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We analyze the behavior of stochastic approximation algorithms where iterates, in expectation, progress
towards an objective at each step. When progress is proportional to the step size of the algorithm, we
prove exponential concentration bounds. These tail-bounds contrast asymptotic normality results, which
are more frequently associated with stochastic approximation. The methods that we develop rely on a
proof of geometric ergodicity. This extends the result of Markov chains due to Hajek (1982) to stochastic
approximation algorithms. We apply our results to several different stochastic approximation algorithms,
specifically Projected Stochastic Gradient Descent, Kiefer-Wolfowitz, and Stochastic Frank-Wolfe algorithms.
When applicable, our results prove faster O(1/t) and linear convergence rates for Projected Stochastic

Gradient Descent with a non-vanishing gradient.
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1. Introduction

We consider stochastic approximation algorithms where the expected progress toward the optimum
is proportional to the algorithm’s step size. For instance, a stochastic gradient descent algorithm
applied to a convex function will satisfy this property when bounded away from the optimum.
However, this property can continue to hold as an algorithm approaches the optimum. For instance,
a stochastic gradient descent algorithm applied to a convex function will satisfy this property when
bounded away from the optimum. However, this property can continue to hold as an algorithm
approaches the optimum. As we will discuss, this is true when the convex objective function is

sharp. Stated informally, these objectives have a V-shape at the optimum rather than a quadratic
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U-shape. The latter case is extensively studied. The asymptotic error has a normal distribution;
see Chung (1954), Fabian (1968). However, in the former case, little is known about the limit
distribution of the error. In these settings, we will show that the error for algorithms such as
Projected Stochastic Gradient Descent, Kiefer-Wolfowitz, and Frank-Wolfe have an exponential
concentration and a faster rate of convergence than would be anticipated by standard results for
stochastic optimization with a smooth objective. We develop methods which are typically used in
probability to analyze random walks or in applied probability to analyze queueing networks. For
stochastic approximation, our results establish new exponential concentration bounds.

We now summarize the background and problems where our results apply.

Stochastic Gradient Descent: Standard Asymptotic Results. Due to its applicability in machine
learning, there is now a vast literature on stochastic gradient descent (Bottou et al. 2018). The rate
of convergence found to the optimal point for a (projected) stochastic gradient descent procedure on
a convex objective has order O(1/v/t) of the optimum after t-iterations of the algorithm (Nemirovski
et al. 2009, Moulines and Bach 2011, Bottou et al. 2018). In this paper, we find conditions under
which the improved O(1/t) convergence rate holds, and developing on the work of Davis et al.
(2019), we also find linear convergence results. Our results apply to optimization problems where
the gradient does not vanish as we approach the optimum. A critical feature of our analysis is an

exponential concentration bound.

Asymptotic Normality, Fxponential Bounds, and Reflected Random Walks. For stochastic approx-
imation, the normal distribution has long been known to characterize the limiting behavior of a
stochastic approximation procedure. See Fabian (1968) and Chapter 10 of Kushner and Yin (2003).
Such theories are statistically efficient for smooth optimization problems with and without con-
straints. See Duchi and Ruan (2021), Davis et al. (2023) and Moulines and Bach (2011) respectively,
and results are motivated by the asymptotic normality results for maximum likelihood estimators
(MLE) of Le Cam (1953) and Héjek (1972). However, one should note that such asymptotics may
not always lead to a Gaussian limit. For example, the MLE of a uniform distribution is not asymp-
totically normal but is instead exponentially distributed. (See Section EC.1 of the E-companion
for a proof.) The stochastic optimization algorithms considered in this paper are settings where
the normal distribution is not asymptotically optimal.

While asymptotic normality has a long history, the exponential bounds found here are not well-
understood and do not appear in stochastic approximation literature. We argue that when the
objective’s gradient is non-vanishing as we approach the optimum, the normal approximation will
not hold, and an exponential concentration bound is more appropriate.

We establish exponential concentration bounds using a geometric Lyapunov bound. These argu-

ments are commonly employed to establish the exponential ergodicity of Markov chains. See
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Kendall’s Renewal Theorem in Chapter 15 of Meyn and Tweedie (2012). Hajek (1982), in particu-
lar, provides a proof that converts a drift condition into an exponential Martingale that establishes
fast convergence rates for ergodic Markov chains. A key contribution of this paper is to extend this
argument to stochastic approximation.

These bounds are typically applied to queueing networks (Kingman 1964, Bertsimas et al. 2001)

because many queueing processes are random walks with constraints and non-zero drift. These
conditions lead to exponential distribution bounds (Harrison and Williams 1987). Kushner and
Yin (2003) discusses these connections when analyzing the diffusion approximation of stochastic
approximation procedures with constraints. Nonetheless, as we will discuss, diffusion analysis does
not fully recover the required exponential concentration. The concentration results proven here
are, to the best of our knowledge, new in the context of stochastic approximation.
Constrained Stochastic Gradient Descent, Sharp Functions, and Geometric Convergence. Our
results are applicable when the gradient of the function does not vanish. In particular, our results
can be applied to constrained stochastic approximation when the optimum lies on the boundary.
The text Kushner and Clark (1978a) analyses the convergence of stochastic approximation algo-
rithms on constrained regions. Buche and Kushner (2002) prove convergence rates. These authors
observe that analysis typically applied to unconstrained stochastic approximation does not readily
apply to the constrained case.

Boundary constraints are not a requirement of our analysis. Our results apply under a non-
vanishing gradient condition. This closely relates to the property of a function being sharp. Davis
et al. (2019) presents a variety of machine learning tasks for which the objective is sharp. We show
that our non-vanishing gradient condition is equivalent to sharpness for convex functions. Our
exponential concentration bounds are tighter than Gaussian concentration bounds. Applying this
concentration bound to the work of Davis et al. (2019) leads to an improved linear convergence
rate for projected stochastic gradient descent. Recent work by Davis et al. (2023) analyses the
asymptotic normality of stochastic gradient descent algorithms, which exhibit sharpness away from
a smooth manifold around the optimum.
Further Stochastic Approximation Algorithms. The main result of the paper considers a generic
stochastic algorithm with non-vanishing drift and sub-exponential noise (Conditions (C1) and
(C2)). For this reason, our results hold for other mainstream stochastic approximation algorithms.
We consider the Kiefer-Wolfowitz and the Frank-Wolfe (or conditional gradient algorithm) as
examples. See Kiefer and Wolfowitz (1952) and Frank and Wolfe (1956).

Kiefer-Wolfowitz is the primary alternative to the Robbins and Monro (1951) stochastic gradient

descent algorithm. Here, gradient estimates are replaced by a finite difference approximation. We
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prove that exponential concentration and linear convergence hold for Kiefer-Wolfowitz under a
non-vanishing drift condition.

Frank-Wolfe is a popular projection-free alternative to projected gradient descent algorithms.
See Jaggi (2013), Hazan and Kale (2012). The stochastic Frank-Wolfe algorithm is proposed and
analyzed in Hazan and Luo (2016). We provide conditions analogous to sharpness along with extra
critical conditions that ensure exponential concentration for the stochastic Frank-Wolfe algorithm.

Linear convergence analogous to Davis et al. (2019) can also occur for these algorithms.

The results as a whole establish a sequence of connections between stochastic modeling bounds
used in queueing and stochastic approximation. These exponential tail bounds differ from Gaussian
concentration bounds typically analyzed in unconstrained stochastic approximation. Moreover,

these results lead to faster convergence rates than standard stochastic approximation results.

1.1. Organization.

This article is structured as follows. Section 2 gives initial notation. (Further notation will be
introduced as we present each of our results.) Section 3 presents the paper’s main results. Sec-
tion 3.1 provides intuition on exponential concentration. Section 3.2 presents a generic Lyapunov
function result for exponential concentration. Section 3.3 applies our results to Projected Stochas-
tic Gradient Descent (PSGD). In Section 3.4, we provide an exponential concentration bound for
the Kiefer-Wolfowitz stochastic approximation algorithm. In Section 3.5, we give an exponential
concentration bound for the Stochastic Frank-Wolfe algorithm. A linear convergence result for
PSGD is presented in Section 3.6. Proofs for the results are given in Section 4, with later results
deferred to the E-companion. Numerical experiments are presented in Section 5. In Section 6, we
show that, although exponential concentration holds, the exponential distribution is not, in gen-
eral, the limiting distribution when gradients do not vanish. We discuss the interplay between the
normal approximation and exponential approximation, and we conjecture the asymptotic optimal

performance under sharpness.

2. Problem setting and initial assumptions

We provide some basic notation and assumptions that hold throughout this paper. The algorithms
and results considered will require some specific assumptions, which will be presented in the sections
relevant to those results.

Basic Notation. We apply the convention that Z, ={n:n=0,1,2,...} and R, = {x: 2z > 0}.

Implied multiplication has precedence over division, that is, 2a/3bc= (2 x a)/(3 x b x ¢).
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Optimization Notation. Unless explicitly stated otherwise, we let X denote a nonempty closed
bounded convex subset of R?. For a continuous function f:X — R, we consider the minimization

min f(x). (1)

reX

We let X'* be the set of minimizers of the above optimization problem. We let IIy(x) denote
the projection of x onto the set X'. That is Ily(x) := argmin, . || — y||*>, where || - || denotes
the Euclidean norm. We let d(x,X) denote the distance from a point to its projection. That is
d(x, X) :=minycy ||z —y||. We let relint(X) denote the relative interior of X. We let F' be the gap
between the maximum and minimum of f(x) on X, that is

F:=max f(x) — min f(x).

xeX xrzeX

Stochastic Iterations. We consider a generic stochastic iterative procedure for solving the optimiza-
tion problem (1). Consider a random sequence {x;};°, adapted to a filtration {F;}°, with x; € X
for each t € Z, . The sequence {a;};°, determines the distance between successive terms. We define
¢ := (x; — x441) /o and thus

mt+1 — mt - Oltct . (2)

3. Main Results

In this section, we present our main results, as well as intuition and counter-examples.

3.1. Informal description of the main result

The normal distribution is typically associated with the dispersion of a random walk. However,
when a random walk is constrained, the exponential distribution is the limiting distribution. So,
while the Gaussian concentration is applied in the analysis of smooth stochastic approximation
algorithms, exponential concentration we show occurs in non-smooth problems.

With reference to Figure 1, the high-level intuition for this behavior in a stochastic gradient
algorithm is as follows. Consider a projected stochastic gradient descent algorithm with a small
but fixed learning rate. When the optimum is in the interior of the constraint set and the objective
is smooth, the algorithm’s progress will slow as the iterates approach the minimizer in a manner
that is roughly proportional to the distance to the optimum. In this regime, the process is well
approximated by an Ornstein-Uhlenbeck (OU) process, for instance, see Chapter 10 of Kushner
and Yin (2003). An OU process is known to have a normal distribution as its limiting stationary
distribution. This stationary distribution determines the rate of convergence to the optimum; see
Chen et al. (2022). If we consider the same iterates, but instead, these are now projected to belong to

a constraint set, then the gradient of iterates need not approach zero as we approach the optimum.
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(a) Unconstrained Stochastic Gradient Descent (b) Constrained Stochastic Gradient Descent

Figure 1 The above plots a simulation of a stochastic gradient descent algorithm with a constant step size on the
function f(z) = (z +1)%. Figure 1(a): When the objective is unconstrained the density of the location
of iterates is well approximated by a normal distribution with variance o2 = O(c), where « is the step
size of the algorithm. The distance to the optimum is O(a'/?). Figure 1(b): When the value of x is
constrained to the positive orthant the gradient no longer vanishes. The distribution of iterates away
from zero now has an exponential decay with rate A= 0O(a"'). So for step size, a, the distance to the
optimum is O(«). This paper proves that exponential concentration holds more generally for stochastic

approximation procedures with non-vanishing gradients.

See Figure 1b). The resulting process behaves in a manner that is approximated by a reflected
Brownian motion. When the gradient is non-zero on the boundary, it is well known that a reflected
Brownian motion with negative drift has an exponential distribution as its stationary distribution,
see Harrison and Williams (1987). We seek to establish bounds that exhibit this exponential,
stationary behavior while allowing for time-dependent step sizes. This provides intuition for the
exponential concentration results found in this paper.

To summarize, strongly convex functions are approximately quadratic around their optimum;
this leads to the normal approximation. Think of such functions being U-shaped. However, for
exponential concentration, the function is V-shaped at the optimum. Such functions are sharp con-

vex functions. (See Remark 1 for a discussion on sharpness.) Here, the gradient does not approach
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zero as we approach the optimum. We show that when a convex function is sharp, a stochastic
gradient descent algorithm has an exponential concentration around its optimum, leading to much

faster convergence.

3.2. An Exponential Lyapunov Bound

We consider a general stochastic optimization algorithm and show that exponential concentration
holds when the expected progress towards its objective is proportional to the learning rate «;. This

leads to the following condition.

AssumpPTION 1 (Drift Condition). The sequence {x;}°, satisfies

E[f(2it1) — fxe)|Fe] < =246 (C1)

whenever f(x;) — f(x*) > ;B for some k>0 and some B > 0.

We also assume that noise is sub-exponential.
AssuMPTION 2 (Moment Condition). There ezists a constant A >0 and a random variable Y
such that

[\f(a:tﬂ) — f(zct)H]-"t] <oY and E[eM]<oo. (C2)

Condition (C1) states that the stochastic iterates will make progress against its objective when
away from the optimum. The Condition (C2) is a mild noise condition. For example, if f(X) is
Lipschitz continuous, then it is sufficient that ||c;|| has a sub-exponential tail. (See Lemma EC.1 in
E-companion EC.2.1.1 for verification of this claim.) Shortly we will establish the Conditions (C1)
and (C2) when applying projected stochastic gradient descent. However, for now, we leave (C1)
and (C2) as general conditions that can be satisfied by a stochastic approximation algorithm.

The main result of this section is as follows.

