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1. Introduction

Aim. The main aim of this article is to draw more attention to (geometric) analysis
of non-linear heat flow. The linear theory had been developed intensively and extensively
in connection with two powerful theories: Dirichlet forms related to probability theory
and the I'-calculus & la Bakry and Emery related to differential geometry as well as
geometric analysis. A non-linear analogue to the I'-calculus has been investigated on
Finsler manifolds (of Ricci curvature bounded below in an appropriate way) by the first
author and Sturm [28-31,33]. Then it is natural to expect a more general theory of
non-linear heat semigroups as a non-linear counterpart to the theory of Dirichlet forms,
however, there is surprisingly no result in such a direction. In this article, to motivate
further studies of non-linear heat semigroups, we establish the integral Varadhan short-
time formula for non-linear heat flow on Finsler manifolds.

Background. On a complete Riemannian manifold (M, g) with the Riemannian dis-
tance d, let ps(z,y) be the heat kernel density, i.e., the minimal fundamental solution
to the heat equation dyu = %Au. From the probabilistic viewpoint, p:(x,y) is the den-
sity function of the transition probability of the Brownian motion in M. The Varadhan
short-time formula [36] states that the short-time behaviour of pi(x,y) is governed by
d(z,y) in the following way:

. 1 2
limtlog py(2,y) = —5d(z,4)" . (1.1)

The formula (1.1), linking geometry, analysis, and probability, has been studied in
various settings including complete connected Riemannian manifolds [36], Lipschitz
manifolds [26], degenerate diffusions on Euclidean spaces [10], sub-Riemannian mani-
folds [7-9,23,24], and metric measure spaces satisfying the quasi Riemannian curvature-
dimension condition [13]. For a more complete review of the literature, we refer readers
to the references therein.

For spaces not admitting the heat kernel density p:(x,y), the formula (1.1) has been
generalised as

1-
limtlog Py (A, B) = —=dm(A, B)? 1.2
im t10g Py (4, B) = —5dn(4, B) (12)
for A,B C M with 0 < m(A4),m(B) < oo, where m is the reference measure on M,

Pt(A7B) :=/Tt13dm
A

with the L2-heat semigroup (T;);>0, and dm(A, B) is a suitably defined distance-like
function. In the case of linear heat semigroups, (1.2) has been established in a general
setting of local Dirichlet spaces [6,20,21], where di (A, B) is induced by a local Dirichlet
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form. If a local Dirichlet space admits a distance function in the domain of the Dirich-
let form in a compatible way in the sense of the Rademacher-type property and the
Sobolev-to-Lipschitz property, the set function am(A,B) is indeed identified with the
distance between A and B; see [11] for details. We refer the readers to the following
articles for particular spaces: the Wiener space and path/loop groups [1,2,15,16,21], the
configuration space [12,39] and the Wasserstein space [38].

Muain results. We shall generalise (1.2) to non-linear heat flow (T;);>0 on a Finsler
manifold (M, F') equipped with a measure m. We do not assume the reversibility of F'
(i.e., F(—v) # F(v) is allowed), thereby the distance function d can be asymmetric. In
this case, dm (A, B) is defined as

dm(A, B) := ?25{618651{: flx) = ess Sup f(y)} (1.3)

for measurable sets A, B C M with 0 < m(4), m(B) < oo, where
L:={fe€ HLM)NL>®M): F*(-df) <1ae.}. (1.4)

We remark that dyn(A, B) < co. The condition F*(—df) < 1 roughly means that —f is
1-Lipschitz, and one can regard that dm (A, B) represents the distance from A to B. We
refer to Subsection 2.1 for precise definitions and notations in Finsler geometry. We also
set

A, B):= inf .
d(4, B) ze}xr,lyeBd(x’y)

Due to Lemma 3.4 proven later, for open sets A, B C M, we have

dm(A, B) = d(A, B) .

Theorem 1.1. Let (M, F) be a complete C°°-Finsler manifold equipped with a C*-
measure m on M with m(M) < oo. Assume that the uniform convezity and smoothness
constants are finite. Then, for any measurable sets A, B C M with 0 < m(A), m(B) < oo,
we have

1tif(r)1tlog P/(A,B) = _%am(A, B)?. (1.5)
In particular, for any open sets A, B C M, we have
limtlogPy(A, B) = —ld(A7B)2 .
t10 2
To the best of our knowledge, Theorem 1.1 is the first result establishing the integral

Varadhan formula for non-linear semigroups. It is unclear whether the pointwise Varad-
han estimate (1.1) can be properly formulated in our setting, since there is no concept of
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heat kernel density p;(z,y) for non-linear heat semigroups. The assumption m(M) < oo
is used only for the lower estimate of (1.5). Though this assumption does not seem
essential, we were not able to drop it due to the technicality of the linearised heat semi-
group; see Subsection 5.6 for more details. The finiteness of the uniform convexity and
smoothness constants is imposed also for a technical reason of constructing a linearised
heat semigroup (see Lemma 5.7), and is satisfied by, e.g., compact Finsler manifolds and
Randers spaces (M, F), F(v) = y/g(v,v)+ B(v), such that g is a Riemannian metric and
B is a one-form on M with |8|; < ¢ < 1 for some ¢ < 1.

The asymmetry of the distance function d reveals the probabilistic nature of our
Varadhan formula, which is not apparent in the symmetric setting. From the analytic
(PDE) point of view, the semigroup T;1p in P;(A, B) = fA T;1gdm could be regarded as
describing the heat propagation from B, thereby the appearance of the distance d(A, B)
from A to B may be counter-intuitive. From the probabilistic viewpoint (which is a
dual perspective to the PDE one), however, d(A, B) is natural since T;1p5(x) represents
the probability that a Brownian motion starting from z lives in B at time ¢ (in the
Riemannian setting, to be precise; the existence of the Brownian motion is unknown in
the Finsler case).

The above observation should be compared with the fact that heat flow is regarded as
the gradient flow of the relative entropy in the L?-Wasserstein space with respect to the
reverse Finsler structure F(v) = F(—v) (see Remark 2.2). Since d(A, B) coincides with
the distance from B to A with respect to F, the analytic point of view seems consistent
with F.

The upper estimate in Theorem 1.1 is more flexible than the lower estimate, and can be
generalised to the nonsmooth setting as follows, thanks to differential calculus developed
in [5,18]. We remark that reversible Finsler manifolds (satisfying F'(—v) = F(v)) also
fall into this framework.

Theorem 1.2. Let (X,d,m) be an infinitesimally strictly convexr metric measure space.
Then, for any measurable sets A, B C X with 0 < m(A), m(B) < oo, we have

1
limsuptlogPy(A, B) < —=d(A, B)* .
t10 2

Note that sets A, B C X in Theorem 1.2 need not be open. If, in addition to the
infinitesimal strict convexity, the Sobolev space W12(X,d, m) (that is not necessarily a
Hilbert space in this generality) is reflexive, then, for A, B C X with 0 < m(A4),m(B) <

o0,

1-
limsuptlogPy(A, B) < —=dm(4, B)? ,
10 2
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where dp, (A, B) is defined in Subsection 4.2. If, furthermore, (X, d, m) possesses the local
Sobolev-to-Lipschitz property (see Subsection 4.2), then we have d,(A, B) = d(A, B) for
open sets A, B C X.

