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1. Introduction

Harmonic weak Maass forms are real-analytic generalizations of classical modular
forms with applications in combinatorics, number theory, as well as representation theory
and physics (see for instance [6] and the references therein). They were first introduced by
Bruinier and the second author [5] in the context of theta lifts. A harmonic weak Maass
form of weight k € %Z for a congruence subgroup I' of SLy(Z) is a smooth function
F :H — C on the complex upper half-plane H = {r € C : Im(7) > 0} that transforms
like a classical modular form under I', but which is harmonic rather than holomorphic
(see Section 2.1 for a precise definition). If F' has poles in H it is called polar harmonic
weak Maass form.

Harmonic weak Maass forms are inherently connected to deep number-theoretic ques-
tions. A beautiful example is Zwegers’ work [34] who showed that Ramanujan’s mock
theta functions are holomorphic parts of harmonic weak Maass forms. Such functions are
also called mock modular forms [33]. Harmonic weak Maass forms also appear promi-
nently in the Kudla program and numerous other places in mathematics.

The &-operator

& = —2iF =, T=u+iv,
oT
plays a crucial role in relating the theory of classical modular forms to harmonic weak
Maass forms. It defines a surjective map from the space Hj of harmonic weak Maass
forms of weight k to the space Sy_j of cusp forms of weight 2 — k. The image under
the &-operator is called the shadow of the corresponding harmonic weak Maass form. In
particular, there are infinitely many preimages in the space Hj for any given cusp form in
So_k, yet they are surprisingly difficult to construct. The quest for distinguished preim-
ages under the -operator is a fundamental question, and as cusp forms are omnipresent
in number theory, the construction of distinguished preimages offers new routes to tackle
related problems. For instance, [11, Theorem 1.4] provides an equivalent formulation of
Lehmer’s famous conjecture on the non-vanishing of Ramanujan’s 7-function, defined by

A(r) =Y 7(n Hl—q

n=1

in terms of the transcendence of the Fourier coefficients of a suitable preimage of A
under &.

A further remarkable application of finding distinguished preimages is to the theory
of special values of L-functions. Bruinier and Ono [10] gave a vanishing criterion for both
the special values of the L-functions L(Ey, 1) of quadratic twists of rational elliptic curves
Eg4, as well as their derivatives L'(E4,1). The criterion for the vanishing of the central
value is based on results of Kohnen and Zagier [22] and Waldspurger [31]. The vanishing
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of the central derivative is related to the rationality of the Fourier coefficient of a half-
integral weight harmonic weak Maass form. In joint work with Griffin, Ono, and Rolen
[1] the first author constructed these half-integral weight forms explicitly by defining a
distinguished preimage under the &-operator of the weight 2 cusp form associated to the
elliptic curve E4 via the modularity theorem. To obtain a half-integral weight form they
consider a theta lifting of this preimage. This approach has the advantage that all forms
can be computed explicitly.

Such a non-vanishing criterion is expected to hold in the much more difficult setting
of modular forms of weight k£ > 2 as well. Geometrically this case is far more involved
as one leaves the world of algebraic varieties when replacing elliptic curves by Kuga-
Sato varieties. Our result can be seen as a first step towards an explicit construction of
the half-integral weight harmonic weak Maass forms in this case complementing recent
results of Bruinier, Schwagenscheidt, and the first author [2] who partly generalized the
original approach of Bruinier and Ono.

There are various approaches to the problem of finding good £ preimages: Bruinier
[14] and Bringmann and Ono [9] showed that certain real-analytic Poincaré series, orig-
inally introduced by Niebur [26], map to the classical exponential type Poincaré series
of dual weight under the -operator, provided that they converge, e.g. when the weight
is negative. The coefficients of cuspidal Poincaré series are however not easy to handle,
both practically and theoretically.

Another approach to the problem uses the non-holomorphic Fichler integral

for a cusp form g of weight 2 — k, as proposed and used first in work by Andrews,
Rhoades, and Zwegers [3] as well as Dabholkar, Murthy, and Zagier [17]. Using a suit-
able auxiliary holomorphic cusp form h and holomorphic projection, they construct a
harmonic weak Maass form F(7) of weight k such that £ F = cg for some constant c.
This approach is particularly well-suited when g is a unary theta function, since then the
Fourier coefficients of the holomorphic projection can be evaluated explicitly (see also
[25,24]).

Recently, Ehlen, Li, and Schwagenscheidt [19] gave an explicit procedure to find a good
preimage of a CM modular form, i.e. a newform which is invariant under twisting by a
quadratic character (see e.g. [16, Definition 13.3.24]), using a certain theta lift. It is known
from previous work by Bruinier, Ono, and Rhoades [11] that such good preimages always
exist and in particular that their holomorphic parts have algebraic Fourier coefficients
at oo. Using their explicit construction, Ehlen, Li, and Schwagenscheidt could pinpoint
the exact algebraic number field containing these Fourier coefficients.

In this work we focus on the geometric approach and generalize the above mentioned
work of Griffin, Ono, Rolen, and the first author [1]. They construct harmonic weak
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Maass forms whose shadows are given by newforms of weight 2 with rational coefficients,
generalizing previous work by Guerzhoy [20].

Let E be an elliptic curve defined over Q and let G be the corresponding newform of
weight 2 for a congruence subgroup I'g(N) of SLy(Z) via the modularity theorem. Over
C, E is isomorphic to a torus C/Ag, with the isomorphism given by

0 (2)° = 4p(2)* — gap(2) + g3,

where p is the Weierstrass p-function for the lattice Ag, and g, g3 are the normalized
Eisenstein series for the lattice Ag.
The Weierstrass ¢-function

gAE(z):%Jr - (Ziw+i+§), (1.1)

weAp\{0}

is not itself invariant under shifts by lattice points, but has a well-known non-analytic
completion C} (z) which is indeed invariant under Ag. This completion allows one to
construct a canonical preimage Zg of the modular form Gg under the operator &, by
taking

Zp(1) = (A, (Ea(7)),

where Ep(7) = [ Gp(t)dt is the holomorphic Eichler integral. The error to modularity
of the Eichler integral is determined by the lattice, i.e. Eg(y7) = Ep(7)+w, for v € To(N)
and for some w € Ag, giving the I'g(IV)-invariance of Zg(7). We recall the details of this
construction in Section 3.

These preimages Zp can be computed very efficiently and are also of theoretical
interest. In [1], they were used to obtain a criterion for the vanishing of critical L-
derivatives of quadratic twists of E. Another application in the context of vertex operator
algebras can be found in [8].

In the current work we generalize the above construction to newforms f with ratio-
nal Fourier coefficients of weight k > 2, for a congruence subgroup I' C SLy(Z), with
I'1(N) C T for some integer N. Our construction involves vector-valued forms. For sim-
plicity we restrict to the easiest case in the introduction and focus on describing the
central ideas of our work.

We start by noting that a modular form f of weight £ > 2 gives a vector-valued
modular form G : H — Sym*~2(C?) of weight 2 by taking

G(r) = cf(r)(Te1 +e2)" 2, (1.2)

where (e1, e2) is a fixed basis of C2 and Sym”*~2(C?) is the (k—2)-th symmetric power of
C?, which can be realized as the space of homogeneous polynomials in e; and es of degree
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k — 2, and c is a constant. Note that this construction of vector-valued modular forms
goes back to classic work of Kuga and Shimura [21]. For further details, see Section 2.3.
The construction involves two central elements: a vector-valued generalization of the
Weierstrass (-function Z and the polynomial Eichler integral &£y.
In the simplest case (see Section 6), we define the multivariable function ¢ : H x
Ck=1 5 Sym"~2(C?) by

k—2
((r,2) = Z (AT(zj)cje]l-(zg*Q*j, ¢ = (k B 2), AN =Z+Zr, (1.3)

i=0 J
where 7 € H and z = (20, ..., 2x_2) € C*~1. It has a natural completion
k—2
~ P k—2-j
((r2) = Ch(z)eiefes 77, (1.4)
=0

where (} is the completion of the classical Weierstrass (-function. Our first main result

is the general construction of Jacobi—Weierstrass (-functions E .

Theorem 1.1. The function Z is a (non-holomorphic) Jacobi form of weight 1 and index
0, invariant under the lattice k=1

To construct the higher degree generalization Z of the completed Weierstrass (-
function we follow Rolen [29]. The key point is to write the {-function as the logarithmic
derivative of the Weierstrass o-function which in turn is essentially given by a multiple
of Jacobi’s theta function. This definition of the o-function can be generalized to higher
degree by giving an analogous construction using a Jacobi theta function of lattice index.
Replacing the logarithmic derivative by a suitable weight raising operator we obtain the
Jacobi-Weierstrass (-function.

