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1 | INTRODUCTION AND MAIN RESULTS

In this paper, we investigate qualitative properties of heat flow problems in open sets in Euclidean
space and in Riemannian manifolds without boundary conditions.

For example, consider an open set Q C R™ that is initially at temperature 1 while its comple-
ment, R™ \ Q, is initially at temperature 0. No boundary conditions are imposed on the boundary
0Q of O and the heat equation evolves on R™.

A version of the isoperimetric inequality for the heat semigroup corresponding to this heat flow
problem has been established in [12] by making use of the connection between the perimeter of
the set and the small-time asymptotic behaviour of the semigroup (see also [11]).

We study the interplay between the geometry of Q and the heat content of Q, that is, the amount
of heat left inside Q at time ¢. The refined asymptotic behaviour of the heat contentof Qas¢ | 0
has been obtained in a variety of geometric settings. For example, polygons in R? [6], horn-shaped
regionsin R™ [2], and smooth, compact Riemannian manifolds contained in a larger compact Rie-
mannian manifold [4]. Two-sided bounds for the heat content and for the heat loss were obtained
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2 | VAN DEN BERG and GITTINS

in [5] for the case of an open set in R” with R-smooth boundary and finite Lebesgue measure, and
in [3] for the case of an open set in a complete, smooth, non-compact, m-dimensional Rieman-
nian manifold. More recently the heat content has been analysed in the context of metric measure
spaces and sub-Riemannian manifolds [1, 8].

The goal of this paper is to investigate the monotonicity and convexity of the heat content of
Q as a function of ¢, with various initial data, in the setting where no boundary conditions are
imposed on 9Q.

Let M be a smooth, connected, complete and stochastically complete m-dimensional Rieman-
nian manifold and let A be the Laplace-Beltrami operator acting on functions in L?(M). It is well
known (see [9, 10]) that the heat equation

Au=%, XEM, t>0, 1

has a unique, minimal, positive fundamental solution p,,(x,y;t) where x e M,y € M, t > 0.
This solution, called the Dirichlet heat kernel for M, is symmetric in x, y, strictly positive, jointly
smooth in x,y € M and t > 0, and it satisfies the semigroup property

pM(x,y;S+t)=/ dz py(x,z;8)pp(z,y; 1), 2
M

for all x,y € M and ¢, s > 0, where dz is the Riemannian measure on M. In addition

/ dy pp(x,y;t) =1 ()
M

since M is stochastically complete. Let Q be an open subset of M. Equation (1) with the initial
condition

u(x;0M) =9(x), xeqQ, (4)

has a solution
uwum=/Mmmewm, )
Q

for any function 3 on Q from a variety of function spaces. For example, let ) € C,(Q),% > 0,
1 # 0, the set of bounded continuous functions from Q into [0, c0). Then, initial condition (4) is
understood in the sense that ug , (-;1) - ¥ (-) as ¢ | 0, where the convergence is locally uniform.

Let Q be a non-empty, open subset of M, and let 3 : Q — [0, c0) be bounded and measurable.
We define the heat content of Q with initial datum 3 by

%whééwmewmn ©)

It was shown in [13, Proposition 1] that if Q C R™ is bounded, then t — H(t) is decreasing
and convex. In Theorem 1, we consider the more general situation of a Riemannian manifold. A
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QUALITATIVE PROPERTIES OF THE HEAT CONTENT 3

particular case of interest is when ¢ = 1 on Q for which we write

Hq(t) = Hg;(0).

We introduce the following definition that will give us a sufficient condition that ensures
monotone heat content.

Definition 1. Let M be a smooth, connected, complete and stochastically complete m-
dimensional Riemannian manifold. An open set Q C M is a (strictly) decreasing temperature set
if for all x € Q, t = ugq ;(x; 1) is (strictly) decreasing.

Our first main result is the following.

Theorem 1. Let Q be a non-empty, open subset of M, where M is a smooth, connected, complete and
stochastically complete m-dimensional Riemannian manifold.

(1) IfHu(t) < oo forallt > 0, then t = Hg(t) is decreasing and convex. Moreover, lim,_, ., Hq(t)

exists.

(i) If Ho(t) < oo forall t > 0 and if lim,_, ., Ho(t) = O, then all right-hand derivatives of H(t)
with respect to t are strictly negative, and t — H(t) is strictly decreasing.