On the one hand, both the infinitesimal strict convexity and the reflexivity of the
Sobolev space hold, e.g., for RCD spaces. On the other hand, Theorem 1.2 (more
precisely, Proposition 4.1) can be applied to some spaces without infinitesimal strict
convexity by approximation; see Remark 4.4, where we discuss the space (R™, || - ||, m)
with the ¢, norm | - ||, for 1 < p < oo and the Lebesgue measure m.

Compared to the existing literature, there are two difficulties that need to be ad-
dressed: one arises from the fact that the energy form is not bilinear, due to the lack of
the Leibniz rule for the gradient operator; another difficulty arises due to the lack of sym-
metry: fM uy Augdm # fM ug Auidm, which is relevant to the proof of the lower bound
of (1.5). To overcome especially the latter point, we employ a linearisation technique for
the heat semigroup in the Finsler case. This approach is, however, not applicable to the
non-smooth setting in Theorem 1.2 as we do not know if the linearised semigroup exists
in metric measure spaces.

The structure of the paper. After reviewing the basics of Finsler geometry in Sec-
tion 2, we study the behaviour of the function dp,(A, B) in Section 3. Then, we prove the
upper bound estimate in Theorem 1.1 as well as Theorem 1.2 in Section 4, and Section 5
is devoted to the proof of the lower bound estimate in Theorem 1.1.

Acknowledgement

The Theoretical Sciences Visiting Program has been sponsored by Okinawa Institute
of Science and Technology. Also, we are grateful to Karl-Theodor Sturm for his sugges-
tion regarding Theorem 1.2, which helped us improve the assumption. We also thank
Davide Barilari for pointing out a couple of references concerning sub-Riemannian man-
ifolds. Lastly, we thank the anonymous referees for carefully reading the manuscript and
providing us with constructive suggestions.

2. Preliminaries

We first review the basics of Finsler geometry, and then introduce truncation functions
as in [21] playing an essential role in the lower estimate in Section 5.

2.1. Finsler manifolds

We refer the readers to [30] for a concise description of the following contents, and
also to [17,32,33] for the behaviour of heat flow on Finsler manifolds.

Let M be a connected C'°°-manifold without boundary of dimension n > 2. Given local
coordinates (z*)7_; on an open set U C M, we will denote by (z*,v7)};_, the fibre-wise

linear coordinates of the tangent bundle TU given by
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n
; 0
vzg v—| el ,M, zeU.
—1 8:07 x
j=

We say that a nonnegative function F : TM — [0, 00) is a C*°-Finsler structure on M if
the following three conditions hold:

(1) (Regularity) F is C*° on TM\ {0};

(2) (Positive 1-homogeneity) F(cv) = cF(v) for every v € TM and ¢ > 0;

(3) (Strong convexity) For every v € TM \ {0}, the following n X n matrix is positive-
definite:

(gij (v)):jzl = <% g,uz[gv; (U>> . (2'1)

ij=1

We call a pair (M, F') a C*°-Finsler manifold. We stress that the 1-homogeneity is im-
posed only in the positive direction, thereby F(—v) # F(v) is allowed. If F(v) = F(—v)
for all v € TM, then we say that (M, F) is reversible. The matrix (g;;(v)) in (2.1) provides
an inner product g, of T,,M by

Gv (Za2%7zbj@> = Z aqug”(ﬂ) .
i=1 i=1

i,5=1

We will also make use of their counterparts in the dual space T M:

F*(a) = sup a(v) for a e T/M,
veTLM, F(v)=1
o L[ .
g5 (a) = im(a) for a = ;aidx e TxM\ {0},
g <Zaidxi,2bjdxj> =Y aibjg(@) on T;M. (2.2)
i=1 j=1 i,j=1

We remark that, though a(v) < F*(a)F(v) holds by definition, a(v) > —F*(a)F(v)
does not hold in general due to the irreversibility of F' (for example, one cannot replace
the LHS of (4.4) with its absolute value).

For z,y € M, we define

d(z,y) := iI%f/F(ﬁ(t))dt ,
0

where the infimum is taken over all piecewise C'-curves n : [0,1] — M with n(0) = z and
7(1) = y. Then d provides an asymmetric distance function on M, namely the triangle
inequality
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d(z,2) <d(z,y) +d(y,2) forall z,y,z €M

holds but d(y,x) may be different from d(z,y). Note that d is symmetric if and only if
F is reversible. We define the reversibility constant of (M, F') as

F
Ap=  sup © _ oy Y=Y

verm\{o} F(=v)  zyeM, azy d(y, )

(2.3)

Observe that Ap € [1,00] in general, and Ar = 1 holds only in the reversible case.

We say that (M, F) is forward complete if any closed, forward bounded set A C M
(i-e., sup,e 4 d(z,y) < oo for some or, equivalently, any x € M) is compact. The backward
completeness is defined as the forward completeness of (M, F'), where F is the reverse
Finsler structure given by F(v) := F(—v). If Ar < oo, then the forward and backward
completenesses are mutually equivalent and we may simply call it the completeness.

Uniform convexity and smoothness. We define the uniform convexity and smoothness
constants of (M, F') as

F(w)? v
Cg := sup sup & Sp = sup sup g (w w) (2-4)

zeEM v, weT, M\{0} gv(waw) 7 reEMv,weT, M\ {0} F( ) ’

respectively. Since g, comes from the Hessian of F2, Cx (resp. Sr) actually measures the
convexity (resp. concavity) of F'? in tangent spaces. We have Cr,Sr € [1,00] in general,
and Cp = 1 or Sy = 1 holds only in Riemannian manifolds (see [30, Proposition 1.6]).
On a compact Finsler manifold, Cg and Sg are finite thanks to the smoothness and the
strong convexity of F'. We also remark that their dual expressions are given by

Cr = sup sup (2.5)

2€M o, BT M\ {0} F

9,(8,8) F*(B)?
Sr = u
F(B)? - ilellaaﬁesf*%\{o} g5(B,8)

We refer to [27], [30, §8.3.2] for more discussions on Cg and Sg. The reversibility constant
Ap in (2.3) can be bounded by Cp and Sp as (see [30, Lemma 8.18])

Ap < min{\/a, \/5} .

Gradient vectors. For a differentiable function f : M — R, its gradient vector at
x € M is defined to be the Legendre transform of the derivative of f:

Vf(x) = L*(df(z)) € TuM .

Here the Legendre transform L£* : T/M — T,M maps a € T;M to the unique element
v € TyM such that F(v) = F*(a) and a(v) = F*(a)?. We remark that (g;;(L*())) is
the inverse matrix of (g;;(c)), provided a # 0. In local coordinates, we can write down
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f 0
Z g’Lj df ( )85131

1,j=1

(when df(z) # 0; while Vf(z) =0 if df(z) = 0). We say that f is 1-Lipschitz if

fly)— f(z) <d(z,y) forall z,yeM,

which is equivalent to F(Vf) < 1 when f is differentiable. For example, given zg € M,
the functions « — d(zo,2) and © — —d(z, z¢) are 1-Lipschitz by the triangle inequality.

