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We show that if neutrinos are pseudo-Dirac, they can potentially affect the flavor ratio predictions for the high-

energy astrophysical neutrino flux observed by IceCube. In this context, we point out a novel matter effect
induced by the cosmic neutrino background (CvB) on the flavor ratio composition. Specifically, the active-sterile
neutrino oscillations over the astrophysical baseline lead to an energy-dependent flavor ratio at Earth due to
the CvB matter effect, which is in principle distinguishable from the vacuum oscillation effect, provided there
is an asymmetry between the neutrino and antineutrino number densities, as well as a local CvB overdensity.
Considering the projected precision of the 3-neutrino oscillation parameter measurements and improved flavor
triangle measurements, we show that the next-generation neutrino telescopes, such as KM3NeT and IceCube-
Gen2, can in principle probe the pseudo-Dirac neutrino hypothesis and the CvB matter effect.

1. Introduction

Despite great progress in neutrino physics over the past decades,
the nature of neutrino mass remains unknown. Neutrinos could be
either Majorana or Dirac particles. Or they could be somewhere in-
between, namely, pseudo-Dirac [1-5], which are fundamentally Majo-
rana fermions, but behave like Dirac particles in laboratory experiments
because of the extremely small mass-squared splitting (6m?) between
the active and sterile components. The theoretical and model-building
aspects of pseudo-Dirac neutrinos have been extensively discussed in
the literature; see e.g., Refs. [6-17]. In fact, in any model where the
neutrinos start as Dirac particles with naturally small masses could ac-
tually receive quantum gravity corrections making them pseudo-Dirac
particles at a more fundamental level. These corrections will generate
small 6m? via higher-dimensional operators suppressed by the Planck
scale. It is interesting to note that certain string landscape (swampland)
constructions also predict pseudo-Dirac neutrinos [18-21]. Small §m>
values could also be linked to the observed baryon asymmetry of the
Universe [14,22]. Recently, the pseudo-Dirac neutrinos were also shown
to resolve the excess radio background issue [23,24].

Irrespective of the theoretical motivations, the only experimental
way to directly probe the active-sterile oscillations of pseudo-Dirac neu-
trinos with tiny mass splittings is by going to extremely long baselines,
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which is possible with astrophysical sources of neutrinos, such as so-
lar [13,25-30], supernova [31,32], high-energy astrophysical [15,17,

33-40], or relic neutrinos [41]. In fact, stringent upper limits on 6mf ) <

10712 ¢V? have been derived using the solar neutrino data [13,29].
There also exists an old limit on 6mi2 <1078 eV? from Big Bang Nu-
cleosynthesis (BBN) considerations [42,43]. These limits are derived as-
suming the usual maximal active-sterile neutrino mixing in the pseudo-
Dirac scenario. If the mixing is non-maximal, the §m? limits can be much
weaker [44]. Moreover, the solar neutrino data is not sensitive to 5m§
due to the smallness of 6,3, and the limit from atmospheric, accelerator
and reactor neutrino data is rather weak, émg <1075 eV? [27], due to
the much shorter baselines.

The recent identification of a few point sources for astrophysical
neutrinos [45] allowed us to set the first IceCube limits on the pseudo-
Dirac neutrino hypothesis in the 5'"52 € [10721,1071%] eV? range [17];
see also Refs. [46,47] for related analyses. However, these studies only
used the IceCube track-like sample (mostly involving muon neutrinos,
with a small fraction coming from tau-induced tracks), and hence, were
insensitive to the full neutrino flavor information. This is justifiable be-
cause the track events have excellent angular resolution of < 0.2° [48]
and are therefore ideal for point source identification [49], unlike the
cascade events which have a poor angular resolution of ~ 10°-15° at Ice-
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Cube [50]. The cascade resolution will significantly improve up to 1.5°
at KM3NeT [51] with their current high-energy cascade reconstruction
algorithm, and even sub-degree resolution can be achieved with better
reconstruction algorithms using the timing information and elongation
emission profile of cascades [52].

In this paper, we study how including the cascade events can give us
additional information on the pseudo-Dirac neutrino hypothesis. In par-
ticular, we show that the flavor ratio measurements of high-energy neu-
trinos, from either diffuse or point sources, would be affected in the pres-
ence of pseudo-Dirac neutrinos, except for the special case when all three
active-sterile mass splittings are exactly the same. Given the fact that the
flavor ratio measurements are expected to improve significantly [53]
with KM3NeT [51] and Baikal-GVD [54] currently under construc-
tion, and with the proposed next-generation neutrino telescopes, such
as IceCube-Gen 2 [55], P-ONE [56], NEON [57], HUNT [58], TRI-
DENT [59], TAMBO [60], Trinity [61] and RET [62], they will provide
an unprecedented opportunity to test the pseudo-Dirac neutrino hypoth-
esis.

The final flavor ratio measured on Earth crucially depends on the
initial source flavor composition which is currently unknown. We take
this into account by considering different well-motivated choices for
(ve 1 v, 1 v,) at the source,! namely, (i) (1/3 : 2/3 : 0) for the stan-
dard pion and muon decay [65]; (ii) (0 : 1 : 0) for the muon damped
case [66-70]; (iii) (1 : 0 : 0) for neutron decay [71,72]; and (iv) (x :
1 —x : 0) with x € [0, 1] for the general case corresponding to a mixture
of multiple processes/sources contributing to the neutrino flux. In each
case, we compare the expectations from the standard 3-neutrino oscil-
lation paradigm with the pseudo-Dirac scenario for a given ém? to see
whether they can be distinguished from each other on the flavor trian-
gle. Note that since we are dealing with flavor ratios, we are insensitive
to uncertainties related to the normalization or energy dependence of
the astrophysical neutrino flux.

