
Contents lists available at ScienceDirect

Physics Letters B

journal homepage: www.elsevier.com/locate/physletb

Letter

Fractional-charge hadrons and leptons to tell the Standard Model group 

apart

R. Alonso, D. Dimakou ,∗, M. West

Institute for Particle Physics Phenomenology, Durham University, Durham, DH1 3LE, United Kingdom

A R T I C L E I N F O A B S T R A C T 

Editor: G.F. Giudice The gauge group of strong and electroweak interactions in Nature could be any of the four that share the same 
Lie algebra, 𝑆𝑈 (3)𝑐 × 𝑆𝑈 (2)𝐿 × 𝑈 (1)𝑌 ∕𝑍𝑝 ≡ 𝐺𝑝 with 𝑍𝑝 =

{
𝑍6,𝑍3,𝑍2,𝑍1

}
. Each of these cases allows in its 

spectrum for the matter fields of the SM but also for new distinctive representations, e.g. under the assumption 
that 𝑞𝐿 possesses the minimum possible hypercharge in Nature, 𝐺𝑝 allows for particles with a multiple of 𝑝 𝑒∕6
for electric charge. This letter discusses how these new possibilities in the spectrum could be used to tell the SM 
group apart.

1. Introduction

Group theory and symmetry permeate all of particle physics and pro-

vide the foundation for our most fundamental theory of nature. The 
group

�̃� = 𝑆𝑈 (3)𝑐 × 𝑆𝑈 (2)𝐿 ×𝑈 (1)𝑌 , (1)

and its six elementary representations to be found in Nature (and in 
Table 1) are often showcased as the minimum set of mathematical con-

structs that suffice to explain the majority of our experience of the 
universe, gravity excluded. The simplicity of the theory that arose from 
the distilled experimental effort of many decades is a most remarkable 
fact indeed, yet such an exhibit should come with a note: �̃� is one of 
the four groups compatible with observation [1,2]. Three other compact 
groups share the same Lie algebra of �̃� and lead to the same pertur-

bative dynamics yet are different in their global structure. The reader 
might be tempted, having read this far, to dismiss the note and discus-

sion of groups as purely academic; it is not so. As pointed out in [2] 
and elaborated in this letter, the discovery of new fractionally charged 
particles will help us tell apart the true group of gauge interactions.

Fractional-charge particles themselves have been discussed in the 
literature and searched for experimentally for many decades. They ap-

pear in embeddings of GUTs [3] and in string theory realisations [4,5], 
and their phenomenology was studied and put against experiment [6], 
while cosmology sets stringent constraints if the universe ever got hot 
enough for them to thermalise [7]. The current theory approach offers 
a different light on these theories [2,8–10], but it also breaks from the 
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background in which fractional-charge particles emerged to reduce the 
problem to its essential components with no reference to theories be-

yond the SM.

The structure of this letter is as follows: sec. 2 introduces the concept 
of locally identical but globally different groups to apply it to the SM 
group, sec. 3 discusses the different representations for each group and 
derives the quantisation conditions on electric charge while sec. 4 stud-

ies the phenomenology of fractionally charged particles. A summary is 
to be found in sec. 5 while additional results are placed in the appendix.

2. The gauge groups of the Standard Model

The Lie algebra that characterises the interactions of charged parti-

cles and mediators in a gauge theory and determines the perturbative 
𝑆-matrix is, in general, shared by several groups. These groups differ by 
whether the zentrum or centre 𝑍 , i.e. the set of elements that commute 
with every other element, is present or partially absent.

𝐒𝐔(𝟐) vs 𝐒𝐎(𝟑). An illustrative example is the case of 𝑆𝑈 (2) and 
𝑆𝑂(3). Both groups are locally the same and so the generators of each 
satisfy

𝑆𝑈 (2) ∶
[
𝜎𝑖

2 
,
𝜎𝑗

2 

]
= 𝑖𝜖𝑖𝑗𝑘

𝜎𝑘

2 
, (2)

𝑆𝑂(3) ∶
[
𝑇𝑖 , 𝑇𝑗

]
= 𝑖𝜖𝑖𝑗𝑘𝑇𝑘 , (3)

with 𝜎𝑖 the Pauli matrices and 𝑇𝑖 the hermitian anti-symmetric matrices 
in 3 dimensions 𝑇 𝑇

𝑖
= −𝑇𝑖 with tr(𝑇𝑖𝑇𝑗 ) = 2𝛿𝑖𝑗 . The crucial difference 

lies in the centre, 𝑆𝑈 (2) has 𝑍(𝑆𝑈 (2)) =𝑍2 = {1, 𝜉} with the element 
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Table 1
Table with SM representations and our convention for 
hypercharge. When conveying the same information 
not in table format we will have that e.g. 𝑞𝐿 is in 
(3,2)1∕6.

𝑞𝐿 𝑢𝑅 𝑑𝑅 𝓁𝐿 𝑒𝑅 𝐻

𝑈 (1)𝑌 1∕6 2∕3 −1∕3 −1∕2 −1 1∕2
𝑆𝑈 (2)𝐿 2 1 1 2 1 2 
𝑆𝑈 (3)𝑐 3 3 3 1 1 1

𝑄 
𝑄𝐹

𝑛𝑁
0 

𝑁

1

𝑁+ 1

2

𝑁 − 1

Fig. 1. Possible representations in the plane of n-ality vs 𝑈 (1) charge for 𝑈 (𝑁).

𝜉 in the fundamental representation being −1. On the other hand 𝑆𝑂(3)
has no non-trivial centre, 𝑍(𝑆𝑂(3)) = 1 (i.e. the element 𝜉 is missing); 
if one sets off from the identity in the same direction in both groups, 
say Exp(𝑖𝛼𝜎3∕2) in 𝑆𝑈 (2) and Exp(𝑖𝛼𝑇3) in 𝑆𝑂(3), one would reach 𝜉
for 𝛼 = 2𝜋 in 𝑆𝑈 (2) or circle back to the identity for 𝑆𝑂(3). One might 
then be tempted to write:

𝑆𝑂(3) = 𝑆𝑈 (2)
𝑍2

, (4)

i.e. the quotient of 𝑆𝑈 (2) by 𝑍2, and one would be right. The application 
of one such expression is as follows: take the numerator, 𝑆𝑈 (2), and 
remove the centre by keeping only those representations 𝑅 that do not 
‘see’ it, i.e. 𝜉𝑅 = 𝑅 and so in this case the fundamental of 𝑆𝑈 (2) in 
eq. (2) is discarded and the Pauli matrices as generators with it. For this 
letter, the lesson to be taken away is that taking the quotient restricts the 
possible representations and one does obtain a different group.

𝐔(𝟏) × 𝐒𝐔(𝐍) vs 𝐔(𝐍). One more example to gear up to the Stan-

dard Model case is 𝑈 (𝑁) and 𝑈 (1) ×𝑆𝑈 (𝑁). Here we can use intuition 
first and then connect to the centre discussion. Take the action on a 
fundamental representation 𝐹

𝐹 → 𝑒𝑖𝜃0𝑄𝑒𝑖𝑇𝑎𝜃
𝑎
𝐹 = 𝑒𝑖𝜃0𝑄𝐹 𝑒𝑖𝑇𝑎𝜃

𝑎
𝐹 , (5)

where 𝜃0, 𝜃𝑎 are 𝑁2 real group parameters, 𝑇𝑎 the 𝑆𝑈 (𝑁) generators, 
𝑄 the 𝑈 (1) charge operator and 𝑄𝐹 the charge of 𝐹 . There is some 
arbitrariness in the charge 𝑄𝐹 definition; what are not arbitrary how-

ever are the charge ratios. For 𝑈 (𝑁) one has that 𝑈 (1) and 𝑆𝑈 (𝑁)
actions are tied in and one can obtain any other representation combin-

ing fundamental representations. An example is a 𝑆𝑈 (𝑁) singlet with 
𝑈 (1) charge obtained by taking the asymmetric combination of 𝑁 fun-

damentals which would transform as

det(𝐹 ,… , 𝐹 (𝑁))→ 𝑒𝑖𝜃0𝑁𝑄𝐹 det(𝐹 ,… , 𝐹 (𝑁)) , (6)

that is, for 𝑈 (𝑁) the minimum nonzero charge of a 𝑆𝑈 (𝑁) singlet is 𝑁
times that of a fundamental 𝑄𝑆 =𝑁𝑄𝐹 . In contrast for 𝑈 (1) × 𝑆𝑈 (𝑁)
no such correlation between 𝑆𝑈 (𝑁) and 𝑈 (1) charges exists.

