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Limiting distributions for RWCRE in the sub-ballistic
regime and in the critical Gaussian regime
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Abstract

Random Walks in Cooling Random Environments (RWCRE) is a model of random
walks in dynamic random environments where the environment is frozen between
a fixed sequence of times (called the cooling map) where it is resampled. Naturally
the limiting distributions for this model depend both on the structure of the cooling
sequence and on distribution p from which the environments are sampled. Previous
results have considered the cases where p is such that the corresponding model of
random walks in a fixed random environment (RWRE) is either (1) recurrent, (2) has a
Gaussian limit with diffusive scaling (the x > 2 case), or (3) has positive speed and a
stable, non-Gaussian limit (the « € (1,2) case).

In this paper we examine the limiting distributions in two other transient regimes:
the sub-ballistic, non-stable regime (i.e., < € (0,1)), and the Gaussian regime with non-
diffusive scaling (i.e., k = 2). In the first case we show that the limiting distributions
are either Gaussian or a mixture of Gaussian and independent sums of Mittag-Leffler
random variables, while in the second case the limiting distributions are always
Gaussian but with a scaling that differs from the standard deviation by factor (which
can oscillate, but which remains confined to some interval [, 1]) that depends very
delicately on the properties of the cooling map.
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1 Introduction

Random walks in cooling random environments (RWCRE) are a model of random
walks in dynamic random environments introduced by Avena and den Hollander in [6].
This is a model for random motion in an inhomogeneous environment which experiences
“shocks” at certain prescribed times when the entire environment is resampled. By
adjusting the sequence of times when the environment is resampled, the RWCRE model
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interpolates between that of random walk in a random environment (RWRE) where the
environment is “frozen” and never resampled and that of a simple random walk.! The
adjective “cooling” was attached to the model because if the gaps between successive
resamplings of the environment increases without bound then the environment is be-
coming more and more “frozen” as time goes on, and in this case we might expect the
walk to retain some of the strange asymptotic behaviors of a RWRE.

Naturally, the behavior of a RWCRE depends on both the distribution p that the
environments are sampled from and the sequence of times 7 = {r(n)},>1 (called the
cooling map) at which the environment is resampled. Previous results [4, 5] have shown
that not only can one retain some of the characteristics of a RWRE by choosing a
rapidly growing cooling sequence, but that the model of RWCRE can exhibit new limiting
distributions (such as tempered stable distributions or sums of independent copies of
Kesten-Sinai random variables) which do not occur in either the RWRE model or simple
random walks.

The study of limiting distributions of RWCRE has been divided according to the type
of the limiting distribution for the RWRE model with distribution ;z on environments. The
case where the corresponding RWRE model is recurrent was studied in [6] and [4]. The
limiting distributions for transient RWRE are characterized by a parameter « > 0 which
depends on the distribution ¢ on environments [20]. The limiting distributions for the
cases k > 2 (the diffusive, Gaussian regime) and « € (1, 2) (the ballistic, stable regime)
were studied in [4] and [5], respectively. In the present paper, we give the limiting
distributions for RWCRE in the cases « € (0, 1) (the sub-ballistic, non-stable regime) and
k = 2 (the Gaussian, super-diffusive regime). The only remaining case (x = 1) is left
for a future work. Our main result in the case « € (0, 1) gives examples of new limiting
distributions (sums of independent Mittag-Leffler distributions), while our results in the
case « = 2 show that the limiting distribution is always Gaussian but with a non-trivial
scaling factor that depends very delicately on the specifics of the cooling map.

In the remainder of the introduction we will briefly recall the model of one-dimensional
RWRE as well as some of the relevant results that we will use. Then we will introduce
the model of RWCRE and state our main results on the limiting distributions in the cases
k € (0,1) and k = 2. In the process of proving the limiting distributions for the RWCRE
we also obtain some new results for RWRE which may be of independent interest. We
state some of these new RWRE results in the introduction as well.

1.1 RWRE

Here we will give a brief overview of the model of one-dimensional RWRE. The
interested reader can see the lecture notes of Zeitouni [26] or the various references
below for more details.

Throughout the paper we use the notation IN; := IN U {0} for the set of non-negative
integers. The classical one-dimensional (static) RWRE model is defined as follows. Let
w = (w(z),z € Z) € [0,1)% be a one dimensional environment. The random walk in
environment w starting from z € Z is the probability law P on the space of trajectories
Z™o which corresponds to the Markov chain Z = (Zn)nen, on Z with initial condition z
and transition probabilities

w(x) ife=1,

1-w(x) ife=—1, n & No.

P;’(Zn+1=x+e|Zn::c):{

Let G be the sigma algebra on the space of trajectories Z™°. By the monotone class
theorem, one can verify the measurability of the map w — P¥(G) for any G € G and

lif the environment is resampled on each step, then it is easy to see that the annealed distribution of the
RWCRE is the same as that of a simple random walk.
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z € Z. Thus, for any probability measure u on the space [0,1]% of environments we
can define the probability measure P on Z™° as the semi-direct product P¥(.) :=
px PY() = [ P?(-)u(dw). The stochastic process Z = (Z,,)nen, is called a RWRE and
the distributions P¥(-) and P#(-) are referred to as the quenched and annealed laws of
the RWRE, respectively.

A standard assumption on the distribution ; on environments, which we will also
make here, is that the environments are i.i.d. That is,

u=a?, (1.1)

for some probability distribution « on [0, 1]. We write () to denote the expectation w.r.t.
a. A crucial quantity to characterize the asymptotic properties of RWRE is the ratio of
the transition probabilities to the left and to the right at the origin pg = 1;:". For the
remainder of the paper, we assume that

(log po) < 0, (1.2)

which, as shown by Solomon [23], guarantees right transience for the RWRE; that
is, P)'(limy—c0 Z, = 00) = 1. In addition to (1.1) and (1.2), we will also assume the
conditions on the distribution p given by the following definition.

Definition 1.1 (x-regular measures). We say that a measure p on environments is
k-regular for some x > 0 if it satisfies (1.1), (1.2), the distribution of log p, is non-lattice,

(r5) =1, (1.3)

and (pf™°) < oo for some ¢ > 0.

Remark 1.2. Since the moment generating function M (t) = (e?!°870) = (pt) is convex,
if (1.2) holds then under mild additional assumptions then there is a (unique) x > 0
such that (1.3) holds. The additional technical condition (pS“) < 0o can be seen as a
sort of mild ellipticity condition. For some results that we will use, such as the limiting
distributions from [20], a weaker ellipticity condition (pf(logpo)+) < oo is sufficient.
However, the stronger ellipticity condition (pfj™°) < oo is needed for the precise large
deviation results from [9] that will be instrumental in our analysis (see (1.8) below).

The parameter x given by (1.3) characterizes a number of aspects of the asymptotic
behavior of the RWRE. For instance, since the convexity of ¢ — (pf) implies that x > 1 if
and only if (po) < 1, Solomon’s LLN for RWRE in [23] can be written as

S 0 ifk <1
lim—= =v = = (po) Pl-as. (1.4)
n on T {po) ifrk > 1,

That is, the RWRE is sub-ballistic (v = 0) if x € (0,1] and ballistic (v > 0) if Kk >
1. The parameter x also appears in many other results for one-dimensional RWRE,
including the characterization of the limiting distributions for transient RWRE [20]
and identifying the correct sub-exponential rate of decay for certain large deviation
probabilities [11, 15, 14, 1, 9]. In this paper we will be concerned only with the cases
when x € (0,1) and x = 2, so next we will recall some of the limiting distribution and
large deviation results that are known for these cases.

1.1.1 The sub-ballistic, non-stable case: x € (0,1)
The following theorem states the limiting distribution proved in [20] for RWRE in the

regime k € (0,1). We refer to this as the sub-ballistic, non-stable regime because the
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walk has limiting speed v = 0 by (1.4) and the limiting distribution is non-stable - in
contrast to the case x = 1 where the walk is sub-ballistic and the limiting distribution is
a 1-stable distribution. We note that here and throughout the paper we will use = to
denote convergence in distribution.

Theorem 1.3 ([20]). Let (Z,)nen, be @a RWRE with distribution p on environments that
is k-regular with x € (0, 1). There is a constant b > 0 such that under the annealed law
Zn
— = M,, (1.5)

nkt n—oo

where I,; is a non-negative random variable with Laplace transform

A N (b7
Ele }_Zair(”’m)’ A > 0. (1.6)

The characterization of the limiting distribution 91, in (1.6) is quite different from
what is given in [20]. Indeed, in [20] the limiting distribution is of the form (5)~" where
S is a k-stable which has Laplace transform E[e~*%] = ¢=“*" for some ¢ > 0. However, as
can be seen from [13][Section XIII.8] these two characterizations are equivalent. Since
the Laplace transform in (1.6) can be written as &, (—b\) where E.(z) =, F(%nm) is
the Mittag-Leffler function with parameter x, we say that 9, is a Mittag-Leffler random
variable.

Remark 1.4. There is another family of non-negative random variables which also bear
the name “Mittag-Leffler.” These are non-negative random variables Y, with cumulative
distribution functions given by P(Y,, < x) = 1 — &,(—z"), for > 0, and have Laplace
transform Ele=*Yr] = T +1M . To distinguish these two families, the random variables Y,
are said to have Mittag-Leffler distribution of the first kind, whereas 2, are said to have
Mittag-Leffler distribution of the second kind. Since we will only be concerned with the
Mittag-Leffler distributions of the second kind in this paper, we will omit the descriptor

“of the second kind” when referring to 91, for the remainder of the paper.

1.1.2 The Gaussian, non-diffusive case: x = 2

The limiting distribution results in [20] show that RWRE with k-regular distributions
1 have Gaussian limiting distributions only when the parameter x > 2. However, the
limiting distribution has diffusive y/n scaling only when x > 2 whereas the case x = 2 has
non-diffusive scaling v/nlogn. The following theorem collects this limiting distribution
result and some large deviation results that we will use in the remainder of the paper.

Theorem 1.5. Let (Z,,)nen, be @ RWRE with distribution p on environments that is
k-regular with x = 2. Then, the following results hold.

Limiting distribution [20] There is a constant b > 0 such that under the annealed law

Ly — MU
—_— = O, 1.7
by/nlogn n—oo (1.7)

where ® is a standard Gaussian random variable.

Large deviations [10] The sequence of random variables {Z,, /n},>1 satisfies a large
deviation principle with speed n and good, convex rate function I,(x) with the
property that I,(x) > 0 <= « ¢ [0,v]. In particular, for any ¢ > 0 there is a
constant C, > 0 such that

P (Zy —nv>en) <e 9" and P}(Z, < —en) <e 9",

for all n large enough.
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Moderate and large deviation slowdowns [9] There is a constant Ky > 0 such that

PYZ, — -
lim sup 0( y —nw < —2)

Y00 3 —2
g b g

— Ko| =0. (1.8)

1.2 RWCRE

In recent years there has been an interest in studying random walks in dynamical
random environments; that is, environments which change over time. A number of
results have been able to prove central limit theorems (Gaussian limiting distributions
under diffusive scaling) by assuming either that the environment has fast enough time
dynamics, see for example [3, 7, 8], or by working in a perturbative regime of certain
model parameters where one can prove that the walk moves fast enough to essentially
escape the space time correlations of the environment, see for example [16, 17, 18]. In
contrast, the model of random walks in cooling random environments first introduced in
[6] gives a model of a dynamic environment where the time dynamics of the environment
can be made slow enough to retain some of the interesting effects of the non-Gaussian
limiting distributions that one sees with RWRE.

A random walk in a cooling random environment (RWCRE) is a random walk in a
space-time random environment built by partitioning INy into a sequence of intervals,
and assigning independently to each interval an environment sampled from p. Formally,
let (T} )kew be an increment sequence such that 7, € IN. We will refer to this sequence as
cooling increment sequence. We denote further by 7(k) := Zle T; the k-th cooling
time, i.e. the time at which a new environment is freshly sampled from p. We will
refer to 7 as the cooling map. For convenience of notation we will let 7(0) = 0 so that
T, =71(k) —7(k—1) forall k > 1.

The RWCRE (X, )nen, is defined as follows. Let @ = (w®)r>1 = ((w® (.’E))xez)kZI

be an i.i.d. sequence of environments with w*) ~ u. The RWCRE X then starts at
Xo = 0 and evolves on each interval [7(k — 1), 7(k)) as a random walk in the environment
w®) | More precisely, given a sequence of environments @ and the cooling sequence 7
we define the quenched law P“"(-) of the RWCRE as that of a (time inhomogeneous)
Markov chain with transition probabilities given by

w® () ife=1,

pw,T(Xn+1;c+ean){ 1—w®(z) ife=—1

ifr(k—1) <n<7(k).

The annealed law P*"(-) of the RWRE is then obtained by averaging the quenched law
with respect to the measure ;¥ on the sequence of environments @. That is,

Prr() = i BP0 = [ BT @)

Because we will always be discussing the RWCRE for a fixed distribution x and cooling
map 7, in a slight abuse of notation we will simply use P in place of P*'" for the annealed
law of the RWCRE for the remainder of the paper.