Moreover, for the 6m? values of interest here, we show that the
matter effect due to the cosmic neutrino background (CvB) can play
an important role in determining the flavor ratios on Earth, depend-
ing on the value of the neutrino-antineutrino asymmetry and the lo-
cal CvB overdensity. This is in contrast with the pure vacuum oscilla-
tions assumed so far in the vast literature of flavor ratio studies (see
e.g., Refs. [39,40,53,73-79]1).% Only the left-handed component of the
pseudo-Dirac neutrino actively interacts with the Standard Model (SM)
fermions via weak interactions, whereas the right-handed component is
sterile. Thus, the neutral-current interactions of the left-handed compo-
nent of the high-energy neutrino flux with the CvB bath would induce
a difference in the matter potential for a given flavor (depending on
which 5m[2 # 0), which could modify the oscillation probabilities, and
could even induce an MSW resonance [81,82] for suitable values of
6m,.2. Note that in the standard 3-neutrino case, the neutral-current in-
teraction equally affects all three flavors and does not lead to a matter
potential difference between different flavors, unless there is an asym-
metry between neutrinos and antineutrinos. The same is true if all three
active-sterile mass splittings 5m% are the same, in which case there is
no matter potential difference induced by CvB either. Thus, including
the CvB matter effect would provide an additional handle on probing
small 6mi2 values at neutrino telescopes. Moreover, the matter effect in-
troduces a novel energy-dependent flavor transition, which will help us
disentangle the pseudo-Dirac scenario.

1 Since IceCube cannot distinguish between neutrinos and antineutrinos on
an event-by-event basis (with the exception of the Glashow resonance [63] for
which we lack statistics [64]), we take the sum of neutrinos and antineutrinos
for a given flavor.

2 The effect of source matter effect on the flavor composition of high-energy
neutrinos from active galactic nuclei was recently considered in Ref. [80], but
this becomes important only for heavily Compton-thick sources with column
density > 10°° cm~2 whose exact population or contribution to the observed
flux at IceCube is currently unknown.
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The rest of the paper is organized as follows: In Section 2, we review
the standard 3-flavor oscillation paradigm for the flavor triangle analy-
sis. In Section 3, we present the pseudo-Dirac case with oscillations in
vacuum and in Section 4 the oscillations in matter, both cases in a time-
independent background. In Section 5, we discuss the oscillations both
with and without CvB matter effect in an expanding Universe. In Sec-
tion 6, we include the CvB overdensity and the finite cluster size effect.
Our results are given in Section 7. We conclude with some final remarks
in Section 8.

2. Standard case

In the standard 3-neutrino oscillation scenario, the neutrino flavor
eigenstates |v, ), with @ = e, u, 7, are related to the mass eigenstates |v;),
with i = 1,2,3, via a unitary transformation, i.e.

3
|V{1>:ZU:,'|V[>’ (1)
i=1

where U is the 3 X 3 Pontecorvo-Maki-Nakagawa-Sakata (PMNS) lepton
mixing matrix, parameterized in terms of three mixing angles 0;; and a
Dirac CP phase é¢p [831.2

The characteristic neutrino oscillation length scale in vacuum is
given by

o 4nE E 1075 eV2
LY = Y~ 8% 1076 v -1, 2
0sc Am2 pC 1 TeV Amlzj ( )

L

where E, > m; is the neutrino energy and Aml.zj = |mi2 - mjz.l are the
mass-squared differences. From this equation, it is clear that for high-
energy neutrinos, L. corresponding to either solar or atmospheric
mass-squared splitting is much smaller than the typical distance (2 Mpc)
to the extragalactic astrophysical sources. Therefore, the standard 3-
neutrino oscillations are rapid enough to average out over astrophysical
baselines, and we are only sensitive to the averaged out v, — v; flavor
transition probability,

3
P =3 U1y 2, )
&

which depends on the 3-neutrino mixing angles, as well as on the Dirac
CP phase to a lesser extent. When drawing the allowed regions in the
flavor triangles, we will use the best-fit and 68% confidence level (CL)
allowed values of the oscillation parameters from the recent NuFit 5.3
global fit [84,85], assuming a normal mass ordering for concreteness.
Note that the latest oscillation results from T2K [86] and NOvA [87]
individually continue to show a mild preference for normal mass order-
ing, although their combination prefers inverted mass ordering [88], so
this is still an open question.

Thus, for a given initial flavor composition at the source (f,, f,,, f;)s,
the final flavor composition at Earth under standard vacuum oscillations
is given by

_ std
fro= 2, Pifus “@
a=e,u,t
where we have normalized the flavor ratios so that they add up to unity,
ie, X, fas =25 fs.e = 1. Depending on the physical scenario for the
initial source flavor composition, we can then calculate the final fla-
vor composition at Earth using Eq. (4). This will be referred to as the
“standard case” in the following.

3 If neutrinos are Majorana, U contains two additional phases which however
do not affect oscillations.
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3. Pseudo-Dirac case

A simple extension of the SM that explains the nonzero neutrino
masses consists of the addition of n SM-singlet Weyl fermions N', usu-
ally referred to as right-handed (or sterile) neutrinos. It gives rise to two
additional terms in the Lagrangian:

—LD A, L*HN' + z My —N'N/+Hec., (5)

i,j=1

where L and H are the SU(2),-doublet lepton and Higgs fields re-
spectively, 4,; are the Dirac neutrino Yukawa couplings and M;; are
the Majorana masses for the right-handed neutrinos, which break the
global lepton number symmetry of the SM. Note that M is a symmetric
matrix, i.e., M; ;=M by construction, and we need n > 2 to reproduce
the observed neutrino oscillation data with two nonzero mass-squared
splittings. For concreteness, we choose n = 3, i.e., 3 right-handed neu-
trinos.

