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ABSTRACT

It has been predicted before the first detection of such events by LIGO (Laser Interferometer Gravitational-Wave Observatory)
that the gravitational wave (GW) emission from compact binary coalescence can be used to constrain the expansion rate of
the Universe. Here we show how Hj can be derived purely from the GW of neutron star—black hole (NSBH) mergers using
a Bayesian hierarchical inference framework. This method provides an estimate of H, spanning the redshift range z < 0.25
with current GW sensitivity and without the need for any afterglow detection. We utilize the inherent distribution of neutron
star masses together with the NSBH waveform amplitude and frequency to estimate distance and redshift, respectively, thereby
measuring H for the NSBH events up to systematics and observational uncertainties. With the most updated observations, our
first estimate is Hy = 964_"5% km s~! Mpc~! for the likely NSBH events GW 190426 and GW200115 using the proof-of-concept
analysis outlined in this work. Taking into account of realistic detectors response and sensitivity, we forecast that soon, with
10 more such NSBH events, we can reach competitive precision of 8 Hy/ Hy < 20 per cent. It is valuable to have a completely
independent, both in terms of observations and relevant physics, method of determining Hy as is emphasized by the current

controversy on Hy and attempts to explain it by invoking new physics.

Key words: gravitational waves —methods: observational — cosmological parameters — distance scale.

1 INTRODUCTION

Knowledge of the expansion rate of the Universe is essential
for deriving the physical characteristics of extragalactic objects,
including sizes and masses of galaxies and clusters and the age and
luminosity of their stellar contents. Increasingly precise standard
candles and rulers have revealed that Hubble expansion has actually
accelerated over the past few Gyr, indicating a constant energy
density with negative pressure governs the expansion rate today. As
H, measurements have improved in precision, consistent claims that
smaller values of Hj have been inferred from distant cosmological
measurements compared with local estimates of Hj from the stellar
calibrated standard candles (Scolnic et al. 2018; Verde, Treu & Riess
2019; Knox & Millea 2020; Riess et al. 2022).

A careful recalibration of local Cepheids is now claimed to slightly
relieve this Hy tension when supernovae are classified according to
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metallicity, or from a recalibration of evolved stars at the tip of red
giant branch (Freedman et al. 2019, 2020; and see Freedman 2021
for a review).

Alternatively, theoretical proposals to explain the Hubble tension
include a reinterpretation of the cosmic microwave background
(CMB) data, invoking the modifications of recombination physics
(for a review, see Valentino et al. 2021), may allow the ‘standard’
sound horizon scale length to be slightly smaller. This is achieved
by shifting the surface of the last scattering to a little earlier in
time, corresponding to a higher redshift allowing agreement with the
local Hj estimates. It has been shown that this may be physically
implemented by modifying recombination physics (Ivanov, Ali-
Haimoud & Lesgourgues 2020; Fung et al. 2021, 2023; Jedamzik,
Pogosian & Zhao 2021; Luu 2023), allowing room for reinterpreting
the CMB data with a somewhat higher Hy. There are also studies
that attempted to break down the A cold dark matter (ACDM) model
and analyse the origin of such tension (Krishnan et al. 2021a, b).

The seemingly irreconcilable differences among Hy measurements
obtained from different ‘standardizable’ calibration (candles and
rulers) strengthen the need for measuring H, with independent
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methods, where the calibrations are driven by unrelated physical
mechanisms (Cervantes-Cota, Galindo-Uribarri & Smoot 2023).
Gravitational wave (GW) observations provide exciting new oppor-
tunities for constraining such cosmological expansion. Compared
to conventional electromagnetic (EM) observations where flux falls
as the square of the luminosity distance, the GW signal strength
scales only linearly inverse with luminosity distance — as the detected
strain amplitude depends on the square root of energy density per
unit time. As a result, the scaling of GW signal strength can be
used to distinguish models that involve modification of photon
trajectories [consequently modifying the cosmic distance duality re-
lation (Etherington 1933; Bassett & Kunz 2004)], or other proposals
that introduce strong redshift-dependent physics (e.g. Camarena &
Marra 2021). Furthermore, GW observables are independent of the
nuclear processes that drive the catastrophic supernova explosion,
and are dependent mostly on gravitational physics. Consequently,
the GW channel provides unique measurements of Hy, allowing for
comparison with those derived from supernovae measurements.

Aside from the unique scaling of signal strength, there are also
some applications of GW that depend on physical assumptions lying
outside GW data, and consequently, such methods do not fully
benefit from the new GW-based window. It has been proposed that
spatial cross-correlations between GW sources and galaxy surveys
can provide a ‘siren’-based angular scale that does not rely on
individual (unknown) GW host galaxy identification (Oguri 2016;
Mukherjee et al. 2021; Cigarrdn Diaz & Mukherjee 2022). This
rests on a statistical comparison of the ensemble of binary black
hole (BBH) sky locations with the Dark Energy Survey (DES) —
an optical galaxy survey — as no unique host galaxy identification
(Abbott et al. 2023a) is yet possible. Hence, this type of method
that relies on the establishment of a standard ruler in general shares
almost the same set of systematic problems as traditional standard
ruler approaches, in particular the baryonic acoustic oscillations. As
a result, the GW data do not represent a truly independent means
for constraining Hy. For the consideration of Hubble tension, this
would be unable to offer an independent check of the systematics for
the late time measurement of Hy. Alternatively, a galaxy catalogue
can also be used to assign (a distribution of) probable redshifts to
each of the BBH events, therefore, allowing the determination of
H, using the population of BBH events. This is implemented in
Finke et al. (2021), Abbott et al. (2021a), and Gray et al. (2023),
and the LIGO-Virgo—Kagra Collaboration (LVK) analysis yields
Hy = 688 kms™' Mpc~' (Abbott et al. 2023a).

To overcome the possible contamination from the galaxy cata-
logue where a specific cosmological model is implied during data
reduction, we propose to rely on pure GW observation, as described
below.

The long-anticipated GW-based method to constrain Hy using
binary neutron stars (BNSs), pioneered by Schutz (1986), falls in the
‘standard candle’ class and requires a prompt detection of EM nova
emission generated during the merger, to define the redshift. This
method has finally been realized with the first GW detection of a BNS
event GW 170817, for which there is an optical redshift (Abbott et al.
2017a, b). Fortunately, Fermi satellite detection of prompt gamma-
ray emission from associated kilonova emission has localized the
host galaxy, providing an optical spectroscopic redshift for the host.
The recession velocity of the host galaxy is only 3000 km s~!,
thus requiring a sizeable peculiar motion correction, at an estimated
level of ~800 km s~!, resulting in Hy = 70"}2 kms~! Mpc~!.
The uncertainty on this estimate brackets the disputed range of
Hy, and implies approximately 10 more such BNS events are
required to address independently the current H, tension between
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Type la supernovae (SNe Ia) and the CMB/large-scale structure
based estimates (Nissanke et al. 2013). However, such coincident,
multimessenger observations are not anticipated to be available
frequently, unless the angular resolution of GW observatories can
be drastically improved (by ~3 orders of magnitude) to localize
the position of the event, and indeed subsequent events classified as
BNS were not detected at other wavelengths in prompt follow-up
searches.

These GW-based methods for Hj rely on an independent EM-
based redshift estimation, either individually in the case of BNS
mergers or statistically with redshift surveys described above. Alter-
natively, if primordial black holes (BHs) exist and their mass function
are known, their event rate evolution across redshift also encoded the
information about Hj (Ding 2024).

A pure GW-based method for estimating H, has been proposed
for the future, requiring much-improved sensitivity, when the tidal
deformation of the neutron star (NS) by the BH during a neutron star—
black hole (NSBH) merger is detectable. This can provide in principle
a GW-based estimate of Hj, from the additional distance dependence
on this physical deformation (Chatterjee et al. 2021; Ghosh, Biswas &
Bose 2022). Here we propose another more practical ‘standard’
strain method without relying on any detectable EM counterparts,
which have apparently been overlooked, provided by the mildly
scattered NS mass function established by radio, X-ray, and optical
observations in the Milky Way and Local Group, including BNS
pulsars.