(iii) IfM isin addition closed, then t — H(t) is strictly decreasing and strictly convex if and only if
IM\ Q| > 0.

(iv) If Q C M is a (strictly) decreasing temperature set with finite measure, and if p : Q — [0, )
is bounded and measurable, then t —» H (w(t) is (strictly) decreasing.

All remaining theorems concern results for Euclidean space R™, for which

_ lx—y?
e 4t

(dmtym/2’ @

Prm(X,y;5t) =

For the case where ¢ =1 on Q C R™, it was shown in [2, Proposition 8] that if Q is convex,
then Q is a decreasing temperature set. In [2, Example 6], it was shown that the disjoint union of
aball and a suitable concentric annulus in R? is not a decreasing temperature set. Below we show
that the disjoint union of two balls with equal radii § in R™ at distance 2 is a strictly decreasing
temperature set for some & sufficiently small. So, the convexity assumption in [2, Proposition 8]
is sufficient but not necessary and sufficient.

Theorem 2. Let Qs = Bs(c;)UBs(c,) CR™, meN, and ¢; =(-1-6,0,..,0),c, =1+
8,0,...,0). Letp = 1 5 Ifé = %, then Qg is a strictly decreasing temperature set.

In Theorem 3, for non-empty, open, bounded sets in R, we obtain a lower bound for the sec-
ond derivative of the heat content and show that this derivative is bounded away from O for all ¢
sufficiently large, and an upper bound for the first derivative of the heat content and show that
this derivative is bounded away from 0.

Theorem 3. If Q is a non-empty, open set in R™ with diam(Q) < oo, then
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)
d?H(t 2 _
dg( > Tor— Ha(0), t > (@iam(@)” ®)
(ii)
i 2
dHy(p) | < (@m@) o
2 P )
dt (4m? +4m — Dyw2e /4l 1> (diam(Q))2,
(iii)
_Ami4Am—7__ _1/4 Q2 . N
dHo(®) _ Wt "€ Gm@am@pyeor 0 <t < (diam(Q)), W
dt | _aml+am—7_ 174 |OP . )
T T 2(m+2) me~!/ (4m)(m+2)/z’t > (diam(Q)),
(iv)

dHg(1) < _4m* +4m -7

< “VAH (0), ¢ > (diam(Q))>2.
T, 80m + 21 e o(D), t > (diam(Q))

Theorem 3 can be generalised to the case of non-negative, measurable initial temperature 3 as
follows.

Corollary 4. If Q is a non-empty, open set in R™ with diam(Q) < oo and if i > 0, 3 # 0, bounded
and measurable, then analogous results to those of Theorem 3 hold for H, ,,. Moreover, the analogues
of parts (i), (iv) hold with Hg replaced by Hg, , and the analogues of parts (ii), (iii) hold with |Q|?
replaced by |Q| [, %(y) dy.

Corollary 4 follows immediately from the proof of Theorem 3.

We now explore the effects of changing the initial datum ¢ on the monotonicity and convexity
of t = Hg y(f).

Throughout for r, >r; >0, €R™, we let B, (6) ={x €R™ : [x—¢| <r}, Ay ,)=1{x €
R™ : r; < |x| <1y}, and w,, = |B;(0)].

First, we construct an example which shows that if ¢ is not constant on Q, then t » H Q,1,)(t)
need not be monotone in ¢.

Theorem 5. Letm € N, ¢ > 2, t* > ¢9/C™M) and let
Q. =B1(0)UA, CR™, 9(x) = 1p () (X).

If

2521 ((m + 2)/2) -\
¢ > (32t%)1/2 (10g< T (e‘g/“ - t*_m/2> >> , (1)

then HQCJP(O) > ch’w(t*) > HQC,¢(1), so thatt — HQC,¢(t) is not monotone.
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QUALITATIVE PROPERTIES OF THE HEAT CONTENT | 5

As a consequence of Theorem 5, since f HQC’,’b(t) is not monotone, we deduce by
Theorem 1(iv) that, for ¢ sufficiently large, Q, is not a decreasing temperature set.

In addition, we construct an example which shows that if ¢ is not constant on Q, then ¢ —
Hg 4 (t) can be a decreasing function of ¢ but need not be convex.

