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Abstract. We define a variant of real-analytic polylogarithms that are single-valued and
that satisfy “clean” functional relations that do not involve any products of lower weight
functions. We discuss the basic properties of these functions and, for depths one and two,
we present some explicit formulas and results. We also give explicit formulas for the single-
valued and clean single-valued version attached to the Nielsen polylogarithms S, »(z), and we
show how the clean single-valued functions give new evaluations of multiple polylogarithms
at certain algebraic points.
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1 Introduction

1.1 Background and first definitions

The logarithm function and generalisations of it have originally been studied, having first been
mentioned (in 1696) in correspondence between (Johann) Bernoulli and Leibniz [45, p. 351],
by many mathematicians, notably by Abel [1] and Kummer [41, 42, 43] with regard to their
functional properties, and by Lobachevsky [47] and later by Schléfli in connection with volume
functions in hyperbolic space (for a far more comprehensive list of the early bibliography see
Lewin’s book [46, pp. 349-353]). Over the last 40-50 years, seminal works on the dilogarithm,
pioneered by Bloch [5] in algebraic geometry and algebraic K-theory and by 't Hooft and Velt-
man [57] in connection with quantum field theory, have led to a renaissance of interest in those
functions and have triggered many new and often unexpected and surprisingly parallel develop-
ments, resulting in “cross-fertilisation” from which both mathematics (keyword “mixed motives
(over a field)”) and physics (keyword “Feynman integrals”) communities have benefited.

The logarithm is a complex multi-valued function on C\ {0}, and it can be defined on its
principal branch C\ (—oo, 0] by the integral

v dt
loga:::/ e xz € C\ (—o00,0].
1
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The most prominent generalisations of the logarithm function are the so-called classical polylo-
garithms, defined for integers n > 0 by

. — "
Liy(z) := Z T
k=1

The integer n is called the weight. The series converges for |x| < 1. It can be analytically
continued to a multi-valued function on the whole complex plane via the integral representation

v dt
L1n<.’L') = / Lln_l(t)?’ n > 1,
0

and the recursion starts with Lij(x) = —log(l — x). Classical polylogarithms are not rich
enough to cover all the generalisations of the logarithm that appear in mathematics and physics.
A broader class of generalisations of the logarithm function are multiple polylogarithms (MPL’s)
(also known as hyperlogarithms), which were first introduced in the works of Poincaré, Kummer
and Lappo-Danilevsky [41, 42, 43, 44] and have recently reappeared in both mathematics [16,
34, 33] and physics [3, 29, 54]. Multiple polylogarithms can be defined by the iterated integral

dt dt,,
I(zo; 21, -, Tns Tnt1) ::/ LAA , (1.1)

0<t1<-<tn<Tyi1 1 —x1 tn — Zn
where x; € C. The integer n is again called the weight, and the number of non-zero elements of
(z1,...,oy) is called the depth. The notation

Loy (1, ooy wg) o= T(0520, {0}™ 71, oy, {O}™ 15 1)

is often employed to write a depth k integral, where {a}" denotes a repeated n times. The
integral implicitly depends on the choice of a path going from xg to x,1, where the integration
variables x; are considered to be ordered on the path. Depending on the values of the x;,
the integral in (1.1) may diverge and requires regularisation. This can be done by introducing
suitable tangential base points, cf. [19, Chapter 15]. The class of functions defined by (1.1)
contains the logarithm and classical polylogarithm functions as special cases, e.g., for generic

values of xq, x1, 2,

I(z0; x1;22) = log (xl — $2>,

1 — o
1(0;1,{0}";20) = — Lin+1 (o).

The definition of MPL’s in (1.1) implies that they satisfy the following basic relations common
to all iterated integrals (cf., e.g., [16]):

1. Path reversal (here we assume the same path for both, except that it is being traversed in
opposite directions):

I(Tpg15Tn, -5 21520) = (—1)" (w05 21, - -+, Ty Tg1)-

2. Path composition (for any x € C and any path from z( to z,; avoiding any z; (1 < i < n)):
n
I(0; 21, -+, Tns Tnt1) = Zf(svo;:m’ s T D) (T Tp 1, 5 Ty T 1)
p=0

3. Shuffle product (in this equality we assume the same path for each iterated integral):
H(xo; 21,y T ©)L(T0; Tt 1y -+ + s T T) = Z I(0; To(1), - - + s To(mtn); T)s
ceX(m,n)
where (m,n) = {0 € Spmyn: 0 1(1) <--- <o Hm) and o7 (m+1) <---< o (m+n)}
is the set of shuffles of m and n elements, and S,,1,, is the group of permutations on m+n
elements.
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1.2 Identities among polylogarithms

The identities at the end of the previous section are special, in the sense that they relate many
different MPL’s evaluated at the same arguments, albeit in a different order. More interesting are
identities involving a single type of function evaluated at different arguments. The most famous
identity involving dilogarithms is arguably the five-term relation due to Abel (cf., e.g., [46,
Chapter 1.5]), a version of which where the order of the five arguments for Lis(z) defines a 5-
cycle (1 — z; = zj122;_9, indices mod 5) being given by

1- 1-
Lis(z) + Lis(y) + Lis <1 - ;y) + Lig(1 — 2y) + Lis (1 - a?y)

1—=2 1—y
= ¢ — logzlog(1 — z) — log ylog(1 — y) +1 1 1.2
2 —logzlog(l — x) — logylog(l — y) + log (1_@) og (1 _xy>, (1.2)

with ¢, := Li,(1). Since the logarithm and dilogarithm are multi-valued functions, it is impor-
tant to specify the branches of the functions and the ranges for  and y for which this identity
holds. It is straightforward to check that on the principal branches of the logarithm (branch cut
from oo to 0) and dilogarithm (branch cut from 1 to oco) the identity in (1.2) holds whenever
|z| 4+ |y| < 1. It has often been claimed in the literature, without explicit proof, as a kind of
“folklore” statement, that every functional equation for Lis with arguments being rational func-
tions in finitely many variables is a linear combination of this five-term relation. Wojtkowiak
proved it for the 1-variable case [61], and for a recent proof of the general statement we refer to
a recent preprint by de Jeu [17].

Seminal non-trivial identities involving logarithms and classical polylogarithms of higher
weight have been found, e.g., by Kummer [41, 42, 43] (in two variables, up to weight 5), Gon-
charov (in three variables, weight 3) [32], Wojtkowiak (in many variables, weight 3) [60] and by
Gangl (in two variables, up to weight 7 [24, 26]; in four variables, weight 4 [27]), as well as many
others, and particularly interesting recent findings are given by Golden, Goncharov, Spradlin,
Vergu and Volovich [31], Charlton [13], Radchenko [52] and Goncharov—Rudenko [37]. No such
results beyond weight 7 are currently known. There are also families of (sometimes called “tri-
vial”) identities in one variable known for all weights relating a specific classical polylogarithm at
different arguments, and possibly products of logarithms, in particular the distribution relations,
valid as power series in the unit disk

m—1
Lin(z™) =m" "> Lin(xh), |zl <1, &r=1, (1.3)
k=0

and the inversion relations,

Li, (1> = (=1)""™ Li,(z) — (i;ﬁ)an (1 + bg(x)) (1.4)

T 2 27

where z € C\ [0,00) and By, («) are the Bernoulli polynomials, defined by the generating series

o0

teat n
5 = ZBn(a)m. (1.5)

n=0

Much less is known about identities satisfied by MPL’s of depth greater than one, although
the basic shuffle and stuffle relations were established by Goncharov in [34], along with a gene-
ralisation of the distribution relations to any fixed MPL of depth greater than one, and an
“Inversion-reversion” relation [34, Section 2.6, formulas (33) and (34)] valid on the unit m-torus.
The study of MPL identities of depth greater than one has recently obtained new impetus
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from physics, where MPL’s and their identities play an important role in the computation of
scattering amplitudes in quantum field theory, cf., e.g., [2, 3, 4, 20, 21, 23, 28, 29, 30, 49, 54, 58].
Goncharov [35] introduced the arguably most important invariant for multiple polylogarithms,
its “symbol”. Based on techniques to compute it, developed originally for quantum field theory
calculations [56], new functional identities for polylogarithms of different depth have been found,
for example: a 40-term trilogarithm identity whose arguments arise from a single cluster algebra
is obtained in [31]; a new family of functional equations for Liy are given in [25], based on a depth
reduction in weight 4; various relations between weight 4 MPL’s of any depths are given in [27],
including a reduction of a certain 5-term combination of I3; to depth 1, from which a highly
symmetric 4-variable Lisy functional equation is obtained. Various relations between weight 5
MPL’s of any depths are given in [13], including a reduction of I5 3 to I4; and Lis terms, and an
explicit inversion result relating I, ;(x, y) and Ia,b(x_l, y‘l) for any depth 2 MPL. Concurrently
an inversion result valid for an MPL of arbitrary depth was given in [49], a clean single-valued
version of which (up to depth 3) we provide in Section 5. Further reductions in weight 4
and 5, focusing on the so-called Grassmannian polylogarithm, are investigated in [14], whereas
identities and reductions involving the so-called Nielsen polylogarithms in weights 5 through 8
are investigated in [15] (also using the clean single-valued version established in Section 6 below).

