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ABSTRACT: We study twisted M-theory in a general conifold background, and describe it
in terms of a 5d non-commutative Chern-Simons-matter theory, which is equivalent to 5d
non-commutative Chern-Simons theory for a supergroup. In an equivalent description as
twisted type IIA string theory, the matter degrees of freedom arise from topological strings
stretched between stacks of D6-branes. In order to study 5d Chern-Simons-matter theories
with a boundary, we first construct and investigate the properties of a 4d non-commutative
gauged chiral WZW model. We prove the gauge invariant coupling of this 4d theory to the
bulk 5d Chern-Simons theory defined on Ry x C2, and further generalize our results to the 5d
Chern-Simons-matter theory. We also investigate the toroidal current algebra of the 4d chiral
WZW model that arises from radial quantization along one of the complex planes. Finally, we
show that a gauged non-commutative chiral 4d WZW model arises from the partition function
for quantum 5d non-commutative Chern-Simons theory with boundaries in the BV-BFV
formalism, and further generalize this 5d-4d correspondence to the 5d non-commutative
Chern-Simons-matter theory for the case of adjoint matter.
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1 Introduction

Twisted M-theory was first studied by Costello in [1], where it was shown that for a certain

twist of M-theory on an 11-dimensional manifold that includes a Taub-NUT background,

as well as a particular nontrivial 3-form C-field, the physical degrees of freedom can be

captured by a 5d non-commutative topological-holomorphic Chern-Simons theory defined

on R x C2. This quantum field theory is holomorphic along C? and topological along the

remaining direction, R. Moreover, M2-branes in this theory can be described using Wilson

lines along R in this theory, while Mb5-branes can described using holomorphic surface defects

along one of the complex planes. Notably, the Wilson lines can be shown to be associated

with representations of variants of a quantum group known as the affine Yangian.



Twisted M-theory is insensitive to the radius of the 11th circle of M-theory, implying
that in the aforementioned background considered by Costello in [1], the theory is equivalent
to type IIA string theory with a stack of D6-branes in a B-field background, whose world-
volume theory is )-deformed along two dimensions. The -deformation results in the
localization of the D6-brane world-volume theory to the 5d non-commutative Chern-Simons
theory. This is in analogy to the localization of the (2-deformed world-volume theory
of D4-branes and D5-branes to (analytically-continued) 3d and 4d Chern-Simons theory,
respectively [2, 3].

In this work, one of our primary aims is to generalize this description of twisted M-theory
on a Taub-NUT space to a more general background geometry. In particular, we will initiate
the study of twisted M-theory on a general conifold, and propose a description in terms of an
extension of 5d non-commutative Chern-Simons theory by matter degrees of freedom. The
action for these matter degrees of freedom shall turn out to also be topological-holomorphic
in nature. Moreover, we shall explain how the 5d non-commutative Chern-Simons-matter
theory describing the conifold is equivalent to 5d non-commutative Chern-Simons theory for
a supergroup. We shall also analyze general topological-holomorphic 5d Chern-Simons-matter
theories that are not necessarily equivalent to 5d CS for a supergroup.

As part of our analysis of 5d Chern-Simons and Chern-Simons-matter actions, we shall
study them on the 5-manifold R, x C2?, with boundary degrees of freedom coupled in a gauge
invariant manner. From the perspective of twisted M-theory, one could understand the study
of 5d Chern-Simons theory with a boundary as a study of twisted M-theory with a boundary.
It is also tempting to interpret the boundary as an M9-brane, although it has been argued
that the latter is incompatible with the twist of M-theory [4]. It is however, possible that
the boundary degrees of freedom describe a domain wall in twisted M-theory. We note that
certain domain walls in twisted M-theory have been studied before by Oh and Zhou [4], but
are described by a theory of a different nature from the one that we shall encounter here.

In the process of studying 5d Chern-Simons-matter theory with a boundary, we shall
generalize the usual 3d-2d correspondence between a 3d Chern-Simons theory on a manifold
with a chiral 2d WZW model [5] on the boundary of that manifold to a non-commutative
5d-4d correspondence, involving 5d Chern-Simons theory and a novel “chiral” 4d WZW model.
To be precise, the requirement of gauge invariance shall lead us to a gauged, non-commutative
“chiral” 4d WZW model. We emphasize that this is a novel 4d WZW model with a different
action from other 4d WZW models previously studied in the literature [6-8]. It is, however,
related via dimensional reduction to a 3d analogue of the “chiral” WZW model studied
by one of the authors in [9].

We note that the relation between 3d Chern-Simons theory and boundary 2d WZW
theory has been generalized to the non-commutative case before [10, 11]. It is thus interesting
to analyze if this correspondence between 3d and 2d systems can be generalized to a 5d-4d
correspondence, and we shall show that this is indeed the case.

We shall also study the current algebra associated with the 4d chiral WZW model. We
shall compute it first at the classical level, and find that it takes the form of a toroidal
current algebra. Moreover, we shall explain how this current algebra arises from radial
quantization along one of the complex planes.



We shall also study a 5d-4d correspondence between 5d non-commutative Chern-Simons
theory and the 4d chiral WZW model at the quantum level. 5d non-commutative Chern-
Simons theory is in fact power counting non-renormalizable, and to show that it is indeed
well-defined as a quantum field theory, at least in perturbation theory, one approach is to
use the techniques from BV quantization [1]. The extension of the BV formalism to the
case with boundaries is known as the BV-BFV formalism, first introduced by Cattaneo,
Mnev, and Reshetikhin in [12, 13].

We shall first employ this formalism to show that a gauged non-commutative 4d chiral
WZW model is a holographic dual of 5d non-commutative Chern-Simons theory on I x C?
at the quantum level, both for ordinary Lie groups as well as supergroups. The 4d effective
action plays the role of a generating functional for the aforementioned toroidal current algebra.
Finally, we generalize this duality to 5d non-commutative Chern-Simons-matter theory for
the case of adjoint matter, obtaining a 4d chiral WZW model coupled to matter fields in the
adjoint representation. This provides us with a computation of the partition function of 5d
Chern-Simons-matter theory for adjoint matter, in terms of an effective action consisting
of the 4d chiral WZW model coupled to matter fields.

2 M-theory on a conifold and 5d Chern-Simons-Matter theories

In this section, we shall generalize Costello’s description of twisted M-theory in a Taub-NUT
background, by considering twisted M-theory on a general conifold. As we shall show, the
effective dynamics can be described a 5d topological-holomorphic Chern-Simons-matter theory.

Before proceeding, let us recall the explicit form of 5d non-commutative Chern-Simons
theory that describes twisted M-theory in a Taub-NUT background with nontrivial C-field.
This theory has the action [1]

1 12
= dzNdw NTr AN dA+ —— dzNdw NTrANANA, (2.1)
h Jrxc2 h3 Jrxc?
where C A, D = dz* Ad2I C; *D; for one-forms C' and D, and where * is the Moyal product that
depends on a parameter €, which measures the non-commutativity between the holomorphic

coordinates z and w parametrizing the two complex planes C, and C,,, that is, we have

1 o .0 5 1 0 0 o 0
f*xg=fg+ 65617'6*21‘]1672].9 + € ﬂsiljlffigjz (321‘1 02, f) <8Zj1 0z, 9) +... (22

for elements f, g of the ring of holomorphic functions on C,, x C,, where z; = z and 23 = w,
where ¢;; is the alternating symbol and the summation convention is enforced.

Note that due to the presence of the two-form dz A dw wedged with the Chern-Simons
three-form in the action, the gauge field here is effectively a partial connection of the form

A = Adt + Azdz + Agdiv. (2.3)

The 5d Chern-Simons theory action is moreover invariant under gauge transformations of
the form

A — A — i — A s+ ax A, (2.4)



where « is a gauge transformation parameter valued in the Lie algebra of the gauge group
of the theory.

Let us now proceed to understand how 5d Chern-Simons theory with the action (2.1) gen-
eralizes when we replace the Taub-NUT background of twisted M-theory by a general conifold.

2.1 Twisted M-theory on a conifold

Recall that for C* parameterized by complex coordinates x, y, v and v, a general conifold
is defined by

zy = vEu?, (2.5)

This conifold can be viewed as a C* fibration over C? parameterized by v and u, orbifolded
by ZK X ZN.

Let us investigate twisted M-theory in this conifold background, which can be understood
as two different Taub-NUT manifolds that share two common dimensions, which includes
the circle fiber for both Taub-NUTs. As explained in [14], shrinking the circle fiber gives
us a stack of N D6-branes and a stack of K D6-branes, that are each orthogonal to each
other apart from having five common dimensions.

Shrinking the circle fiber that forms the 11th dimension of M-theory leads us to a twist
of type IIA string theory. The twist of type IIA supergravity and string theory was originally
studied by Costello and Li [15]. When one has a supergravity background with a Killing
spinor that squares to zero, a twist of supergravity can be defined by setting the bosonic
ghost to be equal to the square-zero Killing spinor [15]. Moreover, to define supergravity in a
twisted 2-background, one employs a generalized Killing spinor that squares to a rotation,
with the twist arising from the identification of this Killing spinor with the ghost field.