Below, we will highlight a few aspects in which NSBH events
are more advantageous than BNS events, for the purpose of deriving
a reliable estimation of Hy. This is partially owing to the larger
detection horizon of NSBH events over BNS events, so that the
fractional error in redshift estimates caused by local peculiar motions
is smaller. We apply this method to the currently secure NSBH event
GW200115 and other possible and proposed candidate NSBH events
variously reported. We demonstrate that the existing instruments
(Buikema et al. 2020) already suffice for constraining H, within
8Hy/Hy < 20 per cent, simply by gathering 10 yr of measurements,
even in the absence of significant sensitivity upgrades that may be
anticipated. We will emphasize throughout that NSBH events and to
a lesser extent BNS events can in combination provide competitive
precision on Hj that is purely derived from the GW radiation alone,
without the need for a spectroscopic redshift. Such additional inde-
pendent information would of course provide further improvement,
so that this combined general NS-based estimate of H, we can
anticipate will prove useful in practice. A prototype of this method
has been proposed long ago (Chernoff & Finn 1993; Markovi¢ 1993),
with more detailed predictions before the first successful detection
of GW event (Taylor & Gair 2012; Taylor, Gair & Mandel 2012)
that focused on using BNS instead of NSBH as proposed here. More
recently after the successful detection of compact binary coalescence
events, there are also studies suggesting the features of the BH mass
function can also be used for a similar purpose (Farr et al. 2019;
Mastrogiovanni et al. 2021; Ezquiaga & Holz 2022). This work
is inspired by the now-understood practicalities of GW detection,
in particular the NSBH event detections for which the massive
BH member provides a much larger detection horizon (z < 0.25)
compared to BNS events where detected events are currently so local
that peculiar motions dominate the distance estimate. We present a
simplified, comparative analysis of using BNS or NSBH for the
purpose of measuring H,, with realistic uncertainties from current
observations that allow us to assess the reliability and the overall
consistency with the existing data, highlighting the practical merits
of using NSBH events.
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This paper is organized as follows. In Section 2, we sketch out
the foundation of the method, and then we describe our choice
of data sets for GW events and local X-ray binaries in Section 3.
We present a rigorous Bayesian hierarchical analysis applied to the
data in Section 4 and present our analysis of the first reported
GW events compatible with being NSBH binaries, focusing in
particular on the secure NSBH detection claimed to date, GW200115
(Abbott et al. 2021c¢), for a first estimate of H,. We then make
a forecast for the precision attainable for Hy and the evaluation
of associated systematics in Section 5. We finally conclude in
Section 6.

2 INTUITIVE OVERVIEW OF THE METHOD

The widely applied standard candle measurement of H, compares in-
dependently determined luminosity distances, dy., with spectroscopic
redshifts, z, for SNe Ia where the intrinsic luminosity is calibrated
with local Cepheids. Here, we emphasize that a pure GW-based
measure of Hj is now feasible without the need for a follow-up
spectroscopic redshift. Owing to stellar stability constraints, the
mass range of NSs is fairly tight about the Chandrasekhar mass.
Hence the lower mass binary member (NS) modulation of the NSBH
waveform is predictable, so the degeneracy between luminosity
distance and redshift of NSBH is relatively small. Consequently,
GW detections alone provide useful measurements of both d;. and
z and hence a statistical measure of Hy, as we outline below.
This method we apply to GW waveforms identified as NSBH
binaries, where the mass ratio can be defined from the waveform
modulation and the presence of the relatively massive BH extends
the detection horizon to z < 0.25, large enough for statistical measure
of Ho.

2.1 Observables

For the purpose of providing insight into our method, in this
section, we would associate the spectral features of the GW waveform
to physical quantities in an order-by-order manner from the post-
Newtonian (PN) expansion of the waveform. We emphasize that such
order-by-order association of spectral features to physical quantities
is not exact; physical quantities are best determined by fitting to the
full waveform numerically, and this is indeed our approach in the full
analysis as outlined in Section. 4. Therefore, throughout the below
discussion, we use the notation ~ to refer to such order-by-order
associations. The observables are highlighted by the subscript ops.
None the less, this analysis also provides an intuitive interpretation
of the uncertainty budget involved in the proposed H, measurement
method.

The amplitude of the strain Ao, according to the PN calcu-
lations (Poisson & Will 1995; Ajith et al. 2008) for compact
binary sources is given by the following combination of physical
parameters:

(A + 2)M,)Y/°
dr, ’

The (1 4 z) factor can be understood as follows: as A scales with
/Energy, the rate of radiation energy received by the observer is
time dilated by the cosmological redshift. Also, the inverse square law
1/d} diffusion of energy (flux) implies an inverse dependence of /s
on luminosity distance dy.. Hence, to determine dy., we therefore need
another observable, ideally independent to /s, to pin down (1 +
z)M.. If we take the Fourier transform of the time series of strain
over different time windows (e.g. Q-transform), the time evolution

(€3]
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of the corresponding frequency spectrum can also be determined.’
The first quantity is the redshifted chirp mass (1 + z).M.. The chirp
mass is defined as

(’"1’"2)3/5

/47
T (my +my)l/

RSV ek

where we have defined the mass ratio ¢ = m,/m,, and implicitly
by definition m, < m; for sorting the masses in the binary sys-
tem. This quantity, upon redshifted, is indeed imprinted on the
spectral moment of the 0.5PN chirping spectrum fo,s(¢): (Note,
however, that solving the spectral evolution must be done by
solving the full differential equation, and the order-by-order ap-
proach as outlined below only makes sense under some strict
conditions.)?

3/5
fal (%) ~ (1 + M. 3)

The redshift effect is easy to understand: the frequency of GW in
the source frame is redshifted to (1 4+ z)~' fops and thus the time
derivative (1 + z)™'t4p. If we can pin down m; and g, it would then
be possible to estimate z. Indeed, considering the NSBH system,
the NS mass m, can be pinned down by Milky Way observations
as my =14=+0.1Mg (see Section 3 for the evidence of this
number).

In an order-by-order manner, it is also possible to determine the
mass ratio g by another combination of spectral evolution:

f—l3/3dfobs N l/q
A (4 1/g

where all the redshift dependencies are cancelled by the multi-
plicative scaling term that we have neglected here (Poisson & Will
1995).3

Therefore, this observable provides a measurement on q.

We summarize the relations between the observables and physical
source quantities in Fig. 1. Clearly, the observed quantities provide
largely independent measurements of z and d, respectively. The
(zi, dv;) pairs from each observed NSBH event i can therefore be
used to determine the Hubble constant H. In the big bang cosmology,
we have

d c © d7
- = — / —. o)
(I+2)  HoJo E@@)
In the subsequent numerical analysis, we will assume 2, = 0.3, so

that E(z) = 1/0.3(1 4 z)? 4 0.7, as the current data quality does not

allow strong constrain on 2, together with Hy.

(@3]

C

“)

I'The situation is more complicated when the signal is contaminated by noise,
where parametric models of the GW waveform are used as matched filters for
deriving the waveform evolution. We will ignore this point in this section for
illustration.

2Strictly speaking, the spectral moments cannot be separated in this
way. However, by using multiscale perturbation methods (e.g. Poincare—
Lindstedt), the order-by-order separation can be a good approximation in a
narrow time window, where the window time-scale is defined by the leading
coefficients of each spectral moment.

3Precisely, the spectral evolution dfops/dt couples with the polynomial
in fobs. As a result, the combination of moments of the spectrum is not
orthogonal to each other. The full PN calculation for relating the observables
to the chirp spectrum can be found in the pioneering work (Poisson & Will
1995, in particular equation 1.3 therein) and for accurate estimation of the
spectrum must be predicted numerically using ordinary differential equation
solvers.
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Figure 1. Summary of the relations between observables and the physical quantities of the GW source, and the associated relation to quantities of cosmological
interest. In the box on the left, we show the observables that can be derived from the time series of GW strain, and how these observables are related to some
physical parameter combinations in the middle lower box. These physical parameter combinations can be used to solve for z and d, statistically when an NS

mass function is supplied, therefore, allowing one to determine Hy.

2.2 Comparison with binary neutron star events

Here we compare and contrast the ability of BNS and NSBH events
for estimating Hy by the method proposed here, including BNS events
that do not have an independent spectroscopic redshift estimate
because neither host galaxy nor EM emission is identified. The
absence of observed EM counterparts likely comprises the majority
of such NS-related GW events given the follow-up success to date,
with EM emission found for just one very local BNS event, at only
40 Mpc, and the absence of EM detections for the other BNS and
NSBH candidates.

One may argue BNS systems are more suitable for the purpose
of establishing an independent estimate on z and thus Hy. This is
seemingly evident from equation (2): if both m, ; and m; , are pinned
down, M, are known in a priori.

There are though two advantages for NSBH events compared to
BNS in terms of realizing our Hy method. First, the detection horizon
for NSBH observations is much larger than is BNS observations.
As shown in Ajith et al. (2008), the signal-to-noise ratio (SNR)
of GW events scale as p(ms 1, ms.2, z) ~ (1 + 2)M)¥/(dL(2)).
For BNS with mass ratio ¢ ~ 1, M. ~ 0.87m,, whereas the BH
component serves as an efficient amplifier, boosting the detectable
SNR of the companion NS: on average, the BH mass can be as high as
ms,1 ~ 20 Mg, corresponding to an amplification factor of 1/q =~ 13.
Thus M. ~ 2.75m,, thereby extending the detection horizon for
NSBH events to dﬁNSBH)/dLBNS) ~ 4, four times larger than BNS
events.

As shown in Appendix C, the enlarged horizon offered by
NSBH - which leads to a larger absolute error in determining the
event distance — does not translate into deteriorated precision in
determining Hy.
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The enlarged detection horizon is, however, beneficial in terms of
the precision in pinning down the cosmological redshift. In practice,
the measured redshift is contributed by both the cosmological
expansion and the local peculiar motion. When the fractional redshift
error is assessed, a smaller detection horizon would be translated to a
larger fractional redshift uncertainty. This effect can be mitigated by
making the peculiar motion-induced redshift contribute only a tiny
portion of the total redshift, effectively by using the GW radiated at
a farther distance.

