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Abstract—This paper introduces a time-optimal swarm tra-
jectory planner for cooperative unmanned aerial vehicle (UAV)
systems, designed to generate collision-free trajectories for flock-
ing control in cluttered environments. To achieve this goal, model
predictive contour control is utilised to generate time-optimal tra-
jectories for each UAV. By demonstrating the differential flatness
dynamic equations, the system state constraints are simplified,
the algorithm’s complexity is reduced, and the overall stability
is improved. Additionally, flocking control is achieved among
multiple UAVs by applying virtual repulsive and attractive forces.
Furthermore, an event-triggered trajectory deconflict strategy for
trajectory replanning is considered to resolve multiple trajectory
conflicts. Comparative experiments with baseline methods have
confirmed that the proposed planner can generate faster and
safer trajectories than conventional methods.

Index Terms—Unmanned aerial vehicles, optimisation, model
predictive contour control, distributed trajectory planning, colli-
sion avoidance, swarm robotics.

I. INTRODUCTION

Unmanned aerial vehicles (UAVs) are widely recognised for
their high agility, performing exceptionally well in various sce-
narios, such as trajectory planning in unknown environments
[1]-[3], and high-speed competitions in known environments
[4]. There is also an increased research interest focusing on
formation control for multiple UAVs where a team of UAVs
is required to form a desired pattern in a given workspace
[5]. However, most studies on formation control often com-
promise the agility of drones [6]-[8], which may cause some
limitations in emergency situations like search and rescue [9].
Therefore, this paper aims to develop a multi-UAV trajectory
planner that focuses on enhancing agility, enabling aerial
clusters to rapidly adapt and manoeuvre through cluttered
environments.

The high-agility UAV swarm trajectory planner faces three
significant challenges. Firstly, the planner is designed to
navigate complex environments by avoiding dense obstacles
and dynamically adjusting trajectories to prevent collisions
with other UAVs while maintaining optimal flight speeds
[10]-[12]. Additionally, generating smooth and high-quality
trajectories is crucial for stable flight, allowing quadrotor
drones to operate at their performance limits. Furthermore,
another critical challenge lies in resolving trajectory conflicts
within the swarm, requiring efficient distributed strategies to
ensure safe manoeuvring in highly dynamic and constrained
environments [13].
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In this paper, these challenges are addressed by designing a
Time-optimal Swarm TrAjectory planner (T-STAR). A novel
distributed swarm trajectory planning strategy that signifi-
cantly improves the efficiency of task completion is proposed.
This method consists of three main parts. Firstly, the planner
uses local perception data for the convex decomposition of a
cluttered space and builds a time-optimal model based on the
cost function from Model Predictive Contour Control (MPCC)
[14]. Unlike established approaches, the proposed strategy
does not use the constraints of MPCC to update control vari-
ables because the nonlinear dynamics during the high-velocity
flight of quadrotor drones significantly increase the computa-
tional load. The differential flatness is applied to represent
the drone’s position, yaw angle, and their finite derivatives
as control variables, updating them by the smoothness of flat
output, thereby preventing numerical instabilities associated
with MPCC-based state updates. Then, by predetermining the
relative positions between individuals, a resilient distributed
strategy is established in which each UAV exerts repulsive
forces on the other UAVs while generating attractive forces
to maintain swarm collaboration. Finally, an Event-triggered
Trajectory Deconflict strategy (ETD) is designed to avoid
trajectory conflicts between multiple UAVs. The contributions
of this paper are as follows.

1) A new time-optimal trajectory planning method is pro-
posed for quadrotor drones based on MPCC, utilising
the differential flatness to reduce model complexity and
enhance numerical stability.

2) A novel decoupled swarm planning strategy is designed,
which maintains high swarm speeds while keeping for-
mation errors bounded. This is achieved by incorporating
slack variables related to formation errors, enabling a
flexible trade-off between swarm speed and formation
quality.

3) A new event-triggered mechanism strategy is introduced
that allows individual UAVs to locally replan their trajec-
tories, using information from neighbouring UAVs when
a trajectory conflict is detected, in order to generate a
collision-free swarm trajectory.

4) Extensive benchmark testing, simulations, and real-
world experiments are conducted to validate the ef-
fectiveness of our method. Compared to conventional
trajectory optimisation-based control methods, our ap-
proach can generate trajectories that are shorter in du-
ration and faster in speed.



II. RELATED WORK
A. Differentially Flat Control of Quadrotor Drones

Differential flatness was proposed by Fliess et al. [15]
and has been widely used in control systems [16]-[18].
This property indicates that all states and inputs of a flat
system can be determined by flat outputs and their finite
derivatives. Mellinger and Kumar demonstrated the flatness
of quadrotor aircraft model, defining position and yaw angle
as the flat outputs [19]. Therefore, the planning of states
for a quadrotor can be transformed into planning based on
flat outputs. For instance, a fault-tolerant trajectory planning
algorithm was proposed by combining differential flatness and
the uncertainties of the quadrotor model [20]. Differential
flatness was applied to model predictive control, resulting in a
trajectory planning method based on quadratic programming
and feedforward linearisation [21]. However, these methods
do not consider the aerodynamic effects associated with the
high-speed flight of quadrotors. Faessler et al. proved the
flatness of quadrotors affected by linear rotor drag effects, with
position and heading remaining as the flat outputs [22]. An
aerodynamic model for fixed-pitch quadrotors was developed
in [23], with the introduction of a thrust controller to improve
tracking accuracy. In [17], the incremental nonlinear dynamic
inversion method was proposed to handle aerodynamic drag,
utilising optical sensors to measure motor speed for closed-
loop control.

However, the above methods focus on the motion planning
of a single UAV and do not consider the complexity and
coordination requirements of multi-UAV systems. As task
complexity increases, multi-UAV systems need to achieve
efficient and reliable coordinated motion in dynamic environ-
ments, which imposes higher demands on trajectory planning
algorithms.

B. Model Predictive Control for Trajectory Planning

Model Predictive Control (MPC) is widely studied for its
ability to predict future behaviours in highly uncertain envi-
ronments and to handle complex constraints [24]-[26]. MPC
solves an optimisation problem over a finite time horizon to
obtain a locally optimal solution, thereby iteratively updating
the optimal state of the control system.

However, MPC requires significant computational re-
sources. This is particularly challenging when establishing the
nonlinear dynamics models for quadrotors, making nonlinear
MPC computationally intensive. Therefore, many studies have
reduced the computational complexity by linearising the non-
linear MPC (NMPC) [27]. With the development of nonlinear
optimisation solvers, NMPC has become a popular control
method for quadrotors. In [28], a time-optimal trajectory
planning method using NMPC is proposed by setting the
quadrotor’s progression along the trajectory as waypoints. The
NMPC model, which used Gaussian processes, was estab-
lished to compensate for aerodynamics in high-speed flight
[29]. However, traditional NMPC heavily relies on reference
trajectories, and generating these trajectories is a complex task.

MPCC is a variant of NMPC that expands the search
space of MPC by maximising the progress along a reference

trajectory and minimising the distance to reference points
[30]. Therefore, MPCC reduces the dependence on reference
trajectories to enhance the robustness of the tracking system
effectively. Liniger et al. proposed an MPCC model for
autonomous racing cars, integrating trajectory generation with
tracking [31]. The feasibility of the MPCC approach was
demonstrated in racing tasks for quadrotors [14]. Additionally,
collision-avoidance constraints were incorporated in MPCC to
generate safe trajectories [32].