1.3 Clean single-valued polylogarithms and their identities

As already mentioned, the multi-valuedness of MPL’s implies that identities among them are
to be understood as holding on appropriate branches. In order to circumvent this cumbersome
issue, it is useful to replace any MPL’s by a version of it that, while only real-analytic, has the
virtue that it is single-valued. For example, the original single-valued version of the dilogarithm
was given by Bloch and by Wigner! [5] and generalised to polylogarithms (implicitly) by Ra-
makrishnan [53] and (explicitly) by Wojtkowiak [59] and Zagier [62]. The latter author proposed
in fact several versions, the most standard one being defined as

n—1 2kBk
P,(z) := %n{ x log” || Lin_k(a:)}, (1.6)
k=0
where
Re, if n odd
I (1.7)
Im, if n even,
and Re and Im denote the real and imaginary parts respectively. Moreover, By := By(0),

are the Bernoulli numbers, defined as the constant terms of the Bernoulli polynomials defined
above. A rather different single-valued version was given by Brown [7, 8]. We will relate the
two explicitly in Section 3.2. The functions in equation (1.6) satisfy a “product-free” variant of
the five-term relation in (1.2)

1—=2 1—y
Py (1 - P =0 1.8
l—xy) + Py xy) + 2<1—xy> ) (1.8)

Py(z) + Po(y) + P (
and of the distribution and inversion relations in (1.3) and (1.4),
m—1
Po(z™) =m™ 1> Pu(ag),),
k=0

Pn(x_l) = (=1)""P,(z), n > 1.

(1.9)

!This is the mathematician David Wigner, as opposed to the arguably better known physicist Eugene (inci-
dentally his father).
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Since the functions P,(z) are single-valued, the identities in (1.9) are valid for all complex
numbers z # 0, while the five-term relation in (1.8) holds for (x,y) € C?\ L, where L is the
union of curves defined by z =0,z =1,y=0,y=1and zy = 1.

The identities in (1.8) and (1.9) have an additional feature compared to their analogues
n (1.2), (1.3) and (1.4): they do not involve product terms of (poly-)logarithms of lower weights!
We refer to an identity with this property, in line with standard terminology, e.g., [62, Section 6],
as a clean identity. More generally, roughly stated for every identity involving classical poly-
logarithms of weight < n we can obtain a clean identity by replacing Li, by P, and dropping
all product terms. For the precise statement we refer to [62, Propositions 2 and 3]. For MPL’s
of higher depths, however, in general no real-analytic analogues are known that satisfy clean
versions of identities between the iterated integrals in (1.1). In the classical case, the product-
freeness of relations permits one to mimic the functional behaviour via rather simple general
(linear and multi-linear) algebraic tools, more precisely of quotients of free abelian groups like
the so-called higher Bloch groups. For the latter groups the relations arise from taking only
the non-product terms in a functional equation for Li,, i.e., non-linear contributions are simply
being ignored. In a similar way, one might hope that the clean functions give rise to “simpler”
higher depth analogues of said Bloch groups, without the need to consider products of lower
weight terms. One of the main results of this paper is to define such functions for all weights
and depths. In the remainder of this section we summarise our main result.

It is possible to lift the iterated integrals I(xq;x1,...,Tn;Tny1), for x; € Q, to motivic
versions I™(zo; 21, ..., %n; Tnt1), which live in a ring of motivic periods Pyjp;, (see, e.g., [9, 10,
12, 35]). The ring Pypy, is graded by the weight of the MPL’s, and we denote the subspace
of weight n by Pyipr, ., and Plipr, <o = D,,»0 PaipL,,- The iterated integrals in (1.1) can be
retrieved from their motivic avatars through the period homomorphism per: Pfjp;, — C, which
is conjectured to be injective [38]. Therefore, it is expected that all relations among MPL’s arise
from relations among their motivic avatars. Within the motivic setting, we prove the following
result in Section 4:

Theorem 1.1. For every I™(zg; 1, ..., Tn; Tnt1) there is a real-analytic single-valued function
IV (zo; 21, ..., Ty Tpy1) Such that for every linear combination of motivic MPL’s that can be
reduced to products,

K

m . . m m
E CkI (‘rk,Oa Tkl Thn; xk,nJrl) € 7)MF'L7>O : 7)MPL’>07 Ck € Qa
k=1

there is a clean identity where products are mapped to zero in going from I™ to IV, i.e.,

K

E Rl (Th,05 Th1s - - - Thons Thopgr) = 0.
=1

The paper is structured as follows: In Section 2 we review some basic facts about graded
and connected Hopf algebras and the Dynkin operator. In Section 3 we review the Hopf algebra
on (de Rham) multiple polylogarithms, and we introduce the single-valued projection, which
assigns to every multiple polylogarithm a real-analytic single-valued analogue. In Section 4
we define the clean version of single-valued multiple polylogarithms, and we discuss their basic
properties. In particular, we show that they satisfy Theorem 1.1. In Section 5 we present some
examples of clean single-valued MPL’s in depths 1 and 2, and in Section 6 we explicitly compute
the single-valued and clean single-valued versions of the Nielsen polylogarithm S, 2. Finally in
Section 7 we derive some explicit numerical evaluations of depth 2 MPL’s using this machinery
and some known functional equations.
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2 Graded connected Hopf algebras and the Dynkin operator

This section reviews material from [40, 50, 51, 55]. Let H be a graded connected commutative
Hopf algebra over Q. The counit is simply the augmentation map e¢: H — Hy ~ Q, and we have
a splitting

H = Hy® H-y, with Hsqg := kere.

The multiplication in H is denoted by m and the coproduct by A. For x € H~g it takes the
form

Alz)=1r+201+ A (), A'(x) € Hog ® Hwo.
The antipode for x € H~q is uniquely determined in a recursive way by

0 =m(id ®S)A(z) = S(z) + 2 + m(id ®S)A (z).

2.1 The convolution product

Let R be a unital Q-algebra, with multiplication mpr and unit up: Q — R. Let ¢,¢: H - R
be Q-linear maps. Their convolution is the Q-linear map
px P =mp(p@P)A.

The co-associativity of A implies associativity of the convolution product. The set of all Q-linear
maps from H to R equipped with the convolution product forms a unital Q-algebra, whose unit
is uge: H — R. Moreover, if ¢: H — R is an algebra morphism, then it is invertible for the
convolution product, and the inverse is simply composition with the antipode, ©*~1 := ©S.
In particular, the antipode is the inverse of the identity for the convolution product, id*~! = S.

Definition 2.1. We say that a linear map ¢: H — H is:
(1) a derivation, if it satisfies pm = m(¢ ® id +id ®¢p),
(2) a co-derivation, if it satisfies Ap = (¢ @ id+id ®p)A,
(3) an infinitesimal character, if it satisfies pm = m(p @ € + € ® @).

Lemma 2.2. Let H be a graded, connected, commutative Hopf algebra and let o: H — H be
a derivation. Then S % ¢ is an infinitesimal character.

Proof. We denote by 7: H ® H — H ® H the operator that swaps the factors in a tensor
product, 7(a ® b) = b ® a. We have

m(S ® ¢)Am =m((Sm) ® (pm))(id @7 ® id)(A ® A)
mim@m)(S®S®eeid+S® S ®id®ye)(id®r @id)(A @ A)
(me@m)(iderid)(S®e® S ®id+S ®id®S @ ¢)(A® A)
(Sxp)@e+e®@ (Sxp)). u

(S *¢)m

m
m

2.2 The grading operator and the Dynkin operator

On every graded connected Hopf algebra there is a natural grading operator Y : H — H which
acts on homogeneous elements by multiplication by the weight. It is both a derivation and
a co-derivation:
Ym=m(Y ®id+id®Y),
AY = (Y ®id+id ®Y)A.
We now introduce the Dynkin operator D on a graded connected Hopf algebra. For the origin
of the name, see [51] and references therein.



Clean Single-Valued Polylogarithms 7

Definition 2.3. The Dynkin operator on H is defined by
D:=5xY.
Since id xS = €, we can write the previous equation in the equivalent form
id«D =Y. (2.1)

Since Y is a derivation, D is an infinitesimal character by Lemma 2.2. It is convenient to define
the operator II which is the identity on Hy and II = Y ~'D on H~y.

Proposition 2.4.

1. The kernel of 11 is generated by all non-trivial products, ker Il = H~q - H~.
2. 11 is a projector, I1? =1II.

Proof. (1) Since D is an infinitesimal character, we have for all z,y € H~o = kere,
D(z-y) = D(x) - €(y) + e(z) - D(y) =0,

and so II(z-y) = 0. Hence H~-H~¢ C ker II. Conversely, let x € ker II. We can assume without
loss of generality that « € H,, n > 1. Again writing the coproduct as A(z) = 1@z+zx®14+A'(x),
we find

0=T(x) =2+ %m(S ®Y)A'(x),
and so
= —%m(S @ Y)A'(z) € Hog - Hao.
(2) If x € Hyp, n > 0, we have

% (x) = %H [nz+m(S®Y)A (z)] = (). |

3 Review of motivic polylogarithms

3.1 Motivic and de Rham periods

In [9, 10, 12], Brown has shown how to lift the iterated integrals I(zo;x1,...,Zn;Tnt1), for
x; € Q, to motivic versions I™(zo;Z1,...,Zn; Tnr1). The motivic MPL’s generate a subring
Piipp inside the ring of all motivic periods P™.? A detailed review of the definition and con-
struction of motivic and de Rham MPLs would go beyond the scope of this paper. We refer,
e.g., to [12, Section 10.6], for the example of the classical polylogarithms. There is a natural
homomorphism, called the period map, per: P™ — C such that

per (I™(zo; @1, . .., Tn; Tpt1)) = 1 (@0; T1, - ., T Tny1)-

It follows from Grothendieck’s period conjecture that per is expected to be injective.
The motivic MPL’s are equipped with additional structure with respect to their non-motivic
counterparts. In particular, they are equipped with a coaction

. m m ot
A: Pypr, — Pupr @ PapLs

2Strictly speaking, I™(z0;Z1,...,Tn; Tni1) defines a family of motivic periods depending on the variables x;,
see [12, Section 7]. Since no confusion arises, we will always simply refer to I"™ (zo; 1, ..., Tn; Tnt1) as a motivic
period.