The second advantage for NSBH over BNS events comes from
the absolute uncertainty in determining the mass ratio g = ms »/ms 1,
which is smaller with 1 /g > 1. In our method, the source frame chirp
mass is (implicitly) inferred by combining an NS mass function prior
that supplies the value of m,, with the observed constraint on ¢ to
constrain the source frame chirp mass M.. The significant reduction
in the observational uncertainty ¢ can thus be translated into a tighter
constraint in the source frame chirp mass M., which improves the
constraint in both z and d.. For BNS systems ¢ &~ 1 and thus the
mass ratio is relatively less well constrained by the data, leading to
significant H, uncertainty, whereas the tight prior restriction from
the NS mass function instead provides a desirable tight prior on the
source frame chirp mass M, for BNS events. This is verified via
the simulated observation outlined below in Section. 5.1 and Fig. 6,
along with other detailed examinations to contrast between BNS and
NSBH.

As a closing remark, we would like to highlight a caveat in the NS
mass function that is shared by both BNS- and NSBH-based methods.
In this work, we assumed implicitly that the population of NS that
participates in binary coalescence shares the same characteristics
as those observed in the Milky Way. Specifically, we assumed that
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there is no preferred mass ratio for binary coalescence to take place,
which may not be the astrophysical. If such a preferred mass ratio
exists, we would expect that BNS-based method would be biased
the most. In our analysis, we tried to minimize the bias effect by
using an uninformative mass ratio prior when determining the event
redshift. As such, the mass ratio ¢ of an NSBH event is determined
mostly from the observed GW waveform — and similarly for the
redshifted chirp mass (1 4+ z)M.. Note importantly that NSBH
events inherently generate stronger signals than BNS events, so
that the observed waveform is more informative in pinning down
g and (1 + z)M.. As such, the possible influence of mass ratio
bias is mitigated by this data-driven approach. With the foreseen
improvement in sensitivity of GW observatories, the subtle effect
of preferred mass ratio would definitely become relevant; at the
same time, more observations of binary systems involving NS
would provide more data-driven constraints towards a more suitable
treatment to the uncertain mass ratio prior.

3 DATA

3.1 NSBH mass function in the Milky Way

The initial birth masses of NSs are predicted to lie in the range
My ~ 1.08-1.57 M, depending on the modelling of the underly-
ing hydrodynamical processes and thermodynamics with subsequent
evolution. In the case of close binaries, NSs accrete material from
companions, leading to a dependence of the NS mass on the physical
properties of the secondary, companion star. The upper limiting mass
of an NS star is also understood to sensitively depend on uncertain
nuclear reactions and also rotation rate affecting the equation of state
(Kiziltan et al. 2013), under physically extreme nuclear conditions,
allowing unique tests of the standard model in conditions as yet
unrealized in the laboratory.

Fortunately for our purposes, the empirically determined NS mass
function is well defined, with a mild spread of masses. Decades of
observations have established that the majority of NSs have masses
consistent with a single mass scale of (Mys) = 1.4 Mg, coinciding
with the classically predicted for a universal iron core (Lattimer
2012), including over ~50 radio pulsars (Thorsett & Chakrabarty
1999). Hence, we first adopt this empirically well-defined prior mass
function, approximately described simply by a Gaussian centred
at (Mys) = 1.4Mg, and consider an intrinsic spread of NS mass
ranging over ons € [0.05, 0.2] Mg in our subsequent analysis. A
possible bimodal mass distribution for Galactic NSs has been claimed
in recent analyses for a classification by the type of binary companion
(Kiziltan et al. 2013), and fitted to two Gaussians with differing
mean mass and variance. For binary NS systems, a mean NS
mass of (Mys) = 1.35Mg, is claimed to be significantly smaller
than the mean NS mass of NS—white dwarf binaries, estimated
to be (Mns) = 1.5Mg and with a smaller spread in mass. Other
classifications are also proposed (Kiziltan et al. 2013) that do
not separate companion types (Valentim, Rangel & Horvath 2011;
see Horvath & Valentim 2017 for a review of recent progress of
constraining NS mass function), may also suggest two separated
mass peaks with masses similar to Kiziltan et al. (2013) and Zhang
etal. (2011). We replot the EM-observed NS mass data from Kiziltan
et al. (2013) in Fig. 2, along with the three fiducial models of the
NS mass function that we will use throughout this analysis. We
emphasize that our framework of analysis can be easily adopted
to any NS mass function and in the more generic case in which a
binary mass distribution is considered. We find that the H, posterior
inferred from such a simple Gaussian model does not significantly
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Figure 2. The EM-observed masses of NSs in double NS systems and NS—
white dwarf systems, compiled by Kiziltan et al. (2013) and they are replotted
here. For clarity, we distribute these data points along the y-axis, whereby
their positions on the y-axis scale with the inverse of mass measurement
uncertainty. We also plot the three fiducial models of the underlying NS mass
function — as a Gaussian with a peak at (mns) = 1.4 Mg and with various
variances as shown in the legend.

differ from adopting a more complicated NS mass function, so that
our H, forecast is insensitive to the details of the NS mass function
given the GW data quality anticipated. This argument would be
verified in Section 5.

Lastly, there is also evidence from the gamma-ray that there
can be some NS-like compact objects with relatively high masses
(Romani et al. 2012), with a massive tail up to Mys < 2.3Mg
established empirically recently for the well-studied ‘black widow’
pulsar PSR B1957+20 (Fruchter, Stinebring & Taylor 1988; and a
more recent analysis by Kandel & Romani 2022). The abundance
of these relatively massive MS pulsars is much lower than the
‘classical’ population at (Mys) = ons and these massive examples
appear separated from the ‘classical’ population tightly clustered
around 1.4 Mg, allowing the possibility of excluding this uncertain,
massive population from our analysis, so we may restrict ourselves
to the predominant NS population both in calibrating the NS mass
distribution and in comparison to the NSBH events observed from the
GW channel. We anticipate that as long as we consistently exclude
conspicuously massive NS-related events, this prior selection will
not induce a significant bias in our subsequent analysis.

In essence, the exclusion of high-mass NS events is implemented in
two different steps of our analysis. First of all, we choose an NS mass
function prior which ignores the uncertain details for mys > 2 Mg.
For the varieties of NS mass function prior we chose, they typically
peak at mys = 1.4 £ 0.1 M, thus providing minimal support to
mns > 2 Mg, with a probability mass at =>50 Gaussian tail. Secondly,
when we choose to include a specific NSBH event in our analysis, we
pick particularly those where the posterior average NS mass is lower
than 2Mg. Equivalently, this is implicitly applying an additional
zero-valued prior to adjust the likelihood of high-mass NS events.

3.2 Gravitational waves from NSBH events

The LVK completed the third observational run in 2020 March and
released the GWTC-3 catalogue (Abbott et al. 2023b), containing
90 observed binary coalescence events. The majority are classified
as BBH mergers, with initially two events classified as NSBH
mergers (Abbott et al. 2021c). Subsequently only one of these
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Table 1. List of candidate NSBH events. We list the reported observed frame quantities here, rather than the more model-dependent source frame quantities
as shown in the table compiled by LVK (Abbott et al. 2023b). The uncertainty ranges are the 68 per cent highest posterior density intervals. Remarkably, the
uncertainty is correlated and clearly visible in terms of ¢ = my/m1, where the error bar on this mass ratio is much smaller than m (1 + z) and m2(1 + z). Values
shown are only for quick reference; we use the full posterior samples in deriving these summaries, and similarly in all the subsequent analyses only the events
in bold font are regarded as reliable for the analysis in this paper, in reference to the reported reliability of the classification of these events, as described in

Section 3.

Event ID mi(1+2)/Mg  ma(14+2)/Mg M +2)/Mg q dL/Mpc Ref.

GW190426.152155  6.457] 9 161792 2.6010007 0287093 3947105 Abbott et al. (2024), Li et al. (2020), Aubin et al. (2021)
2.08 0.24 0.014 0.03 173

GW190917_114630 11.2159% 245702 4215001 0.247093 740702 Abbott et al. (2024)

GW191219163120  33.27%# 1357597 48170021 0.0470005  682+1%7 Abbott et al. (2023b)

GW200105_162426  9.2671%; 2.11%532 3.627000 0247008 2831708 Abbott et al. (2021¢, 2023b)*

GW200115.042309  6.82773 1.48%03 2.5810000 0237000 28378 Abbott et al. (2021¢, 2023b)

417astro = 0.36.

events GW200115 has survived scrutiny and is now reported in the
combined final catalogue (Abbott et al. 2023b). An earlier event
initially classed as BBH may now conform better to the NSBH
definition, as we tentatively argue below, namely GW190426.