Although these approaches provide reliable solutions for ag-
ile flight in quadrotor drones, the high computational resources
required by NMPC remain unresolved. Moreover, the issue of
numerical stability in NMPC still persists.

C. Distributed Trajectory Planning

Distributed swarm trajectory planning is a key research
area in multi-UAV systems, involving obstacle avoidance [33],
collaboration [34], and formation [35] of multiple UAVs in
complex environments. In [36], a velocity obstacle strategy
was introduced for avoiding dynamic obstacles. The core of
this strategy is to construct a velocity obstacle space based on
the velocity and position of obstacles, with the UAV planning
velocity outside this space. Van den Berg et al. applied and
extended the velocity obstacle strategy to multi-UAV systems,
allowing UAVs to plan collision-free trajectories [37]. How-
ever, as the number of obstacles increases, the computational
load of the velocity obstacle method significantly increases.
Additionally, the velocity obstacle strategy focuses on velocity
planning, which may lead to non-smooth trajectories.

To address this issue, optimisation-based multi-UAV trajec-
tory planning has been extensively explored [38]. Zhou et al.
embedded the buffered Voronoi cell method into quadratic pro-
gramming to achieve mutual collision avoidance in multi-robot
systems [39]. The predicted collision constraint was added in
[40] to distributed MPC to generate collision-free trajectories.
A gradient-based distributed trajectory planning framework
was proposed to generate safe trajectories in real-time [12].
To ensure trajectory smoothness, Bernstein polynomials are
applied to generate multi-UAV trajectories [41]. However,
these methods typically do not consider time optimisation,
leading to paths that may not be time-efficient. Additionally,
they do not fully utilise the agility and high manoeuvrability
of quadrotor drones, limiting performance in dynamic and
complex environments.

To overcome these shortcomings, this paper aims to restruc-
ture the trajectory planner and design a novel cost function to
balance the stability and agility of the drone swarm. Addition-
ally, we aim to adopt a distributed optimisation approach to
ensure effective collision avoidance among multiple UAVs.

III. PRELIMINARIES
A. Quadrotor Model

The state space of a quadrotor is defined with respect
to two reference frames, the world frame W and the
body frame B, as shown in Fig. 1. The state variables is
Tr = [pw VW WRB wa} € R?’XG, where Pw =
[xw yw zw]T € R3 is the position, vy € R? is the linear



Fig. 1. A schematic of the reference frames. Includes world frame W,
intermediate frame C, and body frame B.

velocity vector, VRp = [xs ¥yB zpB] € SO? is rotation
matrix from body frame to world frame, and wpw € R3 is
the angular velocity vector in body frame. And control variable
isu.=[f 77T]€R?* where f € R" is thrust and 7 € R? is
quadrotor torque. Consider the dynamic model of a quadrotor
with linear rotor drag effects [22]. To improve readability,
the subscripts and superscripts of each element in the state
variables  have been omitted, for example R = WRg, the
dynamic model can be written as

p=v (1
vV =—ge, + %RfB —RDRTv )
R = Rw 3)
w=T"'(r-wxIw-FR"V-Tw), 4)
where fg = [0 0 f]T € R? is the total rotor thrust, e, =

[001]" from the orthonormal world frame {e,, ey, e}, D=
diag (dx, dy, d,) € R3*3 represents a constant diagonal matrix
with rotor drag coefficients, w is a skew symmetric matrix
from w, Z € R3*3 is inertia matrix in body frame, and F; €
R3*3 and T,, € R3*3 are constant matrices.

B. Differential Flatness

Quadrotor dynamic model with rotor drag is proven to have
differential flatness properties [22]. Therefore, the following
shows that the model of the quadrotor with linear rotor drag
can be uniquely determined by the flat output z = [pT  ¢]T.

To derive the rotation matrix R, reformulate (2) as follow

1
v+ ge, — — fzp + deXpvxp
m
+ dyygvyB + d,zgvap = 0. (5)

Because R is a unitary matrix and its elements are orthonor-
mal, left-multiplying (5) by x and y{ respectively

Xp (V4 ge, +dyv) =0 (6)

vi (V+ge, +dyv) =0. )

The quadrotor rotation order is ZYX, and the intermediate
frame C is obtained by rotating the world frame by yaw

angle 1, as illustrated in Fig. 1, with the intermediate rotation
WRc =[xc yc zc]. Given the yaw angle ¢, we get

xc = [ cos(¢p) sin(yp) 0 ]T (8)
yo=[ —sin(¥) cos(¥) 0] ©)

The rotation order shows that y¢ is orthogonal to xp. so
xp can be determined by (6) and (9)

xp = YeX (Vg€ ) (10)
lye x (V+ ge, + duv)||

Since xp,yB, and zp are mutually orthogonal, consider the
equation (7), the yp and zp can be formulated as follows
_ xB X (V+ge, +dyv)
[xB x (V+ ge, + dyv)||

ZB = XB X ¥B-

(11
(12)

YB

Thus, R =[x yB 2g] is obtained. And from (2), fg =

fe,, rotor thrust f is,
f=| (Re,)T (mv 4+ mge, + mMRDR™v) I

To demonstrate the intrinsic connection between body rate
w and flat output z, take the derivative of (2) and reformulate

V- %R&) fe, — %Rf'ez +R&DR"v + RD&™RTv
+RDRTv =0. (13)
Construct a system of equations via left-multiplying (13) by
xj and yg,
XpV — wy%f +wy (dy — dy) 25V + w, (dy — dy) ypv
+ dyxpv =0
Yoy + wx%f + wy (dy — d,) 25V + w, (dx — dy) XgV
+dyypv =0

Given that w, is the projection of xp onto yp,

T T T T,
w,=w zB =w (X XyB) =Yg(w X XB) = ygXB.
(15)
Since xp is orthogonal to yc and zp, X = Hg;giiziﬂ’ then
we get the derivative of vector xp,
2 ...T:.
. X . XpX o~
Xg = ~B — Xp 33 B3, with Xg = y¢ X zp. (16)
%zl s

Based on the xp perpendicular to yg, ygf{B = 0, rewrite (15),

w, = yT Xp _yT}"CXZB+YC><Z'B
2z = YBT = =¥B p
||X1§|| x5l
_yT (—¥xc) X zB +yc X (WyXB — WxYB)
— JB

| o]
_ wxng + wyyng
lyc x zs|

A7)



The body rate w can be obtained by solving (14) and (17).
To calculate the torque T using the derivative of w,

r=Tw+wxIw+F,R'v + T w. (18)

This section proves that the state space  and control input
can be represented as an algebraic combination of the flat
output z and its finite number of derivatives.

C. Multi-stage Polynomial Trajectory

Multi-stage polynomial trajectories are widely utilised in
quadrotor trajectory planning to ensure the smoothness of
trajectories [42]. Considering the K-stage polynomial trajec-
tories,

Z IBk t—t1> te [to,ﬁ]
kp=0
2(t) = Z ﬂ’“”(t—tk)’% t € [t tos] (19)
kp=0
Z ,Bk (t—tx_1) t€tx_1,tkl,
kp=0

where k, is degree, ,E)',’jp is kpth coefficient, 5 and %41
represents the time boundaries of kth trajectory respectively.

