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ARTICLE INFO ABSTRACT

Editor: A. Schwenk We discuss a novel and simple parametrisation of the pion vector form factor that transparently connects spacelike
and timelike regions of the momentum transfer ¢°. Our parametrisation employs the framework of conformal map-
ping and respects the known analyticity properties of the form factor, accounting explicitly for the p(770)-meson
pole. The parametrisation manifestly fulfils the normalisation condition at ¢g> = 0 as well as further restrictions at
the pion production threshold and in the limit |¢?| = co. In contrast to the widely used Omnés parametrisation,
our approach does not use the pion-pion scattering phase shift as input. We confront the parametrisation with

experimental data from 7 H scattering and 7~ — 7~ z°v decay. We already find a good description of the data

with only five free parameters, which include the pole mass and decay width of the p(770).

1. Preliminaries

Hadronic form factors are scalar-valued functions that emerge in a
variety of processes such as ete™ — zx, or B — 7£~v. They parametrise
the mismatch between the partonic amplitude and the hadronic one,
cannot be computed perturbatively, and commonly contribute substan-
tially to the theory uncertainties in such processes.

We set out to use a series expansion approach to parametrise a
hadronic form factor both below and above its respective pair produc-
tion threshold, whilst fulfilling a dispersive bound. A past attempt at this
idea was instructive but ultimately unsuccessful [1]. The salient differ-
ence between this past approach and our proposed parametrisation is
our explicitly accounting for above-threshold poles on the 2nd Riemann
sheet. In this, we make use of the analytic structure of the hadronic form
factors as discussed in Ref. [2].

We start with summarizing the analytic structure of a generic
hadronic form factor F(q?) for two pseudoscalar mesons P, and P,
with masses M| and M,, respectively, with M| > M,; see Ref. [3] for a
textbook reference. This type of form factor emerges in the description
of the semileptonic decay P, — P,Z¢’, and further processes related to
this decay by crossing symmetry. In fact, the form factor describes the
dynamics of the interaction of these mesons in three distinct regions
of phase space simultaneously. First, it describes the scattering process
P/¢ - P, for ¢> <0. Second, it describes the semileptonic decay
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P, = P2t for (my +my)? < q* < (M; — M,)> =t_. Third, it describes
the pair production process £’ — P, P, for ¢> > t, = (M, + M,)%.
Here, we only consider a single form factor that is free of singulari-
ties to the left of 7_. We note at this point already that in this case, the
overall phase of F can be chosen such that arg F(¢?) =0 for ¢ <t_.
Hence, the form factor fulfils the Schwarz reflection condition, ie.,
F(q* + ie) = F*(¢* — ie) for ¢* > 1, and Disc,2 F(g?) is purely imag-
inary.

When parametrising the form factor for the scattering and decay re-
gions of the phase space, one commonly uses a dispersively-bounded
parametrisation of the form factor F (q2) [4-6]:
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Here z(¢?) represents a conformal mapping of the complex ¢ plane to
the open unit disk |z| < 1,

F(¢h) =

@

where ¢, is an arbltrary parameter —co < f( < ¢, that can be chosen to

improve the convergence of the sum in the parametrisation. Moreover,
¢ represents the so-called outer function, which is fully determined

2.
z(q st+at0)— —

E-mail addresses: matthew.j.kirk@durham.ac.uk (M. Kirk), kubis@hiskp.uni-bonn.de (B. Kubis), merilreboud@gmail.com (M. Reboud),

danny.van.dyk@gmail.com (D. van Dyk).

https://doi.org/10.1016/j.physletb.2025.139266
Received 9 January 2025; Accepted 14 January 2025

Available online 16 January 2025
0370-2693/© 2025 The Author(s).
(http://creativecommons.org/licenses/by/4.0/).

Published by Elsevier B.V. Funded by SCOAPZ.