8 S. Charlton, C. Duhr and H. Gangl

given on motivic MPL’s via the formula [9, 10]

A(Im(.’l}'o, f]}'l, e 73:71; x?’l-‘rl))
k
= Z Im(xo;xil,...,wik;xnﬂ)@HIar(xip;xipH,...,mipﬂ_l;a:ipﬂ). (31)
O0=ip<iz <--- p=0

<0 <ipy1=n-+1

The quantities in the second factor of the tensor product are de Rham MPL’s and those span the
ring Pipy, which can be thought of as the quotient of Pyjp; by the ideal generated by (27i)™
(the motivic lift of 27i). There is a natural projection (see, e.g., [12, Section 4.3]):

T (I™(@0; T, - -+, Ty 1)) = I05(205 21, -+ -5 Ty Tg1).-

Pipr, is a commutative connected Hopf algebra graded by the weight (where the weight of
I*(z0; @1, ..., Ty Tpy1) is defined as n). The coproduct on Pfp; is given by the same formula
as in (3.1), with I™ replaced by I°* everywhere [9, 10, 12, 35],> and we use the same symbol to
denote the coaction on Pyjp; and the coproduct on Pp; . Since Ppy is graded and connected,
the antipode S is uniquely determined by the coproduct.

3.2 Single-valued projection

Unlike motivic MPL’s, to which the period map assigns a (complex) number, de Rham MPL’s
do not allow for an analogous construction. Instead, they can be equipped with a ring ho-
momorphism sv: Pp; — Phipp, called the single-valued projection (cf. [12, Section 8.3], and
also [7, 8]). The single-valued projection can be given explicitly in a combinatorial way on
Plipr [11, 12] (see also [18, Section 3.4]),

sv:i=m(FoX ®id)A,

where m is the multiplication in Pyipr, Foo: Prpr, — Pappr, i the real Frobenius, which can
be thought of as complex conjugation (i.e., per F, = per, where per(z) denotes the complex
conjugate of per(x)) and X: Pyjp;, — Pripy, is defined by

Z(Im(ﬂ”o; T1y---5Tn; $n+1)) = (—1)n§(fm($0; T1y---5Tp; mn+1))-

Here A: PlipL — Piipp, @ Piipp, and S: Pripr, — Pypr, are given by the same formulas as the
coproduct A and the antipode S on Pfp, with the replacement I°* — I™ everywhere.

The single-valued projection associates to every I°(xg; 1, .. ., Tn; Tni1) a (family of ) motivic
periods, whose image under the period map defines a single-valued function of the z;. We can
compose the single-valued projection with the period map and the projection 7° to associate
to every motivic MPL its single-valued version:

sv™ := perosvor®™: Php. — C.

Example 3.1 (single-valued version of the motivic logarithm). We can apply the previous
construction to the motivic logarithm

log™ x := I"™(0; 0; z), z€Q)\ {0}.

3The “motivic’ MPL’s defined by Goncharov in [35] correspond to the de Rham MPL’s defined by Brown
in [9, 10, 12]. Here we consistently follow Brown’s nomenclature.
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We have, with log® z = 7% (log™ ),
A(log™z) =log”z® 14 1®log™ z,
S(log™ z) = —log™ z.
The single-valued version attached to log™ z is therefore
v (log™ z) = log T + log z = log |z|2.
In particular, letting = —1, we see that the single-valued version attached to (7i)™ is zero, i.e.,
sv™ ((wi)™) = 0.

Example 3.2 (single-valued version of the classical motivic polylogarithm). The motivic lift of
the classical polylogarithm of weight n is

Li%(z) := —I™(0; 1,{0}"; 2), r€Q.

The coproduct and the antipode of LiY(z) := 7% (Lij} (z)) are

n 1 ot
A(Li%(2)) = Li%(z) ® 1 + 1 @ Li%(x) + Z Lip" g(2) @ Og,f)a

(3.2)

n—1

(L) = L) - 5 ‘1°g 2R @),

The single-valued version attached to the classical motivic polylogarithm of weight n is then

™ (Li%(z)) = Lin(z) — _log|x|

M

Li,_(T). (3.3)
k=0

Letting x = 1 in (3.3), we obtain the single-valued version associated to the motivic zeta values,
¢Mh=Lip (1), n > 1 [11]:

e (Li‘,‘f(l)) _ {2C2m+1, n odd, (3.4)

0, n even.

These functions are closely related, but not identical, to Zagier’s single-valued version of the
classical polylogarithms from (1.6). The relationship is most conveniently expressed in terms of
the function

2P,(x) if n odd,
2iP,(z) if n even.

n—1
Pala) = 3 PP ogh [af? (Lipoi(z) — (1) Lin_i(%)) = {
k=0

Proposition 3.3. Forn >0 and x € C\ {0}, we have

log |x]2

M

k(7).

Proof. We directly compute the right hand side, and show that it gives the expression for
v (Liy(z)) from (3.3). We have
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By reindexing the sum with @ = k + ¢, we find it is equal to

By log® |z|? e B
=2 > % Lin—o(z) — (=1)"**" Li,_o(T))
| _ 7\l (
n—1 o
B@ 1 )
- e L n—o log®
Q_O(; 0 (a+1_e)|) in—a(2)log® ||
nol /@ B 1 (3.5)
n Y N
-~ (Z(_ " (a+1 4)1) (—log |2[*)* Lin—o(7)
a=0 \ ¢=0
We notice
“~ By 1 1
m = Ba41(1) — Ba
2 ular1- 01 (ot i Pentl) = Bart)
1
N (a+1)! (—=1)**'Byt1 — Bay1)
. 1’ & = 07
- 0, a#0,

where we have used the symmetry Boi1(1 — z) = (—=1)*"' B, 1(z), to find that Bsy1(1) =
(—=1)**1B,y1. The second case above follows by combining the odd o > 0 case where the terms
cancel, and the even a > 0 case where the terms are identically zero. Likewise

~ B (-1 (=1)t!
O (a+1-0! (a+1)

(Bat1(—1) = Ba+1)-
=0

Now using the symmetry and multiplication theorems for Bernoulli polynomials, we have
Boti(—x) = (=1)*" Bap (2) + (@ + 1)(=1) oot

SO
Bat1(=1) = (=1 Bay1(1) + (@ + 1)(=1)**" = Bayr + (@ + 1)(-1)*

So this sum is equal to

(_1)a+1
(a+1)!

(Bat1 + (@4 (=1 = Bay1) = fiiff' “ar

Inserting these evaluations into (3.5) shows that it is equal to

n—1 1o 1‘2&
:Lin@:)_(_l)nz( 1g| ’)

a=0

o Lip—o(Z) = sv™(Liy(x)),

as claimed. [ |

Remark 3.4. An alternative construction of single-valued analogues of MPL’s was presented
in [63]. Neither of the single-valued versions from [12] or [63] satisfy exclusively clean functional
equations. For [12] this follows from the functoriality of the construction, for example: applying
the single-valued map to the functional equation

Lif () + Lig (1 — ) = — (log" (=) +C"(2)
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produces the following identity between single-valued functions
1
sv™ (Lig(z)) +sv™ (Lif(1 —2)) = —i(logm \x|2)2,

which still retains a product term on the right hand side. For [63], see the explicit example
Section 2.9.3 in loc. cit.

4 Clean single-valued polylogarithms

Throughout this section (and the following) all MPL’s with non-generic arguments are un-
derstood to be regularised by introducing suitable tangential base-points, cf. the comment in
Section 1.1 and [19, Chapter 15].

4.1 Definition

We can apply the construction of the Dynkin operator from Section 2.2 to the commutative
graded connected Hopf algebra Pp; . We can compose the projector IT with the projec-
tion 7°, the single-valued projection sv and the period map to obtain an algebra morphism
R: Pypr, — C:

R := perosvoll o 7%,

where IT = Y~ D acts as defined in Section 2.2.

Definition 4.1. The clean single-valued multiple polylogarithms IV are defined by
I (205 1, oy Ty Tng1) = R [ RU™ (05 21, - -+, T Tng1))]

where R, is defined in (1.7).

Theorem 1.1 follows immediately, from the definition of the clean single-valued multiple
polylogarithms and the properties of R. Indeed, since the latter lie in the image of per osv, they
are both real-analytic and single-valued functions. Moreover, let

K
A= chlm(xk,o;xkz,l: c s Tk Thnt1) € PripL,so - PMPL,>0-
k=1
Proposition 2.4 implies that Pypy, -o - Pyipr o C ker R, and so

K

0="%R,[R(A)] = Z kel (Th,05 Th1s -+ + 5 Thins Theont 1)
k=1

where R,, was defined above after (1.6).

Remark 4.2. It is possible to use Theorem 1.1 to obtain identities among (non-clean) single-
valued polylogarithms. Indeed, it is often easier to find identities modulo product terms, e.g., by
starting from identities that hold modulo shuffle products at the symbol level (cf. [13, 15]). The
combinatorics involved in R will restore all the product terms necessary to obtain a numerical
identity between single-valued polylogarithms, up to a single constant of integration. In some
cases this may even give hints for valid identities among the non-single-valued analogues, e.g.,
by dropping all terms depending on the complex-conjugated variables, and accounting for fac-
tors of 2 introduced by the single-valued map on real constants (e.g., (3.4)). Conversely, the
combinatorics involved in R can be applied directly to the symbol Hopf algebra to restore the
(functional) product terms in a modulo products identity between functions (of holomorphic
variables) at the symbol level; one can then study product terms involving constants iteratively
via slices of the coaction.
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Remark 4.3. The restriction to the real (resp. imaginary) part for odd (resp. even) weights in
Definition 4.1 can be motivated by the fact that the other parity can be expressed entirely in
terms of products of lower weights functions. To see this, we start from the following property
of the single-valued projection on de Rham MPL’s (cf., e.g., [18]):

Proposition 4.4. For every x € PK/EPLW we have
Fyosv(z) = (—1)"svS(x).