Theorem 6. Let Q = B,(0) CR™, m €N, ¢(y) = |1 — |y||* with a > 1, then t — Hp (o) 4(t) is
decreasing but not convex.

The proofs of Theorems 1, 2, 3, 5 and 6 are deferred to Sections 2, 3, 4, 5 and 6, respectively.

2 | PROOF OF THEOREM 1

Proof.
(i) Fort > 0, by (5) we have

ug(x;t) = / dy pp(x, y; £). (12)
Q
We first show that t — H(t) is decreasing. By (2) and (12) we have for ¢t > 0,5 > 0,
uaCrit +9)= [ dy pyCeyit+9)
Q
= / dy / dz pp(x, z;)pp(2, y; 5)
Q M
= / dz py(x, z; Hug(z; 5), 13)
M

where we have used Tonelli’s theorem in the last identity. Integrating (13) with respect to x
over Q yields

HQ(t+s)=/ dx ug(x; Hug(x; s). (14)
M
By (14), (13), (2), (3), and symmetry of the heat kernel
Hu(t +5) =/ dx ug(x; (t +5)/2)*
M
=/ dx/dylpM(x,yl;s/Z)uQ(yl;t/2)/ dy, pu(X, ¥2;8/2)ug(y,;t/2)
M M M
=/dy1/dyZPM(y1»J’2§S)UQ(Y1§t/z)uQ(Yz;t/z)
M M

1
SE/ dy, / dY2PM(y1,Y2§S)(“Q(y1;t/z)z+uQ(Y22t/2)z)
M M
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6 VAN DEN BERG and GITTINS

:/dy1/dyzpM()’b)’zZS)uQ(th/z)z
M M

- / dy, ugOn: t/2)?
M

To prove convexity, we first note that since H,(t) < o0, t > 0, it suffices to prove that H is
midpoint convex. See [7, pp. 164-167]. Let t > 0, § > 0. By (14), we have

l(HQ(t) + Hg(t +26)) = 1 / dz (ug(z;t/2)* + ug(z; (t + 26)/2)%)
2 2 Ju

> / dz (23 t/ Dz ¢ +26)/2)
M

= H(t + 6).

This proves the convexity of H,. Since the map ¢ — Hq(t) is decreasing and bounded from
below, lim;_, ., Hq(t) exists.

(ii) By convexity of t+— Hg(t), we have that the right-hand derivative H;;f(t) 1=
lim, |, e 1(Hy(t +¢) — Hy(t)) is non-decreasing in t. See [7, p. 167]. Hence, if H;;(T) >0
for some T > 0, then H;;(t) >0, t > T. This in turn implies Hy(t) > Ho(T) >0, t > T.
This contradicts lim,_,, Ho(t) =0, and H;;(T) <0, T > 0. Hence, t — Hq(t) is strictly
decreasing.

(iii) We note thatif |[M \ Q| = 0, then

HQ(t)=/Q/dedpr(x,y;t)

=//dxdpr(x,y;t)
MJIMm

since smooth, closed Riemannian manifolds are stochastically complete. Hence, ¢t — H(t)
is constant, and is not strictly decreasing nor is it strictly convex. Next, consider the case
0 < |Q| < |M]. Since M is smooth and closed, the spectrum of the Laplace-Beltrami operator
A acting in L>(M) is discrete and consists of eigenvalues {¢; (M) < u,(M) < ---}accumulating
at co only. Let {u; 5, j € N} denote a corresponding orthonormal basis of eigenfunctions.
Since M is connected, u;(M) = 0 and has multiplicity 1. Furthermore, u; ), = |M |~1/2. The
minimal heat kernel for M has an L?(M) eigenfunction expansion given by

[Se]
pu(x,y;t) = Z e_mj(M)“j,M(x)uj,M(Y)-
j=1

It follows by Fubini’s theorem that

[ 2
Hq(t) = / dx / dy pp(x,y;t) = Ze_“‘J(M)< / uj’M> : (15)
Q Q j=1 Q
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QUALITATIVE PROPERTIES OF THE HEAT CONTENT 7