D. Problem Statement

Based on the above conclusions, this paper concentrates on
the time-optimal trajectory planning problem for distributed
UAV swarm in flat systems with high obstacle density un-
known environments. The optimal control problem can be
formulated within the T-STAR framework as follows,

min Z{Jopt 2(tg)) + As eqk} (20a)
k=1

st F(z(tg), ...,z () <0 Vk=1,...,K (20b)

ILzt)5 <eor Vh=1,....K (20¢)

z2(ty) € Hey Vh=1,... K (20d)

Z[nil] (tO) = Zinit, z[nil] (tK) = zfinala (206)

where J,,; is cost function for optimising speed. Augmented
flat output 2™ (¢) = (2(tx)T, 2(tx)", ..., 2™ (t) )T, n is
a constant, and z("™)(t;,) represents the n-th order derivative of
the flat output z(¢x). Laplacian matrix L(z(t;)) of each drone,
defined based on flat output z(¢;), formalises the distributed
UAV swarm. Slack variable e, ; indicates the error between
the UAV swarm and the desired formation. A; is a weight.
F represents the constraints on the smoothness and continuity
of the trajectory. Z;n;; and Zfn4 is boundary conditions. The
solution space Hy = H,, x Hy consists of the feasible region
H, = [0, 2] and the the collision-free space H,, , which can
be described by an m-faced convex polyhedron,

Hp, = {p(tr) | Afp(ty) —Br <0} k=1,... K,

where Aj, € R™*3 and B;, € R™ are coefficients matrices
that vary with ¢.

To eliminate additional optimisation variables ey, the
optimisation model (20a) is reformulated as follows,

mm Z{Jopt )+ Ao (Li)} (21a)
s.t. ]-"(z( te), .., 2™ () <0 YE=1,...,K (21b)
z(ty) e Hy Yh=1,... K (21¢)
z[n—l] (tO) = Zinit, Z[n_l] (tK) = zfinala (21d)

where Js(Lg) =
control.

Therefore, a trajectory planner designed for this paper aims
to solve the following three problems: 1. Finding collision-free
space in unknown environments with abundant obstacles and
dynamic UAVs; 2. Generating time-optimal trajectories for a
single UAV planned on the flat output; and 3. Considering
flocking control algorithms for cooperative UAVs.

Remark 1: In this paper, the concept of time optimality
builds upon the advanced work on MPCC [14]. We effectively
extend this concept by introducing swarm flocking systems,
which aim to increase the flight speed of the UAV swarm
to reduce mission completion time, thereby achieving swarm
time optimality. However, simultaneously optimising both the
swarm’s speed and formation error by enforcing constraint
(20c) as a hard constraint and fixing e, to zero can render the
optimisation model (20a) easily infeasible. Therefore, unlike
most works that focus on formation control of UAV swarms,
the slack variable e essentially relaxes the formation error and
adjusts eg through the cost function to mediate the trade-off
between speed and formation error, with speed being guar-
anteed. The weight parameter \; represents the importance
of the formation error and is user-defined. A smaller \; can
increase the swarm’s speed; conversely, a larger A; reduces e
by sacrificing speed.

Remark 2: The terminal time tx in the optimal control
framework does not necessarily coincide with the actual task
execution time. This distinction arises because the UAV could
reach the terminal state before ¢x. Consequently, the time at
which a UAV arrives at the target point, referred to as the task
completion time, can be shorter than the given terminal time.

Remark 3: Coefficients matrices Aj, and By, are updated
based on the environment perceived by the UAV. Furthermore,
before each optimisation of the control problem (21a), the
values of Ay, and By, are obtained using the method described
in Subsection IV-D.

||L(z(tk))||2F is cost function for flocking

E. System Structure

In this paper, we propose a method called T-STAR, which
consists of five distinct functional modules, as shown in
Fig. 2. First, quadrotor UAVs exchange adjacent trajectory
information through a distributed communication network and
establish a safe flight corridor (SFC) based on Support Vector
Machine (SVM) Hyy,—sfc. Then, the Global Planner uses the
unfeasible shortest path obtained by Jump Point Search and
the collision-free space Hgym—src to generate the reference
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Fig. 2. The structure diagram demonstrates five modules of the global
planner, distributed communication network, flocking control, local planner,
and trajectory deconflict.

trajectory. Next, the UAVs establish a Laplacian matrix for
flocking control based on the adjacent trajectories. After
calculating the reference trajectory p"¢/, collision-free space
Hoym—sfe, and matrix L(z(t)), the Local Planner generates
the time-optimal trajectory. If there are trajectory conflicts,
replanning is conducted in the ETD to get the conflict-free
trajectories.

IV. LOwW-LEVEL OPTIMAL TRAJECTORY PLANNING
A. Trajectory Optimal Control

A general form of the continuous-time cost functional is,

30w = [0+ i

where A is a weight factor for time optimal. Time interval
Ar :=tg — to is a constant defined by the user. From this,

ttOK A dt = AMAr also is a constant, the discrete cost function
J simplifies to

(22)

K
J(() =) (" (). (23)
k=1

This cost function is applied in Subsection IV-E to generate
the reference trajectory. According to Pontryagin’s Maximum
Principle, under the constraints (21b) and (21d), the optimal
control (23) is bang-bang control. Therefore, a closed-form
solution for the optimal trajectory can be obtained without
obstacles. And, in environments with a high density of obsta-
cles, the trajectory is obtained using numerical methods.

However, the trajectory generated by (23) is not time-
optimal. In the next subsection, a novel cost function is
designed for the time-optimal trajectory.

B. Unconstrained Time-Optimal Control

In contrast to optimal control (23), T-STAR is designed
to generate faster trajectories to exploit the high-speed ca-
pability of the quadrotor. Based on differential flatness,
the flat output z is planned instead of the full state vec-
tor. Our method considers tracking the reference trajectory
z"*/ while maximising the speed. As illustrated in Fig.
3. The pose of the quadrotor is z; = z(tx) and 6} =

N ref
Ort2 z
'\Oak—l A
Zk—1 o Ort1
k ei, 0 Zk+2
A
Zk Zk+1

Fig. 3. Model Predictive Contouring Control. Minimising contour error ej,
and lag error efv for reference trajectory tracking.

: : \ T
[ nel(0r) Pyl (0r)  prd (65) pf;‘f(ﬂ,:)} represents the
vertical projection point of z; on reference path z"¢/(6),
defining contour error ej, is

€ = mein |z — z”"f(Q)H , (24)
where z"/(0) is an arc length 6 = [0, 6, 0, (‘),/,]T
parameterised trajectory. Arc-length parameterisation allows
our method to maximise the speed of the projection point 6
along the reference path, thereby increasing the flight speed of
the quadrotor. Moreover, as the reference trajectory does not
explicitly depend on the time parameter ¢, T-STAR can track
dynamically infeasible trajectories. The cost function is,

K
I(2,0) =D lles (zx,06)2. — nvo.x, (25)
k=1

where g. € RT is the contour weight and 7 € R* is the speed
weight. vy, = % is the velocity of the quadrotor projected
onto the reference trajectory. Notably, the arc length 6 and the
velocity vy i, are virtual control state and corresponding virtual
control input, guiding the planner toward faster trajectories.
However, coupling optimisation model (24) within (25) can
significantly decrease computational efficiency. To ensure the
real-time performance of the control system, an approximation

point Gy of the optimal point 6} is considered. As shown in
Fig 3, the lag error e} = HH;‘; - HAkH represents the link of
0} and 6. For computational simplicity, ¢} and & are used
to approximate efc and ej. To get éfc and éf, firstly defining
tangent line t(6,) of z"/(6},) at point 6y,