Let us specify the directions transverse to the conifold on which M-theory is defined. We
shall study M-theory on a manifold with G5 holonomy,! which is the direct product of a
general conifold and the real line R. The remaining directions consist of the complex surface
C2. As in [1], we also turn on the 3-form C-field background

—eV? N dZz A dw, (2.6)

where V? is the 1-form dual to V, the vector field generating the S* action of the circle
fiber of the general conifold. Denoting z* for i = 1,...,11 as local real coordinates on
the 11-dimensional space that M-theory is defined, the following diagram elucidates the
M-theory background of interest:

C? R General Conifold
=

(2.7)
M—theory‘ml‘xz‘x?"w"“ b ‘xﬁ‘m7‘x8‘$9‘m10‘z11

Here, the z'9 — 2! directions form the C* fiber over the C? base of the conifold, with the
latter being parametrized by the complex coordinates v and u, or equivalently, by the real

coordinates 2%, 7, 28 and 2?. In particular z!! is the local coordinate of a circle fiber.

'Twisted M-theory on a specific class of manifolds with G2 holonomy was previously studied in [16, 17],
but this class does not include the G2 manifolds we consider in this paper.



Shrinking the radius of the 11-th dimension parametrized by z'!, we arrive at the
following configuration of N D6-branes and K D6’-branes:
CQ R [Rzl [R?S R
— N

l‘l 132 $3 :L‘4 1,5 1‘6 x7 xS x9 1.10 (28)

Dol x| x|x|xX| X | X|X

D6’ x| x|x|x| % X | X

where we have considered a twist with two 2-deformation parameters remaining after the circle
reduction, denoted €; and e3.? In general, the worldvolume theories of the D6- and D6’-branes
will localize to two 5d Chern-Simons theories with gauge groups U(N) and U(K), respectively.
Both 5d theories are coupled to a 5d matter action that we will derive in the next subsection.
However, in what follows, for simplicity we shall focus only on the 5d Chern-Simons theory
arising from the D6-branes, and the matter fields that couple to it. In other words, we shall
freeze the gauge field degrees of freedom arising from the D6’-branes. In this case, the positive
integer, K, if greater than 1, gives rise to a flavour symmetry for the matter action that we will
derive below. Due to the symmetry between two stacks of D6-branes, or equivalently between
the two Chern-Simons theories, exactly the same results will hold for the U(K) theory.

2.2 Matter from topological strings

Let us now derive the matter action by studying the 10d topological string theory that has

arose from shrinking the radius of the 11th dimension of twisted M-theory. As explained in [1],

the twist of type IIA string theory at hand is an A-model along the R® parametrized by 2°

to 20 and a B-model along C? parametrized by z! to 2*,® as depicted in the following table:
B-twist A-twist

xl x2 1'3 .1‘4 .%'5 ZL‘6 $7 .7}8 379 xlO (29)

D6| X | X |X|X|X]|xX]|x
D6 | x| x| x|x|x X | %

The open strings stretched between the D6-branes and D6’-branes give rise to a matter action,
coupled to the gauge fields on each stack of branes. To describe these matter fields, we simply
need to identify the space of supersymmetric states of the aforementioned open strings.
Instead of doing this directly, we shall use T-duality to take us to a simpler twisted
theory, where it is easier to compute the space of supersymmetric states, and then reverse
the T-dualities. T-dualizing along z? and z*, we obtain an A-model on R'° with the brane

configuration
A-twist
@t |22 ]2®]4|2%| 2 | T|2%]2® |20 (2.10)
Dafx| |x| [x[x[x] [ |
DA [ x| [x ] [ ]x[x]

2The Calabi-Yau condition which is satisfied by the general conifold will impose a relation on the Q-
deformation parameters e€; and e3, which is €; + €3 = 0.

3Strictly speaking, for e # 0, we have a non-commutative B-model along €2, which is equivalent to an
A-model with a non-trivial B-field.



The crucial point is that the D4- and D4’-branes here are the simplest type of A-branes, i.e.,
middle-dimensional Lagrangian submanifolds, and the strings stretched between them are
described by Lagrangian intersection Floer cohomology.*

Let us first focus on the case where non-commutativity is turned off. Following Witten’s
algorithm in [18] we can deduce the matter action arising from the D4-D4’ strings, which can
be interpreted as an open string field theory action. Recall that from this perspective, the
open string states form a differential graded algebra A, where the differential is the BRST
operator of the twisted theory. Moreover, in the BV-BRST formalism, the physical fields of
the theory will correspond to A[0], i.e., they have ghost number 0, while ghost fields will have
ghost number 1. The supersymmetric ground states of the D4-D4’ and D4’-D4 strings ought
to be valued in the Lagrangian intersection Floer cohomology for the two branes, which in
the present case of D4- and D4’-branes intersecting along R? reduces to de Rham cohomology
on R3. The physical states arising from the D4-D4’ and D4’-D4 strings, in the case of N
D4-branes and K D4’-branes, can be thus modelled, respectively, by the field content

n € Q*(R*) ® Hom(CV,CK)[-1]

¢ € Q*(R*) ® Hom(CX, C™)[-1], (2.11)

where the ghost number 0 components of n and ¢ shall be denoted n and ¢.
The gauge invariant action governing the dynamics of the ghost number 0 fields takes
the form

/[RS A dao, (2.12)

where  and ¢ are full one-forms on the three-manifold R? parametrized by z', 23 and 25,
and d4 is the gauge covariant extension of the exterior derivative. The matter fields are in the
fundamental representation of the gauge group U(V) and its conjugate, and the fields likewise
transform in the fundamental representation and conjugate fundamental representation with
respect to the additional U(K) flavor symmetry which remains after we freeze the gauge
field on the D4’ worldvolume.

Now, to return to the configuration in (2.9), we T-dualize along x? and z* again. These
T-dualities lead us to the 5d topological-holomorphic matter action

/ dz Ndw AnAdao, (2.13)
RxC2

since T-dualization amounts to making the replacements [19]

Dxl — Dg

(2.14)
DwS — Du—,,

where z and Z parametrize the 2! — 22 plane and w and w parametrize the z3 — 2% plane,
and D; denotes components of the covariant derivative. We emphasize that we have only
employed T-duality to a full A-model on 10d space to simplify and elucidate our derivation

4“With Q-deformation included along the 2° — 27 and 2® — 2° planes, the D4- and D4’-brane worldvolume
theories each localize to 3d analytically-continued Chern-Simons theory [2].



of (2.13). We could have directly computed the space of open string states of topological
strings stretching between the D6 and D6’-branes in (2.9), which would be

HF* (R, R;) @ Ext* (€2,€?) (2.15)

a direct product of Lagrangian intersection Floer cohomology along the R parametrized
by 2, which we have relabelled as t, and the Ext-group for sheaves on C?, and arrived
at the matter action (2.13).

Let us consider the case where K = 1, a restriction we shall make in subsequent sections
as well. The explicit form of the 5d topological-holomorphic matter action is

/ dzNdwAnAdag
RxC?

Ny (2.16)
= e dz Adw A dt A\ dz A dw €% D;éh
where the antisymmetric tensor €% is defined such that % = 1, where
¢ = Qrdt + ¢zdz + dgpdw (2.17)
and
n = nedt + nzdz + nepdw, (2.18)

which transform in a representation p of the gauge group and its conjugate p®, respectively,
and where

Doy, = 0;0k + AJ(TH)' ;o1 (2.19)

with I and J are indices for the representations p and p®. More generally, we can derive
gauge invariance for matter with non-commutativity turned on, by generalizing the covariant
derivative (2.19) to

Doy, = 0501 + AUTY) ; + ¢} (2.20)

The gauge invariance of this non-commutative matter action is shown in appendix A. We
emphasize that the matter action is gauge invariant by itself, and does not produce any
boundary terms when undergoing a gauge transformation.

Thus, starting from twisted M-theory on a conifold, we have obtained an effective
description in terms of a 5d Chern-Simons-matter theory of the form

1 12
— dzNdwNANTrAN, dA+ —= dzNdwNANTrAN AN A
h Rx C2 h3 RxC?2

+ dz Ndw An A dyo
RxC?
1

12
= — dzANdwNANTrANdA+ == dzANdwANTTANAN A
h Jrxc2 h3 Jrxc2

—I—/ dz N dw An A dyo,
Rx C2

(2.21)



where the equality holds for the integrands up to total derivatives and

/ dz Ndw AnA\dyo
R (2.22)
= dz Adw A dt Adz A dio €7, D¢y
Rx C2
We shall be concerned with this 5d Chern-Simons-matter theory in what follows.

It should be kept in mind that we froze the degrees of freedom arising from the stack
of K D6-branes, and set K = 1 such that there was no remaining flavour symmetry, to
arrive at (2.21). In general, if we do not take these steps, we would have an action involving
bifundamental matter fields coupled to dynamical U(N) and U(K) Chern-Simons gauge
fields. This action is given explicitly by®

l dz/\dw/\TrA/\dA+12/ 2dz/\dw/\TrA/\A/\*A
RxC

€1 JRxC? €1

1 12
+ = dz/\dw/\TrA//\dA/—k—f/ dzANdwANTr A NA N A (2.23)
€3 JRxC? €3 3 JrRxC2

+ dzNdwAnANdy 40,
RxC2 ’

where A’ denotes the U(K) gauge field, and

/ dzNdwAnANdy 40
RxC2 ’

= _dz A dwAdt A dz A dD e (0585 + AXTOY + T+ AT * oL,

e (2.24)

where I’ and J' are indices associated with a representation of U(K), denoted p’, under

which ¢ transforms.