This is an open access article under the CC BY license


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://orcid.org/0000-0002-7668-810X
mailto:matthew.j.kirk@durham.ac.uk
mailto:kubis@hiskp.uni-bonn.de
mailto:merilreboud@gmail.com
mailto:danny.van.dyk@gmail.com
https://doi.org/10.1016/j.physletb.2025.139266
https://doi.org/10.1016/j.physletb.2025.139266
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2025.139266&domain=pdf
http://creativecommons.org/licenses/by/4.0/

M. Kirk, B. Kubis, M. Reboud et al.

in the construction of the dispersive bound, and P,;, represents the
product of so-called Blaschke factors accounting for all below-threshold
poles, i.e., poles due to the presence of bound states with mass M where
t_ < M? <t,. The usage of Blaschke factors to account for the below-
threshold poles ensures that | P,,| = 1 for f, < ¢%. In the following, we
assume the absence of below-threshold poles to streamline the notation
— including such poles is a straightforward exercise. As a consequence,
we use Py, =1 from this point forward.

This form of parametrisation benefits from the presence of a disper-
sive bound

© (o] 2 [s9)

2 2 22 _ 1 dz nl _ 2
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Here wf(g?) is determined in the derivation of the bound and positive
definite on the support of the integral. Consequently, ¢ is chosen to
compensate for the presence of w; and the Jacobian of the change of
variable from 42 to z.

We show here that a parametrisation of the type shown in Eq. (1) can
be extended into the pair production region of phase space (g2 > ¢ ) with
a few modifications. Our new parametrisation ansatz takes the form

W (z) f(=)

P = G S ez =2 oo’ @
with
N
f@=Y b,2". (5)
n=0

The above differs from the common prescription in two aspects.

« First, a weight function W (z) is available to counteract the patho-
logical behaviour of the outer function ¢ in the timelike region
at z — +1. This type of pathological behaviour has been previously
discussed in Ref. [1] in the context of the timelike pion form factor
and in Refs. [7,8] in the context of the B — x vector form factor.
We further use W' to manifestly ensure the correct asymptotic be-
haviour in the limit z — 1 (e.g., F(¢? = c0) ~ 1/¢%).

Second, the factor [z — z,][z — z] in the denominator of Eq. (4)
accounts for the presence of an above-threshold resonance r in the
pair production process 7’ — r — P, P,, with mass M, and decay
width I',.. This resonance gives rise to two complex-conjugate poles
of the form factor F at z, and zf on its 2nd Riemann sheet [2]. The
conformal mapping Eq. (2) maps the 2nd Riemann sheet onto the
outside of the unit circle in z, yielding

l/z,:z((M,—iF,/2)2> . (6)

The above pole position fulfils |z,.| > 1 and Im z, < 0. The presence
of two complex-conjugate poles is necessary to ensure that F fulfils
the Schwarz reflection principle, i.e., that F is real-valued for ¢ e
R with ¢2 <t + [2]. The generalisation of our ansatz to the case of
multiple relevant above-threshold resonances is straightforward.

Despite our best efforts, we are currently not able to maintain the
manifest orthogonality of the contributions to the saturation, i.e., the
bound is not manifestly a sum of positive definite quantities.

We emphasise that the factor [z — z,][z — z;] introduced in Eq. (4)
cannot — in general — be replaced by a product of Blaschke factors
for our purpose. The reason is that a Blaschke factor describing a pole
on the 2nd Riemann sheet is always accompanied by a zero on the 1st
Riemann sheet. However, a variety of form factors are known to exclude
the presence of zeros on the first Riemann sheet; see, e.g., Refs. [9,10]
for the pion vector form factor. Hence, to leave sufficient flexibility in
the parametrisation to avoid these additional zeros, we choose not to
use Blaschke factors.
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The convergence of a series expansion as shown in Eq. (4) is dis-
cussed in Ref. [1]. Due to the branch cut in q2, F is defined in the time-
like region for momentum values with infinitesimal imaginary parts. The
conformal mapping Eq. (2) maps these values to the inside of the unit
disk, ie., in the region of convergence of the series expansion. Abel’s
theorem further ensures that the series converges towards its value on
the unit circle when it exists.