We then use the Jacobi—Weierstrass (-function to construct the natural preimages of
a cusp form f of weight k, by evaluating the Weierstrass (-function at the polynomial
Eichler integral £ : H x SLy(Z) — Sym*~?(C?),

E5(r, (X1, X)) = / FONEX, + Xo)F2dt, (1.5)

forr€ Hand M = (‘; Z) € SLy(Z), where (X1,X2) = (e1,e2)M is the change of basis
of C2.

To realize this, we first extend the Jacobi—Weierstrass (-function to include a possible
change of basis for the space C2, given by M = (‘; Z) € SLy(Z), as follows

k—2

Cu(mz) =D G (z)XIX5 777, (X1, Xa) = (e1,e2) M. (1.6)
=0
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This gives the vector-valued Jacobi form ¢ : H x CF=1x SLy(Z) — Sym"~%(C?) where we
write Z(’T, z, M) = E]\/[(T, z). Fixing further the standard basis of C2, we take the natural
isomorphism Symk_Q((C2) ~ C*~1 which gives us the most general Jacobi-Weierstrass
function ¢ : H x Sym*2(C?) x SLy(Z) — Sym”*~2(C?). This form was carefully defined
to account for the various actions of the subgroup I' on the upper-half plane H and
Sym”*~%(C?2) (compare Section 5).

Finally, we define the vector-valued form F : H x SLy(Z) — Sym*~2(C?2) by taking

F(TaM) :EM(Aﬂgf(T, (elaeQ)M_l))a (17)

where Ay is the lattice corresponding to f (see Section 2.4, in particular Remark 2.3).
We note that F' can also be written as a vector-valued form F : H — V| valued in the
infinite-dimensional vector space V' = Functions {SLQ (Z) — Symk_z((C2)}, by sending
F(7) to the function M — F(7,M) in V.
The main result of the paper is the following:

Theorem 1.2. The function F' : H — V is a vector-valued polar harmonic weak Maass
form of weight 0 for ', whose image under & is given by

211,
G(T) = =—— k=2,
(") = Gorgay e €2
Note that in the case of kK = 2 the functions we obtain through our construction are
in fact constant in the SLy(Z)-variable, therefore we recover the results from [1]. The
poles of F' are explicitly computed in Proposition 6.3.

Remark 1.3. The naive approach of fixing a basis (e1,e3) of C2? and plugging in the
Eichler integral directly ((Ay, E7(7, (e1,e2))) loses the I'-invariance. In general we do not
have a compatibility between the action of Sym”~2(C2) on the outside and on the inside,

meaning that

C(Ap &r (7 (er,2)) # 7 C(Ag, & (77, (e1,€2))) -

By controlling the change of basis with the extra variable M € SLo(Z) we insure the
T'-invariance of the vector-valued form F'.

The paper is organized as follows. In Section 2 we introduce the notion of harmonic
weak Maass forms, give the necessary background on representation theory, and in-
troduce the vector-valued Eichler integral. In Section 3 we review the construction of
Weierstrass harmonic weak Maass forms in the case of weight 2. The generalization to
higher degree of the completed Weierstrass (-function is given in Section 4. Section 5 con-
tains our main result, namely the construction of the vector-valued Jacobi—Weierstrass
harmonic weak Maass form F': H — V. In Section 6 we compute the Laurent expansion
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of the Jacobi—Weierstrass (-function and the poles of the polar harmonic weak Maass
form F'. In Section 7 we provide two examples of our construction.

Acknowledgements

We thank Jan Bruinier, Charlotte Dombrowsky and the referees for comments on the
manuscript.

2. Preliminaries

Throughout this paper we let ' be a congruence subgroup of SLo(Z) such that
'y (N) C T for some positive integer N, and I'y (N) = {y € SL2(Z) : v = ((1J 1) mod N}.
We call f a newform for T if it is a newform (see below) for T'y (IV).

2.1. Harmonic weak Maass forms

By Mp,(R) we denote the metaplectic group consisting of pairs (v, ¢), where v =
(‘Z g) € SL2(R) and ¢ : H — C is a holomorphic function with ¢(7)? = er + d. We let
Mp,(Z) be the inverse image of SLo(Z) under the covering map Mp,(R) — SLa(R).

A twice continuously differentiable function F' : H — C is called a harmonic weak
Maass form of weight k € 37 for Mp,(Z) if it satisfies

1. ARF =0, where Ay = —v? (86_:2 + 5)1—)22) + ikv (8% + i%) is the hyperbolic weight k
Laplace operator and we write 7 = u + iv € H.

2. P()|(7,6) i= 6(r) 2 F(37) = F(7) for (7,6) € Mpy(Z).

3. There is a Fourier polynomial Pr(7) = > _,a™(n)¢", called the principal part of
F', such that -

F(r) = Pp(t) = O(e™"")
as v — 0o, uniformly in u, for some £ > 0. A similar conditions holds at all cusps.

We define harmonic weak Maass forms of integral weight & € Z transforming with
respect to the group I' accordingly. The space of harmonic weak Maass forms of weight
k with respect to I' is denoted by Hy(T'). If F has poles on H it is called polar harmonic
weak Maass form. A harmonic Maass form which is holomorphic on H is called a weakly
holomorphic modular form, the space of such forms is denoted by M} (T'). Among these
functions, (holomorphic) modular forms are those which remain bounded approaching
the cusps of I and if they even vanish at all cusps, we refer to them as cusp forms.
The spaces of these forms are denoted by My (T') and Si(T'). Finally, a newform of
level N is a cusp form f € Si(I'1(IV)) which is an eigenform under all Hecke operators
(essentially this means that their Fourier coefficients are multiplicative) and orthogonal
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to all oldforms, i.e. the space generated by all forms f(dr) with f € S,(T'1(M)), M | N
and d | (N/M).

For further background on harmonic Maass forms, we refer the reader to [6,27,33]
and the references therein. For background on (classical) modular forms, the reader may
consult for instance [16,18,23] or a vast number of further textbooks on the subject.

2.2. The Jacobi theta function

Let L ~ Z9 be an even lattice with positive definite inner product defined through
(v,w) := v!Gw, where G, is the Gram matrix of L, a symmetric matrix with integer
entries and even entries on the diagonal, and let V = L ® C ~ C9 with quadratic form

Q) = (v,v) /2.
Definition 2.1. Let 7 € H and z € C9. We define the Jacobi theta function by

0(7_’ Z) — Z em([,l)'re%ri(f,z).
LeL

The following two transformation properties of (7, z) are well-known

O(1, 2+ mr +n) = e "T(MMT2m(ZMg(2 2) o n € 79, (2.1)

0(r+1,z)=06(r,z2). (2.2)

Under the additional assumption that L is unimodular, see e.g. [12], it follows from
Poisson summation that

0 (—1, f) = (r/i)?227 % (7, ). (2.3)

These functional equations imply that 6(7, z) is a Jacobi form of weight ¢/2 and index
1G in the sense of [7] for the full Jacobi group SLa(Z) x (Z9)?. If L is not unimodular,
(r, z) is a Jacobi form for some suitable congruence subgroup Jz = I'z, x (Z9)? of the
full Jacobi group (compare [12, Corollary 3.34, 3.35]).

We follow Bécherer—Kohnen [7] and define the slash operator by

(Glom A) (7, 2) ::¢<a7+b z+m¢+n)( T’—&-d)*%

cr+d cr+d

eQﬂim(—cW-&-(m,m)f-&-Q(m,z))

b

where A = [((‘ZZ) Ver+d), (m,n)] € Mpy(Z) x (Z9) and k,m € iZ. Then the
condition that 6 is a Jacobi form for the Jacobi subgroup Jr, is equivalent to

9‘9/2’1/214 =0, forAeJr. (2.4)
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As in [13] we now define a weight raising operator for Jacobi forms by

0 Im((Grz);)
Yg/2,1/2L - ) 2\ L<)5) 9.5
s 9z T Tm(r) (25)
where z = (z1,...,24) € C9. As we will show in Proposition 4.6, we have
2,1/2L 2,1/2L
Yf,/zj /2y = (Yf,/zj / O)lg/211,1/24 (2.6)

for A = [((’Z Z) ,\/cr—f—d) ,(m,n)] € Jr and k € %Z.
2.3. A little bit of representation theory

We let W (= C?) be the standard complex representation of SLa(Z) and let (, ) be the
usual symplectic form on W with standard basis eq, es. This defines an integral structure
on W. We let W,,, = Sym™ W be the irreducible representation of dimension m + 1 of

J ,m=j
162
with respect to the standard rationally split torus S = { (

with corresponding weight j

(tthl) : t € R}. Here we write

highest weight m. Weight vectors are (multiples of) e

vF for the symmetric tensor veve .- euv.

Note that W, is self-dual, i.e. W,,, ~ W}, where the isomorphism is induced by the
symplectic form on W. We will not distinguish between W, and W,.