Remark 1.6. Throughout the paper, we will use the following representation of the
RWCRE. Let (Z(k))k>1 = ((Z/,(Lk))n>())k be a sequence nearest neighbor random walks
= =/ k>1

that are i.i.d. with distribution Z*) ~ }35‘; that is each Z(® is an independent copy of a
RWRE with distribution i on the environment. For a fixed n > 1 Let

Ly i=sup{l: 7({) < n}
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be the number of resamplings of the environment by time n. With this notation, it is easy
to see that (under the annealed measure IP for the RWCRE)

LaWZZ;’;>+Z" o n=0. (1.9)

(by convention if ¢,, = 0 then the empty sum on the right side is zero so that X, 2w Z,(ll).)

At times it will be convenient to have some notation to rewrite the right side of (1.9) as a
single summation term. To this end, we can write

Ty if k<0,
L‘"‘WZZ’“> where Ty, =< n—7(0,) ifk=20,+1 (1.10)
0 ifk >4, +1.

The main results of this paper concern the limiting distributions for the RWCRE.
Naturally the limiting distribution depends both on the distribution x on environments
and the cooling map 7, but it is natural to separate the analysis according to type of the
limiting distribution for the RWRE with environment distribution p. In this paper we will
be concerned with the cases where p is k-regular with either x € (0,1) or x = 2. Before
stating the results we obtain in these cases, however, we will first review some of the
limiting distributions for RWCRE that have already been obtained for other regimes of
RWRE.

The Sinai regime: “x = 0”.2 For recurrent RWRE, Sinai proved the limiting distribution
(IOZ#)Z = V, where V is a non-Gaussian random variable that can be represented as a
functional of a standard Brownian motion [22]. The limiting distributions for RWCRE
for i in the Sinai regime were studied first in [6] for a few special cases of cooling
maps and then later in [4] for general cooling maps. The results of [4] showed that all
subsequential limits of Xn—BlX0] are either Gaussian, sums of independent copies of the

v/ Var(X,,)

random variable V, or an independent mixture of Gaussian and sums of independent
copies of V' (the limiting distribution can depend both on the cooling map 7 and the
subsequence n; — oo). Functional limit laws for a few special cases of cooling maps
were also obtained in [25].

The diffusive Gaussian regime: x > 2. When p is x-regular with x > 2 then a CLT-like
limiting distribution holds: b;’“’ = & for some b > 0, where ® is a standard Gaussian
random variable [20]. For u in this regime it was shown that for any cooling map 7 the
limiting distribution for the RWCRE is X B g,

v/ Var(Xn)

The ballistic, stable regime: ~ < (1,2). When p is x-regular with « € (1,2), the
limiting distributions for RWRE are of the form 7’;1 = S,, where S, is a k-stable
that is totally skewed to the left and has mean zero [20]. Limiting distributions for
RWCRE with p in this regime were studied in [5] where sufficient conditions were given
on the cooling map 7 which lead to limiting distributions for the RWCRE which are (1)
Gaussian, (2) k-stable of the type Sy, (3) generalized tempered x-stable, or (4) a mixture
of independent random variables of the first three types.

The main results of the paper concern the limiting distributions of the RWCRE in
the cases where the distribution 4 on environments is s-regular with either x € (0,1) or
k = 2. Since both the results and the methods of proof are very different in these two
cases we will state our results in each case separately.

2Since the parameter x > 0 characterizes the limiting distributions of transient RWRE, in a slight abuse
of notation we will refer to the recurrent regime for RWRE (i.e., where p is such that (log po) = 0) as having
parameter k = 0.
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1.2.1 Limiting distributions for the case x € (0,1)

The decomposition of the RWCRE in (1.10) as a sum of increments of independent copies
of a RWRE, together with the fact that limiting distributions are known for the RWRE,
suggests that one might be able to approximate the distibution of X,, by an appropriate
linear combination of independent copies of the limiting distribution of the RWRE (which
in the case € (0, 1) is a Mittag-Leffler random variable 9t,;). We will refer to this general
approach to proving a limiting distribution for the RWCRE as the replacement method
approach. Previous results for RWCRE have shown that the replacement method works
sometimes (e.g., for the cases when the RWRE is either recurrent or s-regular with
k > 2, [4]) but not always (e.g., when the RWRE is x-regular with x € (1,2), [5]). Our
main result for the case k € (0, 1) is that the replacement method does indeed work for
this case.

To prepare for the statement of our main results in this case, note that using (1.10)
we can rewrite the normalized RWCRE as

k k
X = B[Xa] taw ~— 2, — B Zn.) S hvah) zZy, | - EilZn,,]
Var(X,) 4= Var(X,) — Var(Zr, )

where the coefficients in the last line are given by the vector A, = (A, (k))x>1 with

B |Var(Zr, )

The terms of the vector A, reflect the relative weight that each term in the sum in (1.11)
contributes to the distribution of X,,. If the terms of the vector A, , converge to zero
uniformly, then it is natural to expect that the limiting distribution of X,, will be Gaussian.
On the other hand, if some terms of A, ,, remain bounded away from zero then we expect
the Mittag-Leffler random variables 91,. to appear in the limiting distribution. To make
this precise, and state our main results in the case « € (0,1) we need to first introduce
some notation.

Let (> = {x € RN : Y, ., z(k)? < oo} be the collection of square summable sequences,
and note that A, ,, € ¢? since 3, -, A~ (k)? = 1. For any non-negative sequence x € (2

, (1.11)

there exists a unique non-increasing sequence x* € ¢2 that is a re-ordering of the terms
of x.3 Finally, for any random variable Z with finite variance let Z = Z_ElZ] jenote the

V/Var(Z)

normalized version of Z and for any x € /2 let

(2) TS w2,

E>1

where 21, Zg, ... are i.i.d. copies of the random variable Z.

Having introduced the necessary notation, we are now ready to state our main result
in the case k € (0,1) which says that subsequential limits of RWCRE when « € (0, 1) are
sums of independent Mittag-Leffler random variables, Gaussian random variables, or a
mixture of the two.

Theorem 1.7. Let X,, be a RWCRE with k-regular distribution u with k € (0,1) and

cooling map 7. Assume that n; — oo is a subsequence such that lim;_, )\ivn], (k) = A(k)
for all k > 1 for some \, € /2. Then,

an 7E[an] . (ﬁ )®>\* L a()® (1.13)
K A Ay )P, .
Var(X,,) i—oe

3Thatis x¥ = (z+(k))x>1 is the unique element of ¢ such that z+(-) = z (= (")) for some bijection 7 : N — IN
and such that 2+ (k) > zt(k + 1) for all k > 1.
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where a(\,) == (1 -, )\f(lc))l/2 € [0,1] and ® is a standard Gaussian random variable

W
independent from (9)%) . Moreover, the convergence in law also holds in L? for all
p>0.

Remark 1.8. While Theorem 1.7 shows that subsequential limiting distributions can be
mixtures of Mittag-Leffler and Gaussian distributions, only the Gaussian distributions
can arise as limits of the full sequence. To see this, first note that if x,y € /2 and x* # y*

then the random variables (ﬁﬁ) . + a(x)® and (ﬁn) = + a(y)® are distinct. This can
be seen by examining the Laplace transform of the above random variables see also
the proof of Lemma 1 in [4, §3.2]. Now, since from every sequence (\,,n € IN) in 02
one can extract a subsequence n; for which (x\ﬁj (k),n € IN) converges for all k£ € I,

it follows from (1.13) that the limit laws of the sequence <X"E[X”] n e ]N) are in

VVar(X,,)’

correspondence with the limit points of the sequence (\!,,n € IN) given by {\, € ¢2:

T,n)

; ! — Xn—E[Xn]
lim, A7, (k) = A.(k) forall & € IN}. Moreover, the full sequence <\/m,n € ]N)

converges if and only if the sequence )\im admits a unique limit \,. This happens if and
only if A\,(k) = 0 for all k € IN (or equivalently limy, A, (x)(k) = 0) since the vector A, ,
records the proportion of the variance coming from each cooling interval up to time n.

Remark 1.9. Theorem 1.7 shows that any subsequential limit of the RWCRE must be
a random variable of the form in the right side of (1.13) for some A.. Indeed, using a
diagonalization argument it is easy to see that for any subsequence there is always a
further subsequence so that )\i,nj (k) converges for all k£ (and the limiting vector A\, must
be in ¢? by Fatou’s Lemma). Moreover, we give explicit examples in Section 5 which show
that that the limit can be a pure Gaussian (a(A*) = 1), a pure mixture of centered Mittag-
Leffler random variables (a(\.) = 0) or a mixture of the two (a(\.) € (0,1)). Finally, it
is a natural question as to whether or not there are restrictions on what mixtures of
Mittag-Leffler and Gaussian random variables one can obtain as subsequential limits of
RWCRE when « € (0,1). In Example 5.5 answer this question by giving an algorithm
which shows that for any non-negative \, € ¢? with >, \.(k)? < 1 we can construct a
cooling map 7 and a subsequence n; such that (1.13) holds.

Theorem 1.7 as stated is quite general. However, to check the convergence of )\i,n

along some subsequence one needs control on the variance of the corresponding RWRE.
The following theorem, which is the key to the proof of Theorem 1.7, also provides the
necessary asymptotics on the variance to be able to identify the (possibly subsequential)
limiting distributions for specific choices of cooling maps 7.
Theorem 1.10 (RWRE L? Convergence « € (0,1)). Let Z = (Z,,),>0 be a RWRE with
distribution ;1 on environments that is k-regular with x € (0,1). Then the convergence
in distribution in (1.5) also holds in L? for all p > 0. In particular E}[Z,) ~ popn” and
Var(Z,) ~ o2;n** asn — oo, where

pon 1= E[I,] =

b ) ., 2 1
Tt 20d om:=Var(M.) =0 (F(l-ﬁ-?/i) r(1+n)2)'

In the case where T, — oo (that is, the gaps between resampling times of the
environment diverge), Theorem 1.10 implies that

. Var(X,,) 9
lim ————%— = o5y (1.14)

n—oo 3 (Ten)2 %
In fact, the condition (1.14) (which can hold even if T, # o0) is sufficient to give
the following more explicit way to check the conditions for the subsequential limiting

distributions in (1.13).
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Corollary 1.11. Let X,, be a RWCRE satisfying the assumptions of Theorem 1.7. If in
addition the cooling map is such that (1.14~) holds, then the conclusion of Theorem 1.7
holds true if \; ,, is replaced by the vector \. ,, defined by

3 (Tk n)*i

Arn(k) = 2 where V, = Tjn)?,

alh) = > (T;)
J

where T}, ,, is defined as in (1.10).

Remark 1.12. The condition (1.14) is sufficient but not necessary in order to replace
Arn With A, ,,, as can be seen by considering the cooling map with 7}, = 1 in which case
AL, and A¥,, both converge pointwise to 0 € (2.

Remark 1.13. In light of the asymptotics of E[Z,,] in Theorem 1.10 we may consider
the need for the centering term in Theorem 1.7. For any random variable Z with finite
variance, let Z = Z denote the non-centered normalized version of Z and for x € ¢?

v/ Var(Z)
let (Z)®x = > >, 2(k)Zy, where Zy, Z,,... are i.i.d. copies of the random variable Z.
Since -

X, X, -E[X,] E[X,)]
VVar(X,,)  /Var(X,,) v/ Var(X5,,)

X,
(k) = A*(k') for all k& > 1 then W con-

it follows from (1.13) that if lim;_,,, A}

T,nj

) 4 a(A)® if 3, A (k) < o0 and

verges to (M,

E[X, ]

: P - P N
O L = O]

1.2.2 Limiting distributions for the case x = 2

The limiting distribution result for the RWCRE in the case x = 2 (Theorem 1.16) inherits
some of the properties of both the case x > 2 and « € (1,2). Like the x > 2 case, the
limit will be Gaussian for any cooling map. On the other hand, like the case « € (1,2)
one cannot use the replacement method to prove limiting distributions and determining
the proper scaling for the limiting distribution is a major difficulty.

In order to use the replacement method to prove a limiting distribution for the
RWCRE, one needs to improve the limiting distribution for the RWRE to convergence in
L? (see the discussion on the replacement method in Section 2.2). The first main result
in this section gives new asymptotics on the variance of the RWRE in the case x = 2, and
as a consequence shows that one does not have L? convergence in this case.