The action (2.23) can in fact be rewritten as a single 5d Chern-Simons action, but where

the gauge group is the supergroup U(N|K), as in the work of Mikhaylov and Witten [20],

after an appropriate rescaling of the matter fields. To his end, we recall that the Calabi-Yau

condition is €; + €3 = 0, and set €; = h as before. The action (2.23) can then be written as a
5d non-commutative Chern-Simons theory for the supergroup U(N|K), with the action

1 12
— dzNdwANSTrANdA+ —= dz Ndw ANSTrANAN, A, (2.25)
h Rx C2 h3 Rx C2

where the gauge field is

Ayiny 1
A= . 2.26
( ¢ Ay (2.26)

Here, Str is the supertrace on the Lie algebra of U(N|K), that is equal to the ordinary trace
when restricted to the Lie algebra of U(NN) and the negative of the trace when restricted to
the Lie algebra of U(K'). We note that, analogous to the work of Mikhaylov and Witten [20],

5In general there will also be dependence on the Yang-Mills coupling of the D-brane worlvolume theories,
which we can remove via a convenient rescaling of the action.



the matter fields can be understood to arise from a twisted 5d AN/ = 1 hypermultiplet in
the bifundamental representation of U(N) x U(K). In addition, we note that 4d Chern-
Simons theory for a supergroup was derived from a closely related system of intersecting
D5-branes in [21].9

The relation of the general conifold to supergroup 5d Chern-Simons theory can also be
understood as follows. M-theory on a toric Calabi-Yau is dual to type IIB string theory with
a (p,q) brane web configuration [24, 25]. For the general conifold, this brane configuration
would be a set of NV D5-branes and another set of K D5-branes ending on a single NS5-brane,
in the configuration

B-twist A-twist
2 222324 25 ] 26 | 27| 28] 29 210
D5 | x| x|x|x|x|xT (2.27)
D5 | x| x| x|x|x|xt
NSH| x| x| x|x|x X

where T and | indicate the two different half-lines that make up the direction parametrized
by 28 This D5-NS5-D5’ configuration is related via T-duality to a D4-NS5-D4’ sytem
with topological-holomorphic twist (generalizing the topological-holomorphic twist of the
D4-NS5 system studied in [22]) and via a further T-duality to the D3-NS5-D3’ system of
Mikhaylov-Witten [20]. The D5-NS5-D5’ system thus localizes to 5d Chern-Simons theory for
the supergroup. The relationship between the conifold and the affine Yangian for supergroups
has been predicted before, see, for example, [26] and [27]. Notably, this suggests that the
Gromov-Witten invariants of the conifold are associated in some manner with the affine
Yangian for supergroups.

It shall be useful to compare the 5d Chern-Simons-matter action derived here to the
3d Chern-Simons-matter theory defined on a three-manifold with transverse holomorphic
foliation, that was first studied by Aganagic, Costello, McNamara and Vafa [28]. Notably,
this theory can be interpreted as the theory on a Lagrangian 3-brane in an A-type topological
string theory on a Calabi-Yau 3-fold, in the presence of a coisotropic 5-brane. The action
of the model has the form

ik B ~
s= | es@y+ [ indas. (2.28)

where M is a 3-manifold endowed with a transverse holomorphic foliation, where ¢ € Q'"°® R
and 7 € Q/Q'0 ® R¢ are the matter fields (where “1,0” refers to the holomorphic direction
of M), where R is the representation of the gauge group, G, and R¢ is the conjugate
representation. The matter term in this action can be written explicitly as

/ (ﬁaDtéu _ ﬁthqZ;u> dt A du A da, (2.29)
M

5In this work, a relation via T-duality is claimed between a system of intersecting D5-branes subject to the
twist of [3] and a D4-NS5 system T-dual to the configuration of Mikhaylov and Witten and subject to the
twist of [22, 23].



where u and u are complex coordinates in the holomorphic direction of M, and ¢ is the coor-
dinate parametrizing the remaining direction, and where the following covariant derivatives
are employed:

Did), = il + AL(T 567, (2.30)
Dady, = Oady, + AG(TH 61, '
where I and J are indices for the representations R and R°. The main difference between
this 3d Chern-Simons-matter theory and the 5d Chern-Simons-matter theory is that 3d
Chern-Simons theory is a topological theory, and the introduction of the matter described
above breaks this symmetry. On the other hand, 5d Chern-Simons theory is inherently
topological-holomorphic. Indeed, as we have seen, the dimensional reduction of the latter to
3d produces a topological 3d matter action, that differs from the 3d matter action in (2.29).

3 Boundaries in M-theory and the gauged chiral 4d WZW model

Having described twisted M-theory on a conifold in terms of a general conifold background
in terms of a Chern-Simons-matter theory, we would like to understand how this system
can be generalized to include boundaries in 11-dimensional space, in particular, along the
x° direction, which we shall parametrize by the coordinate t.

Recall that the relation between 3d topological field theories defined on a three-manifold
and 2d conformal field theories on the boundary, especially the 3d Chern-Simons/2d Wess-
Zumino-Witten correspondence, is well known [5]. For Chern-Simons theory on a manifold
with a boundary, since the gauge field appears linearly in action, a component thereof subject
to a Dirichlet boundary condition can be shown to be auxiliary, and thus integrated out, and
this in turn imposes a constraint that a component of the field strength vanishes. Solving
this constraint results in a 2d WZW model [29, 30]. The Chern-Simons degrees of freedom
manifest as edge modes described by the boundary WZW model in this correspondence.

Alternatively, instead of imposing boundary conditions on the Chern-Simons gauge field,
it is possible to introduce new boundary degrees of freedom from the start to preserve (all or
part of) the bulk gauge symmetry, resulting in a coupled 2d boundary action, such that the
coupled 3d-2d system is gauge invariant [31, 32]. This is particularly important when the
Chern-Simons theory is coupled to bulk matter fields where boundary conditions cannot be
used to explicitly obtain a 3d-2d correspondence. This formalism has been used to study
M2-branes (described by the ABJM model [33]) ending on M5-branes [31, 32, 34, 35].

In order to investigate the 5d Chern-Simons-matter action in the presence of a boundary,
it is likewise not natural to employ boundary conditions to obtain a boundary dual, due
to the presence of the interaction term coupling the matter fields to the gauge fields. Our
goal in this section is thus to couple a 4d boundary theory to the 5d Chern-Simons matter
action in a gauge invariant manner.

To this end, we shall first introduce a novel gauged 4d WZW model. As we shall see, the
terms arising from the gauge transformation of the gauged 4d WZW action cancel the extra
terms that appear in the gauge-transformed 5d CS action. This 4d theory is an analogue
of the 2d chiral WZW model, and we shall thus refer to it as the 4d “chiral” WZW model.
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The gauged “chiral” 4d WZW action has the form

Seganeedf G = 54 wlGl =2 [ dz Adw A dz A dwTr(Agd:GG™Y)
CQ

- /2 dz A dw A dz A d@Te(AsAg) (3.1)
C
where
SWowlGl == [ dz Adw A dz A dwTr (¢10:6G710,G)

C

(3.2)
2! dz Adw A Tr(G71dG A G7HG A G1G).
3 |R+><[C2

In what follows, we shall analyze the gauge transformation of this action in detail.
3.1 Gauge transformations of the 4d chiral WZW model
The gauge transformation of the gauge field is defined as
A= —dgg ' + gAg~! (3.3)

while the gauge transformation of G is defined as G = ¢gG. Under this gauge transformation,
the action (3.1) transforms to

SwviiyElA, G] = S%ZW[QG}_2/2 dzNdwAdZNdwTr(gAzg ™" —0agg™")0:(9G)(9G) ™)
C
—/2dz/\dw/\di/\dwTr((gflgg*l—8;9971)(gf~1wg*1—&I,gg*l)). (3.4)
C
Using the Polyakov-Wiegmann identity,

Swzwl9G] = SwWzwlgl + SwzwlG] — 2 - d*zTr(g 1 0590:GG 1), (3.5)

where we have defined d*z = dz A dw A dzZ A dw, the expression (3.4) can be rewritten as
Swiw <[4, 6]

= Swawlgl + SwzwlG]
-2 /2 d*zTr (g_l(?@gagéé_l + gfl@g_laggg_l + gfl@g_lgag@é_lg_l
C
1 1 -1 ~ a1 -1, Lg% I - 1
—0p99 " 0z99" — Owgg™ 90:GG™ g™~ + §AwAz - §gAzg O0wgg

1 1 5 1 _ _
= 50209 '9Awg " + 50:99" Dugg 1)-
The first term in the parentheses cancels the fifth term in the parentheses, while the terms
that purely depend on g cancel the kinetic term of Sé{,izw [g]. The remaining terms can
be reexpressed as

SiAe1A,6)
(3.6)

~ 1
+ dz A dw A (—Tr d(g tdg N A) — ZTr(g 'dg A g~ tdg A g_ldg)> .
Ry xC2 3
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Now we will show that the finite gauge transformation of this WZW action can cancel that
of the bulk 5d CS action if this WZW theory is put on the boundary of the manifold with
CS action in the bulk.

To demonstrate that, we would like to compute the variation of the 5d CS action

/ dz A dw A CS(A). (3.7)
|R+><CZ

We shall consider the gauge variation of the Chern-Simons functional under finite gauge
transformations of the form A = —dgg~! + gAg~!.
To compute this, we define A= —dgg™t, A :=gAg~!. For a sum of two connections,

the Chern-Simons functional can be written as

CS(A) = /ﬂ((ﬁ + A)ANd(A+ A" + 2(A +AYAN(A+ AN (A+ A’))
3 (3.8)
= CS(A) +2Tr (F(A)A') = dTr (AA) +27Tx (AA'A') 4+ CS (A),

where we have integrated by parts in the second term of the second line. Since A is pure

gauge, it is a flat connection and F'(A) = 0, which implies that the second term of the final
expression in (3.8) is zero. Therefore the gauge variation of the 5d CS action is

/ dz A dw A CS(A)
[R+ XC2

3.9)

) o (

= / , dz N\ dw A <CS(A) + Tr d(g tdg A A) + gTr(g_ldg A g tdg A g_ldg)) .
[R+><C

Thus, since the g-dependent terms in (3.6) and (3.9) cancel, we find that this gauge
transformation can be cancelled by including a boundary gauged WZW action that transforms
nontrivially under gauge transformations.