The action of SLy(Z) on Wj_o = Sym*~2(C?) is given by acting on the basis on C2,
ie.

Mo (er,e2) == (e1 €)M = (aey+cey bey+dey), for M = (") € SLy(Z).

We recall the usual action of SLy(Z) of the upper-half plane H by fractional linear
transformations M1 = ‘Cf—jrrg for M = (‘C’ Z) € SLy(Z). Moreover, we denote by j(M,7) =
¢t + d the factor of automorphy.

We then have

M= o ((M7)ey 4 e2)*72 = j(M,7)*> *(rey + ez)* 2 (2.7)

for M € SLy(Z).
For a modular form f of weight & for the congruence subgroup I', this directly implies
that the holomorphic 1-form on H given by

ny = f(r)dr ® (Te1 + 62>k_2

satisfies y~! o ng(y7) = ns(7) for v € I
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2.4. FEichler integrals

Throughout this section let f be a cusp form of weight k for some finite index subgroup
T of SLy(Z) and let (X7, X5) be a basis for W. We define the FEichler integral of f by

Er(m, (X1, X)) = /f(t)(tX1 + Xo)k2at. (2.8)

It defines a function & : H x SLy(Z) — Sym*~2(C?), where the basis (X, X2) above
corresponds to a matrix M € SLy(Z) such that (X1, Xs) = M o (e1, e2). Note that we
recover the usual (scalar-valued) Eichler integral by identifying W,, with the space of
homogeneous polynomials of degree m in two variables X,Y and by replacing X; by 1
and Xy by 7.

For v € T we consider

Er(yr " o (X1, X)) /f o (X, + Xo)V %] dt, 5 € T.

Lemma 2.2. Let f be a cusp form of weight k for I', we have

k—2 oo
k—2 _o_
£t o (1, X2) = & (6 x0) - 3 () ) xixs [ o
£=0 1
¥
for v €T and (X1, X2) a basis of C2.
Proof. Identity (2.7) implies
gf(’j/T,’}/ Lo Xl,XQ /f tXl +X2)k 2] dt
/ FO) (X + Xo)F2dt.
We split the integral
1OO
/ f tXl + Xz)k th /f tX1 + Xg)k Zdt — / f tXl + Xz)k 2dt

v~ 1loo

and use the binomial expansion to obtain the result. O
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We now recall some facts about modular symbols. Further details and background may
be found for instance in Chapters 8 and 10 in [30]. Let M}, denote the module of modular
symbols, i.e. the Z-module generated by symbols P{a, 8}, where P € Z[X,Y];_2 is a
homogeneous polynomial of degree k — 2 with integer coefficients and «, 8 € P}(Q) are
cusps, modulo the relations obtained from

{a, B}y +{B,7} +{7,a} =0

and all torsion. The group I' acts from the left on modular symbols by combining the
usual action on P1(Q) via Mobius transformations and on homogeneous polynomials
defined by

((“2),P) > P(dX —bY,—cX +aY).

We denote by M(T") the module of modular symbols modulo all torsion and all relations
obtained from = — 7.z where € My, and v € T'. Every cusp form f € Si(T") defines a
pairing

B
By MAD) > €, (FPlas)) - [ P Dt (2.9)
which is consistent with the action of Hecke operators. If f is a normalized newform with

integral coefficients, then the image ®(M(T")) is a lattice Ay in C.

Remark 2.3. We write
Er(r, (X1, X2)) 254 (M) X{xE=274 (2.10)

with ¢, = (k_ ) and & ¢(T f f(t)ttdt. If f has integral coefficients, the considera-
tions above imply that

5g’f(’y7')—5g7f(7‘) EAf. (2.11)

For k =2 and I' = T'o(NN), the lattice As coincides with the period lattice of the rational
elliptic curve associated to f.

We now choose the basis {¢, X{ X5 2 “}o<s<p_o of Sym*~2(C?). In these coordinates
the Eichler integral is given as

Ep(r, (X1, X2)) = (0,7 (T), -+ Ek—2,7(T)) (x1,X2)- (2.12)

For later convenience, we reformulate Lemma 2.2 in a slightly different fashion.
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Lemma 2.4. The Eichler integral (T, (X1, X2)) is A]Jffl-invam'ant under the T'-action,
meaning that for v € I' we have

(€057 €2t (V) y10(x1,x2) = (€07 () -5 Ek2, (7)) (X1, x0) T,
with w = (Ao, ..., Ak—1)(x,,x,) and each \; € Ay.
A straightforward computation gives the Fourier expansion of the coefficients £ (7).

Lemma 2.5. For a cusp form f € Si(I') with a Fourier expansion f(7) = > anq™ we
n>1
have
‘

o i\
tedt — | =— t=J "
Erelr /f 27m jz::O (&= (27rn> 4 ¢

As is also apparent directly from the definition, £y, is not 1-periodic except when
£ = 0. In general the Fourier coeflicients of £ ¢ are polynomials in 7.

2.5. Change of basis

We note that each basis (X7, X2) of C? gives rise to a basis
e X X270 ycr_o of SymFT2(C2). Let z = 20, - 2h—2) € CF1. We write
{ee X1 X5 << ¥
k—2
(2)ixx0) = (20, 201 ix, x) = D 20Ce X{ X577 (2.13)
=0

for the corresponding element in Sym*~2(C?2). Then the action of SLy(Z) is given by

M O( )(51762) = (Z)g\/[o(el,eg)'

This gives a change of basis from the standard basis {csefes ™ }o<p<i_o of Sym*~2(C?)
to the basis {C@XfX§_2_e}0§g§k_2, where (X1, X3) = M o (e1,e2). We describe this
change of basis explicitly.

Lemma 2.6. Let M = ( ) € SLy(Z). Then

(z)g\/fo(el,eg) = N(M)(Z)Eehez)

for a matrix N(M) € GLx_1(Z), whose entries (Ne)o<e,i<k—2 are given by

N (k—2—-2¢0\ ., . , . )
NZt _ Z <Z) < iy )azct—zbé—zdk—Q—t—é—i—z'

0<i<t
0<l—i<k—2—t
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Proof. We note that

k—2

(2)Mo(er,en) = Z zecy(aer + ces)t(bey + deg) =271,
=0

By using the binomial theorem twice and rearranging the sums we obtain the stated
formula.

The claim that N(M) € GLy_1(Z) follows easily from the properties mentioned in
Remark 2.7 below: for each M € SLy(Z), N(M) has all integer entries and it is a group
homomorphism, which implies that N(M)~! = N(M~!) has integer entries as well,
proving the claim. O

We note that this formula is already contained in classical work by Kuga-Shimura
from the late 1950’s [21].

Remark 2.7. For M, My, My € SLy(Z) and the notation as in Lemma 2.6, we note the
following properties

N(M;My) = N(M3)N (M),
N(M)' = N(M")
NM)™ ' =NM).

)

Since N(M) € GLy_1(Z) by Lemma 2.6 we immediately obtain the following obser-
vation.

Lemma 2.8. Let M € SLa(Z) and the notation be as in Lemma 2.6. Then we have
k=1 _ pk—1
N(M)Af =N
Here, we view an element of A’;ﬁfl as a column vector.
3. Weierstrass mock modular forms

We recall the classical construction of Weierstrass mock modular forms of Guerzhoy
[20] and Alfes—Griffin-Ono—Rolen [1].

3.1. The completed Weierstrass (-function

In this section we review Rolen’s [29] construction of Eisenstein’s completion of the
Weierstrass (-function.
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We let A, = Z+Z for 7 € H and define for z € C the classical Weierstrass o-function
z z z
UAT(Z):Z H (1—;)8){})(;—‘{-@)
weA,\{0}

Its logarithmic derivative is the Weierstrass -function

%UAT (2)
on, (2)

Ca.(2) =

Moreover, we need the following classical identity (cf. Theorem 3.9 of [28]) relating the
Weierstrass o-function to the standard Jacobi theta function

22
9(r,2) = —2mn(1)? exp (%) oa. (2). (3.1)

Here, 9(7, 2) is a Jacobi form of weight 1/2 and index 1/2 given by

19(7_’2): Z eﬂ'inz‘r+27rin(z+%)7
nG%—Q—Z

11 is the quasi-period defined by
m =m(r) =qa, (z+1) = (a, (2),
and 7(7) = ¢/ [[>°, (1 — ¢") is the Dedekind n-function.

Then we find that

=(a (2) —m2.