Theorem 1.14. Let Z = (Z,,),>1 be a RWRE with distribution ; on environments that is
k-regular with k = 2. Then,

Zn —nv\ 2
lim E¥ || 2—= =0’ + K, 1.15
e 0 (\/nlogn> ] + Aoty ( )

where v > 0 is the limiting speed as in (1.4) and the constants b and K are as in (1.7)
and (1.8), respectively.
While (1.15) shows that the limiting distribution in (1.7) cannot be improved to L2-

Zn—nv
vnlogn
thus the convergence in distribution in (1.7) can be improved to LP convergence for all

p € (0,2). In particular, this implies the following asymptotics for the mean and variance
of the RWRE.

p
is uniformly integrable for any p € (0,2), and

convergence, it also implies that ‘
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Corollary 1.15. Under the same assumptions as Theorem 1.14, we have

EN(Z,] — Var(Z,
TR0 21 ol PR P (€0 TS (1.16)
n— o0 ,/n]ogn n—o0 nlogn
The asymptotics of the mean and variance in Corollary 1.15 imply that we can restate
the limiting distribution in (1.7) as

Zn — E5(Z,) b
In— 20l § wheref= ——t < 1. (1.17)
B+/Var(Z,) n—oe g V0?2 + Kgv

Of course the interesting part of the limiting distribution as stated in (1.17) is that the
constant 5 < 1. The fact that the RWRE must be scaled my a non-trivial multiple of
the standard deviation to get a standard Gaussian limit is then reflected in our main
result for the limiting distributions for RWCRE in the case x = 2 where the appropriate
multiplicative constant depends very delicately on the cooling map 7 and the distribution
Lt

Theorem 1.16. Let X,, be a RWCRE with 2-regular distribution . and cooling map .
There exists a sequence of numbers (3, = S, (i, 7) € [3,1] forn > 1 such that

X, — E[X,]
ﬁn V Var(Xn)

where ® is a standard normal random variable.

= P,

Remark 1.17. The formula for the scaling constants 3,, in terms of the cooling map 7
and the distribution u is given explicitly in (4.19) below and involves certain truncated
variance terms for the RWRE of the form Var((Z, — Ef[Zu])1 2, —gr(z,)<z)- As part of
the proof of Theorem 1.16 we will also give precise asymptotics for such truncated
variance terms, and thus one can compute the scaling constants ,, for certain specific
choices of cooling maps. In particular, we will give examples in Section 5 which show
that the constants ,, can fill the entire range from § to 1 and that the sequence 3,, can
also oscillate with n.

Remark 1.18. One can sometimes use the asymptotics of the mean and variance of the
corresponding RWRE in Corollary 1.15 to replace the scaling and/or centering terms in
Theorem 1.16 with more explicit expressions. For instance, if limy_,., 7 = co one can

replace +/Var(X,,) with \/>", Ty » log(T},,) and if in addition one has

Ln+1
i Ti nlog(Th 1,
sup k=1 kin 108(Ti.n) < 00 (1.18)

S T log (T )

then one can also replace the centering term E[X,,] with nv. In fact, it is not hard to see
that (1.18) is equivalent to the slightly easier to check

" Ty log(T;
sup > k1 V Tk log(Tk)

T o0,
n v 2y Tk log(T})

which differs from (1.18) only in that one doesn’t have to consider the partial cooling
interval Ty, 41, = n — 7(£y,).

(1.19)

The proof of Theorem 1.16 is the most difficult and innovative part of the paper.
There are two natural ways to try to prove Gaussian limits for the RWCRE, but neither
works for all cooling maps.

Approach 1: The first approach is to try to apply the Lindberg-Feller CLT using the
representation in (1.10) as a sum of independent random variables. This approach
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will work only if the cooling map grows slowly enough so that the triangular array is
uniformly asymptotically negligible, i.e.,

nlgr;o LA IP(Z(T? > ey/Var(X,)) =0,
see also [2, §7.3, p. 313]. For instance, this approach will work for cooling maps with
Ty, ~ Ak® for some A,a > 0 (i.e., polynomial cooling). Even in this case, applying the
Lindeberg-Feller CLT is not always straightforward as one sometimes needs to apply
a truncation step first before applying the CLT for triangular arrays (e.g., polynomial
cooling with o > 1).
Approach 2: If the cooling map grows sufficiently fast, then the distribution of X,
is essentially controlled by the last few terms of the sum in (1.10). For instance, this
approach will work for cooling maps with T, ~ Ae* for some A, ¢ > 0 (i.e., exponential
cooling). The idea with this approach is that one first fixes m, and then notes that
the sum of the largest m terms in (1.10) converges in distribution (after appropriate
centering and scaling) to a Gaussian. Then one argues that for cooling maps growing fast
enough the distribution of the sum of the largest m terms in (1.10) is not very different
from the distribution of X, if m is large enough.

Since the first approach above only works for cooling maps growing sufficiently
slowly and the second approach only works for cooling maps growing sufficiently fast, it
is not obvious how to prove Gaussian limits for cooling maps which are more irregular. In
our proof of Theorem 1.16 we show how the two approaches can be combined together
to cover general cooling maps. One splits the sum in (1.10) into the terms where T}, is
“large” or “small”, respectively (whether T}, is classified as “large” or “small” depends on
its relative size among all the other terms in the sum) and then simultaneously applies
approach 1 to the “small” terms and approach 2 to the “large” terms. There are two main
difficulties to implementing this approach for general cooling maps. The first difficulty
is finding the appropriate way to divide the “small” and “large” terms so that both
approaches can be applied simultaneously. The second difficulty is that when applying
approach 1 to the “small” terms one still needs to truncate the terms before applying the
Lindeberg-Feller CLT, and it is a very delicate matter to choose a truncation that works.

1.3 Future work

Combined with the previous results in [4] and [5], the results of this paper nearly
complete the analysis of the limiting distributions for one-dimensional RWCRE. The only
remaining case to be studied is when x = 1 where & is the parameter defined in (1.3).
We leave that case for consideration in a future work, but for now comment on some of
the unique difficulties in the case k = 1.

* It does not appear that the replacement method will work in the case x = 1. Indeed,
as is seen in the proof of Theorem 1.7, the key ingredient needed to implement the
replacement method is for the limiting distribution of the RWRE to be upgraded
to L? convergence. However, when x = 1 the limiting distribution of the RWRE is
a 1-stable random variable which doesn’t have finite variance (or mean) and thus
one cannot hope for an L? convergence result for the RWRE.

* A major difficulty in obtaining the limiting distributions for RWCRE when « €
(1,2] is determining the correct scaling factor. Unlike in the cases where the
replacement method can be used, the standard deviation /Var(X,) isn’t always
the correct scaling factor for limiting distributions of RWCRE when « € (1,2] as
seen by Theorem 1.16 and the results in [5]. In these cases, a key element in
determining the appropriate scaling factor for a limiting distribution of the RWCRE
was in obtaining precise asymptotics for the variance of the corresponding RWRE
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(Corollary 1.15 and [5, Theorem 3.8]). Obtaining precise asymptotics for Var(Z,,)
in the case k = 1 is complicated both by the non-linear centering that is necessary
for the RWRE limiting distribution in this case and the fact that the precise large
deviation estimates from [9] do not include this centering term when x = 1.

1.4 Notation

Before continuing on with the rest of the paper, we will introduce here some notation
that we will use throughout the remainder of the paper.

In the description of the models above, in order to more clearly articulate the
difference between the models for RWRE and RWCRE we have used the notation P}
for the annealed law of RWRE and PP for the annealed law of the RWCRE. However, we
could expand the measure P to include copies of RWRE so that equalities in law such
as (1.9) become almost sure equalities. We will assume throughout the remainder of the
paper that we have done such an expansion of P and will therefore in a slight abuse of
notation also use PP in place of P}’ for the annealed law of a single RWRE.

Because our main results are stated for the RWCRE centered by its mean, we will
gften want to use a centered version of the RWRE. Thus, we will use the notation
Zn = Zn —E[Z,].

Our proofs of tail asymptotics of RWRE in Sections 2.1 and 3 will use certain facts
about regeneration times for RWRE. We recall here the definition of regeneration times
for a RWRE as well as some basic facts about regeneration times that we will use in the
proofs. For a transient RWRE {Z,,},>0, the regeneration times 0 < Ry < Ro < R3 < ...
are defined by

Ry = inf {n >0: max Z,, < Z, < min Zm}
m<n m>n

and Ry =inf{n > Ry_1: maxZ,, < Z, < min Z,,}, fork> 1.
m<n m>n
We collect here a few properties of regeneration times that we will use in our analysis
below. Details of these facts can be found in [24], [5, Appendix B], and the references
therein. To state these facts, for convenience of notation we will let Ry = 0 though this is
a slight abuse of notation because Ry is not necessarily a regeneration time (as reflected
in the first fact below). We will be assuming that the distribution p on environments is
k-regular with & € (0, 2], though most of these properties are true in greater generality.

Li.d. structure. The sequence of joint random variables {(Zg, —Zg, ,, Rk — Ri—1)}x>1
are independent, and for every k > 2 the vector (Zg, — Zg,_,, R — Ri—1) has the
same distribution as (Zg,, R1) under the measure

P()=P(-| Z, >0,¥n >0).
Regeneration distances have light tails. There are constants C,c > 0 such that
P(Zgr, >n) < Ce ", (1.20)

Note that P(Zg, — Zgr, > n) = P(Zp, >n) < %, so that Zg, — Zg, also
has exponential tails.
Regeneration times have heavy tails. There is a constant C' > 0 such that
P(Ry — Ry >n)=P(R; >n) ~Cn". (1.21)
Under the measure P we have the slightly weaker control on the tail of the first

regeneration time: E[R]] < oo for all v € (0, k).
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Connection with the limiting speed. If x > 1 then the limiting speed of the RWRE
as defined in (1.4) is given by
_ E[Zg, — Zr,] _E[Zg,]

_ — R 1.22
"TE[R,- R | E[R] (1.22)

(Note that (1.22) holds true when « € (0,1] as well in the sense that v = 0 and
E[Rl] = OO)

2 RWRE results for the case « € (0, 1)

In this Section we prove Theorems 1.7 and 1.10. We will first prove Theorem 1.10 as
it is the key element of the proof of Theorem 1.7.

2.1 Proof of Theorem 1.10

By Theorem 4.6.3 in [12], to prove Theorem 1.10 it is enough to prove that {| Z2|"},,>
is uniformly integrable for any p < oo, i.e., that

o0
lim limsup/ prP~P(|Z,| > an®)dz = 0.
M—00 p_soo M
We will obtain bounds on P(]|Z,,| > xn"), the tail probabilities in the integral above by
bounding separately the left tails, P(Z,, < —an”) and the right tails P(Z,, > zn").
Left tail bounds. Since P(Z,, < —zn®) = 0 for x > n'~" we have that

1—k

/ prP ' P(Z, < —an”)dx < P(Z, < —n“)/ prP~tdx
1 1
<nI=®PP(Z, < —n*),

and since [14, Theorem 1.4] implies that P(Z,, < —n") = e this upper bound
vanishes as n — co. This proves the uniform integrability estimates for the left tails.
Right tail bounds. For the right tail bounds we will use regeneration times. Note

that if the (m + 1)-st regeneration time occurs after time n then Z,, < Zg, . Therefore,
for any m > 1 we have that
P(Z, > an™) <P(Rpq1 < n) +P(Zg,, ., > an")
g]P(Rm<n)+lP<ZR1 >IZ >+IP(ZRM>IZ ) 2.1)

where in the last inequality we used that R,,;1 — Ry and Zg,,,, — Zg, have the same
distribution under P as do R,,, and Zp,,, respectively, under the measure P. By (1.20),
there are C, ¢ > 0 such that

P <ZR1 > x’;) < Qe < Cemem, (2.2)
To bound the first and third terms in (2.1) choose m depending on = and n as follows
zn”
m =m(z,n) = {J . (2.3)
4E[ZR1]

For the first probability in (2.1), by the i.i.d structure of {Rj; — Rj_1}r>1 under P, we
obtain that P(R,, <n) <P(R; <n)™ = (1-P(R; > n))m Now, by (1.21) and (2.3), we
obtain that there is ng € IN and a constant ¢ > 0 such that

PRz, <n) < e “foralln>mng,z>1. (2.4)
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For the third probability in (2.1), first we use our choice of m in (2.3) to get that
P (Zg, >=) <P (Z% > QE[ZRJ). Since Zp,, is the sum of m i.i.d. random variables

with exponent1a1 tails and mean E[Zg,], by Cramér’s theorem, see [19, Thm 1.4, p 5],
there is a constant ¢ > 0 and n; € IN such that
KN _(Z _ .
x; > <P <Rm > QE[ZRIO <e ML e <e“foralln >nq, x> 1.
m

(2.5)
By (2.2), (2.4), and (2.5) we obtain from (2.1) that there is no € IN and ¢ > 0 such that
P(Z, > xn®) < 3e * for all n > ny and x > 1. From this it then follows that

P (ZRm >

oo

lim lim prP 1 P(Z,, > an®)dz = 0.