To connect with the centre discussion we note first that for 𝑆𝑈 (𝑁)
the generalisation of the 𝑆𝑈 (2) result is 𝑍(𝑆𝑈 (𝑁)) =𝑍𝑁 with the first 
nontrivial element being 𝑒2𝜋𝑛𝑁 𝑖∕𝑁 where 𝑛𝑁 is the n-ality of the repre-

sentation, a positive integer mod 𝑁 (1 for the fundamental, 2 for the 

symmetric, 0 for the adjoint etc) whereas 𝑈 (1) is its own centre. In the 
case of 𝑈 (𝑁) however all these elements are not distinct, the action of 
𝑍𝑁 can be always ‘undone’ by a 𝑈 (1) action with 𝜃0 = −2𝜋∕(𝑄𝐹𝑁). 
This can be put in operator form in that the element

𝜉 = 𝑒2𝜋𝑖𝑛𝑁∕𝑁𝑒−2𝜋𝑖𝑄∕(𝑄𝐹𝑁) , (7)

acting on 𝑈 (𝑁) representations returns the identity, i.e.

𝑈 (𝑁) ∶ 𝜉𝑅 =𝑅 , (8)

2𝜋
(
𝑛𝑁 (𝑅)
𝑁

−
𝑄𝑅

𝑄𝐹𝑁

)
= 2𝜋ℤ . (9)

One of the solutions to this equation returns the result derived above 
for 𝑄𝑆∕𝑄𝐹 in 𝑈 (𝑁) while others can be found systematically; the 
first few are shown in Fig. 1. Lastly, the element 𝜉 generates the cen-

tre 𝑍𝑁 =
{
1, 𝜉, 𝜉2,… , 𝜉𝑁−1} and the condition of invariance under 𝜉

equates invariance under 𝑍𝑁 (if 𝜉𝑅 = 𝑅 it follows 𝜉𝑝𝑅 = 𝑅 with 𝑝 in-

teger) so that the equation above is the result of the relation

𝑈 (𝑁) = 𝑈 (1) × 𝑆𝑈 (𝑁)
𝑍𝑁

. (10)

This second example shows how taking the quotient with an abelian 
factor in the numerator quantises and correlates charge with 𝑛-ality.

Quantisation of charge however also follows in 𝑈 (1). Consider in-

creasing the phase in a 𝑈 (1) transformation on the elementary particle 
𝐹 until we circle back to the identity 𝑒𝑖𝑄𝐹 𝜃 = 1, i.e. 𝑄𝐹𝜃 = 2𝜋. For con-

sistency the same transformation in any other charged state with charge 
𝑄𝑖 should also be the identity so 𝑄𝑖𝜃∕𝑄𝐹 𝜃 =ℤ. In this regard it is useful 
to express 𝑈 (1) (a.k.a. 𝑆1) as the 𝑁 → 1 limit of eq. (10)

𝑈 (1) =𝑈 (1)
𝑍1

= ℝ 
(2𝜋∕𝑄𝐹 )ℤ

, (11)

𝜃 ∈ℝ , 𝜃 ∼ 𝜃 + 2𝜋ℤ
𝑄𝐹

, (12)

that is: the real line with an equivalence relation. The seemingly re-

dundant numerator on the left hand side is 𝑍1 = 𝜉(𝑁 → 1) = 𝑒−2𝜋𝑄𝑖∕𝑄𝐹

which is only truly redundant, and the equation above sensical, when 
equalling the identity, i.e. if charge is quantised in units of 𝑄𝐹 . In the 
context of 𝑈 (1)×𝑆𝑈 (𝑁) one can understand this requirement since the 
zentrum 𝑍𝑁 is present but for it to be a group it should be closed, i.e. 
the generating element in eq. (7) should satisfy 𝜉𝑁 = 𝑒−2𝜋𝑄𝑖∕𝑄𝐹 = 1.

𝐍 = 𝟑 in the shoes of an experimentalist. Having outlined the dif-

ferences in the spectrum of these theories, it is pertinent to turn to a 
thought experiment on how to determine the true gauge group. Con-

sider an experimentalist who has discovered a fundamental of 𝑆𝑈 (3)
with charge 𝑄𝐹 under an abelian group. They might have found this par-

ticle after breaking apart some bound state and observed that it behaves, 
insofar as they can test it, as an elementary particle, and that every other 
state they know of has charge an integer multiple of 𝑄𝐹 . It is natural to 
then take 𝑄𝐹 as the minimum possible quanta of charge. The spectrum 
of 𝑈 (3) and 𝑈 (1) × 𝑆𝑈 (3) with this assumption is shown in Fig. 2. The 
pattern for 𝑈 (3) charges shows correlation with the non-abelian group 
and if we found say a singlet with charge 𝑄𝐹 , we would have to conclude 
our group is 𝑈 (1) ×𝑆𝑈 (3). On the other hand if one discovers a new el-

ementary particle in a singlet representation with charge 4𝑄𝐹 , while it 
would be evidence for 𝑈 (3), one could not rule out 𝑆𝑈 (3) ×𝑈 (1).

This discussion however relies on the assumption of having found the 
minimum quanta, which can be dropped or better still disproven if the 
experimentalist happens to discover another particle in the fundamental 
with charge a fraction of 𝑄𝐹 , let us call it 𝐹 ′ with charge 𝑄𝐹 ′ . The dis-

cussion of 𝑈 (1) quantisation lends itself to accommodate this possibility 
readily; after all who is to know one has found the smallest charge? The 
discussion in eq. (11) can be changed by taking 𝑄𝐹 →𝑄𝐹 ′ acknowledg-

ing we had misidentified the minimum quanta and instead 𝑄𝐹 ∕𝑄′
𝐹
=ℤ. 

It is perhaps not so evident but equally the case that fractional charges 
can be accommodated in 𝑈 (3). Indeed one might have that the original 
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𝑛

𝑄

𝑄𝐹

0 𝑛

𝑄

𝑄𝐹

0 

Fig. 2. Two lattices of representations in the charge vs triality plane for both 
𝑈 (3) (black entries) and 𝑈 (1) × 𝑆𝑈 (3) (blue and black) compatible with an 
experimentally observed representation marked in green.

discovery was the next-to-minimal charge for a fundamental, the entry 
in green in the RHS lattice of Fig. 2, which allows for a more elemental 
charge of 𝑄𝐹 ∕4. One need not stop there, the original fundamental 𝐹
could be two periods above the elementary charge which would there-

fore be 𝑄𝐹 ∕7 with another representation in between of charge 4𝑄𝐹 ∕7. 
We label these possibilities with a compositeness degree 𝑘, which is an 
integer that labels how many fundamental representations with charge 
smaller than the observed 𝑄𝐹 exist as

for 𝑘 ≥ 0 2𝑘 fund. reps ∃ with |𝑄𝑖| < |𝑄𝐹 | (13)

for 𝑘 < 0 2|𝑘|− 1 fund. reps ∃ with |𝑄𝑖| < |𝑄𝐹 | (14)

A few notes on the compositeness degree: (𝑖) 𝑘 can be negative since the 
spectrum of charges extends to negative values -an illustration of this 
case is given in the appendix- Fig. 8, (𝑖𝑖) for the case of 𝑈 (1), negative 
𝑘 values however can be mapped to positive 𝑘 (the lattice is symmetric 
under 𝑄→ −𝑄), and we consider only 𝑘 ≥ 0 without loss of generality 
and (𝑖𝑖𝑖) this is a group theoretical index, if 𝑘 ≠ 0, 𝐹 can be built out of 
smaller representations but it does not mean 𝐹 is necessarily a bound 
state. One has that possible charges for a fundamental representation 
for each 𝑘 are

𝑈 (1) × 𝑆𝑈 (3) 𝑈 (3) (15)

𝑄 
𝑄𝐹

= 𝑛 
1 + 𝑘

,
1 + 3𝑚
1 + 3𝑘 

, (16)

with 𝑛,𝑚 integers. The generating element for 𝑍𝑁 depends on 𝑘, as can 
be obtained by rescaling the charge 𝑄𝐹 in eq. (7)

𝜉(𝑘) = 𝑒2𝜋𝑖𝑛3∕3𝑒−2𝜋𝑖(1+3𝑘)𝑄∕(3𝑄𝐹 ). (17)

While the spectrum of charges gets ever more crowded for larger 𝑘, 
at finite order there are charges in 𝑈 (1) × 𝑈 (3) that cannot be ‘faked’ 
by 𝑈 (3) and the minimum possible charge for each case and degree of 
compositeness is shown in Table 2. On the other hand the limit 𝑘→∞
can be taken as a circle 𝑆1 of ever larger radius that approaches ℝ itself.