Remark 2.1 (Non-linearity of V). As the differential d stems only from the differentiable
structure of M, it is a linear operator and enjoys the chain and Leibniz rules. However,
the Legendre transform £* is non-linear (L*(a + 8) # L*(a) + L*(8)) and irreversible
(L*(—a) # L*(a)). Therefore, the gradient operator V does not satisfy the Leibniz rule,
and the chain rule holds only for non-decreasing functions:

Vipof)=L* (¢ of -df)=¢'of -Vf ifp >0,

while we have V(po f) = —¢' o f-V(—=f) if ¢’ <0. In the reversible case, the chain rule
holds regardless of the sign of ¢’.

Heat semigroup. Now, we fix a positive C°°-measure m on M (in the sense that, in
each local chart, m = pdx!---dz" for a positive C>°-function p). Then the divergence of
a differentiable vector field V' on M with respect to m is defined in local coordinates as

lemV Z <8VZ awl ) )

where V = >0 | Vi(9/02") and we wrote m = e¥dz’---da™ in the coordinates. It
can be generalised to measurable vector fields V' in the distributional sense (against

C*°-functions of compact support) as
/(pdivdem = —/d<p(V)dm for all ¢ € C*(M) .
M M

Then we define the distributional Laplacian A := divy, o V, i.e.,
/(pAudm = —/dgp(Vu)dm for all p € CZ°(M) .
M M

This Laplacian is again non-linear by the non-linearity of V. Moreover,

/UlAUQdm 7é /uzAuldm (26)
M

M
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in general (in other words, du; (Vus) # duz(Vuy)).
Define the energy functional & on HL (M) as

1

E(u) == - /F(Vu)Qdm =

1 / F*(du)*dm
2 2

M M
(HL.(M) is defined solely by the differentiable structure of M via local charts). The

Sobolev space H'(M) is defined as the set of functions u € L?(M) N HL (M) such that
E(u) + E(—u) < co. Denote by H} (M) the closure of C°(M) with respect to the norm

lullzn = \/llullZs + E@w) + E(—u) .

Note that (H' (M), ||-|| 1) is not a Hilbert space but a reflexive Banach space. If Ap < 0o
and (M, F) is complete, then we have H} (M) = H'(M) (see [30, Lemma 11.4]).
The L2-heat semigroup u; = T,f is defined as the solution to the Cauchy problem:

1
Opuy = iAUt s ug=f.

One can construct (us):>o as gradient flow of the energy € in L?(M), provided Ap < oco.
Precisely, we first construct T,f for f € Hi(M) and then extend it to a contraction
semigroup acting on L%(M) (see, e.g., [4], [30, §13.2]). Thanks to the regularizing effect
as in [4, Theorem 4.0.4], [5, (4.26)], we have T;L?(M) C H}(M) for t > 0. We stress that
the heat semigroup (T;);>o0 is non-linear. Indeed, T;(f1 + f2) = Tif1 + Tef2 does not
hold, and T(cf) = ¢Tf holds only when ¢ > 0 due to the irreversibility. Moreover, T, f
is not smooth at points where d[T;f] vanishes.

Remark 2.2. Besides the above interpretation of heat flow as gradient flow of the energy,
one can also regard heat flow as gradient flow of the relative entropy in the L?-Wasserstein
space. Precisely, in the Finsler case, we need to consider the Wasserstein space for the
reverse Finsler structure F(v) = F(—v) (we refer to [32,34] for details). This fact could
be compared with the appearance of d(A, B), rather than d(B, A), in our results.

Linearised heat semigroups. In the last step of the lower estimate in Section 5, we
will employ a linearisation of the heat semigroup to overcome a difficulty due to the
asymmetry (2.6). See (5.10) in Lemma 5.7 below for the precise equation, here we recall
a related result from [30, §13.5].

Let (u¢)i>0 be a solution to the heat equation, and take a measurable one-parameter
family (V;);>0 of nowhere vanishing vector fields such that Vi(z) = Vu(z) for all z with
du(z) # 0. Given f € H}(M), there exists a (weak) solution (f;)i>0 C H} (M) to the
linearised heat equation

oufi= 58 f, fo=1 27)
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where AV% := div,, o VV% is the linearised Laplacian defined with

on o
OxJ Oxt

VY= 3 g5 (£ (V) (2.8)

ij=1

Note that we suppressed the dependence on the choice of V; for simplicity. We also remark
that AV%u, = Auy. Linearised heat semigroups play an essential role in geometric
analysis on Finsler manifolds, including gradient estimates [33] as well as functional and
geometric inequalities [29,31].

2.2. Truncation functions

We shall introduce some useful functions as in [21, §2.1]. Let ¢ : [0,00) — [0,00) be a
bounded concave C3-function satisfying:

(1) ¢(t)=tforte[0,1] and 0 < {'(t) <1 for all t > 0;
(2) There is a positive constant C' such that 0 < —¢"(t) < C¢’(¢t) for all ¢ > 0.

For instance, any C*°-function ¢ such that {(0) = 0 and {’ is non-increasing with

satisfies the required properties. By these conditions, the monotone limit lim;_, {(t) =
L exists. Define ¢ (t) := K((t/K) for K > 0. For notational simplicity, we do not write
K explicitly when no confusion could occur. We also set

(t) := /¢’(s)2ds , U(t) =t (t)? .
0

Then we immediately have the following estimates:

0<d <1, 0S¢ ()< S, ) =uD) =t o [K], (29)

0 < U(t) < Bt) < /¢'(s)ds — (1) < KL .

3. Maximal functions

In this section, we assume Ap < oo and the completeness of (M, F'). To begin the
proof of Theorem 1.1, fix g € M and let (B, (zo))ren and (xx)reN be sequences of
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open forward balls (i.e., B.(z) := {y € M : d(z,y) < r}) and functions such that
limg oo =00, 0 < x <1, xpg =1 on By, (20), xk =0 on M\ B, . (z9), and —xy is
1-Lipschitz. Note that, in particular, xx is compactly supported. Throughout this article,
for simplicity, we omit an arbitrarily fixed centre xy and write By := B, (xq).

We next introduce a distance-like function dp for a measurable set B ¢ M. We will
always assume 0 < m(A), m(B) < co. For R > 0, define

Lpr:={fel:f=0aeonBand0< f<Rae}. (3.1)

Recall the definitions (1.3), (1.4) of dm(A, B) and I given in the introduction. We also
set

dm(A4, B) := essinf ingd(x,y) .

T€EA ye

Proposition 3.1. For any measurable set B C M, there exists a unique [0, c0]-valued
measurable function dg such that, for every R > 0, the function dg A R is the mazimal
element of L p . Precisely, dg AR € Lp g and f < dg AR holds a.e. forany f € Lp Rr.
Furthermore, for any measurable set A C M, we have

dm(A,B) = ezseglde(m) .

Proof. We can follow the lines of [6, Proposition 3.11] by replacing Ej, D, D4 5 and Dg
there by By, H}(M) = H'(M), Lg g and L. O

Remark 3.2. The requirement F*(—df) < 1 in (1.4) means that dp is regarded as the
distance “to” the set B rather than the distance “from” B. We need to distinguish them
in the present situation where the distance function d is asymmetric.

