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In this paper, we prove a new nonrenormalization theorem which arises from UV/IR mixing. This
theorem and its corollaries are relevant for all four-dimensional perturbative tachyon-free closed string
theories which can be realized from higher-dimensional theories via geometric compactifications. As such,
our theorem therefore holds regardless of the presence or absence of spacetime supersymmetry and
regardless of the gauge symmetries or matter content involved. This theorem resolves a hidden clash
between modular invariance and the process of decompactification, and enables us to uncover a number of
surprising phenomenological properties of these theories. Chief among these is the fact that certain physical
quantities within such theories cannot exhibit logarithmic or power-law running and instead enter an
effective fixed-point regime above the compactification scale. This cessation of running occurs as the result
of the UV/IR mixing inherent in the theory. These effects apply not only for gauge couplings but also
for the Higgs mass and other quantities of phenomenological interest, thereby eliminating the logarithmic
and/or power-law running that might have otherwise appeared for such quantities. These results illustrate
the power of UV/IR mixing to tame divergences—even without supersymmetry—and reinforce the notion

that UV/IR mixing may play a vital role in resolving hierarchy problems without supersymmetry.
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I. INTRODUCTION AND OVERVIEW OF RESULTS

Nonrenormalization theorems are powerful tools for the
study of quantum field theories. Historically, the most
famous nonrenormalization theorems are those that arise
within the context of theories with unbroken spacetime
supersymmetry (SUSY). Such supersymmetric nonrenorm-
alization theorems can be understood as the result of
relatively straightforward “level-by-level” pairwise cancel-
lations between states with similar masses, with the
renormalization contributions from each particle in the
spectrum cancelling against the contributions of corre-
sponding superpartners. However, given that unbroken
supersymmetry does not appear to be a feature of the
natural world, such SUSY-based nonrenormalization the-
orems cannot be exact in any phenomenologically viable
model. Historically, another (somewhat related) motivation
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for SUSY was to address the hierarchy problems of the
Standard Model, such as the gauge (Higgs) hierarchy and
the cosmological-constant problems. However, given the
collider data that has been collected over the past decade, it
is also becoming increasingly unlikely that electroweak-
scale SUSY plays a significant role in addressing these
hierarchy problems.

Recently, increasing attention has focused on the extent
to which hierarchy problems can be alternatively addressed
through symmetries that involve UV/IR mixing (see, e.g.,
Refs. [1-17]; for recent reviews see Refs. [18,19]). Within
such scenarios, UV physics is directly related to IR physics
as well as to physics at intermediate scales, implying that
potential solutions to hierarchy problems within such
theories might emerge through what might initially appear
to be conspiracies across many or all energy scales.
However, given the ongoing speculation about the possible
existence of such UV/IR-mixed approaches to hierarchy
problems, we are then led to ask the further question as to
whether such UV/IR-mixed symmetries might also give
rise to nonrenormalization theorems. Such nonrenormali-
zation theorems would then emerge not as the consequence
of pairwise level-by-level cancellations (such as those that
arise in theories with unbroken supersymmetry), but
instead as the consequence of symmetries which operate
across all scales simultaneously.

Published by the American Physical Society
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In this paper, we investigate this issue by focusing on one
of the most important UV/IR-mixed symmetries in string
theory, specifically worldsheet modular invariance.
Worldsheet modular invariance is an exact fundamental
symmetry within perturbative closed string theories, and
remnants of modular invariance even exist for open strings
as well. Within a given string model, modular invariance
governs the string spectrum and its interactions regardless
of the presence or absence of spacetime supersymmetry,
regardless of the gauge group and particle content of the
model, and even regardless of its assumed spacetime
dimensionality. While modular invariance has numerous
implications for the low-energy phenomenologies of such
strings, this paper is devoted to demonstrating that world-
sheet modular invariance has an additional effect which has
not previously been noticed, namely that it also gives rise to
a powerful nonrenormalization theorem.

As we shall find, this theorem emerges within the context
of perturbative four-dimensional tachyon-free closed string
theories which can be realized as geometric compactifica-
tions of higher-dimensional string theories. In other words,
our theorem applies to all perturbative four-dimensional
closed string theories which have self-consistent decom-
pactification limits. This gives our theorem a broad and
nearly universal applicability.

Rigorously stating and proving this theorem is one of the
primary goals of this paper. However, in order to gain a very
rough understanding of the content of our theorem, we shall
here provide an overview of our main results. To do this, let
us begin by recalling that as the spacetime dimensionality
of an ordinary quantum field theory increases, it tends to
become more finite in the IR but more divergent in the UV.
This is the direct result of the different numbers of
momentum components associated with the states propa-
gating in loops. However, in theories with UV/IR mixing, it
turns out that this behavior is generally different. For
example, within closed string theories there is only one
potential divergence for a given one-loop amplitude.
Indeed, by making use of the UV/IR-mixed symmetries
of the theory, one can recast this divergence as either a UV
divergence or an IR divergence [13]. Moreover, as the
dimensionality of such a string theory increases, it turns out
that the theory tends to become more finite (or equivalently,
its divergences tend to become less severe). This feature
arises because additional internal cancellations or con-
straints come into play across the string spectrum as the
spacetime dimensionality of our string theory increases—
constraints which soften or eliminate these divergences and
which are thereby ultimately responsible for these addi-
tional finiteness properties [1,2].

This situation becomes particularly interesting for string
theories which have decompactification limits. If a given
string theory has a bona fide decompactification limit, then
its spectrum must satisfy the extra constraints discussed
above in the full decompactification limit at which our

theory becomes higher-dimensional. By contrast, there is
no need for such extra constraints to apply to the compac-
tified theory, since the compactified theory by definition is
lower-dimensional. What we find, however, is that these
extra constraints apply not only to the higher-dimensional
theory that emerges in the full decompactification limit, but
also to the original compactified theory, regardless of the
compactification volume. In particular, stated succinctly, in
this paper we shall prove the following:

Theorem. Any four-dimensional closed string theory
which can be realized as a geometric compactification from
a higher-dimensional string theory will inherit the precise
stricter internal cancellations of the higher-dimensional
theory from which it is obtained despite the compactification.

Thus, as long as our four-dimensional theory has a
decompactification limit, its spectrum must satisfy not only
the constraints that would normally be associated with its
existence in four dimensions, but also the additional
constraints that would be required in higher dimensions.
Indeed, this remains true even if our four-dimensional
theory is nowhere near the decompactification limit and is
thus fully four-dimensional. As we shall demonstrate, this
theorem and the cancellations it requires are realized across
all energy scales at once, and the mechanism by which it
operates has no field-theoretic analog or approximation.

This theorem leads to many surprising phenomenologi-
cal consequences for our original four-dimensional theory.
One of these consequences is that there are new, unex-
pected UV/IR-mixed supertrace constraints which operate
across the entire four-dimensional string spectrum at all
energy scales, similar to those which were originally
obtained in Ref. [2] and more recently generalized in
Refs. [13,17]. Like these previous supertrace constraints,
our new supertrace constraints are the results of an under-
lying so-called “misaligned supersymmetry” [1,2] that
governs the spectra of all tachyon-free modular-invariant
theories—even those that lack spacetime supersymmetry.
We emphasize that these new constraints are completely
unexpected from the perspective of our original four-
dimensional theory. They nevertheless secretly govern
the spectra of such theories at all energy scales.

Another surprising conclusion of our theorem concerns
the effective field theories (EFTs) that are derived from
such string theories. In particular, within such theories we
find that the couplings can at most run only until the
compactification scale is reached. Beyond this point, our
theorem asserts that all running ceases—even if this
compactification scale is much lower than the string scale.
Indeed, the theory necessarily enters a “fixed-point” regime
in which the beta-functions of the gauge couplings vanish.
This too is a result of the extra “hidden” constraints
discussed above. This gives us an important corollary to
our main theorem:

Nonrenormalization corollary. Within any modular-
invariant theory which has 6 = D — 4 large extra dimensions
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opening up at a scale 1/R, misaligned supersymmetry and
UV/IR mixing eliminate all running for u > R~! regardless
of the value of §. For u < R™!, these same phenomena
eliminate all running for & > 2, and leave at most logarithmic
running for 6 = 2.

The above results arise most naturally within the context
of string theories exhibiting a single decompactification
limit (along with a corresponding 7-dual limit). However,
most string theories have multiple distinct decompactifi-
cation limits, and the different higher-dimensional theories
which emerge in these limits may even have different
spacetime dimensionalities. Such cases nevertheless con-
tinue to satisfy our theorem. In particular, we shall find that
four-dimensional theories with multiple decompactification
limits will simultaneously satisfy all of the different
constraints that emerge from each individual decompacti-
fication. Moreover, while our discussion here will focus on
the case of four-dimensional theories, there is nothing
intrinsically special to four dimensions, and similar results
apply for theories in other spacetime dimensions as well, as
long as such theories continue to have their own decom-
pactification limits.

Along the way, we also prove another potentially
important result. Specifically, we prove that the one-loop
contributions to certain string amplitudes have a universal
behavior in the limit of large compactification volume. In
particular, we define a modular-invariant compactification
volume VT, and then demonstrate that all such amplitudes
necessarily scale as (7/3)Vy as V; — 0.

In this Introduction we have merely sought to describe
our theorem and how it operates in a rough intuitive sense.
Needless to say, there are many subtle details which we are
omitting here. These details will be discussed in subsequent
sections. Moreover, as might be imagined, this paper is
somewhat technical and relies on a number of results which
were established in previous papers by the present authors
and others. We have therefore attempted to keep this paper
entirely self-contained by including an initial section in
which we summarize those aspects of previous work which
will ultimately be relevant for proving our theorem.

Accordingly, this paper is organized as follows. First, in
Sec. II, we assemble all of the conceptual and calculational
ingredients that will ultimately be needed for proving our
theorem. Then, in Sec. III, we discuss a fundamental clash
that emerges between modular invariance and the process
of decompactification, and explain how our theorem
automatically resolves this clash. Thus Sec. IV may be
regarded as the central crux of this paper in which we
present our theorem and discuss how it fits into (and
emerges from) the larger theoretical framework. In Sec. IV,
we then proceed to discuss two of the most important
implications of our theorem. These include not only new
supertrace constraints to which our theorem gives rise, but
also tight restrictions on the running of couplings in these
UV/IR-mixed theories. Finally, for the experts, in Sec. V

we provide an explicit example in which all of these results
are illustrated through direct calculation. We then conclude
in Sec. VI with a discussion of some of the additional
consequences of our theorem for low-energy string
phenomenology.

II. ASSEMBLING THE INGREDIENTS

In this section we collect the central ingredients that will
be required in order to formulate, prove, and interpret our
nonrenormalization theorem.

A. Operator insertions
In general, a given perturbative closed string theory
formulated in D uncompactified spacetime dimensions will
have a partition function Z(®) which is a function of a
modular parameter 7 = 7, + it, with 7; €R, and which can
be written as a double power-series expansion in g = e?**
and g = =2 of the form

ZP)(2) =75 apd"q". (2.1)

Here the summation is over all right-moving and left-
moving worldsheet energy levels of the string, respectively
denoted (m,n), and a,,, is the net (bosonic minus fer-
mionic) number of degrees of freedom in the string
spectrum with worldsheet energies (m,n). Physical con-
sistency of the partition function requires that it be modular
invariant, i.e., that Z(z + 1) = Z(=1/7) = Z(z). It is the
latter invariance under 7 — —1/7 which ties together the
degeneracies of states a,,, at all energies (m,n) across
the string spectrum, thereby connecting UV and IR physics
in a highly nontrivial way. The quantity & is the modular
weight of the partition function, and for a string theory
formulated in D uncompactified spacetime dimensions
generically has the value

k=1-D/2. (2.2)
We thus have k = —1 for D = 4. In general, the space-time
mass M of any state with worldsheet energies (m,n) is
given by

1 2
M2 =2 (M + M3) = = (m +n),

. (2.3)

where m = &M% /4, n = o’ M3 /4, and o = 1/M?, where
M is the string scale. The states with m = n are considered
“on-shell” or “physical” and can serve as in- and out-states,
while the “off-shell” states with m # n are intrinsically
stringy or “unphysical” and contribute only in loop
amplitudes. We shall assume throughout this paper that
we are dealing with fachyon-free string theories (i.e.,
theories for which a,, = 0 for all n < 0). However, we
shall not make any assumption that our theory exhibits
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spacetime supersymmetry. Thus we will not assume that
a,, = 0 for all non-negative values of n, or make any other
similar assumptions regarding the vanishing of the a,,,
coefficients beyond our tachyon-free requirement that
a,, =0 for all n < 0. In this connection, we note that
no phenomenologically viable model can remain exactly
supersymmetric. By contrast, all string models must main-
tain an exact modular invariance as part of their internal
self-consistency constraints.

In this paper, we consider the corresponding one-loop
amplitudes associated with various physical quantities in
four dimensions. In particular, we focus on amplitudes in
which there are no (or small) external momenta, or
alternatively amplitudes in which such external momenta
can be factored out from the one-loop integration. This is a
large and crucial class of amplitudes, and we shall see
explicit examples below. We shall let { generally denote the
phenomenological quantities for which such amplitudes
provide the one-loop contributions.

In general we begin the calculation of such one-loop
amplitudes by calculating the modular-invariant tally of the
contributions to ¢ coming from each string state. With the
assumptions described above, this tally will take the form

4 _ _
th') =1 lzamn‘)(mnqmqn- (24)
m,n
This clearly resembles the partition function Z* but also

includes a factor X,,,, which denotes the contribution to {
from each (m, n) state. The resulting one-loop contribution
¢ is then given by

¢ =(x) (2.5)
where
(X) = ﬁ;zg‘y. (2.6)
F T

Here d*t/75 is the standard modular-invariant measure and
F is the fundamental domain of the modular group

F={r:|ry| £1/2,

7| > 1,7, > 0} (2.7)
with 7; = Rer and 7, = Im 7 respectively.

In general, these factors X, within Eq. (2.4) are the
eigenvalues of an operator insertion X into the partition
function. In general, there is a different operator insertion X
for each physical quantity . In this paper we concentrate on
operator insertions X which take the form

X = XO + TZX1 + T%Xz (28)
where each X is 7-independent. However it turns out that
the operator insertions for any physical quantity in four

dimensions either take the form in Eq. (2.8) directly or can
be reduced to it. Thus, we may consider the operator-
insertion form in Eq. (2.8) to be completely general.