We have by (15) that

2P
IIHgHQ(t) = </Q”1,M) = ™ <19,

by hypothesis. Since H,(0) = |Q| we conclude that H(¢) is not constant. Then

[+ 2
d _ —tp; (M)
EHQ(O = —];MJ(M)e Ki </Quj,M>

0 2
=_Zﬂj(M)e_t#j(M)<Auj,M> s

j=2

is not identically equal to the O-function. Let
j¥=min{j eN : j>2,/uj,M;£0}.
Q

Then,

2
d —tu* (M)
EHQ(t) < —/,Lj*(M)e j </Quj*’M> <0,

and t — H(t) is strictly decreasing. Similarly

2

2
d 2 —tu*(M)
EHQ(t) = (M]*(M)) € Hi </Quf<’M) >0,

and t = H(¢) is strictly convex.
(iv) By (5)and (6),

Hq (1) = /Q dy uq 1 (y; DY)

Since t = ug ;(y; ) is (strictly) decreasing, the integrand in the right-hand side is (strictly)
decreasing. O

3 | PROOF OF THEOREM 2

Proof. Since the initial datum is symmetric with respect to the hyperplane x; = 0, there is no
heat flow across this hyperplane, and the heat equation satisfies Neumann boundary conditions
at x; = 0. The Neumann heat kernel for the half-space {x € R" : x; > 0} = R is denoted and

given by

nRT(_x’y; 1= (4nt)_m/2<e—|X—Y|2/(4f) + e—|x+y|2/(4t)>‘ (16)
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8 | VAN DEN BERG and GITTINS

Hence, the solution of (1) with M = Qs and ¢ = 1, for x; > 0 is given by

g, (53 ) = / dy T (%, ), X, > 0. a7)
Bs(cy) *

To show that Qg is a strictly decreasing temperature set we have to show that

6u95(x; t)

<0,t>0, x €Bs(c),
T 5(c)

where we have put ¢ = c,. By (16) and (17), we find that

6u96(x;t) B 1 / 4
3 2u@rey? Jpe

—vl|2 2
(e—|x—y|2/(4t> (% _ m> 4 e lryP/En <% _ m>> (18)

We show that the integrand in the right-hand side of (18) is strictly negative for all
x € Bs(c), y € Bs(c), t > 452 19)
This in turn implies that the left-hand side of (18) is strictly negative for all ¢ > 452. By (19),
[x —yl €26, 2< |x+y| <21+ 26). (20)
Hence
@0/t < @m0 ¢ (14207t ¢ o=Ix+yIP/(4D) ¢ o=1/t, (21)

Hence by (19), (21), (20) and 6 = % we obtain for t > 452,

2 2
e—lx—yI2/(40) X —yI” _ m ) + e lHvIR/@n lx+yl® "
2t 2t

2
& — me_az/t + Me_l/[ —_ me_(1+25)2/t

<
t t
< ﬁ _e %t 4 2(1 + 28)? o1/t _ o—(14+282 /1
t
< 0.(105 _el/4 + 2-:‘-2 e~ 1/t _ o121/t (22)

First, we consider the case t > 46% = 0.01. Since t ~ t~'e~1/! is strictly decreasing for ¢t > 1
and since t — 222 and t — —e~1-21/! are strictly decreasing for all £ > 0 it remains to show that
the right-hand side of (22) is strictly less than O on the interval [0.01,1]. To reduce this interval

further we consider the case 0.01 <t < i. On this interval, we have that the first term in the right-
hand side of (22) is bounded from above by %, and that the third term in the right-hand side
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QUALITATIVE PROPERTIES OF THE HEAT CONTENT | 9

is bounded from above by 9.68e~*. One verifies, by for example using Wolfram Alpha [14], that
% +9.68¢~4 — e~1/4 < —0.1. Next, we consider the interval [}1’ 1]. On that interval the first term

in the right-hand side of (22) is bounded from above by 5—10. We have that

max (2-42e—1/z _ e—1.21/r)

ta<a

< max (% - 1>e_1/I + max <e_1/t - e_l'zl/’>

1<t TS|
< max (& - 1>e_1/” + max (e_l/[ - e_“l/‘). (23)
t>0 t 0<t<1

It is elementary to verify that the maximum in the first term of the right-hand side of (23) is

attained at t = % This gives

max (2-42 _ 1>e—1/z =121 —i71/101
>0 t 50

Furthermore, t ~ e~1/! — e~121/! is increasing on [0,1]. Hence,

max <e—1/t _ e—1.21/t> — el _el21
0<i<1

One verifies, by for example using Wolfram Alpha [14], that

LRy o1 121 o174 ¢ g 10010,
50 " 50

Next, we consider the case 0 < t < 482, § = 2io‘ For the second term in the right-hand side of
(18) we have by (21) and (20) that

2 2
e_|x+y|2/(4t) < |x ‘;‘t)’| _ m) < 2(1 4;25) e—]/t.