Set dg(x) := infycpd(x,y) for € M. Note that —dp is 1-Lipschitz by the triangle
inequality, and F*(—ddg) < 1 a.e. We compare dg with dp obtained in Proposition 3.1.

Lemma 3.3. For any measurable set B C M, we have dg < dp a.e. In particular, for any
measurable sets A, B C M, we have

dm(4, B) < dw(A,B) .

Proof. SincedpAR € Lp g for every R > 0, we have dg AR < ds AR by the maximality
ofdg A R in Lp,g. Letting R — oo, we obtain dp < dp a.e. The latter assertion then
follows from the definition of d,,(A, B) and Proposition 3.1 as

dm(4,B) = essi}xlde(x) <essinfdp(z) = dm(4,B). O
e

z€A
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For open sets, these distance-like functions actually coincide with the usual distance
d(Aa B) = inszA, yeB d((L‘7 y) = inszA dB(x)

Lemma 3.4. For any open set B C M, we have dg = dp a.e. In particular, for any open
sets A, B C M, we have

dm(A,B) =dn(A,B) =d(A, B) .

Proof. Sincedg AR €L B,r and B is open, from the proposition below, its continuous
version f satisfies f = 0 on B, and —f is 1-Lipschitz. Hence, for all y € B and a.e.
x € M, we have

dp(z) AR = f(z) = f(x) — f(y) <d(z,y) .

Letting R — oo and taking the infimum in y € B, we conclude dp < dg a.e. Combining
this with Lemma 3.3, we deduce the former assertion. Then dy(A, B) = dmn(A, B) fol-
lows from the definition of dy, (A, B) and Proposition 3.1, while d, (4, B) = d(A4, B) is
immediate since A is open and dp is continuous. O

Though the next proposition (called the local Sobolev-to-Lipschitz property) should be
a known fact, we give a short proof for completeness.

Proposition 3.5. For any f € L, there exists a bounded 1-Lipschitz function —f such that
f=1Ffae

Proof. By multiplying with a smooth cut-off function in each local chart, one can reduce
the existence of a (locally) Lipschitz function f such that f = f a.e. to the Euclidean
case. The Euclidean case can be seen, e.g., in [14, Theorem 4.5]. Then F*(—df) =
F*(—df) <1 a.e. yields that —f is 1-Lipschitz. O

4. Upper estimate

For measurable sets A, B C M, recall that we define

P:(A,B) := /Ttlgdm )
A

In this section, we establish the upper estimate of (1.5). Our proof is essentially along
the lines of [6, Theorem 4.1] or [21, Theorem 2.8], where the former is a generalisation
of the latter to admit infinite total mass. The upper estimate is less demanding than
the lower estimate. In fact, after establishing the upper estimate in the Finsler setting,
we will see that it also holds true in metric measure spaces under mild assumptions in
Subsection 4.2.
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4.1. Finsler case

Let (M, F, m) be a complete measured Finsler manifold such that Ar < oo equipped
with a measure m.

Proposition 4.1. For any measurable sets A, B C M with 0 < m(A),m(B) < oo and
t > 0, we have

2t

d 2
Pi(A, B) < y/m(4) m(B)eXp<_M>.
In particular,

dm(A, B)?
limsup ¢log P (A, B) < _Gm(4, B)” .

£10 2
Proof. Given R > 0, take f € Lp g and set fy := fxx € H}(M) for k € N, with xx
chosen in Section 3. We also set u; := T;1p € H}(M) and w1 == uyxx € HE(M). Note
that 0 < u; <1 a.e. (see, e.g., [30, Lemma 13.13]). For « > 0 (chosen later), we consider
the function

£(t) = /(eafut)Qdm .
M

By the heat equation and the integration by parts, we have

&) = /ezo‘futAutdm = klim ezaf’“ut7kAutdm (4.1)
—00
M M

= — lim [ d(e***u; ) (Vug)dm .

k—o0
M
Let us now see that
lim | d(e***u, ) (Vu)dm = lim [ d(e®**uy 1) (Vg g )dm . (4.2)
k—o0 k— o0
M M

Note first that

‘/d(er‘fkut,k)(Vut)dm —/d(ego‘f’“ut}k)(Vutyk)dm
M M

< AF/F* (d(ezaf"'Ut,k))F(vut — Vut,k)dm
M

S AF 26(62af’€ut7k) . HF(VUt — Vutyk)HLz .
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We find from u; € HE (M),
F*(=dfy) < F*(—fdxi) + F*(—xxdf) < R+1 ae.

and Ap < oo that S(ezafkunk) is bounded above uniformly in k. Moreover, since du; =
duy j, on By, we observe

1F (Vg — Vg )22 < / (F(Var) + ApF (Vg i) dm
M\ B

< / (F(Vut) + Ap (u F* (dxg) + XkF*(dUt)))Qdm
M\ B,

< / (A2 + (Ap + 1) F(Tur)) 2dm 2% 0.

M\ B,

Therefore, (4.2) has been shown and the RHS of (4.1) can be expanded as

- klim d(e®*Pruy 1) (Vg )dm (4.3)
— o0
M

= — lim [ e%** (dutﬁk(Vut’k) + 20my i dfk(Vut’k))dm .

k—oco
M

On By, it follows from x; = 1 and f € Lg g that F*(—df;) = F*(—df) < 1, thereby,
—dfk(Vut,k) < F*(—dfk)F(Vut,k) < F(Vut,k) . (4.4)

Combining (4.1)—(4.4), we obtain

gt) = — lim [ e (dugp(Vuer) + 20us i d fi(Vug i) )dm

k—o0
M

< — lim [ &>/ (F(Vut,k)Q - 2aut7kF(Vut7k))dm
k—o0
M

< lim | 2% (auy ;)*dm
k—o0
M

= a2/62afufdm = a%¢(t)
M

which yields
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£(t) < €(0)e .

Now, we take f = dg A dm(4, B) € Lpg,(a,p)- Since dp = 0 a.e. on B and dg >
dm(A, B) a.e. on A by Proposition 3.1, we have

Pu(4,5) = [[udadm < e u ol Lalls < VED)e"/2 /A1)

M

~ VB e (% - adn(4.8))

Choosing the optimal value o = dp (A, B)/t, we conclude

Pi(4.B) < Vm(A] (B exp - 22 PL)

Set ®; := ®(—tlogT;1p) for t > 0 and P as in Subsection 2.2. Since ® is bounded,
for any finite measure v mutually absolutely continuous with m, (®;);>0 is uniformly
bounded and hence weakly relatively compact in L?(v). The following corollary will play
a role in the lower estimate.

Corollary 4.2. For any measurable set B C M with 0 < m(B) < oo and any weak L?(v)-
limit ®¢ of (Pt)t>0 ast — 0, we have

82
Py > <I><7B> a.e.

Proof. We can follow the lines of [21, Lemma 2.9] thanks to Propositions 3.1, 4.1. O
4.2. Nonsmooth case

In this subsection, we briefly explain that the upper estimate (Proposition 4.1) can be
generalised to the nonsmooth setting of metric measure spaces by utilising the differential
calculus developed in [5,18].