After electroweak symmetry breaking by the vacuum expectation
value of the neutral component of the Higgs field, (H®) = v, Eq. (5)
describes 3 + 3 Majorana neutrinos, given by the 6 X 6 mass matrix

0 m
MZ(mT M)’ ©®

where m = Av. We can choose the weak basis to diagonalize the Dirac
mass term by a unitary matrix U, i.e. m = U*mg;,,. The symmetric ma-
trix M is diagonalized by another unitary matrix Uy, i.e. M = MT =
Ug M diag Ug. When M =0, the 6 mass eigenstates in Eq. (6) form 3 Dirac

pairs with squared masses equal to the eigenvalues of m;)m p- Therefore,
the limit M < m (in the eigenvalue sense) refers to the pseudo-Dirac sce-
nario, where the mass splitting induced by the Majorana mass term M
is small compared to the leading-order Dirac mass term m in the eigen-
values of the mass matrix (6).

In the pseudo-Dirac limit, to leading-order, Eq. (6) can be written

as [13]
1 -6 1 u* -U*
M= <5T 1 ) @ < 1 1 >
X <mdiag(1 + ediag) 0 >
0 _mdiag(l - ediag)

1 Ut 1 1 6
X%(—UT 1) <—6T 1)’ @
where § is a dimensionless matrix of small numbers:

o
5=U< d;‘g+e>, (8)

with the diagonal entries of ¢ vanishing, and (g, €) are functions of
(M ’ mdiag):

— T
M= 2ediagmdiag t+e Miag + Miag€ > 9

T
and M€ = —EMgiyg - (10)

From Eq. (10), it is clear that mg,, and £ do not commute. Eq. (9)
implies that M is indeed a symmetric matrix, whose diagonal entries
proportional to €4,, determine the mass-squared splitting between the
quasi-degenerate states, while its off-diagonal entries proportional to
contribute only to the 6 X 6 mixing matrix that diagonalizes MIMV:

Gl (1 =8\ (U -U
- % st 1 1 1
U(1-2=_g) —u (1 4 e
= L < ( dmé 6) Sdiagz £> > ’ (11)
V2 = T

1+ =% -¢ 1-
Here we have deﬁned the flavor eigenstates as v, (with a = e, u, 7,57, 55,
s53) and the mass eigenstates as v; (with i = 1a,2a,3a, 15,25, 3s), with a
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(s) denoting the mostly active (sterile) states. The states are ordered in
the usual way, i.e. for normal ordering, we have m% < mga < m and
similarly for the sterile states. In the pseudo-Dirac limit, we assume that
the €4j,, and & parameters are small enough so that the mass-squared
splitting 6ml.2 = |mfa - m,»25| < ml2 foralli=1,2,3.

The Hamiltonian describing the neutrino evolution in vacuum is thus
given by HFD = ﬁTMZ (7 /2E,, where the masses can be separated

into two sub- block 3x3 dlagonal matrices M2 = {ml o M 2 b with the

diag
squared mass eigenvalues

mig=m?+5m’ /2, (12)
m‘.zA— ,2—5m /2, 13)

corresponding to the mass eigenstates

Vis =sinb,v;, +cosb,v; 14

17ia 171s
Viq = —i(cos0,v;, —sinb,v;,), 15)

with v;, and v;; being the active and sterile components, respectively.
In the case of pseudo-Dirac states, a maximal mixing between vg and v,
states is assumed, i.e., §; = 7 /4, in which case the states coincide with

the symmetric (vg = (v, + v,)/ \/E) and anti-symmetric (v, = —i(v, —
vy)/ \/E) combinations of the active and sterile components. Therefore,
the mixing matrix is simply given by

7o U 03 Lz iax3

v V2 <O3><3 Ur ) < L3z =iz ) | (o)
where U is identified as the PMNS matrix and Uy, is the mixing matrix
between the right-handed (sterile) states. In this maximal mixing limit,
the off-diagonal part of M in Eq. (9) which does not commute with m
can be safely ignored. U in Eq. (16) also depends on three additional
phases, one for each pair of the pseudo-Dirac states [27,89], which are
assumed to be zero in this case.

4. CvB matter effect

The interactions of high-energy neutrinos of a given flavor a with
the CvB of a given flavor f§ introduce a matter potential, given by the
6x 6 matrix V, =V, diag{ls,,05,3},* where [93]

g =\/§GF(1+5aﬁ>(nv —n5,) an

at leading order, and n, 5(7) denote the background neutrino (antineu-
trino) number densities, and G is the Fermi constant. The 5,,p term
arises from the exchange between neutrinos of the same flavor. For
high-energy antineutrinos, Eq. (17) has an overall sign difference. It is
clear that the matter effect vanishes at leading order unless there is an
asymmetry between the background neutrino and antineutrino num-
ber densities. This is reminiscent of the Stodolsky effect [94], namely,
a spin-dependent energy shift induced by the CvB background, which
also crucially depends on a nonzero neutrino asymmetry. Note that
there is another term in the matter potential which is proportional to
(n, 5 +ny p) [93], but it comes with a GzF suppression, and therefore, is
negligible compared to Eq. (17) with an O(1%) asymmetry.