The identification of NSBH events is predominantly based on the
observed secondary mass m,» = (1 + z)m, 2, unlike BNS events.
In principle, NSBH can produce a more complicated waveform
than is BBH due to the tidal deformation of the NS. However, the
current data quality is not yet able to constrain such higher order
tidal effects (Chatterjee et al. 2021). Therefore, the claimed NSBH
event(s) mostly rests on a low secondary mass estimated to lie below
a maximum of m,, < 2.5Mg. In Table 1, we list all the reported
candidates events, selected by their posterior mean primary masses
mo,1 > 5SMgp and secondary masses m,, < 2.5 Mg, comprising a
total of five events satisfying this criterion. These events are in general
of relatively low SNR (as the SNR scales almost linearly with chirp
mass), but are compensated to some extent by the better instrumental
sensitivity at higher frequencies. GW events with m;, = 2.6 Mg
(GW190814) and m, = 2.8 M (GW200210) have been reported in
GWTC-3. Some of us have discussed these separately in the context
of possible lensing of NSBH events that allows detection at higher
redshift where the chirp mass is enhanced significantly by 1 + z
(Broadhurst, Diego & Smoot 2020). Furthermore, as will be shown
in Section 35, the robustness of our method is not strongly influenced
by the inclusion or the exclusion of such high-mass events.

In Table 1, we indicate the status of the five possible NSBH
candidate events reported to date.’ Three of these are reported as
marginal, including GW 190426 with a high false alarm rate 32 yr~!
in the MBTA (Multi-Band Template Analysis) pipeline, first reported
in the GWTC-2.1 marginal catalogue (Aubin et al. 2021; Abbott et
al. 2024). As commented by LVK (Abbott et al. 2024), such a high
false alarm rate is mainly attributed to the initially low NSBH event
rate adopted by prior expectations based on the absence of NSBH
events, which may be regarded as a somewhat circular argument
resulting in the probability of an astrophysical origin assigned to this
event of p,gro < 0.12 across all the analysis pipelines. Hence, this
‘prior’ may now be revised upward in retrospect with the subsequent
confident identification of GW200115 as an NSBH event. The event
GW191219 is also a marginal detection with a high false alarm rate of
4.0yr~', and the secondary mass in the source frame is a relatively
low-mass ms, < 1.2Mg at 68 per cent credibility. This marginal

5We refer to the GW events in the table by the first half of the event name,
ignoring the ID after the underscore.
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event is also with by far the most extreme mass ratio ¢ = 0.0475:0%

among the observed events, raising further doubt about its viability
as a real astronomical event and this is why it was flagged as by the
LVK as marginal (Abbott et al. 2023b, table II).

A third marginal NSBH candidate event is GW200105 of low
SNR, partially due to LIGO Hanford being offline at the time of
detection. The only detector that reached the desired SNR is the
LIGO Livingston (Abbott et al. 2021c), where a chirping signal is
clearly observed when the data stream is plotted on a Q-transform
spectrogram (Abbott et al. 2021c). Despite the relatively strong
SNR = 13.9 reported in Abbott et al. (2023b), the event has a
Pasto = 0.36. For this reason, this event is classified as marginal
by the LVK in Abbott et al. (2023b).

This leaves two NSBH candidates, including GW200115, which
has been consistently classed by the LVK as a secure NSBH
event (Abbott et al. 2021c), whereas the earlier revised detection
GW190426 which although not classed as NSBH or claimed as such
does seem to satisfy the NSBH requirement in terms of the security
of its detection and the reported component masses. So we focus
on these two events here, and in particular, GW200115 given the
secure status of this NSBH event as claimed by the LVT (Abbott et
al. 2021c¢).

4 STATISTICAL FRAMEWORK

Throughout this paper, we use the notation 7 (-) to denote the prior
distribution, in contrast to the probability distribution p(-) to describe
relations among the model parameters and the data. We provide a
quick reference to the forms of the priors used throughout the analysis
in Table 2.

4.1 H, posterior

We aim here to find the posterior for Hj given the event waveforms,
{D;} =, D;, namely p(Ho|{D;}). For each event with observed
waveform D;, the LVK collaboration has fitted a cosmology-free
event-level posterior p;(dL, z, 0| D;), with 0 are the remaining event
level parameters (excluding di. and z). We wish to ‘sum’ all the events
properly to infer the (population level) value of Hj.

To avoid ab initio fitting, we use the following reweighing
scheme as proposed originally for galaxy morphology data set in
Hogg, Myers & Bovy (2010), and employed subsequently in GW
analyses (Mandel, Farr & Gair 2019). The posterior can be rewritten
using Bayes theorem to flip Hj as the condition, and expand the
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Table 2. A summary of all the priors that we use throughout this paper.

Measuring Hy with NSBH via GW 717

Physical meaning Notation Form

Remark

BH mass function w(ms,1)
NS mass function w(ms )
Redshift prior 7w (z) Uniform
‘Irrelevant” NSBH merger parameters 7w (0) Uniform
Hubble constant prior 7 (Hy)

Power law + peak

Gaussian + variation

Uniform (20, 180) km s~! Mpc’1

Using the best-fitting parameter of the power law + peak model in
Abbott et al. (2021b) and equations (B5)—(B7) therein
Various distributional parameters are used as detailed in Section. 3.1
Avoid any informative prior that implicitly assumed cosmology
Contribute to an overall constant in the likelihood
Uninformative

marginalized event level parameters as

P(Hol{D,-})0(ﬂ(Ho)/p({Di}lz,dL,G)p(Z,dL,QIHo)ddeZdQ

Nobs

=”(HO)H/P(Di|ZvdLae)p(z,dL76|H0)ddeZd9~ (6)

The next step is to invoke the Bayes theorem to rewrite
p(D;ldL, z, 0):
p(Dildy. 2, 0) = P(z,dL,9|D,,LVK)p(D,|LVK)’ @
p(z, dv, 0]mLvk)

with p(z,d,0|myk) being an uninformative parameter prior
adopted by LVK. Following a similar notation, the term
p(z,dL, 0|D;, LVK) represents the parameter fitting results when
the LVK uninformative prior is used to fit the data. For a similar
reason, the term p(D;|LVK) is an uninformative data prior, which
is mathematically equal to a constant, and could be absorbed as an
overall normalization constant. In general, these terms can have a
non-trivial form to account for the selection bias as well, and we will
elaborate on this in Section 4.3.

Note the K; sample points of the posterior p(z, dy, 0|D;, LVK)
are available in the LVK data releases. Using these samples, one can
rewrite equation (6) as

p(Hol{D;})

Nobs l K;

o w(Ho) [ | e

p(z, di, 0|Hp)

Ny p(z, dyL, 0]mLvk)

p(D;i[LVK) |, (8)

where the integration [ d6 ddj, dz is replaced by the Monte Carlo sum
KL,- ZK’ . Asargued above, every term except p(z, di, 6| Hp) in the
square bracket can be modelled as an overall multiplicative constant.
The data fitting results come into the above likelihood function via the
Monte Carlo summation »_, while the goodness of fit to the model is
assessed in the term inside the Monte Carlo sum. In the subsequent
subsection, we will explain how the goodness of fit term can be
formulated.

4.2 Redshift-distance likelihood

There is a non-trivial point about the Markov chain Monte Carlo
(MCMC) samples released by LVK. Despite values of redshift z
being reported in the MCMC chain, those reported values of z should
be interpreted with extra care — indeed, their face values are not
applicable to our application at all.

The LVK fitting pipeline does not fit for the (1 + z) factor directly
asitis completely degenerate with the rest-frame chirp mass equation
(3) in terms of the frequency response behaviour.

Instead, the LVK pipeline utilized the Planck cosmology (Planck
Collaboration VI 2020) with Hy = 67.9 km s~! Mpc~!, so that
the luminosity distance d that parametrized the GW waveform
is directly converted to the redshift, and these directly converted

values of z are reported in the MCMC chain. Therefore, the MCMC
samples from LVK collaboration are samples of {d|., m, >, 0} instead
of directly containing z. For completeness, we provided an in-depth
discussion about this point in Appendix A.

For this reason, all the probabilities containing z in equation (8)
must be replaced by m », which indirectly constrains z with the use
of the Milky Way NS mass function.

Our prior here is the independent knowledge of the distribution of
ms» from the long-standing Milky Way NS mass distribution, which
we can factorize and write Hy likelihood (the term inside the bracket
in equation 8) as

p(mg 2, dy, 0|Hy) = /dz dmg s p(mo |z, mso)p(dilz, Ho)
X7 (Z)7 (m 2)7 (6). ©)

It is clear how the information regarding z indirectly comes into the
expression: if mg, are known precisely, z = m,2/ms> — 1 would
inherit the data uncertainty in m,,. The above equation simply
takes the intrinsic scatter of mg, into account, promoting m;, to
a probability 7 (m; ).

Note the conditionals p(m, 2|z, ms2) and p(dp|z, Hp) (i.e. the first
two terms before the multiplication symbol) are deterministic, and are
thus possible to be expressed in terms of Dirac delta. This simplifies
the expression to

p(mon, di, 01Ho) = 7t (msp = mo2/(1 + 2(dv; Ho)))m (6)
x7(z = z(dv; Hp)). (10)

While the inverse function z(dp; Hy) does not admit an analytical
form, a computationally inexpensive numerical solution can be easily
obtained because dy (z; Hp) is a monotonic function of z.