< dze ()

t(0) = L [t t, t. ty] (26)

= [P0 Py P P 0]

then, é} can be calculated as the projection of ek(ék) onto
t(61)
[e@n}”

normalised tangent line &(6y) and éf is the

orthogonal vector to éf,
(Or) = 21 — 27 (6,

k
€5.(0r) = (ex(Or) - £(61)(0), @7)
K



thus cost function (25) can be rewritten as

R e 2 SN
en0) =3 [les@u)||” + ek(ﬂk)H T )
k=1 qec qi
K ~ ~ ~ ~
= er(0k) " Te (k) " QeTe(6k)er(0k) +
k=1
e (0k) "t (0k) " Qut Ok ex (Ox) — ng .,
with Tc(eAk) =1I- f(QAk)Tf(ék)
L—12  —tyty, —tut, —tlaity
|yt 1=t <yt —tyty
T —tate —taty 1—t2 —tuty| (29)
—tyte  —tyty —tpt. 1 -t

where Q. = q. - I4,q. € RT is the contour weight. Q; =
q - 14, q € RT is the lag weight.

Remark 4: Incorporating the yaw angle error into the con-
tour error is a natural choice with differential flatness. Standard
MPCC is inherently nonlinear [14] and requires significant
computational resources for its solution [43]. Different from
standard MPCC, the elements of the flat output z = [pT  ¢]T
are decoupled. Consequently, planning the z reduces the
complexity of constraints associated with the coupled full
state of the quadrotor dynamic model, thereby decreasing the
computational time.

C. Properties of the Cost Function

The cost function (28) can be extended to m-dimensional
space. Consider the m-dimensional Euclidean space R™
formed by z;, which is equipped with an inner product
structure. Therefore, equation (27) holds in this space. Then,
calculate the optimal solution 2 of (28) without constraints,
yielding

der(00) "W (61 )er (1) + e (0) "W (6 )er (0r) — v,
de
= 2(We(6)) + Wi(0k) (2 — 27 (61)) = 0,

(30)

where symmetric matrixAWc(QAk) = Te(6;)TQ.Tc(6)) and
W.(0k)) = £(0) " Qut(0)-

The cost function (28) is optimal if and only if z; =
zref (HAk.). Therefore, the extension of z, with mutually in-
dependent components will not affect the optimality of the
result.

Next, the optimality of (28) and the form of the optimal
solution 2} is discussed. Based on the differential flatness of
a quadrotor, establish a continuous time-invariant system,

7z, = Az, + Buy, 3
where state variable z;, = z,[cnfl], control vector uj = z,(cn),
state matrix A € R™*"_ input matrix B € R"™.

|0 I(n,l) |0
A- [0 v B | (32)
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Fig. 4. Optimal control validation with terminal constraints. Given the same
initial state z, = [p,v,a] = [1,0,0], as W}, increases, the velocity and
acceleration increase significantly, allowing the state variables to reach the
target values [3,0,0] in a shorter time.

In the k-th time interval [ty, t511], equation (28) is rewritten
as follow,

J = (zi(trr1) — 2 (00) " Wi(zi (trgr) — 27 (0r)) + T,

(33)
1 tet1 o
with 3= / ur (T he(Dun(®)dt, () = 207
ty
where z7¢f (0),) = [2"¢/(6}),0]" € R™ is augmented refer-

ence vector, W, = diag(W.(6) + W;(6)),0) € R " is
terminal weighting matrix, J; is a penalty term for control
inputs, used to limit the infinite increase of the control input,
positive control weight hg(t).

Considering the costate variable p(t) = [p1(t),- - , ps(t)],
the Hamiltonian function [44] is
1
H= §Uk(t)Thk(t)uk<t) + o () Az (t) + p (1) Bug(t).
(34)

Based on Pontryagin’s maximum theorem, the optimal
control input satisfies

oM
=— = h(t)u(t) + B p(t) =0, (35)
8uk
therefore, the optimal control input uj (¢) is
* BTp(t) —1
The costate variable p(t) satisfies
; 8H T
t —_— = t 37
plt)=—5,- p(t), 37
expand (37), get
: 0, ifi=1
i) = A (8)
—pi—1(t), ifl1<i<n

thus, p(t) consists of polynomials. It follows that u} (¢) and zj
are also polynomials of degree n — 1 and 2n — 1 respectively.



Finally, the effect of the final state on the optimal control
is analysed. Considering the boundary condition,

O (i)
0z (try1) Pk 39
= OWi (i (i) — 2 (61) — plta) )
=0.
From (38) and (39), obtain
pr(t) = 2Wi(zi(tis1) — 27 (61))- (40)

It is obvious that p oc Wy, through (40), thus u; o< Wy,
through (36). An example in Fig. 4 shows that u; increases
with Wy, causing the high velocity v, which allows the state to
reach the reference value in a shorter time. Hence, increasing
terminal weight Wy can generate trajectories with higher
velocity and tracking accuracy.

D. SVM-Based Safe Flight Corridor

Compared to trajectory planning for a single quadrotor,
which primarily concentrates on obstacle avoidance, the con-
trol of quadrotor swarms also requires collision avoidance
among quadrotors. T-STAR constructs the safe flight space,
referred to as the SVM-based safe flight corridor, as shown in
Fig. 5.

It is assumed that the environmental information has been
collected by sensors in advance. The optimal path is found
from a given start point P4, to a goal point p.,q by using a
graph search algorithm. Jump Point Search (JPS) is considered
as the path planner for this work because JPS guarantees path
optimality and reduces computational overhead by pruning
unnecessary nodes [45].

Specifically, JPS enhances the efficiency of the pathfinding
process by selectively skipping certain nodes in the search grid
that do not need to be individually checked. This ‘jumping’
mechanism allows JPS to move rapidly through open areas
of the grid, directly advancing to important points. As a
result, JPS significantly reduces the number of nodes processed
compared to traditional A* search while still ensuring that the
shortest path is found.

Then, based on the path generated by the JPS, the space
is decomposed into multiple sequentially linked convex poly-
hedra. This can be achieved by dilating an ellipsoid which
contains the optimal paths until it intersects an obstacle with
the point p., calculating the tangent plane of the ellipsoid
over p. to get the half-space Hopstacie = {p | alp — b, < 0}
containing the paths, deleting the obstacles outside the half-
space, and repeating the process until there are no obstacles.
More details can be found in [46].