M—oon—o0 Jpr

2.2 Proof of Theorem 1.7

To prove of Theorem 1.7 we follow the ideas in [4, Section 3] which we now sketch.
Essentially the idea is to use a threshold J > 0 to distinguish small increments, T} , < J,
from large increments, 7T}, > J, and let this threshold grow after we take n — oo to
obtain the limit statement. By the CLT for iid random variables, we may replace the
small terms by independent copies of Mittag-Leffler distributions as both have the same
Gaussian limit. Next by using the convergence of (1.5) which holds in L? we can show
that there is a coupling of (fo ), im,(f), k,m € IN) for which the difference between the
increments and copies of Mittag-Leffler can be neglected and we are allowed to replace
the left hand side of (1.13) by weighted sums of independent Mittag-Leffler random
variables. More explicitly, recall (1.11) and note that for any J > 0 we have

X, — E[X,]
Var(X,,)

k k k
- [Zéﬁn—E[Z(Tﬁw | o {Zéﬁ —E[Zém]}
= Tn Ten<J | /v — ‘rn Ten>J |7 /i |
\/ Var(Z; Var(Z(T?” )

For the small increments, the CLT for iid random variables give us that for any J > 0
and any fixed bounded continuous function f : R -+ R

IimE|f

25 _p[z®
(ZAT n 1Tk ”<J9ﬁ ) =0.

]
>\T n 1 kon Thon Zhn )
<Z ! <J{ Var(Z%?n) }
’ (2.6)

Now, provided the coupling of the random variables ensures almost sure conver-
gence (1.5), we obtain

Z(k) . [Z(k) ] 9
lim lim E{(ZAW 1TH>J{M _mgk)p } —0. (2.7)
J—ro0 n—00 Var(Zéﬂ]Z)n)

A combination of (2.6) and (2.7) allows us claim that (xn,n IS ]N) has the same sub-
sequential weak limits as ((ﬁN)Q@A'L,n S ]N). The final step in the proof of (1.13) is
to identify the subsequential weak limits of ((9,)®*»,n € IN). For ease of notation,

let \; := AL, , note that (53\7,.{)@)‘1‘ @ (53\? )®*7n; and recall that we are assuming that

limj_m A »(k) = \.(k) for all £ > 1. Now note that for any K > 0

K K
M (B)IMF) — ST, (k)% 2.8
; J( ) K ]—>O<> Z ( ) K ( )
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By (2.8), we may take K; — oo slowly enough such that

Z/\ k) = Z)\ )M,

To conclude, we note that we may also take K; — oo slowly enough such that

aM)? =1=3 (k) =D (k) =3 (n
k=1

k=1 k=1
00 K; KJ
= hmz (A (k‘))2 - ()\*(k))Q = hmz
) k=1 ) k:l
= lim Z ()\J(k))Q’
T k=K, 41

and using the Lindeberg condition for triangular arrays, see Theorem 3.4.10 in [12], we
obtain that

ST NEME) = a(r),
k:Kj+1 I

where @ is a standard Gaussian random variable. By the independence of the sequence
(zm&,’“), k € IN) we obtain that

X, (k sm<k>—§ A § k) m k) :>§ A (R)E) 4 a(A,)®,,
]4)00
1 k=K,;+1

M8

k

where the two terms on the right are independent. This concludes the proof of (1.13). To
obtain convergence in L? for all p < oo it is enough to show that sup,, E[(X,)*"] < oo for
all » € IN. This can be proved by representing X,, as in (1.11), using a binomial expansion
of (%n)QT and using the following facts: (1) the terms in the decomposition in (1.11) are
independent with zero mean, (2) for any ¢ > 2 we have >, (M- (k)" <>, (Arn(k)? =1,

and (3) Theorem 1.10 implies that sup,, E[(Z2=2241)4] < ¢, < oo for all £ < oo.

\/ Var(Z,)
3 RWRE results for the case x = 2

In this section we will prove some of the new RWRE results that will be needed for
the analysis of the limiting distributions of RWCRE when the distribution p is 2-regular.
This will include the proof of Theorem 1.14, but will also include some new large and
moderate deviation tail bounds as well as some asymptotics of truncated moments that
will be crucial later in the proof of Theorem 1.16. Since the moments of the RWRE can
be expressed in terms of the tails of the distribution of the RWRE, we will need good
tail asymptotics of the RWRE to prove Theorem 1.14. We will divide our analysis of the
tails of the RWRE into the right and left tails separately since the asymptotics are very
different in either case.

3.1 Right tail estimates

Our main result in this section is the following Gaussian right tail estimate for the
RWRE.

Lemma 3.1. If the distribution p is 2-regular, then there exist constants C,c > 0 such
that for all n sufficiently large,

22

P(Z, —vn > x) < Ce “niosn Yz > 0. (3.1)
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Proof. First of all, note that it is enough to prove the inequality in (3.1) for z € (0, (1—v)n]
since the probability on the left is zero for z > (1 — v)n.

To this end, recall the notation regarding regeneration times introduced in Section 1.4
and for any z € (0, (1 — v)n] let m = m(z,n) be defined by

vn—l—ﬁJ
_|Y . (3.2)
" LE[ZRJ

We will use in several places below that this choice of m implies that there is a constant
¢1 > 0 such that eyn <m < %n for all z € (0, (1 — v)n]. For this choice of m we have that
for n sufficiently large

P(Z, —vn > x)
<P(Zgr, 2 2/2) +P(Zg,,., — Zg, > vn+x/2) + P(Rms1 — R1 < n)
< P(Zg, > x/2) + P (Zg,, — E[Zg,] > ©/4) + P (R, — E[R,] < —z/(8v)), (3.3)

where in the last inequality we used (3.2), (1.22), and the i.i.d. structure of regeneration
times. We will bound the three terms in (3.3) separately.

Since Zg, has exponential tails, see (1.20), the first term in (3.3) can be bounded by
Ce~* for z > 0. For the second term in (3.3), since under P we have that Z, is a sum
of m i.i.d. random variables with exponential tails, standard large deviation results (e.g.
[21, Chapter III, Theorem 15]) imply that there exists a constant ¢ > 0 such that

_ _ —ca?
P(Zg,, — E[Zg,,] > z/4) <exp{ - }, va € (0, (1 — v)n].

(Note that here we are using that ¢;n < m < n/c; as noted above.) To bound the last
term in (3.3) we will use the fact that R,,, — E[Rm] is a sum of m i.i.d. random variables
which have mean zero, are bounded below, and have tails decaying like =2 to the right.
Thus, applying Corollary A.2 we get for n large enough and = < (1 — v)n that

— _ 22 22
P (R, — E[Ry] < —x/(8v)) < e “miogm < e~ Catoan

(Note that to apply Corollary A.2 we are using both that z < (1 — v)n and that m > ¢in,
while for the second inequality above we are using that m < mn/ec;.)
Putting together the bounds for the three terms in (3.3), we have for n large enough

22 . z2 . z2
that P(Z, —vn > x) < Ce ™ + e ¢ +e “nien < (e “mioen forallz € (0,(1 —v)n]. O

An immediate consequence of (3.1) is the following bound on the truncated right tail
LP norm of Z,, — vn.

Corollary 3.2 (Right tail estimates). If the distribution u is 2-regular, then for any
p>0
L 1
]\4hm hmsup WE |:|Zn N vn|p1{Zn_UnZMV”10gn} =0.

—0 n—oo

3.2 Left tail estimates

The left tail asymptotics of Z,, — vn are much more delicate than the right tail
asymptotics. We can use the annealed large deviation principle to get good bounds on
the left tail probabilities P(Z,, — vn < —z), but only when x >> nv since the annealed
large devation rate function is zero on [0,v] (see Theorem 1.5 or [10]). On the other
hand, the estimates of Buraczewski and Dyszewski stated in (1.8) allow us to get very
precise estimates for these probabilities, but only covering z € [\/ﬁlog?’ n,nv — logn|.
The following is a rougher estimate but allows us to give a useful upper bound for any
z € (0,nv/2].
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Proposition 3.3 (General left tail estimates). If the distribution p is 2-regular, then
there exists a constant C' > 0 such that for n large enough we have
n

¢ foro<t< o |- (3.4)

C
P(Z, —vn < —t\/nl <-4+ =
( v = nlogn) < t2(logn) + t4 2\ logn

Proof of Proposition 3.3. By taking the constant C' > 1, the bound in (3.4) becomes
trivial for ¢ < 1//logn. Thus, for the remainder of the proof we will assume that

Jliﬂ <t <%, /ey Letting m = m(n,t) = LE[}%l] (n — tv/nlogn)| we have

P (Zn —nv < —t nlogn)

<P (Rm+1 >7”L)—&—]P<ZRT”+1 <nv-—t nlogn)
t — t —
<P (Rl > 2\/nlogn> +P (Rm >n — 2\/nlogn> +P (ZRM <nv-—t nlogn)
t — — t
<P (R1 > 2\/nlogn> + P (Rm — E[R,,] > ix/nlogn (3.5)

+P (ZRm —E[Zg,] < — (1;)) t nlogn) . (3.6)

Since E[R]| < oo for all v < x = 2, it follows that the first term in (3.5) is bounded by
2B[F] o vEIE] g0 a)) ¢ <3, /%. For the second term in (3.5), since R,, — E[R,,]

tv/nlogn — t2logn

is the sum of ii.d. terms with tail decay P(R, > z) ~ Ca~2 and since 2 = ™™ js

uniformly bounded away from 0 and oo for ¢ < 3 @, by applying Lemma A.3 we

obtain that
— — t — — C C
P (R, — E[R,] > 5\/nlogn <P (Rm — E[R,] > Ct\/mlogm> < logn + a
n

Finally, since Zg,, — E[Zg,,] is the sum of i.i.d. terms with exponential tails, standard
large deviation estimates (see [21, Theorem III.15]) again imply that for n large enough
and t < % " the probability in (3.6) is bounded above by

logn

t’n 1
exp{—C’ niogn } < exp{—C’t2 1ogn} <

mV ty/nlogn t2logn’
(We are again using here that m/n is bounded away from 0 and oc.) This completes the
proof of the Proposition. O

A consequence of the above left tail estimates for the RWRE is the following lemma
which is the key to the proof of Theorem 1.14.

Lemma 3.4. If the distribution u is 2-regular, then

lim limsup =0, (3.7)

M—00 nooo

nlognE {(Zn - U”)Ql{znfmng\/W}} — Kov

where K is the constant from (1.8) and v is the limiting speed of the RWRE as in (1.4).

Proof. For any fixed M, noting that since |Z,| < n, we have that

1
nlogn

E |:|Zn - Un|21{Zn—mL§—M\/7Tgn}:|

1 (14v)n
= M?*P(Z, —vn < —My/nlogn) + / 20 P(Z, —vn < —x)da.
nlogn My/nlogn
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Using Proposition 3.3 we have that M2 P(Z, — vn < —My/nlogn) < ¢ 4 % and

logn
therefore to prove (3.7) it suffices to control the integral term above. Splitting this

integral term into three parts we may write

1 (1+v)
/ 2eP(Z, —vn < —z)dx
nlogn MynTogn

1 Vnlogdn vn—logn (1+v)n
= {/ +/ +/ }Qx]P(Zn —on < —z)dz.
n IOg n M+/nlogn Vvnlogdn vn—logn

Using the precise tail estimates in (1.8) one can see that the middle term above converges
to Kov as n — oo, and thus one needs only to show that the first and third integral
terms vanish as n — oo and then M — oo. This can be verified by using the general tail
bounds in Proposition 3.3 for the probabilities in the first integral and by bounding all
the probabilities in the third integral by P(Z, — vn < —vn + logn) < % <C 1‘,’,;‘52”,

where the upper bound on these probabilities hold for n large by (1.8). O

(3.8)

3.3 Proof of Theorem 1.14 and centered tail estimates

Having obtained the left and right tail estimates in the previous two sections, we are
now ready to give the proof of Theorem 1.14.

Proof of Theorem 1.14. First of all, note that for M fixed we have

E [(Zn - nv)21|Zn—nU|<M\/n10gn:|

nlogn

E[(Z, — nv)?]
nlogn

— (* + Kov)| < — V*E[®*1 g <]

E [(Zn - m’)lenfm;ng\/m}

— K()'U
nlogn

+

E[(Z,—nm)?1, . Toen
+ bQE[¢21|¢‘>A{] + [( ) Zn, >M+/nlog ] )
= nlogn

It follows from (1.7) and the bounded convergence theorem that the first term on the
right vanishes as n — oo for any fixed M. Then, it follows from Corollary 3.2 and
Lemma 3.4 that the last three terms on the right can be made arbitrarily small as n — oo
by fixing M large enough. This completes the proof of the theorem. O

The left and right tail asymptotics for the RWRE proved above were for the random
walk centered by its limiting speed. However, since results of Theorem 1.16 are proved
for the RWCRE centered by its mean, we will need some results on the RWRE centered
by its mean as well. Since it follows from Corollary 1.15 that E[Z,,] = nv+o(y/nlogn), we
can then easily obtain the following analogs of the above results for the RWRE centered
by its mean (with different constants and sometimes slightly smaller ranges to which the
tail estimates apply).

Corollary 3.5. Let (Z,),>0 be a RWRE with a 2-regular distribution y on environments.
Then the following right and left tail estimates hold for the centered RWRE.