When d, is known and a fixed value of H; is chosen in an MCMC
sampling step, the corresponding value of z(dp, Hp) is uniquely
determined. And the likelihood of generating this specific z(dy, Hp)
is given by the conditional 77 (z = z(dyL; Hp)).

As the actual redshift prior 7(z) can be a complicated function
that models both the unknown evolution of the intrinsic NSBH
event rate and also the luminosity-limited selection effect, we will
simply assume an uninformative prior. In this way, the above
model likelihood function would depend on the NS mass function
T (ms2 = mo2/(1 + z(dL; Hp))) only (up to unimportant normaliza-
tion constants). As we will show below, the effect of selection bias
would further complicate this likelihood.

4.3 Selection bias

In a flux-limited survey, the observed luminosity distribution is
always biased to the brighter end, so that even if the intrinsic NS mass
distribution is symmetric, this selection effect skews the detectable
mass distribution.

However, as we will show below, this selection effect has only
a negligible effect on our results considering the uncertainty of
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existing measurements limited by the event-level parameters re-
covery. Furthermore, there is selection bias involved when using
EM-constrained NS mass function compiled by other studies (as
discussed in Section. 3.1) as the prior. This effect is beyond the scope
of our exploratory work focusing on GW-related effects and we here
(implicitly) absorbed them into the effective NS mass function priors
by choosing various possible oxs.

Correction for selection bias in GW surveys is difficult, despite
the existence of several attempts focused on the BBH systems
(Messenger & Veitch 2013; Mandel et al. 2019; Veske et al. 2021).
In particular, the full treatment outlined in Mandel et al. (2019) also
incorporates the Poissonian count noise contributed by finite number
of observed events. In our analysis, we ignore the Poissonian noise
in order to manage the computational cost. The selection effect for
systems involving NS can be more subtle with the extra requirement
of quantifying the tidal evolution of the NS during the NSBH merger.
In the treatment quantifying selection bias below we also ignore all
the extra contributions arisen from the tidal effect. In other words, we
treat NSs as essentially low-mass BHs without any internal structure
and deformability.

Denote the subset of data that passes through the selection criteria
as S = {D; € detected}. As all observed data are sampled from S
instead of all possible classes of waveforms, the size of the sampling
space shrinks, similarly for the likelihood of observing the event-
level parameters (dy, m, 2, ) as shown in equation (10). To account
for this, we would like to model the likelihood p(dL, m,2, 0|Hy, S),
which is conditioned on detectability.

Clearly, the BH mass m,; is one of the dominant factors that
change the SNR. As a result, we must reverse the action of
marginalization to obtain an expression that depends on mj ;. As
Mo, is also measured in the event level MCMC chains, the likelihood
would thus explicitly depend on m, ;. Applying the Bayesian theorem
again, we can express the selection-biased model likelihood as

pldy, mo 1, mo, 0|Hy, S) = P(Slmg 1, mo 2, dr; Ho)

L
Z(Ho, S)
X plmo,1, mo.. di|Hy)] . (1n

As usual, the factor Z(Hy, S) is the normalization of the likelihood,
which is also known as the Bayesian evidence. In this case, the
calculation of Z(Hp, S) involves a non-trivial triple integral to be
evaluated numerically on regular parameter grids. The calculation
of the model term p(m, i, m, 2, di.|Hp) has been outlined above,
particularly in equation (10). The additional dependence of m, ; can
be handled using the same approach for m,, except for replacing
the NS mass function 7 (m;,) prior with the BH mass function prior
s (m, 1)

The computation of p(S|mo 1, mo2,dL; Hy) requires expen-
sive numerical simulation to project the simulated signal onto
the interferometer. Fortunately, the readily available software li-
brary GWDET (Gerosa 2017) provides an efficient calculation of
p(S|mg,, mgo, dy; Hy = HéPlS)) (i.e. in terms of source frame
quantities) based on a library of pre-computed waveforms. We
describe how we approximate p(S|m, 1, Mo 2, di; Hy) from GWDET
in Appendix. B.

After correcting for selection bias as briefly outlined above, we
first examine the strength of its effect relative to the absence of
any selection bias. In Fig. 3, we compare the expected NS mass
function with and without correcting for selection bias. The effect
of selection bias can be seen to increase with distance as a higher
NS mass is necessary to produce sufficient SNR for event detection.
Among the overlapped curves, the curve peaked at the leftmost shows
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Figure 3. Demonstration of the effect of selection bias. In the upper panel,
we show the likelihood of finding mass mg o at various observed distance
dy. In the lower panel, we show the fractional difference between the mass
function with selection bias to the one without the bias (i.e. the mass function
evaluated at d, = 0).

the intrinsic NS mass function assumed in this comparison. It is
clear that for events in the nearby Universe the observed NS mass
function is not noticeably biased, and this is still the case even if we
consider events out to the detection limits of approximately di. = 500
Mpc, despite a slight potential skew towards the higher masses.
Quantitatively, the peak NS mass is shifted only by 0.02 M, which
corresponds to ~0.2-0.4ons.

While this effect is not important for a few NSBH events as the
current detection horizon of NSBH events is approximately di &
800 Mpc, note importantly that in the H, likelihood (equation 8),
the selection bias multiplies together, and, therefore, the correction
of the bias scales with the number of detected events. Therefore, we
decided to include this effect anyway in all the subsequent analyses
for completeness. However, the uncertainties from the event-level
parameter recovery still dominate the total error budget, so the
correction from selection bias is considered subdominant.

4.4 Results: GW190426 and GW200115

With the current limited number of observed NSBH events, inference
of Hy suffers from significant sampling effects, as the NS mass
of these events may not fairly represent the underlying NS mass
function.

The purpose of this current analysis should be understood as a
proof of concept, rather than a rigorous inference of Hy from the
existing GW data. In particular, we focus on answering whether,
with the current SNR, it is yet possible to deliver any meaningful
constraint on Hy. The main uncertainty currently, as will become
clear below, is the distance estimate, di, derived from the event
amplitude, rather than the observed mass M. (1 + z) for which the
precision is relatively good for the current NSBH detections. In
Fig. 5, we show the di. versus (1 + z)m, posterior for the NSBH
events observed so far, with the fiducial model assuming different
value of Hj overlaid on the posteriors. As can be seen, the Hy
constraint is substantially worsened by the intrinsic scatter of the
NS mass function, thus the one-to-one correspondence between z
and d. at a fixed Hy are mapped into a band covering a range
of possible m (1 4 z) values. Focusing on the shaded bands, the
bands for different Hy are increasingly separated at larger distances,
implying that models of different H, are increasingly distinguishable.
Considering both the fact that NSBH events can be detected at larger
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Figure 4. Hj constraint from the combined constraint of GW190426 and
GW200115. Hy values shown in the legend are in the unit of km s~! Mpc~!,
with the quoted uncertainty as the 68 per cent highest density interval. Note
the posterior maxima shift as a function of ons and such effect comes from
selection bias correction.

distances and m, » can be measured with higher precision due to the
more extreme mass ratio than BNS, NSBH is more preferred over
BNS system. In the plot, we also show the posterior of GW190917
in a dotted contour, which has an unusually high m;,(1 + z) and is
by now the most distant event with the highest mass ratio observed
so far.

Using the more secure events as argued in Section 3, namely
GW190426_.152155 and GW200115-042309, we perform the fitting
procedure as outlined above to determine the recent constraint in
Hj. As the scatter in the NS mass function is still in debate, we
repeat the analysis assuming three characteristic values of variance.
A fairly broad uniform prior of Hy € [20, 180] km s~! Mpc~! is
applied. The result is shown in Fig. 4. As the plot indicates, with the
very few NSBH events and the poor event-level parameters recovery
precision, the constraint on Hy is not very strong, but a mild exclusion
of Hy 2> 140 km s~! Mpc™! and Hy < 50 km s~! Mpc~! can be
noticed. This is in line with the intuition from Fig. 5. where the
event posterior contours spread different models assuming different
H, values. None the less, this demonstrates the applicability of our
method. It is promising to notice the method can still deliver some
exclusion to Hy models even with the scarcity of data, which is
expected to gradually improve in the near future. A forecast of the
improvement in precision and a study of the systematics will follow
in Section 5.