Proof. The following two properties are well known and hold in any commutative, graded and
connected Hopf algebra (see, e.g., [48, Proposition 1.7.1] and references therein):

(S® S)TA = AS,
S? =id.

Since A and S = (—1)¥% are defined by the same combinatorial formulas as A and S, but
with I° replaced by I™, it is easy to see that the following identities hold:

(T ¥)TA = AS(-1)Y,
2 =id.
This gives, with F2 = id,
Frosv = Foom(FyoX @ id)A = m(Z @ Fio)A
= m(id 9FX)TAS(—1)Y = mr(FaX ® id)AS(—1)Y
=svS(-1)Y. [
Corollary 4.5. Let x € Pl?/fPL,>0’ Then
sv(@) + (—1)" Fosv(z) € Pripr,>0 - PhipL,>0-
Proof. Let z € Pl?/fPL,n? n > 0. Proposition 4.4 implies
sv(z) + (=1)"Fysv(x) = sv (x4 S(x))
= —svm(S ®id)A'(z) € Piipr, ~0 - PhPL>0s

where the last equality follows from m(S ® id)A(x) = 0. [

4.2 Elementary properties of clean single-valued polylogarithms
4.2.1 Shuffle products, path composition and reversal

The clean single-valued polylogarithms inherit the basic properties of iterated integrals (see
Section 1.1). Using Theorem 1.1, we see that they take the form:

1. Path reversal:

IV (Tpy1; T, sz @) = (=) T (20521, - -+, T Tt 1)
2. Path composition:

IV (zo; 21, .. @y Tpy1) = IV (zos 21, - ooy x) + TV (25201, - o0, T Tt 1) -
3. Shuffle product:

Z I (o; Lo(1)s - - >$U(m+n);$) = 0.

ceX(m,n)
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4.2.2 Reversal of arguments
Proposition 4.6. For n > 0, we have

n+1ICSV(

IV (xo; @y .o 215 041) = (—1) O3 XLy e ey T Tyg1)-

Proof. Consider the shuffle algebra generated by the letters x,...,z,. It is a Hopf algebra
whose coproduct is deconcatenation and the antipode is the reversal of words, up to a sign:

where w is the word w in reverse order, and |w| its length. If mg, denotes the shuffle multipli-
cation, we have

0 = M (Sen ® id)Agy(w) = w + (=)@ + mg, (S @ id) AL, (w).

If we take w = 1 - - -, we see that x1---x, + (—1)"x,, - - - 1 must vanish modulo non-trivial
products. This relations must hold in every shuffle algebra, and so in particular the combi-
nation I™(xo; Tpn, ..., 21;Tny1) + (—1)"I™(20; 21, - - ., Tn; Tpt1) must vanish modulo non-trivial
products, from which we deduce Proposition 4.6 via Theorem 1.1. |

4.2.3 Unshuffling of leading zeros
Proposition 4.7. For any k € Z>q the following holds

I (07 {O}k7 Ty, {0}711717 <oy Ly, {O}nril; xr—&—l)

i1 tir=k “ b
x IV (Oa L1, {O}N1_1+i17 sy Ty {O}HT_I—HT; xTJrl)'

Proof. This is proven by induction. The case £k = 0 holds trivially wherein both sides are
identical, so we may suppose this formula holds for all n < k. Now observe

IV (0; {0} g, {03, {OF T )
1 ¢ _ _ -
= —manICSV(O; {03F, 2, {0yt oy, {0y DA e {0 ),
j=1
using the shuffle product property (3) above. Substituting the induction assumption into the
second line shows that each term in the result is indexed by a composition i} + -+ -+, = k + 1,
added to the exponents n; — 1,...,n, — 1 of the original integral. Therefore we need only to
compute the coefficient and check that it matches the one claimed in the formula.
This coefficient is

1 « ni+i —1 (n; + 1)+ (", —1) -1 ny 4+l —1
_k—l—lznj(_l)k< -/1 )( ’ Y ]1 S '/T ’
j=1 7’1 (Z]_ ) 2%
where i) + -4 i, = k+ 1. Observe that
(DG =D =1 (=1
J (i/-—l) j il 9

J J
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so the coefficient is equal to

(fl)k—i-lz’":i/' moAd =1\ (i =1\ i1
k+1 &= i i’ il

j=1 J T
_ (—1)k+1 iq// n1+Z/1—1 nr+Z;—1

E+1 = J iy i

N——
k+1
_ (—1)FH <n1 +f/1 - 1) <nT +.Z.;“ - 1),
(4 iy
as claimed. ]

4.3 Recursion and the total holomorphic differential of IV

Proposition 4.8. Write the following shorthand
C(xo;x1, .. T Tpy1) =R [Iat(azo; T1,..., xn;mn+1)], (4.1)

then C satisfies the following recursive formula

C(zo;xr, ..oy T py1) = PV (0521, -0, Tpj Tt 1)
1 ..
- Z (J =) (o321, -, Ty Ty - -+ T T 1) O (X453 Tt - -+, T3 Tjg1) | - (4.2)
0<i<j<n
(4,5)7(0,n)

Proof. Since Y = idxD, the Dynkin operator satisfies the following recursion, valid in every
graded commutative Hopf algebra H:

D(z) = nz — m(id ®D)A/(z)
=nzr —m(id(Y -1I))A(z), x € H,, n>0. (4.3)

This gives
(sv OH)(IDt(ﬂco; Tlyeooy T Tny1)) = PV (20321, ooy Tnj Tng1)

1
- ﬁm(sv (Y - (svoI))A (I™(x0; 1, . - ., Tni Trs1))-

Because of the projector II in the second entry of the tensor product, we only need to consider
terms in the reduced coproduct that have no product in the second entry, cf. (3.1)). This
constraint is described via the infinitesimal coproduct (cf. [10]), and one obtains the recursive
formula directly therefrom, wherein we must exclude the case (i,j) = (0,n) because we have
taken the reduced coproduct. |

Since I®V(zo;x1,...,&Tn;Tpy1) = Ry [C’(mo;xl,...,xn;xnﬂ)}, (4.2) can be interpreted as
a recursion for the clean single-valued MPL’s.
We recall now that the total differential of an MPL is given by

n
AI(@o; 1, s ni Tng1) = D T(203 21, Ty -+ T 1) AT (215 085 Th 1)
k=1

The function C satisfies a similar formula for the total holomorphic differential 9. There is
no correspondingly simple formula for the total antiholomorphic differential, though, since the
single-valued map only preserves the holomorphic differential.
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Proposition 4.9. The total holomorphic differential of the function C is given in weight 1 by
6C($0; x1; 1‘2) = dI(.CI?(); o :Bz),

and in weight n > 1 by

n—1|«< —
OC (o3 21, -+, Ty Tny1) = — > Claoimr,. o Ths s Tni 1) AL (@15 Tk 1)
k=1
= C(wos 21, .+, Tp—1; Tn )AL (205 Tp; Tt 1)
—C(x1322, ..., 2p; Tpy1)Ad (20 21, Ty1) | -

Proof. We prove this via the recursion in Proposition 4.8; one can check directly the case n = 1.
Namely, we aim to compute

60($0; Z1; $2) = 8[“(330; T1; xg),

where we have computed C'(xo; x1;x2) = I5V(x0; x1; x2) either via the recursion in Proposition 4.8
or directly from the definition. The holomorphic derivative is reserved by the single-valued map,
so we immediately obtain

0C (xg; x1; x2) = svdl(zo; x1; 2) = dI(x0; 21; T2),

since the total derivative of the weight 1 function is rational, and hence single-valued already.
Note that the total holomorphic differential of I°V is given by the same formula as for the
total differential of I, with I +— IV but with d/ unchanged, namely

n
O (w05 21,5 -+, Ty Tpg1) = E PY (20521, .o Thy -+, Ty g1 ) AL (Tho—1; T Thog1).
k=1

Now for weight n the recursion implies

. . — S . .
aC(iUO, Z15---yTn; xn-i—l) =0l V(x()a Z15---5Tn; .Tn+1)
§ : Jj—i oI (za: . Oz .
- - ($07$1,.-.,$7;,$j+1,...,£13n7.7)n+1) (l’i,$i+1,...,$j,l’j+1)

0<i<j<n

(4.5)#(0,n)

J—i v . . oC (- .
+ " . (ZL‘07$1,...,.ri,ijrl,...,l‘manrl) (l‘i,l'i+1,...,$j,l‘j+1) .

Then by taking care of terms which cross the jump x;, x;41, we can write

s . .
or V(IO,I’l,...,JIi,I’j+1,...,.’L‘n,fﬂn+1)
i—1
sv . = . e
=§ PV (20; @1, - o Thy -+ oy Tiy Tjgds - - 5 T T 1) AL (Th—13 T3 Thog1)
k=1
n
sV . T . . .
+ E I (ﬂj‘o,l‘l,...,J}i,l‘jJrl,...,SL'k,...,ZL‘n,$n+1)dl($k_17xk,l’k+1)
k=j+2
S . . . .
+IV(lUO,iUl,...,$i_1,$j+1,...,fEn,$n+1)dl($i_1,$i,$]’+l)

S . . . .
+1I V(‘TOa L1y Ty Tj42y - -+ 5 Tns xn+1)dl($i; Tj+13 xj—i—?)'
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Correspondingly, by the induction hypothesis, for j —¢ > 1 we get

0C(z35 24415 - - - ijxj—&-l)
I Sy
Z C :L‘“ZL‘Hl,..., Pe ...,:Ej;xj+1)dl(mk_1;xk;:rk+1)
k=i+1
— Oz wiqn, .. i1 2)dd (245255 2541)
— C(Zig15Tig2, - - - Lj; $j+1)d—7($i; Lit+1; fL“j) )
and for j —i =1 we find 0C (zi; Tit1, ..., 255 2j41) = AL (245 Tig1; Tigo).