In general, just like the partition function Z*) itself, the
resulting AX-weighted spectral tally ZS?) must also be
modular invariant. This in turn implies that X must be a
modular-invariant operator insertion, which further implies
that the X -coefficients in Eq. (2.8) are tightly linked
together by modular invariance. Thus, knowledge of any
one of these X -insertions permits the determination of the
others through a process of modular completion [13]. In all
cases, however, the requirements of modular invariance
ensure that X, can be at most proportional to the identity
operator 1. Thus the one-loop contribution to ¢ from X
will be proportional to the four-dimensional one-loop
cosmological constant

M M* [ dt 4
=- 1) = 5 LT% AS) (2.9)
where M is the reduced string scale M/ (2x).

Later in Sec. IV and the Appendix we will extend our
analysis to certain cases in which the X, can carry a
holomorphic dependence on z. We shall find, however, that
such cases do not disturb our main results.

As we shall see, our theorem and its proof will not
require any further details regarding these operator inser-
tions X,. However, it may be useful to recall what these
insertions look like in various phenomenologically relevant
cases. As a first example, we may consider ¢ to be the one-
loop contribution to the mass of a scalar Higgs field in an
arbitrary heterotic string model. This calculation is dis-
cussed in detail in Ref. [13], where it shown that the
corresponding operator-insertion coefficients X, turn out to
be given by

EM?
Xg=—-—>—
0 872
M?
X 5—62M2’
! 8z ¢ $=0
_ 2\2

where M (¢) describes the mass of a given string state as a
function of the fluctuation ¢ in the particular Higgs field in
question. Thus, the functions M (¢)—and whether they are
zero or not—essentially encode which Higgs field ¢ is
under discussion. The parameter ¢ is a function of the shifts
induced on the mass spectrum by the Higgs field.

To make these expressions for X, more explicit, we may
reexpress them in terms of charge operators Q which fill
out the so-called “charge lattice” associated with the string
spectrum [13]. In general, these charge operators take the
form Q = (Q., Q) where the ‘L’ and ‘R’ components
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correspond to the charges associated with our left-moving
and right-moving worldsheet degrees of freedom. For
perturbative heterotic strings in four spacetime dimensions,
these lattices have maximal dimensionalities (22,10); the
left-moving charge components are generally associated
with the corresponding gauge group while the right-moving
components generally correspond to additional factors
such as spacetime helicities. In general, these charge
lattices are also Lorentzian, meaning that the scalar dot-
product between two charge operators is defined as
Q- Q' =0Q.Q) —QzQ%. In terms of these lattice oper-
ators, the action of a nonzero Higgs VEV ¢ is to induce a
shift in the lattice of Q charges [13]:

Q_>Q+AiIiT-Q+O(¢2) (2.11)

where the “response” matrix 7 can be decomposed in a
left-right block-diagonal fashion as

T T
T:< LL LR>'

t (2.12)
_TLR TRR

This then yields alternative expressions for the X; and X,
operators in Eq. (2.10) as sums over charges:

MZ
X, =2-(Q-5-Q)
b4
X, =-M*Q-T-Q) (2.13)
where we have defined
T rTH T, T
S— ( LR f,R lLL LR>. (2.14)
TreTir  TiRT 1k
Meanwhile X, is given by [13]
1
whereupon
M2
Xy = —-—-5TrS. 2.1
0 1672 rs (2.16)

In a similar fashion, we can also consider the case in
which ¢ is related to the one-loop contribution to the gauge
coupling g for any group factor G in a given string model.
This case is discussed in detail in Ref. [17]. To perform this
calculation, we evaluate these couplings g; to one-loop
order and then separate out the tree-level contributions. In
general, these quantities are related through

1672

9%

167>
2
(i)oml thru gG

ne—loop
order

+ Ag

tree

(2.17)

where in string theory we have gg|ye. ~ e % with (¢)
denoting the VEV of the dilaton ¢ and where Ag; denotes
the one-loop contribution to 1672/g%. We may thus now
take ¢ to be the one-loop contribution Ag, whereupon the
corresponding operator insertions are given by [17]

(2.18)

where Qy, is the (right-moving) spacetime helicity operator
(a specific component of Qg) and where Q%; is the
quadratic Casimir of G (comprised out of components of
Q,). In Eq. (2.18), the quantity E, is the antiholomorphic
Eisenstein function which is defined in Eq. (A3). As
discussed above, this case therefore provides an example
in which the X, are not z-independent but rather carry a
holomorphic z-dependence. Such cases will be considered
in Sec. IV, but we shall find that they will not induce
significant departures from the main results we shall be
presenting.

B. Divergences and regulator function
In general, with operator insertions X of the form in
Eq. (2.8), it is possible that the four-dimensional amplitude
in Eq. (2.6) experiences a logarithmic divergence. Indeed,
such a divergence will arise in four-dimensional theories if

StrX; #0 (2.19)

where Str0 denotes a supertrace over only the massless
Mf

states. Given that our operator insertions generally take the
form in Eq. (2.8), this is the most severe divergence that
can arise.

In such cases, we must regulate the amplitude without
disturbing its modular invariance. Following Refs. [13,17]
we will carry out this procedure by multiplying the integrand
of Eq. (2.6) by a suitable modular-invariant regulator
function G(a, 7) where 7 is the one-loop modular parameter
and a schematically represents other possible parameters
within this function. In order to serve its purpose as a
regulator, such a function must vanish more rapidly than
logarithmically as 7 — ico. We also demand that G~ 1
elsewhere within the fundamental domain, so that this
regulator does not significantly disturb our theory within
regions of integration that do not lead to divergences.

An explicit regulator function satisfying these criteria
was given in Ref. [13]. However, given that the specific
form of this function will not be needed for any of our main
arguments, we shall defer discussion of this function until
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Sec. 1V, when we work out a specific example of our
results.

Thus, our procedure for regulating a divergent one-loop
string amplitude amounts to deforming the amplitude
according to our regulator function G:

(X) = (X)g = (XG). (2.20)
As we shall see, there can also be other reasons for

introducing such a regulator function, even for amplitudes
that are in principle finite.

C. Rankin-Selberg transform and supertraces over
physical string states

In general, for arbitrary insertion X and arbitrary
dimension D, the one-loop amplitude (X) is given by
the D-dimensional version of Eq. (2.6), namely

T _p)
4,0
s

(x) = (2.21)

We thus see that string states with all allowed combinations
of worldsheet energies (m, n) contribute. This is true not
only for the on-shell states with m = n but also the off-shell
states with m # n; indeed, while the former contribute at all
values of 7, within the fundamental domain in Eq. (2.7), the
latter also contribute, albeit within only the 7, < 1 region.
These contributions can nevertheless be sizable.

It turns out that this amplitude may be expressed in
another form which depends only on the on-shell states
with m = n. This alternate form will be critical for our
eventual theorem, and exists for all dimensions D and for
all situations in which the amplitude (X) is finite.
Specifically, as long as the amplitude (X) in Eq. (2.21)
is finite and modular invariant, a powerful result in
modular-function theory due to Rankin [20,21] and
Selberg [22] allows us to reexpress this amplitude as

@) =TRes [Tdnagm)  @22)
where
1/2
o= [ Lz
1/2
ETé/ dTlZamn mnE]mqn
]/2 m,n
= TZZananne_]m Mz (223)

n

with o/ M2 = 4n, as in Eq. (2.3). This tells us that the
original string amplitude (X) is nothing but the Mellin
transform of ¢(z,)/7,. This in turn allows us to write g(z,)

directly as the inverse Mellin transform of the amplitude,
which yields the alternative result [23,24]

() = limg(z,)

3 7,-0

(2.24)

where g(7,) continues to be given by Eq. (2.23). This result
is equivalent to that in Eq. (2.22), but has the primary
advantage that we can now evaluate (X’) simply by taking
the 7, = 0 limit of g(z,) rather than by evaluating the

residue of the 7,-integral of ¢(z,). Indeed, inserting
Eq. (2.23) into Eq. (2.24) yields
(X) == lim T2Zamxme—m/M L (2.25)

This, then, expresses the amplitude (X) in terms of the
degeneracies a,, of only the physical string states.

The issue then boils down to the evaluation of the right
side of Eq. (2.25). Following Ref. [17], we shall do this by
first defining the sum

SP)(z,) = 15%g(z,) ZannX,,ne_”“M w2 (2.26)

Thus SP) encapsulates only that part of the 7,-dependence
of g(r,) that comes from the X-weighted sums over the
string states. We can then expand S(°)(z,) as a power series
in 7,, i.e.,

as 7, — 0. (2.27)

b 7y) ~ chfé
J

Note that for complete generality we will not assume that
only integer values of j contribute in Eq. (2.27); indeed
subleading contributions can generically also have frac-
tional j. Inserting Eq. (2.27) into Eq. (2.24), we thus have

=2 lim Z cio (2.28)

12—>0

It is not difficult to determine the values of the
C-coefficients for integer j. Indeed, following Ref. [2],
we may “invert” Eq. (2.27) by taking 7,-derivatives of both
sides. In this way we find

Co = lim {zn:ann?fnne‘”“ M} (2.29)

and
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: d —na M2,
1= i o i o}

— lim [Zann Xn,,(ﬂa’M%,)e_”“’M%“]
n

7,—0

d 2
= lim | > —— —d M3 | X, e~ Min
Tzln%)[ d a,m< o o n> n€

-~ tim [gam(wm)e-m’wfz] (2.30)
where D, is the modular-covariant derivative
o = dirz — ma’ M?
- d% - % (2.31)

Coefficients C; with integer j > 2 can be calculated in a
similar fashion by taking additional z,-derivatives, yielding
the general result

1 » ,
C; =~ lim {Zann(Dg X,,)e™™ M%fz} . (2.32)

J! 7,—0

These results may be further simplified by defining the
regulated supertrace [2]

StrA = 1im Y " a,,A,, e Mie, (2.33)

7,—0

Given that the a,, coefficients tally the net number of
bosonic minus fermionic degrees of freedom with left- and
right-moving worldsheet energies n, such supertraces are
completely analogous to the standard spectral supertraces
StrA =", (-1)FA, that we would have in ordinary
quantum field theory except that they yield finite results
even for UV/IR-mixed theories which contain infinite
towers of states [2]. Indeed, even in such cases the
summation in Eq. (2.33) is finite thanks to the exponential
damping factor e=™M:%_and remains finite even as 7, — 0
and this damping factor is removed. We shall therefore
adopt this supertrace definition in what follows. Expressed
in terms of these supertraces, we then find that our
Cj-coefficients with integer j all take the relatively simple
form

1 j .
C;= ﬁStr DL, X forall j>0. (2.34)
Before proceeding further, we emphasize that the above
derivation leading to the supertrace expression for the
C-coefficients in Eq. (2.34) implicitly rested on an under-
standing that StrA = 0 if A itself contains an uncancelled

positive power of 7,. This follows formally from the fact
that the definition of the supertrace in Eq. (2.33) includes a
limit taking 7, — 0. It may indeed seem somewhat unor-
thodox to have 7, appear not only within the argument of
the supertrace but also as the supertrace regulator, but
expressions such as that in Eq. (2.34) have a clear opera-
tional definition and will cause no difficulty. Thus, for
example, if X takes the form in Eq. (2.8) with 7,-
independent coefficients X,, then

StrX = StrXO

s-L x = swx,
dT2

d?
Str—— & = 2StrX;. (2.35)
dr;

The result in Eq. (2.28) enables us to express our string
amplitude (X) in terms of the C-coefficients. For example,
taking k = —1 (as appropriate for string theories in four
dimensions) and recalling that (X} is finite, we find

) =Zc,.

. (2.36)

However, this result assumes that we have also imposed the
auxiliary conditions

C; =0 forall j<I. (2.37)
In particular, from this we learn that
Cy=0. (2.38)

The result in Eq. (2.36) allows us to express our string
amplitude (X) in terms of supertraces over only the
physical string states. Indeed, combining Eqgs. (2.30) and
(2.36) we have

(X) = gStr (d% x) - gm[x(m'wn

T
= §Str(D,2X). (2.39)
Likewise, our auxiliary condition in Eq. (2.38) now takes
the form

StrX = 0. (2.40)
Note that these results apply for any modular-invariant
operator insertion & in four dimensions so long as this
insertion results in a finite amplitude (X).

Finally, we note that we may occasionally be required
to evaluate supertraces of quantities—such as the X, in
Eq. (2.18)—which involve the Eisenstein function E,(7)
defined in Eq. (A3). The presence of such a function
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introduces a number of subtleties into the procedure for
evaluating supertraces. These subtleties are fully described
in Ref. [17] and summarized in the Appendix, with the end
result that the usual notion of supertrace is generalized in a
straightforward manner.

The results in Egs. (2.36) and (2.38) were derived for
k = —1, as appropriate for four-dimensional theories.
However, these results can be easily generalized to higher
dimensions D. Indeed, given the relation in Eq. (2.2), we
obtain

Co=C, =0
D:6:{ ”
(X) =5C,
D:8{ 0 ﬂl 2
(X) =%C;5

We thus observe, as discussed in the Introduction, that
theories in higher dimensions exhibit more internal can-
cellation constraints than do theories in lower dimensions.

Note that for convenience we shall restrict our attention
in this paper to spacetime dimensionalities which are even,
with D € 2Z. These are the dimensionalities for which the
modular weight k is an integer, and in which chiral theories
can exist. Similar results also arise for odd D, but with
additional complications that obscure the underlying phys-
ics. We shall therefore focus on theories with even D in
what follows.

III. THE THEOREM

Having assembled the ingredients that will be needed for
our theorem, we now turn our attention to the theorem
itself. Our theorem ultimately rests on modular invariance
and misaligned supersymmetry, as do most of the results
quoted in Sec. II. As we shall see, there is a deep clash
between modular invariance and the process of decom-
pactification. This clash is intrinsic to the UV/IR mixing
inherent in string theory, and does not exist in ordinary
quantum field theory. Our theorem emerges as the result of
this clash, and ultimately provides the means by which
these two features can be reconciled.

A. Fundamental clash between decompactification
and modular invariance

Let us begin by examining the properties of modular-
invariant four-dimensional theories in the presence of a large-
volume o-dimensional compactification. In other words,
we shall consider a (4 4 d)-dimensional modular-invariant
theory compactified on a manifold of the form My x s
where M, is ordinary uncompactified Minkowski space and
where Kz is our compactified §-dimensional space whose
characteristic dimensions we shall consider to be large, witha

corresponding 5-dimensional volume V5 > M7% where M
is the string scale. Our goal is to study how the resulting
theory evolves as we take V5 — oo.