The culprit for the opening of this door to a vertiginous descent is of 
course the 𝑈 (1) factor; for a non-abelian group the smallest represen-

tation is unambiguously identified, in the abelian case one cannot be 
sure just looking at the electric spectrum. One would need other type of 
observations to put a halt to this free fall; a possibility is evidence for 
a larger broken non-abelian group that contains 𝑈 (1) as done in grand 
unified theories, another would be the detection of a monopole so that 
Dirac’s quantisation fixes the smallest possible charge.

Table 2
Inverse possible minimum 𝑈 (1) charge for 𝑈 (1) ×𝑆𝑈 (3) (first row) 
and 𝑈 (3) (last two rows) as a function of the compositeness degree 
(cd).

𝐺 ∖ cd(|𝑘|) 0 1 2 3 … 𝑘

𝑈 (1) × 𝑆𝑈 (3) 𝑄𝐹 ∕𝑄min 1 2 3 4 1 + 𝑘

𝑈 (3) 𝑄𝐹 ∕𝑄min 1 4 7 10 . . . 1 + 3𝑘
−2 −5 −8 1 + 3𝑘

A word on notation; the largest group with a given Lie algebra is the 
universal cover, the set of representations common to all possible groups 
is the electric root lattice and the spectrum of possible representations 
(Wilson lines) is correlated with the spectrum of ’t Hooft lines [11]. 
Indeed in the framework of generalised symmetries that has brought 
renewed attention to the global structure of groups and new ideas to 
phenomenology [12,13], the centre is associated with an electric one-

form discrete symmetry whereas taking the quotient makes a one-form 
magnetic symmetry emerge [8]. Equivalently, one can understand the 
quantisation of charge as the consequence of a discrete one form sym-

metry. Let us note that the explicit form of this symmetry depends on 
what we have termed compositeness degree.

The Standard Model group. The case of the Standard Model starts 
from the universal cover, which is what is usually referred to by the 
SM group �̃� in eq. (1), which has centre 𝑍6 compatible with all SM 
representations. Taking the quotient by each of the possible subgroups 
yields 𝐺𝑝

𝐺𝑝 ≡ 𝑆𝑈 (3)𝑐 ×𝑆𝑈 (2)𝐿 ×𝑈 (1)𝑌 ∕𝑍𝑝 , (18)

𝑍𝑝 =

⎧⎪⎪⎨⎪⎪⎩

𝑍1 𝜉(6)
𝑍2

{
1 , 𝜉(3)

}
𝑍3

{
1 , 𝜉(2) , 𝜉2(2)

}
𝑍6

{
1 , 𝜉 , 𝜉2 , 𝜉3 , 𝜉4 , 𝜉5

} . (19)

The fact that each of these cases is a distinct group is emphasized by 
identifying that

𝐺6 = �̃�∕𝑍6 = 𝑆(𝑈 (3) ×𝑈 (2)) , (20)

𝐺3 = �̃�∕𝑍3 =𝑈 (3) ×𝑆𝑈 (2) , (21)

𝐺2 = �̃�∕𝑍2 = 𝑆𝑈 (3) ×𝑈 (2) , (22)

𝐺1 = �̃�∕𝑍1. (23)

Where by the quotient by 𝑍1 we mean the condition that 𝜉(6) be a rep-

resentation of the identity. These four possibilities were laid out in [1] 
and more recently in the context of generalised symmetry in [2].

The elements of the discrete groups do depend on the compositeness 
degree 𝑘, one has that for 𝑘 = 0 all groups can be given in terms of 𝜉 [2], 
which is not the case in general

𝜉 = 𝑒2𝜋(1+6𝑘)𝑄𝑌 𝑖 𝑒2𝜋𝑖𝑛𝑐∕3 𝑒𝑖𝜋𝑛𝐿 (24)

𝜉(2) = 𝑒4𝜋(1+3𝑘)𝑄𝑌 𝑖 𝑒4𝜋𝑖𝑛𝑐∕3 (25)

𝜉(3) = 𝑒6𝜋(1+2𝑘)𝑄𝑌 𝑖 𝑒𝑖𝜋𝑛𝐿 (26)

𝜉(6) = 𝑒12𝜋(1+𝑘)𝑄𝑌 𝑖 (27)

where 𝑛𝑐 , (𝑛𝐿) is the n-ality under 𝑆𝑈 (3)𝑐 (𝑆𝑈 (2)𝐿) of the representa-

tion 𝜉(6∕𝑝) acts on. The fact that there is a centre at all is nontrivial; take 
𝑘 = 0, the procedure that lead to eq. (7) can be used to fix the 𝑈 (1)𝑌
factor in 𝜉 to make say the left handed quark doublet invariant under 
its action. It is then not guaranteed but is in fact the case that all other 
five SM representations are also invariant as can be corroborated with 
Table 1.

The distinction between groups, for the same matter content, is a 
global one and they all yield the same perturbative dynamics. Paradox-
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ical as it might seem, let us review now this perturbative dynamics for 
later use. The covariant derivative reads

𝐷𝜇 =𝜕𝜇 + 𝑖𝑔𝑖𝐴
𝑖,𝑎
𝜇

𝑇𝑖,𝑎 , (28)

where 𝐴 stands for gauge bosons in the SM and 𝑖 runs through 
colour, isospin and hypercharge; 𝐴𝑖 = {𝐺,𝑊 ,𝐵}, 𝑔𝑖 =

{
𝑔𝑐, 𝑔, 𝑔𝑌

}
, 

𝑇𝑖 =
{
𝑇𝑐, 𝑇𝐿,𝑄𝑌

}
where 𝑄𝑌 is the hypercharge operator with eigenval-

ues given in Table 1. Our convention for the normalisation of generators 
in the fundamental representation is the usual

tr
(
𝑇𝑖,𝑎(F)𝑇𝑖,𝑏(F)

)
=

𝛿𝑎𝑏

2 
, (29)

that is 𝑇𝑐,𝑎 = 𝜆𝑎∕2, 𝑇𝐿,𝐼 = 𝜎𝐼∕2 with 𝜆 (𝜎) the Gell-Mann (Pauli) matri-

ces. The field strength can be obtained from the commutator of deriva-

tives as

[𝐷𝜇,𝐷𝜈] = 𝑖𝑔𝑖𝐹
𝑖,𝑎
𝜇𝜈

𝑇𝑖,𝑎 , (30)

and the gauge boson EoM reads

𝐷𝜈𝐹 𝑖,𝑎
𝜈𝜇

= 𝑔𝑖𝐽
𝑖,𝑎
𝜇

, (31)

where 𝑔𝑖𝐽 𝑖
𝜇
= −𝜕∕𝜕𝐴𝑖

𝜇
, and in particular

𝐽
𝜇

𝑖,𝑎
=
∑
𝜓

�̄�𝛾𝜇𝑇𝑖,𝑎𝜓 + 𝑖𝐻†(𝑇𝑖,𝑎𝐷𝜇−
← 
𝐷𝜇 𝑇𝑖,𝑎)𝐻 . (32)

It is also useful to note that the bosonic part of the current is, after EWSB 
and in the unitary gauge

𝐽𝐻
𝑌

= 𝑔

𝑐𝑤

(𝑣+ ℎ)2𝑍
4 

(33)

𝐽𝐻
𝐿,𝑎

= − 𝑔

𝑐𝑤

(𝑣+ ℎ)2

4 

{
𝑐𝑤𝑊1,2

𝑍
(34)

where as usual tan(𝜃𝑤) = 𝑔𝑌 ∕𝑔 and 𝑍 = 𝑐𝑤𝑊3 − 𝑠𝑤𝐵.

3. Spectrum for each group

This section determines the possible spectrum of representations for 
each group. For illustration purposes this is first done for the simplest 
case, 𝑘 = 0, to later give the results for general 𝑘.