As (7, 2) is a holomorphic function in z, one may consider its derivative. However, this
is no longer a Jacobi form. We therefore replace the derivative % by the canonical raising

11
operator Y,>'? on Jacobi forms and apply it to the Jacobi theta function

Im(z)
Im(7)

Iy
=

(I(r,2)) = %19(77 z) + 2mi I, 2),

which then is a Jacobi form of weight 3/2 and index 1/2 (compare Section 2.2). Consid-
ering the corresponding analogue of the logarithmic derivative we obtain

27mi Im(2)

W :CAT(Z)—nlz‘f'W, (32)
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which is a real-analytic Jacobi form of weight 1 and index 0. In particular, it is an elliptic
function in z. Using the relation G2 = n; for the weight 2 Eisenstein series, normalized
to have constant term 2¢(2), one can show that the function

z

Ca, (2) = (A, (2) — 2G5(T) — " im(r)

is a doubly-periodic function with respect to the lattice A,. Here, G5(7) = Ga(7) —
7/ Im(7) is the non-holomorphic completion of the weight 2 Eisenstein series.
We note that

Im(7) = Vol(A,).
3.2. Weierstrass mock modular forms

The completed Weierstrass (-function can be used to produce harmonic weak Maass
forms of weight 0. We let f be a newform of weight 2 for I'g(/N) with rational Fourier
coefficients. In the notation of Section 2.4, Ay is the associated lattice and E¢(1) =
) afT(")q” is the Eichler integral of f(7) =Y ", ay(n)q™. In particular, we have

Er(yr) = E4(T) +w, w e Ay,
for v € T'o(N). We then define the Weierstrass form by

Zs(1) = G, (Er(7))-
The following theorem was proven in [20] and [1].

Theorem 3.1. Assume the notation and hypotheses above. The following are true:

1. The poles of the holomorphic part Z;{(T) of Z¢(7) are precisely those points for which
Sf (T) € Af.

2. If Z;_(T) has poles in H, then there is a canonical modular function My(T) with
algebraic coefficients on To(N) for which Z}" (1) — My (7) is holomorphic on H.

3. The function Zy(t) — Ms(7) is a harmonic weak Maass form of weight 0 on I'g(N).

4. We have that

211

fo(Zf(T)) = *Wf(ﬂ-

4. Vector-valued Jacobi—Weierstrass forms

We first construct the Jacobi—Weierstrass (-function in Section 4.1, which is a higher
degree analogue of the Weierstrass (-function. In Section 4.2 we construct its completion
based on Rolen’s approach and in Section 4.3 we define a vector-valued analogue.
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4.1. Elliptic functions of higher degree

Generalizing (3.1) we define a higher degree analogue of the Weierstrass o-function.
We let A, =Z + Z7 for 7 € H.

Definition 4.1. Let z € CY9. We define the Jacobi—Weierstrass o-function by
oa (z) = e “DRE)Y(7, 2), (4.1)

where u(7) is a function in 7. The function u(7) will define the quasi-periods with respect
to the j-th coordinate (see (4.7) below).

Note that for ¢ = 1 the above definition differs from the classical definition of the
Weierstrass o-function by a (non-zero) constant factor depending on the lattice. This is
however of no further importance here.

Let m,n € Z9. Using the properties of the Jacobi theta function from (2.1), we
directly see that

oA (Z +mr+ ’I’L) _ e—u(r)(Q(z—}-m‘r—i—n)—Q(z))e—‘n’ir(m,m)e—27ri(z,m)o_A (Z), (42)
for m,n € Z9. We now define higher degree analogues of the - and (-function.

Definition 4.2. Let z € C9. We define the Jacobi—Weierstrass {-function by

0 .
Carj(2) = g—logon, (2), 1< j <9, (4.3)
Zj

and the Jacobi—Weierstrass p-function by

0 .
©ji(2) = oA, ji(2) = gCAT,j(Z% 1<i,j<g. (4.4)

We first show that p;; is invariant under the lattice AY.

Lemma 4.3. For 1 <1i,j < g, the Jacobi—-Weierstrass p-function g;; is Ad-invariant, i.e.
it holds that

pji(T, 2+ m7 +n) = ;i(1,2), (4.5)
form,m € Z9.

Proof. Let m = (my,...,my), n = (n1,...,ny) € Z9. Using the transformation proper-
ties of the higher degree o-function (compare (4.2)) we see that
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9 )
(8—2],0AT> (z+m7+n) B (a_zjoAr) (z) .
o cimrin) - on(z) + (—u(r)(Gr(mt +n)); — 2mi(Grm);),

where, as earlier (see Section 2.2), G, denotes the Gram matrix of the lattice L used to
define the theta series. This implies that

A j(z+mr4+n) —(a, i (2) = —u(T)(Gr(mT +n)); — 2mi(Grm);. (4.6)

The right hand side of the equation above is independent of z and depends only on the
lattice, thus

0 0
8727;(/\,”]‘(2 +mT + n) — aﬁ@CAﬂj(Z) =0.
This implies the desired invariance of p;;. O

The independence of z of the difference in (4.6) justifies the following definition.

Definition 4.4. For 1 <[, j < g, we define the quasi-periods to be

Ni11(7) = Ca, j(z +e1) = (a, 5(2) = 0,if j # 1,
N5 (7) = (A, (2 + €5) — Ca, ,5(2) = —u(7). (4.7)

Here, e; € Z9 denotes the i-th unit vector.

Remark 4.5. This generalizes the definition of the quasi-periods in the classical setting,
where we have

m(T) =Ca, (2 +1) = (s, (2).
4.2. The completion of the Jacobi—Weierstrass (-function

In this section we complete the Jacobi—Weierstrass (-function such that it is lattice
invariant. This generalizes the construction in (3.2). Let A, = Z + Z7 for 7 € H. We
define

(V{212 g)(r, 2)
o(r, z)

¢ () = Gy (2) = zece. (48)
Proposition 4.6. The function ¢, (z) is a (non-holomorphic) Jacobi form of weight 1 and

index 0 for the Jacobi subgroup Ji (see Section 2.2). In particular, (Z (2) is invariant
under the lattice AY.
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Proof. We first note that to show that (Z (z) is a Jacobi form of weight 1, it is enough
to show the identity (2.6). To check that ¢, (z) is elliptic, we first compute the partial
derivative 8%]- of (2.1), namely

(550) (2 mr ) = e mrtmmicmtem) (g 7,2

77r7l7‘(m,m)€727ri(z,m)0(

—2mi(Grm)je T, 2).

Adding 2m: (Im(GL(IZH-&:';T+")))" e~ miT(mm) g=2mi(z,m) g (- 2 and using that 7Im(cﬁy(':;+")) =

Grpm, we get
(YI2A2R0)(r 2 + mr + m) = e minlmam) = 2miGem) (y g 2ARLg - 2y (4.9)
Dividing by 0(7, z + m7 + n) = e~ ™7 (MmM)=2m(Zm)) (1 2) we obtain

(YI2V2h ) (r 2+ mr+m)  (YP2VPR0)(r, 2)

O(t,z +m7 +n) o 0(t, z) ’

which finishes the proof that ¢, (z) is elliptic.

Now we compute the action under the matrix B = [(‘; Z) ,ver +d] € Jp. It is enough

to show identity (2.6), which is equivalent to showing

—a/2—1 —miclz:= +b =z 2,1/2L
d)—9/2-1 TrzciTJﬂ)i Y9/211/2L9 ar _ YQ/ ) 0
(CT + ) e ( +,2; ) or + d7 or + d +,z; )

We compute the two components of the action of Yf/fj’l/zL =2+ ZWi%ff)j. The
’ J

transformation property (2.4) implies that

0 ar +b z
cr+d er+d

> = (cT + d)9/2emc% 0(t, 2).
We differentiate and obtain

0 at + b z ‘ )
(azjﬂ> (CT-‘rd’ CT+d> = (er + d)9/227TZC(GLz)j@ ta (T, 2)

+ (T + d)g/2+1eﬂcgf; (ie> (1,2).
3zj

Multiplying by (c7 + d)*g/zfleﬂm% yields

2mic(Grz),(cr +d)~10(r, z) + <%9) (1,2). (4.10)
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For the second part, we have to multiply the term

ar +b z

d —g/2—1 7wic%9
(er +d) c cr+d er+d

) = (cr +d)10(r, 2)

by 27i(Im M)/(Im atby — (e + d)M —¢(Grz);j, resulting in

cT+d cT+d Im
I .
QMMMT,,Z) —2mic(Grz);(er +d)~HO(7, 2). (4.11)
mr

Adding (4.10) and (4.11) we get Yf’/ZQJ_’l/2L9, as desired. This finishes the proof. O

We obtain a similar description of the completed Jacobi—Weierstrass (-function as in
the degree 1 case.

Lemma 4.7. The completed Jacobi—Weierstrass -function can be written as

(G, (1 2) = Car (=) —u(r)z; + 2“%.