For simplicity, we shall start by considering untwisted
compactifications, temporarily deferring our analysis of
situations with twisted compactifications (such as arise in
orbifold compactifications) to Sec. III F. We also remark
that in the case of four-dimensional closed strings, we
would generally be compactifying from ten dimensions to
four dimensions. There are therefore a total of six com-
pactified dimensions, and we choose 0 to represent the
number of such dimensions whose characteristic sizes we
wish to consider growing increasingly large. Thus
0 < 6 < 6. Moreover, in keeping with the observation at
the end of the previous section, we shall focus on the cases
with 6€2Z > 0.

Within such modular-invariant theories, we shall con-
centrate on physical quantities ¢ for which the correspond-
ing one-loop contributions (X) are finite for all V. In four
spacetime dimensions, (X) can generally have at most a
logarithmic divergence. From direct inspection of Eq. (2.6),
and as noted in Eq. (2.19), we see that such a logarithmic
divergence is proportional to Etroxz where the supertrace is

restricted to the massless X,-charged states in the string
spectrum. Thus, until further notice, we shall concentrate
on quantities ¢ for which

Strx; =0. (3.1)

We emphasize that for our purposes this constraint is not
exceedingly restrictive, since our primary interest in this
paper is in the effects of decompactifications, and as we
shall see this question turns out to be largely independent of
whether the amplitudes are finite or infinite. Therefore, for
simplicity and concreteness, we shall focus on amplitudes
which are finite, and hence satisfy the constraint in
Eq. (3.1). Likewise, in most phenomenologically interest-
ing string models, it can be difficult to produce a massless
X,-charged state, since the same worldsheet excitations
that produce a nonzero X, charge will also render the
corresponding state massive. We shall therefore assume
that Eq. (3.1) holds for the rest of this section. Of course,
for physical quantities { for which this condition is not
satisfied, it would be necessary to introduce a regulator
function G, as described in Sec. II B. This would introduce
several subtleties into the proof of our main theorem but
will not alter the main result. Such situations will be
discussed later in this paper.

Given that we are temporarily focusing on untwisted
compactifications, the X-inserted partition function ZEC) of
our compactified four-dimensional theory can be factor-
1zed, i.e.,

Zg/t) _ Z(base)

X . ZKK/winding’ (3 2)
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where Zg /winding 18 the trace over all of the Kaluza-Klein
(KK) and winding modes associated with the & large

compactified extra dimensions and where the ‘“base”

partition function Z()];ase) can be written as

Zg?ase) = rglz/amn/\,’mn@’"q" (3.3)

where >/ indicates a sum over the states excluding the
KK and winding modes associated with the & large
dimensions. In other words, our original theory can be
viewed as a “base” theory tensored with a cloud of
KK/winding states stemming from the compactification,
with each state in the base theory accruing the same set of
KK/winding excitations.

In general, Z()?ase) contains the information regarding our
specific theory independently of the compactification. This
is thus the portion of the original X-inserted partition
function that depends on the particular operator insertion X’
but which is independent of the compactification volume
Vs. By contrast, Zgg/winging coOntains the information
regarding the specific geometry associated with the
large compactified dimensions. As such, Zgg/winding 18
independent of X but depends on V. For example, if
we specialize to 6 = 1 and define the dimensionless radius

R=M,R =R/Vd, we have

ZKK jwinding = Zgj(n'v/ie—ﬁR>2/4q(m/ie+ﬁie>2/4

= Zcirc/\/ 7 (34)
where /71 and 7 respectively index the KK (momentum) and
winding modes associated with this large extra dimension
and where Z, is the modular-invariant circle partition
function

Zcirc(R7 T) = \/’6 Z Zl(ﬁl/i?—flR)2/4q(ﬁ1ie+;,/ig)2/4'

mie”Z

(3.5)

In this case we thus see from the middle line of Eq. (3.4)
that Zx /winding traces over KK/winding states with masses

(3.6)

as required. Likewise, for a 6-dimensional (square) toroidal
compactification we may take Zxx jwinding = (Zeire/\/72)°-

Even though the masses of the KK states in Eq. (3.6) are
the same as we would expect for a five-dimensional field
theory compactified on a circle, this summation also
includes the contributions from winding modes and is
thereby modular invariant, so that the full A-inserted

partition function Z()?) in Eq. (3.2) is modular invariant.

Indeed, even though the individual factors in Eq. (3.2) are
not separately modular invariant, we may reshuffle factors
of 7, in order to write

(base)

4 —
Z(X) = (125/ZZX ) Tg/zzKK/winding)’ (3.7)

where now each factor is individually modular invariant.
For compactifications of the sort we are discussing, a
modular-invariant reshuffling such as that in Eq. (3.7) is
completely general, independent of the spacetime geom-
etry. Indeed, for a square §-dimensional toroidal compac-
tification, the final factor is nothing but the modular-
invariant sum (Z)°.

Let us now ask what happens as V5 — oo. It is once
again easiest to focus on the case of square toroidal
compactifications as a guide and ask what happens when
the radius associated with these & dimensions becomes
large, with R™! < M, or equivalently R > 1. In the
M R — oo limit we can disregard all excited winding-
mode states with 71 # 0, as these states become infinitely
massive. Likewise, the KK masses become essentially
continuous. In this limit we can then evaluate Zgg /yindings
obtaining

~ E —nrym?/R?
ZKK/winding ~ e /
rh

_ MR~ e m,r e,

©2 rezZ
MR

V%

Note that in passing from the first line of Eq. (3.8) we have
employed an exact Poisson resummation, while the passage
to the third line then follows by taking the R — oo limit. Of
course, we could have obtained the same results by
approximating the sum in the first line as an integral,
which would have led to the third line directly.

Likewise, for 6 orthogonal dimensions of radius R, we
obtain

(3.8)

M2R? MOV
ZKK/winding ~ ;/2 = o2 (39)
12 T

where M = M, /(2r) is the reduced string scale and where
Vs = (2zR)° is the compactification volume. Once again,
we note that the final expression in Eq. (3.9) is completely
general, holding independently of the (factorized) com-
pactification geometry.

However, partition functions of compactified string
theories in different spacetime dimensions are generally
related via

1
Z(P+9) = lim {—z@] (3.10)

Vs—oo M5V§
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where the theory corresponding to Z() has & large

compactification radii with compactification volume V.
Indeed, as V5 — oo, the partition function Z(?) develops a
divergence which scales as the volume Vs of compactifi-
cation; dividing out by this volume as in Eq. (3.10) then
yields the finite higher-dimensional partition function
Z(P+9)  Putting the pieces together, we therefore find that

Z(4+5> —5/ZZ£‘lzase)

) 1 4
v = Jim {MTV&Z;)] =1 (3.11)

where Z()?ase) is given in Eq. (3.3). This observation allows

us to identify the “base” factor within our four-dimensional
theory in terms of the higher-dimensional theory:

Zbme) = 32700 (3.12)
Note that both sides of this relation are indeed

V s-independent.

As we have seen, Eq. (3.10) relates modular-invariant
theories in different dimensions. We shall refer to this
equation as a “smoothness” constraint because it ensures
that the four-dimensional partition function smoothly
becomes a (4 + §)-dimensional partition function in the
Vs — oo limit. In this context, we note that Eq. (3.10)
directly implies a similar smoothness relation for the
corresponding one-loop amplitudes. Indeed, defining

d*t
(X)@+0) = / 28 (3.13)
F T3
we have
1
X)E+9) — ] XY@ 3.14
< > Vﬁlinoo M5V5< > ( )

However, while Eq. (3.10) implies Eq. (3.14), the converse
is not true. Indeed, while two equal partition functions lead
to identical amplitudes, identical amplitudes only imply
equality of the corresponding partition functions modulo
functions f(z,7) whose F-integrals vanish. Indeed, many
such nonzero functions f(z,7) with vanishing F-integrals
are known to exist [25-27]. We also note that (X)) scales
as the compactification volume Vs as Vs — oo; dividing out
by Vs as in Eq. (3.14) then leads to a finite higher-
dimensional amplitude (X)*+%_ In this connection we
note that this divergence of (X)) as V5 — oo is associated
with a mere overall multiplicative factor. In particular, it is
not associated with the modular integration of Z*) over the
fundamental domain F (such as might arise due to certain
massless or tachyonic states).

The (re)emergence of a higher-dimensional theory in the
large-volume limit is certainly not a surprise. Indeed,
geometric decompactification is an intrinsically smooth

. -5/2
and continuous process. However, the extra factor 7, /

which appears in Eq. (3.11) is of critical importance.

This extra factor indicates that if Zg,)ase) has a 7,-dependent

prefactor 77!, as appropriate for a four-dimensional
d)

theory, then ZS‘(H has a 7,-dependent prefactor 75 where
k=1-D/2 with D = 4 + 5. The appearance of the new

factor 7, 2% in Eq. (3.11) thus reflects the change in
dimensionality of any modular-invariant theory when an
extra uncompactified spacetime dimension comes into
existence.

It is here that we witness the fundamental clash between
the smoothness of the decompactification process and the
discrete integer nature of the number of uncompactified
spacetime dimensions (or equivalently the half-integer
nature of the modular weight k€ Z/2). Indeed, while
the Vs — oo limit is essentially a smooth one as far as
the resulting physics is concerned, the powers of 7, change
in this limit in what is ultimately a discontinuous way
according to Eq. (2.2).

It is important to properly understand the nature of this
discontinuity. Toward this end, let us revisit Eq. (2.1). We
may regard the form of this expression as the “canonical”
form for a partition function. Indeed, this form consists of a
discrete double power series in ¢ and g, where g = e?*'*,
along with an overall factor of 7, raised to a certain power k.
The canonical form of the partition function is of utmost
importance because it is only in this form that one can read
off a value of k£ which can be interpreted as a modular
weight—indeed, the same modular weight & which appears
throughout the Rankin-Selberg procedure. In other words,
it is only when we cast our partition function into the
canonical form that we expose the true modular weight k of
our theory.

Such a partition function can also depend on a compac-
tification radius R, which is a continuous variable. As we
have stated above, the underlying physics of our theory
must have a smooth R — oo limit. Indeed, for every value
of R (including infinity), it is possible to recast our partition
function into the canonical form in Eq. (2.1); moreover, for
every finite value of R, the value of k that appears in the
canonical form remains the same (equalling —1 for four-
dimensional theories). However, in the R — oo limit, the
value of k that appears in the canonical form jumps to a new
value. For example, in the case of a four-dimensional
theory with a single extra dimension, we now have k =
—3/2 in the R — oo limit, consistent with Eq. (2.2). This is
the “discontinuity” to which we are referring.

We stress that the underlying physics is not discontinu-
ous in this limit; it is merely the passage to the canonical
form comprising a discrete double power series that
becomes discontinuous. Indeed, this discontinuity arises
from the fact that in the infinite-radius limit Zgg /yinging can
no longer be written in the same canonical form as for finite
radius. Instead, what happens at infinite radius is that our
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discrete spectrum becomes continuous. As a result, in this
limit, Zyg /winging takes the form of a divergent volume
factor multiplying a volume-independent expression.
However, this volume-independent expression is in the
canonical form, but now with a different value of k. The
passage to the higher-dimensional theory as in Eq. (3.10)
then eliminates this volume factor, but leaves us with a new
canonical form with a new value of k.

This, then, is the fundamental clash between modular
invariance and the process of decompactification. We know
that the process of decompactification must ultimately be
smooth, even in the decompactification limit. On the other
hand, the value of k within the canonical form changes in a
discontinuous way in the decompactification limit—with

an extra factor of ‘r;&/ 2 appearing in Eq. (3.11)—and we
know that & is a quantity which is absolutely fundamental
in describing the modular properties of our theory. How
then can these two features be reconciled?

Before proceeding further, we note that this is not the first
time such clashes have arisen within string theory, or even
simply within conformal field theory. For example, let us
consider the case of a boson compactified on a circle of
radius R, as discussed in Ref. [28]. If R is rational, it can be
expressed in lowest form as p/q for some integers (p, q),
and the resulting decomposition of the partition function into
left- and right-moving CFT characters depends critically on
the values of p and ¢g. Thus, as we sweep through rational
values of R, it would seem that the corresponding partition
functions—and therefore the properties of the resulting
CFTs—will vary hugely and discontinuously. The existence
of irrationals amongst the rationals only introduces further
potential discontinuities into the mix. Yet we know that the
physics must ultimately be smooth as we vary R.

How can this clash be resolved? In Ref. [28], it was
shown that modular invariance—specifically the relevant
GSO projections between the left- and right-moving sectors
of the theory—must always connect the different CFTs in a
way that is responsible for restoring continuity to all
physical amplitudes as a function of R. In our case, by
contrast, we are dealing with a clash between modular
invariance (specifically a discontinuous change in the
modular weight) and the process of decompactification.
What then is the analogous resolution to this puzzle?

B. Sharpening the clash

In order to address this issue, let us first sharpen this
question still further. We shall do this b}r examining the
consequences of this extra factor of T;s 2 in Eq. (3.11).
Although there are several ways in which we might
incorporate this factor into our analysis, the most straight-
forward way is to bundle it with the leading prefactor 75! in
Eq. (3.11). As noted above, this then produces the net
prefactor ré_D/ ? that we expect of a fully D-dimensional
theory, with D =4 + 6.

However, what is perhaps less obvious is how this new
factor of 7, °/2 affects our results for the amplitude (X). To
see this, let us now proceed to apply the Rankin-Selberg

procedure in order to analyze the one-loop amplitudes

(X)@ and (X)“+) that correspond to Z and Z{ ) in

Egs. (3.2) and (3.11) respectively. The corresponding
g-functions g¢(z,) = f_l{fz dr,Z(r,7) can then be written

as g = 718@ and g4to) = £;'254+9) where

1/2 ,
§W = / dr [(Z amnanqmq”)ZKK/winding:|

1/2

S4) =3"a,,X,,(3q)" (3.15)

and where we remind the reader that the primes on the
summations » ., just as in Eq. (3.3), indicate sums over
the states excluding the KK and winding modes associated
with the ¢ large dimensions. Indeed, we shall generally use
primes to indicate quantities uniquely associated with the
“base” theory in Eq. (3.3) rather than the full theory which
also includes the compactification factor Zg /yinding-

Following Eq. (2.27), we can then expand S*) and S*+9)
in powers of 7, as 7, = 0, i.e.,

S~ Cim
j

SO~ N "l (3.16)
J

where the C and C' coefficients correspond to S and

S@+9) respectively. Indeed, given the expression for S*+9)
in Eq. (3.15), we immediately have

C) = Str'X

dx
C| = St/ — — za/Str' (X M?)
de

1 d*x ax 1
G = EStf'd—T% — ma/Str’ (d_rzM2> + Eﬂz(a’)ZStr’(XM“)

1 n
Cp = Sw'DLX (3.17)

where D, is defined in Eq. (2.31) and where the primes on
the supertraces in Eq. (3.17) continue to indicate that the
KK and winding states associated with the § large dimen-
sions are excluded.