Hence,

2 2
/ dye-terr/an (XN 2020 e
Bs(c) 2t t

and the second term in the right-hand side of (18) is bounded from above by

©0n8" (1428 i

(47‘[t)m/2 2 (24)

To bound the first term in the right-hand side of (18), we rewrite this term as

1 ey P? lx — y|? )
d e|xy|/(4r)<__m -9 Ay pam(X,y:t).
2t (4mtym/? /35@ y< 2t ot /(o) Y D363
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10 | VAN DEN BERG and GITTINS

Estimating this term for all x € Bg(c) is equivalent to estimating

0

— dy prm(x,y;t), x € B5(0). (25)
ot B5(0)

Since Bj(0) is convex we have by [2, Proposition 8] that the expression under (25) is strictly
negative. Below we quantify this derivative as follows. Changing the variable y — x = t!/27 yields

a 1 0 _n2
= dy prm(x,y;t) = —/ dne /4
ot Bs(0) K (4m)ym/2 ot By,—1/2(=x)

o) o} / —n2/4
= —_ dne n*/
2(4m)m/2¢3/2 dp By(—0) |p=5t’1/2

___ 8 0 dyen—xI’/4

B _2(47r)m/2t3/2 ap B,(0)

p:&[‘l/z

o) _ |2
-—___° H™ 1 dn)e In—x|*/4 ,
2(4mym/23/2 ./6Bp(0) (@ ‘P=5f*“

where H™~1(dn) denotes the surface measure. For x € By,-1/2(0) and 7 € dB;,-1/2(0) we have that
|x —n|? < 462 /t. This gives

< - —52/t
2 dyptyins-——S [ iapes
ot B;s(0) . 2(47-[)m/2[3/2 aBaz—l/z(O)
___mend" e (26)
2t(4mt)m/2
By (18), (24) and (26),
0 ot 2
uq,(x;1) < mw,, 8" s @, 6™ (1 +26) 1/t x € By(0). @7
ot 2t(4rt)m/2 (Artym/2 12
For0 <t <482 6 = o’ since t > te1=9)7" ig decreasing, we have that
te1=0D17" 5 4526(1-67/(48%) 5 o1 4 26)2 » %(1 +26)%
This implies that the right-hand side of (27) is strictly negative. O
4 | PROOF OF THEOREM 3
Proof. A straightforward calculation shows by (7) that
ppm(,y;i) 1 (m+2 b\ m+2
_— = - = - m > 5t ’ 28
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QUALITATIVE PROPERTIES OF THE HEAT CONTENT 11

where

b=11x - yP < (diam(@))*

For all ¢ > (diam(Q))? we have % < %. This, together with (28) gives

pan (%, y;0) _ 1 <4m2 +4m—7

. . 2
ot2 'y 16 )PRm(X,y,t), t > (diam(Q))~.

Integrating both sides with respect to x € Q,y € Q gives the assertion under (i).
To prove (ii) we note that, uniformly in x and y in Q,

e—l 4

DPrm(X,¥;8) 2

Integrating both sides with respect to x € Q,y € Q gives

[o]

Ho(t) > e /42
0] Gnty

This, together with (8), gives the assertion under (ii).

To prove (iii) we first consider ¢ > (diam(Q))?, and integrate (9) between s and co where s >
(diam(Q))?. This gives the second inequality in (10). Since the heat content is convex, its first
derivative is increasing and continuous. This proves the first inequality in (10).

To prove (iv), we have that

Drm(x, y5t) < (4t)™M/2

implies
Q|
Hq() < ————.
aO<

This, together with (iii), yields (iv). O
5 | PROOF OF THEOREM 5
Proof. We define the heat loss of Q, at ¢ by

Fq () =Hq_4(0) —Hgq_4 (). (29)

It follows that

Foy(0) = /R dx /Q dy $(0)pgn (6, 5 1) — /Q dx /Q 4y $(3)pan (%, )

_ / dx / dy B(y)pan (6, Y3 1).
RM\Q, Q.
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12 | VAN DEN BERG and GITTINS

We will show that if ¢ satisfies (11) then FQC’zp(l) > FQc’zp(t*) > 0. Since t* > 1 and FQC’,#(O) =0
we infer that the heat loss, and hence the heat content, is not monotone.