Now we note that the dI terms in AC occur only with certain fixed patterns, namely
dI(xp—1;xk; Tk+1) wherein all arguments are consecutive, and either dI(z;;z;q1;2;) and/or
dI(x;; 255 xj41) wherein the first two, respectively last two, are consecutive arguments.

So first we ask what the coefficient of dI(zy_1;xg;xgt1), for fixed k, is. It is seen to be
the following, where the first line arises from differentiating the IV appearing outside the sum,
the second and third line arise from differentiating the I*V inside the sum, the fourth line from
differentiating C' inside the sum, and the last line deals with the edge case where one has
differentiated C'(z;; x;41;%i+1) when j =i+ 1, for j = k in order to obtain dI(zx_1;Tk; Tkt1)-
(Note that the corresponding term in line 4 gives 0 in this case, so no extra restriction is necessary
there.)

sV . T .
I (x()vxlv'”7xk7"'7xna$n+l)
J =i e — o\l .
- T (.’Eo,xl,...,xk,...7$i,$j+1,...,$n,$n+1) (xiaxi+17"'al‘ja$j+l)
0<i<j<n
(4,9)#(0,n)
k<i
}: J— —~
- $0,$1,...,,xi,.%'j+1,...,l'k,...,$n;$n+1)C($i;5L’i+1,...,$j;.’IJj+1)
0<i<j<n
(4,5)#(0,n)
J+1<k
3 j—ij—i—1
— 7'—’5 I (."L‘(],:I,‘l,...,,:Ei,JJjJrl,...,l‘n;ZL‘nJrl)
0<i<j<n J
(4,5)#(0,n)
i<k<j+1
_~ 1
X C(xi;aci_,_l, ey Ly oo ,:Ej;.%'j+1) - ﬁ[sv(l‘o,xl, oy Lh—1Th41y - - ,xn;$n+1).

This is nothing but the recursion for C' applied to

n—1 —~
0(3703551,- . -7xk7"‘7xn;xn+l)-

n

Now we ask about the coefficient of dI (xg, zx11;x¢1+1), where k42 < £+ 1 for non-consecutive
arguments. This term arises from either differentiating the I*¥ term in

SV . . . .
PY(x0; @1, -y Tk Tl 15 Tog1s - - > Tt T 1) C (kg 15 g2, - - -, T3 Tpg1) s

where (i,7) = (k + 1,£), or by differentiating the C' term in

S . . . .
I V(x()»xl; oy L=, Ty L1+ - - xnvxn+1)c(xk7xk+17 cee )xfaxf-I—l))
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where (7,7) = (k,¢). We note that for each choice of (k,¥¢) # (0,n) such that 0 < k < ¢ <mn
with £ 4+ 1 < ¢, both terms contribute to the coefficient. However when (k,¢) = (0,n) only
the IV derivative contributes as (i,7) = (k,£) = (0,n) is excluded from the summation, and
the C' derivative therewith.

When (k, £) # (0,n) we find the coefficient of dI(zy; zk11;x¢) to be

—(k+1) —
Tlsv(l‘oﬂfla---amk»$k+1a$é+17---7$n§$n+1)c($k+1§$k+2a--~a$é§$£+1)
l—kl—k—-1
— I (20: X1, o Tl They Tht s - - s Tys Tyl
n ! — k ( I ) ) y Lky Ll41, y by bn+ )
X C(xk’;xk-‘rlv s ,1‘[;1’3-1-1) = 0.

However when (k,¢) = (0,n) we find the coefficient of dI(zo;x1;zn+1) to be

0—(k+1)

n—1

Isv(xo;ﬂ; xn)C(:rl; Xy eey T Tpng1) = C(x1;22, .y Tn} Tnt1)-

Exactly the same consideration applies to the coefficient of dI(xg;zs; ¢11), wherein the terms
pairwise cancel, except for the case (k,¢) = (0,n), where only one term occurs which cannot
cancel. This completes the proof of the formula for the total holomorphic derivative of C. N

We note that this differential formula is closely related to a recursion for the mod-products
symbol I1,S of an iterated integral, as given in [15, equation (4)]

n
IS (1% (20; - -3 2n11)) = Y OST™ (wos 21, By ooy s Tng1)) @ T (2515253 2541)
j=1

— HS(IDt(ml; Lo, ..., Tn; :vn+1)) ® I°(20; T1; Tt 1)
— HS(IDt(iL‘o; Tlyeny Tpo1; l‘n)) ® I°(20; Tp; Tpg1)-

5 Examples in small depths

In this section we present results for clean single-valued polylogarithms in small depths. The
path composition formula, together with Proposition 4.7 and

Ik - zoik - 21,k xns k- opgn) = I (20521, -+, Tns Tnt),

with 1 # xo, , # Tny1 and k € C\ {0} (this identity follows immediately from the corre-
sponding identity for MPL’s, where it is a direct consequence of the integral representation (1.1)),
imply that it is sufficient to consider the functions

Iﬁf;”wmk(xl, coy ) = I (0; 1, {O}ml_l, e Tk, {O}mk_l; 1).
We will also use the objects
I’r.n1,...,mk (:L‘la s ,l’k) =1I° (07 €1, {O}ml_la vy Ty {O}mk_17 1)3 LIS {mv Dt}a
Ly o (@1, ) = sV (1™(0; 21, {oym—t o ay, {0}yl 1)).

mi,...,

5.1 Results in depth 1
Proposition 5.1.

‘ 1
LV (x) = R | I () + ~log |22 [}y (2) ]
n

where we interpret I}V (x) = 0 when n < 0.
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Proof. It follows from (2.1) that if z € PJ{p;, has weight n, we obtain the recursion
D(z) = nz — m(id®D)A(z).

Proposition 3.2 then implies

(@) = -n1( 1 (1))
= — Li% <i> + ;g;mgﬂk (;)D(logm <i>k) (5.1)

The claim follows upon acting with per osv, and taking the real or imaginary part. |

The functions I%V(z) are real-analytic and single-valued, and they reduce to (single-valued)
zeta values for z =1 (cf. (3.4)),
I3 (1) = 0,

I§7SY\L/+1(1) = —2Cm+1-

This is a special case of the following more general result:

(5.2)

Corollary 5.2. Let &y = e®™/N | and let n > 1 and a be integers. Then
2ma

(k) = 2-vr e ()

where Cly() := Ry, (Lin(e®)) denotes the Clausen function. The same formula also holds for
n=1anda#0 mod N.

Proof. From Propositions 5.1 and 3.3, we obtain

L (68) = =9 [sv™ (Lin (64%))]
= —R,[Li, (£3%) — (-1)" Li, (£%)]
2(—1)"R, [Lin (£%)]

— 9(—1)"Cl,, (QXIC‘) n

I§%V(x) satisfies a clean version of the five-term relation, and IV (z) satisfies for all n > 1 the
inversion relation

i <1> = (=" ().

X

We see that the functions ISV (z) have the same properties and satisfy the same identities as the
Zagier’s single-valued versions of the classical polylogarithms P, (z) defined in (1.6). However,
the two families of functions are not identical, but we have the relation:

Corollary 5.3. For any z € C\ {0,1} and any n € Z~1, we have

| /211
Pu(z)+— Y (n—2k—1)

n
k=1

lo 2k 1,2
8 ‘ ‘lpn—Qk('r) .

L) = 2= (2 + 1)!

Moreover, IV (z) = —2Py(z) — log |z|?.
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Proof. It suffices to inject the result of Proposition 3.3 into the expression for I})V(x) =
—sv™(Liy(1/z)) from Proposition 5.1. [ |

Remark 5.4. Corollary 5.3 shows that, for classical polylogarithms (i.e., in depth 1), it is
possible to define at least two distinct real-analytic single-valued analogues that satisfy clean
functional relations. It would be an interesting question to investigate whether alternative
definitions are also possible in higher depth. As a starting point it could be interesting to clarify
the relationship between our construction of clean single-valued MPL’s and the Lie-period map
defined in [36, Section 2.5]. We are grateful to Clément Dupont for this remark.

5.2 Results in depth 2

Proposition 5.5. For (z1,72) € C2\ {(z,y): x # 0,1,y # 0,1,2}, m1,ma € Z~q, and n =
mq + me, we have

58 1, 72) = B[, 1, 2)] nm{mfm (2) rue

SV

T2
—log |z Iy, 1y (21, 22) + log | =

2
x1
2 o) = 12 (2 ) 3 o)

S mi (=T — 1 sV sV T2 Z2
e (" ) [ (2) 4o \x
r=1

2
n—r—1
1 T

£y (e (” —r l)mm [(n = )L (22) + log o P LYy ()] }
r=1

m2—1

where we interpret I} (v1) = 0 and I}, ..., (71, 22) = 0 whenever my or my are negative.

Proof. The recursion (4.2) holds for arbitrary values of the x;. We can now specialise to the
case of depth two with

(J"O; L1y Tn; 1’77,4—1) = (07 Y1, {0}7711—1, Y2, {0}7712—1; 1)

It is easy to check that in that case (4.2) substantially simplifies, and only those terms contribute
where (z4;Zit1,...,2;;2;41) takes one of the following values:

(051, {0}™  Sya),  (11;0:0),  (0;0592),  (2;0;0),

(yl;{o}m1717y27{0}a;0)7 0<a <m2_]—7

(0;{0}?, 3o, {0}™ 1), 0<B<mi—1,
(y1; {0}™ 1y, {0} ™15 1).

We now go through each of these cases in turn.

Case 1: (Tj;Tit1,...,25;Tjq1) = (O; yl,{O}ml_l;yg). The corresponding term in the sum

in (4.2) is

ma 1™ (052, {03274 1) C (0591, {0}™ 5 y0) = mu Ly, (y2)0<0; 2 {oymt 1)-
Y2
Using the same argument as in Proposition 5.1, we find

mq1— SV 1 SV
C(0;y,{0}™ 1) = I (y) + Elog LY, 1 (y). (5.4)
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Hence, we have
Y1 -1 v v v Y1
mily cl0;=,{0}™ 1) =m I ISV< >+1 ’ ‘Is s _(>
)0 (02, 0y ) =z ), () o | | o (2
These match precisely the first and fourth terms in square brackets in (5.3).