Given the C- and C’-coefficients, the Rankin-Selberg
procedure outlined in Sec. II C then tells us that
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()@ = g limzy'S@

7,—0

<X> (4+6) — n lim 751—5/25‘(4-&-5) )

7,—0

(3.18)

The presumed finiteness of (X)* then allows us to

conclude that the C-coefficients satisfy

Co=0 3.19

as expected for any four-dimensional theory. Likewise, for
the C'-coefficients, the corresponding finiteness of (X')(#+9)
allows us to obtain results which depend critically on §:

52_{ Ch=C, =0
L@@ =10

5 Cy=C,=C,=0
L@ =5q

56 Ch=C,=C,=Cy=0
Lm0 =z2¢y

Indeed, these results are all manifestations of the mis-
aligned supersymmetry that governs the spectra of modu-
lar-invariant string theories in different dimensions, even
without spacetime supersymmetry. Moreover, these results
provide a direct illustration of our earlier assertion that the
spectra of modular-invariant string theories exhibit increas-
ingly many internal cancellations as the spacetime dimen-
sion increases.

These results allow us to rephrase and sharpen the
“discontinuity” that occurs for our compactified string
theory as V5 — oo. To see this, let us recall, as in
Eq. (3.2), that our compactified string theory consists of
two components tensored together: a “base” theory and a
“cloud” of KK/winding-mode excitations. We have also
seen in Eq. (3.12) that the base theory is nothing but the
higher-dimensional theory prior to compactification.
Finally, we have been assuming that the overall physical
amplitude (X) associated with our theory remains finite for
all V. Given these assumptions, we can ask what con-
straints must be satisfied by our theory as a function of V.
In general, there are two classes of constraints:

(i) C-constraints that govern the entire spectrum of the

four-dimensional string model; and

(ii) C’-constraints that govern that portion of the spec-

trum associated with the “base” theory alone.

For any finite V, the finiteness of our overall amplitude
(X) (ie., the finiteness of (X)) requires—at a bare
minimum—that

(3.20)

{ "Co=0 (3.21)
* C) arbitrary. )

However, let us now consider what happens as Vs — co. In
this limit, the overall amplitude (X)) technically accrues a
“spurious” divergence due to the infinite volume factor in
Eq. (3.14). However, as Vs — oo, our theory is now in
higher dimensions. This means, according to Eq. (3.14),
that we should divide out by this volume in order to
continue to obtain the corresponding amplitude (X).
Indeed, the resulting amplitude is now nothing but
(X)#+9) Thus, as Vs — oo, the continued finiteness of
our overall amplitude (X) now translates to the finiteness of
(X)#+9) which in turn requires

{+C=C=..=C;,=0. (3.22)
This sudden shift in the constraints on our string model as
Vs — oo is the manifestation of the discontinuity we have
been discussing all along, namely the clash between the
decompactification limit and the requirements of modular
invariance.

It is easy to understand how and why these different sets
of constraints arise. In the discussion above, we have let
(X)) represent the physical amplitude of our theory. When
Vs is finite, this quantity is nothing other than (X)),
However, when V4 is infinite, this quantity is nothing other
than (X)(*#+9, What we are demanding is simply that this
transition as Vs — oo be a smooth one, with no disconti-
nuity in the physical amplitude (X). If (X) is finite for all
Vs [where we have already compensated for the spurious
volume divergence via Eq. (3.14)], then we are saying that
our theory has no choice but to satisfy the constraints in
Eq. (3.21) for all finite V5 and to satisfy the constraints in
Eq. (3.22) for infinite V5. This sudden shift in the
constraints on our string model as V5 — oo is the mani-
festation of the apparent discontinuity we are seeking to
resolve.

C. Resolving the clash: Our fundamental theorem

Ultimately, there is only one way in which the constraints
in Eq. (3.21) for finite V5 can be smoothly reconciled with
those in Eq. (3.22) for infinite V: our string theory must
actually satisfy the more stringent constraints

{'COZO (3.23)
cChy=Cl=..=Cyp =0 '

for all compactification volumes Vg, finite or infinite.
Indeed, this is tantamount to demanding that the extra
constraints C; = 0 forall 0 < j < 5/2 apply not only in the
Vs — oo limit, but rather for all V. Note that in making
this demand we are not introducing a new set of constraints
for string models with decompactification limits. Instead,
we are simply asserting that such string models must
already have been satisfying these constraints, even if
these constraints had not been explicitly noticed before.
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Indeed, it is these properties that allow the decompacti-
fication limits to exist.

This assertion represents the content of our theorem.
Specifically, we have the following:

Theorem. Any four-dimensional closed string theory
which can be realized as a geometric compactification
from a higher-dimensional string theory will inherit the
precise stricter internal cancellations of the higher-dimen-
sional theory despite the compactification.

We shall prove this theorem in Sec. IIID. In this
connection, we remind the reader that we have been
limiting our discussion here to theories whose partition
functions can be factored as in Eq. (3.2)—i.e., theories
whose compactifications are untwisted. However, as we
shall soon discuss, the above theorem can actually be
trivially generalized to apply to anmy compactification,
twisted or untwisted.

In Sec. IV, we shall see why we may regard this as a
nonrenormalization theorem. For now, however, we simply
note that this theorem may also conversely be viewed as
providing an important constraint on the construction of
compactified string models. Indeed, as already noted, our
compactified string theory consists of a “base” theory
tensored with a cloud of KK/winding states. We might
then ask whether we can tensor such a cloud of KK/
winding states to any base theory. In a field-theoretic
context, the answer is yes. However, in string theory, the
requirements of modular invariance imply that we cannot
do this unless certain (primed) supertraces in the base
theory vanish. These are the primed supertraces associated
with the C}—coefﬁcients for 0 < j < 6/2. Indeed this is the
only way in which we can smoothly and self-consistently
absorb the extra powers of 7, which arise in the decom-
pactification limit.

We conclude this discussion of our theorem with one
final comment. In general, while the C;-coefficients are are
messy functions of compactification radius and geometry,
the C)-coefficients are by definition independent of any
details of compactification. For example, a six-dimensional
theory compactified on a two-torus and the same six-
dimensional theory compactified on a two-sphere will give
rise to distinct four-dimensional theories. However, these
four-dimensional theories will nevertheless share the
same Cj-coefficients because they flow to the same six-
dimensional theory as the volume V5 becomes large. Thus,
the space of compactified four-dimensional theories can be
separated into different equivalence classes based on their
internal C’-constraints—i.e., equivalence classes which
depend on the higher-dimensional theories to which they
flow at large volume.

D. Proving the theorem

To prove our theorem, we shall begin by proving that any
four-dimensional closed string theory which can be realized
as a geometric compactification from a (4 + §)-dimensional

string theory with arbitrary compactification volume Vg
satisfies the constraints given in Eq. (3.23) rather than those
given in Eq. (3.21). To do this, let us study the relationship
between the C;-coefficients and the C}—coefficients.

Given that these coefficients respectively describe our
original four-dimensional theory and the “base” of that
theory, and given that this base is nothing but the original
(4 + 0)-dimensional theory, any relationship between these
two sets of coefficients must stem from a relationship
between the compactified and uncompactified theories.
However, we have already seen such a relationship: this is
our “smoothness” constraint in Egs. (3.14). Performing
a 7;-integration of both sides of this relation over
—1/2 < 7; £ 1/2, inserting the expansions in Eq. (3.16),
and matching terms with equal powers of 7, then yields the
relation

C’ = lim

1
= Jim (3.24)

Cj—5/2 for all J

As discussed above, the shifting of the j-index reflects the
extra powers of 7, that emerge upon the decompactification
of the large spacetime dimensions. Indeed, this index
shifting is required by modular invariance and our smooth-
ness requirement.

We have seen that our smoothness constraint on the
partition functions in Eq. (3.10) leads directly to the
smoothness constraint in Eq. (3.14) on the corresponding
amplitudes (X)® and (X)*+9) Indeed, it is the finiteness
of (X)® that implies the auxiliary condition that C =0
for all j < 1, which includes the constraint Cy = 0. From
the relation in Eq. (3.24) we then find

C;=0 forall j<1+4/2. (3.25)
This result is consistent with the results quoted in
Eq. (3.20), and is tantamount to the assertion that if
(X)®) is finite (after dividing out, of course, the overall
volume factor which diverges in the V5 — oo limit), then
(X)#+9) is also finite. In other words, the X-amplitude of
our four-dimensional compactified theory cannot suddenly
grow a new divergence in the V5 — oo limit. This then
completes the proof of our theorem.

In fact, we can even push things one step further. Thus
far, we have seen that we have two kinds of constraints: our
C-constraints which govern the entire four-dimensional
theory and our C’-constraints which govern the “base”
portion of that theory (or equivalently which govern its
higher-dimensional decompactification limit). However,
we shall now demonstrate that there is in fact a universal
relation between these two groups of constraints. Indeed,
this relation will apply to any theory that has a decom-
pactification limit regardless of the degree to which its
partition function factorizes.

126021-13



ABEL, DIENES, and NUTRICATI

PHYS. REV. D 110, 126021 (2024)

To proceed let us begin with two fundamental

observations:

(i) The result in Eq. (3.24) does not depend on the
compactification geometry. All that is assumed is
that the partition function of any string theory in D
spacetime dimensions has a leading prefactor of 74
where k =1—-D/2 =—1-5/2 where § =D — 4.
This is a general result for any compactification.
This also does not assume an untwisted compacti-
fication (i.e., it does not assume that the four-
dimensional partition function Z*) factorizes), for
the same reason. Indeed, the C-expansion in
Eq. (3.16) is completely general regardless of the
precise form of the quantity S™ in Eq. (3.15) as long
as S® corresponds to a four-dimensional theory, so
that g (7,) = 7;'S™.

(i) The results in Egs. (3.19) and (3.20) are also
completely general, following from the same feature
as described above.

Given these observations, our task is now to relate the
Cj-constraints from the C}-constraints—not just at infinite
volume but even at finite volume.

The easiest way to proceed is to consider the difference

between our partition functions

4 1 4

AZy =270 - AV 7y, (3.26)
Note that in constructing this difference we are not taking
the Vs — oo limit; thus this difference is a function of V.
By considering only the difference in this way we avoid
making any assumptions about the behavior of (X) ) at
finite V. In this connection we note that the difference of
two partition functions is not necessarily itself the partition
function of any self-consistent string model (see, e.g.,
Refs. [26,27]). However, such a property is not required
for our proof.

Given this definition for AZ,, we can then define the
corresponding amplitude

(AX) = /dj;AZX, (3.27)
the corresponding g-function
gax = / dty Zpy, (3'28)
and the corresponding sum
Sax =72 gax- (3.29)

We can also consider expanding S y in powers of 7, in the
7, — 0 limit, i.e.,

Sax=1""> Clr) as 1, >0, (3.30)
J

thereby defining a new set of Cj-coefficients.

Let us now discuss the finiteness of AZ. Of course, we
learn from Eq. (3.10) that AZ, — 0 as V5 — o0. However,
in order for this limit to exist, we also learn that AZ must
be finite for large Vs (i.e., for M°Vs > 1). Thus, we see
that goy — 0 as V5 — oo and that g,y remains finite for
MV > 1. Indeed, these latter assertions follow because
the 7;-integration in Eq. (3.28) is incapable of producing a
new divergence, given that this integration merely selects
the zero mode of the partition-function Fourier series.
Likewise, we find that Sy, —0 as Vs— oo and that S,y
remains finite for M°Vs>> 1.

Because these quantities are all finite, the expression for
AZ in terms of the difference between Z(**9) and Z*)
allows us to write g,y and S,y as analogous differences,
and thereby ultimately express C;-’ in terms of C; and C}.
Following this chain of steps, we thus have

1

¢ =Sy

Cj_s)2- (3.31)

Once again we stress that the C'} coefficients are generally
functions of Vg, with these relations holding for all
M°Vs > 1. Likewise, these relations hold as functions
of 7, for all 7,.

The final step of our analysis rests on the properties of
(AX). As discussed below Eq. (3.22), the smoothness of
the V5 — oo limit requires that (AX’) be finite for large V5.
Thus, we can take the Rankin-Selberg transform of the
finite amplitude (AX), i.e.,

.. _
(M%) = lim 7' S (z,)] (3.32)
to find that
Cj=0 forall j<1+4/2. (3.33)

Indeed, it is the fact that our relations hold for all 7, which
enables us to take the 7, — 0 limit without difficulty. It then
follows that

C :

i = MT‘/(SCj_‘s/Z for all ] <1 +5/2

(3.34)

This is the result we have been seeking. It provides a
direct relationship between the C; and C'; coefficients for
j<1+6/2 and thereby relates our different sets of
constraints to each other. It is important to note that
Eq. (3.34) is different from Eq. (3.24) because it holds
regardless of the compactification volume V5. On the other
hand, it holds only for j < 1 + /2.

126021-14



NEW NONRENORMALIZATION THEOREM FROM UV-IR MIXING

PHYS. REV. D 110, 126021 (2024)

Given the result in Eq. (3.34), we see that

Ch=0= Cy=0, (3.35)

with C; for all j <0 vanishing as well. This also implies that

1

(AX) = MOV,

(X)) — (X)W,

(3.36)

Indeed, although the left side of this equation is finite, any
divergences that appear within the expressions on the right
side must be identical so that they cancel in the difference.

Note that Eq. (3.35) holds for all volumes V. Indeed,
there is only one possible exception to this conclusion. In
particular, as Vs becomes smaller, it is possible that a
physical, on-shell tachyon might appear. However, the
appearance of such a tachyon would signify a breakdown
of our compactified theory and automatically result in
divergent one-loop amplitudes in any case. This would
therefore correspond to taking our theory to a point at
which it becomes ill-defined. Thus, we conclude that these
results hold for all volumes Vs which correspond to
tachyon-free compactifications.