3.2 M2-branes as local operators

A natural class of operators in 5d Chern-Simons theory are Wilson lines along the topological
direction. These are identifed with M2-branes from the perspective of twisted M-theory. In
the present setup with a boundary, these Wilson lines will end at a finite point, and one
needs to be careful in defining the operator in order to preserve gauge invariance.

This leads us to naturally consider composite operators. These are Wilson lines ending
on local operators, defined by the group-valued field g, at the boundary of Ry, such that the
nontrivial gauge transformations of the Wilson line and the operator g cancel each other,
and the composite operator is gauge invariant.

Recall that a Wilson line along a curve C, starting at ¢; and ending at t;, and in a
representation R, satisfies the gauge transformation property

’Pech = gR(ti)’Pefc A/gl_%l(tf% (310)

1

where A = gA'g~! — dgg™'. Let us identify t; as t = 0 and #; as t = oo in the present

context. If we specify boundary conditions at ¢ = oo where all gauge fields go to zero, this
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means that gauge transformations also ought to be trivial there. Hence we find that gg(t;)
is the identity element of the gauge group.

In order to preserve gauge invariance at ¢ = 0, we need to form a composite operator
of the form

Peled . Gr(t = 0), (3.11)

where R indicates that the group-valued field G is chosen to be in the representation R.
Since G transforms via left multiplication by g, we find that the composite operator (3.11)
is gauge invariant. This further leads us to deduce that M2-branes (Wilson lines in 5d CS)
can be identified with local operators in the 4d gauged chiral WZW model. We expect
to be able to compute correlation functions of M2-branes via correlation functions of local
operators in the 4d boundary theory.

3.3 Non-commutative deformation

We shall now show that a non-commutative generalization of the 5d-4d bulk-boundary system
discussed previously is gauge invariant. In this case, we consider the non-commutative
5d Chern-Simons action on Ry x C, x C,, with action of the form (2.1), together with a
gauged, non-commutative generalization of the 4d chiral WZW model on the boundary,
which has the form:

Saeweed 1G] = Sk zw(G) — 2 /C dz A dw A dZ A diTr(Ag * 0:G % G )
- /02 dz Ndw Ndz ANdwTr(Az « Ag) (3.12)
where
Sl [ = — /q:2 dz A dw A dz A dwTr (G % 0G5 G+ 9,G)
- /[m@z dz A dw ATHG™ +dG A GV 4 dG A, GV dG).  (3.13)

The (finite) gauge transformations are now of the form G = g*G and A = —dg*g~ '+ gxAxg~,
which generalizes the gauge transformations for trivial non-commutativity.
Let us focus on the U(NV) case and list some useful properties of the star product. Firstly,

it is associative. A cyclic property reminiscent of a trace also holds when integrated
/ PrTr(A+ B) = / PrTr(AB) = / PrTr(BA) = / PrTe(B+A)  (3.14)

It is also straightforward to define a group element of U(N), via g = e® =1+ ¢ + %qﬁ *x ¢+
%qﬁ *¢* ¢+ ..., where ¢ € u(N). Its inverse defined via g * g~! = 1 is then

1 1
g_l:e_‘b:l—gb—i—iqb*qb—?qb*qb*qb—i—... (3.15)
We can also define the Maurer-Cartan form in the usual way, i.e., —dg * g~'. Since
g*g ' =1, we can derive that d(¢g-') = —¢g~! x dg * g~! The following analog of the

Maurer-Cartan equation then holds: d(—dg* g71) + (—dg * g71) Ak (—dg*g~1) =0
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Using these properties, we find that the derivation of the gauge transformation of the
bulk 5d CS action is analogous to that in the commutative case shown in 3.1, with the result

/ dz Ndw N CS(A)
|R+><C2
= / dz A dw A (CS(A) + Tr d(g~ ! *dg A, A) (3.16)
[R+ xC2

1
+ gTr(g_1 s dg Ny g Lk dg Ny g7 % dg)).
This is canceled by the gauge transformation of the boundary non-commutative 4d chiral
WZW model.

3.4 Boundary matter action

We have so far discussed a gauge invariant coupling between 5d non-commutative Chern-
Simons theory and a boundary action on the boundary. Since the bulk matter action is gauge
invariant regardless of the presence of boundaries, we do not need to include a boundary
action involving the matter fields to preserve gauge symmetry.

In general, when we have a coupled bulk-boundary system, the boundary action can
include terms depending on the boundary values of bulk fields. In particular, if we have bulk
matter fields there can be a boundary matter action or potential. The form of this boundary
matter action may be constrained by symmetries. For example, in the case of an ABJM-like
bulk theory the boundary matter action would be a quartic potential as constrained by
(classical) conformal symmetry [31] but taking into account supersymmetry would further
constrain the form of this potential [36].

In the present case, one can introduce a boundary matter action of the form

6/2 dz N\ dw A nhs, (3.17)
C

where c¢ is a normalization constant. This action satisfies the constraints of being holomorphic
(in the sense of only depending on the complex structure of the boundary) as well as
gauge invariance.

3.5 Equivalence of boundary action and boundary conditions

While we have not imposed boundary conditions explicitly for the gauge fields, choosing
instead to include a boundary action to satisfy gauge invariance, one can show as in [31] the
equivalence of this boundary action to certain boundary conditions on the gauge field. This
is particularly simple when the matter fields are not present. For example, in the case of 3d
Chern-Simons theories, there is a well-known equivalence to 2d WZW models when there is a
boundary and this can be derived by imposing boundary conditions on the gauge field [30] or
through coupling to boundary degrees of freedom and then imposing the boundary equations
of motion [31]. Indeed, varying Ay gives rise to the boundary condition

Az = —09:G * G Y=o, (3.18)

which is the analogue of pure gauge for the gauge field of a non-commutative gauge theory.
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4 Current algebra of the 4d chiral WZW model

In the analysis that follows where we derive the current algebra of the 4d chiral WZW model,
we shall not be concerned with the matter action, but we shall instead focus on identifying
the current algebra associated with the 4d chiral WZW model.

4.1 Classical current algebra

Let us derive the current algebra of the 4d chiral WZW model defined on a product of
two cylinders, with the time direction identified with the radial direction along the C* that
one obtains from a conformal transformation of the cylinder parametrized by (w,w). To
this end, we write w = t + i0y,, Where o, is the compact direction of the cylinder, and
t € R is identified as time.

The relevant sector of the action (3.1) is first order in time, since we know that the
partial derivative 0y appears only once, and that it can be written explicitly as

O = (0 —i0s,). (4.1)

Since the term that depends on 0,, has no time derivatives it can be ignored in computing
Poisson brackets. The sector that contains time derivatives is of the general form

I = /dt)\ d¢l (4.2)
Varying this action gives rise to

5 — / dterj00 - ‘W (4.3)
where wi; = 3 dﬂ)‘ 67 J)\ are the components of the symplectic form on the classical

phase space. We can then obtain the Poisson bracket of any two functions X and Y on
the phase space via

- 0X Y
XY =wl—— 4.4
X.¥lpp = 5o (44)
where w/kwy; = 5lj . For the 4d chiral WZW model, we find that the phase space symplectic
structure is given by w = 13 ® ( h,2) 9 % 15,, where 14 acts on the Lie algebra index, (_h,2) %

acts on the (z, Z) coordinates, and 1 o, acts on the oy, coordinate. Therefore, its inverse is

o ( h) (i)l ©1,,. (4.5)

Let us now compute the Poisson bracket of X = Tr A%g*1 and Y = TrB 55 9g1
where A and B are arbitrary generators of the group G. This can be done by evaluating
0XdoY = ggfl g;/] d¢'6¢7, and subsequently replacing 6¢*d¢’ by w. Proceeding in this manner,
we find (with z denoting the spatial coordinates of the 4d manifold on which the WZW

model is defined)

SXBY = Trg™ (0) Ag(w) 5~ (9700()) - Trg™ (&) By () o (9760 (). (46)
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To obtain the Poisson bracket, we ought to replace (g~1ég(x))" (9~ 1dg (:U’))b (where a
and b are Lie algebra indices) by

Ry —1 1
0 (=) —=———6(0yp — 0 4.
( 2) 2mi z — 2/ (0 = ow) (47)
where 5L L is the inverse of %. Therefore, % (g t6g(x))" - % (9769 (a:’))b ought to be

replaced by 49 (—%) 050 (2 — 2') 6 (0 — 0',). Hence, we arrive at the Poisson bracket

(X, Y]pp= 2525(2) (z2=2")6 (cw—07,) Trg™ (¢,2)Ag($,2)g~ " (¢,2") Bg (¢',)

= g& (ow—0o1,) 5@ (z—2")Tr ([A,B]ng_1> —{—gé (ow—0o1,) 956 (z—2)Tr AB
(4.8)
Upon rescaling both sides of this equation by (%2)2, we arrive at a classical current algebra.
Note that we have found a central extension term at the classical level. This is analogous
to the case of the standard 2d WZW model with kinetic term in “chiral” form, i.e., using
lightcone coordinates, wherein such a central extension term also appears in the classical
Poisson bracket involving currents when taking one of the lightcone directions to be time.