THEOREM 1. For learning rates of the form o, =a/(u+1t)" with a,u >0 and v € [0,1], if Condi-

tions (C1) and (C2) are satisfied by a stochastic approximation algorithm, then
1,
P(f(®e1) = f(2") 2 2) < Te” ™ (3)
and

Elf(@i41) = f(2")] < Koy (4)

for time independent constants I, J and K.
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These results show that once the dependence on the system’s initial state has diminished, the
process f(x;) has an exponential concentration and will be within a factor of «; of the optimum.
We focus on learning rates of the form o, = a/(u+1)7; however, a result for more general learning
rates is proved in Proposition 1 in Section 4.1.

It is worth remarking that Theorem 1 (and Proposition 1) hold for any algorithm for which the
generic Conditions (C1) and (C2) hold. The results are not intended to apply to any particular
stochastic optimization, nor do we place specific design restrictions on the algorithm. The result
emphasizes that a convergence rate may differ depending on the geometry of the problem at hand,

and this convergence may well be faster than anticipated.

3.3. Projected Stochastic Gradient Descent

In Theorem 1, we did not specify the stochastic approximation procedure used nor did we explore
settings where Conditions (C1) and (C2) hold. This section provides a standard setting where
our results apply. We consider projected stochastic gradient descent on the Lipschitz continuous

function [ : X — R. That is we wish to solve the optimization problem:
minimize l(x) over xekX. (5)
We analyze the Project Stochastic Gradient Descent (PSGD) algorithm:

Yiy1 =Ty — 4 Cy (6a)

xy1 = M (Yey) (6b)

where E[c,| 7] = Vi(x;) and oy, = a/(u+1)" for a >0, u € Ry, v €[0,1]. Above V() can be either
the gradient or a sub-gradient of [. We let A* = argmin_., I(z) be the set of optimizers of (5).

Previously, we required Conditions (C1) and (C2), which jointly placed assumptions on the

iterates and objective. Now that we have specified the iterative procedure, we can decouple to give

conditions that only depend on the properties of the objective function.

AssuMPTION 3 (Gradient Condition). There exists a positive constant k>0 such that for all

reckX

Vi(z)" (xz —x*) > kl|lx — z*|, (D1)
where * =y« (x).
AssuMPTION 4 (Sub-Exponential Noise). There exists a A >0 such that

supE[eMetll| F] < oo (D2)

teN
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(a) Gradient Condition (D1). (b) Convexity and Sharpness (D1’)

Figure 2 Under the gradient condition (D1), the objective need not be convex nor continuously differentiable. We
require the derivative in the direction of the optimum to be non-zero. Under convexity and sharpness

(D1"), the envelope of the function is bounded below by a cone. Here condition (D1) is satisfied.

Conditions (D1) and (D2) replace Conditions (C1) and (C2). Let’s interpret these new conditions.
Firstly, (D1) states that the (unit) directional derivative in the direction from x to x* is bounded
above by —k. l.e. we require strictly negative slope in the direction of the minimum. Note that that
this does not require convexity of our objective functionl. (See Figure 2.) Condition (D2) assumes
that the tail behavior of the gradient estimates is sub-exponential. (See Lemma EC.1.)

We can prove the following result that holds as a consequence of Theorem 1.

THEOREM 2. If Condition (D1) and (D2) hold and o, = a/(u+1t)" for a,u > 0 then PSGD satisfies
. * —aitz . P _ 3
P(min 2o — o' >2) < Je %, B[ min 2 -] < Koo, E [l@e) - minl(@)] < Lo,

where above J, I, K, L are positive constants.

For Stochastic Gradient Descent (SGD), the expected distance from @, to the set of optima X™*
is known to converge at rate €(1/v/t). The convergence rate found in Theorem 2 is faster than
that typically assumed for SGD. Notice this improved convergence is not due to any change in the
algorithm but due to the geometry of the problem. (If we happen to know the problem geometry
in advance, we can adjust the algorithm to significantly improve performance; see Section 3.6 and
Davis et al. (2019).) The above result holds because of tighter exponential concentration occurs
around the optimum in such cases. While the Gaussian concentration around the optimum for
smooth convex objectives has been known for around 70 years (Chung (1954), Fabian (1968)), the

exponential concentration found here does not appear in prior work on PSGD.

REMARK 1 (CONVEXITY AND SHARPNESS.). Sharpness is a condition which, stated informally,
ensures that an objected function has a V-shape around its optimum. This is considered in the
paper of Davis et al. (2019). A close relationship exists between our gradient condition (D1) and
the sharpness condition. In particular, the two conditions are equivalent for convex optimization

problems. (See Figure 2.)
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A function I(x) is sharp if for all z € X

l(a:)—mrgér}(l(w ) >k z{rg)r{l*Hw—a: II. (D1")

The lemma below proves that the gradient condition (D1) implies sharpness and, for convex func-

tions, the two properties are equivalent:

LEMMA 1. If the function l(x) is absolutely continuous then the gradient condition (D1) implies
the function is sharp, (D1"). Moreover, if the function l(x) is convex, then the gradient condition

(D1) is equivalent to the function being sharp (D1').

We prove Lemma 1 in Section EC.2.1.2 of the E-companion. The immediate consequence of this
lemma is that Theorem 2 holds for sharp convex functions. So, there is a tighter exponential
concentration for sharp convex objectives when compared with the Gaussian concentration bounds

found for smooth convex objectives.

REMARK 2 (SMOOTH FUNCTIONAL CONSTRAINTS). Suppose the optimization (5) takes the form
minimize l(x) subject to li(x)<0, i=1,..,m over x€R% (7)

where [(x) and [;(x) are smooth convex functions defining the bounded constraint set X = {x €
R?:;(x) <0,i=1,...,m}. It is argued that a stochastic approximation algorithm obeys a central
limit theorem if there are mg active constraints at the optimum with mg < d. See Kushner and
Clark (1978b), Shapiro (1989), Duchi and Ruan (2021), Davis et al. (2023). However, if mq > d,
the normal approximation degenerates. In this case, our results can be applied. With the following
lemma and Theorem 2, we see that PSGD obeys an exponential concentration bound rather than

a normal approximation.

LEMMA 2. Suppose that at the optimum —V1(x*) € relint Ny(x*), where Ny(z*) :={v: v (x* —
y) <0,Yy € X} and Vi(z*) #0 and that there are at least d active constraints at x* (w.l.o.g.
i=1,...,d) and

{Vi,(x*):i=1,...,d} are linearly independent (D17)

then the function f is sharp at ** and Assumption (D1) holds.

A proof of Lemma 2 is given in Section EC.2.1.3 of the E-companion. The premise of the above
lemma is taken from Assumption B from Duchi and Ruan (2021). However, rather than a Gaussian
approximation as found in Duchi and Ruan (2021) for mq < d constraints, a consequence of the
above Lemma is that exponential concentration will hold for PSGD if there are mg > d linearly

independent, active constraints at the optimum. Because of the degeneracy indicated in prior
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works, the Gaussian approximation is not asymptotically optimal when (D1) holds, i.e. the normal
vectors to the set of active constraints has full rank. Essentially, there is insufficient smoothness at
the optimum for a central limit theorem to hold. Large deviation effects will likely determine the
asymptotically optimal concentration at the optimum. When the Gaussian approximation fails, the
theory of asymptotic optimality for stochastic optimization with constraints appears to be open.

See Section 6 for further discussion.

REMARK 3 (PROJECTION). Although projection is a common requirement for stochastic gradient
descent, the projection step (6b) can present computational overhead, so we discuss that here.

There are settings such as sharp objective functions where the optimum belongs to the interior
of the constraint set. In this case, a finite number of projections are required. (A proof is given in
Proposition EC.1 in the E-companion.)

Some constraints exhibit low complexity projection. It is common to select a set X that allows
simple projection e.g. a box or disk containing X'*. For convex constraints {z : g;(z) <0,j =1,..,d},
the dual of a constraint set is RY = {@ : > 0} and thus the dual has simple projection. Low
complexity projections exist for single constraint problems such as projection onto the probabil-
ity simplex (Michelot (1986), Duchi et al. (2008)). Chapter 7 of Hazan et al. (2016) gives several
examples of fast projection available with conditional gradient algorithms. We will analyze stochas-
tic conditional gradient algorithms shortly. See also Bertsekas (2015) for further examples of low
complexity projection.

There are practical general projection algorithms. The cyclic projection algorithm of Bregman
(1967) can be used for the intersection of a finite number of convex sets. Here, Bregman also pro-
poses other non-Euclidaen distances that can be used to simplify projection. Mandel (1984) proves
Bregman’s algorithm converges linearly for polytope constraints. A number of linear convergent
and parallelizable projection algorithms are given in Censor and Zenios (1997).

Projection is a standard requirement in the analysis of SGD. However, projection is not a require-
ment of our general result Theorem 1; instead, we require iterates to be bounded. For instance, we
will apply our results to Stochastic Frank Wolfe as a non-projective alternative to PSGD shortly.
In general we find the boundedness of X' can be removed when learning rate is constant, a; = a.
(See Lemma (EC.6) in the E-companion statement and proof.) From this we see that our linear
convergence results apply Stochastic Gradient Descent (without projection). So neither projection

nor bounded iterates are required for linear convergence.

3.4. Kiefer-Wolfowitz Algorithm: Exponential Concentration

So far, we have applied the concentration bound in Theorem 1 to Projected Stochastic Gradient

Descent (PSGD). In this section, we consider the Kiefer-Wolfowitz algorithm. The Kiefer-Wolfowitz
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is a well-known alternative to Robbins and Monro’s Stochastic Gradient Descent algorithm. Here,
gradient estimates are replaced by noisy finite difference operators.

We consider the Kiefer-Wolfowitz algorithm under the analogous sharpness in noise conditions we
thought for a PSGD. Typically, the Kiefer-Wolfowitz algorithm has a worse rate of convergence than
PSGD. However, under the non-vanishing gradient condition, we show that the Kiefer-Wolfowitz
algorithm with an appropriate finite difference estimator will have the same concentration and
asymptotic convergence rate as PSGD.

Consider the optimization:
minimize l(x) :==Ey[l(x,0)] over z€ X, (8)

where w is a random variable. For v € R, we define the vector l(x + v,w) := (l(x + ve;,,w) : i =
1,...,d) where e; is the ith unit vector. The Kiefer—-Wolfowitz (KW) algorithm is as follows:

lxz,+v,0) —l(x, —v,0;)

Ci = o0 (9&)

Yit1 =Ty — O4Cy (9b)

o1 = a (Y1) (9¢)

where a; = ﬁ for a >0, u € R,, v €0,1]. Above w;,; are IIDRVs equal in distribution to .

Notice the main change from the PSGD algorithm is that ¢; is no longer an unbiased estimator of
Vi(x;). However, for sufficiently well-behaved functions, there exists a constant ¢ such that for all
TeX

l(x+v)—1l(x—v)
2v

[

1 (D3)

HVl(a:)— H <ed

(Above we include d to emphasize the dependence on the dimension of X'.)

We further assume that the random variable I(x,w) has a uniformly bounded variance over
x € X. This is a standard assumption for the analysis of the KW algorithm. See Fabian (1967).
We will assume Conditions (D1) and (D2) hold, with ¢; as defined in (9a). Ordinarily, convergence
of the KW algorithm requires v to decrease with time. However, we see that this is not necessary
for sharp functions. The parameter v needs to be below a certain threshold, and once satisfied,

exponential concentration results hold.

THEOREM 3. If Conditions (D1), (D2), (D3) hold and if

1
K 2
3cdz

then the Kiefer- Wolfowitz algorithm satisfies

. s I . - . -
P (min @ — @ > 2) <Je %, E|min @, —all] < Koy, E[l@i0) - minl(@)| < Lo,

where above J ,f ,K ,f) are positive constants.
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The proof of Theorem 3 is given in Section EC.2.3 of the E-companion.

If we take oy = 1/t, then we see that the Kiefer-Wolfowitz algorithm has a convergence rate
E||xz, — 2*|| = O(1/t). This is faster than the O(1/t'/?) rate, which is typically found to be optimal
for the KW algorithm. Again, typically, KW iterations follow a normal approximation. For instance,
see Ruppert (1982). However, again, an exponential concentration is more appropriate than a
normal approximation if there is non-vanishing drift. Interestingly, a constant finite difference

approximation can be used to obtain results and the rate is now the same as PSGD.

3.5. Stochastic Frank-Wolfe: a non-Projective Algorithm

We now investigate exponential concentration in stochastic algorithms that do not require pro-
jection. Non-vanishing negative drift is the main requirement for exponential concentration, not
projection or boundary effects. We emphasize this by proving the exponential concentration for
a projection-free algorithm, specifically, the Stochastic Frank-Wolfe algorithm. Here we require
further assumptions in addition to sharpness conditions.

The Frank-Wolfe algorithm or Conjugate Gradient algorithm, as it is sometimes called, is pro-
posed as the standard “projection-free” alternative to projected gradient descent algorithms, see
Jaggi (2013) and Hazan and Kale (2012). We form an analysis of the Stochastic Frank-Wolfe
(SFW) algorithm, as described by Hazan and Luo (2016). This is a standard implementation of
Frank-Wolfe with a sample estimate of the gradient. As with the PSGD and KW algorithms, we
choose a standard stochastic optimization algorithm. Our aim is not algorithm design but instead
to emphasize that exponential (rather than normal) concentration can naturally occur in stochastic
approximation depending on the geometry of the problem.