A primordial neutrino asymmetry existing prior to neutrino decou-
pling epoch leaves imprints on the cosmic evolution, which is con-
strained by various cosmological observables, including BBN, Cosmic
Microwave Background (CMB) and large-scale structure (LSS). The cos-
mological constraints on the asymmetry can be parameterized in terms

4 For simplicity, we assume that the CvB matter effect is flavor-universal. This
is certainly valid if the CvB contains neutrinos of all flavors with equal number
densities and if they interact only via weak interactions. Decaying neutrinos [90,
91] or the presence of flavor-nonuniversal nonstandard interactions [92] would
need special treatment.
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of the degeneracy parameters &, = u, /T (Where p,’s are the chemical
potentials) by [95]
n

ny, =
(3
ny

__ 1 (L 3;:25 1+§3“ ~0.25¢ 18)
12t \ T, Ve 2 256, -

In fact, the recent near-infrared observations of extremely metal-poor
galaxies in the EMPRESS survey of the Subaru imaging data give a pre-
cise determination of the primordial *He abundance, which is in > 2o
tension with previous N results and prefers a non-zero neutrino chem-
ical potential [96]. Subsequent joint analyses of the BBN, CMB and LSS
data also found ~ 2o evidence for a neutrino asymmetry [97-99], with
the current best-fit value of ‘fve =0.024 + 0.013 [99]. If one does not
consider the EMPRESS result, the reduced chemical potential at BBN is
constrained to be 1, 1072 [95,100]. However, this is strictly true only
for the chemical potential of electron-flavor (anti)neutrinos. It has been
held that neutrino flavor oscillations, active below ~ 10 MeV, would
bring initially different asymmetries to the same value, hence making
the 1072 constraint true for all flavors. This “perfect equilibration” is,
however, not true in general and is an artifact of using a damping ap-
proximation for the collision term [101]. Initially different asymmetries
get mixed, but not perfectly. Importantly, at BBN, the electron neutrino
chemical potential is constrained to be very small (about 0.03-0.04 de-
pending on the BBN code used when including the EMPRESS result),
but muon and tau chemical potentials can be much larger. As shown in
an example situation in Ref. [102], the final electron asymmetry is very
small, while the mu/tau asymmetry is of order 0.1. The only constraint
on too large asymmetries in the muon/tau sector actually comes from
Ng¢, but it is still poorly constrained by current CMB experiments.

From a theoretical viewpoint, one might naively expect that due
to the sphaleron processes in the early universe [103,104], the neu-
trino asymmetries, or lepton asymmetries in general, should be of the
same order as the baryon asymmetry, ng = (ng — ng)/n, = (6.14 +
0.04) x 10710 [105]. However, there exist various models in which a
substantially large lepton asymmetry compared to the baryon asymme-
try can still be generated before the neutrino decoupling epoch; see e.g.,
Refs. [106-118].° Without resorting to any specific model, we will sim-
ply assume an O(1%) asymmetry in Eq. (17). Additionally, we assume
that the asymmetry is the same for all flavors, which means that the 6,
appearing in Eq. (17) is always 1. Otherwise, we would have a potential
that depends on the neutrino flavor leading to additional flavor effects
that are beyond the scope of this work.

To diagonalize the new Hamiltonian HFD = HD + ¥/, in the pres-
ence of the matter potential for the pseudo-Dirac case, we notice that
I7v commutes with both U and Ug. Therefore, we can use three rotation
matrices, one for each pair of degenerate states. The effective mixing
angle in matter is given by

—n-
Va Va

sm? sin (20;)

ey a9
omy; cos (20;) — A

tan 25,~ =
where A = 2E V,. Note that for non-maximal mixing, the standard
Mikheyev-Smirnov-Wolfenstein (MSW) resonance condition [81,82]
would have been obtained when A = 6m’.2 cos(26). But in the pseudo-
Dirac case with maximal mixing to start with, the matter effect tends to
take the effective mixing angle away from the maximal value of z /4, as
shown in Eq. (19).

According to the ACDM model of cosmology, the CvB number den-
sity today is given by
no=23e 13 2112 em (20)

S 4 72

Viv,0 T

5 A large lepton asymmetry is also required in the Shi-Fuller mechanism for
resonant production of sterile neutrino dark matter [119].
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per neutrino flavor and the same for antineutrinos. Here T, =
(4/11)1/3Ty’0 ~1.7x 107* eV is the CvB temperature and g, =2 is the
number of degrees of freedom for each pseudo-Dirac neutrino. This gives
a tiny matter potential V, ~ 1.1 X 10736 eV [cf. Eq. (17)] which, how-
ever, becomes relevant for 6m? > 2E)V, ~22X% 10724 ev (E,/1 TeV).

In the presence of CvB matter effect, the eigenvalues (4;g, 4, 4) of the
diagonal matrix Mgiag are given by

LA
Ais = 3 cos20; + m; + - sin20; , 21

A ~ ) 5’"1'2. ~
Aig = ) cos20; + m; — - sin26; . (22)

In the limit when the matter potential is negligible, i.e. A < 5ml.2, we
recover maximal mixing between active and sterile neutrinos: 5, - /4
[cf. Eq. (19)] and the usual eigenvalues A,y = mi2I + 6m,.2/2 and 4;4 =
mi21 - émiz /2 [cf. Egs. (14) and (15)]. For very large matter potentials,
on the other hand, the mixing between v;¢ and v;, decreases, reaching
the limit A,;g = A/2 + m,.2/2 and 4,4, =—-A/2 +m,.2/2.

In the scenario where the matter potential is constant along the neu-
trino evolution path, we can find the neutrino oscillation probability
using the mixing angles and the eigenvalues from above. Considering
the v, — v; oscillation probability between the active states, we get

—id;gL
—_ is
Paﬂ_z 2F >

j \2

Uy; U;j [0052 6, exp <

~ —iAj4L
+sin29jexp< 2};‘: >]

2
, (23)

where L is the propagation length. The oscillation length induced by
the active-active mass splitting Am}z_l, which is equal to Am? =~ 7.4
1075 eV? for j =2 and Am? ~2.5x 1073 eV for j =3 [85], is much
shorter than the distance traveled by astrophysical neutrinos [cf. Eq. (2)]
and is impossible to be resolved by the present detectors. Therefore, we
average over it, thus obtaining

Py= Z |U0U-|2|Uﬂj|2 [00540]- +sin40j
J

- - SmAL
+2cos? 6; sin? 6; cos( / )] , (24)

4E,

where the effective mass-squared splitting in the presence of matter ef-
fect is given by

5 = [ A2 = 246m cos (20,) + (Gm2 )2

~ 4 /(5mj2)2 + A2, (25)

which reduces to the vacuum mass-squared splitting szl.z when A <«
5m12., as expected. The effective active-sterile oscillation length scale in
the presence of matter is

I 4z E, 26)
S s
J
which now explicitly depends on the matter potential via Eq. (25). It
reduces to the vacuum case [cf. Eq. (2) with Am? = 5m?] when A <
5mf.