4.2 Quantum current algebra

We would now like to investigate the quantum current algebra of the 4d chiral WZW model.
Let us consider the simplest case of the U(1) chiral 4d WZW model, with the action

1
- / d*20:$000. (4.9)
h Jc2
Using the complex analysis lemmata
1 =1
—9=dz = -0V (2,2)dz N dz
2wz
1 1 (4.10)
—0=dz = —6¥(2,2)dz A dz,
2mi z

the propagator can then be shown to be

(¢(z)o(y)) = hA(z —y) (4.11)
where z,y denote all four complex coordinates, and where
1 11
Ax) = ——. 4.12
(z) (27i)? z w (412)

In what follows, we shall use a UV regularized version of the propagator

1 1 1
Alx —2') = 4.13
(-2 2mi)32z— 2 w—w’ (4.13)
based on the Feynman parametrization
]. 0 zZ dt
; :/tiogeiTtﬁ. (414)
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L and —L— in this manner. The UV

We shall regularize both potentially divergent factors

z—2z' w—w’
regularization follows from evaluating the integral over the region t > ¢, i.e., we have
o0 2z dt 1-— 6_%
et = ———. 4.15
| ret g = (4.15)

The regularized propagator then takes the form

( _z—z/2) ( _w—w,|2>
1 1 — € € 1 — € €
Apeg(z —2') = . (4.16)

(27i)? z—2 w—w!

In particular, in the limit where z approaches 2’ or w approaches w’, the regularized propagator
is not divergent, unlike the unregularized one.
Defining
Jz = 03¢ (4.17)
we can then immediately derive the current algebra
1

= 95@) (5
2m'626 (z—2")

1

w—w'’

(Js(z,w)Jz(2,w'")) = —h (4.18)

Straightforwardly generalizing the usual rules of radial quantization on the complex w-plane
familiar from 2d CFT, one finds that this current algebra agrees with the classical result (4.8).
To see this explicitly, we employ the following contour integral definition of the commutator

[A(z'), B(z)] = fé duw 7{, dw'a (', w)b(z,w), (4.19)

for
A(z) = ]{dw a(z,w)
p (4.20)
B(z) = ]{dw b(z,w),
0
which gives us
[JZ'(2), JZ(2))] = —h%é—)ﬂs(?)(z — Z)gmEn0 (4.21)

when applied to the correlator (4.18), where J'(z) = 2= §; Jg(z,w)wm_%dw. This is the
quantization of the algebra (4.8), for the case of gauge group U(1). This can be checked by

writing the currents and delta function in (4.8) as Fourier series in the periodic coordinates

/

ow and oy,

and rescaling the currents appropriately.

For non-commutative U(1) 4d WZW, we can write down the interaction term at leading
order in noncommutativity parameter, and compute how the propagator is modified by
self-interaction terms, and then compute the corrected current algebra. The interaction

terms in the Lagrangian take the form
50:(0.00,0)006 + 500(0:60.,6):6, (4.22)

where € is the non-commutativity parameter. From here, we can read off the Feynman rules
that enter the higher loop corrections to the propagator, and compute the corrections to
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the current algebra. However, it can be shown at least at one-loop, that the current algebra
is not modified due to non-commutativity.

A symmetry argument for this observation that the two-point correlation functions do not
depend on € at order €, but are expected to depend at order €2, is as follows. The interaction
terms at order € are cubic in ¢ (and its derivatives) so are invariant under simultaneously
changing the sign of ¢ and e. However, Jz depends linearly on (a derivative of) ¢ so the
two point function is invariant under ¢ — —¢. Therefore the two-point function must also
be invariant under a change in sign of ¢, hence expanding in powers of ¢ we cannot have
any odd powers of e.

5 5d Chern-Simons-4d chiral WZW correspondence from BV-BFV
quantization

We shall now study the quantum 5d non-commutative CS theory on I x C2, where I = [0, 1],
using the BV-BFV formalism. This is a natural approach to the quantization of 5d Chern-
Simons theory in the presence of a boundary, since quantization without a boundary is
well-described by the BV-formalism in [1]. Although we shall not explicitly generalize the
proof that 5d Chern-Simons theory is well-defined in perturbation theory to the case with
the boundary conditions picked in this section, it is expected that the arguments of Costello
in section 9 and appendix B of [1] hold in this case.

The computation that follows furnishes a 5d-4d correspodence for twisted M-theory
with boundaries. In particular, if the gauge group is GL(N), we are studying M-theory
on a Taub-NUT manifold, while if the gauge group is the supergroup GL(N|K), we would
be studying the general conifold.

In what follows, we shall impose the boundary conditions

Ay = constant|i—o, (5.1)
Az = constant|i—1,
which are the analogues of antiholomorphic to holomorphic boundary conditions of 3d
Chern-Simons theory used in [37], with the further inclusion of the boundary action

Shoundary = dz Ndw A dz N dwTr(AzAp)
{1}xC2

+ dz Ndw A dz N dwTr(AzAg).
{0}xC2

(5.2)

The boundary value of Ay at t =0 and Az at ¢t = 1 are denoted as (Ag)in and (Az)out,
respectively (with ¢ interpreted as an Euclidean time direction “in” and “out” shall denote
t =0 and t = 1, respectively). We shall first consider the case without non-commutativity,
and subsequently turn on non-commutativity.

The 5d CS theory is extended in the BV-BFV formalism to include ghosts, denoted
¢, and antifields. The action”

1

L dzAdeTr(AAdA+2A/\A/\A), (5.3)
2 Jrxe2 3

"Note that we shall include an overall factor of % for the Chern-Simons action in this section.
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is defined in terms of the superfield
A=c+A+ A"+, (5.4)

where ¢* denotes the BV antifield of a field ¢.
To be precise, the ghost field ¢ has ghost number 1, while the gauge field

A= Adt + Apdw + Azdz (5.5)
has ghost number 0. Moreover, the two form antifield of the gauge field,

A* = Ar dt A dw + ALdt Adz 4+ A% dw A dz (5.6)

w

has ghost number —1, while the three-form antifield of the ghost field

has ghost number —2. In addition, we shall decompose A into its components along C?
and the interval, I, as

A=A+dt- Ay (5.8)

We further split each field ¢ into a residual and quantum fluctuation part as ¢res + ¢q. In
what follows we shall use the superscript 1 to denote the z component and 2 to denote the w
component of the 1-form gauge field. We also use the notations a' = A}, a? = A%, 0 =AJ res -
The computation that follows, where we shall evaluate the effective action of 5d CS in the
BV-BFV formalism, is analogous to the computation for 3d CS in [37]. We shall generalize
the computation to include matter fields in the second part of this section.

We also need to specify the gauge-fixing conditions, which amount to specifying a
Lagrangian submanifold of the field space. The field space is defined as

F=0 (1,05 00 © 0] & 0*[-1]), (5.9)

where Q%’ll and Qg’; respectively denote anti-holomorphic differential one-forms on C, and
Cy, respectively, while Q0 and Q2 denote zero-forms and anti-holomorphic two-forms on
C, x Cy. The field space is fibered over

5= (2 o 1) D (% ©2-1) 2 ((Ahan ), (Adurcow )  (510)
with fiber
Y =0 (1{0}:03)) 0 0° (1,{1};94) @ * (1,{0,11,0°0)) @ @* (1,02[-1])  (5.11)

The residual fields form a space defined by the relative cohomology in the I-direction:

V= H*(1,{0,13:0°[)) @ B* (L,02[-1]) 3 (dt-0,AL,). (5.12)
On this field space we can define the odd symplectic form
Wy (A, A = / dz N dw AT SANGA, (5.13)
IxC
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while the space of boundary fields admits the even symplectic form

Wl (A A = / dz A dw ATr SANSA. (5.14)
OIxC?
The gauge-fixing Lagrangian submanifold in the fiber of Y — V is determined by setting to
zero the relatively exact one-form components of fields along the I direction. The gauge-fixing
conditions can thus be specified as

gh=0: A=Al +A%2 +a' +a%>—dt-o,

h=1: ¢ = Cout + Cin + cg,

g out fl (515)
gh=-1: A" =A% +Aj
gh=-2: ¢ =0.

where tilde denotes the discontinuous extension by zero from ¢ = 1 or ¢ = 0. This is the
axial gauge, where fluctuation fields that are both 1-forms along I and forms of any degree
along C? are set to zero. The fluctuation fields further satisfy

1
al| =0, | =0, eilm=caly =0, /Odt Al =0. (5.16)

The gauge-fixed kinetic term of the 5d CS action, with relevant polarization boundary
terms included, can then be written as

S:f/ dz Adw A Tr (AAdA) + dz Adw A Tr(AY A A2 + cA*)
IxC? {1}xC2

—/ 2dz/\dw/\Tr(A2/\A1+cA*)
{0} xC

= dz/\dw/\Tr(al/\dm2)—/ dz/\dw/\dt/\Tr(al—i—az)/\éCzU
IxC? IxC2 (517)

— dz A dw A Tr (A?n /\al)

1 2
—i—/Czdz/\dw/\Tr(Aout/\a)t:1 -

t=0

+ dz N dw A Tr (Af Adjeq)
IxC?