Setting. Let (X,d) be a complete separable metric space (with a usual symmetric
distance function), and m be a fully supported Borel measure on X such that m(B) < oo
for every bounded m-measurable set B C X. A Borel probability measure 7 on the set
C([0,1], X) of continuous curves v : [0,1] — X is called a test plan if there is a constant
C > 0 such that (e;)gm < Cm for all ¢ € [0, 1] and

1
‘7ﬁ|2dtﬂ-(d7) <00,

c([0,1],X) O
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where e;(7y) := v, is the evaluation map, (e;)x7m denotes the push-forward of = by e,
and || := lims_,; d(7ys,7¢)/|s — t| is the metric speed.

The Sobolev class S?(X) consists of measurable functions f such that there is a non-
negative function g € L?(X) satisfying

[ o= feolsen < [ /19% ) feldt w(d)

C([0,1],%) c([0,1],x) 0

for all test plans w. The minimal function g is called the minimal weak upper gradient
and denoted by |Df|. We define the Sobolev space W12(X) := S?(X) N L?(X) equipped
with the norm

1flwrs = /I £12. + DA -

(Denoting the Sobolev space by W12(X) follows the notation in [5,18], while in the Finsler
setting we use H'(M), H}(M) as in [30].) We remark that W12(X) is not necessarily
separable, reflexive, nor a Hilbert space in this generality (see [3], [18, Theorem 2.1.5]).

Heat semigroup. The Cheeger energy Ch : L?(X) — [0, 00] is defined as

— 5 [ Dseam
X

for f € WH2(X), and Ch(f) := oo otherwise. Note that Ch is convex, lower semi-
continuous and the domain W12(X) is dense in L?(X). For f € W12(X) such that the
sub-differential 9~Ch(f) C L?(X) is nonempty, Af € L?(X) is defined as Af := —
where h is the element of minimal L?-norm in ~Ch(f). Note that this Laplacian is not
necessarily linear.

Thanks to the theory of gradient flows for convex functions on Hilbert spaces (we refer
to [4]), we have the heat semigroup (T;);>0 of continuous operators from L?(X) to itself
such that, for every f € L*(X), t — T.f € L?(X) is continuous on [0, 00), absolutely
continuous on (0, c0) and

d 1
ST f = AT aet>0.
aQ tf 5 tf ae. t>0

Differentials and gradients. According to [18, Definition 2.2.1], there exists a dual
pair of Banach spaces called the tangent module and the cotangent module:

(LATX), || - 22 ¢rx)) (L2(T*X), || - [l 2 (rx)) -

These spaces are endowed with maps |- | : L2(TX) — L3(X), | - |« : L2(T*X) — L*(X)
such that
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H\v|HL2 = ||v||z2(rx) for v € L*(TX), H\w\*HLQ = ||lw||z2(r+x) for w € L*(T*X) .

There exist a linear operator d : S%(X) — L?(T*X) and a (not necessarily linear) multi-
valued operator Grad : S?(X) — L?(TX) satisfying

df(v) = [v]* = |df|? = |Df|*? forve Gradf , f € S*(X) .

We say that (X,d, m) is infinitesimally strictly convex if Grad(f) consists of exactly
one element, which is denoted by Vf (see, e.g., [18, Definition 2.3.9]). In this case, we
have

1

Ch(f) =5 [AF(Tdm,  feWIx)
X

The differential operator d enjoys the locality as well as the Leibniz and chain rules in

an appropriate sense. On the other hand, the gradient operator V satisfies the locality

and the chain rule, whereas the Leibniz rule does not hold.

Upper estimate. Define T/Vlif()() as the set of functions f admitting (fi)ren C
W12(X) such that f = fi on By (with By, as in Section 3; W,2?(X) does not depend on

loc

the choice of By). Then we define dy (A, B) as in (1.3) with

L:={f € Wed(X)NL>®(X): Df| <1 ae},
and the local Sobolev-to-Lipschitz property means the property described in Proposi-
tion 3.5: for any f € L, there exists a bounded 1-Lipschitz function f such that f = f
m-a.e.

Now, Theorem 1.2 is proved in the same way as Proposition 4.1 with dg and dpn (4, B)
replaced by dp and d(A4, B), respectively, to obtain the upper bound

2t

\/—\/—exp( d(4, B)" > : (4.5)

The infinitesimal strict convexity is used to have the integration by parts formula in
the third equality in (4.1) in the generality of metric measure spaces. We remark that
W12(X) is not necessarily a Hilbert space, therefore, the reflexivity is not automatic.
If WH2(X) is reflexive, then the proof of Proposition 3.1 works verbatim to construct
dm(A, B) based on L defined above in metric measure spaces, and we have

B) < V() mB) exp( -2 LLE)

2t

If, furthermore, the local Sobolev-to-Lipschitz property holds, the same proof of
Lemma 3.4 applies to obtain dm(A, B) = d(A4, B) for any open sets A, B C X.
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Concerning the lower estimate in the next section, our argument is applicable up to
Subsection 5.3, whereas the use of a linearised heat semigroup in Lemma 5.7 prevents
us from applying the same proof to the non-smooth case.

Remark 4.3. The nonsmooth calculus in this subsection is not yet generalised to the
asymmetric setting. We refer to [22] for a related study of the curvature-dimension
condition in asymmetric metric measure spaces.

Remark 4.4 (The case without the infinitesimal strict convezity). The upper bound (4.5)
can be extended to some spaces without the infinitesimal strict convexity by using the
stability under a perturbation of metric measure spaces. For instance, take X = R™, m as
the Lebesgue measure, and d(x,y)? := || — y|2 + el|z — yl|3, where [|z[b := 7" | [24]?
when 1 < p < o0, and ||z||« = maxi<i<n |z;|. As (R™,d.) is a normed space for every
g > 0, the metric measure space X, := (R™,d., m) is a CD(0,n) space for every € > 0
(see Theorem in [37, p. 908]). Furthermore, (R™,d.) is infinitesimally strictly convex for
every € > 0. It is easy to see that X, converges to X = (R™,d, m) as ¢ — 0 in the sense
of the pointed measured Gromov-Hausdorff convergence, where d is induced from || - ||,
Thus, by [19, (1.5)], the corresponding heat semigroup T f converges to T f strongly in
L?(R™, m) for every f € L?(R™ m) and ¢ > 0. Noting that

. " . _ 2 _ 2:
limdo(A,B) = inf _inf_flla—yl2 + <z~ yl3 = d(4.B).

we obtain

Pt(A,B):/1A-Tt13dm:ii_1>r%J/1A-Tledm
R~ n

e—0

- VB e (- 4500

< lim /m(A4)y/m(B) exp( étB) )

2t

This proves the upper bound in Theorem 1.2 for (R™,d, m) (1 < p < o0), although the
infinitesimal strict convexity fails for p = 1, co. For general metric measure spaces, how-
ever, it is open whether we can remove the infinitesimal strict convexity in Theorem 1.2.

5. Lower estimate

This last section is devoted to the lower estimate of (1.5):

dm(A, B)?

lilg(i)nftlog P:(A,B) > — 5

(5.1)
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for measurable sets A,B C M with 0 < m(4),m(B) < oo. Let (M, F,m) be a com-
plete Finsler manifold with Ap < oo with a measure m. We will need the additional
assumptions Cp,Sp < 0o and m(M) < co only in a later step in Subsections 5.4, 5.5.