One might wonder whether the interactions of the high-energy neu-
trinos with the free electrons in the intergalactic medium (IGM) could
also induce additional matter effect for the small §m? values under con-
sideration. The mean IGM electronic density is n, ~ 10~ cm™ [120],
which corresponds to a matter potential V, = \/EG £, ~ 107* eV. Even
for a PeV-energy neutrino (the highest energy observed by IceCube),
such a tiny matter potential will only be relevant if 6m? ~ 10722 eV2,
However, in this case, the corresponding effective oscillation length is
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way beyond the size of the observable Universe, as we will see later.
Therefore, we can safely neglect the IGM matter effect and only con-
sider the CvB matter effect.

5. Pseudo-Dirac neutrinos in expanding universe

As the universe expands, the neutrino density from the CvB reduces.
Considering that the neutrino density scales with the redshift as n, =
n,o(1+ z)?, we have a matter potential that changes with redshift, or in
other words, with time.

To estimate whether the neutrino evolution in an expanding uni-
verse is adiabatic or not, we have to compare the inverse oscillation
length (6m*/2E,) with the transition between the massive states that
is proportional to the variation of the effective mixing angle in matter
(dg/ dx). Defining the adiabaticity parameter (y) as the ratio between
these two quantities [82], we have

sm? 1 2 smi(l+z)
7/ = = = - - — N
2E, |d0/dx| 3 E,sin40(dz/dx)

(27)

where dz/dx is given by the expansion rate of the universe. For §m? >
10-17 ev? and E, < 1 PeV, we have y > 1, which indicates that the
evolution is adiabatic. In this adiabatic regime, the v, — v, oscillation
probability is given by

Py = Z |Uaj|2|Uﬁj|2 [0052 0;. cos? Hj.f + sin? 6;. sin? ij
J

1 o 8t
+5 sin20} sin29jf cos /de , (28)

where 9 and 0 correspond to the effective mixing angles [cf. Eq. (19)]
when the neutrinos were created and today, respectively. When the mat-
ter effect is small, &' ~ 67 ~ 6~'/ and 6 can be taken out of the integral.
In this case, Eq. (28) simply reduces to Eq. (24). In the parameter regime
where the adiabaticity condition is not satisfied, we cannot express the
oscillation probability analytically as in Eq. (28). In such cases, we com-
pute the oscillation probability purely numerically from the solution of
the evolution equation, i.e. (v4|v,)(t) = exp[—i fot d' H(t")).

Note that in Eq. (28), the effective oscillation length, as well as 5171/2.,
is now a function of the redshift. In particular, for the active-sterile os-
cillations to take effect, the oscillation length L . must be comparable
to or smaller than the effective source distance, given by [17]

zmax
cdz
L= _— 29
eff H(z)(1 + ) @9
Zmin
where the Hubble parameter is
H(2) = Ho\JQu(1 + 2 + Q5 + (1= Qp — Q)(1 + 2, (30)

where Q, and Q, are the fractions of matter (both visible and dark)
and dark energy content in the Universe, respectively. We use the best-
fit values from Planck data: Q, = 0.315, Q, =0.685 and Hy =67.4 km-
s7h. Mpc‘l [105]. Because of this choice of the unit for Hj, we have
shown the speed of light ¢ explicitly in Eq. (29) to make it dimension-
ally correct. As for the maximum redshift value, we will take z,,,, =5,
beyond which the star formation rate decreases rapidly [121,122], and
we do not expect any astrophysical sources of high-energy neutrinos
to exist beyond this redshift. Similarly, for the minimum redshift, we
take z,,;,, = 1077, corresponding to the galactic center. Since the galac-
tic contribution to the high-energy neutrino flux at IceCube is sub-
dominant [123], taking even smaller values of z ;. will not significantly
affect our results.

min
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Fig. 1. The active-sterile mass splittings in vacuum (6m?, solid) and including
CvB matter effect (5/12, dashed) as a function of the neutrino energy. The verti-
cal axis shows the maximum size of the overdense CvB cluster for a given value
of overdensity 7,4, demanding that the total number of relic neutrinos in the
Universe is constant. The red-shaded region at the bottom corresponds to the
KATRIN exclusion limit on # < 1.1 X 10'! at 95% CL [124]. The blue-shaded
region at the top corresponds to oscillation lengths beyond the observable Uni-
verse.

6. Including CvB overdensity

The values of §m? that are sensitive to the CvB matter effect very
much depend on the incoming energy of the high-energy neutrinos. This
is illustrated in Fig. 1 by the solid lines for three benchmark values of
6m?. The corresponding dashed lines show the fixed §m?* values. The
deviation of the dashed lines from the solid lines, therefore, represents
the size of the matter effect. As we will see below, the CvB matter ef-
fect on the oscillation probabilities turns out to be negligible for the
ACDM value of the CvB number density [cf. Eq. (20)], especially for
the 6m? values required for adiabatic evolution. Therefore, we allow for
the possibility that there might be a local overdensity of CvB, param-
eterized by the ratio y = n,/n, o(1 + z)?, i.e. the potential in Eq. (17)
is enhanced by a factor of #.° The current experimental limit on # is
rather loose, only at the level of 10! from KATRIN [124], as shown by
the red-shaded region in Fig. 1. See Refs. [125-131] for other local and
global constraints on #, as well as future prospects. We assume a local
overdensity around the Earth so that the matter effect is isotropic. The-
oretically, while gravitational clustering alone can only give an O(1)
enhancement [132-136], possible nonstandard neutrino (self)interac-
tions that would cluster the CvB more than gravity could in principle
give n > 1, while avoiding the constraint from the Pauli exclusion prin-
ciple [137]. For instance, in a model with attractive Yukawa interactions
mediated by an ultralight scalar, neutrino-antineutrino pairs can form
stable clusters with #,,,, ~ 107 [138]. Without resorting to any partic-
ular new physics model, we just show a few benchmark values of # in
Fig. 1 to illustrate our point. Note that for smaller # values, the §m? and
&m? contours are identical, i.e. the matter effect is negligible. However,
for 5 > 10%, we start to see the deviation of 57 from 6m2, which implies
that the matter effect is non-negligible.