2. Application to the pion form factor

As a proof-of-concept analysis, we study the application of our
parametrisation to F 7{ =1, In the isospin symmetry limit, this form factor
corresponds to the isospin I = 1 projection of the electromagnetic pion
form factor F™. Limiting the analysis to F 7{ =l avoids the complexity
of p—w mixing [11,12] and ensures the absence of poles due to I =0
resonances. The form factor F/=! is defined by

01 - PV FI71 (@) = —= (2= (o) (o)l dy*u10) , @
V2

where ¢% = (p1 + p2)2. Our choice of this particular form factor is moti-
vated by the fact that it is free of below-threshold poles and that ample
experimental data is available to determine | F, ”’ =1|2 both at timelike and
at spacelike ¢2. In this proof-of-concept study, we set out to describe the
pion form factor up to Re g> < 1GeV?. In this region, the I = 1 form fac-
tor has a single resonance above threshold, which corresponds to the
p(770) meson. We determine the pole mass and width of the p as part of
our fit. Analyticity-based descriptions of the pion vector form factor (see,
e.g., Refs. [9,13-21]) are often based on the Omneés representation [22],
which describes the elastic part of F ﬂ’ =l in terms of the pion-pion P-
wave phase shift 611,

0
2y _ q- 1
Q(q )—exp< . / dtt(t—q2)> . (8)

4M?2

We do not use the phase as input here but rather check a-posteriori its
consistency with studies of Roy equations [23-25], after fitting data
on the form factor modulus. For dispersion relations reconstructing
the form factor phase from its modulus, see Ref. [26] and references
therein. By construction, our parametrisation Eq. (4) fulfils Eq. (8) for
Q= |F/='| and 6] = arg F/=! for every choice of the truncation or-
der N.

The outer function as shown in Eq. (16) exhibits zeros at z — +1,
implying that F!=! ~ 1/¢ diverges at z — +1. However, FI=! is
finite in both points. As discussed in Ref. [1], this implies that the
weight function W should be chosen to manifestly remove these spu-
rious divergences rather than letting the series expansion achieve this
as part of the fit. Moreover, in the limit ¢> - oo, QCD imposes that
F 7{ =l(¢?) ~ 1/4? [27,28] (up to logarithmic corrections), or equivalently
F ; =l(g%(2)) ~ (1 — 2)2. We choose to manifestly impose this behaviour
as part of the weight factor W. Hence, we partially follow Ref. [1] in
using

W(z)=(+z)*(1 -z)/?. ©

Armed with a model for the form factor F/=!, we confront it with
experimental data by performing a Bayesian fit using the EOS soft-
ware [29] in version 1.0.13 [30]. Our choice of prior is defined as the
product of independent uniform PDFs. For our nominal fit with trunca-
tion N =5, we use the following prior intervals:

0.757GeV < M, < 0.763 GeV,
0.141GeV <T, <0.150GeV,

—0.08 < by < +0.08,

—0.09 < by < +0.09, (10)
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Table 1
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Goodness-of-fit diagnostics for the fits with truncation N =1 through N =5 along-side postdictions of pion

2

T

charge radius r

and the p pole mass & decay width as well as saturation of the dispersive bound.