¢ Right tail estimate: There exist constants C, ¢ such that for n sufficiently large
P(Z, —EZ, >z) < Ce wlozn, Y > 0. (3.9)

* General left tail estimate: There is a constant C' such that for n sufficiently large

C C v n
P(Z,-EZ, < —t lo < 5+ —, forl1<t< =,/ ——. 3.10
(Zn "= nlogn) < t2logn  t4 - — 2\ logn ( )
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e Precise left tail estimate: With K, the same constant as in (1.8), we have

. P(Z,-EZ, < —x)
lim sup

— Ky| =0. (3.11)

N0 flogh n<a<no—yalogn | (W0 — )T

We close this section with some consequences of the above tail estimates for certain

truncated first and second moments of the RWRE which will be needed for our proof of

Theorem 1.16. For these lemmas (and throughout Section 4), recall from Section 1.4
that Zn = Z, — E[Z,] is the notation for the centered version of the RWRE.

Lemma 3.6. There exists a constant C' > 0 such that for n sufficiently large and a >

Vnlog*n,

= Cn
E||Zallz, 50| < = (3.12)

Proof. First of all, note that since |Zn\ < 2n the bound holds trivially for a > 2n. On
the other hand, one easily sees that if (3.12) holds for all a € [\/nlog*n,nv/2] then
by changing the constant C we get that it also holds for a € [nv/2,2n|. Indeed, if
a € [nv/2,2n] then

<o < (4C/1))n.

E [‘Znu' |Z"|>””/2} - /2 T a

Zoisa) SE[1Z0l1

Thus, for the remainder of the proof we will assume that \/nlog* n < a < nv/2.

To bound the expectation in (3.12) we first decompose it as £ [|Zn|l|2 \>a}

E [ani,»a} +E [(—Zn)12n<7a]. For the right truncated expectation, using (3.9) we
get that
E [Z,,l

Zn>a:| =aP(Z, > a) +/ P(Z, > z)dux

< Cae—caz/(n log n) + Cwe—ca2/(n logn).
a

Since a > \/ﬁlog4 n implies that e—ca’/(nlogn) < e—clog" 7 and since a < nv/2, it follows
that the above bound is less than % for some C’ < oo for all n sufficiently large and
a € [y/nlog*n,nv/2]. For the left truncated expectation, using the assumption that
\/ﬁlog4 n < a < nv/2 and the precise tail bounds in (3.11) we obtain for n sufficiently
large that

2n

E [(—Zn)lznea = aP(Z, < —a) +/ P (Zn < —m) de

a

~ no—yaTogn
<aP(Z, < —a) +/ P (Z,L < —:c) dz

a

+2nP (Zn < —(nv — m))

< 2Kgun +/7“’_V”1°g” 2Kyvn d 8Ky+/logn

x

- a x? v2y/n

< 4Kyun + 8Ko+/logn

- a v2yn
Finally, note that a < nv/2 implies that 7”0\/%" < = for n sufficiently large. O
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Lemma 3.7. If y/nlogn < a < y/nlog* n, then

n?log?n

E [(Z,L)Ql < Cnloglogn + C "

a<|Zn|<v/mlog n:|

Proof. We begin by noting that

" Vnlogtn _
E[Z L ucizicvmin] S@ROZI> @+ [ 2R(Z]>0)dn (13

Using (3.9) and (3.10) we can bound the first term on the right in (3.13) by

n2log?n < Cna+ Cn2 log?n

~ ca?
a’P(|Z,| > a) < Ca’e” 7leen 4+ Cn + C 7— < —
a a

where the last inequality is justified by noting that (by elementary calculus)

C(l2 1 Ca2 1 4
2 —ge_ 4, —So 272
a“e nlgn = — (a e "1%'") < = | —=55nlog"n ). 3.14
a? ~ a? ((3202 & ) ( )

For the integral term in (3.13), again using (3.9) and (3.10), we obtain that

Vnlogin _ Vnlogin on? 2] 2
/ 2z P(|Z,| >x)dx§C’/ {:ce"log” +n+no§n} dz
a a x x

ca? log® 2 Jog?
SC{nlognenlogn +n10g<\/ﬁ Og n)+n 02g n}
a a
21 2
SC’{nloglognJrnO;gn},
a

. . . . . Valoghn
where in the last inequality we used (3.14) and that a > y/nlogn implies log (%) <
% log log n. O

Lemma 3.8. Ifb is the scaling constant from the limiting distribution in (1.7), then

Var (an z 7o 4n) E [(Zn)Ql Z n lo 4n:|
n—oo nlogn n—oo nlogn
Proof. First of all, note that
= ~ N2
’Vﬂr (anlinlgﬁlog‘*n) -B [(Z”) L1z, 1<vmoss n}
~ 2 - 2 Cn
= |:Z77.1|2n|§\/510g4 'n:| =E [an\an\/ﬁlog‘L n] S IOgSTL’

where in the second equality we used that E[Z,] = 0 and in the last inequality we used
Lemma 3.6. Since this bound is o(nlogn), it is enough to only prove the second equality
in (3.15). To this end, fix M > 1 and note that

E [(Zn)Ql Z 4 B {(Zn)Ql Z ! }
Zuisvitostn] ol D ZMVR ] 2 B2 gy ]
nlogn nlogn
E [(ZTL)QJ'IM nlogn<|Zn|<ymlo 4n:|
+ \/T<‘ n‘_f g +b2E[(I)21‘q>|>M}

nlogn

The first term on the right vanishes by the bounded convergence theorem (together
with (1.7) and Corollary 1.15), while the second term on the right can be bounded by
C % + % by Lemma 3.7. Therefore, taking first n — oo and then M — oo completes
the proof. O
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4 Transient RWCRE when « = 2: arbitrary cooling

In this section we will give the proof of Theorem 1.16. We will prove that the limiting

distribution is Gaussian by proving that for any subsequence n; — oo there is a further
subsequence n;, along which Xné%ipjn“] = ®. Therefore, at several times throughout
the proof we will be able to assumektheﬁ: some nice additional property holds by passing
to a subsequence along which it is true.

Before starting the proof of Theorem 1.16 we will introduce some notation and give a
brief idea of the proof. Our starting point for the analysis of the distribution of X, is the
decomposition into sums of increments of independent copies of RWRE as in (1.10). We
will analyze this sum by separating the terms in the sum into the “large” and the “small”
terms. The small terms will be those whose variance makes up a negligible fraction of
the total variance of the sum, and the large terms will be the remaining terms. To be

more precise, let

lot1
sfl = Var(X,,) = Z O']%)n, where U,%}n = Var(Z7, ),
k=1

and then forany d > 0and n > 1let

I’I(S:{ke {1a27'~-a€n+]—}1 O—I%,n >(5S%},
and I, ;={ke{1,2,....,0,+1}: 0}, <ds’}.

Finally, letting

k — k
ZHs= > (Z¢) -BlZg,]) and 2 ;=Y (2 —E[Zn )
kGI:fﬁ kel s

we can rewrite X,, — E[X,,] = Z:[’ s T Z,5- The main idea is then to show that, after
appropriate scaling, both Z:[’ s and Z; s are approximately Gaussian (unless the set I; s
or I s is empty in which case one only needs that the non-zero term is approximately
Gauséian). Unfortunately, this argument doesn’t quite work for a fixed § as our analysis
of the small terms will actually require ¢ to vanish as n — co. That is, we will show that
there exists a sequence §,, — 0 such that both Z; s, and Z s converge in distribution
to Gaussians when properly scaled. Since Z:[ s, and Z s are independent this will then
imply that X,, — E[X,,] converges to a Gaussian when i)roperly scaled. Finally, we note
that as part of our proof we will show that the proper scaling ends up differing from
sn = /Var(X,,) by a multiplicative factor which asymptotically lies in [, 1], where the
constant 3 is defined in (1.17).

Having outlined the general strategy, we will now begin proving some lemmas which
complete the main steps of the proof.
Gaussian convergence for the large parts. The first step is to prove the convergence
of the sums over only the large cooling intervals. We cannot simply claim that Z;ﬁ s=> @
as n — oo since it could be that I f{ s = 0 for infinitely many n. However, the following
lemma show that an s is approximately Gaussian whenever the set I, I s is not empty.

Lemma 4.1. Forany§ >0 andn > 1let s} 5 := Var(Z ). If n; — oo is a subsequence
such that s, 54+ > 0 (or equivalently I:[j s # V) for all large j then

+
WEILENY, § (4.1)

Snj,b6,+ I
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Proof. We begin by noting that if s,,; 5 + > 0 then we can write

(k)

+
an.,é o Z Ok,n; ZTk,nj
Snpot G5 Smadt Ok

8

Since the set I; s can contain at most % elements, by passing to a subsequence if
needed we can assume without loss of generality that there is an integer 1 < m <
% such that |I,J{J s| = m for all j; that is, the sum in the decomposition has exactly
m terms. It then follows from the limiting distribution for the RWRE in (1.17) that
{Z(T’i)nj [Ok.n, }kel;,é = {8®;}1<i<m, where the ®; are i.i.d. standard Gaussian random

variables.* The claimed convergence in (4.1) then follows from this, together with the

. Tk,n; \2
J —
observation that Zkefij,a(snj,a,+) =1. 0

Corollary 4.2. There exists a sequence d,, — 0 such that either (1) s;'{ 5, = 0 for alln
large, or (2) for any subsequence n; — oo such that s, s, .+ > 0 for all but finitely many

J we have
+

nj,0n;

— 3.
Snj’(;"j’+ Jj—roo

Proof. Let d be a metric on the space of Borel probability measures on R that is consistent

with the topology of weak convergence (e.g., the Levy metric), and in a slight abuse of

notation for random variables X and Y with distributions px and py, respectively, we

will use d(X,Y) in place of d(ux, py ). With this notation, for any n > 1 and § > 0 we can

let

=zt
d( ns ,ﬁcb) if 554 > 0
En,g =

Sn,5,+
0 if Sn76,+ =0.

It follows from Lemma 4.1 that lim, e, = 0, for any fixed 6 > 0. Let my = 0
and define integers m; for j > 1 inductively as follows. Let m; > m;_; be such that
Eni/i < 1/j for all n > m;. Let §,, = 1 for n < m; and if m; < n < mj;, for some j > 1
then 6,, = 1/;. For this sequence §,, we have lim,,_, €,,5, = 0, and this completes the
proof of the corollary. O

Let the sequence §,, — 0 be chosen as in Corollary 4.2. In general we would like to
prove that Z; properly scaled also converges to a centered Gaussian, but in fact this
isn’t necessarily true if Var(Z, 5n) doesn’t grow to co. However, the following corollary
shows that in this case we alréady have the limiting distribution we are after because
only the large parts will be relevant in the limit.

Corollary 4.3. For any 6 > 0 let s,, 5, := Var(Z;(;). If §,, is the sequence from Corol-
lary 4.2 and n; — oo is a subsequence such that lim;_, %:7’7 =0, then
X, —E[X,.]
5snj j—o0

. 2 o 2 2 . . .
Proof. Since s;, = s, 5 + 5,5, the assumption that s, 5, - /8n; — 0 implies that

)

S 1550 >+
lim 2 (4.2)
Jj—o0 Snj

4Note here that we are using that Ty n islarge if k € 1::5. Indeed, it follows from Corollary 1.15 and the
definition of I:{& that k € I;a implies that T}, ,, log(Tk,n) > Cds2 for some C > 0.
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Next we write the decomposition

Xo, —BXn,] _ Znin,
BSTLJ' /6577,]' BSnj
The variance of the first term on the right vanishes as j — oo by the assumption on

the subsequence n; in the statement of the corollary, and the second term converges in
distribution to a standard Gaussian by (4.2) and Corollary 4.2. O

nj,0n;

Gaussian convergence for the small parts. Due to Corollary 4.3, we will only need
to consider the limiting distributions X, along subsequences n; such that
snj Oy —
lim inf ——— =6 € (0, 1]. (4.3)

J—o0 Sn;

The following lemma shows that under this assumption Zn 5, converges to a Gaussian,
but determining the proper scaling to get a standard Gau551an limit is quite delicate.

Lemma 4.4. Let §,, — 0 and assume that n; is a subsequence such that (4.3) holds.
Then,

N5 ,0n

= I =P
Snjﬁnj

)

where for anyn > 1 and § > 0

5%75 = Var Z Z(Ti)n 1,,, | and Ay, = {|Z(T];)n| < \/7 V /Ty nlog Ty n} .

kel
(4.4)

Proof. For simplicity of notation, we will give the proof under the assumption that (4.3)
holds without taking a subsequence. That is,

liminf 29— — ¢ € (0, 1]. 4.5)
n— 00 Sn
We begin by decomposing
zZ 1 ~ ~
o N (2 La, - B2 14, (4.6)
Sn,8, Sn,8, — ’ ’
kel 5
1 ~
e 2 (200, B2 1 ]). @
kel

n,6n

We will prove that (4.6) converges in distribution to a standard Gaussian while (4.7)
converges in distribution to zero.