An important thing to keep in mind is that, for a fixed number of
total relic neutrinos in the Universe, # > 1 would imply that there is a
maximum size for the overdense cluster, L ,,,q = (c/Hy)y~'/? assuming
a spherical cluster with uniform density.” This is to ensure that the relic
neutrinos do not overclose the Universe. For instance, as shown in Fig. 1,
n =1 corresponds to L4 = c/Hy~4.5 Gpc, which is roughly the size
of the observable Universe, whereas 7 = 10° corresponds to L4 =~ 96
Mpc, and 5 = 10'! corresponds to L, =~ 0.96 Mpc. Therefore, for the
matter effect to be relevant, we must have the effective oscillation length

6 This is consistent with the cosmological constraints on the neutrino asymme-
try, assuming that the clustering happens at late times, because 7, [cf. Eq. (18)]
is constrained mainly from the BBN/CMB data. ’

7 Other types of density profiles, such as the Einasto profile [139], would in-
troduce more unknown parameters, like the spectral index and effective radius.
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Fig. 2. 4 — 7 oscillation probability as a function of neutrino energy for the pseudo-Dirac case in vacuum only (orange) and including the CvB matter effect (purple)
with two benchmark values of # (solid and dashed). Here we have fixed 6m§ =10""7 eV? and z = 0.004 (0.04) in the left (right) panel. The size of the local overdensity

L

clou

4 extends up to 10 Mpe, 21 Mpc and 45 Mpc for 7 = 108, 107 and 10°, respectively. An asymmetry of 1% between neutrinos and antineutrinos is assumed. The

fast oscillations at low energies are averaged out. The averaged oscillation probability in the standard 3-neutrino case (blue) is also shown for comparison.

L. [cf. Eq. (26)] comparable to or smaller than L. We should
clarify here that in principle, one does not need to saturate the upper
bound on L,,4. For example, there could be multiple clusters each with
smaller overdensities than in a single overdense cluster. For the mech-
anism presented in Ref. [138], the size of each cluster can vary widely
from ~ km to ~ 5 Mpc. Since we do not assume any particular model
for clustering, we simply use the maximum allowed value of L4 for
concreteness.

This in turn dictates the minimum value of 6m? (for a given E),
or the maximum value of E, (for a given 5m?), at which the matter
effect starts becoming important. For example, for §m? = 10719 eV?,
the matter effect is not important in the entire energy range shown in
Fig. 1, whereas for 6m? = 10~'7 eV?, it starts becoming important for
E, <70 TeV, and for 6m? = 101> eV?, it is important for E, < 70 PeV,
i.e. almost in the entire IceCube energy range of interest. However, this
does not necessarily mean that IceCube has better sensitivity for higher
sm? values, as this will depend on the actual oscillation probabilities,
which we will discuss in Section 7.

For n > 1, or a finite L, < ¢/H,, we have to consider the case
where the neutrinos were emitted from the distant source at an early
redshift (z; < z,,,,) and, after traveling through vacuum for some dis-
tance, encounter the CvB overdensity cloud at a redshift z, < z; that
creates a matter potential for them. In this case, the oscillation proba-
bility contains two parts: (i) vacuum probability from redshift z, to z;,
and (ii) matter probability from redshift z;, and z.. Thus, Eq. (28) is
modified to

1 2117 2 T cos2d! o} Lete
P“ﬁ=§Z|U“j| [Ug; | 1+ cos 26, cos 20; cos 15
J

~ - 5%/2. 5mj2.chf
+sin29} sin201f cos /de + W .

Notice that in this case, &' and §/ correspond to the effective mixing an-
gles when the neutrinos arrive to the CvB cloud and today, respectively.
Also, L is given by Eq. (29) but with the lower limit of integration
replaced by z., which is the redshift distance equivalent of L 4. Basi-
cally, in vacuum, we can take Sm? out of the redshift integral, whereas
in matter, we have to keep 6 inside the integral, since it also depends
on the redshift. For 4 < 10%, when the matter effect is negligible, the
last two contributions inside the parenthesis can be combined into one
that exactly becomes equal to 6m12. L /4E, as in the second term, and
Eq. (31) simply reduces to the vacuum oscillation result [cf. Eq. (28)
with tildes removed].

min

(3D

7. Results

To understand the energy dependence of the oscillation probabilities
in the presence of matter effect, we plot the v, — v, oscillation probabil-

ities® for the standard and pseudo-Dirac cases (with and without matter
effect) in Fig. 2. Here we have fixed the active-sterile mass splitting for
just one pair: 6m3 = 107! eV?2, while keeping ém? =&m3 = 0. In the left
panel, we have fixed the source redshift distance at z = 0.004, which
is roughly the distance to NGC 1068, the most significant point source
identified by IceCube [45]. The vacuum oscillation probability for the
pseudo-Dirac case is noticeably different from the standard case for
E, <550 TeV. At higher energies, the effective oscillation length exceeds
the source distance, and therefore, the vacuum oscillation probability
approaches the standard case. On the other hand, at low energies, the
fast oscillations are averaged out to a constant value (but different from
the standard case). Now including the matter effect further modifies the
oscillation probability, as it tends to suppress the oscillation amplitude,
as compared to the vacuum case. But this effect is observable only for
n > 1, because the source is relatively nearby, so we need a large 7 to
be able to make a significant contribution to the third term in Eq. (31).
Here we have chosen two benchmark values of # = 107 and 5 = 108, cor-
responding to L ,,q =21 Mpc and 10 Mpc, respectively. As we increase
the size of the matter effect by cranking up #, the oscillation extrema
are also shifted to lower energies.