These results provide an additional perspective on our
theorem. As we have seen, our theorem states that any four-
dimensional string model with a bona fide decompactifi-
cation limit satisfies not only a C-constraint Cy = 0 but
also a set of additional new C’-constraints. However,
we now see that this C-constraint can be replaced by
the C’-constraints without any loss of generality. Thus the
C' constraints are not only necessary (as implied by our
theorem) but also sufficient. Indeed, any model which
satisfies our new C’-constraints will already satisfy our
Cy = 0 constraint.

Of course, the C'-constraints that we have discovered
here go beyond the C-constraint that was already known in
Ref. [2]. Indeed, as originally discussed in Ref. [2], all four-
dimensional closed string theories must satisfy the Cy = 0
constraint of Eq. (3.19) as long as they are finite (i.e., free of
on-shell physical tachyons). However, what we are now
learning from our theorem is that if we additionally demand
that our four-dimensional theory also have a self-consistent
decompactication limit, then this theory must additionally
satisfy the C’-constraints which not only are more powerful
than the original Cy = O constraint but even subsume it.

E. T-volume scaling rule

We shall now present another result which we call the
T-volume scaling rule. This result follows from our
previous results but now focuses on the first nonzero
coefficients Cy and C} ;.

From Eq. (3.36) we find that our original four-dimen-
sional amplitude (X)® is given by

(X)W = MOV[(X)4H) — (AX)].  (3.37)
In principle, this represents a complicated volume depend-
ence for (X)® because (AX) is itself Vs-dependent even
though (X')*9) is not. However we know that (AX) — 0
at large volume. We therefore expect that

for M®V; > 1.

<X> (4) ~ M5V5<X> (4+96)

(3.38)
In other words, for large volumes, we expect that our
amplitude (X)) scales as the volume itself. Indeed, this is
nothing but the volume divergence discussed earlier. We
also see that the coefficient of this scaling is given by the
full amplitude of the original higher-dimensional theory.

As expressed above, however, this result is not consis-
tent with 7-duality. Indeed, from T-duality considerations
we know that our four-dimensional amplitude should
scale as the compactification volume not only for very
large compactification volumes but also for very small
ones. Toward this end, we seek to define a new kind of
(dimensionless) volume—a so-called T-volume Vy—
which is consistent not only with modular invariance but
also with T-duality. One natural proposal for such a
quantity would be

& At sp
VT A_Tz/ ZKK/Wmdlng

(3.39)

This definition has the advantage that it results from a
modular-invariant integral and also depends directly on the
T-duality-invariant Zgg /winding partition-function factor.
Indeed, if we were to naively apply the Rankin-Selberg
procedure to this integral, we would find

- 3.
VT =- hmgKK/winding (340)
T 7,0
where
1/2 5/2
9KK/winding = /1/2 dTIT2/ ZKK/winding- (341)

However, we can immediately see that the expression in
Eq. (3.39) is actually divergent for all 6 > 2. Given that
ZxK /winding as a (g, g) expansion that necessarily begins
with a nonzero constant term, this divergence arises in the

7, — oo region due to the extra power 12 ? that was needed
for modular invariance. This divergence invalidates the
Rankin-Selberg procedure that leads to Eq. (3.40). Indeed,
this failure of the Rankin-Selberg procedure can be seen
from the fact that Eq. (3.39) is finite only for 6 < 2 while
Eq. (3.40) is finite for all 6.

Given that Eq. (3.40) is finite for all 6, we shall therefore
define V; to be given by Eq. (3.40) rather than by
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Eq. (3.39). As we shall see below, this ensures a finite value
of V; for all 6. Moreover, we shall find that it is this
definition that leads to meaningful results, and indeed this
is all we shall ever need.

This definition for V; in Eq. (3.40) provides us with a
dimensionless compactification volume which respects 7-
duality for the factorized compactifications which have
been our focus thus far. The quantity V- thereby substitutes
for the quantity M®V s that we have been writing until now.
Furthermore, the overall normalization factor 3/z in
Egs. (3.39) and (3.40) ensures that V; = 1 for the trivial
0 = 0 case in which Tg/ 2ZKK/Winding — 1. Of course, in the
special case with § = 1, we find that V; is also given by
Eq. (3.39). Indeed, for the simple case of compactification
on a circle of (dimensionless) radius R = M,R = R/ vV,
as in Eq. (3.4), we find

Vi=R+=. (3.42)

We thus see that V;; — oo both at large radius and at small
radius, and thereby subsumes both cases in a 7-duality-
invariant manner.

Proceeding with this definition of \7T, we will now show
that the coefficient C, is indeed given in terms of V; by

CirViCl g, for Vi1, (3.43)
or equivalently
(X)) V(X)) for V> 1. (3.44)

We thus have the following:

T-volume scaling rule. Within any four-dimensional
modular-invariant closed string theory which can be real-
ized as a geometric compactification from a higher-
dimensional string theory, the one-loop amplitude (X))
in the limit of large compactification volume is given by the
product of the dimensionless 7-volume of compactification
and the corresponding amplitude of the original higher-
dimensional theory.

While our proof of this result will hold for untwisted
compactifications, we shall see that it can be easily gener-
alized in order to hold for twisted compactifications as well.

To prove this result, let us recall from Eq. (3.18) that

(X)W is given as

()@ =% lim g (z,) (3.45)
Tp—>
where
1/2 ase
9(4)(72) = /1/2 dTl Z<)](] )ZKK/winding- (346)

In general, both Z(;ase) and Zgg /winding are double power

series in ¢ and g. Indeed, the latter power series depends on
the particular compactification geometry, with an example
given in Eq. (3.4) for the case of a one-dimensional
compactification on a circle. It is for this reason that
(X)) generally depends in a highly nontrivial way on
the compactification geometry. Indeed, according to
Eq. (3.46) we would need to multiply these two power
series together, thereby producing a new power series for
the product, whereupon the 7;-integration would project us
down to terms with equal coefficients of ¢ and g in the
product. However, because of the fact that our integrand is a
product of two independent power series, the terms that
have equal powers of g and g in the product need not
themselves have equal powers of ¢ and g for each factor
individually. Phrased somewhat differently, if we follow
Eq. (3.7) and define

1/2 e
Goase = / 1/2 dr, 7525 (3.47)

along with the definition of gk /winging 10 Eq. (3.41), we
see that

9(4) # Ybase * YKK/winding* (348)

Indeed, gpase and grx /winging are nontrivially entwined in
forming ¢g. This phenomenon was discussed in detail
in Ref. [17].

To proceed, let us therefore write

9(4) = Yvase * YKK/winding + Yentwined (349)

where genwined T€pPresents the “error” term that prevents us
from performing a full factorization of ¢g(). Recalling the

definition of V; in Eq. (3.40), we then find from Eq. (3.45)
that

T .
<X>(4) = grlzlg})[gbase * KK /winding + gemwined]
T ~ . T .

g VT};E%)gbase + 5 };_%gentwined

-~ T
= VT<X><4+§) + § lim YJentwined»
7,—0

(3.50)

where we have used Egs. (3.12) and (3.13) in passing to the
final line. Moreover, as promised earlier, we see from the
final line of Eq. (3.50) that V—as defined in Eq. (3.40)—
is indeed finite because it serves as the proportionality
constant between the finite quantities (X)® and (X')(*#+9),
Comparison with Eq. (3.37) and replacing M’V — V;
then allows us to identify

1l .
<AX> =37 hmgemwined~

37 L (3.51)
T 027
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Thus we see that (AX) encapsulates the entwinement
between gpae and  ggg/winding 10 the contribution to

(X)) Indeed, contributions from such entwined terms
are generally exponentially suppressed relative to those that
are unentwined.

We have therefore proven the 7-volume scaling rule, as
expressed in Eq. (3.44), with “error” terms that become
increasingly small (indeed, exponentially suppressed) as
VT — 0.

F. General applicability: Twisted compactifications
and multiple constraints

As we have repeatedly stressed, our theorem in Sec. II1 C
has been derived within the context of factorized theories
[i.e., theories with factorized partition functions, as in
Eq. (3.2)] for which one factor Zgg /yinging cOmpletely
describes the compactification geometry. This generally
corresponds to untwisted compactifications.

However, there also exist twisted compactifications
for which this sort of factorization does not arise. These
include compactifications on orbifolds; coordinate-dependent
Scherk-Schwarz compactifications of the kind discussed in
Ref. [29]; and also compactifications involving Wilson-line
breaking of gauge symmetries. Likewise, there exist
theories (such as Type I strings, or nonperturbative closed
strings involving D-branes) which have some sectors which
are modular invariant as well as other sectors which are not
modular invariant. It therefore remains to determine the
extent to which our theorem applies to such theories
as well.

As we shall demonstrate, our theorem does apply to such
theories. In particular, our theorem will apply to any
modular-invariant portion of any four-dimensional theory
which itself becomes a (4 + §)-dimensional theory as a
corresponding compactification modulus becomes large.

The issue as to whether or not the partition function of
the compactified theory factorizes is not merely an alge-
braic distinction. Instead, it reflects the manner in which
compactification deforms the theory. For an untwisted
compactification, the partition function factorizes because
the precise KK/winding spectra are the same for each state
in the underlying “base” theory. These KK/winding spectra
are thus independent of the quantum numbers associated
with the states in the base theory. However, for a twisted
theory this is no longer true: while one portion of the
original base theory is tensored with one set of KK and
winding states, another portion of the base theory is
tensored with a different set of KK and winding states.
In other words, the compactification comes with a “twist”
that correlates the quantum numbers of the base theory
with the quantum numbers associated with the compacti-
fication. It is this feature that breaks the factorizability of
the partition functions of such theories.

As a result of these observations, it follows that the
algebraic structure of the partition function of the resulting

compactified theory depends critically on the numbers and
types of twists involved in the compactification. Indeed,
one generally obtains a partition function which can be
written schematically as the sum of contributions from
different sectors, i.e.,

Z(/{/l) _ Z Z§base) . Z(s)

KK/winding (3 52)

sectors s

where each sector s is associated with its own X'-dependent
2 Zgbase
(s)
KK/winding*

In order to understand how our theorem can apply in
such situations, it will prove simplest to analyze a particular
example. Accordingly, for simplicity, we shall consider the
case in which our four-dimensional theory is realized as a
one-dimensional compactification of a five-dimensional
theory, taking our compactification geometry to be that
of a circle modded out by a single Z, twist. In this case, we
find that the resulting four-dimensional theory has a
partition function of the form in Eq. (3.52) with only four
sectors, i.e., s = 1,...,4.

For this scenario, it is not difficult to identify the resulting

z"™) and ZEIL Jwinding Tactors. Following Ref. [30] while

adopting the conventions in Ref. [29], we may take the

“base function ) and its own set of KK/winding states

associated with Z

Zg( Jwinding functions to be none other than & /,//7, and
Oo,1/2/ /72> where these functions are defined to be the same

as Z.. in Eq. (3.5) except that their summation variables are
restricted and shifted as follows:

Ey={meZ, neven}

Oy = {im€Z.fodd}

1

The half-integer modings for /2 and the even/odd sensitivity
for 71 are both related to the Z, nature of the orbifold twist.

Likewise, the corresponding base functions Zgbase in
each sector consist of those parts of the original base theory
which are either even (untwisted) or odd (twisted) under the
action of the orbifold. Specifically, using standard notation,
we may identify Z7 as the partition function of the original
base theory prior to compactification, Z* as that of its
projection sector, Z7 as that of the corresponding twisted
sector, and ZZ as that of the projection sector of the twisted
sector. Note that according to the standard conventions for
such orbifold-sector partition functions Z£ in four dimen-
sions (see, e.g., Ref. [29]) such factors already include

factors of 7, 32 We can then identify
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(3.54)

Given these identifications, our final orbifolded theory
then has a modular-invariant partition function of the form

4 1 base base
Z()() = \/—5 [Z(1 )50 + Zé >51/2
+ 20, + 2o, /2] (3.55)
where the Z(bage) functions continue to have the X-inser-

tions. In wr1t1ng Eq. (3.55) we recall that the &£, O functions

have leading \/’L'_Z factors while the Z\™)

leading factors 75! in four dimensions. Our final result for
( ) thus has a leading 75! factor, as expected.

What will be important for us are the limits of these
geometric functions &/, and Oy, as their radii R =

MR =R/ V' are taken to be extremely large or small.
These can be determined by explicit calculation, yielding

functions have

R—>OO: 50,51/241?, 00,01/240
- 1
R —0: 50700_)ﬁ’ 61/2,01/2 - 0. (356)
From Eq. (3.55) it therefore follows that
R oo Z()?) i (Z(base) + Z(base))
T
~ 1 as
Ro0: 20— ( Z\bwe) | 7l e)). (3.57)

2 /R

We thus see that our original four-dimensional theory with
partition function Z(;) flows to different theories in the
R = o and R — 0 limits. Indeed, from Eq. (3.11) and

identifying M'/2V,, as R/2, we find

= (5) (base) (base)
R->oo: Zy=—A(Z""+2
ARV
=Zi+Zt+Z7+2Z-
o . (5) 2 (base) (base)
ARV
=71, (3.58)

We thus see that Z()?) flows to the original five-dimensional
untwisted theory in the R — oo limit, while it flows to the
five-dimensional twisted theory in the R — 0 limit. In other
words, our four-dimensional theory can be viewed as
interpolating between two different five-dimensional the-
ories. This kind of interpolation between different decom-
pactified theories is completely standard, and the breaking
of T-duality in this case is the effect of the twist in the
compactification.

Our discussion thus far has centered around theories
with one large extra dimension compactified on S'/Z,.
However, similar treatments will also apply to more
complicated compactifications from higher dimensions.
For example, it is possible to consider the compactification
of a six-dimensional theory on a fwo-dimensional com-
pactification geometry. In order to exploit the above results,
we can consider this compactification geometry to be
(8'/Z,5)x, ® (S'/25) &, Where Rs ¢ are the dimensionless
radii associated with the fifth and sixth dimensions respec-
tively. Our four-dimensional partition function will then
have sixteen sectors and takes the form

4 4
4 o Z base
X - z : z : KK/wmdmg

p=1g=1

(3.59)

where p and g respectively correspond to the fifth and sixth
dimensions and where

(1,1) o
ZKK/Winding =175'& &

(12) -
ZKK/winding =10 l50 : 81/2

Zglf/)winding =7,'015- Oypa. (3.60)
Defining
1/2 base
hale) = [ "z G61)

and further defining S, (7,) =

) ~ ZC;(M)T%
J

729,4(72), we may expand

(3.62)

as 7, — 0.