Case 2: (z4;Tit1,...,25;Tj41) = (y1;0;0) or (0;0;y2). The sum of these two contributions is

I (0' y1, {0} 72,2, {0} 1 1) O (y1; 05 0) + 1%V (05 91, {0} 2, 2, {0}™ 715 1) C(0; 0; y2)
—1og [y1 2L, 1y (1, y2) + log [y2 | Iy, 1 1y (Y1, 52)
2

Y2
=log |==| 15, —1.m, (Y1, y2)-
1

This matches the third term in (5.3).
Case 3: (zi;Tiq1,...,T5;T541) = (y2;0;0). We get

(0591, {03™ 71 2, {0}™ 7% 1) O(y2: 0;.0) = —log [yl L3,y -1 (41, 42)-
This matches the second term in (5.3).

Case 4: (T45Tiq1,. .., T55Tj41) = (yl;{O}ml_l,yg,{O}a;O), 0 <a< my—1. We sum up the
contributions for different values of « to get

mo—1
D (ma 4 @) (0591, {03174 1) C (ya; {0} ™ 1, 2, {01%; 0)
a=0
mo—1
= (=)™ (my + Q) I, o (1) C (0 {0}, 32, {0}™ s 1),
a=0

To proceed, we note that C’(O; {O}O‘,yg,{()}ml_l;yl) satisfies Proposition 4.7 with IV — C
(I*%V is obtained from C' by taking the real or imaginary part). Hence

mo—1
D (UM + a) I, o (y1)C(0: {03, 2, {01 1)
a=0

mao—1
-y <—1>W<m1+a><m1+“ )Im (0, (O} ).

(6]
a=0

After using (5.4) and reindexing the sum via a = mg — r, this matches all the terms in the first
sum, except for the term r = 1.

Case 5: (i3 Tiq1,. .., Lj;%j41) = (0; {0}2, 4o, {O}m2_1;0), 0 < B <mi—1. We proceed in the
same way as for Case 4. We find

mi1—1

> (n—B—1)I (0531, {0} 1)

B=0

mi1—1 n— ﬂ
= > ()™M -p-1)( L) 13 () C(0; 1, {0377 1),
et my — B —

After using (5.4) and reindexing the sum via § = r — 1, this matches all the terms in the second
sum, except for the term with r = 1.
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Case 6: (T4 Tit1,...,2T5;Tjq1) = (yl; {0}ymi=L gy {O}m21L 1). We find, using the path compo-
sition and reversal formulas
(n = DI (y1)C (y1; {0}™ ", g2, {0} 715 1)
= (n=1)L" (y1)[C(0; {0}™ 7 2, {03271 1) = (=1)"C(0; {0} 7 o, {0} ™ s 1)

— (0 DI () (—1)7”1*( n-2 )c(O; o, {02 1)

mi — 1
- (172 e (w2 op2a) |
my —1 Y1
Using (5.4) we recover the terms with 7 = 1 in each of the two sums. [

The functions I35V . (1, x2) are real-analytic single-valued functions. For z1 = x9 = 1, they

reduce to zeta values:

Proposition 5.6. For mi,mo > 0, we have

ICSV (1 1) _ lemQCm1+m27 mi + mo Odd,
et 0, my + mso even,
with
m1 + ma
Cmimg = (_1)m2< m1 ) -t

Proof. For n =mj +mg even, I3V (1,1) vanishes, because it is the imaginary part of a real

number. If n is odd, we need to distinguish two cases depending on the parity of my and mo.
If my is odd (and thus mg is even), we have

15 a1 1) = Rey [R (%051, {0}, 1, {0} 1))] = R (€ ).

mi,m2

where (5, ., 1s the motivic lift of the double zeta value

1
<m21m1 = Z kml kmg .

1<ki<kg 1 2

For n odd, ma > 0 even and m; > 1 odd we have, with n = 2N + 1 [6],

m Comoem L[ n 1] em = 2r 2r m om
sz,ml - Cmngl + 5 |:<m2> - :|Cn - Z |:<a o 1> + <b— 1>:|C2r+1<n—1—27“a

r=1

while for mo even and m; = 1, we have

1 mo—2
m _ @ m - Cm gm
mao,l — 9 mo—+1 9 r+1Smo—r-
r=1

Hence, mo > 0 even and my > 0 odd, we have

R (C?T’Lg,ml) = [( " ) - 1:| Cn = leJTLQCn-

ma
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If m; > 0 is even and mo > 0 is odd, we start form the well-known stuffle identity for
(motivic) MPL’s:

xr1 X1
I?Tzl <:U2>I’IT7/2 (.Tg) = I;;}LLmQ(xlny) + I7nn12le <$1, :L'2> — I$1+m2($1)7

to obtain
csv csv csv I1
Im17m2((131,5132) = Im1+m2(x1) — Imz,ml <x1, :1:2)
Hence
n
s (01 = 1) = 1, (1) = =260 = (1) =1] 60 = emamia .

We can also obtain the inversion relation in depth 2 and for all weights:
Proposition 5.7. With n = mq + me, we have

n—1

x1,x2

1 1
() = (UM o) - 07 (D))

s () (2) - e,

m2 Z2

Proof. This identity was shown to hold modulo products and up to a constant in [13] (more
precisely, it was shown to hold modulo products at symbol level). It is thus sufficient to show
that Proposition 5.7 holds at one point, e.g., x1 = x2 = 1.

For even n, both sides of the relation vanish identically at z; = x2 = 0, and so the constant
is zero. For odd n, the right-hand side evaluated at z1 = z9 = 1 gives

n—1 n—1

g 10) = 1 (7 ) = e (M T+ )

= [_(_1)7%2 <TZ1> +142(—1)™ (nn;1> +2(—1)™ (nW;l) _ 2]

=G (1) < 1] =,

my

where we used the recursion for the binomial coefficients:
n—1 n—1 n—1 n—1 n
Con )+ () = () 20 = () "
mq mo ma myq — 1 miq

Corollary 5.8. Let &£y = e%i/N, a, b, m1, mo integers with n := m1 +msg odd and my,ms > 0.
Then
2ma n—1 27h
Ccsv a b m
LY s (€8s ER) = — Cly, (N) - (=1 1< my ) Cl, <N>

(e (52,

Proof. For odd n, we have

I’VCT?XWQ (g]:/fz g;[b) = Iﬁsr,mg (6?\/’7 55)\/) )

and we see from the inversion relation and Corollary 5.2 that IV, (57\,, 5?\,) can be written as

a linear combination of Clausen values. [ |
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5.3 Results in depth 3

We recall that the explicit version of the parity theorem given by Panzer [49] in depth 3 is as
follows. Write

Lim, m, (r,y) = Ty msy ((xy)—17 271)’
Liml,mz,m3 (iL‘, Y, Z) = Im17m2,m3 ((xyz)_lv (yz)_17 z_l)
in terms of the iterated integral notation. Let mq,mo, m3g € Z~g, then on the simply-connected

domain C3 \ Ui<i<j<s{?® ziziy1 -+ z; €[0,00)}, which avoids the branch cuts 23, 2023, 212223 €
[0,00) of any the terms log(—z; - - - z3) therein, the following identity holds,

Ly moma (21, 22, 28) + (= 1) 248 Li g (2115251 257
= Lin, (zl)(Lim2,m3(22, 23) — (—1)’”2erg Liny ms (zz_l, zg_l))

- Lim1+m2,m3 (21227 23) + Limz,ml (Z27 Zl)Bmg (23) + Lim2+m3,m1 (22237 Zl)

_ ZBS(zlz223) (_;”3> <—m1> Limg (25 1) Ligny 10 (21) (—1)™3F#

14
ptr+s=mso

—-m —-m .
- 233(212223)< " 2) ( U 1> le2+u,m1+u(22,z1)

ptr+s=msg

—m —m . _ _
‘ZBSW”?”( u)( 3) Limyppmg-to (23 1, 25 1) (—1)metictmaty,

14
p+r+s=mi

and By (z) is the Bernoulli polynomial defined in (1.5).

We observe that if s > 0 in any of the above sums, then the resulting summand is a product,
and so vanishes after passing to the clean single-valued functions Li®®¥. Whereas when s = 0,
the Bernoulli factor is simply By(z) = 1. Moreover, the first sum is in fact always a product, as
are the first and third terms. After passage to the clean single-valued functions, we obtain the
following version of the parity theorem in depth 3, for the clean single-valued functions.

Proposition 5.9. Let mq, ms, m3 € Z~q, then we have

Lisyy mmymy (21, 22, 23) + (1) Fmetms Ligy (et 2t 2 )

_ sCsv -CsV
= — L1m1+m27m3 (2122, 23) =+ L1m2+m37m1 (Z2Z3, Z1)

—ma —ma -Ccsv
G o e

ptrv=ms3 K
—ma)\ (—m3 scsv -1 _—1 mo+ut+ma+v
- E: ( m )( . >L1m2+u7m3+v (’22 ) %3 )(_1) :
ptrv=m1

6 Clean single-valued Nielsen polylogarithm S, >(x)

In this section, we carry out the requisite calculations necessary to explicitly write the single-
valued Nielsen polylogarithm S, 2, and the clean version thereof. This provides the missing
derivation for a formula for sv S, 2(x) already stated in [15] (the main properties of which were
however verified therein).

We recall first the definition of the Nielsen polylogarithm.
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Definition 6.1 (Nielsen polylogarithm S, ). For integers n,p > 0 the Nielsen polylogarithm
Sp.p(x) is defined in terms of iterated integrals as follows

Snp() = (=1)P1(0; {1}*,{0}"; z).