— [ dzANdwANTr (Al + Afl,—;) Cous + /2 dz N dw A'Tr (Ajes + Afl—o) Cins
C

CZ res res

where d; and Jg2 are the exterior and antiholomorphic derivatives along I and C2, respectively,
and “in” and “out” denote boundary values for fields at ¢ = 0 and ¢ = 1 respectively.
The free-field propagators are given by:

<a§(t, z,2w)al (t, 7, w')> =10 (t —t') 5pe0@ (2 — 2') 63 (w — w')dZ dw, (5.18)
<Cﬁ7b(t, z,w)Aq . (1,7, w’)> =h(O{t—1t)—1)65e5? (z = 2') 6P (w —w')dw'dz’, (5.19)
where b and ¢ are Lie algebra indices, and where the step function is defined as

0(z) = {1’ v>0 (5.20)

0, x<0.
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Restricting the interaction term of the nonabelian theory to the relevant gauge-fixing
Lagrangian submanifold of the space of fields gives us

1
Sint:*/ dZ/\dw<Av [A7~A]>
0 /e (5.21)
= dz/\dw/\/dt<a1,/\adaa2>+/ dz/\dw/\/dt (ca,ads (Ates+AR))
Cc2 I Cc2 I

where we have used (,) to indicate the Killing form on the gauge group, which we have
previously denoted as Tr (we shall use both notations interchangeably in what follows). The
dressed propagators that take into account these interaction terms are

<ag(t,z,w)a}: (', z',w/)>

dressed
— 10 (t— ) 6@ (2 — 2) 6@ (w — w')divdZ’ (g} /t’<t1<---<tk<t dty - - dty, (— ado)k>bc
— b (¢ =) (e<tt'> ada) 5@ (2 ') 6@ (w — w')dZ'dup,
" (5.22)
and
<Cﬂ7b(t, z,w)Af . (', 2, w') >dressed =16®@ (z2—2") 6@ (w—uw')dw' dZ'.
(;i/tl 77777 tke[O,l]dtl”.dtk(a(t_tl)_t)(e(tl_h)_tl)”.(0<tk_t,)_tk>(_ada)k>bc
16 (5 )6 (w—u)did' 4 (e(t,_tw(;z) adla —e > (5.23)
be

As detailed in appendix C, the effective action can be computed with these propagators
using the techniques of [37], by computing the relevant Feynman diagrams shown in figure 1,
giving us a gauged 4d chiral WZW model of the form

§% = |, dz Adw ((Abu -9 ALg™ ) + (Al 0% -g7") + (AL ,g7'0"g)
- <A:es 7F-‘r (ad— logg) Cout + F_ (ad— logg) Cin >) + WZW(Q) — ihW

(5.24)

[

where WZW(g) is defined in appendix C, with g related to o via g = e~ 7, where we have
denoted the boundary values of the fields at 0 and 1 on I = [0, 1] with subscripts “in”
and “out”, where

x x

:m, F_(Z'):—ex_l, (525)

Fy(x)

and where iAW is a divergent term that can be interpreted as a change of path integral
measure [37].

We note that, at least for abelian gauge group, in analogy to the 3d-2d correspondence,
the effective action we have derived is in fact a generating functional for the current algebra
studied in the previous section, i.e., appropriate functional derivatives of the generating
functional furnishes the quantum current algebra in OPE form.
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Figure 1. Feynman diagrams.

We have not considered non-commutativity explicitly in our analysis thus far. However,
equations (5.21), (5.22), and (5.23) generalize straightforwardly in the presence of non-
commutativity, with the adjoint map ad, now generalized to its non-commutative counterpart.
The computation of the non-commutative dual 4d WZW theory then follows from a direct
generalization of the computation. A discussion of the generalization of the necessary
mathematical formulas to the non-commutative case can be found in appendix (C.1).

5.1 BV-BFYV partition function for 5d Chern-Simons-matter theory

We would now like to extend the BV-BFV quantization of 5d Chern-Simons theory to include
matter fields in the adjoint representation. To this end, we consider the action given by:

Sbulk, matter = / dz Ndw ATr(n A dag), (5.26)
RxC2

where 1 and ¢ are BV superfields that include the physical matter fields as components.
Additionally, we consider the boundary terms:

Shoundary, matter = dz Ndw ANTr(n A @) + dz N dw A Tr(n A @), (5.27)
{o}xc2 {1}xC?

such that the total matter action is Smatter = Sbulk,matter + Sboundary,matter-
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The superfields n and ¢ contain the following components:
=n+¢F,
= ‘b* (5.28)
=0+,

where:

e 7 and ¢ are matter fields,

e 1" and ¢* are antifields associated with n and ¢, respectively.

The BV-BFV field space is now extended to include the matter fields n and ¢ along
with the gauge fields. The odd symplectic form associated with the matter fields is

wrxez (M, @) = / Tr on A oo, (5.29)
IxC2
while the space of boundary matter fields admits the even symplectic form
2]
w , ) = Tr én A 0. 5.30
orxc2 (1 @) /81X02 nAoP (5.30)

The gauge-fixing conditions for the matter fields are similar to those used for the gauge fields,
focusing on setting relatively exact components to zero:

gh=0: @=Ly +oh+ay+al—dt oy, n=nhy+m+ay+a;—dt oy,
gh=-1: ¢* = gb:es + ¢{)§v 77* = n:es +77§-

Moreover, the matter fluctuation fields satisfy

(5.31)

1 1
1 _ 1 _ 2 _ 2 _ *_ * _
aJhl_o, QAﬁl_o, aJﬁO_o, aAﬁO—O, A ﬁ¢m_0,.4¢ﬁ¢ﬂ_o. (5.32)
Now, the kinetic and boundary terms of the gauge-fixed matter action take the form:

Skin + Sboundary,matter

= /de:2 dz A\ dw A Tr(a,l]djaé + aidlaé - (a,li + a%)dq;x@o'd, - Undq;x@(aé + aé)) (5.33)

+ dz Adw A Te(72, A ay) + dz A dw A Tr(ad A dly)
{0}xC? {1}xc2

where d; and dgcxc are the exterior and antiholomorphic derivatives along I and C2, respec-
tively. The interaction term for the matter fields in the non-abelian theory can be written as

Sint = _/IXCZ dz/\dw/\dt/\Tr(—ada¢(q§fes+¢§)0ﬁ +adg, (nfes—l—nﬁ)Cﬁ—a}]adgaé—a%adgaé

+(adgnal)aé—I—(adgnaQ)a}b—a,%ad%al—a,liadg¢a2>. (5.34)
The dressed propagators for the matter fields are given by:

a?  (t,z,w)al (2w =h0(t—1")6P (2— 2163 (w—w")dZ dw
7, b,c

[ee]
x dt1---dtp (—ad_1oeq)"
(Z/t'<t1<'"<tk<t ! k( & logg)>

k=0
= hf(t—t') (e (V)2 10ns)

dressed

be
6@ (z2—2"6®) (w—w')dZ dw,
(5.35)

be
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and

<a?¢,b(tvZaw)a%,c(t/azlvw,)> (t t/)(S ( ) (w—w’)di’dw

X<Z dtk( ad_logg)k>
<ty <- <tk<t

<t
o(t—t) ( —(t—t")ad_ logg)

dressed

be
6@ (2—2"6®) (w—w'")dZ dw.
(5.36)

be

As shown in appendix C.2, the effective 4d action for the matter fields can be computed
from the Feynman diagrams in figure 2 to be:

71 d 2 5 1—e?d-tes
:/2 dz Ndw N (out, € *71%905) +  Gouty —————0 0y,

ad_1og g
Slo, L€ —od-toss ot e ™ toss  ad_jog — LpE
O¢, i T, o
¢ ad— log g T ad g, M ¢ (ad, logg)2 !
—ad_ogg d_ 1
<610 +a lzogg 820¢> (5.37)
(ad—10g¢)
1 1

x x 1 1
+ <(adg¢¢res B adgnnres)7 (a,d logg o ead— logg — 1) Cin> }

where, as before, the boundary values of the fields at 0 and 1 on I = [0, 1] are denoted with
subscripts “in” and “out”, and 0 = —log g. The effective matter action involves nontrivial
interactions between matter fields and the WZW field g. In particular, one finds terms that
resemble kinetic terms for o4 and oy,

The complete boundary 4d WZW-matter effective action is therefore

S = WZW(g / dz A dw A {(A}Dut g AL g+ <Aéut ,0%g - g_1> <Am ,9_1519>

<Ares 7F+ (ad logg) Cout + FL (ad— logg) * Cin > + <¢;c1)uta e_ad_loggﬁ?n >

~ e—ad_10gg 1 — e~ 2d-logg
1 2 1 ~2
Sl P S | P -
! <¢Out’ ad_—1og Jn> < 70 ad logg 77m>
<810 e d-toss 4 ad_ 120gg 1(920n> — <8lan, e i ens fad 120g9 _ 182a¢>
(ad_10gg) (ad_10gg)
1 1
ad0¢ (z)res adannres) ad_ log g - 1 _ €7ad* log g Cout
x 1 1 .
+ <(a‘d‘7¢¢:es - adan”res)? <ad—logg - edd_logg _ 1> cin> - ZHW} (538)

We have thus obtained a 4d WZW-matter theory as the holographic dual of the 5d Chern-
Simons-matter theory, by evaluating its partition function in the BV-BFV formalism. We have
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Figure 2. Feynman diagrams for matter fields.

thus evaluated the partition function for twisted M-theory on a general conifold in terms of a
boundary effective action, which governs the holographic dual of M-theory in this background.