Consider the same setting from Section 3.3. That is we wish to solve the optimization
minimize I[(x) over ze€X. (10)

For a sequence of positive integers (m; € N: ¢t € N) and a sequence (o, € (0,1) : ¢t € N), the Stochastic
Frank-Wolfe algorithm is defined as follows

m¢ i
Cy
= 11
c; ; m, (11a)
v, € argmin ¢, (11b)
rzeEX
$t+1 :(1—Oét)mt+atvt. (].].C)

Above, where ¢! are random variables, independent (after conditioning on @;) with a uniformly
bounded variance such that E[c}|F;] = VI(x;) . We continue to assume that X is a closed bounded

set. In addition to condition (D1) and (D2), we add the following conditions.
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ASSUMPTION 5 (Smooth convex square-error). For the error e(x):=1(x) —I(x*),
e(x)? is a smooth convex function. (E1)

AsSuMPTION 6 (Interior Optimum). The set of optima belongs to the interior of the set X.
That s

X*cCxe. (E2)

We briefly discuss these two conditions. Assumption (E1) is a non-standard cone condition.
Analogous to a smoothness convex function having quadratic behavior at the optimum, Condition
(E1) requires that the objective function has a behavior that behaves like the distance function
to the optimum. We illustrate this with Lemma EC.3 in the E-companion. Here, we show that
Condition (E1) is satisfied if we take [(x) to be the distance to the desired set of optimal points:

(@)= miy, |z 7.

Here S is a positive semi-definite matrix.

Condition (E2) requires that the optimum is in the interior. The rate of convergence found on the
boundary is typically slower see Proposition EC.2 in the E-companion. When analyzing projected
stochastic gradient descent, one case we discussed is when the optimum is on the boundary of
the constraint set. Interestingly, the case of the Stochastic Frank-Wolfe algorithm is different: the
algorithm will converge faster when the optimum is not on the boundary. (If it is known in advance
that the optimum is not in the interior we would recommend running PSGD due to its faster
convergence, see Section EC.2.2 in the E-companion.) Nonetheless, Frank-Wolfe is a non-projective
optimization algorithm, the results of this section emphasize that exponential concentration is not
the property of projection on a specific boundary type but is really about non-vanishing drift at
the optimum.

The main result of this subsection is given below. It gives sufficient conditions for exponential

concentration for the Frank-Wolfe algorithm.

THEOREM 4. For learning rates of the form o, = a/(u+1t)" with a,u >0 and v € [0,1], if Con-
ditions (D1), (D2), (E1) and (E2) hold and if m; > (30 /ka;)? then the stochastic Frank-Wolfe
algorithm satisfies

P <l(wt+1) —minl(x) > z) < Te~c” ,

xeX

for constants I,J.

The proof of Theorem 4 can be found in Section EC.2.4 of the E-companion.
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3.6. Linear Convergence under Exponential Concentration

We have seen that, without adjusting the algorithm, the convergence of the stochastic approx-
imation procedure improves under exponential concentration. However, if we know exponential
concentration holds, then we can further adjust the algorithm to give even faster convergence.
The linear convergence of Projected Stochastic Gradient Descent (PSGD) on convex objectives
is established in Theorem 3.2 of Davis et al. (2019). This result relies on a normal approximation
concentration result (Davis and Drusvyatskiy 2019, Theorem 4.1), which is not as tight as the
exponential concentration bound in Theorem 2 above. Thus, below in Theorem 5, we provide an
improvement to Theorem 3.2 of Davis et al. (2019). We give a general version of the linear conver-
gence that can be proven under the conditions of Theorem 1. The result does not require the set
X to be bounded. From this, extensions of these linear convergence results hold for the Projected
Stochastic Gradient Descent, the Kiefer-Wolfowitz algorithm, and the stochastic Frank-Wolfe algo-
rithm. Here we present the result for PSGD. The futher for the Kiefer-Wolfowitz algorithm, and
the stochastic Frank-Wolfe algorithm results are stated in Section EC.2.6 of the E-companion.
We wish to solve the optimization problem (5). We consider a Stochastic Approximation algo-
rithm (2) implemented over several stages, s =1,...,.S. We let t, be the number of iterations in the
sth stage. The idea is that within each stage s, the learning rate &, is fixed and is chosen so that
the error of the stochastic approximation algorithm should be halved by the end of each stage.

Specifically, we let &, be the state at the end of stage s. We define T, =>"",_, ¢ty and

T, =1Tr,, and oy = Qg for T, <t<T,, ands=1,...,5. (12)

The following theorem gives choices for &, and t, to ensure a linear rate of convergence.

THEOREM 5. We assume that X is a convex set that may be unbounded. Assume Conditions (C1)

and (C2) hold for a stochastic approzimation procedure with rates given in (12):

a) If, for é>0 and 6 € (0,1), we set

Szlog(liﬂ), dszﬂ, and tsz[ilog<RAS>-‘
€ Elog(%) k 4

then with probability greater than 1 — 6 it holds that minge+ lzs — x| < €. Moreover, the number

of iterations (12) required to achieve this bound is

oy ()] | 108 (5) 108 (1022 (£)])]

(Above F = ming«cx+ ||xo — x*|| and R and E are time-independent constants that depend on the

constants given in Conditions (C1) and (C2).)
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b) For a, = Fieaen ond ts = log®(s + 1), there exists positive constants A and M such that

V6 e (0,1) if a> A/5 then
P(minH:i:S—mHSTSM, V36N>21—5.
reX*

The proof of Theorem 5 is given in Section EC.2.6 of the E-companion. We apply an improved
exponential concentration bound and make some adjustments; however, other than that, the argu-
ment largely follows that of (Davis et al. 2019, Theorem 3.2.), so we refer the reader to Davis et al.
(2019) also.

For PSGD, (Davis et al. 2019, Theorem 3.2) proves a sample complexity bound of
order O(6~2[logé™']?). The bound in Theorem 5a) above improves this and has an order
O(logé~![loglogeé™" + log 3*1]). The above bound is the same order as the best bound found in
Davis et al. (2019), namely Theorem 3.8, which holds for an ensemble method consisting of three
adaptively regularized gradient descent algorithms. The sample complexity is improved for the
PSGD case because the exponential concentration bound is tighter that Gaussian bound Theorem
3.2 Davis et al. (2019). Other than this our proof follows the ideas laid out in Davis et al. (2019).
We find that similar results hold for Kiefer-Wolfowitz, and Frank-Wolfe.

Unlike Theorem 2, Theorem 5a) suggests that we require a refined understanding to calibrate
parameters to improve convergence. The implementation of Theorem 5b) only requires one param-
eter, a, which needs to be chosen sufficiently large. (For instance, experiments could increase the
parameter a until convergence is observed.) So, although there is some cost to the algorithm’s com-
plexity, we do not require detailed knowledge of the problem at hand to implement a geometrically
convergent algorithm. Further, Theorem 5b) holds for a stronger mode of convergence, in that the
geometric convergence holds for all time with arbitrarily high probability.

We note that the above bound applies when the function f and constraint sets X’ are unbounded.
This is because we apply Lemma 4 under constant step sizes. For this result, the bounded constraint

assumption is not required.

4. Proofs

This section proves our main result Theorem 1. We then apply this to Projection Stochastic
Gradient Descent to prove Theorem 2. The proofs of the remaining results are contained in the

E-companion.

4.1. Proof of Theorem 1

Several constants are introduced in the proof of Theorem 1. For later reference, these are listed in

Section EC.3.1 of the E-companion.
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The proof of Theorem 1 relies on Proposition 1, which is a somewhat more general yet more
abstract version of Theorem 1. This result establishes that once the sum 22:1 o is sufficiently
large, the error of stochastic iterations is of the order of ;. Much like Theorem 1 the key observation
is that a; '(f(x;) — f(z*)) has an exponential concentration rather than the normal concentration
of ay *(f (@) — f(2)).

For the stochastic iterates described in Section 2, we will assume that {a;}:>¢ is a deterministic

non-increasing sequence such that

Qp — Oy

Z a; = 00, liminf 22 >0 and lim =0. (13)
=0

t—00 (e t—o00 (e

We do not need to assume that a; — 0. Later we consider small but constant step sizes. This

condition is satisfied by any sequence of the form a; =a/(u+1t)” for a,u >0 and v € [0, 1].

PROPOSITION 1. When Conditions (C1l) and (C2) are satisfied, there exist positive constants

E G, H,T, independent of t such that

xG™
t

t K kG™
P(f(241) — fx") > 2) < e 2hag G Bmlma0Bte o jyyony asB) e ape; (Fmoth) (14)

t

for any n with t/2" > Ty. Further, for any t such that Zs:\j/

gn | QUsk > 2(F + agB) there exists a
constant C' such that

E[f(®i11) = f(&")] < Cay. (15)

4.1.1. Proof of Proposition 1. Here, we briefly outline the proof of Proposition 1. The
proof uses Lemma 3, Lemma 4, Lemma 5, and Proposition 2, which are stated below. Lemma, 3,
although not critical to our analysis, simplifies the drift Condition (C1) by eliminating some terms
and boundary effects. Lemma 4, on the other hand, is an important component of our proof. It
converts the drift Condition (C1) into an exponential bound, which we then iteratively expand.
The lemma extends Theorem 2.3 from Hajek (1982) by allowing for adaptive time-dependent step
sizes. Proposition 2 applies standard moment generating function inequalities to the results found
in Lemma 4. Lemma 5 is a technical lemma used in the proof of Proposition 2. After Proposition
2 is proven, the proof of Proposition 1 follows.

We now proceed with the steps outlined above. We let
Lt = f(:):t) —f(m*)—atB (16)

where «; satisfies (13). First, we simplify the above Conditions (C1) and (C2) to give the Lyapunov

conditions (17) and (18) stated below. The following is a technical lemma.
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LEMMA 3. Given Conditions (C1) and (C2) hold, there exists a deterministic constant Ty such

that the sequence of random variables (L, :t >Ty) satisfies
E[Liy1 — Le|F]I[L > 0] < —oyk, (17)
and
[|[Lis1 — Li||F) <uZ  where D:=E[e*] < oco. (18)

The proof can be found in the E-companion, Section EC.3.2.
Given Lemma 3, we will now assume (17) and (18) hold in place of (C1) and (C2). We will
convert the drift condition (17) into an exponential bound and then iterate to give the bound

below.

LEMMA 4. For anyt and t with t >t >T, and for any n >0 such that a;n < X then

t t+1 ¢
E[enLt+1 ’]:{] < E[enLT1 |]_“t] H’Ot +D Z H Pk
k=i r=t4+1k=T

where p, = e~ i’ E gnd Bi=F[(e’ —1— AZ)/A\?] < co.

Proof of Lemma 4. Let Z; = (L;y1 — L;) /. From (18), we have [| Z;||.F;] < Z where E[e*?] < cc.
From (17), we have E[Z,|F;] < —k on the event {L; > 0}. Thus, on the event {L, > 0} the following

holds:
]-“t]

=1
<1+ amB[Z,| F] + afn? Z HEHZzt\k\ft]ﬁk*Qaf*Z
k=2

atnZy

—1- atht

E[e"Ft+1710| F] = Ble* "7t F,] = 1+ anE[Z,| F,] + i’ [e

2.2
;i

<1-—amk+ain’ Z HJE[Zk})\k_2

k=2
erM—1-\Z
=1—aynk+ aanE [)\2] (19)
=1—amk+ain’E
S e—atmﬂ—a%an =:p;. (20)

We apply a Taylor expansion and the (conditional) Monotone Convergence Theorem in the first
inequality above, see (Williams 1991, 9.7¢)). In the second inequality, we apply (17) and (18)
above, and also recall that a; is decreasing. In the final inequality, we applied the standard bound
1+ 2 <e®. We note that p; as define above satisfies p, < 1 whenever o, < k/nE. We note that E is
finite since by assumption E[e*?] < co. Also from the expansion given in (19) (which holds by the

Monotone Convergence Theorem), it is clear that E is positive.
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The bound (20) holds on the event {L; > 0}. Now notice

E[e" t+1|F,] = E[e" b= 20| F e I[L, > 0] + E[e" L1~ 20| F le"™ [ L, < 0]
< pe"™[L; > 0] + E[e"**?]e"™1[L, < 0]
< pe"™1[L; > 0] + DI[L, < 0]
< pe™ +D.

The first inequality applies the above bound (20) and the second inequality applies the boundedness

condition (18). Taking expectations above gives
Ele""+1|F;] < pE[e"™*|F;] + D.

By induction, we have

t t+1 t
Blet| 7] <Ele™ | F] [[oe+D > Lo
k=i r=iy1k=r
as required. ]

Note that the above lemma does not require the set of values X’ to be bounded (or convex). This

is a point that we will later utilize in the proof of Theorem 5. The following is a technical lemma.

LEMMA 5. If a4, t€Z,, is a decreasing positive sequence, then

min { ZZ:S Qg } _ ZZ:EO‘k (21)

1 ¢ oy ‘
s=tot | Yo ai D i O

Moreover, if oy, t € Zy satisfies the learning rate condition (13) then

n t n
1 > G— and min {Zk:s i } > Q (22)

= t
Q|t/2n | oy s=[t/27],....t Zk:s O‘i oy

for some constant G € (0,1] and for n € N such that t/2" > 1.

A proof is given in Section EC.3.2 of the E-companion. Looking ahead to the proof of Theorem
1, for step sizes of the form oy =a/(u+t)7, we have G =1/4" and we will take n =1 for v < 1.
For v =1, we need to have to be more careful choosing n, which will be a constant depending on
a,u,B and F.

With the moment generating function bound in Lemma 4 and the bound in Lemma 5, we can

bound the tail probabilities and expectation of L.

PROPOSITION 2. For any sequence satisfying (13), there exists a constants H and @Q such that

P(Lt+1 > Z) <e Qci (Z—F—QOB‘*'Zi:Lt/sz asg) +He—%z (23)
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for 2> 0 and for n € N such that t/2" > Ty. Further, for t is such that Zg 1jan| ¥ss > F 4+ aoB,

then
(1+H)

QG"
Proof of Proposition 2. By Lemma 5, we see that
n t n

A > G and min Zkfs R > wG
2 Zk:s O‘zE 2atE

Qtjan| O [t/2n ] <s<t
for a constant G > 0. So that n lower bounds the above two expressions, we take

Q.