5.1. Outline of the proof

Let us first remark that it is sufficient to show (5.1) in the case of P;(A, B) < 1. This
is seen by replacing m with ¢cm for ¢ > 0 such that em(A) < 1. Indeed, (M, F, ¢cm) has the
same heat flow as (M, F,m), thereby P{™(A, B) = ¢P"(A, B), and clearly dum(A, B) =
dm(A, B). Thus, we have P§™(A, B) < em(A) < 1, and (5.1) for cm implies that for m.

Given € > 0, we set

D.:={recA:dp(x) < dn(A,B)+e},

and observe m(D,) > 0 by Proposition 3.1. Then, recalling ®; = ®(—tlogT;15) and
noting log P;(4, B) < 0, we have

limf(,)up ®(—tlogPy(A,B)) < limisoup ®(—tlogPy(De, B)) (5.2)
¢ ¢
= limsup ® (—tlog [L / Ttlem} )
t40 m<D5)
D,
< lim sup ! /@(—tlothlg)dm
£10 m(Ds)D

1
:limsup—/@ dm |
wo m(De) )

€

where the latter inequality is derived from Jensen’s inequality since the function s —
®(—tlogs) is convex on [0, 1] for sufficiently small ¢ > 0 (see [21, Lemma 2.1]). Now,
suppose that the following inequality holds:

82
limsup/@tdm < /@(—B)dm : (5.3)
£10 2
DE €
Then, we can continue the estimation in (5.2) as, with the help of (2.9) to see ®(t) <,
g2 42 g 2
< L /<I> 45 dm < N d—Bdm < —(dm(A7B) +e) .
~ m(D;) 2 ~ m(D.) 2 - 2
D, D,

Since £ > 0 was arbitrary, ® is non-decreasing and ®(t) = ®X(t) — t as K — 0o, we
conclude (5.1).
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The purpose of the rest of the section is to show (5.3), which completes the proof
of (5.1). In fact, at the end of the section, we will prove that equality holds (see (5.11)).

5.2. Uniform bounds
For § € (0,1) and ¢ > 0, we put
u = —tlog((1—=6)T1p +46) , e = —tlogé .

Note that uf > 0 since 0 < T;15 < 1. In addition, for ¢, ® and ¥ in Subsection 2.2, we
will abbreviate as ¢? := ¢(u), ®¢ := ®(ul) and U9 := V(u?).

We will denote by (-,-)z2 both the L?-inner product and the paring between a one-
form and a vector field with respect to m. We also introduce the following notation: For
a nonnegative function p, define

1

gp(f) =3

5 /F*(df)QPdm, (f15 f2)2(p) IZM/flfzpdm-

M

Lemma 5.1. For any t > 0, we have u —¢e) € H} (M) and, for every bounded nonnegative

function p € HY(M) N LY(M),

0, )z = (0, W)ee + 3 (A(6 ), V() |~ 2 Eupye,(—ud)

Proof. We put f := (1 —§)1p for brevity. Observe that ul — e = 9(T;f), where 9(s) :=
—tlog((s + d)/0) is a Lipschitz function on [0,00) with 9(0) = 0. Thus, since T,f €
HE (M), we have u) — e € H3(M). We deduce from the chain rule for d that

t s t

th+5thf : V(-u;) = =——=VTf .

dul = —
e Tif 40

We remark that, to derive the latter equation, we needed t/(T.f + ) > 0 because of the
irreversibility of F'. Combining this with the Leibniz rule for d, we have

P - [ dT
(d{thJr(s}vnf)Lz a <th+5 )Lz <(th+5)27Vth>L2(p)
1
t

1
(dp,V(— 5))L2 t—z(duf,V(—uf))LQ(p).

Hence, we obtain

TN syt AT f
(pu atut)L2 - (p7 ut)L2 2 <p7 th +0 L

p
s+ (41 2] o)

= k| =
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o) e+ 5 (dp, V() o — SE, ()

Since 9 (p, ®{) > = (p,0:®Y) > = (¢'(u)?p, 0suf) ,,, replacing p with ¢'(u)?p in the
above calculation completes the proof. 0O

For a function f : (0,00) x M — R (such as (¢,z) — ¢¢(z)), we will denote its time
average by

where fq(z) := f(s, 7). The next lemma is a standard fact of the (Hg(M)-valued) Bochner
integral (cf. [21, Lemma 2.5]).

Lemma 5.2. Let f : (0,7] x M — R be a bounded jointly measurable function such that
fi € HE(M) for all t € (0,T] and fOT | fel|2;1dt < co. Then, we have fr € H}(M) and

T
= 1
&fr) < 7. [ &t
0
for any bounded nonnegative function p € L. (M).

Proof. By hypothesis, t — f; € H}(M) is Bochner integrable and we have fr € H}(M).
Then, the claimed inequality is a consequence of the linearity of d and Jensen’s inequality

T
%//F* df;)?pdtdm
0

for the convex function (F*):

)
=
E’j

|
T—
|
*
/7~
N =
o—
o
=
(oW
~+
v
)
(oW
3

The next proposition is the goal of this subsection.

Proposition 5.3. For sufficiently small Ty > 0, the families {qgka}0<t<TO’0<5<1 and
{®0Xk Yo<t<Ty. 0<5<1 are bounded in HE (M) for every k € N,

Proof. Since ¢ and ® are bounded, it is straightforward that both families are bounded
in L?(M). Thus, we discuss only the bound for the energy. Put

U = 28(—¢2xk) a:=A% -m(Byy1) ,
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for Ap in (2.3). Then, by (2.9) and the choice of x; as in Section 3, we have

U < ||F* (=0 (ul)xi duf) + F* (¢! dyi) | ;. (5.4)

* * 2
= ||¢/ (u))xk F* (—duf) + ) F*(—dxr) ||
<Ay (e (—uf) + 2(KL)*m(Byya) -

Letting p = x? in Lemma 5.1, we find
VP = 265 upyan (—ul)
= —2t0,(®Y, xi) 2 + 2(¥, X3) 2 + t(d(¢'(uf)2Xi)7V(—uf)>L2 :

Note that, in the RHS, (¥2,x?)r2 < KLm(Bg11) by (2.9) and the choice of x;. For the
third term, we deduce from the Leibniz rule for d and (2.9) that

(a(e')*d). V(=) |
= 2(dis V=) 2 gy 28" () 4t V(=) 12 gz

4c

>)) L2(¢' (ud)?xn)

Since d(#?x%) = &' (u)xx dud + ¢? dxy by the chain rule for d, we also have
¢ (W)X F (V(=uf)) < F(V(=¢{xn)) + 6 F(Vxx) -

Combining these inequalities with 2&(xx) < 2A%E(—xx) < a yields that

20t
V2 < —2t04(®0, x2) 2 + 2K La + 71/;‘

+ 2t(F*(ka),F(V(—¢ka))) + 2t(F*(ka)7F(vXk))Lz(d)f(z,/(uf))

L2(¢' (uf))
5 2 20t 5 5

< —2t0(®}, x%)r2 + 2K La + 7‘/,5 + 4t/ E(xr)E(— 8 xx) + 4K LtE (xx)
5 2 20t 5

S —2t6’t((l>t,xk),;z +2KLCL+ 7‘/} +2t CLUt —I—2KLat .