In the case where matter is turned off, the expectation is that correlation functions of
line operators in the bulk ought to be captured by correlation functions of local operators
in the boundary, in analogy with the 3d CS/2d WZW correspondence. In the case with
matter, the holographic dictionary between observables in the bulk and observables in the
boundary should be a generalization of the case without matter, and we shall leave the precise
identification of this dictionary to future work.

6 Conclusion

In this work, we have generalized Costello’s description of twisted M-theory defined on a Taub-
NUT background in terms of 5d non-commutative Chern-Simons theory. We investigated
twisted M-theory on a general conifold, and obtained a description in terms of a 5d non-
commutative Chern-Simons-matter theory.

In order to analyze this 5d non-commutative Chern-Simons-matter theory with a bound-
ary, we explicitly established the gauge invariant coupling between the 5d Chern-Simons
theory and a gauged 4d chiral WZW model, both in the commutative and non-commutative
cases. We then generalized this result to the case where the bulk theory is coupled to matter
fields. In this system, it is not possible to simply obtain the WZW model by imposing
boundary conditions on the Chern-Simons gauge field. However, we generalized a formalism
used previously in the case of the 3d-2d correspondence [31, 32] to obtain a gauge invariant
coupling to a boundary WZW model without imposing boundary conditions.

,25,



Motivated by this result, and by the 3d-2d correspondence of 3d Chern-Simons theory
and the 2d WZW model, we then obtained a new 5d-4d correspondence between 5d non-
commutative Chern-Simons theory and the gauged 4d chiral WZW model using the BV-
BFYV formalism. These results were then generalized to the case with matter, furnishing a
holographic description of twisted M-theory on a general conifold.

There are many possible directions for future research. Firstly, it is known that the line
operators in 5d Chern-Simons theory are associated with representations of the affine Yangian
or its variants, depending on the choice of holomorphic surface the 5d theory is defined on.
Given the mathematically rigorous nature of the BV-BFV formalism, we expect the 5d-4d
correspondence we derived to provide important mathematical results. In particular, we
expect a Kazhdan-Luzstig type correspondence relating the representations of the affine
Yangian and the current algebra derived in this work. Moreover, we expect that this formalism
allows us to construct conformal blocks associated with the affine Yangian, that give rise to
correlation functions of local operators in the 4d chiral WZW model that can be identified
with correlation functions of Wilson lines in the bulk.

Although we have used the BV-BFV technique for the specific goal of obtaining a 4d
effective action for the 5d Chern-Simons-matter theory, the computation presented here
is a prototype for holographic duality for Chern-Simons-matter theory of any dimension.
In particular, it is likely that the techniques utilized in our work can be applied to find a
holographic dual of the ABJM model [33], as well as the twisted BLG and ABJM models
studied in [38]. It would also be interesting to provide an M-theoretic interpretation of
the boundaries that we include in our setup in terms of an M-brane or domain wall in
twisted M-theory.

In addition, we note that it has been argued that non-commutative Chern-Simons theory
is the proper framework for studying the fractional quantum Hall effect. It has been explicitly
demonstrated that the Laughlin electron theory of the fractional quantum Hall effect can
be described by a non-commutative Chern Simons theory [39, 40]. It is known that the 2d
WZW model can be used to study edge states in quantum Hall systems [41]. Thus, the
edge excitations of higher dimensional quantum hall systems are expected to be described
using higher dimensional chiral gauged WZW models [42], including the chiral 4d WZW
model we have studied. Moreover, electrons in the fractional quantum Hall effect can be
described via a Chern-Simons matrix model, and the quantum algebra of its observables
can be identified in the large N limit with a variant of the affine Yangian known as the
deformed double current algebra [43, 44|, suggesting a further (generalizable) relation between
5d Chern-Simons theory and the fractional quantum Hall effect.

Integrability in the context of 5d non-commutative Chern-Simons theory has recently
been further understood, in particular with regard to interpreting Miura operators (that
realize W-algebras) as M-brane intersections [45-47]. It would be interesting to understand
how these results generalize in the presence of matter fields, and for supergroup gauge groups.

Finally, it would be interesting to understand the relationship between the 4d chiral WZW
model and the well-known 4d WZW model studied, for example, in [7, 48, 49]. The latter
has recently been studied in the context of celestial holography, where the semiclassical bulk
spacetime is a 4d asymptotically flat, self-dual Kéhler geometry, known as Burns space [50].
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Given that 5d non-commutative Chern-Simons theory is related to a 5d theory that generalizes
5d Kéhler Chern-Simons theory via a Seiberg-Witten transform [28], we expect the 4d chiral
WZW model we introduced in this work and the well-known (Ké&hler) 4d WZW model to
be related via a Seiberg-Witten transform.
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A Gauge invariance of matter action

With non-commutativity turned off, the 5d matter action is

/ dzNdwAnANdad
RxC?

= Ldz Adw A dt A dZ A dD e nir(Djdr)! (A1)
RxC

_ / de Adw Adt A dz A dio €T (0;0] + Ap(ta) 501,
RxC

where the index I runs over 1,...,Dpg, where Dg is the dimension of the representation
R and its conjugate. Writing dz A dw A dt A dZ A di as d°z, the action transforms under
the gauge transformations

it = —€*nigp (ta)JI, 5¢£ =€ (ta)l qui, 0A® = —De® = —de” — f“bCAbec, (A.2)
as
/d590€ijk <_€a77ilp (ta)' 10; 01 + ni10; (GaP (ta)’ J¢i) — diemirp (ta)' o1

—Ageminp (8) o (ta)” KO + Ajehmirp (ta) gp (1) KOk — F Afemup (t)' sol) = 0,

A3
where we have used the Lie algebra relation p(t,)p(ty) — p(ts)p(ta) = fSp(te). A
In the non-commutative case, the matter action is
/ﬂw dz Adw A dt Adz A dw eFn;1(0;08 + (A7) 7 % ¢), (A.4)
and the gauge transformations are
onir = —nmigxe’; dpk =elyjx ¢, SA=-De=—de— Axe+ex A (A.5)

The gauge transformation of the non-commutative matter action is
/d5x€ijk <—7h'J x €’ 10,61, + 1i10; (61J * ¢i) — iy % € [(Aj) i % o

nir (=05’ 7 — (Aj % )T 5+ (ex AN 1)L + mir(Aj) 7 (/= ¢£{)) (A.6)
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which follows from the Moyal product identities
/ d®2(A* BC) = / dz(AB * C) (A7)
and

/d5:n(A x BC x D) = /d5x(AB xC x D). (A.8)

B Computation of finite gauge variation of non-commutative 5d CS action

To compute the variation of the 5d non-commutative CS action
/ dz A dw A CS(A). (B.1)
|R+><C2

We consider the gauge variation of the Chern-Simons functional under finite gauge trans-
formations of the form

A=—dgxgt+gxAxg L. (B.2)
To compute this, we define
A=—dgxg ', Al=gxAxg "
For the sum of two connections, the Chern-Simons functional can be written as
CS(A) —/Tr((A+A’)A*d(A+A')+§(A+A’)A*(E+A’)A*(A+A’)>

L . 9
:/Tr(A/\*dA+A/\*dA’+A’/\*dA+A’/\*dA’—|—3A/\*A/\A

(B.3)
+2A’/\*/TA*E+2A’/\*A’/\*/T+gA’/\*A’A*A’>
= CS(A)+2Tr (F(A)AA') ~dTr (A A ) 42Tr (AN ANA')+CS (A).
The third term is a total derivative that takes the form
—dTr (AN +A") =Tr d(g~" + dg A, A) (B.4)

In addition, we find that

_ _ 9 _ _
CS(A’):Tr(g*A*g_l/\*d(g*A*g_l)+3g>l<A>l<g_1/\*g*A*g_l/\*g*Ag_1>

=Tr (CS(A) +2AN AN g % dg) ,
(B.5)
the second term of which cancels

2Tr (A Ay AT A, A/) =Tr(2gx Axg ' Asgx Ax g7 Ay (—dgx g™ 1))
= —Tr(2A Aw A A, g7 % dyg). (B.6)

— 28 —



Finally, the Chern-Simons functional for a gauge field that is pure gauge takes the form
U 4 | -1 -1 -1
CS(A) = 3 AN AN A) = 3Tr(g xdg N g~ xdg N g~ xdg), (B.7)

using F(A) = dA+ AN, A = 0.
Thus, we find that

CS(A) = CS(A) + Tr (g + dg A, A) + %Tr(g_l vdg A gt xdg A g vdg).  (B.8)

C Details of BV-BFV formalism computation

In what follows, we shall evaluate the Feynman diagrams that contribute to the effective
action of 5d CS on I x C?, as depicted in figure 1. For concision, we shall suppress factors of h:

(i)
/ dz A dw A <Aout , a2‘t:1> - dz' A dw' A <a1‘t:0 AL >

:/Cde/\dw/\<A1 e AZ ).

out 1 €

— /02 dz A\ dw A <Aéut , ’t 1> /Ixc2 dz' A dw' A dt’ <a1,(§20>
= _/422 dz N\ dw A < out ,/ dte=(1=12de 525 > (C.1)
1—eado _
—/ dz Ndw A (Agy , ————0%0 ).
Cc2 ad,

(iii)

— / dz A dw A dt{0 o, a?) / dz' Adw' A dt' (', 0%0)
IxC? IxC?