According to subsection V-C, a quadrotor can receive trajec-
tory p®¥ of adjacent quadrotors. To avoid collisions between
quadrotors, hyperplanes Hi.q; = W{p — b, where W,
is the weight matrix defining the orientation of the normal
to the hyperplane and b, is the offset of hyperplane, are
found to separate the reference trajectory p”®/ and adjacent
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(:3;.:' Huvay v
I

Fig. 5. A schematic of SVM-based Safe Flight Corridors. After receiving
the adjacent trajectories, UAV2 calculates the hyperplanes Hyyq; using the
reference trajectory and SVM algorithm to get the final safe space Hgym—sfe-
(blue polyhedra)
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trajectory p®¥. Consider the boundaries of space occupation
of a quadrotor B,

~ref
.| D .
b= [ IA)adj :| - |:
where the @ is the Minkowski sum. Using the hard margin

support vector machine (SVM), the following Quadratic Pro-
gramming problem is constructed

ref
P @B} @)

padj o) B

1
min - |[W,|? (42)

Wb 2
st 11— (WP, —b) <0 Vie{l,2,....N,},

where 7; € [+1 — 1] is classification matrix, N, is the size
of p. Utilising the Lagrangian duality, (42) is equivalent to:

max min £ (Wy, b, )
a  Wy,by

N
Zai [vi (W{pi — b)) — 1],
= (43)

= max min 1 W |I> —

o Wy,by 2
where « is Lagrange multiplier, £ (W4, b;, «) is Lagrangian
function. The optimal values W and b; can be obtained by
setting the partial derivatives to zero % =0 and 6‘: =0.
By reformulating, we arrive at the followmg quadratlc pro-

gramming problem concerning the variable a:

N N

m(in IZZaaﬂl 7pzpj Zal

=1 j=1

N
s.t. Z Q7Y = 0
i=1

a; >0 Vie{l,2,...,Np}. (44)

By solving equation (44) to obtain the optimal values a*, we
can subsequently calculate W} and b;. With these parameters,
the hyperplane Hy;q; is fully defined, allowing us to construct
the safe flight corridor Hyym—sfe = {? | ATp—B <0},

with A = [a, W, and B=[b, b]



Fig. 6. Visualisation of Reference Trajectory. Given the initial and target
points, the shortest path (black) is found by JPS algorithm. The safe corridor
(light blue polyhedra) is used as a constraint to calculate the optimal solution
of (46a), resulting in the reference path (red).

E. Reference Trajectory Planner

Unlike standard Model Predictive Control, the reference
trajectories in our approach are not required to strictly follow
the dynamic constraints of the quadrotor. These trajectories
only need to be differentiable and contained within the safe
flight corridor H s, —s fc. This allows for significant flexibility
in creating reference trajectories. We utilise the trajectory
optimisation model (46a) to generate smooth and safe refer-
ence trajectories. It’s worth noting that although this method
is adopted in our framework, any trajectory generated by
alternative planning methods that satisfy the above conditions
is acceptable.

Consider the reference trajectory pfef (t) as piecewise K-
degree polynomial [47]:

pr (¢ Z B (t—tis)™, teftint], @45
kp=0
where ¢;,_; and ¢; denote the initial and final time of ¢th piece
respectively,

dn ref t 2
min || LR () (460)
pref dtn
dopi (t:) _ APy (t)
.t : = A 1,... 46b
R dot s€4L-onf - (460)
ATp (1)) — B < 0, (46¢)
reft ref ref tn ref 46d
| 551 ( ) Pinit pN ( ) pfznal ( )

where s represents sth derivative, constraint (46b) guarantees
the smoothness of the trajectory, constraint (46c) ensures the
trajectory stays within the safe flight corridor Hypm—sfec,
boundary conditions (46d). Then, arc-length 6 parameterise
p"¢/(t) as p"®/ (). It should be noted that arc-length param-
eterisation of the reference trajectory is a nontrivial problem.
Thus, to improve computational efficiency, we consider the
cubic spline with the given parameter K, = 3 for the
reference trajectory (45). This configuration enables the ef-
ficient generation of approximately arc-length parameterised
reference trajectories by utilising the methodology described

Algorithm 1 Reference Trajectory Planner.

Notation: Global map Mgiopai, Local map Mygeqr, Ref-
erence trajectory p"®/(t), Adjacent trajectory p®¥, Initial
start point Pgiqrt, Initial goal point peyq, Trajectory by JPS
p’ P, Quadrotor model B

1: Initialise: 2* < @, Myopa, P°Y < Adjacent
Quadrotors

2: Mlocal <~ Mglobal
pJPS <~ JPS(pstart’ Pend, Mlocal)
H pstacie — ConvexDecompse(p’!)
Hsvm—sfc <~ SVM'SFC(Hobstacles Padj, B)
pref(t) — (46&) A (pJPS’ Hsvm—sfc)
p"°f(#) < ArcLengthParameter(p”°/ (t))
Return p™f(0)

A A

in [48]. Fig. 6 shows an example of a reference trajectory
obtained by running Algorithm 1. However, Algorithm 1 does
not explicitly consider the scenario of multi-UAV trajectory
conflicts. In such cases, the equation (46a) may yield no
feasible solution. Therefore, the ETD mechanism described
in subsection V-C is proposed to handle these conflicts.

V. HIGH-LEVEL SWARM COORDINATION
A. Flocking Control

Flocking control focuses on modelling the interaction of
quadrotors. Inspired by the method of artificial potential fields
(APF), quadrotors are subjected to repulsive forces U, and
attractive forces U,. Uniquely, both U, and U, are generated
from adjacent quadrotors instead of obstacles or target points.
This leads to the formation of flocks in completely distributed
systems by allowing the quadrotor to track reference distances
d"¢/ of adjacent quadrotors. Thus, the formation cost Wi
between quadrotor ¢ and adjacent quadrotor j

wiy = Ua (dig, dig") + U, (didis), @7)

where di; = ||p; — p;ll and d;} I are the real distance and
reference distance between quadrotor 7 and quadrotor j.
Consider an undirected graph G = (V, ), with V is the set
of M = N +1 vertices and £ € RM*M g the set of edges, N
represents the number of adjacent quadrotors. Then, quadrotor
i calculates local weighted adjacency matrix A; e RM*M apg

degree matrix D; € RM*M
[0 wa,  w, Wity
Wi, i 0 0 0
A= |w 0 0 0|
_wlm O O O
SN wy. 000 0
j=1 Wil .
0 w0 0
D, 0 0wy 0|
. 0 0 0 Wiy
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Fig. 7. An example of flocking control. The colour intensity indicates the
gradient value of the virtual force. The quadrotor swarm will converge from
high gradients (red) to low gradients (blue).

where [; represents the jth quadrotor in the set of adjacent
quadrotors I. Thus, the Laplacian matrix is

Li = Di — Az
N
ijl Wit;  —Wily,  —Wil, —Wjl N
—Wyy; Wy, 0 0
= _wlgi 0 wlzi 0
—Wi i 0 0 Wi i

Obviously, the Laplacian matrix L indicates the cost asso-
ciated with the quadrotor formation. Therefore, the formation
cost function is written as

min J, (L) (48)
with Jo(L) = L% = tw{(L)TL}
N 2 N
= Z Wit +3 Z(wﬂj )2,
j=1 j=1
the optimality condition for (48) is
0Js (L) 0J (L) Ow,
ddy, — Owy, Odu,
N
Owq,
=12 Z wi; | + 6wy, By,
j=1 7
=0, 49)

given that virtual forces U, and U, are strictly positive (U, >
0,U, > 0), it means w > 0. To ensure that the UAV swarm
converges to the reference formation, we expect the optimal

value dj; = d:fjf , (49) can be reformulated as

dwg,  Ua (du, di) U, (du,. i)
ddi, - Ody, ddi,
= (dily‘ - d:le]f) f (dilj)

0,

(50)

where f (d;,) is a conventional function of d;,. Any formu-
lations of U, and U, satisfying the above condition can be
applied to this work. Thus, we utilise the following general
form

o

it 0<dg, <dy’

Ua(dir,, dif7) = 2
( b ) Ra (dzl - drle_f) if dil~ Z drlevf
J wj J il

2
1 1 1 . f
gty = b () o 0w <

il . vef
0 it di, > djy

where k., K, are coefficients.