3.1. Null compositeness degree

Let us first discuss the case of compositeness degree 𝑘 = 0. The con-

dition for taking the quotient by 𝑍𝑝 translates into selecting matter 
representations insensitive (invariant) under the action of 𝑍𝑝 . Consid-

ering all elements in a specific 𝑍𝑝 can be given by integer powers of a 
generating element (the first non-trivial term in eq. (19)), it suffices that 
representations are invariant under the generating element. Explicitly, 
the conditions on the spectrum for each group and a certain representa-

tion 𝑅 read

𝐺6 ∶ 𝜉𝑅 =𝑅,
𝑛𝑐

3 
+

𝑛𝐿

2 
+𝑄𝑌 =ℤ , (35)

𝐺3 ∶ 𝜉(2)𝑅 =𝑅,
2𝑛𝑐
3 

+ 2𝑄𝑌 =ℤ , (36)

𝐺2 ∶ 𝜉(3)𝑅 =𝑅,
𝑛𝐿

2 
+ 3𝑄𝑌 =ℤ , (37)

𝐺1 ∶ 𝜉(6)𝑅 =𝑅, 6𝑄𝑌 =ℤ . (38)

The case of 𝐺1 where the zentrum is present and the quotient is 
the identity, as elaborated in sec. 2 does still imply a constraint on the 
spectrum; indeed for 𝑍6 to be a group 𝜉6 = 𝜉(6) = 1 which is only true if 
charge is quantised in units of 𝑄𝑌 (𝑞𝐿).

Each condition above leads to a discrete set of hypercharges, which 
can be visualised in a lattice as in Fig. 3. The possible representations 
will have electric charges given by

1
6

1
6

0 1 2

𝐺1

1
3

1
6

0 1 2

𝐺2

𝑛𝑐

𝑛𝐿

𝑄𝑌

1
2

1
3

1
6

0 1 2

𝐺3

1
1
2

1

0 1 2

5
6

1
6

1
3

2
3

𝐺6

Fig. 3. Constituent block of the lattice of allowed hypercharges and n-alities for 
each SM group 𝐺𝑝 and compositeness degree 0. The lattices are periodic in all 
three directions, with the period for hypercharge being 𝑝∕6 for 𝐺𝑝. Represen-

tations allowed in 𝐺6 are marked black and are common to all 𝐺𝑝, the rest are 
given in different colours. Note that given the periodicity of the 𝐺1 lattice, ev-

ery possible representation in 𝐺𝑝>1 is also allowed in 𝐺1.

𝑄em = 𝑇𝐿,3 +𝑄𝑌 , (39)

that is, the eigenvalue of the 𝑆𝑈 (2)𝐿 Cartan sub-algebra plus hyper-

charge. The values for these eigenvalues are most accessible with the 
analogy to ordinary spin where 𝑛𝐿 signals the fermionic or bosonic 
character, i.e. whether the representation has semi integer or integer 
eigenvalues for any given spin direction respectively. The familiar re-

sult is,

𝑇𝐿,3
Eigen.

=
{

(𝑛𝐿 = 1) 𝑚

2 𝑚 ∈ 2ℤ+ 1
(𝑛𝐿 = 0) 𝑚 𝑚 ∈ℤ . (40)

It is illustrative to use this input on the defining condition of the gen-

erating element of 𝑍𝑝 to leave invariant any state, not necessarily ele-

mentary. Substituting hypercharge for electric charge and weak isospin, 
in the case of 𝐺6 in eq. (35) as an example,
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Table 3
Allowed colour-neutral magnetic charges for 
𝑘 = 0 for each group 𝐺𝑝.

𝐺6 𝐺3 𝐺2 𝐺1

min[𝑄em (𝑛𝑐 = 0)] 1 1∕2 1∕3 1∕6
min[𝑔em (𝑛𝑐 = 0)] 1 2 3 6

𝑄em

𝐺6
0 1 2

𝐺3
0 1/2

𝐺2
0 1/3

𝐺1
0 1/6

Fig. 4. Electric charge spectrum for hadrons and leptons in the case 𝑘= 0. 

ℤ =
𝑛𝑐

3 
+𝑄em +

(𝑛𝐿

2 
− 𝑇𝐿,3

)
, (41)

ℤ =
𝑛𝑐

3 
+𝑄em +

{
(𝑛𝐿 = 1) 1−𝑚

2 𝑚 ∈ 2ℤ+ 1
(𝑛𝐿 = 0) −𝑚 𝑚 ∈ℤ

, (42)

so weak isospin drops out of the equation to leave

𝐺6 ∶ 𝑄em =ℤ−
𝑛𝑐

3 
. (43)

Similar manipulations for 𝐺𝑝≤6 in eqs. (36)-(38) lead to

𝐺3 ∶ 𝑄em = 1
2
ℤ−

𝑛𝑐

3 
, (44)

𝐺2 ∶ 𝑄em = 1
3
ℤ , (45)

𝐺1 ∶ 𝑄em = 1
6
ℤ . (46)

The result of charges being 𝑝∕6 for colour neutral states, i.e. leptons and 
hadrons, follows in each 𝐺𝑝. It is worth pointing out that this quanti-

sation condition for charge makes it direct to derive the results of [2] 
for the charges of (colour and isospin neutral) monopoles from Dirac’s 
quantisation condition 𝑄𝑒𝑚𝑔𝑒𝑚 = ℤ. The magnetic charges that follow 
are given in Table 3 while the spectrum of electric charges is depicted 
in Fig. 4. 

3.2. Arbitrary compositeness degree

For general 𝑘 one has the forms of the different groups given in 
eqs. (24)-(27) so that the procedure above follows giving the allowed 
representations in each case:

𝐺6 ∶ 𝜉𝑅 =𝑅,
𝑛𝑐

3 
+

𝑛𝐿

2 
+ (1 + 6𝑘)𝑄𝑌 =ℤ , (47)

𝐺3 ∶ 𝜉(2)𝑅 =𝑅,
2𝑛𝑐
3 

+ 2(1 + 3𝑘)𝑄𝑌 =ℤ , (48)

𝐺2 ∶ 𝜉(3)𝑅 =𝑅,
𝑛𝐿

2 
+ 3(1 + 2𝑘)𝑄𝑌 =ℤ , (49)

𝐺1 ∶ 𝜉(6)𝑅 =𝑅, 6(1 + 𝑘)𝑄𝑌 =𝑍 . (50)

while the electric spectrum is again independent of weak isospin and 
reads,

𝐺6 ∶ 𝑄em = 1 
(1 + 6𝑘)

(
ℤ−

𝑛𝑐

3 

)
, (51)

𝐺3 ∶ 𝑄em = 1 
2(1 + 3𝑘)

(
ℤ−

2𝑛𝑐
3 

)
, (52)

Table 4
Inverse minimum electric charge for colour neutral states for 
each group and compositeness degree 𝑘.

𝐺𝑝∖ cd 0 1 2 3 … |𝑘|
𝐺6 ∶ 𝑒∕𝑄min 1 7 13 19 1 + 6𝑘

−5 −11 −17
𝐺3 ∶ 𝑒∕𝑄min 2 8 14 20 . . . 2 + 6𝑘

−4 −10 −16
𝐺2 ∶ 𝑒∕𝑄min 3 9 15 21 . . . 3 + 6𝑘

−3 −9 −15
𝐺1 ∶ 𝑒∕𝑄min 6 12 18 24 . . . 6 + 6𝑘

𝐺2 ∶ 𝑄em = 1 
3(1 + 2𝑘)

ℤ , (53)

𝐺1 ∶ 𝑄em = 1 
6(1 + 𝑘)

ℤ . (54)

Which can be given as a single equation for 𝐺𝑝 as

𝑄em = 𝑝 
6(1 + 𝑝𝑘)

(
ℤ−

2𝑛𝑐
𝑝 

)
. (55)

It is notable that the minimum possible charge for a lepton or hadron, 
shown in Table 4 has a value unique to each group and 𝑘. 