9/2,1/2L
Y"F;Zj

Proof. Using the definition of the weight raising operator we find

(2502 GEOT2) | m((Grz)y)

07, 2) T T 0mz) " Imny)

In order to compute the logarithmic derivative of the Jacobi theta-function, we note that

0 0
v — —u(m)Q(=) [ < . —u(7)Q(2)
o op.(2) =c(T)e <azj 9) (1,2) — zju(T)c(r)e 0(t, z),

which implies

0 0

0z OA, (Z) _ efu(T)Q(Z) (sz 9) (7-7 Z) _ -u(T)eiu(T)Q(Z) 9(7’, Z)

J
o () o(r.2)

~—

(1,2

Q

Thus, using the definition (4.1) of the Jacobi-Weierstrass o-function, we find

0z
0(r, z)

2 _0(r, z)
—L—— =5, j(2) +zu(r). O (4.12)

4.3. Vector-valued Jacobi—Weierstrass forms

We now fix ¢ = k — 2 and introduce vector-valued Jacobi—Weierstrass forms. Let
z € C*! and M € SLy(Z). Let (e1,es) denote the standard basis of C2. We recall
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the notation from Section 2.5 and write (2)(c, e,) for the element in Sym*~2(C?) corre-
sponding to z.

Definition 4.8. Let the notation be as above. We define the vector-valued Jacobi—
Weierstrass form by

(C (Xl,Xz) ZC CJXfX;C_Z_j

with ¢; = (kf) as before, and (X1, X3) = M o (eg, e3).

Under the isomorphism CF~1 ~ Symk_l((CQ) coming from the standard basis, we
can write (s as Zz(( )(61762))(X17X2) It defines a function ¢ : Sym"~ 2(C?) x SLy(Z) —
Symk_2((C2), where ((( erea), M) = Cz(( Z)(e1,e5)) Mo(er,e5)- 1N the definition we sup-
pressed the dependence on the lattice A, = Z + Z7, 7 € H. Fixing a basis (X1, X3), we
have the following result that is an immediate consequence of Proposition 4.6

Theorem 4.9. The function (Zz)(XhX?) is a (non-holomorphic) Jacobi form of weight 1
and index 0, invariant under the lattice AF~1.

Remark 4.10. Note that there are two sets of coordinates involved in the definition of
the Jacobi-Weierstrass form. First we have the element in Sym”~?(C?) corresponding to
z € C*2 in terms of the standard basis. Second, the Jacobi-Weierstrass function itself

is an element of Sym*~2(C?) in terms of the basis (X1, X2).

We now consider directional derivatives of the Jacobi—Weierstrass form. Recall that

E 0 _k—2—1¢
(81 82) 24046162 .

We then define the directional derivative in the direction N(M)(z) by

(e1,e2)

: () — 0T 2)
D). 0(r.z)

Here, N(M) is the matrix defined in Lemma 2.6 and we write (N (M)z); for the i*? term
in the vector N(M)z. We consider the global Jacobi-Weierstrass (-function

(Car-1(2)) ey e0) = ZC N2y (2)eeeies 27, (4.13)

as well as the global completed Jacobi-Weierstrass (-function
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(G2 )<e1 ) _ZC(N(M)Z)Z (z)ceetes > (4.14)

We occasionally use the notation (n(ar). and ZN( M)z When we want to emphasize the

indices. To shorten notation we will also write EM—l(Z) for (EM—l(Z)) : in some
€1,€2
places.

We note that in this notation (. (z) = ¢ 14(2) and we show that the global directional
derivative corresponds to a change of coordinates of (.

Lemma 4.11. For M € SLy(Z), z € C*1 and (X1, X2) a basis of C2, we have

(EM(Z))(XhXQ) = (ZZ(Z))NIO(X17X2).

Proof. We first consider the non-completed version of Definition 4.8, i.e.

(Car(2)) (x,,55) ZC(N(M 12y, (2) e X1 X520

By definition this equals (in vector notation)

1 9 d ’
9(7‘, z) <8(N(M_1)Z)o 0(7—7 z)’ Y 3(N(M_1)Z)k72 0(7’ Z)> (X1,X2) '

A short calculation using multivariable calculus yields

Therefore, we have

(CM(Z))(XMX” = N(M) (Cz(z))(xl,Xz) :

Plugging this into the completion of the Jacobi—Weierstrass function yields the desired
result. O

5. Vector-valued Jacobi—Weierstrass as polar harmonic weak Maass forms

In this section we define the higher weight analogue of Weierstrass harmonic weak
Maass forms. Throughout, we let f be a newform of weight k for I' with rational
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Fourier coefficients, with I'y (V) C T' for some integer N. We will use the Eichler in-
tegral £¢(7, (X1, X2)) and the lattice Ay associated to f from Section 2.4.
By V' we denote the infinite-dimensional vector space

V = Functions{SLy(Z) — Sym"~2(C?)}.
The action of I on V is given by

p(Y)F(M) =~o F(y ' M), (5.1)

where v € T'. Here T acts on SLy(Z) by matrix multiplication and on Sym*~2(C?) by
acting on the basis as described in Section 2.5.

Definition 5.1. Let 7 € H and M € SL2(Z). We define the wvector-valued Jacobi-
Weierstrass form by

F(r) = [M = (Qu(E(r M o (er,e2))er,e) |- (5.2)
We write
F(Ta M) = EM(Afv 5f(7—7 Mo (617 62)))(61,62)7
for the image of F in Symk_z((C2) and drop the dependence on Ay in the definition of Z .

Remark 5.2. The function F depends on the chosen basis of Sym”*~2(C2) in two places.
We note two important changes of coordinates. By Lemma 4.11 we see

F(r,M) = (@ (& (T,M‘lo(el,eg)))) . (5.3)
Mo(eq,e2)
This can also be taken as the definition of the function F'(7, M).
Moreover, we have a second change of coordinates inside the function given by chang-

ing the basis for the Eichler integral. As by definition we have &y (’7’, M=o (e, 62)) =
N(M~YEs(T, (e1,€2)) it follows that

F(r, M) = (G (NM)E (7 (en,e2))) (5.4)

(e1,e2)
We now prove that F' defines a vector-valued polar harmonic weak Maass form of

weight 0 that maps to f with values in a coefficient system under &.

Theorem 5.3. The function F(7) is a vector-valued polar harmonic weak Maass form of
weight 0 for T' with respect to the representation p and its image under & is given by

_ 2m
B Vol(Ay)

G(r) f(r) GL - (Ter + €)%
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Here G, is the Gram matrix corresponding to the lattice L which is implicitly used in
the construction of the Jacobi-Weierstrass (-function ¢. For z = (29, ..., 2;x_2)" written
in the basis (X1, X3) of C2, the action of G = (9ij)o<i,j<k—2 is given by

k-2 [k—2 k—2 k—2
Gr - (z)(Xl,Xz) = Z (Z gg,;zi> ceXfo_z_e = Zzz (Z ggic(ngXf_Z_z> . (5.5)

£=0 \1i=0 =0 £=0

We note that for the lattice Z*~! with the standard inner product, the theorem
simplifies to
273,

G(r) = 701(Af)f(7')(T61 + e9)* 2.

Remark 5.4.

1. The function G : H — Sym*~2(C?) is a holomorphic vector-valued modular form of
weight 2.

2. For the special case of weight k& = 2 it is possible to construct a modular function
M with algebraic Fourier coefficients which eliminates all poles of F' on the upper
half-plane (see [1] and Theorem 3.1, respectively). Then, F' 4+ M is a harmonic weak
Maass forms whose shadow is the newform f. The proof given in [1] uses the proof
for the well-known fact that j(7) and j(IN7) generate the field of modular functions
for the group I'g(N) (see e g. [15, Theorem 11.9]). To the authors’ knowledge, there
is, however, no systematic theory of modular functions with respect to the (infinite-
dimensional) representation p from (5.1) which would allow to prove an analogous
result in general.

We prove Theorem 5.3 in several steps. We first show the I'-invariance of each one of
the terms (s (Sf (T, M=o (e, 62))).

Lemma 5.5. Let the notation be as above. For v € T, we have
Cor (& (. (v ' M) o (er,e2))) = Cur (& (yr, M~ o (e1,€2))) -
Proof. We write (X1, X2) = M1 o (e, e2) and note that
(Y TM) o (er,e2) = (e e2) M1y = (X1, X2) 7
By definition of the change of basis matrix N(-), for the Eichler integral we have
Er (1,70 (X1, X2)) =N ()& (7, (X1, X2)) and E(7, (X1, X2))=N(M )& (7, (1, e2)).