In the right panel of Fig. 2, we keep the same 6m3 = 10~!7 eV?, but
increase the source distance to z = 0.04. In this case, the oscillations are
shifted to higher energies, and the pseudo-Dirac oscillations are notice-
ably different from the standard one for E, <500 TeV. Also, since the
source is further away, a slightly smaller value of = 10° (correspond-
ing to L ,,q =45 Mpc) is now sufficient to induce a noticeable matter
effect. As in the left panel, increasing # shifts the oscillation extrema to
lower energies, before they approach the fast oscillations. Since getting
very large 7 values is theoretically challenging, we will fix a benchmark
value of 5 = 10° and z = 0.04 for the flavor triangle analysis below.

For a given source distance, if we increase the Ssm? value, the os-
cillations will also be shifted to higher energies. Since the astrophys-
ical neutrino flux is expected to have a power-law behavior [140],
going to higher energy means having smaller flux, and hence, less
statistics. It turns out that IceCube will eventually lose sensitivity for
sm? > 10716 eV2 [17]. Therefore, we use 6m? = 10717 eV? as our bench-
mark value.

In Fig. 3, we have plotted the same v, — v, probabilities for the
standard and pseudo-Dirac (vacuum and matter) cases as a function of
energy, but here we have averaged over the distances up to redshift
Znax =9, assuming a flat distribution of sources. The first dip in the
probability at the highest energy is due to contributions from sources at
z =5. We note that increasing n (or decreasing the cloud size) makes
this dip closer to the vacuum case because the neutrinos mostly travel in

8 Similar behavior is observed for other flavors, and therefore, we do not show
all of them here.
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Fig. 3. Same as in Fig. 2, but here we have averaged over the distance traveled
by the neutrinos and have assumed a flat distribution of sources up to z=>5.

vacuum; therefore, going to an arbitrarily high overdensity is actually
not helpful for disentangling the matter effect. As we go to lower ener-
gies, the sources at smaller redshifts cause multiple oscillations, which
eventually average out and approach the vacuum result, as also noted
in Fig. 2. On the other hand, both vacuum and matter oscillations ap-
proach the standard result at energies beyond 5 PeV, since the effective
oscillation length for the chosen mass splitting goes beyond z = 5. If the
sources do not follow a flat distribution, as might be the case if they fol-
low the star formation rate [122], the features observed in Fig. 3 will
shift to lower energies.

After calculating the effect of pseudo-Dirac neutrino oscillations on
the probabilities, we are now in a position to compare the final flavor
ratio results for the standard and pseudo-Dirac case with and without
matter effect. This is shown in Fig. 4. Note that it is important to compare
only the normalized flavor ratios, because the total flux of active neutri-
nos in the pseudo-Dirac case may not be conserved due to active-sterile
oscillations; therefore, Y s f 5.6 calculated from Eq. (4) is not necessarily
guaranteed to be unity for the pseudo-Dirac case, unlike in the standard
case. Here we take a standard pion decay source:

) =)
st v, et v+, 7, (32)

with an initial flavor composition of (1/3 : 2/3 : 0). With the best-fit
values for the oscillation parameters taken from NuFit [85] and assum-
ing a normal mass ordering, the standard 3-neutrino vacuum oscillation
paradigm predicts a final flavor ratio of (0.33 : 0.35 : 0.32), as shown
by the blue dot. On the other hand, for our benchmark pseudo-Dirac
case with 6m% = 1077 eV?, just considering vacuum oscillations from
a source at redshift z = 0.04 gives us (0.46 : 0.30 : 0.24) at E, =1 TeV
and (0.42 : 0.32 : 0.26) at E, =40 TeV, as shown by the orange dots in
the two panels. Note the mild energy-dependence of the best-fit value
here. This was also noted in Ref. [39].

Including the CvB matter effect for an overdensity of # = 10* makes
the energy-dependent effects more prominent in the oscillation prob-
abilities (see Figs. 2 and 3). In the left panel, we show the result for
E, =1 TeV, where the matter effect gives a best-fit flavor ratio of
(0.44 : 0.31 : 0.25), while in the right panel with E, =40 TeV, it gives
(0.36 : 0.34 : 0.30). Thus, as we go from lower to higher energies, the
best-fit point moves from the vacuum case to the standard case, as can be
clearly seen from the inset plots. The energy window of TeV-PeV is opti-
mal for this effect to be observable. For very high energies, the neutrino
flux goes down rapidly and the event statistics will be low. On the other
hand, for energies smaller than a few TeV, the atmospheric background
will be overwhelming. Moreover, the tau neutrinos are not detectable
at IceCube for low energies; the lowest-energy tau event observed so far
is at 20 TeV [141].
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In Fig. 4, the current 68% and 90% CL IceCube limits [142] are
shown by the black contours.” The future prospects for flavor tri-
angle measurements are bright [144], with the observation of high-
energy neutrinos by several next-generation neutrino telescopes, such
as IceCube-Gen 2 [55], KM3NeT [51], Baikal-GVD [54], P-ONE [56],
TRIDENT [59], TAMBO [60], Trinity [61] and RET [62]. The possibil-
ity of a joint analysis of the combined data from multiple experiments
sensitive to different neutrino flavors (e.g., cascade and track data from
IceCube-Gen 2, combined with the tau-neutrino data from TAMBO)
could significantly improve the precision on the flavor triangle data.
For illustration, we show the IceCube-Gen 2 projections [145] by the
grey contours. It is clear that while the current IceCube constraint is
not enough to probe the CvB matter effect, the IceCube-Gen 2 will be
able to do so. In fact, it can clearly distinguish the energy-dependent
matter effect from the vacuum oscillations, which will provide a new
way to probe the CvB overdensity, on top of probing the pseudo-Dirac
hypothesis.