4. All elemental quarks and leptons

The SM matter content is compatible with all 𝐺𝑝 choices while e.g. 
𝐺3 allows for half-charge leptons and hadrons. One cannot build such 
half-charge particles in the SM, i.e. the full possible spectrum for 𝐺3
is not spanned by SM representations. One is missing more elemental 
fields, where by elemental we mean the following: a set of elemental 
fields spans, with the operation of representation combination and conjugate 
transform, all the possible charges in the (𝑛𝑐, 𝑛𝐿,𝑄𝑌 ) lattice. As such a basis 
for elemental fields is not unique yet it is natural to choose the basis 
with the smallest length (or dimension for the non-abelian part of the 
representation) for its vectors. Such a basis for 𝐺6 , with 𝑘 = 0, would 
consist of SM fields

𝐺6 ∶ 𝑒𝑅 𝓁𝐿 𝑑𝑅

(1,1)1 , (1,2)1∕2 , (3,1)−1∕3. (56)

It is theoretically agreeable that in this case Nature would have chosen 
to start the particle puzzle with the smallest components; the rest of the 
fermions, 𝑞𝐿, 𝑢𝑅, being required by anomaly cancellation and the Higgs 
doublet 𝐻 for massive particles. As for the other group choices, bases 
for 𝑘 = 0 could be

𝐺3 ∶ Ξ Λ Ω

(1,1)1∕2 , (1,2)0 , (3,1)1∕6 , (57)

𝐺2 ∶ Σ Δ Θ

(1,1)1∕3 , (1,2)1∕6 , (3,1)0 , (58)

𝐺1 ∶ Φ Λ Θ

(1,1)1∕6 , (1,2)0 , (3,1)0 . (59)

It should be noted nonetheless that as part of the freedom in basis choice 
one can also span all representations with a single fractional charge field 
and two SM fields. The case with 𝑘 ≠ 0 would have bases with smaller 
hypercharge readily obtainable from eqs. (47)-(50).

The discovery of one of these particles, or any of the other parti-

cles characteristic of a given group, would narrow down the choice of 
possible SM groups. At present no sign for new particles, despite the ex-

pectations, is currently established. In this work we take that to be the 
case due to extra particles being heavier than the scales probed in past 
laboratory experiments. In this circumstance, inferring the presence of 
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Table 5
Minimal combination of one SM 
field and several fractional-charge 
fields that make up an invariant 
operator.

𝐺3 𝐺2 𝐺1

𝑞𝐿 ΩΛ ΔΘ ΦΛΘ
𝑢𝑅 ΩΞ ΣΣΘ ΦΦΦΦΘ
𝑑𝑅 Ξ̄Ω Σ̄Θ Φ̄Φ̄Θ
𝓁𝐿 Ξ̄Λ̄ Σ̄Δ̄ ΛΦ̄Φ̄Φ̄
𝑒𝑅 Ξ̄Ξ̄ Σ̄Σ̄Σ̄ Φ̄Φ̄Φ̄Φ̄Φ̄Φ̄
𝐻 ΞΛ ΣΔ ΛΦΦΦ

such particles could be direct, via their production at the energy fron-

tier at LHC, or indirect via low energy effects. Both cases are largely 
determined by the gauge group properties that define the new states.

For concreteness in the remainder of this section let us focus on case 
of 𝑘 = 0, the generalisation to other 𝑘 is straightforward.

Other than gauge interactions, the new fractional-charge particles 
can couple to SM fields via invariant operators, akin to the Yukawa terms 
in the SM. When considering the composition of such operators, one can 
organise them by the number of fractional fields and SM fields. Due to 
their fractional i.e. more elementary nature, these new fields cannot 
couple linearly, this result can be derived based just on electromagnetic 
invariance and n-ality conservation. Take a fractional state, say a 𝑄𝑒𝑚 =
1∕3 lepton and couple it to 𝑛𝑒,𝑢,𝑑 electron, up quark and down quark 
fields. Invariance demands

0 = 1
3
+ 𝑛𝑒 +

2𝑛𝑢
3 

−
𝑛𝑑

3 
, 𝑛𝑢 + 𝑛𝑑 = 0 mod3 , (60)

0 = 1
3
+ 𝑛𝑒 +ℤ+ 𝑛𝑢 , (61)

where in the second line we subbed the triality condition on the charge 
conservation condition to obtain a relation with no solution for 𝑛𝑖 ∈ℤ. 
It follows that an invariant operator requires at least 2 fractional-charge 
fields which is a result that we can also translate into the necessary 
stability of (at least the lightest of) these fractional-charge states. Indeed 
the equation above can be taken as the charge conservation condition 
that forbids the decay.

As for the couplings to one SM particle, possible combinations of op-

erators are shown in Table 5 for the different groups. Renormalisable 
couplings would either be of the Yukawa type or in an extended scalar 
potential depending on the spin of the new particles. Given the range 
of choices and unknowns, here we assume these other couplings are 
subleading to the gauge couplings and deffer their study to a more com-

plete phenomenological exploration. In addition to the assumption of 
gauge couplings dominating the interaction of the new states, we also 
assume that, if scalar, new states do not acquire a vacuum expectation 
value and do not partake in electroweak symmetry breaking. The case 
in which they do affect EWSB is nonetheless of interest and would fall 
in the class of non-decoupling physics with HEFT∖SMEFT low energy 
limit which we leave for future study, noting some results are already 
derived in ref. [14]. Lastly we consider arbitrary gauge group repre-

sentations but restrict to spin 0 and 1∕2 for the new states, in the case 
of fermions we take Dirac fermions with both chiralities on the same 
representation but relaxing this assumption would yield the same or-

der of magnitude results. Anomaly cancellation is a relevant question 
which we do not address here, let us simply note that non-perturbative 
anomalies have been shown to cancel for these groups [9,10,15,16].

The phenomenology of these particles will be studied both in the 
regime where they can and cannot be produced at the LHC. We find it 
useful in order to adopt a single theory approach to both cases to inte-

grate the new particles out in the path integral so that the low (high) 
energy effects can be studied with the real (imaginary) resulting effec-

tive action. Consider a complex scalar, where in the following we will 
use Fr to refer to new fractional charge fields,

𝑠𝜎 =Im[ ΠFr
𝜇𝜈 ]

Fig. 5. The diagram in the effective action relevant for Drell-Yan production 
of new particles. The heavy mass limit of the real part of this diagram in turn 
determines certain operators in the EFT.

𝑍Fr[𝐴] = ∫ 𝜙𝜙†𝑒𝑖𝑆+𝛿𝜙
†𝑆(2)𝛿𝜙+(𝛿𝜙3) , (62)

= 𝐶𝑒−𝑐sTr log(−𝑆(2)
s )(1 +(ℏ)) , (63)

where log(𝐶) = 𝑖𝑆+constant, s labels the spin, (ℏ) signals 2-loop cor-

rections, and for a scalar of mass 𝑀

−𝑆(2)
0 = −(𝓁 − 𝑖𝐷)2 +𝑀2 , Tr = ∫

𝑑4𝓁𝑑4𝑥

(2𝜋)4
tr , (64)

with tr a trace over each gauge sector and 𝑐0 = 1. The case of a fermion 
involves instead a grassmanian integral and the log trace of the Dirac 
operator which can be brought into the form above as

−𝑆(2)
1∕2 = −𝛾𝜇(𝓁𝜇 − 𝑖𝐷𝜇)𝛾𝜈(𝓁𝜈 − 𝑖𝐷𝜈) +𝑀2 , (65)

where we have dropped a term 𝑖[𝛾𝐷,𝑀] assuming the effective mass to 
be a constant. Let us define the generating functional contribution from 
fractional-charge particles

𝑖𝑊Fr = log(𝑍Fr[𝐴]∕𝑍Fr[0]) , (66)

so that, in effect

log(𝑍Fr[𝐴]) = −𝑐sTr
(
log(−𝑆(2)

s
[𝐴])

)
, (67)

𝑐s =
{

complex scalar 1
fermion −1∕2 . (68)

The phenomenology of fractional-charge particles to be studied in the 
remainder of this section can be all derived from 𝑊Fr, both in the case 
in which they can be produced directly 4.1 and when their mass is too 
high for production 4.2.