Moreover, from Lemma 2.4 we have
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Er(ym, (X1, X2)) = E¢(m,7 0 (X1, X2)) — w, (5.6)

where w € A];_l with A’;_l written in the basis v o (X1, X2) = (e, e2)M v, thus it
is an element of N(M~1'4)A%™1. By Lemma 2.8 we know that N (M ~1y)Ak=1 = AR—L

f f f
Therefore we obtain

gf(’}/ﬂ M™to (61’ 62)) - 8f(7-a (’Y_lM)_l ° (617 82)) € Al;_l'
Since EM is A];_l—invariant from Proposition 4.6, this gives the result. O

Proof of Theorem 5.3. We first prove that F' is invariant under the action of I'. The
harmonicity (away from possible poles) will follow from the fact that & (F) is a holo-
morphic cusp form (with values in a coefficient system), since the Laplacian equals
A =&k 0 &

Let v € T. For M € SLy(Z) and 7 € H, we need to show that

F(yr, M) = p(y)F (1, M),

where the action p : T' — End(V') was defined in (5.1), thus

p()F (7, M) =50 (8o (5 (1. (7 M) 7Y o (en,€2))))

(er,e2)

By Lemma 4.11 this equals

v oy (Ef(T, ('flM)_1 o (e1, 62)))

)
(e1,e2)y~tM

and this expression simplifies to

G (Ef(T, (fy”M)f1 o (61,62))) =Cur (Sf(T, (fy”M)f1 o (61,62)))

(e1,e2)yy~1M (e1,e2)

Finally, we use Lemma 5.5 and obtain that

p(’)/)F(T, M) = EM (gf (77—7 Mil o (617 62))) F(’YT, M)

(e1,e2)
Now we will compute the image of F(7, M) under &, = —22’%. This gives a function
g(Ta M) = SOF(TvM)v

with ¢ : H — V. We will compute g explicitly and show that it is indeed constant on
SLo(Z). We write

F(r, M) = (Ez (Ef(r, M1 o (el,eg))) (5.7)

b
(Y1,Y2)
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with (Y1,Y2) = Mo (es,e2) and consider each of the coordinates (7, in the basis (Y7, Y2).
By Lemma 4.7 we obtain

Im((Gr2)e)

C:g (Z) = CZz (Z) - U(Tf)Zg + 271 Im(Tf)

Writing Im(z) = (2 — Z)/2i and plugging in z = E(7, M ! o (e1, €2))) we see that

S (€ (M0 e1,0) = s (G B (7 0T o ervea) )

As G|, accounts for changing the basis from (5.5)

k—2
Cr oy =3 (z e )
1=0

it is enough to compute each component a% (Sf (r,M~10 (e, eg))>e, where

o0

(&r (Mo (er,e2))), = /f(t)(dt —b)(—ct +a)"*"dt,

T

with M = ( ) € SLo(Z). This gives us

2 (Mo ex,e2))), = f(r)(dr — b (e + )2

and with the action of G, we get

k—2

ori
= G- Z f(T)(dT - b)e(—CT + a)k_2_ZCngY2k*2*‘

EQF(T, M) = m
=0

= hj%f)f(ﬂ Gr - ((dYy — cYa)T + (—bY; + aYa)*?)
2me . B

= Ty (7 G- (Mo (7 +1)"7)
2 ~

= Im(Tf)f(T) (GL . (617‘ + ez)k ) )

The last expression is independent of M. The holomorphicity is obvious and the modu-
larity follows from (2.7). Moreover, we see that F(7) is harmonic.

It remains to show that F' grows at most linear exponentially when 7 approaches a
cusp of T'. For this let 0 € SLy(Z) be arbitrary. The same computation as in the proof
of Lemma 2.2 shows that
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Es(oT, M™to (e1,e2)) = Eflo(T, M~ loo (e1,e2))+ C

for a certain constant vector C. Since f is a cusp form and f|o yields the Fourier
expansion of f at the cusp goo by definition, it vanishes exponentially as 7 — oo. Since 0
is holomorphic in all elliptic variables, it follows that the partial logarithmic derivatives
of 6 all have at most a finite order pole at the divisor of . But this implies that, as
T — 00, the analytic part of F'(o.7, M) grows at most linear exponentially if C lies in the
divisor of 8 and is bounded otherwise. This shows the claim, as the non-analytic part is
clearly bounded. O

6. Laurent expansion and poles

In the definition of the Jacobi theta function we allowed an arbitrary positive defi-
nite integral bilinear form on Z9. Especially when computing examples (see Section 7),
it is most convenient to take the standard bilinear form, but allow for a non-trivial
characteristic. In what follows we define

g
0(,z) = Z e (Eind) 2wy niz Hﬁ(T, ). (6.1)
=1

ne(3+2)

In this setting we immediately find from (4.8) that

o R C AT
Mmooy o)

Cz*j (7—7 z) =

where (* here denotes the completion of the usual g = 1 Weierstrass (-function.
Similarly, the directional derivatives occurring in the definition of the function F' in
(5.2) can be expressed explicitly as

Z(N(M ZN z]CA Zz)

which follows directly from the definition of the directional derivative, where N(M) =
{N(M)ij}o<ij<k-2-
We recall the Laurent expansion of the completed Weierstrass (-function

1 ™
== =) Gopi2(A)2" T = S(A)z — Z
Z) p n; 2 +2( )Z ( )Z Im(T)Z7
where Gan(A) = >, ca\ (o0} w™2" is the classical Eisenstein series of weight 2n and

S(AT) = Sl_i>%l+ ZwEAT\{O} W
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For the Laurent expansion of the Jacobi—Weierstrass (-function

k—2
k—2-(,
z) =D R (z)eies 2 e
=0

we then obtain the following result

Lemma 6.1. With the standard choice of lattice, the Laurent expansion of the Jacobi—
Weierstrass -function , is given by

k—2
1
0 k—2—0 In+1 0 k—2—¢
Co(r,2) = E 2—6162 ce + g Gonta(A E z;" T erey co.
£=0 t n>1

Moreover, the Laurent expansion of its completion is given by

= 0 k—2—L, 4 £ k—2—¢
C(7,2) = (o(T, 2) Zzé€1ez " T Zel ey Cco.

We note that when plugging in ¢(7, (e1,e2)), we get the poles of the vector-valued
function F(r,Id) : H — Sym*~?(C?), for 7 € H such that

Eu(T, (e1,€2)) € Ay,

The theory easily extends to general M € SLa(Z) for

Gt (A, N )2) = 3 G (VM) 2)) XEXE ey,

where (X7, X2) = M o (e1,e2), and its completed version.

Lemma 6.2. The Laurent expansion of the Jacobi—-Weierstrass (-function (yr-1(A,
(2)ar-1) is given by

E

k—2 -2

Car-1 (A, ———X{XJ T e+ Y Gra(M) D ()N XX T e,
z:o Ja-1e k>0 0

~
Il

where (X1,X2) = M o (e, €2), and (2)p-1,0 = (N(M~1)(2)); is the " component of
the vector N(M~1)(z). We get a similar expansion for the completion

k—2

~ _o_ T _ _9_
G- (8, (2)ar-1) = (s (@Dar) +S(A0) 3 2eX{X5 ™ e = s X X5 ™ e
£=0
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We recall that F(r, M) = Cpr (Ap, N(M~1)Ef (7, (e1,€2))). Therefore, we can com-
pute the poles of the Jacobi—Weierstrass (-function for the standard choice of symmetric
form on ZF~1 explicitly.

Proposition 6.3. Under the conditions above, the polar harmonic weak Maass form F :
H — V has poles of order 1 at the values T € H for which there exists M € SLo(Z) and
0<?¢<k—1 such that

(N(M™HE; (7, (e1,€2)))e € Ay
7. Examples
We consider the setting of the previous section. In particular we fix the choice of the
lattice L in the definition of the Jacobi—Weierstrass (-function to be the standard lattice
Z*—1 with the standard bilinear form. We also just evaluate the image of the function
F, plugging in the identity matrix.

7.1. A Weierstrass form for A

Consider the Ramanujan A-function,

H (1—-¢") ZT(n)q".

n>1
Using the built-in functions for modular symbols in Pari/ Gp [4], we can compute the
period lattice of A. Since SLy(Z) is generated by T = ( ) and S = (0 _1) the period
lattice is generated by the coefficients of the period polynomlal fo (t)(e1 + teg)1Vdt,

which equals
691 (10 691 (10 691 (10 691
10 8 2 6.4 4 6 _
“ (61 1620(8)6162 T 2520(6)6162 2520(4>61 K 1620< ) g >
+

10 25 (10 5 (10 25 (10 10
()t =B ()t ()t B3+ (Vo)

o =0.00595896...¢ and S =0.00370771....

with

Therefore we see that the period lattice for A is given by
AN = w1 Z @ weZ

with w) = &8 = 7.7243968... - 1077 and wy = 2.6274096... - 10773
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With this data we can compute the Laurent expansion of the completed function
Ca, (%) to be approximately

Can(2) = 271 +0.0016910. . . = — 454230029641788589613076734.309657 . . . 2° + O(2°)
— 154795208574.9957812 . . . %.