Hence, we obtain
20t up
(1 - 7)1/;‘ < —2t0,(®2, X3) 12 + ?t + 8at® + 2K La(t 4+ 1) . (5.5)

Now, put Ty := K/(4C) and observe that V;/2 < (1 — (2Ct)/K)V}? for t € (0,Ty).
Thus, for t € (0,Tp], we find from (5.4) and (5.5) that
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U <2V +2K?L%a (5.6)
< =8t (B0, x3) 12 + U?té +32aT¢ + 8K La(Ty + 1) + 2K?L%a .
This implies
Up < —16t0,(P, xi) 2 + ¢,

where ¢ is a constant independent of ¢ € (0, 7] and 6 € (0,1). Hence, for 0 < e < ¢t < Tp,

t

t t
/25(—¢ng)ds:/U§ds < —16/885(<I>g,xi)L2ds+c(t—E)

1>
t
N 5 2
— ~16[s(@%,\D)r2| +16 [ (@ xF)pads +clt —¢) .
: 1>
Letting € — 0 yields, since 0 < & < KL,

t
/25(—¢§Xk)ds < 16K Lat + ct .
0

Therefore, we conclude

o~ | —

t
28(—d9xn) < /25(—¢§Xk)ds <16KLa+c,
0

where the first inequality follows from Lemma 5.2. This completes the proof of the
boundedness of {¢¢x1 Yo<t<T,.0<5<1 in Ha(M).
By a similar calculation to (5.4), we find

26 (0 xi) < |6/ (u)) X F* (—duf) + B F*(—d) |2, < 2V) + 2(KL)a .

Thus, we deduce from (5.6) that, for t € (0, Tp],

4

U
26(—®xk) < —8t0 (Y, X7z + - +

5 < —16t0,(®, xz)z2 + ¢

N o

which yields

t
/25(—@§Xk)ds < 16K Lat + ct (5.7)
0
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and the boundedness of {®x}o<i<T, 0<5<1 in HE(M) by the same reasoning as
above. 0O

5.8. Limit functions

Thanks to Proposition 5.3 and the reflexivity of H}(M) = H(M), up to extracting a
(non-relabelled) subsequence, we have

Xk 920,120, 3br , weakly in Hi(M) .

Since ¢y, = ¢; on By, for k < I, there exists a bounded nonnegative function ¢g € HE (M)
such that ¢g = ¢y, on By, for every k € N. By the boundedness of ® and ¥, we may take
a further (non-relabelled) subsequence such that, by passing § — 0 and then ¢ — 0,

§—0,t—0 =5 0—0,t—0 = — s 0—0,t—0 —
0 T 39 PO T 3y U 7

for some nonnegative functions ®g, ®, ¥y € L>°(M), both in the weak L?(v) sense for
any finite measure v mutually absolutely continuous with m and in the weak-star L>°(m)
sense.

Then the goal of this subsection is to prove the next proposition.

Proposition 5.4. We have

_ d2
Py =9 (73> a.e.
In particular, ®y is uniquely determined and is the weak limit of ®4 ast — 0.

Recall Proposition 3.1 for dg. To this end, we first observe the following.

Lemma 5.5. We have

- - 2
Dy < ¢ < TB a.e.

Proof. We will use the same symbols as in Proposition 5.3. The former inequality ®¢ <
b follows from ® < ¢. To show the latter inequality, take a bounded nonnegative func-
tion p € HE (M) with supp p C By. Then, it follows from x; = 1 on By, and Lemma 5.1
that

25p(_¢ka) = 25¢/(uf)2p(_u?)

= —2t9,(3°, p) 12 +t(d(¢’(uf)2p),V(—uf))L2 T2V p)ps
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By the Leibniz rule for d and (2.9), the second term can be bounded as

Combining this with the above calculation and observing £,(—¢?) =

2(1—2—C’t &

K ) p(_(bek) < _Ztat(@f,P)L"’ + t(dp,V( ‘I)th))Lz + 2(‘1’15 p)Le

(a(@' @), V(=) |
= (¢ (w))? dp, V(—u)) ., +2(¢" (uf) duf, V(—uf

4C
< (dpa V(_(b?DLz + 7€¢/(uf)2p(_uf)

>)L2(¢’(u§)p)

This implies, with the help of Fubini’s theorem,

[\

= _2((1)(;"5

Using the integration by parts, we can estimate the third term of the RHS as

S|~
o\%

HIH

<1—2C—T) /5 — ¢y xn)d

T
2 5 T 2 1 5,0
< —Z[H@f e +T/( Lo >det+f/t dp, V(=@)xx) adt + 2(¥7, p) 12
0

T

0

1
T

T
P> + 2(PF, p) L2 + —/t dp, V(=®{xk)) 2t + 2(VF, p) 12
0

t(dpv V(_(I)?Xk))l;dt

HIH

t=0

to/t dp, V(=®Ixk)) - ]t_ O/T

T T t
1
S/Q E(p)E(—D2 ds+T//Q\/é’(—p)g(—(ng;g)dsdt
0 0 0
5—0,T—0
—— 0,

where the convergence in the last line follows from the boundedness (5.7).

By the lower semi-continuity of &,, taking the limit of (5.8) as 6 — 0, T'— 0 along

the subsequence taken in the beginning of Subsection 5.3 yields

t
/ dp,V SXk))L2det
0

25

Ep(fqﬁf)(k), we find

(5.8)
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28, (—¢0) < (=280 + 200 + 200, p) ,» < (4¢0,p) . -

where we used p > 0and 0 < ¥ < & < ¢ in (2.9) in the latter inequality. This implies
that, for any ¢ > 0,

— 1 _ B p
25/;(_\/ ®o +€> = §5p/(q§0+a)(_¢0) < <¢07 (50 +5)L2 < HpHLl .

Letting ¢ — 0 and noting that p was arbitrary, we find that fy := \/¢o € HL (M) with
F*(—dfy) < 1 a.e. Moreover, a similar proof to [6, Lemma 4.4] shows that ¢g = 0 a.e.
on B. Thus, we have fo € Ly 77, and then it follows from Proposition 3.1 that

dp < 823 a.e.

Finally, one can improve ¢y < d% to ¢y < d%/2 by the same argument as in [6,
Lemma 4.5] (see also [21, Lemma 2.12]) thanks to Proposition 4.1. O

We can also show a partial converse inequality as follows.
Lemma 5.6. We have
- 32
Py > @ (d—B> a.e.
2
Proof. We can follow the same lines as in [21, Lemma 2.13] by using Corollary 4.2. O

Now, we are ready to prove Proposition 5.4.

Proof of Proposition 5.4. Thanks to Lemmas 5.5, 5.6, we can apply the argument in [21,
Lemma 2.14] by replacing m with an equivalent finite measure v. O

5.4. Tauberian argument
By a Tauberian argument, we shall get rid of the time average from Proposition 5.4.

Here we need additional assumptions to make use of linearised heat semigroups. Note
that, for the linearised gradient operator as in (2.8), we have

an(v )= 3 gy@an 2L _apwin). (59)
ij=1

Recall also that we set uy = T;1p and ®; = &(—tlog T;1p) in Section 4.