Proof that (4.7) is negligible. We will show that (4.7) converges to zero in L'. To this
end, note first of all that

Bl S (10, B[ 1 )| | <2 X B0 ]

kel kel 5

n,8n

Since \Z(Ti)n| < 2T}, ,, the event Ai’n is empty if 27} ,, \/7 Therefore, we need only

. . .
consider the terms in the sum where 7}, ,, > N T > ./s,,. For these terms we can use
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Lemma 3.6 to bound the sum by

S E[Zn. s, ] <0 Y (T>

Sn

kel ;. kel s \Viogsn
Tk,n2>v/5n
2 ln+1
< /log Sn Uk,n < C v 9 C Sn
— >~ g =
o Z log Tk ~ sny/logs, kzl ko Viog sy,
€l s, =
Tk,n=>v5n

where in the second inequality we used that Corollary 1.15 implies that there is a
constant C' such that T}, log Ty, < Coj,, and in the third inequality we used that
Tkn > +/5n implies that log T}, > (1/2)logs,. Thus, to complete the proof that (4.7)
converges to zero in L', we need only to show that lim,,_,oc ——2—— = 0. In fact, we

Sn,6, V1og sy
will show that _
s
liminf —2% > 3, (4.8)
N0 Sn by, —
which combined with our assumption (4.5) is enough to show that lim,, #@ =

To prove (4.8), note first of all that 57 ; =37, ;- Var (Z(T’Z) 1AM) and that s, ; _ =

~ 02 so that it is enough to show that
kel , Tk

Var (Z}i)n 1Ak.n)
liminf inf . L > 32, (4.9)
n—o0 ke[;,sn Uk,n

To this end, first note that Var (Z(le)n 1 A,w) = or,f’n if Ty, , < /s, since as noted above

1,4, , = 1in this case. Thus, we need only to get a good bound on Var (Z%)n 1AM) when
Ty n > /sn. For this, note that

=B |(Zf) )*1a,.,| —E[Zf) 1A2,J2

[ Tk,n
~ ) ~ 2
> E [(ZTk,n) |Zr,, ,,1<v/Th.n log* Tk,n} - B “ZTM l\ZT,m\>\/ﬁlog4 Tk,n:I
P~ Ty,
2 k,n
> ]E I:(ZTk,n) 1|ZTk‘n,\S\/m10g4 Tk“n,:| - Cm, (410)
where the second equality follows from the fact that & [Z(T’:)lAM} =—-F [Z(le)lfli_n]

since ]E[ZTk] = 0, and the last inequality follows from Lemma 3.6. Recall that we only
need to use the lower bound (4.10) when 7}, > ./s,, and note that (1.16) and Lemma 3.8
imply that

7 \2
. B [(Zn) 1|Zn,|smog4n}
1m

n—oo Var(Z,,)
This completes the proof of (4.9) and thus also the proof that (4.7) converges to zero in
L'.
Proof of convergence of (4.6). To prove the convergence of (4.6) to a standard
Gaussian we will use the Lindeberg-Feller CLT. Since the normalization s, 5, is chosen
so that (4.6) has variance 1 and since assumption (4.5) together with (4.8) implies that

= 52
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Sn,s5, — 00, we need only to check the Lindeberg condition; that is, for any ¢ > 0

_ . 2
Y B [(Z%?nlfw —E {Z(T’Z?nlAk,nD 1(2;';{“1%,1E[zg;c{nlfw]>egn,5n} =0.

"kel 5

lim
n—o0o §

n,d

However, by (4.5) and (4.8) it is enough to prove the above statement with s,, 5, replaced
by s,,. That is, we need to show for any € > 0 that

2
(k) (k) _
LY E[(Zn Lo, ~B|Z{) 1n..]) 1|2<Tz{nlAk,nE[Z;';inlfsk,n]txsﬂ} -0

kel 5
(4.11)
To obtain a simple bound on the expectation above, note that
. a
E[(Y = )Ly _psa) 2B [Y?Ly|sap2] +20°, if |u| < 3
To apply this simple bound to the expectations in (4.11) we need to check that
= €
E|Z{) 1a,.|< 2t Whelrs. (4.12)

T, 2,
It follows from Lemma 3.6 that |E { La,, } < Cwﬁ. Also, note that by Corol-

lary 1.15 there is a constant C' such that ke I; s, implies that T}, log T}, < Ccr,i n <

Cé,s2, and thus C\/? < 5= for all n large enough and k € I, ;5 . This completes
the verlﬁcatlon of (4.12), and thus to check (4.11) it is enough to prove for all € > 0 that

L Z(k) 2 (k) 2 _
Ji Z {IE [(ZTM) Lp 78 (e +IE[ZTk’n1Ak7n} =0.  (4.13)
kel

n,0n

For the first expectation inside the sum in (4.13), note that for n sufficiently large (so
that 1/y/log s, < €) we have

Apn N {|Z |>asn}:{5sn<|Z¥Z) |< 1 V /Ty, log* Tkn}
" ogsn

= {Esn < ‘Zg’z)J <VTkn log Tk,n}v

and thus

7 (k) \2 72
I [(ZTkn) 1Ak,nﬁ{|2§ﬂ?n|>ssn}:| <E {ZTk,nlssn<|ZTkm’\Sw/Tk,n10g4 Tk,ni| :

Note that this shows that the expectation above is zero unless /T}, , log Ty, n > €5y, and
since for n large enough we have es,, > /s, log? 5,,, we can conclude that the above
expectation is zero unless T} ,, > s,. To bound this truncated second moment in the
case Ty > s, we would like to use Lemma 3.7, but to apply this we need to first check
that that €s,, > /T log T;,. However, it follows from Theorem 1.15 and the definition of
I, 5, that for n sufficiently large we have Ty, log Ty, < Co,s2 < €252 forall k € Is.-
Therefore, we can conclude for n large and k € I ; 5 that

_ T2 log?T,
(k) \2 k,n k,n
E (ZTk,,L) 1Ak,nﬁ{|2¥:€)n|>esn}:| <C (Tk,n log log Tk,n + 52831 1Tk,n>5n
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I
=

For the second expectation in the sum in (4.13), recall that if T} ,, < /s, then Ai,n
and thus this expectation is zero. On the other hand, since
i ~
|EIZ5) La, )l = | BIZE) Lag I S EllZn Lz, o /mg,, )
we can also use Lemma 3.6 to obtain the bound

CTkn Co—k n CO—’%,’I’L

~(k
E[Z;k?nlAk,n]Q < logsi];lek W>En S bgiTlTk NS (4.15)

- log Sn

Combining the estimates in (4.14) and (4.15) and noting Zker a,% n < Ze ntl k = si

one obtains (4.13). This completes the verification of the Llndeberg Condltlon and
completes the proof of the lemma. O

Having completed the preparatory steps, we are now ready to give the proof of
Theorem 1.16.

Proof of Theorem 1.16. Let d,, — 0 be as in Corollary 4.2 and let

2.2 2
— /B Snv(snv"r + S”a‘sn

2
b2 = 5 (4.16)
Note that since
- ~ ey \2 N2
Var (Z) 14,,) < T {(z}k)) 1Ak,n} <E [(z}”) } =07 s
we have that 52 ; < s2 5 _, and because s, = s> ;5 | +s2; _ and § < 1, it then

follows that b,, < 1 for all n. Moreover, since we have shown that (4.8) holds whenever

liminf,,_, s"ji > 0, we can also conclude that liminf,,_, ., b, > 3. Therefore, if we can
prove that
X, —E[X,
A = P, (4.17)
bnsn n—oo

then the conclusion of Theorem 1.16 will hold with 3,, = b, V 8.

We will prove (4.17) by proving that every subsequence has a further subsequence
that converges to a standard Gaussian. To this end, let n; — oo be a fixed subsequence
and consider the following cases.

Case 1: liminf;_, SJ:# = 0. By passing to a further subsequence we can assume
oy
R N X —E[Xn,
that lim;_, S’% = 0. It then follows from Corollary 4.3 that JBS Xy = P,
.y Sn;
Since s,,.5, < Sn,s,,— always holds, then the definition of b,, and the assumptlon on the
—E[Xn,]
= & as

subsequence in thlS case implies that ﬁjsn]/ — lasj — 00, so that b on
j — oo.

Case 2: Snj.bn, = 0 for infinitely many j > 1. In this case, by passing to a further
subsequence we can assume that s, 5, + = 0 for all j, in which case X,,; — E[X,,] =

Z;j 5, 1+ Sn;.6,,,— = Sn, and by sp; = 8y, 5, So that Lemma 4.4 implies that
§10n 20n s 29n
_ z-
an E[an] _ ~nj76”j : P.
bn]. Sn; th(;nj Jj—0o0

2507 5 0 and Sn;,6,,,+ > 0 for all but finitely many j. Since

Sn;

1.6, > 0 for all j large enough we can decompose

Case 3: liminf;_,

ZT 3 zZ-
an - ]E[an] _ Bsnjyénjrf’ njyénj snj,d"j nj;fsnj (4 18)
bnj Sn; bnj Sn; Bsnj,énj,-i- bnj Sn; Snj,&"].
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+ -
nj.on

va, n.
T = ®, and Lemma 4.4 gives that — i = & also.
o

]-,+ nj:On;

Also, the two terms on the right side of (4.18) are independent random variables and the
squares of the coefficients of the two terms sum to 1 by the definition of b,,. This implies
that the right side of (4.18) converges to ® in distribution as j — oc. O

Corollary 4.2 implies that

A disadvantage to the above proof of Theorem 1.16 is that the formula for the scaling
multiple 3,, depends on the choice of the sequence d,, — 0 in Corollary 4.2 which is non-
explicit. The following lemma gives another sequence that is asymptotically equivalent
to the scaling constants used in the proof above, but which has the advantage of not
relying on the choice of §,, and thus which can be used to compute the scaling constants
B, for certain choices of cooling maps.

Lemma 4.5. The sequence 3,, in Theorem 1.16 can be chosen as

~ _ i’:{l Var (ZTM,lAM,)
Bn =b, V3, where b, = , (4.19)

2
Sh

and where the set Ay, is defined as in (4.4).

Proof. Comparing (4.19) with (4.16) and (4.4), we see that it’s enough to prove that

Var (Z(TIZ) 1,4,%”)

2,2
ﬂ Jk,n

lim sup
n—oo k€I+

n,0n

—1| =0, (4.20)

where again §,, is the sequence from Corollary 4.2 (if I, n+ 5, = () then the supremum in the
display above is by convention taken to be zero). Note that we are always free to pick
the sequence §,, — 0 slow enough so that 4,, > L If this is the case, then for n large

= logsn

enough and k € I, ; we have that

n!

S
D <6052 < 0pn < CVThn 108 Thn < \/Thom log? Ty .
N 2 < 0k < OV Tk 10g T < /Ty log” T,
Therefore, for n large enough and k € I:[) s, we have
(k) (k) s
Var (Zj) 14,,,) = Var (ZTk,n1|z;';{n<mlog4 T) o and Tin 2 o8
From this, it follows that for n large enough we have
Var (Z) 1 Var (Z,,1,»
Tgon Ak 1l < M= Zm | <v/mlog* m 1
sup — 11 < sup — 1y,
keI 62013,71 >k B2 Var(Zm)
1On —log‘r’ sn
and then (4.20) follows from this together with Lemma 3.8. O

5 Examples

In this section we consider specific cooling maps that display interesting/illustrative
behaviour in the study of the limit distribution of RWCRE in the subbalistic (x € (0,1))
and in the Gaussian critical (x = 2) regime. To explore the features of RWCRE, we
consider both regular cooling maps (maps for which T} = 7, — 7,—1 admits an asymptotic
behavior) as well as some cooling maps with more irregular behavior.
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5.1 Sub-balistic regime

For the examples in this subsection we will assume that the distribution yx on environ-
ments is k-regular with x € (0,1).

Example 5.1 (Polynomial cooling when « € (0,1)). Let T, ~ Ak“ for some constants
A, a > 0. Since Ty, — oo we can use Corollary 1.11 to determine the limiting distributions.
It is easy to check for this example that maxy A, (k) < - 0, and thus we can

Vi,
Xn_]E[Xn] .
N = ®. Moreover, we can use Theorem 1.10 to replace the scaling

by the standard deviation of X,, with a more explicit scaling in this case. Indeed, using
Var(Z,) ~ ogan?* we have in this case that

conclude that

2 AQR
£y+1 K
Var(X g Var(Z;,’) + Var (ZT(L :r(gi)) #HZZ‘I + as n — oo.

. L. _1_
Since ¢, ~ (2+1) “*T ns+1 we can then conclude that

2ak+1

X, - E|X, 2 A% 1) ot
72([”1} = ¢, where aAa = T2 (OH_)
JA n 2+ n—00 QO[K: + 1 A

Note that the scaling exponent 22&’3:1) converges to  as o — 0 and to x as o — oo (if

k = 1/2 then the scaling exponent is always to 1/2 for all a > 0).