For illustration purposes, we only consider the Eichler integral

1
Eno(T) = 2—(q —12¢% + 84¢® — 368¢* + 966¢° — 1008¢°) + O(q")
0
since it has a proper Fourier expansion. Plugging this into the holomorphic part of the
Laurent expansion above yields the 0-th component of the vector-valued harmonic weak
Maass form F' for the A-function (or rather its holomorphic part),

7 (71 + 12 4 60.0000428 . .. g + 79.999485 . . . ¢
—291444838990458826940712.635494 . .. ¢* + O(¢")) .

We note that the Fourier coefficients grow very quickly. For instance, the coefficient of
q'? is approximately 1.33163 - 106,

Since the Eichler integrals €a ¢(7) can be evaluated quite efficiently, we can illustrate
the modularity of the function F' we constructed by giving numerical evaluations of it
and acting with elements of SLo(Z) on them.

For example let 7 = 27 and 7 = (f g) In the standard basis {(1;)6{6%04} the

coefficients of Ea(T, (e1,e2)) are given by

—17511.494570...7
7431.817430...
3204.517440...i
—1400.899032...
—619.775633...1
v = 277.055319... .1077.
124.975219...i
—56.8217009...
—26.014701...7
11.983426...
5.550045...7

On the other hand we compute that Ea(y7) in the standard basis yields

—68.879683...+42.252473...i —238140000,
36.852496...—27.426477. i 11895660w1 +12960ws
—19.386784...+17.474359...q —5251302w1 — 12912
9.977402...—10.932230...5 1943634w; +9159w2
—4.995272...46.715450...i —503319w; —5456w2
2.416272...—4.051512...i =NH Yo+ —14030w; +2860ws
~1.118039...42.402667...i 136923w; —1336w2
0.4863669...—1.402420...i —123396w1 4551wz
~0.191789...4+0.806993...i 810461 —192w>
0.062025...—0.458557..i —45360w; +48w>

—0.009620...4-0.257699...4 22680w1
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Indeed, applying (j | (2) to each component of these vectors yields approximately

—11432504.181072...—6.201719...-10" 124
6701461.733071...
—6966824.048050

2360012.1697371...
6631363.825398
10786753.122386...4+8.786101...-10 7334
—8634302.260257...
—92484.930082...
9744076.055919...45.980872...- 1078}
—11495943.166401—2.586110...-10 23
1267421.546264...

The difference between the results for the vectors after applying ¢* is less than 1079,
where the computations were carried out to 115 significant digits.

7.2. A Weierstrass form for a CM form
We consider the newform
f(1) =n(37)® = ¢ — 8¢* +20q" — 70¢"® + 64¢'® + 56¢'% + O(¢*') € S4(T'9(9)).

Note that this form has complex multiplication by the field Q(v/—3). Note that there is
a rigid Calabi—Yau threefold X, i.e. a 3-dimensional compact Kéhler manifold admitting
a non-vanishing, globally defined holomorphic (3,0)-form, over Q such that L(X,s) =
L(f,s) (compare [32]). Note that Calabi-Yau manifolds may be thought of as natural
generalizations of elliptic curves to higher-dimensional complex manifolds in the sense
that one-dimensional Calabi-Yau manifolds are elliptic curves.

The group T'g(9) is generated by the parabolic elements T" and —I5, as well as the

9 —2 9 -5

matrices o1 = (2 71) and oy = (7 _4>. Therefore the period lattice of f is generated
by the coefficients in the polynomials

pP1 = / f(t) (tel =+ 62)2dt

01.00

2 2
= —0.693005... (2) e? + (0.288752... + 0.033342...7) (1) eres
AW
+ (—0.115500... — 0.022228...0) | e3

and

p2 = / f(t)(ter + 62)2dt

02.00
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2 2
= (0.346502... — 0.600160...7) ( - )e? + (—0.288752... + 0.433449...i) (  |eren
2 1
L (2) o
+(0.231001... —0.311194...3) | ) e3.

A basis for the lattice in C generated by these coeflicients is given by Ay = wiZ ® woZ
with

wy = 0.057750... and wy =0.011114...5.

With this we can compute the Laurent expansion of ZA ; (2) as

271 4 21739.040942...2 — 141870582.946988...2% + 1079581634085.963275...2° + O(z")
+ 4894.6391407%.

Since the coefficient &5 o(7) has a Fourier expansion, we can plug it into this expansion,
yielding the following expression for the 0-th component of the holomorphic part of our
harmonic weak Maass form,

7 (¢7" +21739.040942...q + 8¢° — 141870582.946988...q°> — 173912.327537...¢" + O(¢°)) .

We now pick some point in the upper half-plane, say 7 = sz/? In the standard basis
{e?,2e1eq, €2} we obtain the value

5.792643...+7.706733...i 5
Er(T,(e1,e2)) = | —5.792643...4+1.954292...i | - 107°.
—3.908585...i

On the other hand we compute
—0.115037... — 0.020877...% _9 _9
Er(o1T, (e1,e2)) = | 0.287651... 4 0.030313...7 | = vy + ( 5 ) wy + ( 3 ) wo
12 0

—0.690398... + 0.006789...¢

and

0.230596—0.306949: 4 —28
Ep(oaT, (e1,€2)) = | —0.288288+0.427988i | = vy + | —5 |wi + | 39 | we
0.345981—0.5931364 6 —54

within computational accuracy. Plugging either one of the vectors above into ZA ;(2)
yields

—129.035666...4-208.728000...7 32.306903...+7.539680...1

235.526014...—626.338523...i —33.090396...—108.245540...i
and
165.268142...459.208840...4 —44.064442...+121.275441...4



32 C. Alfes et al. / Advances in Mathematics 465 (2025) 110147

References

[1] C. Alfes, M. Griffin, K. Ono, L. Rolen, Weierstrass mock modular forms and elliptic curves, Res.
Number Theory 1 (24) (2015) 31.

(2] C. Alfes-Neumann, J.H. Bruinier, M. Schwagenscheidt, Harmonic weak Maass forms and periods
II, Preprint, available at https://arxiv.org/abs/2209.11454, 2022.

[3] G.E. Andrews, R.C. Rhoades, S.P. Zwegers, Modularity of the concave composition generating
function, Algebra Number Theory 7 (9) (2013) 2103-2139.

[4] C. Batut, K. Belabas, D. Benardi, H. Cohen, M. Olivier, User’s guide to PARI-GP by anonymous
ftp from, ftp://megrez.math.u-bordeaux.fr/pub/pari.

(5] J.H. Bruinier, J. Funke, On two geometric theta lifts, Duke Math. J. 125 (1) (2004) 45-90.

[6] K. Bringmann, A. Folsom, K. Ono, L. Rolen, Harmonic Maass Forms and Mock Modular Forms:
Theory and Applications, American Mathematical Society Colloquium Publications., vol. 64, Amer-
ican Mathematical Society, Providence, RI, 2017.

[7] S. Bocherer, W. Kohnen, Estimates for Fourier coefficients of Siegel cusp forms, Math. Ann. 297 (3)
(1993) 499-517.

[8] L. Beneish, M.H. Mertens, On Weierstrass mock modular forms and a dimension formula for certain
vertex operator algebras, Math. Z. 297 (1-2) (2021) 59-80.

[9] K. Bringmann, K. Ono, Lifting cusp forms to Maass forms with an application to partitions, Proc.
Natl. Acad. Sci. USA 104 (10) (2007) 3725-3731.

[10] J.H. Bruinier, K. Ono, Heegner divisors, L-functions and harmonic weak Maass forms, Ann. Math.
(2) 172 (3) (2010) 2135-2181.

[11] J.H. Bruinier, K. Ono, R.C. Rhoades, Differential operators for harmonic weak Maass forms and
the vanishing of Hecke eigenvalues, Math. Ann. 342 (3) (2008) 673-693.

[12] H. Boylan, Jacobi Forms, Finite Quadratic Modules and Weil Representations over Number Fields,
Lecture Notes in Mathematics, vol. 2130, Springer, Cham, 2015, With a foreword by Nils-Peter
Skoruppa.

[13] K. Bringmann, M. Raum, O.K. Richter, Harmonic Maass-Jacobi forms with singularities and a
theta-like decomposition, Trans. Am. Math. Soc. 367 (9) (2015) 6647-6670.

[14] J.H. Bruinier, Borcherds Products on O(2, ) and Chern Classes of Heegner Divisors, Lecture Notes
in Mathematics, vol. 1780, Springer-Verlag, Berlin, 2002.

[15] D.A. Cox, Primes of the Form z? +ny?, second edition, Pure and Applied Mathematics (Hoboken),
John Wiley & Sons, Inc., Hoboken, NJ, 2013, Fermat, class field theory, and complex multiplication.

[16] H. Cohen, F. Stromberg, Modular Forms, Graduate Studies in Mathematics, vol. 179, American
Mathematical Society, Providence, RI, 2017, A classical approach.