5 FORECASTING NEAR FUTURE PRECISION
ON H,

As the observed number of NSBH events is still limited, we now
present a forecast to predict the achievable precision on Hj that can
be anticipated in the near future. This is estimated by a dedicated
waveform injection pipeline. We perform simulations of NSBH
events drawn from an assumed event distribution, and examine how
the waveform fitting procedure induces uncertainty in addition to the
intrinsic scatter on the NS mass distribution adopted in our prior.
The required modelling for the population of simulated events
comprises three distributions, namely: the BH mass function  (m 1),
the NS mass function 7 (m; ), and the event rate 7 (z). We randomly
draw samples from these distributions, and subsequently shifted the

Measuring Hy with NSBH via GW 719
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Figure S. Confidence contour the NSBH events listed in Table 1, overplotted
with models that assume different values of Hy (shaded bands). The y-position
of the bands is determined by pinning down the source frame NS mass mg =
1.4 £ 0.1 Mg, with the boundaries adopting 1.4 4+ 0.1 Mg and 1.4 — 0.1 Mg,
respectively.

source frame quantity mg, ms, to the observed frame quantity
my and my. The {m, 1, mo 2,2} samples are then filtered to
rule out events that generate weak signals undetectable before any
waveform evaluation to cut down the computational cost. Afterward,
we calculate the waveform parametrized only by observed frame
quantities{m,_ 1, M2, d.} using the publicly available package BIBLY
(Ashton et al. 2019; Romero-Shaw et al. 2020; Ashton & Talbot
2021), which is the default analysis package for LVK (Abbott et al.
2021c) to analysis NSBH event. In particular, we use the approximant
IMRPhenomXPHM to better handle the extreme mass ratio for NSBH
events. We then project the waveform to the detectors LIGO L1, H1,
and Virgo, and inject noise realizations to the projected waveform
from their corresponding power spectral density. These procedures
create simulated observations, namely time series of strain variations
among each of the detectors.

These time series are then passed to our fitting pipeline. Our goal
is to obtain the H, posterior using the simulated time series via
equation (6). However, as will be explained in the next subsection,
we would leave flexibility in choosing the presumed population
parameters characterizing m (m; ). Therefore, the time series would
first be fitted assuming a uniform prior in m; » and z via the MCMC
sampler DYNESTY (Speagle 2020; Ashton & Talbot 2021). We have
the freedom to enforce different mass priors m(ms2) when the
MCMC samples are subsequently used to calculate H, posterior,
by reweighing the MCMC samples as explained in equation (8).
This approach effectively reduces the undesirable repetitions in
MCMC sampling when we switch between priors, and thus cut
the computational cost down to an affordable amount. In the fitting
procedure, we use the same likelihood function (Pankow et al. 2015)
as adopted in LVK analysis (Abbott et al. 2023b). It is numerically
implemented in BIBLY, with the phase parameter being analytically
marginalized over as demonstrated in Pankow et al. (2015).

5.1 Event level uncertainty

While the event level parameter recovery and the corresponding
uncertainty estimates from noisy signal have been extensively
demonstrated by LVK (Abbott et al. 2023b), most of the existing
data are on BBH signals. For our application on NSBH, we would
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Figure 6. The posterior constraint on five simulated BNS (unfilled con-
tours) and NSBH events (filled contours), respectively. Clearly, despite the
uncertainty in dp, is slight larger for NSBH, the uncertainty in (1 4 z)m
is substantially reduced when compared to BNS event. Therefore, a better
precision on event redshift z is archived by using NSBH event.

like to focus more on the parameter degeneracy related to z and di,
and how the correlations vary as switching between different injected
event parameters, thus elucidating the limit on H, precision due to
parameter degeneracy.

5.1.1 Parameter degeneracy

In Section 2, our estimation shows the constraint on z and dj, are
inferred from the two (almost independent) observables, namely the
chirping spectrum (constrain ¢ and thus (1 4 z)m;) and the signal
amplitude, respectively. It is therefore natural to investigate the shape
of the posterior given the waveform data: whether the z and dy, are
minimally correlated. In Fig. 6, we plotted the confidence contours
on the di. and (1 + z)m, plane. If the two parameters are inferred
from independent observables, the semimajor and semiminor axis
of the contours should be parallel to the d| -axis and (1 + z)m,-axis,
respectively.® Indeed, our intuition is valid. Because of the absence of
a significant correlation between (1 4+ z)m; and di, we can determine
z once m, is constrained in the NS mass function defined in the prior.
The independent measurement of z and di, allows one to determine
Hj via the classic Hubble diagram.

5.1.2 BNS versus NSBH

In particular, we would like to understand the advantage of using
NSBH over the BNS event in a deeper detail. As argued previously
in Section 2 due to the efficient amplification powered by the BH
companion, NSBH provides the ~4 enlargement of the detection
horizon, thus providing improved constraints on Hy.

Recall the precision on constraining H, also depends on the
estimation uncertainty in z. Apart from the extension of the detection
horizon, NSBH also provides a tighter estimate on z. In particular,
mergers with fairly unequal mass ratio generate stronger signals,

SIf the quantities are inferred from correlated observables, the quantities
would consequently be linear combinations of all observables. Thus, the
covariance matrix would possess off-diagonal terms that tilt the contours at
some angle to the dy -axis and (1 + z)ma-axis.
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Figure 7. The simulated Hubble diagrams for the 10 injected events,
assuming ons = 0.1 Mg.

thus improving the constraints on g. To test this intuition, we inject
a population of 10 BNS events with both the component masses
sampled from the same NS mass function m(m;s,), and assign the
heavier component as m;. Similar to what we did for the NSBH
events, we fit the injected waveforms using a flat mass prior for both
the masses, but adopting the approximant IMRPhenomPv2-NRTidal
for BNS. The information of the NS mass function is used only when
inferring the Hy posterior (equation 9). Such a choice would allow a
fair comparison among the two types of sources.

The recovered posterior on d. and (1 + z)m, for each event is
plotted in Fig. 6. As can be seen, the detectable BNS mostly fall in the
more nearby Universe, and the associated estimation of (1 + z)m; is
more uncertain. On the contrary, most NSBH injected are originated
at a larger distance as the sampling volume increases. However, the
estimation uncertainty in di. does not worsen significantly. Further-
more, there is a notable improvement in constraining (1 + z)m, and
thus z. This demonstrates the advantages of using NSBH over BNS.

5.2 Population level uncertainty

Another limit on precision determination of Hy comes from (1) the
intrinsic scatter of the source population, and (2) the finite sampling
from the source distribution.

5.2.1 Sensitivity to source distribution

To examine effect (1), we generate events from 7 (1, 2; ons) assum-
ing different levels of intrinsic scatter oyns, and feed the simulated
data to our fitting pipeline to obtain the posterior p(Hy|{D}) fol-
lowing equation (8). Note that we do not enforce to take the same
intrinsic scatter oys in the Hy fitting procedure as in the simulation
procedure, hence allowing tests of the sensitivity against the incorrect
characterization of oys.

We injected a population of NSBH with (mys) = 1.4 Mg and
o™ = 0.1 My; the large intrinsic scatter of o™ = 0.1 Mg is
probably a conservative estimation. We sampled 10 events from
the simulation, and determine the H, posterior assuming olslﬁst) €
{0.02,0.05, 0.1, 0.2} M. The Hubble diagram of these simulated
events is shown in Fig. 7.

It is clear from Fig. 8 that an underestimated a&ﬁ‘) < olffim) would
not only lead to the incorrect shrunk of error, but can in principle,

substantially shift the mean (Hj) to an incorrect value, depending

G20z 1dy 20 uo 1sanb Aq 28862081 | L/2/8ES/AI01HE/SEIUW/WOD dNO"DILSPEDE//:SAPY WOI) POPEOJUMOQ



0.175 1
— Ho = 572*?%, Ons = 0.02

0.150 Ho =63.6%82; oys = 0.05
e H0=68.5t%‘2‘:g; O'N5=0.1
E— H0=814t%3%, ons =0.2

—— Ho=73.33%3; Multimodal

0.125 4

0.100 q

p(Ho)

0.075 A

0.050 q

0.025 4

0.000 q

T T T T T T T
20 40 60 80 100 120 140 160 180

Ho [km s~ Mpc™1]

Figure 8. The constraint in Hy when 10 simulated NSBH events are
observed, assuming alsflm) = 0.10Mg. The multimodal NS mass function
(marked as NSMF on the plot) assumes the two peaks at m> = 1.3 and
1.5 Mg, respectively, with an equal dispersion on each peak o = 0.1 M and

equal relative abundance.

on the sampled mean NS mass (mns) @ in contrast to the simulated
mean NS mass (mys)®™. An overestimate of oy’ > o\ would

exaggerate the uncertainty in Hy.

5.2.2 Source distribution: multimodal

Ithas been reported that the NS mass distribution is more complicated
than a simple Gaussian: instead of a peak around the Chandrasekhar
limit ms; ~ 1.4Mg, the NS mass function has (at least) two
neighbouring peaks at m, ~ 1.37 and 1.57 My, (Zhang et al. 2011)
despite the exact location differs in different literatures, depending
on the selection of NS samples (see a summary in Section 3, or from
Horvath & Valentim 2017 and reference therein).

As can be seen in Fig. 8 (particularly the skewed, second-lowest
peaked curve), the presence of multiple peaks in the NS mass function
would in general skew the distribution towards the direction that
corresponds to the less dominant peak. Having said that, the mean
value of Hj can still be recovered. If the peaks in the intrinsic NS
mass function are not well separated due to intrinsic scatter, the
corresponding H, posterior would also hide the peaks due to the
propagated uncertainty in Hjp.