E[Lt-‘rl] S

U:Q% where Q=AA(k/2E).

t

We apply Lemma 4 which gives

P(Lyy > 2) < e R[]
t+1

< e R[] H pr+e D Z H Pk

k=|[t/2" | T=t/2" |+1 k=T
t 2,2 i
— e_"ZE[e"LLt/Q”J ]ezk:u/gnj —agnktagnE +e "D Z GZZ:T —atnﬁ+afn2E ) (24)
T=[t/2"]+1

Notice, for n as defined above, it holds that

t t
1 1
Z —aynk+ain’E < 5 Zakn/@ < _E(t — T)unK, Vr=[t/2"],...,t

k=T
Applying this to (24) gives

t+1
t K K
P(Lyiy > 2) < e PE[e" /20 ]eXk=1t/2n] “*k13 | o712 ) E e~ (t=mans
r=|t/27]+1

60%77%

S e—an[e’qLLt/QnJ]ezzzlt/gnJ _akn% + e_TIZD (25)

1— g
In the 1st inequality above we note that ay > ay for all k£ <t. In the 2nd inequality, we note that
the summation over 7 are terms from a geometric series, so we upper bound this by the appropriate
infinite sum.

Thus, the bound (25) becomes

KQG™
2

QG"L|yan| 1 _QG™ ¢ B oan e
P(Lt"‘l Z Z) SE[GT}e ot (Z+Zs:Lt/2"J a52) +6_thD
1—e"

Noting that L|;/on) < maxgex f(2) — mingex f(x) + aoB = F 4 aoB, by the definition of F. We

KQGM
2

simplify the above expression as follows

KQG™
K (el 2
P(Lyay > 2) <e ot 0083 yamyess) | o= SGmsp € 7
l—e 2

< e— D‘t (Z—‘,-ZS Lt/27 | agj—F aOB)+H6 Qoinz . (26)
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KQG™

Above we define H :=De 2z /(1 — 6_%). This gives (23).
Notice if ¢ is such that F + ayB — ZZ:WWJ a,%5 <0, then the above inequality (26) can be
bounded by

GTL

P(Lipi>2) < (1+H)e &7,
Thus

Qi

QG ’

]E[Lm]gE[Lmvo]:/ P(Lt+12z)dz§(1+H)/ e dz = (1+ H)
0 0

as required. O
With Proposition 2 in place we can prove Proposition 1.

Proof of Proposition 1. From Proposition 2

G" " n
]P(Lt+1 > Z/) < e Qat (ZI*FleOB‘FEi:Lt/QnJ as%) _i_Hef—Qoi 2

for 2/ >0 where f(@i11) = Liy1 + a1 B+ f(x*). Taking 2’ =z — o1 B, gives

P(f(xi1) = f(@) > 2) =P(Liy1 > 2 — ay1 B)

n n
< e_QOfGt (Z—OftB_F_O‘OB"'Ei:Lt/QnJ asg) _'_Hef%(zfatB)

)

which gives (14) as required. Also by Proposition 2, we thus taking C' =[(1+ H) /2QG™ + B], the
required bound (15) holds. O

4.1.2. Proof of Theorem 1. We can now prove Theorem 1.
Proof of Theorem 1. We notice that the bound ZZ:Lt/WJ a5 > apB + F can be achieved for
all ¢ > T for fixed constants 77 and n. This holds since ZZ:Lt/sz a, — 00 as t — 00. (See Lemma
(EC.7) in the E-companion for verification of this and a concrete choice of 71 and n.) Thus applying

bound (14) from Proposition 1 with 75 = max{7Ty, T}, we see that

_QG" (0 B-F-a asy _QC"(,_,
P(f(ze) — flx*) > 2)<e o CT0B 0B+ Xz vjon) @5 8) 4 e~ Tay (GmeB)
QG7L
< (1+H)6_Tt(z_°“B) for t > T,
< e @* for t > 0.

Thus we see that (3) holds for ¢ > 0 with suitable choice of I and J (e.g. I = (1+ H)eQ¢/(F/or,=B)
and J = QG"). Integrating the bound (3) then gives

E[f(xis1) — f(x¥)] < /oo Te—lan)z g, — §Oét-

0
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4.2. Proof of Theorem 2

Typical Stochastic Gradient Descent proofs use ||z; — x*||* as a Lyapunov function. However, we
want to use ||x; — x*|| instead. We start with the standard SGD drift argument and then take
a square root to gain our drift condition for |x; — «*||. We can then apply Theorem 1, which
goes through the mechanics of converting a linear Lyapunov drift condition into an exponential
Lyapunov function. The idea of converting linear drift into an exponential Lyapunov function is
reasonably well-known in the Markov chains analysis but currently not for SGD. Our proof shows
how to adapt and apply these ideas. The basic mechanics to apply Theorem 1 are the same as for
other SA procedures, for example, Kiefer-Wolfowitz and Stochastic Frank-Wolfe.

Proof of Theorem 2. In this proof, we will apply Proposition 1 with the choice f(x) :=

Ming«ex« || —x*||. We also define &} := argmin, . ||x; —x||. Now observe that
2 2 2

f(@e)? = H~’13t+1 - xfﬂH < @i — 27| = [T (20 — ovee) — I ()|
<l — e —2f||* = |z — 2f|” —20ue] (m— @) + 0 lel* . (27)
Condition (D2) implies all moments of ||¢;|| are uniformly bounded. In particular, suppose o is

such that E[||¢;||?|F;] < o? for all t. On the event where ||z, — z*|| > at"; > 0 then (27) gives

2
(@ —z) 5 el

f(@e) < [lze — 27| \/1 — 204/ Tz Tar 2
|z — || (e

— p* 2 2
o) (e el

z—ai|* 2 o -

Above the first inequality follows from (27) and in the second inequality we note that /1+z <

1+ 5. Taking expectations on both sides shows that, on the event {[|z; —z*[| > at"—j}, it holds that

Vi(@)" (@ —=;) | of Ellle” | F]
e — a7 | 2 |l — ]|

K
E (|1 — zp ||| 7] < [l — )] — o < [lz: — xf]| —am+at§

Or in other words E[f (1) — f(x)|F] < —a;5 whenever f(x;) — f(x*) > at";. Thus we see that
Condition (C1) holds.
We now verify Condition (C2). Projections reduced distances, specifically, if ||x; — ;|| < ||@i1 —

x| then
J(@eg1) = f() = ||Teg1 — $t*+1|| — Nz — 27| < M|z — 27 || — Nl — 27 || < |2ess — || = u|ed|

(The analogous argument follows if ||z, — 7 || < ||z, — x7||.) As discussed in Section 3.3, the

MGF condition on ||¢;|| now implies (C2). (See Lemma EC.1 for a proof.)
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We can now apply Theorem 1 which gives:
P( min |]a:t+1—ac|]2z> <fe"#* and E[min Hmtﬂ—wH] <Koy
reX* reX*

for constants I, J and K. Since we also assume in addition that {: X — R is Lispchitz continuous
(with Lipschitz constant L / K ) we have, as required,
i A
} <—=E {mm |1 — ||| < Loy .
xeX*

E|l(x —minl(x
(@141) (z) %

xzeX

5. Applications and Numerical Examples

We present several numerical results on the phenomena proven above. (In addition to supplemen-
tary files, associated code can be accessed on GitHub; see Yang (2025).)

A Circle Constraint. We consider minimizing an objective function I(z) = ||z —z*|| for * = (7,7)
over a large circle with center (0,0) and radius 15. The Frank-Wolfe, PSGD and Kiefer-Wolfowitz
algorithms are applied. For the Kiefer-Wolfowitz, we assume the objective function is observed
with noise following N(0,0.01). The optimum is in the interior. No projection is required in our
simulation. Figure 3 shows the constraint set and the rate O(1/t) with v =1 for the three algo-

rithms.

20
10!
151
10°
10 —
. 107!
5] *>< 10
=
| 1072 -
L0 — -~
3‘{10_3 —— Frank-Wolfe
-] § — PSGD
_10 1074 Kiefer-Wolfowitz
----- ot
-15 10-5
10° 10! 10?
~20 e — t
-20 -15 -10 -5 0 5 10 15 20
X1
(a) Circle Constraint (b) Convergence of Algorithms

Figure 3 Convergence of Frank-Wolfe, PSGD, and Kiefer-Wolfowitz algorithms on the circle constraint example.
Figure 3(a): the black dot is the optimal solution (7,7). Figure 3(b): The expectation is computed
over 20 realizations. The stochastic gradients for Frank-Wolfe and PSGD are computed with batch size
B =10. The parameter v = 0.8 is chosen for Kiefer-Wolfowitz. The parameters of step size are chosen
as a=0.9,u=1 and v=1 such that oy =1/(1 +t). The fitted slope is —1.00, —1.00 and —1.10 for
Frank-Wolfe, PSGD and Kiefer-Wolfowitz.
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Three Spherical Constraints. Davis et al. (2023) consider a normal approximation on PSGD
with two spherical constraints. We add a third spherical constraint. Specifically, we minimize the
objective () = —xy + W;z;, W; ~ N(0,1) for i =1,2,3 over the intersection of spheres with center
(1,0,0),(—1,0,0) and (0,1,0), and radius 2 using PSGD and Kiefer-Wolfowitz algorithm. See Figure
4(a) for the constraint set. The optimal solution is taken at (0,0,+/3). Bregman’s cyclic algorithm is
applied for projection. Rather than O(1/+v/t), Figure 4(b) shows the rate O(1/t) with v =1 for both
the PSGD and the Kiefer-Wolfowitz algorithm. Further, we study PSGD and Kiefer-Wolfowitz
convergence when halving the step size every T = 20 iterations. As suggested in Section 3.6, linear

convergence occurs. See Figure 5.

10°
= 107!
*><
< 1072
|
X 1073
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107 —— Kiefer-Wolfowitz
----- ot
10*5 i
10° 10! 10?2 10° 104
t
(a) Three Spherical Constraints (b) Convergence of Algorithms

Figure 4 Convergence of PSGD and Kiefer-Wolfowitz algorithms on the three spherical constraints problems.
Figure 4(a): the black dot is the optimal solution (0,0,+/3). Figure 4(b): The expectation is computed
over 20 realizations. The stochastic gradients for PSGD are computed with B = 10. The parameter v =1
is chosen for Kiefer-Wolfowitz. The parameters of step size are chosen as a =1,u=1 and v =1 such

that ax =1/(1+t). The fitted slope is -1.01 and -1.00 for PSGD and Kiefer-Wolfowitz.

Non-Negative Ridge Regression. Duchi and Ruan (2021) consider the normal approximation
with constraints for a non-negative least square problem and for ridge regression. We consider
non-negative ridge regression and find that the normal approximation is no longer valid. We apply
I(z) = %|aTz — b|? as the objective with a constraint set {z € R2 : ||z|| < +/0.9}, where a and b are
observed with b; ~ a;z, +§; for . = (1,-1), a; ~ N(0,I3) and & ~ N(0,1). The optimal solution is
taken at (1/0.9,0). Figure 6 shows the rate O(1/t) with v =1 for the PSGD and Kiefer-Wolfowitz.
Linear Programs and Markov Decision Processes. All the theoretical results and simulations
so far consider non-linear constraints and objectives. We limit all discussion of linear programs to
this paragraph and the E-companion. First, all linear programs are sharp (see Lemma EC.8 in the

E-companion for proof). Second, linearly convergent (and parallelizable) algorithms can calculate
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Figure 5  Linear convergence of PSGD and Kiefer-Wolfowitz for the three spherical constraints problem. The
expectation is computed over 20 realizations. The stochastic gradients are computed with B =10. The
parameter v = 10 is chosen for Kiefer-Wolfowitz. The simulations are conducted with learning rates

divided by 2 every 20 steps.
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Figure 6 Non-negative least square example. The expectation is computation over 20 realizations. The parameter
v =1 is chosen for Kiefer-Wolfowitz. The parameters of step size are chosen as a=1, u=1and y=1

such that a: =1/(1+t). The fitted slope is —1.00 and —1.00 for PSGD and Kiefer-Wolfowitz.

projections onto linear constraints. Hildreths’s Projection algorithm is a first-order algorithm that
converges linearity, see Iusem and De Pierro (1990). Further, Dos Santos (1987) shows the algo-
rithm can be parallelized and adapted to non-linear constraints. Proved in the results of Section
3.6, Figure 7 demonstrates linear convergence of PSGD on a linear program with unbounded con-
straints. Markov Decision Processes can be expressed as linear programs, with PSGD on the dual

corresponding to a simple policy gradient algorithm. Given this, we solve a general three-state,
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two-action MDP, and Blackjack (See, Sutton and Barto (2018)). More detailed discussions can be

found in Section EC.4 of the E-companion.
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(a) Linear Constraints (b) Linear convergence of PSGD

Figure 7  Linear convergence of PSGD. Costs are normally distributed with mean (4,6) and covariance

(25,0;0,25). The simulation is conducted with learning rates divided by 1.1 every 2 steps.

6. Further Discussions

We have established exponential concentration in stochastic optimization algorithms. Via examples,
counter-examples, and heuristics, we present several different directions for future exploration.

Firstly, we discuss convergence in distribution when exponential concentration occurs. Similar to
the classical Gaussian approximation, a natural question arises: is the exponential distribution the
limit family distributions? From a counter-example, we argue that there is no simple parametric
family characterizing limit behaviour. Second, we discuss the impact of exponential concentration
when combined with the Gaussian approximation. Again, through an example, we show that both
the exponential concentration and Gaussian limit distributions impact the value of the objective
function in a stochastic gradient descent algorithm. Third, we discuss lower bounds that impact the
convergence rate of sample average approximation under sharpness. Since the Fisher-Information
might not fully describe the optimality of sharp objectives, the aim is to establish some character-
istics of asymptotic optimality for constrained stochastic optimization.

The full resolution of these issues is certainly beyond the scope of the present work. However,
these do represent promising research directions arising from non-Gaussian behavior in stochastic

approximation and offer directions for further advancements in the field.