We consider R™\ Q. and, for r, >r, >0, define A, ,;={x€R™ :r <|x|<r;} and
Apr o) ={x €R™ 1 |x] > 1} For x € A ;) and y € B,(0), |x — y|? < 9. This gives

Fo (0> / dx / dy (47ct)~m/2e=9/4D
Ap By (0)

= (4rrt)"/2e=/40g)2 (2™ — 1),

Hence
w2 (2m —1)
Fo ,()ze /4~ 30
ey = (30)
To obtain an upper bound for F, , we have
/ dx / dy P(¥)prm(x,y5t) =0, (31)
Rm\Qc A(Z,c)
and
[ dx [ dypuntnyio) < a8, 004y
A1) B;1(0)
= (4mt) " ?w? (2™ - 1). (32)
For |x| > cand y € B;(0), we have that |y| < |x|/2. Hence,
/ dx / dy pam(x,y;t) < (4t)™"m/? / dx / dy e~ IxI*/16)
A[c,oo) Bl(o) A[c,oo) Bl(o)
< (4m)-m/ze-c2/(32z)/ dx / dy e~x12/G20)
R™ B,(0)
_2
<2/ e=¢/G20), (33)
Putting (32) and (33) together yields
/ dx dy ppm(x, y;t)
R™M\Q, B,(0)
2 (om __
@, 2" =1) 4 23m/2 o—¢*/(20). (34)
m/2 m
(4rt)
Combining (31) and (34) gives
w? (2m —1) )
dx/ d m(x,y; ) § — L 4 23m/2g o=c7/(20), 35
/ o & L A s0pn 0 < T ” 39)
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QUALITATIVE PROPERTIES OF THE HEAT CONTENT 13

If, for t* > €9/ (11) holds, then

23m/2-c2/G21") @, (2" —1) (e_9/4 _ t*—m/z)
(4mym/2 ’

which implies that the right-hand side of (35) is bounded from above by the right-hand side of
(30) as required. Ol

6 | PROOF OF THEOREM 6

Proof. The set B{(0) is convex and ¥ > 0 and measurable. It follows by Theorem 1(iv) that the heat
content is strictly decreasing. Moreover, the heat content is strictly positive and decreasing to 0.
To prove non-convexity it therefore suffices to show that the right-derivative H ]’;lr(o), ’ (0) =0. We
have the following:

1+ — Timn -1
—Hp 0 = lim¢ (HBl(o),zp(O) - H31(0),¢(t)>

— Tim !
= lim 7 F, )4 ()

[x—

|2
=1iml/ dx/ dy(47tt)‘m/ze_ W a—lyh%,
{x[>1} B,(0)

tlo t
where we have used (29). By the radial symmetry of ¢, the map

Ix—yl?
x| dy@m) e w1 = [y)*
B(0)

is radially symmetric, and depends only on |x|. Without loss of generality we put x = vr, where
v =(1,0,...,0). Changing variable y = v — 5 yields

g
HBI(O)-¢(O)
mw _ lr=D+n?
= lim —2 / drrm! / dn@rt)y™2e™ @ (1—|v =7~ (36)
wo b Jae) {lo-nl<1}
. . _ lur=Dyl? _r=12+In2
Note that 7 is a vector with |v - | > 0. Hence, e at <e a . Furthermore, |0 —17

vl + 19l =1+1nl.So1—Jv—7n| > —|n|. Also, [v—n| > |[v] — [n] =1—|y|. Hence,1 — v -7
[n|. Therefore, the right-hand side of (36) is bounded from above by

(r=12+[n|?

lim —2 / drrm1 / dn(amt)™2e™ @ |p|*
to b Ja,e0) {lo—nl<1}

mo (r-1)2
<1im—’"/ drrm‘1(4m)—m/2e‘T/ dn |n|%e~ /(40
(1,00) R™

ot

. ("na’m)2 (m+a)/2 -m/2 m—1 -G
= lim ————(4t) I((m + a)/2)(4xt) dr(l+r)" e

t10 2t (0,00)
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14 VAN DEN BERG and GITTINS

2
< lim 4t OLD((m + «) /2)(4mt) ™/

(mw,,)
t10 2t

r2
X / dr2" Q4+ e w
(0,00)
= lim <Cm,cx,1 f@-1/2 | Cm,a,zf(“_2+m)/2> o,

since a > 1, and C,, ,; < oo and C,, ,, < co are finite constants depending on m and on «
only. ]

ACKNOWLEDGEMENTS
It is a pleasure to thank Dorin Bucur for some helpful discussions. We are grateful to the referees
for their helpful comments.