Lemma 5.7. Assume Cp,Sp < 00 and m(M) < co. Then, for every T > 0 and measurable
set D C M with m(D) > 0, we have
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. T,0 RS- s
hm(@t, hrft)LQ = (q)[), h: U)L2
10
where (hz’a)tG[O,T] is the solution to the linearised heat equation

1
O:hl7 = EAV“T—ch"’ , Ry =Tylp . (5.10)

Remark 5.8. In (5.10), to be precise, we choose a measurable one-parameter family
(Vi)i>0 of nowhere vanishing vector fields with Vi(z) = Vu,(z) when du(x) # 0, and
replace Vu,_; with V;_;. The unique existence of a solution (h{*?)co,] is guaranteed in
the same manner as that for (2.7) (see [30, Proposition 13.20]) by virtue of the hypothesis
Cr,Sk < co. We remark that ¢ — h{*? is L?-continuous on [0, 7], and [, h;""dm = m(D)
holds for all ¢ (since constant functions belong to L?(M)).

We also remark that choosing T,1p as the initial point is unessential; we may take
any nonnegative function in H}(M) converging to 1p (see the very last step in Subsec-
tion 5.5).

Proof. We follow the argument in [21, Lemma 2.15] (see also [6, Lemma 4.6]), however,
a modification is needed because of the asymmetry (2.6).

Since 7,0 > 0 are fixed, we will denote h;'° by h; for brevity. For ¢t € (0,7), put
H(t) := (Pt,h,;—¢)r2. For applying the Tauberian-type theorem in [35, Lemma 3.11]
which implies the claim lim; o H(t) = (®o, b, )12, it suffices to see the following:

(a) 1f0 (t)dt — (®g, hy)p2 as T — 0;
(b) There exist M,ty > 0 such that H(t) — H(s) < M(t —s)/s for all 0 < s < t < .

The condition (a) follows from

T T
1 1 -
‘ /H — (hy, ®0) 2| < f/|H(t)—(hT,q>t)L2|dt+|(hT,<1>T—cI>0)L2|
0 0
T
K
< T/ Vot — hollpadt + |(r, B — B0) 2]
0
T—0 0

To see (b), we observe from Lemma 5.1 and (5.10) that

t t

I:(hT—T7¢f‘)L2:| = /(hr—raar(bi)L?dT+/(8rh7—ra(bi)L2dr

S S
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t

t
1
=/—(hw,w£>mdr+/
-
t

t
1 1
7/_€¢/(u5)2hf,,‘(*u£)dr*/i(AvurhT—ra@i)Ler
r r

S

(A(6'@2)hr), V(=) ar

L2

N | —

:Ill+12—13—14.

Note first that I; can be estimated as

t
I < /EKL m(D)dr < KLm(D)"—* .
r s
Next, since
t(1-19)
dq)5:I§2d5:_/52 - du,

implies g;;(du,) = gfj(—dq)i), we deduce from (5.9) that

t

t
20, = / (A(~@2), VY h,_,) dr = / (dhr—r, V(= 7)) podr

S

t

- / (dhorrs V(=0) 1 gy AT

S

(we remark that the integrands in the above calculation vanish on the set {du, = 0}).
Then, using the Leibniz rule for d and (2.9), we find

t t

1 § § § §
b= /§(th*“V(_“T))mw'(ui)?)dr " /(¢"(u7«) dups V(=) 2 uyn, ) 4

t
2C
<I,+ K /5¢/(u§)2hT7T(7u£)d7‘ .

Setting t < to := K/(2C), we have Iy < I4 + I3. Therefore, we obtain

r=t t—
<L <KLmD)—> forall0<s<t<t.
S

r=s

(B, @)1z

Letting § — 0 completes the proof. O
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5.5. Proof of (5.3)

We are now in a position to prove (5.3). We shall in fact show that

32
lim @tdm:/@(%)dm (5.11)
D

10

for every measurable set D C M with m(D) > 0, namely ®(d%/2) is the weak L2-limit
of ®;. For ¢ > 0 and 7 >t > 0, we decompose as

/ Bydm = (@4, h7,) 12 + (B4, 15 — BT7) 1 -
D

Taking the limit as ¢ — 0, we find from Lemma 5.7, Proposition 5.4 and 0 < & < KL

that
82
lim/q)tdm - <<I><—B>,h:“)
t10 2 2
D

We next consider the limit as 7 — 0. Put w; := T;1p and observe that, for t € (0, 7),

< KL|1p—h77||p . (5.12)

[l s = B77 2]

= /(wo+t - hZ’U)(AwUH — AVur—t htT’U)dm
M

&l o

- —/d(wUH — hZ’U)(VwUH — Vv“**‘h?o)dm
M
= —28(wgis) — 26Vt (A7) + / {dh]? (Vweie) + dwess (VY =¢h7) Fdm
M

< —28(wops) — 26Vt (A7) + /F*(dwaH){F*(th"’) + F(VYV*=h]7) }dm
M

where we defined (recall (2.2) for g,,)
Vu 1 * 1 Vu
EVYU(h) = 3 94, (dh,dh)dm = 3 dh(VV*h)dm .
M M

Now, it follows from (2.5) that

F*(dhy?)? < Sr * gau,  (dhy?,dh{7)
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and similarly, by (2.4),
F(vvuT_chV(T)Q S CF 9V, (vVuT_thz,U, vV’uT—ch,ﬂ') — CF . g:‘klqut (dh:v”, dh;"') .
Therefore,

(w40 = BT 1132

—28(wyyg) — 26Vt (W]7)

+ [ (V85 VER)F () foi, (@hT7 dbp ) dm
M

4
dt
<

< =28 (woit) — 28V =t (h]7)

+/ Sr + ) *(dwgie)? —|—g:§uft(dh2"g,dh?g)}dm
M

wg+t) .

VS \/C
(( Ft ? 2) £(
Since h(” = w,, integrating the above inequality in ¢ € (0, 7) yields

((\/_+\/_ )/Ewm

||w<7+7'

Plugging

d
G llsel3] = [vosibuesidm = ~26w0r)
M

into the RHS, we obtain

o sr — W27 3 < o 3e — lwosrl3) -

(VSr+VCr)? 1 (
4
Hence, h7° — w, in L? as 7 — 0, and then (5.12) shows

62
lim/@tdm — (@(—B)wg)
t10 2 2

D

Finally, as o — 0, we have ||1p —w,||z1 — 0 since w, — 1p in L? and m(M) < oco. This
completes the proof of (5.11) and hence the lower estimate (5.1).

< KL|1p — w1 -
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5.6. Further problems

We conclude with some further problems.

First of all, in Theorem 1.1, we used the assumption m(M) < oo only for deducing
the L'-convergence from the L2-convergence. We expect that a finer analysis of (non-
linear and linearised) heat semigroups could remove it. Such an analysis will be helpful
also for the further study of geometric analysis on noncompact Finsler manifolds, where
some results are known only under seemingly artificial assumptions; we refer to [31] for
gradient estimates and an isoperimetric inequality, and to [25] for a rigidity problem of
the spectral gap.

In the non-smooth setting in Theorem 1.2, the lower bound estimate is an intriguing
open problem. The main issue is whether we can avoid using a linearised heat semigroup
in Lemma 5.7.

Data availability
No data was used for the research described in the article.
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