Fig. 7 shows an example of the above form of the virtual
force, demonstrating that the UAV swarm can converge to the
reference value.

B. T-STAR with Constrained Control Effort

To ensure the trajectory satisfies the quadrotor dynamics,
consider the optimal trajectory as the clamped piecewise cubic
polynomial [3], expressed in the form:

zp = ap + byt + cit? + djt3, (51)
where ay, by, c; and dj are the polynomial coefficient.

Considering higher-order continuity constraints on piece-

wise trajectories at the boundaries to ensure smoothness, the
coefficients of (51) give

Zp+1— 2k €

ap = Zk bk‘:i_i(é‘:ik_ikﬁrl)
13 6
. . . (52)
2 6¢

Under the Not-A-Knot condition, i.e., given the initial and
terminal states, rewriting (51) and (52) yields

€Mz — 6b. =0 (53)
where ¢ is sampling time, define 2 == [£],...,2E]T, M €
RE+DX(E+1) and b € REH! are

2 1 0 0 ... 0]
1 4 1 0o ... 0
1 4 1 ... 0
M= , (54)
0O 0 ... 1 4 1
00 ... 0 1 2
[ oz —z0—&Z0 ]
2o+ 29 — 22
z23+ 21 — 222
b. = , (55)
Zg +2zr_2 —2zg_1
| {2k — 2Kk +2K-1 |




Algorithm 2 Constrained Time-Optimal Control.

Notation: Reference trajectory z"*/ (6), Adjacent trajectory
p®¥, Adjacent Quadrotors I, Approximation point 6, Nor-
malised Tangent line f(@}c), Contour error €5, Lag error ééc,
Optimal trajectory z*

1: Initialise: z* «+ &, padj + Adjacent Quadrotors

2: if ETD(z*) is false then

3 z"¢/(0) « Algorithm 1

4 for each time step k do .

5: t(0r) <+ (26) + (2" (6,))

6: ég, ek« (27) + t(6)

7 for each adjacent quadrotors j do

&: di; ) Hpi,k —Plj,k:H
9: J(L, k) — Ua(dilj,k)a Ur<dilj)k;)

10: end for

11: M, b, « (54), (55)

12: Z’: — ézvéggaJ(La k)aHsvm—sme, bc
13: end for

14: FARE

15:  end if

16: Return z*

According to (28), (42), (48), and (53), the constrained time-
optimal control can be defined as,

K

min Z

i —t

00| +

2
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N 2 2
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ek(ﬁk)H — o+ HAUMH
q R,

c

N 2 N
F A D wik | +3AD (wir, k) (56)
j=1 j=1

s.t. £2M2 — 6b, =0

vék+1zvék+§Avé,k Vk:O,...,K—l

Orr1 = 01 + Ev 4 + 058 Avy . VE=0,... K —1
ATz, — B, <0 Vk=1,....K
z,[f}mm < z,?] < z,[f)]maz Vek=1,...,K
Ogvékgvamm Vk=1,....K
Z([)Q] = Zinit, z}? = Zfinal

00 = Oinit, Y90 = Y4 inits Avé,o = Avé,init’

T
V4 x| »and virtual control
input increment Av@  Which prevent non-smooth virtual con-
trol input v , and weight R,,. Algorithm 2 generates feasible,
collision-free time-optimal trajectories for any quadrotor 3.

where control input u; = {z,[f]T

C. Deconfliction

For collaborative multi-quadrotor systems, this section ex-
plores an asynchronous information interaction mechanism.
This method allows the quadrotor UAV to receive trajec-
tory information from adjacent UAVs in the communication
range d. at non-predetermined frequencies. To ensure that all
quadrotors can generate feasible trajectories, we propose an
Event-triggered Trajectory Deconflict strategy, as shown in
Fig. 8, which is divided into the following three key steps:

pod ETD

SVM-SFC Optimisation

N
Preparation

Re-planning

L

2 3 4 5

Time step

Fig. 8. Tllustration of ETD. During the preparation stage (blue), the UAV
receives adjacent trajectories and calculates the optimal trajectory (orange)
using the SVM-based flight safe corridor (green). If the calculation fails,
representing a trajectory conflict, the system will re-plan, establishing a new
safe area to obtain a conflict-free trajectory.

Algorithm 3 Event-triggered Trajectory Deconflict Algorithm.

Notation: Reference trajectory p™®/ (), Adjacent trajectory
p“dj , Local start point pgiqrt, Goal point pepq, Local map
Mlocal
1: Initialise: p®¥ <« Adjacent Quadrotors, z* <« o
2:  while ETD(z*)
3 pJPS — JPS(pstart’ DPend; Mlocal)
4: Hopstacte +— ConvexDecompse(p’ %)
5. Ham-sfe < SVM-SFC(Hobstactes P*¥, B)
6: z"¢/(9) < Algorithm 1
7 z* < Algorithm 2
8 if z* is false
9: Mlocal — (Mlocala padj SB) B)
9: ETD(z*) + true

10: else

11: ETD(z*) < false
12: end if

13:  end

14:  Return ETD(z*)

o Trajectory planning preparation: in the distributed com-
munication network, the quadrotor UAV continuously
receives adjacent trajectories P%% within communication
range d. during periods when it is not planning trajectory.

o Trajectory feasibility check: concerning (44) and (56),
the feasibility of the SVM-SFC and the constrained
optimisation model is checked. If the optimal solution
is obtained, meaning the trajectory is conflict-free, the
quadrotor will follow this trajectory. Otherwise, go to the
next step.

o Trajectory replanning: the airspace (P®% @ B) associated
with the received trajectories extended by the quadrotor
model is labelled as obstacle areas, which are updated
on the local map of the quadrotor. Then, the quadrotor
generates a new S-SFC and corresponding optimal tra-
jectory and repeats the feasibility check in step 2 until a
conflict-free trajectory is found.

By using Algorithm 3, each quadrotor can dynamically plan
and adjust its trajectory to ensure reliable cooperative control.



VI. SIMULATION AND REAL-WORLD EXPERIMENTS

In this section, we presented several simulations and real-
world experiments to evaluate the performance of our method
with both single and multiple quadrotors against the following
three approaches: AMSwarm [49], DMPC [40] and DMPCC
[50]. The CPU used for the simulation is 19-14900KF. The
parameter configurations used for our method and the baseline
approaches were set up with sampling time £ = 0.1s, predic-

tion Horizon K = 10, velocity v, = —9.0m - 571 Vo =
9.0m - s~ 1, and acceleration @mip = —21.0m - $72, Gmas =
21.0m - s72. In addition to the parameters listed above,

AMSwarm and DMPC were run using the default settings
from their respective open-source libraries. For our method
and DMPCC, we configured the same important parameters,
as follows: contour weight ¢. = 0.1, lag weight ¢; = 1000,
speed weight n = 1.0, formation weight Ay = 1.0, control
input increment weight R, = 0.05, and polynomial degree
K, = 3. Furthermore, we set the flocking control parameters
to K, = 1.0, k, = 1.0 for T-STAR and a = 1.0,b = 1.0 for
DMPCC, respectively.

A. Performance with a Single UAV

To demonstrate the advantages of the T-STAR algorithm
compared to AMSwarm, DMPC, and DMPCC, we tested our
proposed algorithm in a 36 m x 20 m X 3 m environment with
0.1 m resolution, containing [0, 50, 100, 200] randomly placed
static obstacles of various sizes. Fig. 9 illustrates the results
of T-STAR running in this simulation, showing the trajectory
planning of a single UAV in an unknown environment. In a
single UAV scenario, DMPCC provided basic validation for
T-STAR.