6.1. The Exponential Approximation

The limit distribution of stochastic approximation is a normal distribution when the shape of

the objective around the optimum is approximately quadratic, e.g. like ||z ||*>. When the curvature
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behaves as |||, our analysis proves exponential tail behavior. A natural question is whether the
limiting distribution of iterates away from the optimum is exponentially distributed under the
constant drift condition? That is do we have convergence in distribution:

T, — T p

— X,

Qi t—o0

where X is exponentially distributed? The short answer is no. In general, the limit distribution
is mot exponential. For a simple counter-example, consider projected stochastic gradient descent
where X =R, and ¢; are i.i.d. random variables with ¢, = —1 with probability p and ¢, =1 with
probability 1 — p. If we fix «, we can already see that an exponential distribution limit is not
possible since the process x;/a belongs to the set Z,. If p > 1/2, then the limit distribution is
geometrically distributed, not exponential. For general distributions of ¢;, the limit distribution
is given by an integral equation. See Lindley’s Integral Equation (Asmussen 2003, Corollary 6.6).
However, the resulting distributions all exhibit exponential tail bounds. (See Kingman’s Bound c.f.
Kingman (1964))

Convergence in distribution likely holds. However, the limit X is unlikely to be an exponential
distribution, and it is unlikely to have a simple form. We cannot aggregate fluctuations in the same
manner as found in the normal approximation. We cannot expect a simple statistic like the Fisher
Information to determine the directions of statistical error because the stochastic approximation
process is much more concentrated. A theory of asymptotic optimality is likely to be characterized
in terms of exponents rather than distributions. Sharpness is a natural condition for a convex
function in much the same way as smoothness is. However, different techniques are required here
because errors and stepsizes are of the same order of magnitude, so exponential tail bounds are
not seen in prior literature on stochastic approximation. However, as this article shows, we can

understand convergence behavior by constructing these exponential concentration bounds.

6.2. Exponential and Gaussian Bounds

Exponential concentration occurs for locally linear objectives, which are, thus, informally stated,
V-shaped, whereas Gaussian concentration occurs in locally quadratic objectives, or U-shaped. We
briefly discuss, by example, what we expect to happen when the objective is both V- and U-shaped.
We then discuss issues that might occur in a more general theory.

Consider the optimization
min [(z,y):=2>+y over z€R yecR,.

Suppose that we apply stochastic gradient descent and that the noise for both the x and y com-

ponents is Gaussian with mean 0 and variance 1. This applies to the following update:

Ty = — a2z + GY), Yrr1 =max{y; —a(l+GY),0} .
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These can be seen as the Euler-Maruyama approximations to the following stochastic differential

equations:
dX (t) = —2X(t)dt +/adB*(t), dY (t) = —dt + VadBY(t) + dL(t) .

Here B*(t) and BY(t) are independent standard Brownian motions and L(¢) is the local-time of
the process Y (t) at zero. See the text of Stroock and Varadhan (1997) for a proof of convergence
for the standard diffusion case and see Stroock and Varadhan (1971) for the case with reflection.
Notice that the X (¢) above is an Ornstein-Uhlenbeck process, and Y (¢) is a reflected Brownian
motion. Also, X and Y are independent. The stationary distributions are Gaussian X ~ N(0,a)
and exponentially distributed Y ~ exp(2/«), respectively. Thus, if we consider the convergence of
these stationary distributions, then

a (X, Y,) ——(X,0)  where X ~N(0,1). (28)

a—0

This result is consistent with prior results on the asymptotic optimality of stochastic approximation.
However, if we examine the limit of our objective function, we begin to see significant differences.
Notice

a_ll(X,Y)L)X2+Y where X?2~x%*(1), and Y ~exp(2). (29)

a—0

Notice that from (28), we see the distance to the optimum not affected by the exponential concen-
tration in Y. However, we see in (29) that there is an impact on the objective function from both
Gaussian and Exponential terms. So, while an SGD algorithm can have an asymptotically optimal
distance to the optimum, it may be that the performance concerning the optimization objective is
not optimal due to the impacts of boundary constraints.

So, both the normal approximation and exponential concentration provide insight into the per-
formance of PSGD algorithms. It should be noted. However, it appears we can’t only consider
normal and exponential tail behavior. There are attributes reached from a stochastic approximation
algorithm that are neither normal nor exponential. For instance, a variety of stationary dynamics
can be reached for objectives of the form |z|* or when there are multiple optima Harrison and
Reiman (1981). So, a complete characterization of the limiting distribution set for constrained
stochastic gradient descent is undoubtedly challenging and will require appropriate assumptions
for a general theory. However, we can conclude from this discussion that the behavior of SGD
on smooth convex objective function with smooth convex constraints is meaningfully impacted by

non-Gaussian asymptotic phenomena.
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6.3. Asymptotically optimal rates of convergence

There is a well-developed theory of asymptotic optimality under the normal approximation. For
example, the inverse Fisher Information gives the best form of asymptotic variance that can be
achieved by a statistical procedure. In the case of exponential concentration, it is reasonable to also
consider the best concentration rate. Here, we briefly indicate the form of exponential concentration
under the best possible policy and provide characteristics of a theoretical result. A complete theory
of asymptotic optimality under sharpness is beyond the scope of the present work.

Consider the following optimization and its sample average approximation:

1 t
x* cargminE[l(x;¢)], and &, € argmin — Zl(w;&)
zEX zex

where £ is a random variable and & are independent identically distributed random variables. Also
x* and &; respectively solve the optimizations

1 t
x* € argmin —x ' E[Vi(z, )], and &, € argmin —wT; Z Vi(x,&).

reX reX
s=1

Given the above two optimizations, we ask what is the likelihood of a perturbation in the gradients
V= —1 S Vi(z*, ), which differs sufficiently from their mean of the random variable V* :=
—Vli(x*,§), so that leads &, is not equal to x*.

Recall from Lemma 2, we define Ny(z*) :={v:v"(z* —y) <0,Vy € X'} and, given that our
objective is sharp, we can assume E[V*] € Ny (z*)° and that Nxy(a*) is closed. Then @, will be
different from a* on the event {@t ¢ Nx(x*)}. We can characterize the exponential concentration
of this event, specifically, by Cramer’s Theorem [See (Dembo and Zeitouni 2009, Theorem 2.2.30)]:

1 1 .
. . - A * > 1 . - * > s . *
hg})}gf ; logP(@; # x*) > hgg}lf ; logP(V; ¢ Nx(z*)) > vg/{;}l{f(m*)D(V,V )

where

D(V;V*) = sup {¢>Tv —1og(E[e¢TV*])} .

pER
It would seem that for sharp functions that sample average approximations cannot achieve an
exponential concentration of rate larger than infggn, @) D(V;V*). A natural question to ask is
if this provides a tight bound for asymptotic optimality for constrained stochastic approximation

under sharpness.

7. Conclusions

Motivated by results on the exponential distributions found for queueing networks, we have estab-

lished convergence rates for constrained stochastic approximation algorithms. Our results extend
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the findings on Markov chains by Hajek (1982) to stochastic approximation. To the best of our
knowledge, these techniques from the theory of Markov chains have not been applied in stochastic
approximation.

Asymptotic normality is classical in stochastic approximation, whereas exponential concentration
is poorly understood. This paper identifies situations where the asymptotically optimal solution
is not Gaussian and provides methods to establish bounds when exponential concentration holds.
Our results prove that faster convergence is a potential benefit of exponential concentration.
Acknowledgement: We thank the reviewers for their help in improving this paper. We are par-
ticularly grateful to a referee for the reference, Davis et al. (2019), which led to Theorem 5. Also,
to Stavros Zenios for advice on projection algorithms and Matthias Troffaes for help with pycddlib.
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E-companion
EC.1. Appendix to Introduction: Exponential Limit for Uniform MLE

For Xy,...,X,, ~UJ[0,0], 8 > 0, the joint density at (z,...x,) is

n 1 1 )
H—]I[ogmige}:— {Og min z; < max z; <60
i:lé? or i=1,...,n i=1,...,n

ceey

mal approximation, we would typically analyse \/ﬁ(én — 0). However, instead we analyse a more

concentrated asymptotic n(6 — 6,,). For this observe

BN

B(n(0—6,) > 2) =P( max X, <0-2)=(1- i)n e

=1, n nf/ n—oo
From the above, we see that

n(0—0,) —— exp(6")

n—roo

So the limit here is not normally distributed under a y/n normalization but is order n and is

exponentially distributed.

EC.2. Appendix to Section 3: Main Results
EC.2.1. Appendix to Section 3.3
EC.2.1.1. Sub-exponential noise (D2) implies Condition (C1)
LEmMA EC.1. For a Lispchitz continuous function f, if Condition (D2) holds, that is
sttzlg)E[e’\”qut] <00
then Condition (C2) holds that is
1f(@e) = f@)I|F| <ou¥, with E[e™]<oo (EC.1)
for some n > 0.
Proof. Since f(z) is Lipschitz
[f(@ei1) = f(@)| <K |21 — ]| < au K] |ee]]
Since Condition (D2) holds, we take M > sup, E [e*l<l !]-'t]. We let Y be the random variable with
CCDF: P(Y >y) =1A (Me~#Y). Thus for y € R,

P <‘f(53t+1) — f(z)| > auy

7)) <P (lledl = w/K| F)
< min{l,ef(’\/K)yE [e’\”ct” }]—}] } <PY >y)

Above, we apply a Chernoff bound. From this inequality above, we see that Condition (C2) follows
from Condition (D2). O
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EC.2.1.2. Proof of Lemma 1: sharpness is equivalent to non-vanishing gradient for

convex functions. We now prove Lemma 1.

LEMMA 1. If the function l(x) is absolutely continuous then the gradient condition (D1) implies
the function is sharp, (D1"). Moreover, if the function l(x) is convex, then the gradient condition

(D1) is equivalent to the function being sharp (D1’).

Proof. First let’s assume condition (D1) holds. Let x(t) = x* + (1 — t)(x — «*). Thus we have
Ydl(m(t
L dt

_ /O Vi(@(t))(z(t) — z*)dt
> [ wllat) —a*ar
:/0 (1 —t)k[l@ —z*||dt

LTI
= —a|

The first equality follows since absolute continuity implies the fundamental theorem of calculus
holds. The second equality holds by the chain rule. The third equality follows by the gradient
condition (D1). We then apply the definition of (t) and integrate. Thus as required, we see that
condition (D1) implies (D1’).

If we also suppose that the function /(x) is convex and that (D1’) holds then

l(x*)—l(x) > Vi(z)(z" —x).

So
Vi(z)(z—a*) > l(z) — (x") > &'z — x|

The first inequality rearranges the convexity definition above. The second inequality applies the
Sharp Condition (D1’). So we see, as required, for a convex function, the Sharp Condition (D1’)

implies the gradient condition (D1). O

EC.2.1.3. Proof of Lemma 2: with d or more active constraints, SGD is not normally
distributed. Duchi and Ruan (2021) is designed for smooth problems with fewer active con-
straints than the problem dimension. Once the number of active constraints exceeds the dimension
of the problem, then the normal approximation no longer holds. With the Lemma below, we can say
that the limiting distribution has an exponential concentration for PSGD. Calculations can specu-
late the form of the asymptotic optimality; however, the general theory of asymptotic optimality of
stochastic optimization is incomplete, particularly in settings where the normal approximation is
invalid. As we indicate, it requires a better understanding of asymptotic optimality in the presence

of Sharpness.
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LEMMA 2. Suppose that at the optimum —V1(x*) € relint Ny (x*), where Ny(x*) :={v:v" (x* —
y) <0,Vy € X} and Vi(x*) #0 and that there are at least d active constraints at x* (w.lo.g.
i=1,...,d) and

{Vi;(x*):i=1,...,d} are linearly independent (D17)

then the function f is sharp at * and Assumption (D1) holds.

Proof. Let ., be such that |||~ < Z for all z € X. Let ¢ = Vi(x*). Let ¢; = VI;(x*) and
bi=c/xz*. Let P={x:c/x>b;,i=1,...,d,||%| <Ts}. Notice that by convexity

XCP. (EC.2)

Notice by linear independence x* is the unique point such that ¢/ z* =b;, i = 1,...,d. That is =*
is an extreme point of the polytope P. Since —VI(z*) € relint Ny (x*), £* miniminizes ¢z over

x € P. Thus by Lemma EC.8
c'(x—z*) > K|c|||x—z*|, VeeP. (EC.3)
By convexity
l(x) —l(x*)>c' (x—x*) (EC.4)

combining (EC.2), (EC.3) and (EC.4) we see that
l(z) —l(z") = K[|z -2, VzeX.

Thus we see that the function () is sharp on X'. Condition (D1) then follows by Lemma 1 since

the function I(x) is convex. O

EC.2.2. Finite number of Projections for Interior Optimum.

We say a projection step is trivial if x € X and thus IIy(z) = x. Otherwise, we say the projection
at x is non-trivial. We can show that in instances where the optimum is in the interior only a finite

number of non-trivial projections are required.

ProrosiTioN EC.1. Under the assumptions of Theorem 2, if X* belongs to the interior of X,
then the number of (non-trivial) projection steps required by Projected Stochastic Gradient Descent

is finite and bounded in expectation.

Proof. Let the random variable N denote the number of non-trivial projections. By Theorem
2, we have that

: _ * > < —It’YZ .
P (mglel({/l* |z — x| > z) <Je
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We let Z be the distance from the set of optima to the boundary of X, that is,

S .
Z—meggl’ggx\lw yll .

Since X* belongs to the interior of X', we have that Z > 0. Note that if a projection is non-trivial

then ming«¢y« || — x*|| > Z. Thus

N<Z]I[ min || —x* H>z]

reX*

and so, as required,

oo o0
. * ~ —It7z
N < ;—0 P (mgle%* |z — || > z) < ;_0 Je <

EC.2.3. Kiefer-Wolfowitz: Proof of Theorem 3

We now restate and prove Theorem 3.