truncation N y2 d.o.f.  pvalue [%] (rf{) [fm?] M, [MeV] T, [MeV] bound saturation
1 ~3300 92 < 10710 — — — 0.46
2 ~1500 91 <1071 — — — 0.44
3 117.4 90 2.8 0.474+0.0022  760.4+04  143.0+£06 046
4 98.17 89 23.8 0.457 +0.0045 760.2 + 0.4 1459+09 046
5 97.9 88 22.1 0.460+£0.0061  760.0+0.6  146.1+09  0.46
—0.05<b, <40.07, N =5 fit e
~0.02 < by < +0.02. T Belle 2008 Ii
. CLEO 1999 F X
This choice of prior contains more than 99% of the marginal posterior. 1075 T NA71986 F =
Further fits are documented as part of the ancillary material [31]. We z <
emphasise that the coefficients b, and b, are fixed by imposing F(g> = = S RS
0) = 1 (due to charge conservation) and Im F(¢q*> = t,) ~ (¢> — 1, )*/? L {_{’ ‘Iz_i
(due to angular momentum conservation). The latter is achieved by — 10°4 i Ee
eliminating the term Im F(q> =1,) D (¢*> —t,)'/?; see Ref. [8] for a sim- T =
ilar application for the B — z form factor. Hence, a truncation at order z‘-_;
N =1 corresponds to only two fit parameters: the mass M, and the total &
decay width I'; of the p meson.
The likelihood is comprised of the product of individual, indepen- 1074 ‘ ‘ ‘ ‘ ) :
dent contributions: -1.0 —0.5 0.0 0.5 1.0 1.5 2.0
¢*[GeV?]
Belle: The Belle experiment has determined | F ”’ =112 at timelike 42 35
from measurements of the decay v~ — 7~ x0v [33]. Here, we N =5 fit
use the correlated measurements as a multivariate Gaussian 3.01 CHS 2018 L
likelihood, corresponding to 19 observations.
CLEO:  The CLEO experiment has determined |F/=!|2 at timelike ¢ 2.51 -
from measurements of the decay v~ — 7~ 7% [34]. Here, we =
use the correlated measurements as a multivariate Gaussian l 2.04 s
likelihood, corresponding to 29 observations. E L ]
NA7: The NA7 experiment has used #H scattering to determine o0
[Fm |2 at spacelike g% [35].! Here, we assume the data points © 101 b
to be uncorrelated in their statistical error and fully positively
correlated in their systematical error. We use the NA7 results 0.51 L
at spacelike ¢* as a multivariate Gaussian likelihood, corre-
sponding to 45 observations. 0.

JLab-F: The JLab-F, experiment has used pion electroproduction to
determine Fo™ at spacelike ¢* = —2.45GeV?, amongst oth-
ers [36,37] (see Footnote 1). We use this single data point
due to its large leverage, i.e., the largest magnitude in g2
available to use experimentally. Other data points at g% =
—1.6GeV? [36] and in the interval ¢* € [-2.45,—0.6] GeV?
[37] are also obtained; however, the correlation between the
various data points is not clear to us. Since the 2nd data
point is found to be well compatible with our nominal fit,
we conservatively use the g2 = —2.45GeV? data point only,
corresponding to 1 observation.

Therefore our fits feature in total 94 — (N + 1) degrees of freedom. We
consider any given truncation order to describe the available data well
if the corresponding p value exceeds 3%.

We carry out a series of fits for truncation orders N = 1 through
N =5. The quality of these fits is evidenced by Table 1, together with the
predicted pion radius, the p resonance parameters, and the saturations
of the dispersive bound that we computed numerically from the left-
hand-side integral in Eq. (3).

1 The NA7 experiment extracts from their data the electromagnetic form factor
F2™, which differs from the I = 1 projection by an isospin-symmetry-violating
term F ,f =0, For this work, the latter is assumed to be small in the spacelike
region. A simultaneous analysis of both isospin projections is left for future work.

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75  2.00
¢’ [GeV?]

Fig. 1. The squared magnitude (top) and the phase (bottom) of the form factor
F!=1(q%). We show the envelope at 68% probability for truncation N =5 juxta-
posed with data by the Belle, CLEO, and NA7 experiments. A single data point
by the JLab-F, experiment at ¢> = —2.45 GeV? is not shown but agrees within
0.8 ¢ with the best-fit curve. Data points in the shaded region (¢ > 1 GeV?) are
not fitted. However, we extend the posterior-prediction of the N =5 fit into this
region as two dashed curves, indicating only the 68% envelope. For reference,
we overlay our phase predictions with the input from Ref. [32].

We find that already for N = 1, the parametrisation visually de-
scribes the salient features of the available data. For the fits with N =1
to N =3, we find p values below our a-priori threshold. For N =4, we
obtain a p value of ~ 20%, indicating that the parametrisation starts to
describe the data sufficiently well. Switching from N =4 to N =5, the
p value does not increase, leading us to adopt the N =5 fit as our nom-
inal fit, which is shown in Fig. 1. We further find that the N =5 best-fit
point is compatible with the N = 4 best-fit point, with the additional
parameter bév =5 compatible with zero within its uncertainties.

We note in passing that a fit to only the data in the timelike region
yields an excellent description of that data but suffers from a multi-
modal posterior, with the individual modes corresponding to solutions
with a different number of zeros on the first Riemann sheet. Using the
data in the spacelike region eliminates all but one of the modes, which
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corresponds to the absence of any zeros of F 7{ =l on the 1st Riemann
sheet.