We compared our proposed method with AMSwarm and
DMPC in terms of flight time, velocity, and flight distance. As
shown in Table I, through 10 different simulations, we found
that our method reduced flight time by 55.09% and 49.12%
compared to AMSwarm and DMPC respectively. In terms of
velocity, the performance of AMSwarm and DMPC was only
55.71% and 33.27% of our method, respectively. For flight
distance, our method decreased the distance by 25.48% and
3% with respect to AMSwarm and DMPC respectively. Fig. 10
shows that under the same maximum velocity and acceleration
conditions, our method is able to generate faster and shorter
trajectories. This advantage stems from our local planner’s
ability to achieve time-optimal trajectories within the feasible
domain by finding faster velocity. In contrast, AMSwarm
and DMPC use the distance between the quadrotor’s current
position and the target point as the cost function, resulting in
more conservative trajectory planning.

B. Performance with a Multi-UAV System

To show the agility of our method in multi-UAV systems,
we conducted a series of simulation experiments in 36 m
x 20 m x 3 m environments with 100 static obstacles and
different sizes of UAV swarms, comparing our results with
AMSwarm, DMPC, and DMPCC. Additionally, we introduced
a new metric, safety ratio, to further validate the reliability of

Fig. 9. Single UAV simulation in an environment with 200 static obstacles.
Coloured areas represent obstacles detected by the quadrotors, while grey
areas indicate unknown regions. The trajectory planner generates a reference
trajectory (black), a time-optimal trajectory (orange), and the flown trajectory
(purple).
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Fig. 10. A boxplot of single UAV velocity distribution with varying obstacle
densities. Comparing our method with the baseline methods. Each box’s
central mark shows the median, the bottom and top edges represent the first
and third quartile, and the solid lines extend to the non-outlier minimum and
maximum value.

our method. The safety ratio measures the proximity between
any two quadrotors during flight, with a higher value indicating
safer flight.

The results, as shown in Table II, indicate that compared to
AMSwarm and DMPC, our method reduced the average flight

TABLE I
PERFORMANCE COMPARISON IN SINGLE QUADROTOR

Obs | Method || Avg. Time. (s) Avg. Vel. (m/s) Distance (m)
AMSwarm 9.52 4.05 41.69
0 DMPC 12.40 2.17 33.52
DMPCC 6.45 5.40 33.71
T-STAR 6.10 5.45 33.69
AMSwarm 14.25 2.99 45.17
50 DMPC 12.90 2.44 33.59
DMPCC 6.74 4.98 34.46
T-STAR 6.19 5.38 33.77
AMSwarm 15.41 2.73 44.67
100 DMPC 13.60 1.63 33.29
DMPCC 7.13 4.89 34.82
T-STAR 6.92 4.90 34.29
AMSwarm 19.68 2.71 55.17
200 DMPC 16.88 1.99 33.82
DMPCC 7.90 4.42 35.23
T-STAR 6.91 4.93 34.51




Fig. 11. Trajectories visualisation of ten UAVs in RViz with different colour
identification
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Fig. 12. Velocity of ten UAVs with one of them highlighted for clarity.
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Fig. 13. Boxplot of multi-UAV velocity distribution with different numbers
of UAVs, comparing our method with AMSwarm, DMPC and DMPCC.
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Fig. 14. Responses of distance to target point over time with 3 UAVs. Our
method reaches the target point in 5.9 s, faster than AMSwarm (7.3 s), DMPC
(13.4 s), and DMPCC (6.7 s).

time by 41.69% and 50.61%, and increased the average flight
velocity by 52.15% and 47.81%, respectively. This is con-

TABLE II
PERFORMANCE COMPARISON IN MULTI-QUADROTORS

Num of UAVs | Method || Avg. Time. (s) ~ Avg. Vel. (m/s)  Distance (m)  Safety Ratio (m)

AMSwarm 7.70 329 36.07 0.35

3 DMPC 14.20 3.20 33.29 1.00
N DMPCC 8.49 3.79 35.62 1.98
T-STAR 7.02 4.82 34.75 2.33

AMSwarm 23.73 331 55.35 0.31

5 DMPC 15.40 2.17 33.77 0.75
- DMPCC 9.23 3.68 35.44 2.11
T-STAR 6.89 4.92 34.82 298

AMSwarm 13.37 2.92 35.79 0.99

10 DMPC 16.80 2.17 33.58 1.50
DMPCC 10.02 3.50 35.34 1.62

T-STAR 7.22 4.71 34.88 1.43

sistent with the results of the single quadrotor, demonstrating
that our method retains its agility in multi-quadrotor trajectory
planning. Furthermore, T-STAR achieved a 23.54% reduction
in average flight time and a 31.81% increase in average speed
over DMPCC by relaxing formation constraints, which allows
for higher-speed trajectory generation. Fig. 13 shows box plots
of velocity for our method versus baseline methods, indicating
that our method can produce velocity distributions closer to
the maximum value v,,q,. Fig. 14 demonstrates that our
method is able to reach the target point in a shorter time than
AMSwarm and DMPC. This effect is also qualitatively visible
in Fig. 11 which presents the trajectories when the UAV swarm
reached the target point, and Fig. 12 which demonstrates the
corresponding velocity curve. For visualisation, we randomly
selected and highlighted the velocity curve of UAV 9. It can be
observed that the velocity generated by our method is smooth.
Additionally, since the UAV primarily flies along the x-axis,
V. consistently keeps at a high value. In safety ratio, our
method is 4.91 and 1.42 times higher than AMSwarm and
DMPC, respectively. This is because our method considers the
trajectories of adjacent quadrotors when constructing obstacle-
free spaces and includes significant virtual repulsive forces
among UAVs in flocking control, which not only maintains
formation but also enhances flight safety. In contrast, although
AMSwarm and DMPC designed collision-free constraints,
they did not fully address the safety risks posed by excessively
close quadrotors.

C. Effect with Dynamic and Annular Obstacles

In a 36 m x 20 m x 3 m environment, we placed 20
cylindrical dynamic obstacles with 0.2 m radius. A centre
point of motion was randomly chosen for each obstacle, and
the obstacle’s centre moved along a circular path with 0.2
m radius around that centre point at a linear speed of 1
m/s. Additionally, we placed 30 annular static obstacles, with
radii randomly distributed between 0.5 m and 0.7 m. This
simulation is used to test the performance of our method in a
complex environment.

In Table III, we compared the performance metrics of T-
STAR, AMSwarm, DMPC, and DMPCC in terms of average
execution time, velocity, flight distance, and success rate. The
results showed that the average execution time of T-STAR
was reduced by 13.86%, 7.75%, and 27.48% compared to
AMSwarm, DMPC, and DMPCC, respectively. Although the
average speed of AMSwarm was 21.15% faster than T-STAR,
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Fig. 15. A boxplot of velocity distribution with dynamic and annular
obstacles.

its total flight distance was 34.99% longer, and AMSwarm has
a lower success rate. The reason behind this is that our method
predicts the trajectory of dynamic obstacles for the next 10
time steps based on their velocity direction when detected,
establishing obstacle regions and then calculating a safe flight
corridor using the method in Subsection IV-D. This approach
compresses the feasible space but significantly increases the
success rate. As shown in Fig. 15, the velocity fluctuations
of our method are very small, indicating that the trajectory,
although relatively conservative, has a higher success rate. In
contrast, AMSwarm adds obstacle avoidance constraints only
when the quadrotor is close enough to the obstacles, making
it difficult to efficiently avoid dynamic obstacles, resulting in
longer flight distances or failure.