THEOREM 3. If Conditions (D1), (D2), (D3) hold and if

1
K 2
v < < >
3cd?

then the Kiefer- Wolfowitz algorithm satisfies

. s I . - . -
P(min oo — 2l 22) < Je ™, E|min @ - o] <Ko, E[U@e) - minl(@)] < Lay

where above J ,f ,R' ,ﬁ are positive constants.
Proof. The proof here combines the proof ideas for Kiefer-Wolfowitz, see Fabian (1967) (or
more recently, Broadie et al. (2011)), with the proof in Theorem 2. As with the proof of Theorem

2 our goal is to verify Conditions C1 and C2, so that we can apply Theorem 1.

We can write the KW recursion as

Y11 =Ty — OétVZ(wt) + Oét(st + o€ (EC5)

T = a(Ysr1) (EC.6)

where

5, = Vi(z) l(x; + Vt)2;l<$t — )
t

Wz, +v) -z, —v,) Uz +v,0) = Uz, — vy, 0;)

€ =
2u, 2u,
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Letting x} be the projection of x, onto X*, then

(B i | (A
<||Yr41 — wIHQ = [|Ys11 — @ + 20 — a’:H2

=@, — @} ||* — 200 Vi(,) " () — ) + 20,8, (w0 — x}) + 200€, (0 — x}) + [|ye1 — 2

The first inequality above follows since x;,, is a projection. The second follows since x;;; is a
projection. We then expand.

We let E; be the positive number defined below in (EC.16). On the event {||x; —x}|| > E: }, we

have
|21 — m:—&-l”
(x; —x7) (¢ — ) (mt—fcf*) Y1 — ]|
||z, —x —20,Vi(x 7—1—2 5T7+2 4
- t”% t ”|m —zlE T2 g, o —mE T m—wi]?
<|lz: — x}]|
oy Vi) T AF ) EC.7
* (”H@—wm (ECT)
( — )
t
(mt mt)
+at t Hwt m*” (Ecg)
t
. 2
+Hyt+1 | ' (EC.10)

2||lz, — x|

We now analyse the conditional expectation of the four terms above. Term (EC.7) is bounded

using to the sharpness condition (D1)

i)t E®) EC.11
@) e (PE1)

Term (EC.8) is bounded by the Taylor approximation condition (D3). Specifically

lx;,+v)—l(x,—v)

aj( 2:) <|18.]| = Hw( ) — ‘<cd%y2. (EC.12)
2, — ]| 2v
Term (EC.9) has zero mean
E [ej’(;’t—wt) ft] ~0. (EC.13)
L

For Term (EC.10), y, 11 = x; — aycy

_ a2 alo?
e < Emlieriml < e
t



ech e-companion to Law, Walton, and Yang: Ezponential Concentration in Stochastic Approximation

Since the variance of [(x,w) is bounded (by o7), the variance of ||c;|| is bounded. Above, we
let 07 /v? define this upper bound. Applying bounds (EC.11), (EC.12), (EC.13) and (EC.14)
respectively to the terms (EC.7), (EC.8), (EC.9) and (EC.10) gives

ajof

2EtV2 '

3 2
v <, /7301‘:{% and E,= 4:;&0%, (EC.16)

then application to (EC.15) gives

E {Haztﬂ —x; | ‘}'t} <z — ;|| — avk + uer® + (EC.15)

Notice if we choose

K 302
E|||@:1 —mjﬂﬂ‘}}} <z, — x| —oug on the event {||:ct —x;|| > %at}.

This verifies that Condition (C1) of Theorem 1 holds.
We must also verify Condition (C2). (The argument that follows is more-or-less identical to the

verification of (C2) in Theorem 2.) For this notice that

@1 — 27 || < M@y — 27| < Nlyeen — 27| < Ny — @l + |2 — 2] || = celle| + [l — 7]

and
e — i <l — iy | < e — 2o || + @i — 2 ]
Syerr — @l + e — i | = cullee|| + e — il
Thus
‘me —xi | =l —2f]]| < aufled] (EC.17)

Since Condition (D2) holds, we take M > sup, E[e*t ”‘]—"t]. We let Y be the random variable
with CCDF: P(Y >y)=1A(Me™*¥). Thus for y e R
F) <P (lled = y|7)

< min {1, e*’\yE[eMlct“ ‘Ft] } <PY >y)

P(If @) = Fl@n)| = auy

Above, we apply (EC.17) and a Chernoff bound. From this inequality above, we see that Condition
(C2) follows from Condition (D2).

We can now apply Theorem 1 which gives:
A J ~
i —x||>z) <le @” i —z||| <
P(mnelgl* i — x| > z) <le 2 and E |:£Iel}\¥l* | B zz:H] <Koy

for constants [ , J and K. Since we also assume in addition that {: X — R is Lispchitz continuous

(with Lipschitz constant L/K) we have, as required,

: L : A
E [l(:th) - Lnelgrcll(:li)} < EE tnggl* |t — :U”} < Loy .
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Figure EC.1 Here we give the @, £* and y terms from Lemma EC.2. Here we take @ project onto X* to give

x*, then y is the boundary value on the line passing from = to x*

EC.2.4. Stochastic Frank-Wolfe: Proof of Theorem 4

The main aim of this section is to prove Theorem 4. We also show that the distance function
satisfies the conditions of our main theorem. This suggests that if the objective function behaves
linearly rather than quadratically near the optimum, we should anticipate faster convergence. We
also discuss how linear convergence can hold for Stochastic Frank-Wolfe in the same manner that
we proved for Projected Stochastic Gradient Descent.

Before proceeding with the proof of Theorem 4 we require a couple of lemmas. Lemma EC.2 is

used to show that there is sufficient negative drift in the Frank-Wolfe algorithm.

LemMmA EC.2. If Condition (D1) and Condition (E2) hold then there exists a k>0 such that for
all x € X\X* there exists y € X such that

(y—x) Vi(z) < —k&.

Proof. The idea of the proof is as follows. The derivative from & and x* at & bounded above
by —k, by Assumption (D1). Since * is in the interior by (E2), we can increase the directional
derivative further by replacing &* with y, where y is the point on the boundary of X on the line
between & and x*. See Figure EC.1. We now proceed with the formal argument.

By Condition (E2), there exists a constant d > 0 such that
in_Jy-—=x*|>d. (EC.18)

m
TXEX* ,ycoX

(Here 0X := X\ X° is the boundary of X.) By Condition (D1), for all & ¢ X'* there exists x* € X'*
)T
———Vl(x) < —k. (EC.19)

We let y(t) =x +t(x* — ) for t € R. Notice that

(yt)—=z)" (z"—=x)"

ly(t) =zl o — =] (EC.20)
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Letting t* = max{t: y(t) € X'}, we see that
y:=y(t*) € dX (EC.21)
Combining (EC.18-EC.21), we see that

() Vita) = Iy~ o]~ Vi(e) < ~dn =i~

as required. ]

We now restate and prove Theorem 4

THEOREM 4. For learning rates of the form o, = a/(u+1t)" with a,u >0 and v € [0,1], if Con-
ditions (D1), (D2), (E1) and (E2) hold and if m; > (30/ka;)? then the stochastic Frank-Wolfe
algorithm satisfies

P <l(wt+1) — ;rg)r(ll(ac) > z) < Te ,
for constants I,J.

Proof of Theorem 4. The proof here combines ideas from Theorem 2 with the adjustments for
stochastic effects for the Frank-Wolfe algorithm given in Theorem 3 from Hazan and Luo (2016).
In the proof we define D :=max,, ||x —v|| and we let e(x;) =(x;) —l(x*) and we define o such
that
E[[|Vi(z) — ¢)||*] <o? Vi, t.
(Note that o is finite by the moment generating function condition (D2))
By Condition (E1)
(i)’ _ e(x)?

T K
< G(Int)(mt_;,_l — a:t) Ve(mt) + EHmt+1 — wt||2

2 2
K
= Oét€<a:t)(’vt — :L't)—rct + atﬁ(wt)('ut — wt)T [VG(wt> - Ct] + Eatszt — th2 .
(EC.22)
We now consider the event where the following bound holds
3a; K D?
. EC.23
{et@z 22} (BC.23

Thus

€(Ti41)

< \/e(a:t)z + 20ue(xy) (v — ) Ty + 20ue(xy) (v — x4) T [Ve(xy) — e] + Kad||vy — x4 ]|?

2
:e(:ct)\/1+2 Yy — @) T+ 2 (v, — )T [Ve(a:) — e] + K~ ||, — 4|2

e(xy) e(xy) €(x)?
T T K O‘? 2
<e(xy) +au(vi—x) e+ a(vy—x,) ' [Ve(x,) — ]—1-5 @ )H'vt x|
<e(x,) + oy, — x0) s+ o |vs — :ctHHVe(mt)—ctHjL%

R

<e(my) + ou(ye — ) ¢+ D|Ve(zy) — | + —— 3

(EC.24)
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In the first inequality, above we rearrange the expression (EC.22). In the second inequality, we apply
the inequality v/1+ 2 <1+ 2/2. In the third equality, we note that v, ¢; <y, ¢;, by the definition
of v; (11b). Here we let y; € X’ be as defined in Lemma EC.2. Also, we apply the Cauchy-Schwarz
Inequality and the bound (EC.23). In the final inequality we note that ||v; — x| > D.

Taking the conditional expectation of (EC.24), we see that, on the event (EC.23), the following
holds

Ell(w141) = (@) | 7] =Ele(wy0) — e(@) | F]
< ay(y: — x1) ' Ele)| Fi] + o DE [||Ve(a,) — ¢ ||| F.] + %

oK

Notice that, since m; > (30 D/ka;)? ,

o K
Si

E[|Vi(z:) — el | F] < VE[|VI(z:) — e ]? |F] < i ~3D

Now applying this inequality to (EC.25) gives

>

E[l(th) — l(act)\}"t] < —qy—

w

on the event I(x,) — l[(x*) > 3K D/ak. Thus Condition (C1) is met.

For Condition (C2), since [ is Lipschitz continuous and the set X" is bounded we have
[l(@ 1) = l(@e) || < Lllwers — x| < oLl vy — @ || < 204 L max (B

Thus we see that Condition (C2) holds with a constant upperbound Y = 2L max,cx ||

Here we see that the conditions of Theorem 1 are met, and thus we have that
Pl(xi1) —Uze) 2 2) < e @ )

as required. ]

EC.2.4.1. Cones satisfy Condition (E1) Below we recall that we define the matrix norm

|- ||ls for a positive semi-definite matrix S by

|lxz|ls:=VaT Sz

LEMMA EC.3. For a symmetric positive definite matrixz S, the distance function
d * = i — *
(@)= min [z~

satisfies Condition (E1).
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Proof. We must show that the function

A+ (@) = min o - |3

is strongly convex.

Given x, we let * = argmin .. v« || — x*||s. By the Envelope Theorem,
Vdy(x)? =25 (x —x*) (EC.26)

Also
[z — y||% < Amax(S) ||z — g (EC.27)

where A..(S) is the maximum eigenvalue of S.

Now for any y and x,

du+(y)* = min [ly —y*[3 < lly — 2"
=lly—z+z -z
=lz -5 +2(y —2)" S(@—2") + |y - 2l3

< dy () + (Y — 2) VA3 (T) + Amax () 2 — g

In the first inequality, we apply the sub-optimality of &* with respect to the point y. In the second
inequality, we apply (EC.26) and (EC.27). Thus from the above inequality we see that dxy«(z)? is

a Amax (S)—smoothly convex function, as required. O

EC.2.5. Stochastic Frank-Wolfe Boundary case

ProPOSITION EC.2. For learning rates of the form o, =a/(u+1t)" with a,u>0 and vy € [0,1), if
Conditions (D1), (D2), (E1) and (E2) hold and if m; > (20E /K Day;)?* then the stochastic Frank-
Wolfe algorithm satisfies

1
lim sup El(xiy1) —l(x")] < 00,

t—o0 ay
Proof. The proof here combines ideas from Theorem 2 with the adjustments for stochastic
effects for the Frank-Wolfe algorithm given in Theorem 3 from Hazan and Luo (2016).
In the proof we let e(x;) =I(x;) — [(x*) and we define o such that

E[|Vi(z,) - ¢i|’] <o it

(Note that o is finite by the moment generating function condition (D2)). We define D :=

mMaXg , || —v|| and E :=max, e(x).
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By Condition (E1)

€(wt+1>2 6(33:&)2

2 2

T K
< €($t)($t+1 — a:t) VE(mt) + ?||ﬂ3t+1 — wt||2

K
=aue(xy) (v, — ;) ey + ave(xy) (v, — ) T [Ve(y) — ] + —a?||v, — x|

2
K
< age(@) (@ — ;) e+ ave(@) v — @l Ve(ze) — e + atHvt x|*
* T 2KD2
<ope(ay)(x” —xy) ¢+ ED||Ve(x,) — ¢ tai—— (EC.28)
Notice that, since m; > (20 E/K Day)?
o KD
E[|Vi(z:) — e || |F] < VE[IVi(=:) —e]? | F] < <a (EC.29)

Taking expectations in (EC.28) gives

[T e[

2 2
T (pa* 2KD2
< o [e(y)e) (" — ;)] +  EDE[|[Ve(x:) — el + o 5
KD?
E [e(x)Ve(x,) (" — ;)] + o EDE [|[Ve(z) — || + of 5
S |: VG mt —CB,:)] +C¥?KD2
< —q '12:15) QKDZ

In the third equality above, we apply (EC.29). In the final equality, we apply the convexity of
€(x)?. Thus, we see that

E [6(%2*1)2] <(1-)E [6(9[’;)2] +a?KD?.