[17] A. Dabholkar, S. Murthy, D.B. Zagier, Quantum Black Holes, Wall Crossing, and Mock Modular
Forms, Cambridge Monographs in Mathematical Physics, 2023, arXiv preprint, arXiv:1208.4074.

[18] F. Diamond, J. Shurman, A First Course in Modular Forms, Graduate Texts in Mathematics,
vol. 228, Springer-Verlag, New York, 2005.

[19] S. Ehlen, Y. Li, M. Schwagenscheidt, Harmonic Maass forms associated with cm newforms, Preprint,
available at, https://arxiv.org/abs/2210.07341, 2022.

[20] P. Guerzhoy, A mixed mock modular solution of the Kaneko-Zagier equation, Ramanujan J. 36 (1-2)
(2015) 149-164.

[21] M. Kuga, G. Shimura, On vector differential forms attached to automorphic forms, J. Math. Soc.
Jpn. 12 (1960) 258-270.

[22] W. Kohnen, D. Zagier, Values of L-series of modular forms at the center of the critical strip, Invent.
Math. 64 (2) (1981) 175-198.

[23] T. Miyake, Modular Forms, english edition, Springer Monographs in Mathematics, Springer-Verlag,
Berlin, 2006, Translated from the 1976 Japanese original by Yoshitaka Maeda.

[24] J. Males, A. Mono, L. Rolen, Polar harmonic Maafforms and holomorphic projection, Int. J. Number
Theory 18 (9) (2022) 1975-2004.

[25] M.H. Mertens, K. Ono, L. Rolen, Mock modular Eisenstein series with nebentypus, Int. J. Number
Theory 17 (3) (2021) 683-697.

[26] D. Niebur, Construction of automorphic forms and integrals, Trans. Am. Math. Soc. 191 (1974)
373-385.

[27] K. Ono, Unearthing the visions of a master: harmonic Maass forms and number theory, in: Current
Developments in Mathematics, 2008, Int. Press, Somerville, MA, 2009, pp. 347-454.

[28] A. Polishchuk, Abelian Varieties, Theta Functions and the Fourier Transform, Cambridge Tracts in
Mathematics, vol. 153, Cambridge University Press, Cambridge, 2003.


http://refhub.elsevier.com/S0001-8708(25)00045-3/bib7BC7A4D49AB748A699A121242B85E918s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib7BC7A4D49AB748A699A121242B85E918s1
https://arxiv.org/abs/2209.11454
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib4F3361C07C5DD66A2F435C30A0EAE652s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib4F3361C07C5DD66A2F435C30A0EAE652s1
http://ftp://megrez.math.u-bordeaux.fr/pub/pari
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibE17A7A4662EDD31AD9650D734CAF561Fs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib438F2ED8A176FA73335C98A6312A9041s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib438F2ED8A176FA73335C98A6312A9041s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib438F2ED8A176FA73335C98A6312A9041s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib7F6852A5B0C22232E64B125EBBC15B67s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib7F6852A5B0C22232E64B125EBBC15B67s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibEB6BDDEB6547A99E72C2A875309D06E5s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibEB6BDDEB6547A99E72C2A875309D06E5s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib23455F0B437F178C74003A20D05BBFFBs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib23455F0B437F178C74003A20D05BBFFBs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib7DD938F43CBC3CADECC848332B791270s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib7DD938F43CBC3CADECC848332B791270s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibF9BBF0066F4132F2F8E03FF5DDD384F9s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibF9BBF0066F4132F2F8E03FF5DDD384F9s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib847856E6D150199237C3969D9ECDECDBs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib847856E6D150199237C3969D9ECDECDBs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib847856E6D150199237C3969D9ECDECDBs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib2312E49A3CD9DF858992ECFE0861CC72s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib2312E49A3CD9DF858992ECFE0861CC72s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib46BD36D43F09A7F35A00EDC5D19ABF17s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib46BD36D43F09A7F35A00EDC5D19ABF17s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib45641E46F614125065559617B3EFC5A2s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib45641E46F614125065559617B3EFC5A2s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib0DACD859A6C2823D53575CEFD1141FDBs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib0DACD859A6C2823D53575CEFD1141FDBs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibE39289AA5A0103FEDA7A6F2796C3AFA2s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibE39289AA5A0103FEDA7A6F2796C3AFA2s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib9C60B78901B9C1B1FABA0DC158680912s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib9C60B78901B9C1B1FABA0DC158680912s1
https://arxiv.org/abs/2210.07341
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib859FB0B45B37F52C25794A4B03DBC181s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib859FB0B45B37F52C25794A4B03DBC181s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib8BB33820028DC9ED18E76E9A0A62FABEs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib8BB33820028DC9ED18E76E9A0A62FABEs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib6802D69A0EA0744DEFFCAC503AEA6EA1s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib6802D69A0EA0744DEFFCAC503AEA6EA1s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib192D7E339E47AF748B90D93B5189CCCEs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib192D7E339E47AF748B90D93B5189CCCEs1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib6BC5EDB35D5B9D5F3AD873042C8F047As1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib6BC5EDB35D5B9D5F3AD873042C8F047As1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib5D11575D26DD471D73BBCC16D3718CE5s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib5D11575D26DD471D73BBCC16D3718CE5s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibB0818C40465BE9DE239D5827B2D9A385s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibB0818C40465BE9DE239D5827B2D9A385s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib9654AC9842596D5CB4F4BB0D5A0EF84Ds1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib9654AC9842596D5CB4F4BB0D5A0EF84Ds1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib0A89C133D3906C8BEBBFE3CBF1598476s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib0A89C133D3906C8BEBBFE3CBF1598476s1

C. Alfes et al. / Advances in Mathematics 465 (2025) 110147 33

[29] L. Rolen, A new construction of Eisenstein’s completion of the Weierstrass zeta function, Proc. Am.
Math. Soc. 144 (4) (2016) 1453-1456.

[30] W. Stein, Modular Forms, a Computational Approach, Graduate Studies in Mathematics, vol. 79,
American Mathematical Society, Providence, RI, 2007, With an appendix by Paul E. Gunnells.

[31] J.-L. Waldspurger, Sur les coefficients de Fourier des formes modulaires de poids demi-entier, J.
Math. Pures Appl. (9) 60 (4) (1981) 375-484.

[32] J. Werner, B. van Geemen, New examples of threefolds with ¢; = 0, Math. Z. 203 (2) (1990)
211-225.

[33] D.B. Zagier, Ramanujan’s mock theta functions and their applications (after Zwegers and Ono-
Bringmann), Astérisque 326 (2009) 143-164, pages Exp. No. 986, vii—viii (2010), Séminaire Bour-
baki, Vol. 2007/2008.

[34] S. Zwegers, Mock Theta Functions, PhD thesis, Utrecht PhD thesis, 2002.


http://refhub.elsevier.com/S0001-8708(25)00045-3/bibBC38810A33EC53CF1BC168F7FE924BE5s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibBC38810A33EC53CF1BC168F7FE924BE5s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibF569AB23D780A45BDF93C9CA7A710CC0s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibF569AB23D780A45BDF93C9CA7A710CC0s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib9860B0C411A74FB9A8E8137001B6BF84s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib9860B0C411A74FB9A8E8137001B6BF84s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibA83F5C32C09BB8AFC5D65E3702A6ED10s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bibA83F5C32C09BB8AFC5D65E3702A6ED10s1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib6187E3F49D0F493CA4C6C2FD90AFC39As1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib6187E3F49D0F493CA4C6C2FD90AFC39As1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib6187E3F49D0F493CA4C6C2FD90AFC39As1
http://refhub.elsevier.com/S0001-8708(25)00045-3/bib24C86A5DB7926DCFF70611B78B886D36s1

	On Jacobi--Weierstrass mock modular forms
	1 Introduction
	Acknowledgements

	2 Preliminaries
	2.1 Harmonic weak Maass forms
	2.2 The Jacobi theta function
	2.3 A little bit of representation theory
	2.4 Eichler integrals
	2.5 Change of basis

	3 Weierstrass mock modular forms
	3.1 The completed Weierstrass ζ-function
	3.2 Weierstrass mock modular forms

	4 Vector-valued Jacobi--Weierstrass forms
	4.1 Elliptic functions of higher degree
	4.2 The completion of the Jacobi--Weierstrass ζ-function
	4.3 Vector-valued Jacobi--Weierstrass forms

	5 Vector-valued Jacobi--Weierstrass as polar harmonic weak Maass forms
	6 Laurent expansion and poles
	7 Examples
	7.1 A Weierstrass form for Δ
	7.2 A Weierstrass form for a CM form

	References