These C;(p 9)_coefficients thus correspond to the C'; coeffi-
cients of the simpler untwisted compactification, except that

we now have a different set of C;(p q)—coefﬁcients for each

base theory in Eq. (3.59), i.e., for each value of p and gq.
For such a four-dimensional theory, there will now be

four ways of decompactifying in order to produce a six-

dimensional theory. These correspond to taking Rs — 0, o
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and Ry — 0, 0, each in principle yielding a different six-
dimensional theory. The partition functions of these six-

dimensional theories will be different combinations of our

sixteen underlying Zg,b; **) functions in Eq. (3.59). However,

we observe (just as in the five-dimensional case) that no

single base function Zgbase) by itself corresponds to a

decompactified theory. Indeed, this only happens when
there is a single sector—i.e., an untwisted compactification.

We shall assume, as stated above, that each decompacti-
fication limit leads to a finite one-loop amplitude. Following
our previous discussions for the untwisted case, this means
that each limit must independently satisfy the same smooth-
ness constraint that we imposed in the case of an untwisted
compactification. Thus, for the six-dimensional twisted
compactification we have been considering here, there are
now four independent smoothness constraints that must
hold. These limits represent the four different ways in which
we might obtain a six-dimensional theory.

To formulate these constraints, we can follow our
previous analysis in Eq. (3.15) and establish four distinct
sums corresponding to these different decompactification
limits:

SO = 22 A " dr, [hénzg;‘)] (3.63)
where ZE,?) is given in Eq. (3.59), where Q = 1, ..., 4 ranges

over the different decompactification limits (Rs, R¢) —
(00, ), (00,0), (0, 00), and (0,0) respectively. Each limit
will have its own 7,-expansion. To avoid confusion
(assuming the reader is not already sufficiently confused),
we shall let D’ denote the coefficients of such an expansion:

(©) 0)
Sp ~ ZDj
J

In general, these four sets of D', coefficients (one for each
Q) will be distinct from each other, with each correspond-
ing to a distinct fully modular-invariant six-dimensional
theory.

Given these coefficients, and given our previous dis-
cussion, there will be new constraints on each set of
coefficients that corresponds to a decompactification limit
yielding a finite higher-dimensional amplitude. For exam-
ple, if the Rs — oo, Rg — oo limit produces a finite string
amplitude, then we learn that

as 7, — 0. (3.64)

pY =0, DpY=o. (3.65)

Likewise, if the Rs — co0, Rg — 0 limit also produces a
finite string amplitude, then we also have

(3.66)

and so forth. Such results are the twisted analogs of our
theorem in Sec. I C, and the proof of these assertions
follows directly from the Rankin-Selberg procedure.

Our goal, of course, is to express these D’ (Q)_constraints

/(Pq)

in terms of the C;""-coefficients corresponding to our

original four-dimensional partition function in Eq. (3.59).

These C(p 9 _coefficients are defined in Eq. (3.62).

However, using Eq. (3.56), we may immediately relate
these two sets of coefficients. For example, we find

DV =c" " P 4 Y

J

(2) _ (L) /(1.3) /(3.1) /(3.3)
D7 =C;""+C; 7 +C7 0+ 07

(3.67)

and so forth. We thus find that our complete set of
constraints becomes

C}(l’l) n C;.(M) n C;(2.1) n C}(z.z) 0
C;(l’l) n C}(1,3) n C}(u) n C/_(2,3) _o
M AP 4 PP =0

0

/(1.1 /(1,3 /(3. .
e+ P Y = (3.68)
for all j < 1.

In the analogous case of an untwisted compactification,
we obtained constraints on the C}—coefficients correspond-
ing to the base theory. By contrast, for a twisted compac-
tification, we see our theorem now Yyields multiple
constraint equations. However, each of these constrains
only a linear combination of the coefficients corresponding
to different base theories. Moreover, as indicated above,
each of these constraint equations holds not only for j = 0
but also for j = 1. As discussed in Sec. III C, the latter
reflects the emergence of the extra dimensions and is
required for the consistency with our lower-dimensional
theory upon decompactification.

Of course, the constraints in Eq. (3.68) allow us to obtain
results such as

/(12 (2.2 /(1.3 /(2.3

'y P ="V P (3.69)

which do not correspond to any single decompactification
limit. Moreover, our four-dimensional theory may also have
other internal symmetries that are reflected in constraints on

these C; "P9)_coefficients. For example, if Z\n® = Z0*) (as

might occur for theories with a permutation symmetry
between the fifth and sixth dimensions), it then follows that
C;-(p ) = C;.(qp ) for all j. In such cases, there are effectively
fewer base partition functions and potentially fewer distinct
decompactifications as well.

In general, there can also be decompactification limits

which are tachyonic. For example, a four-dimensional
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theory might be finite (tachyon-free) for compactification
volumes within a certain limited range, yet encounter a
tachyon as the compactification volume passes beyond this
range. Well-known examples of this occur for the thermal
analogs of various one-dimensional compactifications,
where we identify the compactification radius as an inverse
temperature. Indeed, such theories are finite (or even
supersymmetric) at zero temperature, and remain finite
as the temperature increases within a limited range, but may
ultimately become tachyonic once the temperature exceeds
a critical value. Indeed, this is the physics that underlies the
so-called Hagedorn transition [31-33], which clearly leads
to divergences in the one-loop amplitude. As a result, the
C’-constraints that emerge from this decompactification are
valid only within the range of radii in which such tachyons
do not appear.

There can also be situations in which no tachyon appears
at any compactification radius, but in which certain massive
states in the string spectrum become massless at specific
compactification radii before becoming massive again (see,
e.g., Ref. [33]). The sudden appearance of such massless
states will generally induce higher-order Hagedorn-like
phase transitions [33] which represent discontinuities that
also violate our “smoothness” assumptions. However, even
though our theorem will not apply at or beyond such radii,
the constraints emerging from our theorem will continue to
apply before these states are reached.

Finally, it is interesting to note that our compactification
functions &/, and O ;/,—like any compactification
functions—have certain properties which guarantee that
we can continue to use the Rankin-Selberg mapping. In
particular, a priori, one might have worried that additional
C-constraints could appear upon compactification. It is
easy to see how such extra constraints might have arisen.
For this purpose, it is perhaps easiest to start with the
compactified theory with the partition function given in
Eq. (3.55) and ask what happens for large but finite R. In
this regime the terms involving &-functions dominate—
terms which we can rewrite in the form

1 _ e
ZES) ~ 572 1/2 [(Z(lbdse) + Z(zbase>)(€0 + 51/2)

i (Z(lbase) _ Z(zbase))(go — 51/2)} . (370)

The top line, of course, is entirely expected and does not

yield any constraints beyond those we have already

considered. Indeed, Z\™ + Z"™) is the R — oo limit

that we have already considered, and whose properties as
7, = 0 have allowed us to formulate our existing con-
straints. However, in principle, there is the possibility that
the second line of Eq. (3.70) might to lead to additional
constraints. Indeed, such additional constraints could have
arisen if & — &, were for example to behave as 7,/R as
7, — 0 at finite R. In such cases, one could take R — o

prior to taking 7, and thereby conclude that no new
constraint comes from such a difference. However, we
could alternatively take the 7, — 0 limit first, leaving us
with a dangerous 1/R dependence whose cancellation
would require an additional constraint.

However, it is straightforward to verify that this does
not happen. Indeed, direct calculation for our specific
E-functions tells us that

Eo(R) = &1 p(R) m (R 1) e/ (3.71)
Thus the difference between the £ functions decreases faster
than any power of 7, as 7, — 0. In other words, the difference
&y — €12 has an essential singularity at 7, = 0. As a matter
of principle this will be true for any compactification
functions whose large-volume limits produce valid higher-
dimensional theories. Thus our theorem remains intact.

The discussion in this section has been somewhat
technical. However, the main idea is simple and can be
summarized as follows. For an untwisted compactification,
there is generally only one decompactification limit. This
then leads to a single extra C'-constraint, namely C; =0
for j < 1 + 6/2, which must be adjoined onto our original
C-constraint Cy = 0. However, for a twisted compactifi-
cation, there are generally multiple decompactification
limits, each involving a different subset of the sectors in
our theory. Our theorem nevertheless applies exactly as
before, with each decompactification leading to its own
new C’-constraint, as illustrated above. As a result, our
original four-dimensional theory must satisfy not only the
original constraint Cy = 0 but also all of the individual
C’-constraints that emerge from each different decompac-
tification limit. Indeed, all of these extra C’-constraints
must be satisfied simultaneously within the original four-
dimensional theory because this theory simultaneously
contains within itself all of these different possibilities
for a self-consistent decompactification.

We close with a final comment. As discussed in Sec. III D
for the case of an untwisted compactification, we have seen
that the single extra constraint C; =0 for j <1+ 5/2
actually implied our original C-constraint C; = 0. The same
will be true for twisted compactifications. In particular,
even though each different decompactification leads to an
independent C’-constraint, these C’'-constraints collectively
imply that Cy = 0 as well.

IV. IMPLICATIONS OF THE THEOREM

As discussed in Sec. III, our theorem is completely
general, providing us with new constraints on the
C}—coefficients for any string model meeting the conditions
outlined at the beginning of Sec. III A and for any operator
insertion X for which the corresponding physical quantity
¢~ (X)® within that model is finite. In this section we
now proceed to consider two important implications of
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these new C’-constraints. For concreteness and simplicity,
we shall focus in this section on the case of untwisted
compactifications. As discussed in Sec. III, the situation
with twisted compactifications is similar and proceeds in an
analogous way.

A. New supertrace identities

Just as the C-coefficients can be expressed as supertraces
over the states within the full partition function Z()?), as in
Eq. (2.34), the C'-coefficients can likewise be expressed as
supertraces of the states that contribute to Z(;(L) without
including the KK and winding states associated with the
compactification under study. Indeed, these are the states that
reside within the base theory and contribute to Zt™ alone.

Given this observation, our new constraints on the
C'-coefficients immediately yield new constraints for the

supertraces over the states contributing solely to Z(b‘m) In

particular, the vanishing of the Cj-coefficients for all
Jj <14 8/2—as required by our theorem—thus gives rise
to the new supertrace identities

Sw'DLX =0 forall 0 <j<6/2 (4.1)

where the prime on the supertrace indicates that only the
states contributing to Z()?ase) are included and where D, is
the derivative defined in Eq. (2.31). Likewise, as the
compactification T-volume V; becomes large, a similar
supertrace formulation applies to the amplitude (X)), We
know, of course, that (X)) is given by (z/3)C; for all
compactification volumes. Indeed, C; is generally a com-
plicated function of the compactification volume. However,
for V; > 1, we have seen that our 7-volume scaling rule

|

Su'X, = 0
5=2: Str/Xl - Str/(XOZ\N/[z) =0
Stl'/XO =0
StIJX] - Str/(XOMz) =0
6=4: Str’X2 — Str'(Xle) %
(X)) m 2V [ St (X, 12
StIJXO =0
Str/Xl - Str ( M )
Str/(X2M ) -
<x>(4) z

X, M? )+ St/ (XoM*) =0
—Str (X1M4) + EStr (X0M6) =0

allows us to pull out the compactification volume as a
single overall factor, leaving us with

(X)W~ ~3 VTCH(S/Z (4.2)
Thus, for V; > 1, we have
(X))@ » 1y VrS'DL X, (43)
3(1+6/2)!

thereby once again yielding results depending on a primed
supertrace.

The general results in Eqs. (4.1) and (4.3) yield a host of
new supertrace constraints on the spectrum of the base
theory. In general, the supertrace relations that emerge
depend on the number 6 of extra spacetime dimensions
which are associated with our decompactification limits.
Indeed, taking X of the form in Eq. (2.8), we may extract
these new identities directly from Eq. (3.17).

Our results are as follows. Defining

M2
4 M?

MZ

(4.4)

and recalling Eq. (2.35), we see that our usual four-

dimensional constraints Cy =0 and (X)®* = (z/3)C,
now take the form
StI'XO =0
. . (4.5)
(X)W =2[StrX; — Str(XoM?)].

However, our theorem now tells us that for each decom-
pactification limit we have the additional constraints

(X)W ~2V, [Str’xz — St (X, M?) + %Str’(XOJ\N/[“)}

tr/(X0M4) =0

)+ LSu’ (X, h1) — %Str’(X0M6)]

(4.6)

T[Str (X, 10) = L st (X, J19) +T125tr/(x01r48)},
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where our expressions for (X) 4) in each case are appro-

priate for V; > 1. Indeed, given these results, we may
regard the results in Eq. (4.5) as “6 = 0” constraints, with
the understanding that Str’ — Str in this case. We shall
continue to refer to our original four-dimensional results as
0 = 0 results in the following.

As we shall discuss below, the supertrace identities in
Eq. (4.6) for each value of § hold exactly regardless of
whether Eq. (3.1) is satisfied. By contrast, our expressions
for the amplitude (X)®* hold only when Eq. (3.1) is
satisfied. However, even when Eq. (3.1) is not satisfied, we
will find that these expressions for (X')*) continue to hold
except that an additional term is added in each case.

Note that the exact value for (X)) for any compacti-
fication volume is given in Eq. (4.5). The correctness of this
result does not change even as the compactification volume
becomes large. However, the behavior of this amplitude for
large compactification volume is not readily apparent from
the expression in Eq. (4.5). By contrast, in Eq. (4.6), we
have provided expressions for (X')*) which approximate
this true value for V; > 1 and in which the compactifi-
cation T-volume V; emerges simply as an overall multi-
plicative factor.

These results are completely general, written in terms of
the arbitrary X, insertions. However, using Eqgs. (2.10)
and (2.18), we can write these expressions directly in terms
of the operators relevant for the Higgs mass, as in Ref. [13],
or the one-loop gauge coupling, as in Ref. [17].