Example 5.2 (Exponential cooling when « € (0, 1)). Let T}, ~ Ce®* for C, ¢ > 0. Again we
can use Corollary 1.11 to determine the limiting distributions. In this case one can only
obtain limiting distributions along certain subsequences, but the limiting distribution
is always a sum of independent (normalized) Mittag-Leffler random variables. For
simplicity we will only describe the limiting distribution along the subsequence n; = 7(j).
For this choice of n; we have

! J c\2K
(an)2 = Z(Tk)w@ ~ Z(Ceck)Qn ~ &620@]‘, as j — oo.

chn -1
k=1 k=1

Since for k > 1 fixed and j large enough we have that Xﬁm (k) = (ijﬂ it follows that

7LJ
lim A (k) = Aew(k) := /(0% — 1) (0.)%, Vk>1,  wheref,=e "
Since )~ (Ac,«(k))? = 1 we can conclude from Corollary 1.11 that

X, — E[X’ﬂj] (An)(@)‘c’* . (5.1)
j—o0

Var(X,,)

We can also obtain more explicit centering and scahng terms for this example Indeed, it

follows from Theorem 1. ;0 that E[X,,,] ~ “ﬁm(ce )" ecti and /Var(X U\?L(Z%) echid

and since n; = 7(j) ~ £%5e implies that (C’e )reRd ~ (e — 1)"nf we can re-write

these asymptotics as BE[X,,,] ~ Mm;(j 711) nf and y/Var(X ”i?%ﬁl) n. Since

Yokt Ao (k) = ijfﬁ_l we have by Remark 1.13 that we can remove the centering

Ch_l 4
Var(X,, oo (e°—
terms from both the left and right sides of (5.1). Finally, since ni i) — ﬁ(m 1;

we obtain the simplified form of the limiting distribution where the scahng is the same
as in the RWRE case

Xn, (e¢ — 1)~ >
J A m(k) _ € _ 1 K Z e cnkm(k)
’? \/ 20& Z © * kot
J—>OO e 1
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Example 5.3 (super exponential cooling when x € (0,1)). If log(T) ~ e°* for some
c > 0, then all subsequential limits are a linear combination of one or two independent
Mittag-Leffler random variables. To give a specific example consider the cooling map
with 7(j) = 22{ for j > 1. Then, fix a parameter § > 0 and consider the subsequence
n; = [(1+ 0)2%'|. Note that for j large enough we have 7(j) < n; < 7(j + 1), so that the
representation in (1.10) becomes X,,, "= Y7 Zgj)—i—ZEé;lj)J
last two terms in the sum on the right survive in the limiting distribution. Indeed, since
the variance asymptotics in Theorem 1.10 imply that Var(X,,) ~ Var(Zr, )+ Var(Z 19229 J) ~

ogn(1+ 6°)n2*, we can then apply Corollary 1.11 to get

X, ~EX,] 1 ML — fion L M — pon
VVar(X,,) oo /14 6% oam V1 0% oam '

Finally, since the mean and variance asymptotics in Theorem 1.10 imply that ]E[an] ~
pon (1 + 60%)nf and /Var(X,,) ~ omv1+ 0%n% we can rewrite the limiting distribution
above as

. One can show that only the

X,
J

K
;

Example 5.4 (Mixtures of Mittag-Leffler and Gaussian when « € (0, 1)). The basic idea
to build mixtures of Mittag-Leffler random variables with Gaussian is to build a cooling
map by interweaving a fast growing cooling map where the limiting distribution is a
sum of Mittag-Leffler distributions with a slow growing cooling map where the limiting
distribution is Gaussian. To give a specific example of this, let 7 be the cooling map with
cooling intervals given by

= m +grm?.

Jj—o0

Ty = {2@*1)/(2'% fori>1, and Ty =1 ifk¢ {20: ie N}

We will compute the limiting distribution along the subsequence n; = 7(27). To this end,
first note that from Theorem 1.10 that

J
Var(X,,) = Var (Z)s6-1/e0)) + (27 — j) Var(2:)
i=1
~ ZggﬂT_l + 27 Var(Zy) ~ (o + Var(Z1)) 27, as j — oo.
i=1

Moreover, since the k-th largest cooling interval among the first 2/ cooling intervals is
Toj—ri1 = [20~K)/(2%) | we get that for any fixed k > 1,

Var (Z)5G-1)/¢x 2
lim Y, (k) = nm\/ 2t (Zj26-n/ev)) :\/f’fmz—k/z =: A (k).

joroo M joroo Var (X, ) oay + Var(Zy)

1/2

Since a(A\.) = (%) € (0,1), we get in this case that the limiting distribution
0

is a mixture of sums of independent Mittag-Leffler random variables and an independent

Gaussian. More precisely,

an —E[an] N (ﬁ )®)\* ( Var(Zl) )1/2(1)
Var(X,,) i—c \ oay + Var(Zy) '

Example 5.5 (Arbitrary mixtures of Mittag-Leffler and Gaussian when « € (0,1)). A
natural question is whether or not given some A, € £2 with 21@1 )\*(k)2 < 1 one can find
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a cooling map and a subsequence n; — oo such that one has a limiting distribution of

the form (ﬁﬁ) o + a(A)® as in (1.13). In this example we give algorithms showing
how this can indeed be done.

Without loss of generality, we may always assume that A\, (k) is non-increasing in k.
Our algorithm will be slightly different depending on whether or not A, (k) is eventually
zero. In both cases, however, we will use an iterative method to construct a cooling map
7 along with a sequence {N,},>1, and then we will let n; = 7(V;) for j > 1. The cooling
map will have the property that lim_, ., Tx = oo so that we may apply Corollary 1.11 to
identify the subsequential limiting distribution.

Case I: \.(k) > 0 for all £ > 1. We begin by defining the sequence {N;};>; by letting
Ny = 0 and then letting

A« () -
Before constructing the cooling map, we recall the scaling factor V,, defined in Corol-
lary 1.11 and let Uy = 1 and

)\’
N;j=N;_1+j+K;, where sz\‘(a( )>J7 J=1

V=V, = [ >, (Tw)>,  j>1L (5.2)
k<N;

We will now define the cooling intervals {7} };>1 as follows. Since each integer k > 1 is
in a unique interval (N;_q, N;] for some j > 1 we let

A (J)

) 1/k
(M) w ifk=N;_;+{forsomel=1,2,...j
ml./ﬂ if N; 1 +j <k<Nj.

T, =
j—1
Now, it follows easily from (5.2) and our assumption that A, is non-increasing that for
j >+ >1we have maxg<n,_; Tp < %Jl/_'{l <TnN; 4§ S TN 1o, and thus (recalling the
definition of A;, in Corollary 1.11) we can conclude that )\im () = Ay, (Nj_1 + 1) =

(T _y+0)"

P for j > (. Using this we can then conclude that for ¢ > 1 fixed we have that

(mjfl)\*(é))l/ﬂ K
A (4)
W\ 1/k 2K 2Kk
U1 (3) 1/k

i1+ Xy R x-0) ) W + K @HW
. A0

I A2 4 Xy M(0)? + ()

A (0)

= = )\* E 5

>ois1 A(8)? +a(A)? ®

where in the last equality we used that a(M\.)? =1 —,o, A (i)%

Case II: there is a ky > 1 such that \.(k) > 0 < k < k¢. The algorithm is very
similar in this case, but with the following changes. Now we define the sequence {N;};>;
by

lim MY, () = lim

R j—o0

Nj = Nj—l —+ ko +Kj7 where Kj = \‘('] GJ()\*))QJ s _] > 1,

and for k € (N;_1, N;] we let the cooling interval

701 ifk=N,_1+/lforsomel=1,2,...kg
0, A (O)F| k=N 4 LF (=1,2,...k
%1/5-‘ ifNj_1+k0<k’§Nj.

J—1

Ty =

EJP 29 (2024), paper 159. https://www.imstat.org/ejp
Page 30/38


https://doi.org/10.1214/24-EJP1210
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

RWCRE in the sub-ballistic and critical Gaussian regime

Next, since for j > 1/, (ko) we have

max Ty < ‘«U;/_Hl < (jmj—l/\*(ko))l/n STN; ko STN;_ 40, for1 </¢<ky (5.3)

k<Nj—1

it follows that for any 1 < ¢ < ks we have Xin] ) = XT,nj (N;—1+ ¢) for all j sufficiently
large and thus

K

lim AL, (€) = lim ijj’lA*(e))l/ﬂ

g T T S %miﬁzm (G- 7"] "+ |GaOhp?] [84]
A(0)

Finally, we need to show that lim; . A}

T,nj(

k) = 0 for all k > kg. For this it is of course

enough to show that lim;_,o At ,, (ko + 1) = 0. To this end, it follows from (5.3) that

T,N

maxg<n;_, (Tk)"  U;4

N (ko +1) <

T,Mj

and since it is easy to see that U; ~ j%U,_1 as j — oo then lim;_, Xi,nj (ko+1) =0.

5.2 Gaussian critical regime

For the examples in this subsection we will assume that the distribution ; on envi-
ronments is 2-regular. The examples below demonstrate the various properties of the
sequence of scaling constants 3,, in Theorem 1.16 that can be obtained by changing the
cooling map 7. Recall that the scaling constants (,, can be given by the formula in (4.19).
However, for this formula to be of practical use one needs some way of approximating
the truncated variance terms involved. To this end, one can use the following result
which follows from the tail bounds for Zn in Section 3.3.

Corollary 5.6. Let (Z,),>0 be a RWRE with a 2-regular distribution ; on environments.
Then,

-1 =0.

) Var(an‘anSI)
lim sup /D)
"> /mlogtn | b2n logn + 2Kovn log (%)

n

The proof of Corollary 5.6 is straightforward (using similar methods as in the proofs
of Lemmas 3.7 and 3.8), but is rather tedious. Since Corollary 5.6 is needed only for the
justifying the computations of 3, in the examples below, we give its proof in Appendix B.

The first two examples give families of cooling maps which show that we cannot
change the condition in Theorem 1.16 that 53, € [5,1] to a smaller interval.

Example 5.7 (Polynomial cooling when x = 2). If T}, ~ Ak® for some constants A, a > 0,
we claim that the scaling constants /3,, can be chosen to be equal to a constant o, € (3, 1]
which depends only on a > 0. More precisely,

X, — E[X,] 5 1 ifa<1
A Z 2l L, where o2 =4 ». xe (5.4)
Oar/ Var(X,,) n—oo “ 22—:-}(%11 if a > 1.

(Note that o, € (8, 1] for all @ > 0 with o, — 8 as a — o0.) To simplify computations, we
first determine the scaling constants along the subsequence 7(n) of cooling times. It
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follows from the variance asymptotics in Corollary 1.15 that

n 2
2 o 2 o (b +K0’U)AO[ a+1
87(n) = Var(Xy(m)) ~ (b° + Kov) Aa ,;:1 k“logk ~ —axi " log n. (5.5)
A consequence of this is that maxg<, /1% log4 T < ISTg(") for n sufficiently large, and
- 08 S7(n)

therefore using (4.19) we have that

Zk‘zl Var (ZTk J‘|ZT,C |< \/1;;7%>

notllogn

2
7(n) (b24+Kov)Aa
a+1

Since it follows from (5.5) that ——=% ~ Cn *3* for some C, we can then use Corol-
log
V108 57(n)
lary 5.6 to deduce that

n p(at1)/2
S {bmc log Ty + 2KovT} log (?An) }

2 k

T(n) ™ (b24+Kov)Aa

T netllogn
S {bZaka log k + Kovk® log (7””,12’“2“ ) } 1 ifa <1
~ — 2 Kgv
(b2_1;]fr'(iv)ana+1 logn n—00 [Z))ZiKTZU ifa > 1.

(Note that in the second line we are replacing 7% by k® instead of Ak® inside the
logarithm of the second term since the multiplicative constant A inside the logarithm
doesn’t change the asymptotics.)

Thus, we have justified the formula for the scaling constant ¢, in (5.4), but only along
the subsequence 7(n). To justify the general limiting distribution, we decompose

(£,,+1)
Xn - E[Xn] o XT(Z”) - ]E[XT(EH)] Zn—T(Zn) - ]E[Zn*T(Zn)}

oay/ Var(X,,) B oay/ Var(X,,) oay/ Var(X,,)
One can then check that Var(X,,) ~ Var(X,(,,) and that Var(Z,_,(,)) = o(Var(X,,)) so
that the first term on the right converges to a standard Gaussian and the second term
on the right converges to zero in distribution. Finally, note that for this example one

can use Corollary 1.15 to show that Var(X,,) ~ (l’%gé%”)o‘

%\/% nfgo ® where ¢, = am/w. However, since (1.19) does not hold for
polynomial cooling we cannot use Corollary 1.15 to justify replacing the centering term
E[X,] by nv.