4.1. Production of fractional-charge particles

Given the gauge group representation of the new states, production 
rates are determined up to the unknown mass 𝑀 . The prediction for 
the partonic cross section will be derived here via the optical theo-

rem rather than the otherwise straightforward direct computation. This 
route is chosen so that the connection between high and low energy 
is made more direct and for ease of manipulation of the group theory 
algebra. In particular here we distinguish the cases of the new parti-

cles having colour, a case in which their production is dominated by 
𝐺 +𝐺→ Fr + F̄r, and being colour neutral where instead production is 
approximated as Drell-Yan (DY). One can obtain the total cross section 
from the imaginary part of the effective action (as shown in Fig. 5) but 
also the differential cross section via Cutkosky’s rules as given in the 
appendix. The partonic cross section in each case reads

�̂�𝐷𝑌 =

(
Im

(
Π𝜇𝜈

Fr

) 𝑞𝑞→𝐴
𝜇 𝐴→𝑞𝑞

𝜈

𝑠3

)
Fwd

, (69)

�̂�𝐺𝐺 = 1
𝑠 

Im
(Fr

𝐺𝐺→𝐺𝐺

)
Fwd

, (70)

where our convention for the invariant matrix element  in terms of 
the S-matrix is 𝑆 = 1− 𝑖(2𝜋)4𝛿4(Σ𝑝), Fwd stands for the forward limit, 
Fr

𝐺𝐺
is the contribution to the gluon four point amplitude with internal

Fr states, and ΠFr is
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𝛿2𝑊Fr[0] 
𝛿𝐴𝜇(𝑝)𝛿𝐴𝜈(𝑘)

≡ (2𝜋)4𝛿4(𝑝+ 𝑘)Π𝜇𝜈

Fr
(𝑝2) . (71)

Evaluation of each expression is carried out by taking the effective 
action of eq. (66) and the SM action in the path integral. This procedure 
does not require Feynman diagrams though it is straightforward to as-

sign one to each term in the computation. In the following let us outline 
the computation for DY with this method since we believe there is some 
value in doing so; the generating functional reads

𝑊Fr =𝑖𝑐s ∫
𝑑4𝓁𝑑4𝑥

(2𝜋)4
tr log

(
−(𝓁 − 𝑖𝜕)2 +𝑀2 − 𝑉 (𝐴)

−(𝓁 − 𝑖𝜕)2 +𝑀2

)
=𝑖𝑐s ∫

𝑑4𝓁𝑑4𝑥

(2𝜋)2
tr
∑
𝑛 

−1
𝑛 

(
1 

𝑀2 − (𝓁 − 𝑖𝜕)2
𝑉 (𝐴)

)𝑛

, (72)

where, suppressing gauge group indices,

𝑉 (𝐴) =
{
(𝓁 − 𝑖𝜕)𝜇, 𝑔𝐴𝜇𝑇

}
+ (𝑔𝐴𝜇𝑇 )2 . (73)

There is an ambiguity in the left or right operation of the free propa-

gator which can be solved expressing the logarithm as an integral of 
the inverse, see [17]; here however conservation of momenta ensures 
the choice does not matter. The contribution to eq. (69) that will have 
an imaginary piece comes from the second term in the expansion of 
eq. (72), and it reads (using that the variation wrt to the Fourier trans-

form of 𝐴 is 𝛿𝐴(𝑥)∕𝛿𝐴(𝑘) = 𝑒𝑖𝑘𝑥) for a complex scalar

𝛿2𝑊

𝛿𝐴(𝑘)𝑖,𝑎𝜇 𝛿𝐴(𝑝)𝑖,𝑏𝜈
⊃ ∫

𝑑4𝓁𝑑4𝑥

2(2𝜋)4
−𝑖 

𝑀2 − (𝓁 − 𝑖𝜕)2
tr
[{

(𝓁 − 𝑖𝜕)𝜇, 𝑔𝑖𝑒𝑖𝑝𝑥𝑇𝑖,𝑎
}

× 1 
𝑀2 − (𝓁 − 𝑖𝜕)2

{
(𝓁 − 𝑖𝜕)𝜈 , 𝑔𝑖𝑒𝑖𝑘𝑥𝑇𝑖,𝑏

}]
+ (𝜇, 𝑎↔ 𝜈, 𝑏) (74)

=− 𝑖𝑔2
𝑖 ∫ 𝑑4𝑥 𝑒𝑖𝑥(𝑝+𝑘) ∫

𝑑4𝓁
(2𝜋)4

×
(2𝓁 + 𝑝+ 2𝑘)𝜇(2𝓁 + 𝑘)𝜈 tr

(
𝑇𝑖,𝑎𝑇𝑖,𝑏

)
(𝑀2 − (𝓁 + 𝑝+ 𝑘)2)(𝑀2 − (𝓁 + 𝑘)2)

. (75)

The integration over four space returns the momentum conservation 
Dirac delta so that

Π𝜇𝜈

Fr
=− 𝑖𝑔2

𝑖 ∫
𝑑4𝓁
(2𝜋)4

(2𝓁 − 𝑝)𝜇(2𝓁 − 𝑝)𝜈tr
(
𝑇 𝑖
𝑎
𝑇 𝑖
𝑏

)
(𝓁2 −𝑀2)((𝓁 − 𝑝)2 −𝑀2) 

, (76)

whereas the fermionic result is

Π𝜇𝜈

Fr
=2𝑖𝑔2

𝑖 ∫
𝑑4𝓁
(2𝜋)4

×

[
(2𝓁 − 𝑝)𝜇(2𝓁 − 𝑝)𝜈 + 𝑝2𝜂𝜇𝜈 − 𝑝𝜈𝑝𝜇

]
tr
(
𝑇 𝑖
𝑎
𝑇 𝑖
𝑏

)
(𝑀2 − 𝓁2)(𝑀2 − (𝓁 − 𝑝)2) 

. (77)

The remaining trace is over all gauge indices, e.g. if the argument of the 
trace is a product of colour generators one has

tr(𝑇𝑐,𝑎𝑇𝑐,𝑏) = d𝐿(𝑅)tr(𝑇𝑐,𝑎𝑇𝑐,𝑏) , (78)

where d𝐿(𝑅) is the dimension of the 𝑆𝑈 (2) representation 𝑅. The re-

maining ordinary trace returns the Dynkin index, I(𝑅), which is a func-

tion of the representation 𝑅,

tr(𝑇𝑖,𝑎𝑇𝑖,𝑏) ≡ I𝑖(𝑅)𝛿𝑎𝑏 , (79)

and is fully specified by our convention for the fundamental I(𝐹 ) = 1∕2.

The imaginary part of the loop integral in eqs. (76), (77) is a branch 
cut out of a logarithm, so that if one assembles the partonic cross section 
as obtained with the pdfs, the hadronic cross section for a proton-proton 
collision reads, for Drell-Yan mediated by 𝑆𝑈 (2)𝐿 bosons,

𝜎𝑞𝑞,𝐿 =
𝜋𝛼2

𝑤
d𝑐 I𝐿

6𝑠 ∫
𝑑𝑥𝑑𝑦

𝑥𝑦 
𝐾s(�̂�)

∑
𝑎 

Tr
[
𝑇 𝑎
𝐿
𝐟𝑞(𝑥)𝑇 𝑎

𝐿
𝐟𝑞(𝑦)

]
, (80)

for hypercharge,

𝜎𝑞𝑞,𝑌 =
𝜋𝛼2

𝑌
𝑄2

𝑌
d𝑐d𝐿

6𝑠 ∫
𝑑𝑥𝑑𝑦

𝑥𝑦 
𝐾s(�̂�)

∑
𝑖,𝜒

𝑄2
𝑌 ,𝑞𝜒,𝑖

𝑓𝑞𝑖𝑓𝑞𝑖 , (81)

where �̂� = 𝑥𝑦𝑠, 𝐟𝑞 =Diag(𝑓𝑢, 𝑓𝑑 ) and 𝑓𝑞∕𝑞 are the quark pdfs, 𝜒 stands 
for chirality, 𝛼𝑤 = 𝑔2∕4𝜋, 𝛼𝑌 = 𝑔2

𝑌
∕4𝜋 and the function 𝐾 is for scalars 

and Dirac fermions,

𝐾0(�̂�) = Θ(𝛽2)𝛽
3(�̂�)
3 

, (82)

𝐾1∕2(�̂�) = Θ(𝛽2)
(
2𝛽(�̂�) − 2𝛽

3(�̂�)
3 

)
, (83)

with

𝛽(�̂�) =
√

1 − 4𝑀2

�̂�
. (84)

The case of a new fractional particle with colour reads instead

𝜎𝐺𝐺 =
𝜋𝛼2

𝑠
d𝐿4I2

𝑐

𝑠d𝑐
∫

𝑑𝑥𝑑𝑦

𝑥𝑦 
𝑓𝐺(𝑥)𝑓𝐺(𝑦)𝐿s(�̂�) , (85)

with 𝑓𝐺 being the gluon pdf and the function 𝐿s for a complex scalar 
and Dirac fermion read

𝐿0 =Θ(𝛽2)

[
𝛽
2 − 𝛽2

2 
− 1 − 𝛽4

2 
atanh(𝛽) (86)

+ 𝑟

(
𝛽
3 − 5𝛽2

24 
− (1 − 𝛽2)2

4 
atanh(𝛽)

)]
,

𝐿1∕2 =Θ(𝛽2)
[
2atanh(𝛽) − 𝑟𝛽

2 

]
− 2𝐿0 , (87)

where

atanh(𝑥) = 1
2
log

(1 + 𝑥

1 − 𝑥

)
, 𝑟 ≡ I𝑐(Ad)d𝑐(𝑅)

I𝑐(𝑅)d𝑐(Ad)
. (88)

The estimates for hadronic cross sections at the LHC are then, for the 
particles in eqs. (57)-(59), shown in Fig. 6.