Correspondingly the motivic Nielsen polylogarithm is
Snp(x) = (=1)PI7(0; {1}*,{0}"; z).

Note that, for p = 1, we have S, 1(x) = Liy41(z), which recovers the classical polylogarithm
as a special case.

6.1 Coproduct of S}%,(x)

We start by computing the coproduct ASS,(z) = AI*(0;1,1,{0}";x). We first consider which
terms will contribute, and which can be ignored. We recall that each term in the coproduct
AT (zo; 21, ..., Tn; Tpe1) is obtained by selecting a subset S of points xg, 1, . . . , Tn, Tnt1, Where
xo and x,41 are always to be included (cf. (3.1), where i; indexes the subset S in the coaction).
The intervals between these points contribute a product of integrals on the right hand side of the
coproduct, the subset itself contributes a single integral of these points on the left hand side of
the coproduct. These terms are often pictorially represented with the mnemonic of arcs joining
the vertices of a semi-circular polygon (see [35, Theorem 1.2] and the remarks thereafter).

If we do not include ;1 as part of a term in the reduced coproduct A’, then the first point
included is either x5 which contributes I°*(zg; z1;22) = I°°(0;1;1) = 0 (with the upper integra-
tion limit a tangential base-point at 1, giving the required regularisation) to the product side,
or is xy for k > 3, which contributes I°*(zo;x1,...,zx_1;2%) = I1°7(0;1,1,{0}*;0) = 0 to the
product side:

Hence we must include z; in the subset. If this is the entire subset, we obtain the following term
in ASY, ()

0

0 0 Op.

. 0 ot °

0 =170 1) @ I7(1;1,{0}"; ).
0.: ------------------------------- x

Suppose now we take some point x; as the next point, and some point xj, £ > j as the last
point in the subset. We notice now that we must also take every point z; with j < i < k, else
we will contribute a term 1°°(0;0;0) = 0 to the product side. Hence the only other terms which
contribute are of the form

0
o0 ’00.

Depending on whether x» is part of the subset or not, the terms have different forms as functions,
namely
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. . log® )
o ==Ly g (@) @G (],)

for k>1 odd, j>0 with k+j<mn,

where the term S§%(z) = I°(0;1,1;z) is interpreted as 5 (log™ (1 — z))? via the integral repre-
sentation of ngg( z) and the shuffle product thereof. Recall also that the terms (3} = 0 vanish
on the right hand factor of the coproduct.

Hence we obtain

ASY(z) =1® SﬁtQ(az) + S35 (x) ® 1+ 10g™(1 — z) ® I°°(1;1,{0}"; z)
n—k

n+1 ot j n ot j
(log™ z)’ (log™ z)’
S S med Py s e ()
k=3 j=0 J: j=1 J:
k odd

We note moreover that via decomposition of paths and the regularisation I™ (1; 1,{0} -1 0) = ij
we have

n+1
log x)n—i—l k
P(151,{0}% 2) = = Liph4 (x +ZC°‘ AT

which can be substituted into the above, along the additional restriction “k odd” as ¢} does not
contribute to the right hand factor of the coproduct. Then the summation in this term can in
fact be combined with the double-sum given above, as the j = n+ 1 — k term of the inner sum,
since log(1—x) = — Lij(x). Overall we obtain (after reversing both j sums for later convenience,
and changing k = k' + 2)

ASY (x )—1®Sat (2) + Sp%a(x) ® 1 —log™(1 — z) ® L, (x)

ng ot (logat'r n—k=j nz:lsbt logot x)n—j
= J F2 (n — (n—j)" =

°”M'

6.2 Antipode of S7%,(x)

Next we compute the antipode; the general recursion says
S(SZtQ(x)) = —STDLTQ(x) —m(id ®S)A'ng2(x).

The only terms appearing on the right hand side of the coproduct, whose antipode we recursively
need, are S(log™ z) = —log™z, S(CF) = —¢ for k odd, as odd Riemann zeta values are
primitives for A, and the previously computed

n-1, o Dta: k o - &
S(Lﬁ‘;(m)) _ _Ligt(@ _ Z (12‘) ZL or (. 1g]€;!7

k=1
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as given in (3.2). Since we have these we can directly evaluate the antipode S(S5%(z)) to see

n —j n+1 ot . \n+1—j
ot _ Qt ( log $ at _ (— log -T) J
tx)n—]—k

— —log
z::; ’312 (n—j—k)!

6.3 Single-valued version sv™ S, ()

From this we are in a position to write the single-valued version via
sv™ STy (2) = per om(FooX @ id) ASY, ().

We shall treat each term of the above coproduct in turn.
Firstly

perom(FooX ®id) (1 ® SETQ(.%)— log™ (1 — 2) ® Li%; (2)) = Sna(z)—log(1— Z) Lin41(x).

More complicated is the term

n—1 n—k (log m)nfk i
perom(FoX ®id) | — Z Llj (z )®Ck+2 ( )
Woda 7! J
n—1 n—k i .
. (—logz)i~ log i
= —1y L
= ; <( ) gz_; lg(CC) (] —E)‘ )Ck-i—Q( k ])'
k odd

Now switch the order of summation between j and £, then set j/ = 7 — £ in the inner-most sum.
We obtain

n—1 n—k n—k—¢ ;
. logz)? (loga)n—k—*t=J
_ v (
2 5:1( )" Lig(Z)Crt2 jz:% i n—k—j—0)
k odd
n—1 n—k
oo (loglzf?)rh e
= (= 1) Lie(Z) o7
e k-0
k odd

Here we have written log Z + log z = log ||, and applied the binomial theorem to evaluate the
inner-most sum.

Finally, we can compute (note we take j = n in the sum, accounting also for the S, o(z) ® 1
term)

logat x)n J
(FooX R e
per om( ® id) ( g (=) )
n j ie gt iaig
, _ (—loga: (—logz)’*

— _E 1) E E e
: ( 1) { 5&2(33) ] _e ng log ) (j—i—l—f)!
7=0 /=0

j—1l gk —\j—l—k n—
o (—log )’ (log )
- Lig(Z)Chv2~— .
— G—=Ct=R) | (n—=3)!
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Like previously, we interchange the j and ¢ sums, or more accurately move the j sum inside
the £ sum for the third term. In each case, the resulting sum of j can be evaluated as a power
of logx + log T = log |:1:]2 via the binomial theorem. We obtain

- *f\ | (log |z[2)m+1 -
=-> (-1)'s +§: )¢ Lig(z) log(1 — &) "2 —
— (n+1-12)!
—.n- ~ lOg x|2)yn—Fk—¢
z S i mmg—( AR
=1 /(=1 '
k odd

We note the simplification —(—1)** = (—1)* since k is odd has been used to obtain the last
term. Moreover, the resulting term is exactly the same as already obtained above.

Summing the above 3 contributions, and rewriting slightly, gives the following formula for
sv™ Sio(x), as stated in [15, Section 4.3]. Namely

sV Sy (@) = (Sn2(@) + (=1)"1Sp2(2)) —log(L — &) (Lip+1(2) + (=1)" Lins1())

n—1 j
B (—1) log™ ™ |z|?(S;2(z) + log(1 — &) Lij+1(2))

—
= (n =)
n—1 n—k ;
2(—1)J ,
+ 2 Gk C’“ZQ' Li; (Z) log" 7~ |z|?.
k=1 j=1 (n—j—k)t
k odd

6.4 Clean version of S, 2(x)

We also briefly repeat the calculation of TLSJ', (x), which was completed in detail in [15]. Here we
proceed directly via the already calculated coproduct of Sp% (), whereas the calculation in [15]
was reduced to an analysis of which terms contribute in the infinitesimal coproduct. From (4.3),
we have

D(th(a:)) =(n+ 2)5?:2(30) —mid®(Y - H))A’S,D:Q.

Again, because of the projector in the second tensor factor, we are free to ignore all products in
the coproduct while evaluating this. From the calculation above of ASY,(z), we have

A’Sflfg(a:) = —log”(1 —z)® L), (x Z L% (o
k odd
+ 53 1 o(z) ®log™ @ (mod right-®-factor products).

Hence

() = SFa(0) — L gmla (Y 1) (N'5Ty(x)

log”2z n+1
LI

= 52‘2(30) - 5211,2(@ n+2 n+2

log™ (1 — &) LiZ}, (x)

1
— + 5 log” (1 — ) log® () Li% ()
k + 2
+ Z Ck;+2 k().
k:ko:dld

Here we have applied the result that IILi%(z) = Li%(z) — Llog” zLi%" | (z), which can be
obtained from (5.1). Likewise, we have also used that II¢3} = & 41, since & 41 is a primitive
for the coproduct.
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6.5 Clean single-valued S, 2(x)

Application of the period and the single-valued map to the expression Hsgfz(x), using the
previous computations of the single-valued versions of Li%(x) and (3} 41, and the computation
of S5 (x) directly above gives us an expression for RS%(x). We can then define the clean
single-valued version of S5%.

Definition 6.2. The clean single-valued Nielsen polylogarithm S;°5(z) is defined by S5 (z) ==
R RSNy (), where RSy 9(x) is as follows

log ||
n+ 2

+ niQ((n +1)log(1 — &) — log(1 — 7)) (Lins1(2) — (—1)"*" Lint1 (7))

Rngz(x) = (Spa(z) — (—1)"+25n72(:f)) (Sn—1,2(z) + log(1 — z) Lin(z))

n o 1\g o n—jt1 xz
+]~Zl(n+1)2 {6+ 18j-12(@) - (10801 ~2) ~log(1-)) Lij@)}M
n—1 2Ck . n*k. jlogn_j_km? o
+ ; 7H+;{(k+2)mnk(x)+;y(—1) lej(;p) :
k odd

These clean single-valued functions (or more precisely the version without 2R, which still
satisfies Theorem 1.1) are used in [15] to obtain numerically verifiable identities and reductions
for Nielsen polylogarithms, including numerical results on their special values.