Consequently, by Lemma EC.5 (and Lemma EC.4) given below

1
limsup —E[e(x41)?/2] < 00

t—oo O

Thus

imsup E[e%m - (E[e(a;?l)z])” e

We require the following techincal lemma which we then extend.
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LemMA EC.4. If&, is a positive sequence such that

&nt1 <&n (1 — Aan> +a,B

and -
Zan:oo, limsupa,, <0
then
limsupé, < —
mEupen < 4

Proof. Rearranging gives
gn-i-l - gn S _an(Agn - B)
If ¢, > B/A+ ¢ for some € >0 then

So &, is decreasing when &, > B/A+ ¢ holds and, since ) o, = 00, there exists N s.t. {y < B/A+e.
Let Ny be the first value of N where 5 < B/A + € occurs.

Notice, &, can only increase when &, < B/A+ ¢, and since &, is a positive then

£n+1 < gn + OénB .

Thus, we see that

B
&< —+e+a,Ae, Yn> Ng.

A
Therefore
. B . B
limsupé, < — +e+limsupa,B < — +e.
Since € is arbitrary the results holds. O

The following is an extension of the above lemma. Note for 3, = a,, = a/(u+t)” below and ,
for v < 1, we can take C'=0 below. (We can consider the case v =1, but we require to take a

sufficiently small.)

LEmMMA EC.5. If &, is a positive sequence such that

§ui1 <& (1= Aan ) +0,5,B

and

Zan:oo, lim «, =0, Bn <(14+Ca,)
o n—o00 Bn+1

with A > C then

lim sup 6—" < A-C
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Proof. Since lim,,_, o, o, =0, take IN such that a,, < for all n > N.
Now defining &/, =¢,,/3, for n > N gives

/ _£n+1 /Bn / 571
S _Bnﬂ = Brt1 (1 B Aan>€" + o Brni1

<(14+Cay)(1-Aa,)E, +a,(1+Ca,)B

B

<(1-(A-C+0)a,)&, +a,(1+CH)B
=(1-Aa,)¢ +a,B’

where we define A=A —C+ ¢ and B'=(1+ C§)B. Applying Lemma EC.4 gives

A/
limsupg], < —

— )
n—oo B/

which recalling the definitions of £/, A’,B" and recalling that § is arbitrary gives the result. O

EC.2.6. Appendix to Section 3.6 : Linear Convergence Proofs

As discussed, our proof follows the main argument of Theorem 3.2 of Davis et al. (2019). We
divide the procedure into S stages. We consider PSGD with constant step size within each stage,
as defined in (12). The task of each stage is to half the error with the optimum. We apply our
bound Lemma EC.6, which is a stronger concentration bound than Theorem 4.1, used in Davis

et al. (2019). This leads to some improvements in the bounds found there.

EC.2.6.1. Exponential Concentration for constant step-size and unbounded state-
space. Below, we state an exponential concentration bound for constant step sizes. We do not

require the function f(z) or the set X to be bounded (or constrained) for this result to hold.

LEMmMA EC.6. For constant step sizes o

P(f(n) — F@) > 2| Fy) < e 32 { eRU@-t@nt@urz € s
t+1 = 0) < 1_6_QR/2 .

Proof. There are no boundedness assumptions placed in Lemma 4. We restate the conclusion

of that result here:

t t+1 t
Ele" 41| Fr,] < Bl | Fr) [T oo+ D Y- Tex, (EC.30)
k=T T=T1+1k=T1

for t > T} > Ty. If we consider the above terms for constant step sizes a = «; then

Liyi = f(@e1) — f(x") —aB
pr=p = 6—(Mm+a2n2E < e—an% for an < Q
. Oy — Qg K
Ty=min{t: X% < T
o =min{ o - ZB}
Tl :Oa
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also t+1 t+1
Hp =p"t <1 and ;gpk—zl)t l<l_Z:1p_

with these terms the above expression (EC.30) gives the requied bound

Eenf (@)= @) F] < enlf (@) =f(a* >>pt+1+DP eonB

Applying Markov’s inequality gives

-1
P (f(xt-i—l) _ f(a:*) > 2) <e M {en(f(:co)f(fc*))thr1 4 Dlpe‘”’B} )
—p

Taking n = Q/« gives the required bound. O
EC.2.6.2. Linear Convergence under Exponential Concentration We note that while

we generally assume that the set X is bounded, the above lemma and the linear convergence results

of this section apply to unbounded constraint sets. We now prove Theorem 5.

THEOREM 5. We assume that X is a convex set that may be unbounded. Assume Conditions (C1)
and (C2) hold for a stochastic approzimation procedure with rates given in (12):

a) If, for é>0 and 6 € (0,1), we set

S:logC), L - tsz[ log(RS>—‘
€ Elog(%ﬁ) 0

then with probability greater than 1—§ it holds that mingc v+ lzs — x| < €. Moreover, the number

of iterations (12) required to achieve this bound is

oy ()1 s () +108 ([ osa (5)1) |

(Above F = mingscx+ [|[€g — x*|| and R and E are time-independent constants that depend on the
constants given in Conditions (C1) and (C2).)
b) FOT ds - 28 loga(s—i-l)

V6 € (0,1) if a>A/S then

and ty, = logz(s + 1), there exists positive constants A and M such that

IP’(mm |Ts — x| <27°M, VSGN)>1—(5

rcX
Proof of Theorem 5. First, we recall some notation: f(&;) := mingecx«||&s — x| and F =
f(xp) —mingcy f(x). The constants D and E are the moment generating function constants as

defined in Lemma 3 and Lemma 4, respectively.

We define the event & :={f(&s) <27°F} . So P(&) = 1. We inductively analyze P(E,). Notice

P(E) = P(E|E—1)P(Es—1) = (1 =P(E]E5-1)) P (Esmr) = P(Esmr) = P(E5|E5-1) - (EC.31)



e-companion to Law, Walton, and Yang: Ezponential Concentration in Stochastic Approximation eclb

By Lemma EC.6, for Z,_; such that f(&, ;) <27*"'F we have

Q Q (4rs . Q Qnr/2
P(E6[é,-1) = B(f(8) 227" Flo) <7 iU s ez p 0 o]

—o—an2€
_Q, Q —s+1 Q e/ QB
<e as |:exp{@s2 thﬁ/2}+Dl—€W€ .

(Here we apply Lemma EC.6 for times t =T;_4,...,Ts — 1 with expectation E[-] given by E[-|Z;_4].)
Notice that the term in curly brackets above is negative iff ¢, > 271 F'/kd,. If this holds then
s ) oQr/2
P (E|E,_1) < Re™2 "Fr/2Ba where R:=1+ Dme@g.

Applying this to (EC.31), P(E,) > P(E._1) —P(EE_1) > P (E,_1) — Re~? "F#/2B4s S0 we have

S
P(Es)>1—> Re > "Fri2Pas, (EC.32)

s=1
. . . s S o—s .
The total number of computations/samples required is ) __,t,>> 7 27°F/kd;.
We now prove part a). Given the bounds above, we can optimize the number of samples to
achieve a probability 1 — 5. That is we solve

S 275+1F S —s+1 ~ A
minimize E - such that E Re™2 " FRI2E&s <5 gver G, > 0.
Kl
s=1

s=1

A short calculation shows that this is minimized by &, = 27*Fr/Elog(RS/4) and thus since t, >
275HF/ka, we define t, = Lu% log (%)-‘ and the number of samples required here is S x ¢, which
equals S [% log (%ﬂ . Since for an € approximation, we require S to be such that é > 27°F, we
take S = [log,(F/€)]. Thus we see that an é approximation can be achieved with a probability

greater than 1 —§ in a number of samples given by

oy ()] | 108 (5 ) 108 (1o (2)])]

This gives the part a) of Theorem 5.
Notice, we can make the sum (EC.32) finite for S = oco. Specifically if we take & = a/2°log(s+1)
and t, = (log(s +1))? then the Condition (C1) holds Vs > s, for so = [€*"/*] + 1 and thus

- —275tpk/2E6s _ - 1 = 1 2RE . 1 2RE
Z Re - Z R(S+ 1)aF/1/2E = RL@ SaFn/QEdS < aFkr SSFN/2E < aFk’

S$=S80 S$=S80

The above sum is less than § for a > RE/2(§F/£. Letting A=2RE/Fr and M =2F | we see that
for a > A/k gives

25F

P(IseNst. min o, — ol 227°F) < 3 P(E1U Ny &) < Y P(EIE ) <Y Re 38 <5
s=1 s=1 s=1

Thus for learning rates @&, = a/2%log(s + 1) with a > M/§ if it holds that
P (Vs, ming ey~ ||z, — x| < 27°M) >1—§. This gives the 2nd part of Theorem 5. O
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EC.2.6.3. Application to Specific Stochastic Approximation Algorithms. The fol-

lowing is the equivalent linear convergence result for Kiefer-Wolfowotiz

CorOLLARY EC.1 (Linear Convergence in Projected Stochastic Gradient Descent).

We assume that X is a convex set that may be unbounded. Assume Conditions (D1) and (D2)

hold for PSGD with rates given in (12). If, for é>0 and 6 € (0,1), we set

Szlog({w), ds:i, and tsz{ilog<GAS>—‘
€ Elog(%) K 5

then with probability greater than 1 — 6 it holds that mingea+ lzs — x| < €. Moreover, the number

of iterations (12) required to achieve this bound is

oy ()] | 108 (5 ) 102 (o (£)])]

CoroLLARY EC.2 (Linear Convergence of Kiefer-Wolfowitz). Assume Conditions (D1),
(D2), (D3) hold. For the KW algorithm, (9), with step-sizes given in (12): If, foré >0 and 6 € (0,1),

F R 275FkK K 2 GS
S=log| —|, G=—7—~, vi=4/— and t,= — log | —
é Elog (%) 3c K 5

then with probability greater than 1 — 6 it holds that mingex« || &g — | < €. Moreover, the number

we set

of iterations (12) required to achieve this bound is

o, ()] | 08 (5 ) 102 (o (£)])]

The proof of Corollary EC.2 is identical to the proof of Theorem 5.

CoROLLARY EC.3 (Linear Convergence of Stochastic Frank-Wolfe). We assume that X is
a convex set that may be unbounded. Also, Assume Condition D1, D2, E1 and E2 hold. For the
SFW algorithm with step-sizes given by (12). If we set

s )
S = log (jj‘) , Q= &7 ms = ’7(30) “ s and ty= ’722 lOg (GAS>—‘
€ Elog <%> Koy K 5

then with probability greater than 1 —§ it holds that mingey« ||&s — x| < é. Moreover, the number

of iterations (12) required to achieve this bound is

o, ()] | 0w (5 ) 102 (o (£)])]
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EC.3. Appendix to Theoretical Results
EC.3.1. List of Notations for Theorem 1

There are several time-independent constants (usually denoted with a capital letter) in Theorem

1. We list these here.

B Bound where the drift condition holds. See (C1).
1+ H
= (2567”) + B Constant in Proposition 1
D =E[e*] =E[e)Y /2] Moment Generating Function, see (18).
M _1-\Z
E=E [e)\z] See Lemma 4
F=max f(z) —min f(z)
1
G=—, fora= 4 See Lemma 5 and Proof in Section 4.1.2
4 (u+1t)”
H=De™% /(1—e” = ) Constant in Proposition 1 Defined after (26).
I=(1+ H)eQC/F/ory=B) Constant in Theorem 1
J=QG" Exponent in Theorem 1
I
K= i Constant in Theorem 1
1 for y <1
n=
(a(fﬁ;rf for y=1
Q=XAN(k/2E)
. (as - as+1) .
T, = min {t >0:—F <kK/2B,Vs> t} See Lemma 3 and its proof.
__ooBH+F  _ fon y<1
T1 == ﬁ [17 211*7 ]
u2" for y=1
T2 - TO V Tl
Y Sub-exponential Random Variable defined in C2
Z=Y+ g Random Variable defined in Lemma 3

EC.3.2. Technical Lemmas for the Proof of Proposition 1

LEMMA 3. Given Conditions (C1) and (C2) hold, there exists a deterministic constant Ty such

that the sequence of random variables (L, :t >Ty) satisfies
E[Lt+1 - Lt|ft]H{Lt > 0] < —OR, (17)

and

[|[Lit1 — Li||F) <awZ  where D:=E[e*] < 0. (18)
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Proof of Lemma 3. Applying the definition of L; and the drift Condition (C1) gives

E[Lit1 — L] F] =E[f (2111) — f(2)|F] + (0 — ap41) B
< —2a4k+ (o — aq1) B

<=2k (1 — (o — apy1) B/ ayk|

Since (o — ay11)/ay — 0, there exists a constant T such that (a; — ay1)/a < £/2B for all t > Ty,
Specifically we can take Top = min{t > 0: (as, — agy1) /s < K/2B,Vs > t}. This gives the first drift

condition (17).

For the second condition, for ¢ > T, with T as just defined:

[ Liis = Lul|[F) < [If (es1) = f(@0)||Fe] + | — ou| B
(o — ayq1)
o7

a (Y +£k/2).

IN

oY + oy B

IN

Taking Z =Y + k/2, it is clear that condition (18) holds for Z as an immediate consequence of the

boundedness condition on Y in (C2).

LEMMA 5. If oy, t€Z,, is a decreasing positive sequence, then
t t
Zk,‘:s ak? o Zk:f Oék
t - t *
t Zk:s i Zkzi %4
Moreover, if oy, t € Z, satisfies the learning rate condition (13) then

1 n t n
> —G and min {Zk_s Ak } > 7G
¢

Qt/2n | ooy s=[t/2™],...,

min

for some constant G € (0,1] and for n € N such that t/2" > 1.

Proof of Lemma 5. It is straight-forward to show that for a,a’, 4, A’ >0

a A . . at+ A A
— < — < —,
iy if and only if pEyTRyY

[Note that both expressions above are equivalent to AA’+aA’ < AA"+a'A.]