DATA AVAILABILITY STATEMENT
Data sharing is not applicable to this article.

JOURNAL INFORMATION

The Bulletin of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

ORCID
Michielvan den Berg ‘© https://orcid.org/0000-0001-7322-6922

REFERENCES

1. A.Agrachev, L. Rizzi, and T. Rossi, Relative heat content asymptotics for sub-Riemannian manifolds, Anal. PDE.
17 (2024), 2997-3037.
2. M. van den Berg, Heat flow and perimeter in R™, Potential Anal. 39 (2013), 369-387.
3. M. van den Berg, Heat content in non-compact Riemannian manifolds, Integral Equ. Oper. Theory 90 (2018),
8.
4. M. van den Berg and P. Gilkey, Heat flow out of a compact manifold, J. Geom. Anal. 25 (2015), 1576-1601.
5. M. van den Berg and K. Gittins, Uniform bounds for the heat content of open sets in Euclidean space, Differ.
Geom. Appl. 40 (2015), 67-85.
6. M. van den Berg and K. Gittins, On the heat content of a polygon, J. Geom. Anal. 26 (2016), 2231-2264.
7. R. P. Boas Jr, A primer of real functions, The Carus Mathematical Monographs, vol. 13, The Mathematical
Association of America, 1981.
8. E. Caputo and T. Rossi, First-order heat content asymptotics on RCD(K, N) spaces, Nonlinear Anal. 238 (2024),
113385.
9. E. B. Davies, Heat kernels and spectral theory, Cambridge University Press, Cambridge, 1989.
10. A. Grigor'yan, Heat kernel and Analysis on manifolds, AMS-IP Studies in Advanced Mathematics, vol. 47,
American Mathematical Society, Providence, RI, 2009.
11. M. Miranda, D. Pallara, F. Paronetto, and M. Preunkert, Short-time heat flow and functions of bounded variation
in RN, Ann. Fac. Sci. Toulouse Math. 16 (2007), 125-145.
12. M. Preunkert, A semigroup version of the isoperimetric inequality, Semigroup Forum 68 (2004), 233-245.
13. M. Preunkert, Heat semigroups and diffusion of characteristic functions, Ph.D. thesis, 2006, https://
publikationen.uni-tuebingen.de/xmlui/handle/10900/48926.
14. Wolfram | Alpha, Wolfram Alpha LLC, 2024.

35UB0| 7 SUOWWOD AAESID 3|qedi|dde auy Ag pausonob ae sajonte YO ‘3sN Jo S3|nJ oy Arig 1T auluQ 43I UO (SUORIPUOD-pUe-SLLLIB)0Y" A3 1M AReiq U UO//SANY) SUORIPUOD pUe SWB | 3U) 89S *[5202/50/22] Uo AkiqiTauluo AB|IM ‘1831 AQ T600.SWIC/ZTTT OT/I0P/L0d A |1M Aleld U1 [UO"00SYTeWPUO|//:Sdny Wwouj papeojumod ‘0 ‘02TZ691T


https://orcid.org/0000-0001-7322-6922
https://orcid.org/0000-0001-7322-6922
https://publikationen.uni-tuebingen.de/xmlui/handle/10900/48926
https://publikationen.uni-tuebingen.de/xmlui/handle/10900/48926

	Qualitative properties of the heat content
	Abstract
	1 | INTRODUCTION AND MAIN RESULTS
	2 | PROOF OF THEOREM 1
	3 | PROOF OF THEOREM 2
	4 | PROOF OF THEOREM 3
	5 | PROOF OF THEOREM 5
	6 | PROOF OF THEOREM 6
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY STATEMENT

	JOURNAL INFORMATION
	ORCID
	REFERENCES