_ 1 gt L
__ / dz A dw A (8o, / dt / dt' e~ (1) ads 527
c2 Jcz 0 0

—ad
B = e 4ads, 15
/Czdz/\dw/\@ o, (ad,)? 0“o)
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(v)
—/ dzNdwAdt (ads AL, c )/ dz’/\dw’/\(AE]tZl,cout>—l—/ dzAdw A (Ajeg, Cout)
IxC? c2?

1 tadg_ ads
— C2dz/\clw/\<ad Afes,/ dt cout>—|— C2dz/\dw/\<AreS,cout>

= — o2 dZ/\dw/\<A:es, 6adcout>

/ dz AdwAdt (ad, A%, >/ dz’Adw'MA;q\t:O,cm>—/2dzAde<A:es,cm>
IxC2 C

1 t)ads _
= dz/\dw/\<ad Afes,/ A — >— dzANdw A (Ajgg, Cin)
Cc2

C2 eado' —

N ad,
= CZdz/\dw/\<AreS, s 1cin>

One can further show that (vii) is zero since

/ diy---dird (b — )0 (t2 — t3) -0 (o1 — 1) 0 (b — 1) =0 (C.2)
t1 tr€[0.1]

Finally (viii) can be evaluated to be

—ihW =—ih Y j(o(p)) (C.3)
pe(CxC)(reg)

where (C x C)(™9) is a regularization of C? consisting of a finite set of points and

) sinh 2de
j(o) =trglog Tf' (C4)
2
The quantity iAW is a divergent term that can be interpreted as a change of path integral
measure, see [37].
Defining F'y and F_ as in (5.25), we thus find that the effective action can be rewritten as

1—eado _ o —1
eff _ 1 ada 2 1 —_— 2 2 ih
S = 2 dzNdw ( <Aout ,€ Ai > <Aout’ ada. 0 > <A1n7 a,da- 0 O'>

_ —ads —1 =,
_<alg,e(—ga)d2"0 > (AreS,F+(adg)cout+F_(adg)cin>>—th(a).
adqy

We shall now explain how the effective action can be further reexpressed as

:/02 dz A\ dw ( out g Amg 1> + <Ac1>ut 7529 'gil> <A1n 7971519>

(A% Fy (ad o) cons + P (ad_10g4) cin ) > + WZW(q) — ihW.
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1 _ _
WZW(g) = — 5/@:2 dz N\ dw A <alg : g_1,829-9_1>

1 P s B [ RO o |
B Ixczdz/\dw/\<dg'g ,[dg-g ,dg-g D
Firstly, note that
1
g 10s9 = eg/ dre "7 (—0z0)e” / dre™ 7 (—050)
0
ads
_ 67( 950,
1
Opg-g = / dre” T (=0go) / dre” Tad" —0go)
0
1—e ado

The Wess-Zumino term can be rewritten as
1
12 Jixe2

1
= —f/ dzNdwA

1—-t 1—t
/ dt< / dr/ dT 0 (o)~ (1-t-T)o (110 ~T'0(_ o) (1t7—/)06(1t)o]>
1 1=t 1=t / (r'—7)ads
=7 C2dz/\dw/\/0 dt/o dT/O dr <da, [a,e dab
.12 o

L aendwn do. |o, w do

2 Je2 (ad,)
:1 dzNdwA( do, —smhado—2adg do

2 Je2 (ad,)

= | dzAdwn( 0o, w Do (C.6)
2 (ady)

The WZW kinetic term is:
1 a1 —1 72 -1
—i/Cde/\dw/\<8g-g ,0°g- g >

1 1 1 ~ /
= —= dz A dw N / dT/ dr’ <6_TU(_310)€—(1—T)0’€U -7’ (= 2o Je —(1—-7 )er'>
2 Je2 0 0

dz Adw <d§-§_1, [dg-g—l,d§-§—1]>

1 . Ao =
= —— dz N dw /\/ dT/ dr’ <610, e(T-7 )ad"820>
2 Je2 0 0

_ h. —1 -
—/ dz A\ dw N\ 610,C08702820 .
c2 (ad,)

We thus find that the 4d WZW action is

WZW (g / de hdw [ — (G, SO2e “Laa | [, siohads —ads 55
(ad)? (ady)

_ —ade L a9 —1 -
—/ dz A dw N 810,6 +a20 %0 ).
c2 (ad,)
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In this way, we have shown that the 5d CS path integral is equal to the path integral
of a gauged 4d chiral WZW model with an action of the form

geff :/4;2 dz A dw (<A(1mt .g Ai2n971> + <A(1)ut D - g71> n <A12n 79,1519>

— (Ales » 4 (ad—10gg) Cout + F- (ad—10gg) Cin )) + WZW (g) — ihW.

(C.7)

C.1 Non-commutative generalization

Let us now explain how to generalize the computation above to the non-commutative case,
first focusing on U(1) 5d Chern-Simons theory. To this end, we need to show that the
exponential map defined using the Moyal product,

g:ef:1+¢+%¢*¢+§¢*¢*¢+u. (C.8)

obeys a version of Duhamel’s formula for its derivative:

d 1 dX
-x @ X _ —s ad« X
e * e /0 e ds e (C.9)

To achieve this, we first note that
X X

X _ q 2 = i
e —]\}gnoo (1+N> * <1+N> % ... (N times)
N (C.10)

— i (143
_Ngnoo N/,

Taking the derivative with respect to a parameter ¢ on which X depends, we have

d v . XNV * 14dx X()\*!
dﬁ¢&;0+)**wﬁ*@+w)*

1 (C.11)
1
= / &1—5)X * d—X * eide
0 d
This is equivalent to (C.9) if
Ad,e; X = e75ad: X (C.12)
which holds since
4 (eiX*Y*e*—SX> =XseXxYxe X e X x Ve N x X
ds (C.13)

=ad, X (eiX Y % e;SX) .
Thus, the computations in the previous subsection go through if we replace the Lie

algebra commutators by Moyal bracket commutators. These results naturally extend to the
non-commutative version of the gauge group U(N) as well.
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C.2 4d WZW-matter theory from Feynman diagrams

In this section, we explore the detailed computation of tree-level Feynman diagrams for the
4D Wess-Zumino-Witten (WZW)-matter theory, as derived from 5d Chern-Simons-matter
theory in the BV-BFV formalism. For concision, we shall suppress factors of h.

The relevant Feynman diagrams are depicted in figure 2. Feynman diagram (i) is
evaluated as

712 / / 1 2y 1 —ad o2
/@2 dz A dw A { Pous; a”‘t:1> /@2 dz' A dw' A <a¢‘t:0  Tlin) = /(32 dz N dw A (Poyy, € "1,
(C.14)
Feynman diagram (ii) is evaluated as

71 2 / / / 1 92
/{1}xC2 dz A\ dw A (gyts an‘t=1>/lxc2 dz' Ndw' AN dt' A (ag, 0%oy)

~ 1
= /c2 dz A dw A <¢}mt,/0 dt e (1= ad—logga%,,> (C.15)

~ 1—e" ad_1og g
= dz N\ d'UJ AN 1 —820'
/032 <¢out’ ad—]ogg n/>»

Feynman diagram (iii) is evaluated as

_ 1 2 ! 171 2
/]XCQ dz Ndw Ndt N (0 0y, ayp) /‘D2 dz' A dw <a¢‘t:0,7ym>

1
= e dz/\dw/\<610¢,/0 dte_tadloggﬁizn> (C.16)
1— e~ ad-1og
=— [ dzndwA{doy, —— 1
o2 VA w < U¢>7 adflogg Tlm>7

Feynman diagram (iv) is evaluated as

— /1x02 dz N dw N dt A (31%7@2)/ ds' A dw' A dt A Tr (a}],82a¢>

IxC2?
1 t )
= _/02 dz A\ dw A <810¢,/0 dt/o dt e_(t_t)ad—1°g9620n> (C.17)
—ad_, -1
= —/ dz N\ dw A 810¢,€ i +ad_2logg 820,7 ,
c2 (ad—10g4)

Feynman diagram (v) is evaluated as

_/m:z dz A dw N dt N <31%a727>/ d2' A dw' Adt A (al, 0Po)

IxC?
1 t ,
= . dz N dw N\ <8lan,/0 dt/o dt’ e~ (=) ad- 1°g9820¢> (C.18)
= _ dz Adw A { 8'a ¢~ *-ves tad log g _1820
C2 m (ad, logg)2 o)
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Feynman diagram (vi) is evaluated as

/ dz ANdw AN dt A (ads, Pres — ads, Tres, C) / dz' Ndw' A (Afl,_g s Cin)
IxC? c?

e(l_t) ad_1ogg _ ead_ log g

1
= e dz A dw N\ <ad% Bres — ado, nfes,/o dt T E— cin> (C.19)

1 1
= dz A\ dw A <adg¢ Bres — ado, Mres, < - ) Cin> )

c2 ad_1ogg 1-— e~d-logg

and Feynman diagram (vii) is evaluated as

- / dz N dw A dt A (ads, Gres — ade, Nress €a1) / dz' A dw' A (Af,_q s Cout)
IxC? c?

e(l_t) ad_logg _ ead_ logg

1
S /622 dz A\ dw N <ad% Pres — ado, n;‘es,/o dt T E—— cout> (C.20)

N N 1 1
= — /@2 dz N\ dw N <ado'¢ Dres — adan Tress (ad—logg - 1_ e_adlogg> Cout> .

There are also several wheel diagrams of the form given in Feynman diagram (viii),

which can be shown to evaluate to zero, as in the computation for 5d Chern-Simons theory
without matter.
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