ, mean; σ2, variance; CoV, coefficient of variation and θ, correlation 
length.
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vibro-compaction diminishes the layering present in the 
original soil profile. As expected, the intensity of this 
effect seems to have a greater influence at shorter lags, 
which suggests a limiting influence (in terms of τh) of 
the effect of vibro-compaction in the horizontal direction. 
This observation seems reasonable because, as explained 
earlier, the efficiency of the mixing reduces with increas-
ing radius from the vibrator. Indeed, large correlations of 
about 0.5 are still observed for τh > 20 m after application 
of vibro-compaction at all three sites (see Figures 17(b), 
18(b) and 19(b)), implying that some of the pre-existing 
horizontal correlations at larger lags are preserved after 
the application of vibro-compaction. Similarly, the 
reduction in the estimated horizontal correlation length 
of fs after the application of vibro-compaction can also 
be explained by the effect of mixing of soil during 
vibro-compaction, which diminishes the original soil 
layering, hence reducing θh (see Figures 18–20).

3. Conclusions

The influence of vibro-compaction on the heterogeneity 
of natural sand deposits in Saudi Arabia has been inves-
tigated using CPT data before (pre-) and after (post-) 
application of ground improvement by vibro-compac-
tion. Cone tip resistances and sleeve friction measure-
ments have been statistically interpreted by estimating 
the mean, variance, coefficient of variation, fitted normal 
distribution and correlation lengths. In terms of point 
statistics, the results showed that the application of 
vibro-compaction consistently increases the mean tip 
resistance and the mean sleeve friction but, as expected, 
the size of the increase depends greatly on the initial 
state of the sand. For instance, in terms of qc, the initial 
looser condition of the sand deposits at sites A and B led 
to a 30% increase in the average tip resistance mean, 
whereas only 10% was observed for the initially denser 
sand at trial site C. In contrast, vibro-compaction 
reduces the dispersion of tip resistance values in terms 
of point variance and coefficient of variation for all 
three sites (a less conclusive pattern is observed for fs, 
where very small values of point variance are estimated 
before and after vibro-compaction). Similar to the 
increased mean, achieving a smaller point variance is 
advantageous for geotechnical design purposes, as it 
reduces some of the initial geotechnical uncertainty 
associated with the heterogeneity of the soil property 
and, more importantly, a higher representative/charac-
teristic value can be taken (and this is especially true 
for qc which directly relates to the undrained shear 
strength). On average, the percentage reduction in 
point variance for qc is as large as 45% for site B, while 
20–30% reduction is observed for sites A and C. In 

terms of CoV, the averaged values estimated from the 
qc of the pre-CPTs for all sites range from 0.45 to 0.67, 
whereas a much narrower range of values is obtained 
from the averaged CoV of the post-CPTs (0.36–0.39). 
Once de-trended and normalised, both pre- and post- 
tip resistances are reasonably well represented by a 
Gaussian probability density function, and this is 
confirmed by the results for sleeve friction.

In terms of spatial statistics, vibro-compaction 
decreased the vertical and horizontal correlation lengths 
by approximately 50% for qc and 50–60% for fs. The aver-
age vertical correlation length over all the pre- and post- 
CPTs available is about 1 and 0.5 m, respectively, for both 
tip resistance and sleeve friction measurements. In con-
trast, the averaged value of the horizontal correlation 
length before and after vibro-compaction for qc is about 
60 and 30 m, respectively, whereas 40 and 15 m are 
obtained, respectively, for fs. These differences in the esti-
mated θ show that, in addition to the soil type and ground 
conditions (i.e. before/after vibro-compaction), the 
specific correlation length might differ between ground 
properties. The reduction in θh observed after vibro-com-
paction can be advantageous for geotechnical design, 
because it increases the amount of averaging along any 
potential sliding plane and thereby reduces the uncer-
tainty. However, the influence of θ on structural perform-
ance and uncertainty is also dependent on the structure 
dimensions and type of failure mechanism. The effect of 
vibro-compaction is clearly apparent in the estimated 
experimental correlation structure, especially for short 
horizontal lags where a clear reduction of the experimen-
tal correlation is observed. In contrast, the effect of vibro- 
compaction is less apparent at larger horizontal lags, 
which seems to suggest that some of the geological fea-
tures present in the sand from their formation are not 
completely removed by the mixing of the soil grains 
during application of this ground improvement method.
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Appendix

For completeness, the spatial statistics corresponding to sleeve 
friction are tabulated below.

Table A1.  Vertical and horizontal correlation lengths for sleeve 
friction at trial test site A.

Trial site A

Pre-CPT Post-CPT

θv: (m) θh: (m) θv: (m) θh: (m)
A1 0.61 – 0.36 –
A2 0.83 – 0.28 –
A3 0.81 – 0.40 –
A4 0.69 – 0.21 –
T-A – – 0.43 –
Average 0.74 40.30 0.34 5.70
σ2 0.01 – 0.01 –
CoV 0.12 – 0.24 –

Note: μ, mean; σ2, variance; CoV, coefficient of variation and θ, correlation 
length.

Table A2.  Vertical and horizontal correlation lengths for sleeve 
friction at trial test site B.

Trial site B

Pre-CPT Post-CPT

θv: (m) θh: (m) θv: (m) θh: (m)
B1 0.71 – 0.36 –
B2 1.28 – 0.74 –
B3 0.76 – 0.56 –
B4 0.91 – 0.53 –
T-B – – 0.44 –
Average 0.92 52.40 0.53 19.40
σ2 0.05 – 0.02 –
CoV 0.24 – 0.24 –

Note: μ, mean; σ2, variance; CoV, coefficient of variation and θ, correlation 
length.

Table A3.  Vertical and horizontal correlation lengths for sleeve 
friction at trial test site C.

Trial site C

Pre-CPT Post-CPT

θv: (m) θh: (m) θv: (m) θh: (m)
C1 2.46 – 0.42 –
C2 2.19 – 0.35 –
C3 0.62 – 0.31 -
C4 0.47 – 0.28 –
C5 2.32 – 0.25 –
T-C – – 0.81 –
Average 1.61 17.00 0.40 13.40
σ2 0.77 – 0.04 –
CoV 0.54 – 0.47 –

Note: μ, mean; σ2, variance; CoV, coefficient of variation and θ, correlation 
length.
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