Take positive numbers a,,a’, s=1,...,¢t. If

4s M

=
as ay

for k=s+1,...,t, then
t t

g apas < E axal,.

k=s+1 k=s+1

(22)

(EC.33)

(EC.34)
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Thus,

ZZ:S ar Zizsﬂ Ay
DTN DY
Finally, taking a, = o and a), = o2, we see that (EC.34) holds since « is decreasing. Thus, from
(EC.35), we see that the result (21) holds.
If the condition (13) holds then liminf; .., ag;/ay; > 0 implies

(EC.35)

T VG (EC.36)
a2
for some 1> G > 0. Thus
L N v UL S e SN (EC.37)
Qe Qe aje/an)

Since the sequence is decreasing and (EC.36) holds, we have that

t
D @ (= 1t/2" oy of 1 of ey 1 GN
Shepjony @3 E=LE/20]))ad pny Ofy g an 0y Ofyyamy O O

Applying this to (21) with s=[t/2"] gives

t n
min {st an } > G— .
seost

Shoaoi ) o
Thus the above along with (EC.37) proves that (22) holds as required. O

LemMmA EC.7. For ay=a/(u+1t)" with 0 <~ <1 Taking

" L, for v <1, and T — u—l—ij[aoB—i-F], fory <1,
v [ gora=1, 3 fora=1,
it holds that .
Y a,>mB+F, Vt>T. (EC.38)

s=[t/2n]
Proof. We consider the case of v < 1 separately from the case where v=1.

First we take v <1 and n =1. In the following expression, we take t = xu with x > 1,

t
t a t a x au'™" u™Y

s > — = — = 1=y > = t EC.39
szJ G =M Tty T 2 (tap = 20 T Y2k ( )

Thus, t = uz with z > 1 and right-hand side of (EC.39) is greater than «yB + F' for

91+
T1: [OéoB+F]+u,

au—"
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and for any ¢ such that ¢ > T;. This completes the proof for v < 1

Second, we take v =1. We assume that ¢ > T7 := 2"u and we will take n=1+ P‘gﬁ;ﬂ

t t a u—t wtt .
2, oz ds=alog | ——-— | =anlog2+alog( —"—— | > anlog2+alog .
s:\_t/Q”Ja _/t/2n u+s FTaes <u+t2"> anlog=+alog <u2n+tk> = anlog2+a 083

The last inequality above holds since t > T} := 2™u. Notice that

1 B+ F
anlog2+alog§:a(n—l)log22aoB+F, forn:1_|_{%+—‘

alog?2
Thus the required bound (EC.38) holds for n and T as specified for v =1. O

EC.4. Appendix to Applications and Numerical Examples

This section aims to provide a simple application of the main results of Theorem 1 and Theorem
2. Given the importance of Linear Programming (LP) and Markov Decision Processes (MDP)
in operations research, we briefly explore these problem settings. However, we emphasize that
linear objectives are a special case of the results proven in Theorem 1 and Theorem 2. The results
are proved under conditions that apply to non-smooth, non-convex objectives and general convex
constraints. We refer to Birge and Louveaux (2011) and Shapiro et al. (2021) as standard texts
on stochastic linear programming. For the linear programming formulation of MDPs, we refer to

Schweitzer and Seidmann (1985).

EC.4.1. Linear Programming

Here we consider a linear program in which the cost function that we wish to minimize must be
sampled and where the optimization constraints are deterministic. We are interested in solving a

linear program of the form
minimize ¢' ¢ subject to Hx <b over © € R?, (EC.40)

where ¢ € R¥\ {0}, H € R?*¢ and b € R?. We assume X = {x € R?: Hx < b} is a bounded polytope.
We suppose that the constraint set X is deterministic and known, however, the cost vector ¢ is
unknown but can be sampled.
Specifically, we let ¢;, t € Z,, be an independent, mean ¢, sub-exponential random vectors in
R?. That is
Ele/| Fi]=¢ and sup E [eMll| 7] < o0 (EC.A41)
teZy
for some A > 0. We then apply projected stochastic gradient descent (6). Notice that Condition (D1)
is satisfied by (EC.41). Further Condition (D2) holds for any linear program. This is a consequence

of the following technical lemma.
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LEMMA EC.8. If X is a bounded polytope and X* = argmin,. €' ., then there exists a constant

K >0 such that .
e (@—a) o .
e[| — a=]]
for x* the projection of ® onto X*. Thus Condition (D2) holds for PSGD applied to the LP

(EC.40).

The proof of Lemma EC.8 requires some careful bounding between optimal solutions and sub-
optimal extreme points. The proof is given below. The result bounds the angle between optimal
and sub-optimal points for a polytope.

Proof of Lemma EC.8. We assume without loss of generality that ¢'x* =0 and ||¢|| = 1. Let
& be the extreme points of X'. Let £* be the extreme points in X'*. Then let £ :=&\ £* and X" is
the convex closure of £'. Let a:=mingey €' @ and D := maxg«cy+ aea ||2* — &'||. We will show
we can take K :=a/D.

For all x € X'\ X*,  must be a convex combination of a point in X* and a point in X”. Specifically,
x=(1—p)xo+ px, (EC.42)

for ¢y € X* and x; € X" and p € (0,1]. Then, as required,

c'x ¢ (x—xo) €' (z—xp) -
le—a*|| — |lo—xol|  [ler—aol| —

The first inequality above uses the fact that x* is closest to . The equality applies (EC.42). Then
finally, we apply the definitions of a, D and K. 0
Thus, we see that both Theorem 2 and Theorem 5 hold in the context of linear programming

problems with an unknown objective function.

EC.4.1.1. Polytope Example We consider the problem with two variables with the con-
straints being the polytope in Figure EC.2(a). We assume that the cost vector € = [4,6]" is unknown
but can be sampled from a joint Gaussian distribution of independent random variables with mean
vector € and variance 1. This problem is analytically tractable. Given the costs, we can calculate
the reference solution to be z* =[2,1]”.

The convergence rate for the PSGD and Kiefer-Wolfowitz should be O(1/t”) in expectation
when the error is measured by the L!—norm. Evidence for the convergence rate is shown in Figure
EC.2(b). Increasing the batch size above 50 substantially reduces the noise of sampling costs, and
the algorithm may perform better than O(1/t). In this case, the algorithm converges, reaching
the optimum solution after 7 iterations. This occurs because the chance of observing any sample
perturbing the stochastic gradient descent algorithm away from the optimal point is a rare event.
However, when there is a non-negligible probability of an iteration leaving the optimal point, then

the O(1/t) is found as anticipated.
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(a) Polytope (b) Convergence for batch size B=5

Figure EC.2 Polytope of the two variables linear programming problem and convergence of projected stochastic
gradient descent on the two variables linear programming example. In Figure EC.2(a), the shaded
area is the bounded polytope and the cross is one of the points of iterations, and the black point is
the corresponding projection. In Figure EC.2(b), expectation is computed over 1000 realizations.
The parameters of step size are chosen as a=1,u=1 and v =1 such that a; =1/(1+1t). The costs
¢: are computed with batch size B =5. The parameter v =1 is chosen for Kiefer-Wolfowitz. The

fitted slope is -1.02 and -1.05 for PSGD and Kiefer-Wolfowitz.

EC.4.1.2. Probability Simplex This section considers a higher dimension for the optimiza-
tion over the probability simplex as an example. There are simple, efficient algorithms for projection

onto the probability simplex (Duchi et al. 2008). The problem that we solve is formulated as follows

minimize P& + paCs + ... + ppé, =C-p subject to Zpi =1 over p;>0,Vi=1,...,n,

1=1

where ¢; < ¢ < ... < ¢, and n=>50. We label the polytope due to the constraint as P and suppose
that the cost vector € is unknown but can be sampled from a normal distribution with a certain
mean vector and covariance matrix. In particular, for ¢t € Z,, we apply the stochastic gradient
descent iteration: p;,; = Ilp(p; — ayes), where ¢y ~ N(€,1) and «; = a/t with a > 0. According
to the special settings above, the minimum of this problem is p* = (1,0,...,0). We expect that
E[|eTp; — eTp*|]= O (1/t). Figure EC.3(a) confirms that the PSGD and Kiefer-Wolfowitz converge
with an order of —1.

However, a itltohught falls somewhat outside the scope of this paper’s results, it is also possible
to consider the multi-armed bandit variation of this problem. Here, the natural generalization of

the projected gradient descent algorithm applies importance sampling. Here we sample an index i;

Cit
Pit

according to the distribution p; and apply the updated p; ;11 =p;+ — a,—=t1[i =44] for i =1,...,n.

Simulations suggest a rate of convergence of the order of O(1/+/t), see Figure EC.3(b).
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(a) Probability simplex example (b) Multi-arm bandit problem

Figure EC.3 Convergence of projected stochastic gradient descent on the probability simplex example and multi-
arm bandit problem. Expectations are computed over 100 realizations. The parameter v =1 is
chosen for Kiefer-Wolfowitz. The step size parameter is chosen as a = 1 such that oz = 1/t for both.
In Figure EC.3(a), the fitted slope is -1.01 and -1.01 for PSGD and Kiefer-Wolfowitz. In Figure
EC.3(b), the fitted slope is -0.475.

EC.4.2. Markov Decision Processes

We now optimize a discounted Markov Decision Process (MDP) using the results from the last
section. Here we use a linear programming approach to give the convergence of a simple policy
gradient algorithm for an MDP in which the system dynamics are known but the costs are unknown.

An MDP can be formulated as a linear program, where the primal form of this linear program
solves for the optimal value function, and the dual form finds the optimal occupancy measure. In

this linear programming formulation, the dual problem takes the form:

minimize Z Z c(s,a)x(s,a) (Dual)

s€S acA
subject to Zx(s',a) :§(s')+BZZw(s,a)P(s'|s,a), Vs'eS
acA s€S acA

. A
over (z(s,a):s€S,a€ A) e R

Here (£(s):s € S) is a positive vector. We assume that the dynamics as given by (P(s'[s,a):a €
A, 5,5 € S) are known but costs (¢(s,a):a € A,s €S) are unknown and must be sampled, then
above we have a linear program with an unknown objective and known constraints. For this reason,
we can apply the analysis developed in the last section.

Here we assume that we can sample costs ¢ = (¢(s,a): s € S,a € A) where the states and actions
are distributed according to some predetermined probability distribution 7 = (7(s,a):a € A, s €
S). There are several ways of sampling the cost vector ¢; for each t. The most straightforward one

is as follows. For each ¢, the cost ¢; = (¢;(s,a):s €S, a € A) is sampled by first taking IID sample
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(s¢,a;), with distribution 7 = (7(s,a) : s € S,a € A) where 7(s,a) >0 for all s€ S and a € A, and

then defining

ci(s,a) = MH[(st,at) = (s,a)]. (EC.43)

We allow for the possibility of averaging batches of costs of the form (EC.43). We then consider
the projected gradient descent algorithm x,,; =1y (mt — atct) . The projection above is onto the
constraint set of the dual problem (Dual). Our above observation on Linear Programs holds here.

Specifically, Theorem 2 and Theorem 5 hold for this PSGD algorithm.

EC.4.2.1. Three-state two-action Markov decision process We now consider the first
reinforcement learning application of our results, a relatively simple MDP. We consider an MDP
with three states S = {1, $2,53}. In each state, there are two actions A = {a;,a,}, corresponding
to move anticlockwise (a;) and clockwise (as). Figure EC.4(a) shows the states and actions. When
we choose to take an action, the probability of going to the desired state is 2/3; otherwise, one
of the states uniformly at random. We assume that the costs c(s,a) are independent normally
distributed with ¢(s;,a;) ~ N(i,1), for i =1,2,3. The states and actions are sampled according
to the predetermined probability distribution 7 = (7(s,a) =1/6:s € S,a € A). Figure EC.4(b)

demonstrates the correct convergence rate as predicted.

ai az

1077
10° 10! 102 103 10*

(a) Three-state two-action MDP graph (b) Three-state two-action MDP example
Figure EC.4 The three-state two-action MDP graph and convergence of projected stochastic gradient descent

on the three-state two-action MDP example. In Figure EC.4(b), the expectation is computed over
20 realizations. The costs c;(s,a) are computed with batch size B = 200. The parameters of step

size are chosen as a =0.1,u=1 and v =1 such that a; =0.1/(1 +¢). The fitted slope is -1.29.
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EC.4.2.2. Blackjack We now consider a larger tabular reinforcement learning problem for
the game of Blackjack. Blackjack is a simple card game where a player is initially dealt two cards.
The player is dealt cards sequentially before deciding to stop. The player must attempt to reach a
total that is more than the dealer but not more than 21. The problem is described in more detail
in Sutton and Barto (2018). The states of the problem depend on three factors which are: the
player’s current points (4-22); usable ace (with or without); dealer’s showing card (1-10), which
gives 290 states in total.

We label the states in sequence starting with s; being no usable ace, the player’s current points
4 and dealer’s showing card 1, and ending with s,9¢ being usable ace, the player’s current points 21
and dealer’s showing card 10. The actions simply consist of hitting (a;) and sticking (ag). Denote
the collection of states S = {s;:i=1,...,290} and the collection of actions A= {a;:i=0,1}.

We assume that the reward 7 = (7(s,a) : s € S,a € A) can be sampled for each iteration of the
projected stochastic gradient descent by carrying on the following procedure. We first simulate
IID samples (s¢,al), i=1,..., B from the distribution 7w = (7(s,a) =1/580:s € A,a € A) and then
define the cost similar as Equation (EC.43) with &(s,a}) = —7(s},a!). In addition, according to
the rules, it is reasonable to set the discount factor §=1. Applying the PSGD with the learning
rate of the form a;, =a/(b+1t)7, for a,b> 0 and « € [0, 1], the projected stochastic gradient descent
converges with a rate of O(1/t") in expectation. The rate O(1/t) with v =1 is shown in Figure
EC.5.

Figure EC.5 Convergence of projected stochastic gradient descent on the Blackjack example. The expectation
is computed over 10 realizations. The costs ct(s,a) are computed with batch size B = 200. The
parameters of step size are chosen as a =0.1,u =1 and v =1 such that a; =0.1/(1+1¢). The fitted
slope is -1.23.
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