The reasons for the striking similarity between the multimodal
mass function and the simple Gaussian distribution can be understood
as follows. The mean of a two Gaussians mixture I'G(u, o1) +
(1 — TG (u,, 03), with a relative abundance of T" € [0, 1], is 1 =
Tt + (1 — I')uo. Similarly, the associated varianceis 5% = I'(o} +
ud) + (1 — )02 + u3) — 1> We can statistically assess whether it
is possible to significantly distinguish a Gaussian mixture with an
effective Gaussian G(ji, &) via a two-sample Kolmogorov—Smirnov
(KS) test. In particular, we focus on the limit that the number
of samples from those distributions is finite, so as to mimic the
fact that we would observe limited number of NSBH events. As a
visual comparison, we plot a few multimodal mass functions with
benchmark parameters chosen to mimic some of the claimed forms
in Horvath & Valentim (2017). The results are shown in Fig. 9. While
the appearance of the effective Gaussian description may look very
different in terms of the probability distribution function, they look
fairly similar in terms of the cumulative distribution function (CDF)
— based on which the KS test is built. In particular, the difference is
the most noticeable when A = (1, — py)/min(oy, 07) > 1, so that
the two peaks can be ‘resolved’.

Measuring Hy with NSBH via GW 721

For realistic constraints from the Milky Way observation of NS
binaries, A < 1, and thus the two descriptions are statistically indis-
tinguishable. This conservative assessment did not take into account
the substantial GW measurement uncertainties in the redshifted
NS masses m;,. One would therefore expect the measurement
uncertainties would further diminish the difference between the
multimodal distribution and the effective Gaussian. This result is
indeed expected: in the effective Gaussian formalism, we force
the corresponding mean and variance (the two leading statistical
moments) to be consistent with the multimodal distribution. Thus,
any distinguishable feature would only contribute from the third-
order moment onwards, where the amplitude is suppressed at least
by [(x — )/6] < 1P,

This demonstrates our method is insensitive to the fine detail of
the underlying NS mass function, and is therefore robust to the
selection of the samples from the electromagnetically observed NSs.
More precisely, the fine details would not be possible to significantly
bias the analysis — with the consideration of the limited number
of observed NSBH events foreseen in the near future. In the more
distant future with both upgraded sensitivity of GW observatories
and improved EM-based measurement of the NS mass function,
the fine details would eventually become relevant for the precision
determination of H.

5.2.3 Dependence on number of events

Intuitively when the events are completely independent, the un-
certainty in Hy is reduced with increased numbers of events:
SMHy = (1/+/N)8Y Hy. However, we emphasize that the events
are not independent despite the fitting procedures that do not rely
on the knowledge of other events. The data generation process links
the m; , of each event together via 7 (m;): the presence of a subset
with mg, < (mns) implies the likely presence of another subset with
ms2 > (mns), so that the population mean (mys) is probabilistically
restored. The presence of this correlation makes the simple 1//N
scaling too optimistic.

To study the impact of those possible hidden correlations, we
reuse the simulated events and evaluate the posterior equation (8) by
supplying randomly sampled subsets of simulated events, with each
subset containing a different number of events. The results are shown
in Fig. 10. It is clear that the improvement is slightly slower than
1/+/N, yet the improvement is still significant, so that, for example,
the accumulation of 10 events successfully shrinks the error to 1/2
of that from a single event, meanwhile driving the posterior mean
(H)y) to match the injected value.

5.3 Discussion

As we have shown above, shrinking down the Hj uncertainty innate
to this method requires more detected NSBH events, which would be
achievable in the near future. Apart from waiting for more observed
NSBH GW events, other efforts on EM-based observation of the
Milky Way NS systems could also help improve the H, constraint.
One dominant uncertainty is inherited from the estimation of z from
the GW data, which requires the external, ‘calibration’ input from the
NSs observed in the Milky Way. As explained in Section 2 (and the
associated schematic Fig. 1), once the NS mass m; is determined,
it could be combined with the spectral evolution of the GW events to
determine the mass ratio ¢ and thus the source frame chirp mass M.
Such source frame chirp mass M, can then be compared with the
redshifted chirp mass M.(1 + z) to obtain an estimate of z. On the
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number of observed events. It is clear that the shrink in uncertainty improves
slightly slower than the Poissonian decay, as the events are not totally
independent: they share the calibration parameters (i.e. intrinsic properties of
the mass function) in our fitting process.

other hand, there is an independent method to construct a data-driven
external prior on the mass ratio ¢ as well. With an external estimate
of g, the uncertainty in the GW spectral evolution constraint on ¢
would be significantly reduced.

The EM measurement of the mass ratio of the binary system
involving an NS is not generally possible, unless at least one star of
the binary system is a pulsar (or other time transients). This could be
understood as follows: astrometry measurements are able to measure
the Keplerian parameters, which constrain the component masses up
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to an unknown orbit inclination. Such parameter degeneracy can
be removed by a companion pulsar — exploiting the relativistic time
delay when the pulsar signal is deflected by the gravitational field (see
e.g. Lattimer 2012 for a review). Indeed, in the NS mass function,
we picked as demonstration (Valentim et al. 2011; Kiziltan et al.
2013; Horvath & Valentim 2017), the NS mass is obtained from
system that hosts at least a pulsar. The measurements of g for each
system allow the construction of the distribution of ¢. Such external
constraint distribution can then be input as a prior to our analysis
pipeline.

Another subtle aspect of the prior on ¢ is to handle its potential
correlation with the mass scale mygs of the corresponding binary
system. This is theoretically expected as the formation mechanism
of NS with viable mass can be different — possibly including tidal
interaction within the binary system where ¢ would be an important
control parameter. Owing to the limited amount of available of EM-
detected NS systems, such an effect is still unclear; it is also for
this reason we stay conservative in this analysis and do not model
such effect. However, this should be of practical interest in the near
future with the consortium of EM observation and GW observation
to lift up such degeneracy, thus helping tighten the constraint
of H().

A final remark on the application of the BNS system versus the
NSBH system as discussed in this work. As the NS mass function
has been fixed in a priori, in principle the expected chirp mass M.
can also be fixed by convolving the NS mass function with itself.
Such a process naturally leads to a prior directly on the chirp mass
M. for the BNS system. This is different from the NSBH approach
we discussed here — where the primary mass mg; (BH mass) and
equivalently the mass ratio ¢ has to be constrained by the data.
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It should be now clear that the BNS approach would be strongly
influenced by the presumption on the g—mys correlation, so that
the expected chirp mass function is no longer a simple convolution
of the NS mass function with itself. That is also one reason why
NSBH is favoured at the current stage, where the dependence on
q is solely addressed by the GW waveform, without exploiting any
unclear presumption. Furthermore, the measurement precision for ¢
in the NSBH merger is better than is in the BNS merger, thanks to
the long-lasting waveform during the NSBH merger event. However,
the synergy of BNS and NSBH to deliver a joint constraint on Hy is
still foreseen in the future upon the rapid accumulation of both EM
and GW data.

6 CONCLUSIONS

We have demonstrated here that NSBH events provide an indepen-
dent and potentially competitive means of estimating H, by relying
on the characteristic Chandrasekhar mass of NSs —using only the GW
data, and without the need for a supporting EM redshift. Thanks to
the population of NS masses measured to lie in a confined mass range
mns ~ 1.4 + 0.1 Mg, provides a simple reasonably well-understood
‘standard siren’ for interpreting the GW waveforms of the GW events
of this class. At least one NSBH event is now undisputed, namely
GW200115 with a redshifted NS mass of 1.48 My determined in
the observer frame from the LVK waveform analysis and with
distances estimated to be 2837537 Mpc using the measured strain
amplitude.

Reconsideration of other GW events recorded prior to GW200115
may now be redefined with an NSBH classification, namely event
GW190426 and possibly also GW190917 (for which a less conser-
vative ‘prior’ on the rate of NSBH merging is forced by the clear
detection of GW200115).

None the less, we have shown that it is possible to obtain a
consistent constraint in Hy from the existing NSBH events, albeit
with larger distance uncertainty due to relatively low SNR in the
detections.

We may look forward to upgraded sensitivity that would allow
NSBH events with higher SNR, i.e. better-defined waveforms for
which the degeneracy with orbital/spin parameters can be much
improved allowing significantly more precise distance estimation
and hence better defined H, that will be defined from a joint analysis
of a larger sample of future NSBH events. We have emphasized that
even with the current sensitivity, with only 10 more useful NSBH
events, we can anticipate § Hy/ Hy =~ 20 per cent. In particular, this
uncertainty is inherently different from the precisely determined Hy
from supernovae surveys: GW-based methods are based on a vastly
different set of physical processes, thus allowing for comparison and
validation of the assumptions made in supernovae-based measure-
ments.