In Fig. 5, we fix the energy at 40 TeV, but generalize our analysis to
different initial flavor compositions, as mentioned in Section 1, namely,
(i) standard pion decay (top left panel), (ii) muon-suppressed pion de-
cay (top right panel), (iii) neutron decay (bottom left panel), and (iv)
general case (bottom right panel). We also include the variation of the
mixing angles in their 68% CL allowed range from NuFit [85], which
results in a spread of the points for each case. Our use of the reduced un-
certainties (68% CL) is in anticipation of the precision measurements of
the oscillation parameters at next-generation neutrino oscillation exper-
iments, such as JUNO [146], DUNE [147], and Hyper-K [148], before
the next-generation neutrino telescopes start collecting data. We find
that with improved precision on the oscillation parameters, it is pos-
sible to distinguish the standard case from the pseudo-Dirac case for
certain combinations of (Sml.z, assuming a known initial flavor composi-
tion at a specific energy. The energy-dependent effect shown in Fig. 4
will make this distinction even easier. We also notice that the separation
from the standard case on the flavor triangle is different, depending on
the initial flavor composition and on which 6m,.2 is nonzero. This infor-
mation will provide a unique way to probe the individual active-sterile
mass splittings in the pseudo-Dirac scenario.

In Fig. 6, we further generalize our analysis to include two active-
sterile mass splittings nonzero (but equal). Even in this case, the distinc-
tion between the standard and pseudo-Dirac cases, as well as between
the different 5’",'2 pairs, can be made for a known initial flavor ratio. Of
course, if the initial flavor composition is not known precisely, it be-
comes more difficult to distinguish the pseudo-Dirac case, as shown in
the lower right panels of Figs. 5 and 6.

Finally, when we have all three mass splittings nonzero and equal,
their effect on the flavor ratio cancels out and there is no longer any
difference with the standard case. However, we would still have reduc-
tion of the flux due to oscillation to sterile neutrinos, if the oscillation
length is comparable to the distance traveled by the neutrinos, as this
would produce oscillatory behavior in the energy spectrum of the neu-
trino flux. Thus, for certain range of mass splitting this reduction in flux
can be energy dependent and therefore distinguishable from the stan-
dard case even without knowledge of the normalization of the initial
flux.

8. Conclusions

The flavor ratio measurements of the high-energy astrophysical neu-
trinos at neutrino telescopes provide crucial information on the source
properties. We have shown that the flavor ratio predictions are altered
from the standard 3-neutrino paradigm if neutrinos are pseudo-Dirac

9 Preliminary tighter constraints are reported in Ref. [143] by adding more
years of data and updated ice properties on the HESE sample, but we show the
officially published results from Ref. [142].
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Fig. 4. CvB matter effect on the best-fit point in the flavor triangle for E, = 1 TeV (left) and 40 TeV (right). With increasing energy, the best-fit point for the
pseudo-Dirac case in the presence of matter effect (purple) moves from the vacuum case (orange) toward the standard 3-neutrino case (light blue). Here we have
fixed 5m§ =107 eV?2, z=0.04 and have considered the standard pion source with initial flavor ratio (1/3 : 2/3 : 0). For the matter case, we have fixed = 10° that
corresponds to an overdensity size of L4 =45 Mpc. An asymmetry of 1% it is assumed.
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Fig. 5. Ternary plots for the neutrino flavor composition on Earth for four different benchmark source flavor compositions (i) (1/3:2/3:0), (ii) (0:1:0), (iii) (1:0:0),
@iv) (x : 1—=x : 0). Here we compare the standard 3-neutrino oscillation paradigm with the pseudo-Dirac case with one active-sterile mass splitting nonzero. We have
fixed the distance at z = 0.04 and the neutrino energy at 40 TeV. For the matter case, we have fixed 7 = 10° that corresponds to an overdensity size of L ,,q = 45 Mpc.
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Fig. 6. Same as Fig. 4, but with two active-sterile mass splittings nonzero.

particles with tiny active-sterile mass splittings. In particular, we find
for the first time that the CvB matter effect induces a novel energy-
dependent flavor effect, which is robust against energy reconstruction,
and hence, can be distinguished from other sources of energy depen-
dence. We therefore advocate making energy-dependent flavor triangle
measurements at neutrino telescopes. Energy-dependent flavor compo-
sition measurements were also advocated recently in Ref. [79] for a
different physics reason, i.e. to establish the transition from neutrino
production via the full pion decay chain at low energies to muon-
damped pion decay at high energies. This is challenging today, but
may be feasible in the future. Moreover, the matter effect strongly de-
pends on the local CvB overdensity and the neutrino asymmetry, and
therefore, a precise determination of the flavor composition at future
neutrino telescopes can in principle provide a useful probe of the local
CvB overdensity and neutrino asymmetry parameters. This will be com-
plementary to other existing probes of overdensity (e.g. using cosmic
ray upscattering [130]) as well as neutrino asymmetries (e.g. using BBN
data [96]).

Beyond flavor measurements, the pseudo-Dirac scenario will induce
oscillations in the neutrino energy spectrum. The oscillation length and
amplitude depend on the local CvB overdensity. Thus, a precise mea-
surement of neutrino energy could also contribute to probing the CvB.
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Note Added: While we were completing this work, Ref. [149] ap-
peared, where the authors also discuss the effect of pseudo-Dirac neu-
trinos on the flavor triangle. But they have not included the CvB matter
effect.
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