In the case of the Higgs mass, there is actually an
important short-cut that we may exploit. As shown in
Ref. [13], one can write the one-loop Higgs mass as

my = (af;, + %)A((ﬁ)‘ (4.7)

$=0

where ¢ denotes a fluctuation of the Higgs field relative to
its VEV within the Higgsed phase of any string model,
where £ is a model-dependent numerical parameter defined
in Eq. (2.15), and where A(¢) is the amplitude correspond-
ing to the trivial insertions

1
X = _EM4’ X;=X,=0 (4.8)

where the masses of the states in the string spectrum are
generally treated as functions of ¢. It is the choice of
such functions which specifies the particular scalar field
whose mass is being calculated. Indeed, thinking of A as a
kind of ¢-dependent Coleman-Weinberg potential, we
thus see from Eq. (4.7) that the Higgs mass is essentially
given by the curvature of A(¢) around its minimum,
augmented [13] by a stringy gravitational backreaction

parametrized by & Indeed, A = A(¢)|,_ is nothing but the
one-loop cosmological constant.

Thus, first performing our analysis for A(¢), we find that
the constraints in Eq. (4.1) now take the simple form [2]

StrM?** () =0 for all k < 5/2. (4.9)
Likewise Eq. (4.2) yields
A(@) m M2V A (g) (4.10)

where the higher-dimensional cosmological constant
AW follows from Eq. (4.3) and is given by [2]

ﬂ,M4+5 (_1)6/2
T3 2 (146/2)!

A () Sw[(#2) 7] (411)

where we also regard M? as a ¢-dependent quantity. We
observe, in this context, that the k = 0 equation within
Eq. (4.9) is nothing but the constraint [2]

Strl = 0. (4.12)

This result, which actually applies to all finite four-
dimensional theories regardless of whether they have
decompactification limits, implies that all such theories
have equal numbers of bosonic and fermionic degrees of
freedom when summed across the entire string spectrum.
Indeed, this observation holds even through there is no
boson/fermion pairing, and is a nontrivial result of the UV/
IR mixing inherent in such theories in which any surpluses
of bosonic or fermionic degrees of freedom of a given mass
are balanced against opposite surpluses at other masses
throughout the string spectrum. Likewise, the exact
result for the cosmological constant in four dimensions,
specifically [2]

1
A = 5 MPSuM?, (4.13)

2

is equally surprising, telling us that the full one-loop zero-
point amplitude in such theories is given simply as a
supertrace of the squared masses of the string states across
the string spectrum, with the regulator within the definition
of the supertrace in Eq. (2.33) ensuring a finite result.
Given these results for A(¢), we can now apply the result
in Eq. (4.7) in order to obtain our corresponding results for
the Higgs mass mi In particular, for 6 =0 and 6 =2 we

obtain
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Str1 =0
520: 2

m3, = 46 [Su(3M?) +

St’'l1 =0

/2 ag2
5. SwAEM =0

m =y [Str'<a§,M4) +

and so forth for higher 6. In this connection, we note that
the second constraint equation for § = 2 actually takes the
full form

St (9;,M?) + % St'M? = 0. (4.15)
However, we see from Eq. (4.9) that the second term
actually vanishes, thus leaving us with the simpler con-
straint equation in Eq. (4.14). Similar cancellations would
likewise occur for § > 2 involving StrM?* for k > 1.
Likewise, we emphasize that the constraint equations in
Eq. (4.14) actually hold for all ¢, whereas our expressions
for mé hold by definition only for ¢ = 0. Finally, we note
that the results in Eq. (4.14)—or more specifically, their
truncations to ¢ = O—could have been obtained directly
using the operator insertions in Eq. (2.10). This provides an
important cross-check on our calculations.

Before proceeding, we note that the constraint equations
in Eq. (4.9) are highly nontrivial. When truncated to ¢ = 0,
these results provide tight constraints on the masses of all of
the states in our theory. Indeed, for § = 6, we learn that the
states throughout the string spectrum must, through UV/IR
|

_ 1
6=0: AG = g |:StI'Q?_I — EStrEl}

St' Q% — 5 Strg'1 =0
6=2:

Ry StrMﬂ )

$=0

(4.14)

Str/Mﬂ

42 M? 4):0’

mixing, arrange themselves so as to simultaneously cancel
not only Strl, as in Eq. (4.12), but also Str’M?, St’ M*, and
Str' M®. However, Eq. (4.9) actually holds as a function of ¢
for all ¢. Therefore these equations also constrain how ¢
couples to all of the states in the string spectrum (and not
just the massless states): ¢» can only couple in a way that
maintains these cancellations as ¢ varies. This thereby
restricts which kinds of Higgs fields are ultimately allowed
in the theory. Likewise, for any Higgs field, we may also
view this as providing a significant constraint on the kinds
of fluctuations which are ultimately permitted by the
modular invariance of the underlying theory.

Let us now turn to the case of the one-loop contributions
to the gauge couplings. As in Ref. [17], these one-loop
contributions to the quantity 16z /g% will be denoted Ag
where G is the corresponding gauge group. Note in this
context that A; is the full one-loop contribution to
1672/ g%, and not merely the contribution from the infinite
towers of massive states.

Once again, just as with the Higgs mass, we may
consider the cases with 6=0, 6=2, and 6=4.
Recalling that X, = 0 for this calculation, we find

AG ~ %‘77' [—2Str'( %;Q%_]) + % StrE’ch — %Str'( 0 %IMZ) + iStI'E/1‘~421|

S’ Q3 — 5 Strg'1 =0
o=4:

—2St'(Q%0%) + LSt/ 0% — £ St (0} M?) + 55 Stry'M? = 0

24

(4.16)

Mg 5V [25t(03 Q3 11%) - LStry( Q3 A1) + St (O3 %) — o Stribt*

We again emphasize that these supertrace identities
involve the full infinite towers of states in our theories.
In general, these identities are not satisfied level-by-level,
but rather represent conspiracies across the infinite string
spectrum at all energy scales. Indeed, these identities are
satisfied through the hidden so-called “misaligned super-
symmetry” that remains in the string spectrum even after

|
spacetime supersymmetry is broken in any modular-invari-
ant tachyon-free string theory [1,2].

We note that we have now collected several combina-
tions of supertraces that have to vanish exactly. One might
imagine that these particular linear sums of supertraces
could cancel between themselves in unique modular-
invariant combinations. However any modular-invariant
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integral that we can construct which we know to be finite
provides its own vanishing supertrace constraint. Thus we
are at liberty to consider constraints from additional
integrals that we also know to be finite even if they do
not correspond to any physical process. In Ref. [34] we
play this game and derive even stronger sets of supertrace
constraints.

B. Implications for one-loop running: IR limit

Our theorem also has ramifications for the effective field
theories (EFTs) that might be associated with our string
theories, and in particular the manner in which these EFTs
evolve as we change the relevant energy scale x4 at which
they are probed.

To study this, let us first briefly recall how one can
extract an EFT from a given string theory in a manner that
is consistent with modular invariance and which naturally
takes the full spectrum of the string theory into account.
Certain aspects of this procedure were discussed previously
in Refs. [13,17], where more details can be found.

First, for any four-dimensional amplitude (X)®), we
introduce a regulator. Then, just as for ordinary EFTs, we
identify the regulator parameter with a running physical
scale p. To carry out this procedure we will adopt the same
regulator function G=G,(a,7) (previously denoted

G,(a,7)) utilized in Refs. [13,17], namely

a’ p 0

1+ pa’p—10a

gp(a’ T) = (Zeiwe(pa) = Zeie ()] (4.17)

where Z . is the circle-compactification partition function
in Eq. (3.5) and where p is a constant which in effect plays

the role of an RG scheme. It then follows that our regulated

amplitude, which we shall denote (X) g), is given by

2
@__a p 0
= 2 P(pa) - P 4.18
W) = S Ppa) - P@)] (418)
where the “reduced” amplitude P(a) is given by
P(a) = (XZg(a.7)). (4.19)

Having adopted this convention, we shall then make the
identification [13,17]

/0,2 —

adu’ = pa’. (4.20)

It then follows that our regulated physical quantities such as

(X >(g4) are functions of u.

In general, this choice of regulator function G,(a,7)
vanishes exponentially quickly as 7, — oo (thereby ensur-
ing the effectiveness of this function as an IR regulator) but
otherwise asymptotes to 1 as 7, — 1 (thereby preserving
the original theory in this regime). Indeed, a rough measure

of the transition between these two behaviors occurs at
7, & (pa*)~!. Thus pa® sets the “scale” at which a given
state with mass M is either included amongst or excluded
from (or*“integrated out” from) the dynamical degrees of
freedom in our analysis. This allows us to make the
identification in Eq. (4.20). We also point out that while
this identification procedure for y is, strictly speaking, valid
only for y < M, we shall treat this as a definition of u
within the entire range 0 < y < M.

In the following, without loss of generality, we shall
adopt the choice p = 2. Given these conventions, our goal
is to understand how our theorem affects the running of

(X) (g4> (u) for arbitrary insertion X—i.e., affects the manner

in which (X )(g4> varies with y. Our goal is also to under-
stand the corresponding beta-function

4
o(x)y
dlogu

Pa(u) = (4.21)

In general, the result for (X >(g4) (u) for arbitrary X and

arbitrary y was derived in Refs. [13,17]. This result will
also be quoted in Sec. V, where explicit examples will be
considered. However, schematically, in cases for which
3Er0X2 = 0 this result takes the form [17]

(O (1) = (00O + > ek (Mifu)  (422)

where ), denotes a sum over the on-shell states in the
theory and where KC(x) schematically denotes a generic
combination of Bessel functions. Although a slight gener-
alization of Eq. (4.22) applies when A§£r0 X, # 0, as dis-

cussed in Refs. [13,17], we shall continue to assume that
A?Eroxz = 0 throughout this discussion.

Let us begin by studying the behavior of (X >(g4) for

extreme values of u, i.e., for u =0 as well as y = M,.

Having fixed the behavior of (X ><g4) at these extreme
endpoints, we shall then investigate the implications of
our theorem for the intermediate values 0 < {4 <M.

We first discuss the IR behavior of (X ><g4 (1), i.e., the
behavior of this amplitude as ¢ — 0. This behavior can be
extracted [17] from the asymptotic properties of the Bessel
function combinations /C, yielding

QO G020+ 3 bylog [ e . a2

0<M<u

by ==2 Str X, (4.24)

mass—
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and where y; =~ 0.57721 is the Euler-Mascheroni constant.
Note that the supertrace in Eq. (4.24) is over only those
string states whose masses are equal to M.

Having introduced the regulator, we are now able to relax
the condition in Eq. (3.1) and also consider the additional
contributions from massless X,-charged states, i.e., the
additional contributions that would arise if A§£rOX2 #0.

Following the algebraic steps in Ref. [13], it turns out
that our result in Eq. (4.23) would accrue the additional
term

e”! /4}
bslog | —=-"— 4.25
¢ g{zﬂMs (4.23)
where

Note that while the expression in Eq. (4.23) depends on the
logarithm of /M, the expression in Eq. (4.25) depends on
the logarithm of u/M,. This difference has an important
effect. Within Eq. (4.23) we are instructed to consider only
those values of x which exceed M. Thus this contribution
remains finite for all u, given that M > 0. However, within
Eq. (4.25), we are permitted to consider values of u into the
deep IR. In such cases the logarithm within Eq. (4.25)
diverges. However, this divergence is expected, as this is
nothing but the divergence that is caused by having
A§£I'()X2 ?é 0.

C. Generalized T-volume scaling rule

The use of our regulator also allows us to generalize the
T-volume scaling rule in Eq. (4.2) which states that
(X)H x (/3)V,C, 452 for large compactification vol-
ume. Of course, this result also assumed that bg; = 0.
However, when b; # 0, we may easily derive a more
general result. To do this, we begin with our regulated
amplitude in Eq. (2.20), specifically

b
/ e) ZKK/Windinggp (a,7)

d*T . 52 (base)y; 6/
= / 2 [72 / Z(Xage>][ / ZKK/wmdmg]
F 13

xG,(a,t) (4.27)
where as in Eq. (3.7) we have reshuffled the factors into
modular-invariant blocks, and where for generality we
have kept 6 arbitrary. In order to separate out the massless
X,-charged contribution from such an expression we need
only realize that A§£rOX2 is itself a modular-invariant

quantity. This follows from the fact that in the absence
of a regular this quantity serves as the coefficient of

the logarithmic divergence. We may therefore rewrite
Eq. (4.27) in the form

dQT —5/2 —(base
@ = [ Sz

5/2
T - bG] [7'-2/ ZKK/winding]gp(a’ T)
2

d*z
+bG/}_ ‘L' [Tg/zzKK/wmdmg]gp(a T) (428)
2

Both of these integrals are now explicitly finite and also
modular invariant. Moreover, the first of these integrals
would have been finite (because we have subtracted bg
within the first integrand) even if we were to neglect
the regulator entirely. Stated differently, the quantity
7, QZS—S%C) — b rapidly decays as 7, — oo, and thus
receives the bulk of its support from values of 7, at which
the regulator G,(a,7) is close to unity, by construction.
We can therefore disregard the appearance of G,(a,7)
within the first integrand, whereupon the previous analysis
in Sec. IIIE allows us to write the first integral as
(m/3)V4(C 1152 — bi). We thus obtain the result

()W~ 3VT<C1+6/2 bg)

d’z
+bG/]: TQ/ ZKK/wmdmgg (CZ,T) (429)
2

which generalizes our original 7-volume scaling rule to
cases in which bg # 0. Here C' /» is the supertrace over

the entire spectrum of the base theory, and V; continues to
be given in Eq. (3.39). This result thus allows us to extract
the IR behavior of our string-theoretic amplitude.

D. Implications for one-loop running:
UV limit and scale duality

Next, we discuss the behavior which arises in the extreme
UV limitas u ~ M. As discussed in Refs. [13,17], our result

for (X)g)

under which (X) (g4) (u) is invariant under

(u) generally exhibits a scale-duality symmetry

M
p— (4.30)
U

Indeed, this symmetry applies to all such amplitudes regard-
less of the particular operator insertion X. However, due to
this symmetry and the fact that (X >(g4) () is a smooth

function of y, we learn that

=0. (4.31)
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In other words, the corresponding f-function f3y(p) actually
vanishes at the string scale, implying that there is an apparent
UV fixed-point regime around u = M,. As might be
expected, this is a purely stringy effect which cannot be
captured through an EFT-based analysis.

E. Absence of power-law running

Having discussed the behavior of (X >(g4) (u) for u =~ 0 and

u~ M, we now investigate the behavior of the running
between these two endpoints. It is here that our theorem
leads to some additional surprising effects, connecting
the two extremes ¢ — 0 and y = M, in sometimes unex-
pected ways.