Once produced, these particles would not decay into SM states only; 
they would either be stable or decay to other fractional and SM states. As 
such the characteristic signal of these particles is charged particle tracks 
in the detector, either leptonic or hadronic, quite unlike conventional 
BSM searches. The hadronic case seems more challenging to distinguish 
from background but still singular enough. Current analyses exist and 
e.g. rule out a spin-1/2 Σ particle with mass in the range 50-60 GeV 
and a Ξ particle of the same spin with mass 50-600 GeV both at the 2𝜎
level [18]. Other results could be applied to particles in other represen-

tations, but here we do not aim at a comprehensive phenomenology, 
rather at a sketch of the main features that characterise fractionally 
charged particles. We instead direct the interested reader to the follow-

ing work released after our pre-print, [19], which does consider bounds 
on a more comprehensive set of fractionally charged particles. On this 
note we close this section by noting that one such fractionally charged 
particle could account for the excess in deposited energy 𝑑𝐸∕𝑑𝑥 ob-

served at ATLAS [20] with 3.3𝜎 significance; this has been shown for 
𝑄em > 1 in [21] and we see no obstacle for the present 𝑄em < 1 case to 
also be accommodating of the excess.

4.2. Low energy effects

The focus of phenomenology is in fractional-charge representations 
which as discussed in sec. 4 cannot couple to SM particles linearly. This 
implies, in the absence of SSB in the new sector, that the effects of 
these new particles at low energies start at one loop, as one can de-

rive diagrammatically. The effects at this order are given by equating 
the generating functional of eq. (66) to the effective action and expand-

ing for large 𝑀 ; a universal formula is available, see e.g. [17,23], and 
returns for a scalar field,
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Fig. 6. Hadronic cross section at LO against mass for the different representa-

tions in eqs. (57)-(59) at the LHC at 13.5 TeV. The pdfs are taken from [22]. 
The colours on this plot relate to the different representations as: Ξ in red, Σ in 
grey and Φ in purple. Δ,Λ are both in shown orange as the 𝜎𝑞𝑞𝐿 contribution 
is significantly larger than 𝜎𝑞𝑞𝑌 . In green are both Θ,Ω as 𝜎𝐺𝐺 again as the dif-

ference in hypercharge is insignificant. The line is solid if the representation is 
fermionic and dashed for scalar. The dotted section of the fermionic Ξ is an ex-

ample of an exclusion by the LHC from [18]. See text for additional details.

Γ1-loop

EFT =𝑊Fr(𝐷≪𝑀) = 𝑖𝑐sTr(log[−𝑆(2)
𝑠

(𝐷≪𝑀)])

=∫
𝑐𝑠𝑑

4𝑥

(4𝜋)2
tr

[
(𝐷𝜇[𝐷𝜇,𝐷𝜈])2

60𝑀2

−
[𝐷𝜇,𝐷𝜈][𝐷𝜈,𝐷𝜌][𝐷𝜌,𝐷𝜇]

90𝑀2

]
+(𝑀−4) . (89)

The case of particles with spin follows the same steps and leads to

𝑑=6 = −
tr

(
𝑎𝑠(𝑔𝐷𝜇𝐹𝜇𝜈)2 −

𝑖�̄�3,𝑠𝑔
3𝐹𝜇𝜈𝐹

𝜈𝜌𝐹𝜌𝜇

3 

)
(4𝜋)2𝑀2120 

, (90)

where for massive particles of spin 0, 𝑎𝑠 = 2, �̄�3,𝑠 = 4 and for spin 1∕2
Dirac particles, 𝑎𝑠 = 16, �̄�3,𝑠 = −8. The last term will produce maximal 
helicity violating triple gauge couplings which are insensitive to the hy-

percharge of the new particle; as such in isolation they do not contain 
information about quantised charges. We therefore concentrate on the 
first term above which reads, after using the EoM,

𝑑=6 ⊃ −2𝛿
𝑣2

[
𝑎𝑐𝐽

𝑏
𝑐
𝐽𝑏
𝑐
+ 𝑎𝐿𝐽

𝐼
𝐿
𝐽𝐼
𝐿
+ 𝑎𝑌 𝐽𝑌 𝐽𝑌

]
, (91)

where

𝛿 =
𝑎𝑠d𝐿d𝑐𝑣

2

(4𝜋)2240𝑀2 , 𝑎𝑐 =
I𝑐𝑔

4
𝑐

d𝑐

, (92)

𝑎𝐿 =
I𝐿𝑔

4

d𝐿

, 𝑎𝑌 =𝑄2
𝑌
(𝑔𝑌 )4 . (93)

The effect on 𝑑=6,QCD is to add four-fermion operators, but for 𝑑=6,EW

after expanding the Higgs current as in eqs. (33), (34), one obtains also 
contributions to the masses and couplings of massive vector bosons; to-

gether with the SM terms they read,

 ⊃− 𝑔√
2
𝑊

𝜇
+ 𝐽−

𝐿,𝜇
(1 − 𝛿𝑎𝐿) + ℎ.𝑐. (94)

− 𝑔

𝑐𝑤
𝑍[(𝑐2

𝑤
− 𝑎𝐿𝛿)𝐽𝐿,3 − (𝑠2

𝑤
− 𝑎𝑌 𝛿)𝐽𝑌 ], (95)

where 𝐽𝐿,− = (𝐽𝐿,1 + 𝑖𝐽𝐿,2), and

𝑀2
𝑊

= 𝑔2𝑣2

4 
(
1 − 𝑎𝐿𝛿

)
, (96)

Fig. 7. Correlation for deviations from the SM in the ratios of eqs. (101), (102). 
Green is for 𝑆𝑈 (2)𝐿 singlets (e.g. Φ,Ξ,Σ,Ω,Θ, see eqs. (57)-(59)) blue is for 
hypercharge singlets in nontrivial 𝑆𝑈 (2)𝐿 reps (e.g. Λ in eq. (57) orange is for 
Δ= (1,2)1∕6, purple is for (1,2)5∕6, gray is for (1,2)1 and black is for (1,2)2. The 
bands show the experimentally allowed values, with the error dominated by Γ𝑊

and here given with 95% CL taken from [24].

𝑀2
𝑍
= 𝑔2𝑣2

4𝑐2
𝑤

(
1 − 𝑎𝐿𝛿 − 𝑎𝑌 𝛿

)
. (97)

The ratio of 𝑎𝐿 and 𝑎𝑌 takes a discrete set of values for 𝐺𝑝 that can be 
used to infer the quantum numbers of the new particle. This ratio cannot 
be determined by a single observable given 𝛿 is a free parameter but it 
can be determined by the correlation between two observables as Fig. 7
illustrates.