Our method has a higher success rate than DMPC be-
cause DMPC considers collision constraints as soft constraints,
which cannot guarantee collision-free optimisation results. In
contrast, our method uses the flight safety corridor as a hard
constraint, ensuring a collision-free trajectory.

TABLE III
PERFORMANCE COMPARISON IN COMPLICATED ENVIRONMENT

Method \ Avg. Time. (s)  Avg. Vel. (m/s)  Distance (m)  Success Rate (%)
AMSwarm 16.02 3.12 52.44 50
DMPC 14.96 2.24 34.12 60
DMPCC 19.03 2.13 42.59 100
T-STAR 13.80 2.46 34.09 100

D. Flocking Analysis

In an environment of 36 m x 20 m x 3 m, we randomly
placed 50 static cylindrical obstacles, with radii ranging from
0.3 m to 0.5 m and heights from 0.1 m to 3 m. This experiment
is used to present the improvements of our method over the
benchmark methods in flocking control. We define a new
metric, “Error of Formation”, which quantifies the error of
the quadrotor swarm from the given formation in the form

N N
Error = Z Z lpi — pjll — D:jef,
i=1 j=1,j#i
where the position of ith quadrotor p;, nominal distance D;jef
between ith and jth quadrotor. In Table IV, Root Mean Square
Error (RMSE) is used to describe the distribution of the error.

——AMSwarm

Error of Formation (m)

time (s)

Fig. 16. Error of Formation. The red, green, blue, and purple zones display
the 10 times simulation results of AMSwarm, DMPC, DMPCC, and T-STAR,
respectively. The solid lines represent the average values.

TABLE IV
PERFORMANCE COMPARISON IN FLOCKING CONTROL

Method | Avg. Error (m)  Max. Error (m)  RMSE (m)
AMSwarm 2.67 8.66 3.16
DMPC 2.10 4.82 2.40
DMPCC 0.19 4.16 1.01
T-STAR 1.43 3.86 1.62

The experimental results are shown in Fig. 16 and Table IV.
Our method reduced the average error, maximum error, and
RMSE by 46.44%, 55.43%, and 47.11%, respectively, com-
pared to AMSwarm. Additionally, in comparison to DMPC,
our method reduces the average error by 31.90%, the max-
imum error by 19.92%, and the RMSE by 26.73%. Fig. 16
shows that our method maintained a lower error for most of the
flight time. This is because our method considers the relative
distances between quadrotors in flocking control, proving that
it can effectively form a tighter quadrotor swarm while keeping
high speed. Moreover, the average error and RMSE of T-STAR
are higher than that of DMPCC. This is because DMPCC
primarily focuses on achieving formation consensus at the
expense of flight speed, which has been demonstrated in
previous experimental results. This is detrimental to the agility
of UAVs in time-limited scenarios.

E. Experimental Validation

To assess the practicality and effectiveness of the pro-
posed approach under real-world conditions, an experimental
flight test was carried out with three Crazyflie 2.1 drones.
The test environment was carefully designed to replicate
the conditions of the simulation as closely as possible. For
positioning purposes, the Lighthouse V2 system functioned as
the transmitter, while the Lighthouse deck acted as both the
receiver and the estimator of the drones’ positions. Consid-
ering the performance of the Crazyflie, we set the velocity
Umin = —2.0m - 575 vppes = 2.0m - s~!, and acceleration
Amin = —3.0m - 572, @mas = 3.0m - s~2. All initial scenario
parameters are detailed in TABLE V. The UAVs are expected
to form an equilateral triangle with 0.5 m sides. We configured
the initial positions in a line with a spacing of 0.4 m or 0.8
m between each UAV. Furthermore, landing positions were



TABLE V
REAL-WORLD SCENARIO PARAMETERS

Parameters I Value

Positions (p) Initial (m) | Landing (m)

|
UAVI 0.1,0.1,0.0] [2.3,1.1,0.0]
UAV2 0.1,0.5,0.0] 2.3,1.9,0.0]
UAV3 [0.1,0.9,0.0] [2.3,1.5,0.0]
Positions (p) || Centre (m) | Size (W xDx H m)
Obstaclel [0.7,0.6,0.5]
Obstacle2 H (1.9,1.4,0.5] [04,1.2,1.0]
Nominal Distance (D7¢f) || 0.5m

Fig. 17. Real-flight trajectories of a UAV swarm using T-STAR.
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Fig. 18. Real-flight trajectories of the micro-UAV swarm generated by T-
STAR.

assigned in an order (UAV1, UAV2, UAV3) that differs from
the initial configuration (UAV1, UAV3, UAV2) to increase
the complexity of the experiment and thereby validate the
effectiveness and robustness of our method.

As illustrated in Fig. 17 and 18, all three Crazyflie drones
took off from their designated initial points and avoided ob-
stacles while following the optimal trajectory, thereby demon-
strating the effectiveness of the proposed algorithm. The video
for the experimental results can be found at https://youtu.be/
uNTLgc3Iv40?si=Eh3LtdIP1ttKX1gh

In addition, Fig. 19 illustrates the velocities of the drones
during the experiment. The data reveals that the drones
maintained a consistently smooth and high-speed flight, while
effectively avoiding obstacles. Furthermore, Fig. 20 presents
the actual formation errors of the three Crazyflie drones. The
formation errors fluctuate normally due to the limited safe
space, with an average value of 0.14 m, which demonstrates
the robustness of our method under challenging conditions.

14
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Fig. 19. Velocity time history of a real-flight swarm.
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Fig. 20. Actual Error of Formation. Due to the limited safe space between the
two obstacles, the UAVs deviated from formation to avoid collisions, causing
the formation error to fluctuate at approximately 2.2 s and 5.1 s.

VII. CONCLUSION

This work proposed a distributed time-optimal swarm trajec-
tory planner for environments with unknown and high-density
obstacles. Leveraging differential flatness, we restructured the
state update equations of model predictive contour control into
a polynomial format, thereby reducing the complexity of the
standard MPCC. Additionally, we applied virtual attractive and
repulsive forces among multiple UAVs to achieve flocking con-
trol. Furthermore, to improve the speed of the UAV swarms,
we relax the formation error by incorporating slack variables.
Compared with AMSwarm and DMPC, our planner generates
higher speeds, shorter task completion times, and safer trajec-
tories in both single-UAV and multi-UAV experiments. Using
DMPCC as a benchmark confirms the basic performance of
our approach in single-UAV experiments and demonstrates its
ability to generate high-speed trajectories in swarm systems.
Although this requires a trade-off in formation quality, real-
world experiments show that the formation error remains
within acceptable bounds. Consequently, the real-world im-
plementations validate the effectiveness and robustness of our
method. In future work, we plan to investigate methods to
further improve the robustness of the flocking control, such
as considering UAV swarm faults and recovery. Additionally,
communication delays among UAVs are a critical issue that
can affect trajectory updates and overall performance. There-
fore, we are interested in exploring how to adjust trajectory
deconflict strategies to accommodate certain time delays due to
unreliable communication networks in extreme environments.
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