Our nominal predictions for the p resonance parameters show perfect
agreement and smaller uncertainties than the previous pole determina-
tions [24,38,39], which are summarised as M, € [761,765] MeV and
I', €[142,148] in the world average [40]. Our nominal result for the
pion charge radius (rf[) =0.460(6) fm? shows a puzzling tension with
the results in the literature [32,40,41]. In addition, we find a system-
atic deviation between the argument of the form factor determined from
our fit and the determinations in the literature [32]. These differences
motivate a more systematic study of our approach with respect to the
potential impact of further poles and inelastic contributions, which is
left to future work.

We find the saturation of the dispersive bound to be in good quali-
tative agreement with previous results on the saturation [42].

3. Conclusion

We have presented a simple parametrisation of hadronic form fac-
tors with above-threshold poles. Crucially, our proposed parametrisa-
tion does not require the zx scattering phase shift as an input, unlike
Omnes-based parametrisations. We use our proposed parametrisation
to fit the isospin-one projection of the pion vector form factor as a first
application. Already at low truncation order N =4, i.e., using M, » D,
and only three independent shape parameters, we find an excellent de-
scription of the experimental data for g2 < 1 GeV?. We provide posterior
predictions of the phase of the form factor as an auxiliary result. We
look forward to promising future applications, such as a simultaneous
analysis of the isospin-one and isospin-zero projections of the pion form
factor including the @ resonance, or an extension of our current work to
higher resonances. Due to the universality of the final-state interactions,
we also envisage the wider application of our approach to hadronic form
factors for flavour-changing currents, such as in B — 7z£~V transitions.
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Appendix A. Relation to the p coupling constants

Close to the p resonance, the pzz and py interactions are described
by the Lagrangian [43]
2
be __ayu_ b ¢ ¢ P oau
L,D 8, M n Py = —Alp,. a1
Epy
In the vicinity of the pole s, = (M, —il’,/ 2)2, the form-factor F, can
be related to these couplings through its residue on the second Riemann
sheet [2,43]

s,)gpim

Res(F i1, 5,) = — 12)

Epy
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Analyticity and elastic unitarity imply further that the value on the first
Riemann sheet is related to the p couplings as well [2,43]

-3/2
i 4AM?
Foy(s,) = _ _ir (1 - —”> ) 13)

Epnn8py Sp

As a consequence, our simple analysis of the pion form factors provides
full access to both couplings simultaneously. This is a great advantage
over the more involved methods based on the Roy equations, see, e.g.,

Ref. [44]. From our nominal fit model, we determine
pmx = 6.09(6) — 0.3(1)i = 6.10(6)e™ P!
) a4
g,y =4.87(1) — 0.17(2)i = 4.87(2)e~ 0351 |

in good agreement with the literature.
Appendix B. Outer function

The outer function for the pion vector form factor reads [1]

2.y [_1 -\’
¢F(q 7t0)_ 487[)( <t+ —t0>
(V= vi=m) -0
_1 -3
<\/I+—q2+\/:> 2<\/l+—q2+\/t++Q2> , (15)

where 1, = (M, + + M o )2 is the threshold, —oo < t) <t, is a free pa-
rameter in the conformal mapping Eq. (2), and y = y(Q?) = 6.839 -
1073 Gev~2 incorporates the normalisation of the dispersive integral
that gives rise to a bound of the type Eq. (3). This normalisation is
obtained through a perturbative calculation of a suitable two-point func-
tion at a subtraction point 07? [1] (see also Ref. [45] for a Lattice QCD
estimate). We choose Q% = —t, = 1 GeV? for the purpose of this analysis.
The outer function is more conveniently evaluated in terms of z rather
than ¢?:

Alw

bp(z)=(1+2)°(1 —2)/?

L (1_f_o>5/“
\V12xt, Ly

~1/2
Iy

[ 1- —(1+z)+(1—z)]
Iy

-3
x[ 1+Q—2(1—z)+1/1—t—°(1+Z)] - (e
1, t,

No data beyond that provided in the sources / bibliography has been
used.

Data availability
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