The first step in obtaining the prediction is to define our input 
scheme; indeed our theory parameters are not only 𝑎𝑌 𝛿, 𝑎𝑌 𝛿 but also 
𝑣, 𝑔, 𝑠𝑤 and we can exchange these three for three observables: the Fermi 
constant as measured in nuclear physics, the 𝑊 mass and the fine struc-

ture constant as:

𝐺𝐹 = 1 √
2𝑣2

, (98)

𝑀𝑊 = 𝑔𝑣

2 
(1 −

𝑎𝐿𝛿

2 
) , (99)

�̄�𝑤 ≡
√
4𝜋𝛼𝑒𝑚

2𝑀𝑊 (
√
2𝐺𝐹 )1∕2

= 𝑠𝑤(1 +
1
2
𝑎𝐿𝛿) , (100)

which are valid at tree level and order 𝛿. Next we substitute 𝑔, 𝑠𝑤, 𝑣
for 𝑀𝑊 , �̄�𝑤,𝐺𝐹 in our theory predictions, the observables we choose to 
display the correlation with are

𝜌Γ3 ≡ 1
6
𝑀3

𝑍
Γ𝑊

𝑀3
𝑊
Γinv
𝑍

= (1 + 𝛿𝑎𝑌 ) , (101)

𝜌Γ5 ≡ 1
6
(1 − �̄�2

𝑤
)𝑀5

𝑍
Γ𝑊

𝑀5
𝑊
Γinv
𝑍

= (1 − 𝑡2
𝑤
𝛿𝑎𝐿) , (102)

which maximise the possible range for the slope of theory predictions 
to 90 degrees, see Fig. 7. One can make the correlation between observ-

ables 𝛿-independent as

𝜌Γ3 = (1 + 𝑟𝑒𝑤(1 − 𝜌Γ5)) , (103)

𝑟𝑒𝑤 =
𝑡2
𝑤
𝑄2

𝑌
d𝐿

I𝐿
. (104)
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In Fig. 7 we illustrate the correlation that would follow from each of 
the fractional-charge particles discussed in sec. 4. The correlation shown 
here is not chosen for the observables with the best sensitivity, but rather 
as an illustrative example. In this sense it is worth noting that the cor-

rection to the ratio of electroweak gauge boson masses

𝜌𝑀 ≡ 𝑀2
𝑊

(1 − �̄�2
𝑤
)𝑀2

𝑍

= 1 + 𝛿𝑎𝑌 + 𝑡2
𝑤
𝑎𝐿𝛿 , (105)

given 𝛿 ≥ 0, does have the right sign to account for an anomalously 
high 𝑊 mass compared with the 𝑍 mass as reported by CDF [25]; far 
less trivial would be to show this can be done consistently with other 
precision electroweak measurements.

5. Summary

The Lie algebra that characterises perturbatively gauge interactions 
in the Standard Model is shared by four groups 𝐺𝑝 = 𝑆𝑈 (3)𝑐 ×𝑆𝑈 (2)𝐿×
𝑈 (1)𝑌 ∕𝑍𝑝 with 𝑍𝑝 =

{
𝑍6,𝑍3,𝑍2,𝑍1

}
. Each choice has a characteris-

tic possible lattice of representations with its most experimentally ac-

cessible property being the electric spectrum. For 𝐺𝑝 and degree 𝑘 of 
compositeness, 𝑄𝑌 (𝑞𝐿) can be split into |1 + 𝑝 𝑘| representations and 
the minimum quantum for electric charge of hadrons and leptons is 
𝑝[6(1 + 𝑝 𝑘)]−1, which reduces to 𝑝∕6 if the hypercharge of 𝑞𝐿 is in-

divisible. If these fractionally charged particles exist, (i) the lightest of 
them would not decay and their production at the LHC would be sig-

nalled by fractionally charged heavy particle tracks, (ii) if lighter than 
the scale of inflation they would be present in a relic abundance and 
(iii) their effects at low energy, in the absence of SSB in the new sector, 
are loop suppressed and could be disentangled by ratios of Wilson co-

efficients. While these particles have received attention in the past, we 
believe their clear connection to the SM gauge group question calls for 
more systematic searches in the quest to answer one of the most funda-

mental questions in particle physics.
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Appendix A. Negative compositeness degree

As an illustration of a negative compositeness degree consider the 
case in the LHS of Fig. 8 where the observed state 𝐹 happens to have 
charge a negative multiple of the elementary charge, our example being 
𝑈 (3), the multiple is −2. The RHS of Fig. 8 instead corresponds to the 
group 𝑈 (1) ×𝑆𝑈 (3) where the same could have happened but now the 
spectrum in blue would also allow for charges 𝑄′ = 𝑄𝐹 ∕2 and 0 for a 
𝑆𝑈 (3) fundamental. 

Appendix B. Group theory invariants

Here the group theory invariants that appear in the cross sections 
of eqs. (80), (81), (85), (88) are given for any representation of the SM 
group.

𝑈 (3)

𝑛

𝑄

−𝑄𝐹

0 

𝑈 (1) ×𝑆𝑈 (3)

𝑛

𝑄

0 

Fig. 8. Negative compositeness degree example for 𝑈 (3) on the left and 𝑈 (1) ×
𝑆𝑈 (3) on the right with the green entry being the observed representation, while 
black and blue entries represent other allowed representations for each group.

One can classify the representations of 𝑆𝑈 (2) by an integer 𝑛, the 
number of fundamental representations symmetrised to obtain the rep-

resentation. One has

d𝐿(𝑛) = 𝑛+ 1 , I𝐿(𝑛) =
𝑛(𝑛+ 1)(𝑛+ 2)

3! × 2 
. (B.1)

In terms of spin, one can trade 𝑛 = 2𝐽 for the familiar result d2(𝑛 = 2𝐽 ) =
2𝐽 +1 and the Casimir 3I2∕d2 = 𝐽 (𝐽 +1) while 𝑛𝐿 = 𝑛 mod 2=2𝐽 mod 2
i.e. one for ‘fermions’, zero for ‘bosons’. For 𝑆𝑈 (3) one needs two inte-

gers for the number of fundamental 𝑛 and anti-fundamental 𝑚 represen-

tations that build up 𝑅. Freudenthal’s formula gives

d𝑐(𝑛,𝑚) =
(𝑚+ 1)(𝑛+ 1)(𝑛+𝑚+ 2)

2 
, (B.2)

I𝑐(𝑚,𝑛) 
d𝑐(𝑛,𝑚)

= (𝑚3 + 𝑛3 + 3(𝑚+ 𝑛) +𝑚𝑛)
4! 

. (B.3)

In terms of these one has 𝑛𝑐 = 𝑛−𝑚 mod 3.

The literature often quotes results instead of arbitrary representa-

tions for a given group, for arbitrary 𝑁 in 𝑆𝑈 (𝑁) for a given repre-

sentation. The relation is d𝑁 (Ad) = 𝑁2 − 1, d𝑁 (𝐹 ) = 𝑁 , I(𝐹 ) = 1∕2, 
I(Ad) =𝑁 . Another often times used invariant is the Casimir 𝐶 , defined 
and related to the Dynkin index as:∑
𝑎 

𝑇𝑎(𝑅)𝑇𝑎(𝑅) ≡𝐶(𝑅)1 , (B.4)

𝐶(𝑅)d(𝑅) =I(𝑅)d(Ad) . (B.5)

Appendix C. Differential cross sections

The text in eqs. (80)-(88) gives the hadronic cross sections in terms 
of the integrated partonic cross section. The differential partonic cross 
sections can be obtained with Cutkosky’s rules. Here we give the differ-

ential form for the functions that make up the cross sections, starting 
with 𝐾s for scalars s= 0,

𝐾0 = Θ(𝛽2)∫
𝑑𝑡1
𝑠 

2
(
𝑡1𝑢1
𝑠2

− 𝑀2

𝑠 

)
(C.1)

≡Θ(𝛽2)∫
𝑑𝑡1
𝑠 

�̄�(𝑡1) (C.2)

where 𝑡1 = 𝑡 −𝑀2, 𝑢1 = 𝑢 −𝑀2 and 𝑟 is the group invariant given in 
eq. (88). For Dirac fermions
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𝐾1∕2 = 2Θ(𝛽2)∫
𝑑𝑡1
𝑠 

(
1 − 2

(
𝑡1𝑢1
𝑠2

− 𝑀2

𝑠 

))
(C.3)

= ∫
𝑑𝑡1
𝑠 

2(1 − �̄�(𝑡1)). (C.4)

For the 𝐺 +𝐺→ Fr+ F̄r process for scalar new particles

𝐿0 = Θ(𝛽2)∫
𝑑𝑡1
𝑠 

(
1 −

𝑢1𝑡1
𝑠2

𝑟

)
𝜔(𝑡1) , (C.5)

𝜔(𝑡1) =
1
2
− 𝑀2𝑠

𝑡1𝑢1

(
1 − 𝑀2𝑠

𝑡1𝑢1

)
, (C.6)

and for Dirac fermions

𝐿1∕2 = 2Θ(𝛽2)∫
𝑑𝑡1
𝑠 

(
1 −

𝑢1𝑡1
𝑠2

𝑟

)(
𝑠2

4𝑡1𝑢1
−𝜔(𝑡1)

)
. (C.7)

It is interesting to note that the positive definite nature of cross section 
demands 𝑟 ≤ 4 which is of course in agreement with 𝑆𝑈 (𝑁) where the 
largest 𝑟 is for the fundamental with 𝑟(𝐹 ) = 2𝑁2∕(𝑁2 − 1).

Data availability

No data was used for the research described in the article.
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