Example 5.8 (Exponential cooling when x = 2). Let 7 be a cooling map with exponentially
growing cooling intervals T}, ~ e"* for some r > 0. For this example the cooling intervals
grow fast enough that in the decomposition of the variance Var(X,,) = i:;l Var(Zr, ),
only the “large” terms in the sum contribute to the asymptotics of the variance. More

nlogn, so that we can write

2 <
precisely, using the notation from Section 3 we have that limg_, liminf,, S"s*;”* =1,or

equivalently lims_,¢ lim sup,,_, o, *n.s.= — (), Then it follows from Corollary 4.3 that for this

sy,
X, —E[X,] . . i R .
ENTEa) nfgo ®. Note that we can simplify the limiting distribution

in this example using the asymptotics of the mean and variance from Corollary 1.15.
Indeed, for exponential cooling it can easily be checked that (1.19) holds and also that
> i Tien log(Tk n) ~ nlogn, so that we can conclude that

example we have

X, — nv
N = 0
by/nlogn n—oo '
for this example.
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While the above two examples show that one cannot restrict the scaling constants
to an interval smaller than [3,1], these examples are all regular enough so that the
scaling constant can be a fixed constant and doesn’t need to oscillate with n. The
following gives an explicit example of a cooling map where one cannot obtain a limiting
distribution without letting 3,, depend on n. One can give somewhat simpler examples
which demonstrate this oscillation of 3,,, but the example below has liminf,, . 5, = 8
and limsup,,_, ., On = 1.

Example 5.9 (Full oscillation of multiplicative scaling constant 3,,). Fori > 1 let m; = 22'
and r; = im; = i22". Then, let 7 be the cooling map given by

T, =m;, i>1, and Tpy=1 ifk¢ {r;:i>1}.

For a fixed ¢ > 0 we will consider the distribution of the RWCRE along the subsequence
n; =n;(t) =7 (r; + |tm;log(m;)]). Note that for j large enough we have 7(r;) < n;(t) <
7(rj+1), and thus for j large enough we can decompose X, (1) — E[X,, ()] as

J

Xnjt) = E[Xn, )] = Z (Zg) - E[ZmiD + Z (2" ~Elz1]). 56
i=1 k<r;+|tm; log(m;)]
k¢{r;:i>1}

As j — o0, the variance of the first term on the right in (5.6) is asymptotic to

J
(b% + Kqgv) Z m;log(m;) ~ (b® + Kov)mjlog(m;),

=1

while the variance of the second term on the right is

Tj Var(Zl) ift=0

(rj =+ [tm log(m;)] = j) Var(Zy) ~ {tm- log(m;) Var(Z;) ift > 0.

Since the second term in (5.6) is a sum of i.i.d. random variables, it converges in
distribution to a standard Gaussian when scaled by its standard deviation, while for the
first term in (5.6) we can apply Theorem 1.16 to the cooling map 7" with increments
T, =my = 22" o get that this sum converges to a standard Gaussian when scaled by 3
times its standard deviation. From this we see that

X0y — E[Xn, 1)) — ®, wherea? = b% +tVar(Z;)

(077 Var(an (t)) j—roo b2 + KQ'U + tVar(Zl) '

Finally, note that oy = S and «; " 1 ast¢ * co. This shows that in applying Theorem 1.16
to the cooling sequence 7 in this example, not only does one need to let the scaling
constant (,, vary with n, but also that the sequence (,, will continue to oscillate through
the entire interval [, 1].

A Technical results for the tail estimates

In this appendix we collect some results for sums of i.i.d. random variables that are
needed in Section 3. Some of these results may be already known, but we include them
here for completeness.

Lemma A.1. Assume &, has mean zero, is bounded below by — L for some L > 0, and has
right tail decay P(¢; > x) = O(x~2). Then, there exists a constant C' > 0 that depends
on the distribution of &, such that

E[e 6] < X108 forall A € (0,1/e).

EJP 29 (2024), paper 159. https://www.imstat.org/ejp
Page 33/38


https://doi.org/10.1214/24-EJP1210
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

RWCRE in the sub-ballistic and critical Gaussian regime

Proof. Define &, = & + L so that ¢, is non-negative and E[fl] = L. We begin by noting
that

e ME[e ] = Ele ] =1 - AL+ E[e ™ — 14 A§)]

=1-AL+ )\/ (1—e)P(€, > z)da
0

<1-AL+ )\/ min{\z, 1}P(¢, > z) d.
0

Since A < 1, bounding the probability inside the integral by 1 when = < 1 and by Kz 2
when z > 1 we obtain

1 At 0o
e ME[e M) <1 - )\L+)\2/ :rdx+K)\2/ x—ldx+KA/ r 2 dx
0 1 At

1

=1- )L+ 5)\2 + KX\ log \| + K \?
1

< CXp{—AL—F <2K+ 2) )\2|logz\},

where in the last inequality we also used that A € (0, 1/¢) implies that |log A| > 1. Finally,
the proof is completed by multiplying both sides of the above inequality by e*". O

Corollary A.2. Let &1,&o, ... be i.i.d. random variables which are bounded below and
have right tail decay P(¢; > z) = O(z~2). Then, for any a > 0 there exist constants
¢,C" > 0 (depending on a) such that

x

n 2
P (Z & < —SU) < C'e “mosm vz € (0,an).
i=1

Proof. First of all, for any A € (0,1/e) we have from Lemma A.1 that

r (Zfz < —x) <e M (E [e_’\gl})n <exp {—Az 4+ CnX\*|log A|} .
i=1

It is not easy to find a value of A that minimizes the upper bound on the right, but we
can achieve a nearly optimal upper bound by choosing A such that A|log A\| = 5&-. Since
the function A — A|log \| achieves its maximum of 1/e at A = 1/e, we can find such a
A€ (0,1/e) onlyif x < %n Thus, for now we will restrict ourselves to 2 < %n and will

extend our bound to x < an later. With this choice of A we then have

- —Allog Az + CnA?|log \|? —z?
P o < = _— 5. Al
(; bi < x) =P { | log Al P 4Cn|log Al (A1)

Next, we claim that our choice of A above implies that

2C

llog A| < 2log (") . (A.2)
T

To see this, note that ¢2|log(t?)| = 2t(t|logt|) < 2t < t for all t € (0,1/e), and applying

this with ¢ = 52~ < 1 yields that (ﬁ)2 }log (ﬁ)z‘ < 5&= = A log A|l. The monotonicity

of A\|log A\| on (0,1/e) then implies that 1/e > A > (ﬁ)2 which in turn implies the claim
in (A.2). Combining (A.1) and (A.2) we get

2 2

n
—x —x 20
P(Ya<-2]< U T U frall2c <z< Zn,
(i_lf - a:) _eXp{4Cnlog (22”)}_6Xp{40n10gn} ora x e
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and then by choosing C’ large enough we get P (Y, & < —x) < C'exp {%} for

all z < 2%p. Finally, we can extend this bound to z < an by changing the coefficient in
the exponent Indeed, if 2Cn < z < an then

(e er(Eee )

2Cn 2

- ¢ =z
< ( e ) < ' o .
_CeXp{4C’nlogn}_CeXp{ eQainogn}

This completes the proof of the corollary. O

Lemma A.3. Assume that {{;};,>1 are i.i.d., zero mean random variables such that
P(&| > ) = O(z72), and let S,, = >, &. Then, there exists a constant C > 0 such

that C
n
(|Sn] > ty/n] — Vt< .
(Sl nlogn) _t210gn 4 ~ \ logn

Proof. First of all, note that by choosing C' > 0 large enough we can assume that
t > 1/y/logn. Next, note that

P(|Sp| > ty/nlogn) <nP (\§1| > t\/nlogn) +P (

Since the assumption on the tail of |¢;| implies that the first term on the right is

@ (%) it remains only to bound the second probability for 1/+/logn <t < /n/logn.
To this end, first note that

1B [6lie <o) | = |E [Ele5a) | < E 1G] L1 52) = O(a™),

where the first equality is because F[¢;] = 0 and the last equality follows from the
assumptions on the tails of ;. Therefore, there exists a constant L > 0 such that

t
\/nlogn for all t > L/+/logn.

n
Zfil\&:\sw@ >1 nlogn>_
i=1

Zleaﬁml <n|B &g, <ovmmegn] | <

Letting & ¢+, = §ilie,\<tymtogn—E {fil\&:\stm}' we can conclude that fort > L/+/logn

we have
P< >t nlogn)§P<

4
[
~ t4n?( logn <Z i n)

C 4 2 2 2
S 2 (log n )2 {"E [5i1|si|§wm} +n°E [filwei\swm} :

n —
Zgi,t,n >

i=1

> &l <ovmtorn

i=1

t\/nlogn>
2

Since the tail decay assumptions imply that E [(!1¢,<,] = O(2?) and E [21¢, <. ] =
O(log ), we can conclude that for n large enough and ¢ € [1/1/logn, /n/logn] we have

n
C C ) )
: ( ;fill&lgtm - nlOgn> ~ t2logn + t4(10gn)2E (€ L1e.1<n)
¢ . ¢c
~ t2logn 4
O
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B Precise truncated variance asymptotics

Proof of Corollary 5.6. First of all, we claim that it is enough to prove the claimed
asymptotics for the truncated second moment instead of the truncated variance. That is,
we claim it is enough to prove

E [(Z”m%m}
lim sup = -1 =0. (B.1)
"> nlogtn | b2n logn + 2Kgvn log <7’:A(\7}E/2))

n

To see that it is enough to prove (B.1), note that Lemma 3.6 implies for n sufficiently
large and z > /nlog*n that

Var(Zpl,5 . ) —E [(Z)?l

|Znl<a =E {Z"lliugxr _E [an _ r o

Using this, the statement of the lemma follows easily from (B.1).
The advantage of (B.1) rather than the original statement in the Lemma is that the

truncated second moment |E [(Z,,)Ql } is monotone in z whereas the truncated

variance is not. In particular, since |E {(Zn)Qllg |<I} < Var(Z,) ~ (b + Koqv)nlogn
then we need only to get good upper bounds on the truncated second moment when
z € [y/nlog*n,nv/2]. For such x we then have from Lemma 3.7 for M fixed and n

sufficiently large that

7 \2 7 \2 7 \2
E |(Zn) 1|2n|§x] <E {(Z") 1|Zn|szwm} +E [(Zn) 1M¢W<|2n|<\/ﬁmg4n} (B.2)

+E {(Zn)zlﬁlog‘l n§|§n\§x:| : (B.3)

By Lemma 3.7 we can bound the second expectation in the last line by Cnloglogn +
C”]&[‘jzg", while the Bounded Convergence Theorem implies the first expectation is asymp-
totic to bQE[<I>21|¢‘§M]n logn as n — oo. Thus, by first choosing M large and then n large
enough we get that for any £ > 0 there exists an ny = ny(¢) such that the two terms on
the right in (B.2) can be bounded above by (1 + 25)b2nlogn for all n > ng. For the last
term in (B.3), it follows from (3.9) and (3.11) that for any € > 0 there is an n; = n(¢)
such that P(|Z,| > t) < % for all t € [\/nlog" n,nv/2]. Applying this bound we get
for all n large enough (depending on ¢) that

E (Zn)21\/ﬁlog4n§|2n\§:c:| < nlog®nP <|Zn| > /nlog? n) +/f1 , 2tP(|Z,| > t)dt
nlog*n

T
< (1+¢e)Kovn+2(1 +¢)Kovnlog <4)
Vnlog*n

x
< (14 2¢)2Kgvnlog ( .
Vn

Since ¢ > 0 is arbitrary this completes the proof of the needed upper bound for
El(Z. P17, ) ]

For the lower bound on IE[(Zn)Ql| 7.|<«) We note that this truncated second moment
is non-decreasing in x and so it’s enough to only give the necessary lower bounds for
z € [y/nlog* n,vn/2]. Using Lemma 3.8 we can bound the truncated second moment
below by E[(Z,)?17 < 10gt n) = (1 — 2¢)b?nlogn for any € > 0 and n sufficiently large.
This is a good enough lower bound for z € [\/nlog* n, /neV°6™], but it remains to get
a good lower bound for x € [\/neV!°8™ vn/2]. For such z we can begin by noting that
Lemma 3.8 implies that for any ¢ > 0 and n sufficiently large we have

E [(Z”)Qlwimgx = (1-2¢)b*nlogn + B [(Z")Ql\/ﬁlog4n§\2n|§x :
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For the second term on the right, it follows from (3.11) that P(|Z,| > t) > P(Z, < —t) >
(1 —&)Ko(nv —t)t=2 for all t € [/nlog* n,nv/2] and n sufficiently large. Therefore, for n
sufficiently large we have

E (Zn)21ﬁlog4nglgn,9] > /f1 2UP(Zy| > t)dt — 2’ P(Z,] > )
nlog®n

> / 2(1 — &) Ko(nv — t)t~tdt — (14 ¢)Konv
Vnlog*n

x
> 2(1 — 2¢)Kovnlog ( ,
Vn

where in the last inequality we used that z > \/nev'°8", O
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