We have emphasized that this NSBH-based method for deter-
mining Hj is unlike that of multimessengers BNS events where an
external redshift is required for a precision measurement of Hy. In
fact, only one BNS case has been detected this way (GW170817)
rather fortuitously via gamma-ray flare time coincidence and the
unusually close proximity of this BNS event. For NSBH we have the
advantage of a much larger detection horizon thanks to the presence
of the associated massive BH that enhances the chirp mass and hence
the detectable SNR. Of course for NSBH events with associated EM
emission whereby an independent redshift can be established, the
precision on Hj is much improved. Thus it should be regarded as
a priority to be prepared for prompt follow-up of NSBH candidate
GW events, but nevertheless, this is not a requirement of our method,

Measuring Hy with NSBH via GW 723

for which GW alone is sufficient for competitive precision on H at
current sensitivities.
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APPENDIX A: REMARKS ON COSMOLOGY
DEPENDENCE OF LVK MCMC CHAINS

‘We note that the PYCBC and BILBY GW parameters inference package
used the accelerated method outlined in Thrane & Talbot (2019) and
Ashton & Talbot (2021) to compare between model templates and the
data, and thus evaluating the likelihood. As an illustrative example
(Pankow et al. 2015), this class of methods relies on the analytical
marginalization of extrinsic parameters (in particular, di ) while only
numerically samples the intrinsic parameters (M., 6). As the effect
of extrinsic parameters is shiftings and scalings of the waveform —
in contrast to more complicated dependence involved for intrinsic
parameters — analytical marginalization over extrinsic parameters is
allowed. These marginalized likelihoods are then used to reconstruct
the extrinsic parameters, particularly for di. following the procedure
outlined in appendix C of Thrane & Talbot (2019).

Consequently, in the LVK pipeline, a model of the GW waveform
radiated by compact binary coalescence is first created using the
intrinsic parameters, including M.. The extrinsic effect of d is
reconstructed afterwards, and such d; information is converted into
redshift z by assuming the nominal value of Planck 2018 cosmology
(Planck Collaboration VI 2020) with Hy = 67.9 km s=' Mpc~!.
Using this redshift derived from dy, the source frame chirp mass
M posterior samples are reinterpreted by rescaling it with 1/(1 +
7). As a result, the source frame masses provided in the MCMC
chains provided in the LVK data releases have all assumed the Planck
2018 cosmology implicitly, and this therefore forbids the use of the
source frame masses and redshifts at their face values in the MCMC
chains (for the purpose of cosmography). We have verified that the dj.
samples in the LVK chains that we used in this paper have a perfect
correlation with the z samples provided in these chains with zero
scatter (up to floating point precision), and the conversion rules for
converting d;, samples into z samples are indeed the distance-redshift
relation implied by Planck 2018 cosmology.

For this reason, in our analysis demonstrated in Section 4, we avoid
the use of any source frame quantities provided in the MCMC chains
and stick with the observer frame quantities that are cosmology
independent.

APPENDIX B: TRANSFORMATION OF
SELECTION LIKELIHOOD

A crucial step for our selection-corrected model likelihood is to
evaluate the selection bias term, namely p(S|m 1, mo 2, di; Hp). To
do this, we use an approximation method built upon the software
GWDET (Gerosa 2017). Before proceeding, we quickly review the
method implemented in GWDET. In GWDET, the detection complete-
ness — as a function of source frame component masses and distance
— is evaluated over millions of parameter grids. The completeness
is evaluated via the method outlined in Dominik et al. (2015) as
follows. Given a parameter combination, the optimal SNR of the
event pq — optimizing the inclination and alignment with the GW
interferometer (i.e. extrinsic parameters) — is computed via numerical
relativity. Following this, a ratio w = 8/0, is computed, where 8
is the SNR threshold of detection. Using analytical modelling of
the sensitivity variation among different combinations of extrinsic
parameters, upon marginalization the selection completeness can be
modelled as a function of the form p(> w), which is monotonically
decreasing. As w is a function of (mj;, msp, di.), we can identify
this with the selection probability:

p(> w = 8/popt) = p(Slms1, ms2, di; Ho). (B1)
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In particular, the calculation of p,p pre-computed in GWDET assumes
Planck 2015 cosmology. In our application, we would like to
implement two extra steps: (1) rewriting the functional dependence
from source frame to observer frame; and (2) generalizing this
selection probability to arbitrary Hy by suitable approximation —
as a compromise of calculation speed and precision.

The first step — rewriting it in the observer frame — is simple. The
selection probability can be rewritten as

p(Slmo 1, myo, dis Hy) = /dms,l dmg p(Slmg,1, ms 2, di; Ho)

x p(ms 1, Mmsa|mo 1, Mo 2, dv; Ho)
x p(dL|Hp). (B2)

Such integral is efficient to evaluate as
p(mg 1, msolmeo 1, moo, dL; Hy) is a delta function, relating the
frames via mg; = m,; /(1 + z(dr; Hp)).

The second step to relate between different cosmology is however
more tricky, and here we use an approximate approach to the first
order. First of all, we evaluate p(> w =8/ pf,‘;f ) using GWDET.
As p(> w) is monotonic, we can inverse the function to calculate
pf,l;llj) as a function of (m, 1, m, 2, dr) efficiently with the output of
GWDET. Note that to the first order, pop; has the following cosmology-

dependent scaling (Ajith et al. 2008):

(1 + Z)5/6
d.

Therefore, to transform from Planck 2015 cosmology to arbitrary
cosmology, we can scale pop; approximately as

1+ z(dy; Hp))'®
oo (Ho) = @15 ( .
Popt(Ho) = popt (1 + 2(d.; P15))5/6

The argument of the GWDET selection probability p(> w = 8/ 0op)
is scaled accordingly to get the cosmology-adapted selection proba-
bility. Following the above procedure, we yield a numerically highly
efficient method to calculate the selection probability, therefore,
allowing us to quantify the selection bias involved in the inference
of Ho.

Popt X (B3)

(B4)

APPENDIX C: FISHER ANALYSIS OF NSBH
CONSTRAINTS ON H,

We would like to estimate if the enlarged detection horizon offered
by NSBH events can significantly improve the constraints on Hy.
By significantly, we mean an improvement in the error terms at the
leading order, derived using Fisher analysis.

In the following, we present a bottom—up approach. The first step
is to evaluate the distance measurement error 8d of NSBH events and
BNS events. We are particularly interested in studying the marginally
detectable events, defined by having their SNR p* = 8. The NSBH
horizon is larger, dnysgy > dpns, and they both give rise to the same
SNR (pnsBH = pBNs = P« = 8). Itis well known that p dA]:l (Ajith
et al. 2008). For later convenience, we denote the proportionality
constants for both NSBH and BNS events as «s:

+ _ ONSBH _ OBNS

= = =8. (ChH
dnseh dpns

The distance is then determined from GW data by a matched-filter
likelihood of the form

pldv) ocexp(—(p — (p)*/2), (C2)
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where (p) is the ideal SNR achievable by the specific GW event,
particularly parametrized by dy, and p is the observed SNR that is

subject to random fluctuation.
The Fisher matrix Fyq can then be derived, which corresponds to

the distance measurement uncertainty, this is

dlogp?
Faa = < a;p >
L
~P (C3)
2 2
Y o — o2y
v 7 {(o = (o) )~p a

In the second line, we use the fact that p is normally distributed
with variance equal to unity. Invoking the well-known Cramer—
Rao bound from elementary statistics, we can infer that the distance
measurement error is

8d = Fo? = & ja = di/(p). (C4)

Thus, the fractional measurement error in the distance (6d /dy ) scales
as (p). Note, however, that for the marginally detectable events —
regardless of their BNS/NSBH identification and their luminosity
distance — we have (p) = p* = 8. As a result, both the furthest
detectable NSBH event and the BNS event share the same fractional
distance measurement uncertainty to the leading order.

With this result, we can now proceed to derive a Fisher estimate
of the error budget on Hy. Here, we would like to assume a Gaussian
error model for measuring the distance d;. of a GW emission event
(regardless of BNS/NSBH origin). This is

(dy — iz Ho))2>

(C5)

P(dLWL(Z; Hp)) « exp ( -
20§

As the above analysis suggested, the error term oy scales with c?L,
which we can express as o4 = opdL. Repeating the same Fisher
analysis — now evaluating the H, element of the Fisher matrix Fyy:

A\ 2
dlog p? / 0log p 9dL N
Fuu = = [ dd — di|d(z; H
HH < OH, ) L ad, oH, p(dvLldL(z; Hp))
~dy

A 2

a\ 1 <d;f d§>
Hy ) oy \d® d ~dy
(05 +3)

The Cramer—Rao bound asserts that the uncertainty in determining
H, with noisy measurements of di_ is lower bounded as

8Hy _ Figi”
Hy = Hp

-2 (C7)

= (00_2 +3)
It should be clear from the above expression that the fractional
measurement uncertainty in Hy does not depend on the NSBH/BNS
classification of the GW event. Here, only the uncertainty in mea-
suring dy, is taken into account. In fact, as argued in the main text
(Section 2), it is possible to measure g to a better precision for NSBH
events. Therefore, NSBH events are more powerful in determining
the value of H.
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