7 Numerical evaluations

In this last section, we derive a few numerical evaluations of depth 2 MPL’s through use of
the clean single-valued functions. These evaluations would perhaps otherwise not be obtainable
in such a straightforward manner. For the sake of simplicity, we restrict to one identity in
weight 4 and one in weight 5 obtained from the 2-term symmetry of I3 relating I3 (z,y) and
I31(1 — z,y) and a similar identity for Iy ;(x,y). Further treatment of special values of Nielsen
polylogarithms (in particular S3 9 at elements of the weight 2 Bloch group, such as S32(¢) for

¢ = 1+72\/5) which were obtained from this clean single-valued procedure, can be found in [15].

7.1 Weight 4

We recall first an identity that “reduces a depth 2 combination to depth 1”7, which was pre-
dicted by Goncharov, with Lis-terms first made explicit in [27]. For the following, we note that
Lig™(x) = If*'(z), because of the symbol level identity Lis(z) = I4(z) modulo products.

Proposition 7.1. The following identity of clean single-valued functions holds
I3 (1 —z,y) + I (z,y)

__ T iCsV -z _ T:csv l—y _ iCSV 4 ) _ sCSV (g) sCSV ( Y )
—L14 (]_—y) L14 ( T ) 3L14 (1_$ 3L14 T +L14 r_l

B %Lizsv (M) - %Lizsv (#?1—@) + éLiZS" (g:zii)

Proof. As indicated above, a (slight variant of the) corresponding identity was given in [27]
CsVv

on the level of the symbol modulo products, and with I5% and Lig™ replaced by I31 and Liy.
Hence the difference of the two sides in the equation stated above is a constant by Theorem 1.1.
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This constant must be 0 since each side vanishes on the real line, as we take the imaginary part
in the definition of the functions. |

Taking z = %, y =1 (any non-real y will also give a reduction) in the above identity leads to

1
DU (5, i) — L (

1 1
+ LIS (Tl) — Lif¥(2 - 20) 4 Lif (4 + 40).

—14i

-
) — LIS (2i) + LS ( + 1)

One can apply the inversion relation Lif(z) = — Li{" (2™ !), and the inversion relation (with

T = %, y = 1) from Proposition 5.7, namely
ISV (2, —i) — IS (1 i) = Li(i) — 3Li%Y (71) LS (1)
’ ’ 2’ 2 2/’
CcSvV

(Wherein Lig (%) = 0 as we take the imaginary part) to obtain

—141i

1 1-—1i
215 (2, ) = — Lig" (—5— ) +2Li () — 5 L™ (—)
o (LI g 1
+2Lig ( . ) +Lig ( > ).

It is possible to compute explicitly how I5% (x,y) is expressed using the classical polylogarithms
and iterated integrals (an implementation is available in the PolyLogTools package [22]). One
then obtains that

205V (2, —i) = Tm [4 Lis., (—%,i) +4log 2Liss <—% i> + 26, Lis (i)
21 i 442 4+ 3i
— (2L12< ;1) — 2L, ( Jg 1) +log (%) 10g2> log? 2]

1 1
(Lig (—Z> + 2 Lig (_Z) log2 + 4log®2 — 21log 5 log? 2),

™

8
with

. 1 1 xMyn?
Liry,mq (z,y) = Iy moy (;7 7) = Z o me
vy 0<ni<ng 1 2

Likewise the Lij® combination evaluates to

1+ 1+ 14 14
:Im[QLm( ;1)—4Li4< Il>—Li4(%)—4Li4(i)+2Li4< ;1)

(5 B () ot (1) i (1) e

(03 () - B (1) 4 1 () e

1 4—3i 24— Ti
= (—m +106log (Tl) +1251og ( = 1)) log? 2].

96

By equating these two results, one obtains an explicit reduction for the value Im (Ligyl (—%, 1))
in terms lower depth and products. (Moreover, the depth 2 term Lig (—%,i) is expressible
purely in terms of Liz and products, via the known reduction of all weight 3 MPL’s to depth 1.
This is essentially a consequence of [46, Appendix A.3.5(2)], subsequently also re-established
in [39].)
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Utilising a well-known lattice reduction algorithm (“LLL”), we can find the following simpler
numerically checked reduction

L131( 2 )+log2L121< ;)

1 1
L Im [3Li4(i) +28Liy (%) - 36Li4( 1

1
)+14Ll3( ; >1g2

18Ty (_1; i) log 2 + (g log?2 — %@ Lis(i) — 3 Lis (_1; i) log? 2}

1 1 Tm. 3
+ 3—2L13( 4> +EL12 (—1>log2— ﬂlog 2

where = indicates that this is a conjectural identity checked to several hundreds of digits. One
also notices the following relation amongst the Lij®" terms above

—1+41i

1- | 1+ i -
3L () 36 +y L () - ot () 2 () Lo

7.2 Weight 5

An identity analogous to the one given in the previous subsection, but now in weight 5, needs
four terms in depth 2 and has been given in [14].

The corresponding clean single-valued identity is as follows. Again, the symbol level identity
Lis(x) = —I5(x), modulo products, implies that Lif*" (x) = —I$*(z).)

Proposition 7.2. The following identity holds for the clean single-valued functions

SUSY @) + 15 (0,7)) + %(Icsv(l—xy)—i—[cs"(l—:n,y_l))

- (=) o () o (52)
+ U (=) - ihé“(x?y ﬁ)) §L138V<<1_£§i’1_y>>
LCSV<(1 w)Ecl y)>_;mg5v(m>

_7Lcs <1y )_7LCSV((1_x)y>_£Ligsv<%) ZLICSV( )

1-— 1- 1-
T 1—y y—1 y—1

1 :CsV csv(1> -csv('x_l) 'CSV( 1 ) -csv( Y >
+2L15 (1- )+ Li . + Lig . + Lig T + Lig = 2C5.

Proof. We infer this result from the exact same identity, where I{* and Lig*" have been replaced
by I41 and Lis, respectively, and 25 removed, which was proved (on the level of the symbol,
and modulo products) in [13] (a slight variant thereof) and [14]. From the previous machinery,
the identity now follows, up to a constant ¢ on the right hand side. Taking x = 1, y = 1 leads to

I (0,1) + I (1,1) = =3 Lig™ (1) + ¢,
wherein the terms Lif®V(0) = 0 = Lif*(co) have disappeared. From the shuffle identity

I£57(0,1) = 1°V(0;0,0,0,0, 15 1) = I°¥(0;1,0,0,0,0; 1) = — Li& (1) = —2(5,
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and the evaluations Liz™ (1) = —I§*¥(1) = 2¢5, and If¥'(1,1) = (—(Z) —1)¢s = =65 from (5.2),
Corollary 5.2 and Proposition 5.6, we see

= (=2-6+6)¢ = —2¢,

as claimed. [

Now set = 5 y —1 in this 1dent1ty (and apply the inversion results Lig®" (z) = Lig® (z71)
and Iy (2, —1)+ I (5, —1) = — Lig" (1) —4Li¢" (—5) — Li$® (3) from Proposition 5.7), and
we obtain

3 1 1 1
ICSV(Z, _1) LICSV( ) + 55 + Llcsv ( ) _ = Ligsv (_7)
2 4 8
1 5

1
sesv () _ Y ysesv (T
+2Li¢ (4) 5 Lis (2)

Using the duplication relation

1 1 1
sesv (T} sesv [ csv
Lig (4) 16 Liy ( 2) + 16 Lij (2>

and that Li®(—1) = —12 LiZ®¥(1), we can simplify this as
65 1 1 1 59
Icsv 2,—1) = — e L csv (_7) I i (_7) oJ L csv <7)
@1 = C5 T 2) "1 \Ts) Ty 2

From the implementation in PolyLogTools, we find

1 1 1
I5(2,~1) = 2Lig, (—5, —1) +2Lisy (—5, —1) log 2 + §Lig,1 (—7, —1) log? 2

2
1 4 1 28 1
+ 2Liy <§> log2 3 Lis <—§> log?2 — 5 Lia (—5) log® 2
16 16
—Cglog 24 C2§3 — —(glog 2 - 1—510g 24 —510g 2log 3.
Likewise, the Lif®" terms evaluate as
65 1 1 1 59 1
- L CsVv (_7) _ L'CSV (_7) _ L'CSV (7)
C5+2 2) "1 \Tg) T2 g
. 1 o, 1 .1 . 1
= 65Lis (—5) — 5 Lis (_g) +59Lis (5 ) +65Lis (3 ) log2
3 1 27 1
~ S Lis (fg) log 2 + 59 Liy ( ) log 2 — 75 Lis (fg) log? 2
1 52 18 1
+ 39 Lis (—7) log?2 + ? Lis (—7) log?2 — — Liy (—7) log® 2

12
P60+ G log?2 — Xy log? 2 + 17 Tog* 2log 3 — ¢ log? 2

Equating these two results gives an evaluation for Lis 1 (—%, —1) in terms of products and lower
depth.

Application of the lattice reduction algorithm “LLL” on the set of arising values (after also
introducing (4 log2) leads to the following simpler candidate reduction for Liy ; (—%, —1) alone

Li4,1( S —1) £ - 2Lig (%) — 8Li (—%) —2Li (—1) log 2

281
T *C2C3 + C410g2+ C310g 2 - *Czlog 2+ *log 2,
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along with a similar reduction for Lis 1 (—%, —1)

. 1 ? /1 . 1 . 1
Lis 1 (—5, —1> = —3Liy <§> —6Liy <—§> — 2Li3 <—§> log 2

31 3 3 5
- = Z¢log?2 — S¢3log2 — — log? 2.
16C4+ 4C2 og 44“3 og 57 108
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