In general, for large-volume compactifications, it is a
natural (ultimately field-theoretic) expectation that at
energy scales exceeding the compactification scale, the
accumulation of contributions from increasing numbers of
Kaluza-Klein states running in loops will slowly deform an
expected four-dimensional logarithmic running for a given
amplitude into a power-law running, as consistent with the
emergence of extra spacetime dimensions (or equivalently
an increase in the effective dimensionality of the theory)
in this limit [35,36]. More specifically, in the case of the
one-loop inverse gauge couplings Ag;(u), and at scales
U= R!' where R is a large compactification radius,
one generally expects the logarithmic running we observe
in Eq. (4.23) to follow a power law instead, with
Ag(u) ~ (uR)°. Indeed, in such situations the volume of
the compactification manifold can be taken as V5 ~ (27R)°.
Note that we are here referring to Vs as our compactifi-
cation volume rather than V; because we are discussing our
field-theoretic expectations.

It is easy to see how such a result might arise from the
logarithmic term within our result in Eq. (4.23), specifically
the term

_ 1 1 M
2 2 —(ye+1)
Ag(u) D 40<Sz'vt1r§;4 <QH —12> Q¢ log [\/Ee E ]

(4.32)

To keep the discussion simple, we shall focus on the most
straightforward case in which our compactification is
untwisted, so that each state in the theory with a given
value of 0% and Q% has an infinite spectrum of KK copies
with higher masses but the same values of Q% and Q%. Of
course, at any energy scale u, the supertrace is over all
states in the theory with masses 0 < M < u. Thus, given
this KK structure, our supertrace factorizes, i.e.,

Str = St' - Tr (KK),
0<M=<pu 0<M=zu O0<Mz<p

(4.33)

where o Str’ is a supertrace over the different states in the
<Mzpu

theory excluding the excited KK modes associated with the

large dimensions—indeed, the states in this sum may be
regarded as the corresponding KK zero modes—and

o Lr< (KK) is a trace over the excited KK modes associated
<Mzp

with the large compactified dimensions. Since these excited
KK states necessarily have the same spins as their corre-
sponding zero modes, the latter is a trace rather than a
supertrace. In other words, the (—1)7 factor has already
been absorbed into the primed supertrace rather than the
KK trace. We further note that we do not consider the
effects of any winding modes, since this is meant to be a
purely field-theoretic analysis.

Given the factorization in Eq. (4.33), we can rewrite
Eq. (4.32) as

0<M=<pu

~ 1
M) 34,81 (04~ 13) 0%

1 U
Tr (KK) — e ret) £
X 0</Wr$ﬂ log L@e E } (4.34)

Let us now focus for simplicity on the § = 1 case in which
our theory is compactified on an untwisted circle of radius
R. In such a case, our excited KK spectrum consists of
states with masses M = /R, with m = £1, 42,43, ...
For uR > 1, we then find that the final line of Eq. (4.34)
becomes [35,36]

HR
1 UR
2 log |:— e_(yEJrl) T:|
,;lz::l V2 i

1
= 2uRlog [ﬁ e_(75+l)ﬂR] —2log(uR)!

1
~ 2{1 + log {— e~ et | SR
V2

where we used Stirling’s approximation log N!~ NlogN — N
for N > 1 in passing to the final line. We thus see that
the sum over the KK modes associated with a single
compactified extra dimension has changed our logarithmic
running to a running which is linear in u. This process
easily generalizes to the KK excitations associated with
o-dimensional compactification manifolds with 6 > 1,
yielding power-law running with correspondingly higher
powers Ag(u) ~ (uR)°.

This phenomenon whereby a sum over KK states deforms
arunning from logarithmic to power-law is well known from
phenomenological studies of theories with large extra
dimensions [35,36]. Indeed, it played a crucial role in
realizing low-scale gauge-coupling unification [35,36]. As
mentioned above, this result can ultimately be understood
from the observation that a large compactification radius R
effectively increases the overall spacetime dimensionality of
the theory for all energy scales u > R~ thereby shifting the

(4.35)
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mass dimensions of the gauge couplings and consequently
shifting their corresponding runnings.

Before going further, several remarks are in order.
First, the above discussion has assumed an untwisted
compactification—this is what enabled the complete fac-
torization of the supertraces in Eq. (4.33). However, even for
twisted compactifications in which such a complete fac-
torization does not apply, the theory can be separated into
individual sectors, and such factorizations are valid within
each sector. One then obtains the same power-law results
sector by sector. Second, the discussion above has neglected
the contributions of winding modes. However, this would
appear to be justified because we are performing a field-
theoretic analysis, and also because we are restricting our
attention to cases with y < M and R™! < . In general, for
large string compactifications with R~! < y, the corre-
sponding winding modes will have masses > u. Thus—
from a field-theoretic perspective—such states will not
directly affect the running at the scale y. Finally, we have
taken all of our KK masses as M = ii/R. Of course, this is
correct for the KK excitations of only the massless states
within the primed supertrace. However, for y < M, thisis a
valid assumption because we are assuming that the KK
modes associated with any large dimensions are already part
of the KK trace, because the winding states have masses
above M, and because the only other states—the string
excitations—have masses which are at (or heavier than) the
string scale. Thus the only states which contribute to the
primed supertrace are indeed those which are massless.

There is, however, one important shortcoming to the
above treatment: we did not handle the spacetime com-
pactification in a fully modular-invariant manner. Indeed,
we simply split our supertrace into separate pieces without
considering the deeper aspects of the effects of the
compactification on the underlying partition function.
However, it is at the level of the partition function that
modular invariance must be maintained. Although the
above treatment captures the expected higher-dimensional
power-law running—and would thus be sufficient for a
field-theoretic analysis, as in Refs. [35,36]—it misses the
critical fact that a fully modular-invariant theory in higher
dimensions D > 4 has more internal cancellations within
its spectrum than does a four-dimensional theory. As we
have seen, these extra internal cancellations are required by
modular invariance, and in particular can be attributed to
various supertrace identities, such as Strl = 0, that result
from UV/IR mixing and misaligned supersymmetry.
Indeed the higher the spacetime dimensionality of a
modular-invariant theory, the more internal cancellations
of this sort exist within the spectrum.

As we shall now demonstrate, our theorem implies that
these cancellations ultimately have the effect of eliminating
the above power-law running. This is a remarkable result,
implying that there is actually no running at all above the
compactification scale.

To understand this, let us begin by recalling that our
running four-dimensional amplitude (X)® is given by

JZT ase
(X)) () = /f DT 2057 ramingGe7). (4.36)

3

Here G(u,7) is the “regulator” function whose purpose is
not to regulate this amplitude (since the amplitude is
already presumed finite), but rather to introduce the running
scale p. For example, as we have seen, we may identify
G(u.7) = G,(a,7) where G,(a, ) is defined in Eq. (4.17)
and where the scale y is defined in terms of p and a in
Eq. (4.20). Ultimately, our claim is that (X)) does not run
as a power-law function of x. However, it turns out that this
absence of power-law running is wholly independent of the
specific form of G(u, 7), and instead relies on deeper, more
universal features associated with the modular invariance of
the partition function ZH™.

This can most easily be understood by recasting the
above string-theoretic expression into its field-theory ana-
log. This will ultimately enable us to make a direct
comparison between the two, and thereby uncover the
reason for the absence of power-law running in field-theory
language. The field-theory analog of the expression in
Eq. (4.36) is given by the Schwinger representation of the
analogous field-theory amplitude, and takes the form

(4.37)

ood[ ase
@ w = [ 2z,

Here ¢ is the Schwinger proper time (with a field-theoretic
measure dt/t), while A is an arbitrary cutoff on the
Schwinger integral and Zgyx denotes a trace over only
the KK modes associated with our § extra dimensions

(since the winding modes are intrinsically stringy).

Likewise, Z%’ase) as before tallies the contributions of the

physical states in our theory with the above KK states
excluded. Of course, in field theory we also now have a UV
divergence. We have therefore introduced a UV cutoff A in
Eq. (4.37). Finally, in this field-theory expression we are
also introducing the running scale u just as we would in
string theory, through the introduction of a G-function
G(u, ) which suppresses the contributions to the integral
from the region of integration with ¢ > x~2. Once again, as
for the string-theory amplitude, the absence of running for
this field-theory amplitude will be insensitive to the details
of this regulator function. We can therefore choose to
model this function in the most simple way possible,
namely as providing a hard step-function cutoft:

Glu,t) =02 -1). (4.38)
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We then have

ﬂ_z dt ase
()E () = / iy o (4.39)

N

The next step, as in string theory, will be to expand both

Z(At,»mse) and the product ZS?M - Zxg in powers of ras 1 — 0.

In analogy with our string-theory results, we have

ase 1
A = (G Ci+ G )

(base)

1
ZX 'ZKK:?(C0+CIZ+CZI2+"') (440)

as t — 0. Note that in the string-theory calculation we
would be instead 7,-expanding the g(z,) functions asso-
ciated with our partition functions, not the partition
functions directly. However, in this analogous field-theory
system our Schwinger time ¢ is the analog of 7; in
particular, we lack an analog of z;. Thus, whereas in string
theory we had both a partition function Z and a corre-
sponding g-function, the former involving both physical
and unphysical states and the latter involving only physical
states, in our field-theory calculation our partition function
is already restricted to physical states. Thus both Z and
g(7,) have the same field-theory analog, which we may
simply regard as Z itself.

It is important to properly interpret the C- and
C'-coefficients in Eq. (4.40). If we were to take X =1
as an example, C, becomes the coefficient of the leading
divergence, corresponding to the power of 1/# that would
appear in a calculation of the standard Coleman-Weinberg
(CW) potential. Indeed, this would correspond to the
quartic A* divergence of the CW potential. Likewise, C;
would correspond to the quadratic divergence of the CW
potential, and so forth.

For this discussion, however, we are interested in
situations in which we have ¢ large extra dimensions of

radius R. Our field-theory expectation is that <X>1(:4T) (u)
in Eq. (4.39) will experience log u running for u < R~!, but
that for y > R~ this logarithmic running is promoted to
power-law running ~(uR)° due to the presence of Zgy.

It is easy to see how these expectations arise. For
u < R7', we know that this integral must have at most a
logarithmic dependence on p. We also know that for p <
R~! only the zero modes of Zg contribute, so that we can
approximate Zgg = 1. It then follows that Cj = C} =0,
and hence

1
zggas@:t_z(cgtu...) ast—0.  (4.41)

At such energy scales y < R™! we thus find

(X)5p (1) = Chlog(A2/u?) +const.  (4.42)
This confirms that for 4 <R™! we indeed obtain the
expected logarithmic running. Moreover, we also see that
C} can be identified as the beta-function coefficient for this
logarithmic running.

By contrast, let us now consider scales far above the KK
scale, i.e., u > R~!. In this case we may sum over all of the
KK states which are lighter than p. This is the same
calculation as in Eq. (3.8), whereupon we find

4 W dt bas
R e YD)

Thus we identify C;_5)» = 7%?R°C’, just as we found for
string theory in Eq. (3.34), modulo constants pertaining
to the different definitions of the compactification volume.
Moreover, evaluating our field-theory amplitude, we
then find

2
(X)) = SHPROCH (A =), (444)

as expected. This then reproduces the expected power-law
running, with C), now serving as the beta-function coef-
ficient for this running. Indeed, C}, plays this role regardless
of 6—i.e., regardless of the number of compactified extra
dimensions which decompactify in the large-volume limit.

This much is field-theoretic. However, for 6 > 2, we
have learned from our theorem [see Eq. (3.25)] that
modular invariance and misaligned supersymmetry actually
force C, = 0. Indeed, this result applies for all § > 2
(although not & = 2 itself). This, then, kills not only the
power-law running in Eq. (4.44) in cases with § > 2, but
also even the logarithmic running in Eq. (4.42) coming
from those sectors. We thus conclude that in any modular-
invariant theory which has a decompactification limit in
which § > 2 extra spacetime dimensions appear, there is no
running at all from those sectors which are involved in the
decompactification process. The contributions from such
sectors are therefore completely scale-invariant.

The fact that this running is eliminated ultimately rests
on the UV/IR mixing inherent in modular invariance and
misaligned supersymmetry. Essentially, for theories with
0 > 2 decompactification limits, our “base” theory (i.e., our
theory without the KK/winding excitations) has a nontrivial
cancellation purely amongst the zero-mode fields at all
mass levels, and it is this cancellation that eliminates the
power-law running that would have arisen from the KK
excitations of such fields. By the same token, this can-
cellation also eliminates the running contributions that
would have arisen from the winding modes as well.
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The case 6 = 2 is somewhat special because we can no
longer claim that C’, = 0. Thus, for 6 = 2 we can indeed
have logarithmic running for 4 < R~'. However, as we
shall now demonstrate, all power-law running for y > R~
is eliminated even in this case.

To see this, let us begin by noting that for § = 2 we have
C, = nR*>C). Thus, just as for Eq. (4.44), in field theory we
would expect a term of the form

(X)) = aR2CH(A2 —p2)  (443)
where A is, as above, a fixed arbitrary cutoff on the
Schwinger integral. Unfortunately, such a result is incon-
sistent with the scale-duality symmetry in Eq. (4.30). Thus,
in string theory, the result in Eq. (4.45) must somehow be
“completed” to form a scale-duality-invariant quantity.
However, as we shall now demonstrate, any such com-
pletion will leave us with a fully scale-invariant quantity—
i.e., one which has no dependence on y at all. Thus, in this
instance, scale duality actually requires scale invariance
above the compactification scale.

It is relatively straightforward to construct a scale-
duality-invariant “completion” of the expression in
Eq. (4.45). Bearing in mind that A is an arbitrary but
unknown UV cutoff which we expect to naturally be
replaced by M, within our analysis, we can immediately
write a duality-invariant completion of Eq. (4.45) in the
form

()@ () = —aR2CyM3
2

s M;
x h(ﬂz/Mi)WJrh(M?/uz)ﬂ—z (4.46)

where h(x) is an unknown function. However, we can
immediately list a number of conditions that this 4-function
must satisfy the following:

(1) First, we must demand that the g — O limit of
Eq. (4.46) reproduce Eq. (4.45). Specifically, as
x — 0, this requires that

xh(x) +x7'h(1/x) ~ ay + ayx, (4.47)
where a, and a, are arbitrary constants and where
we are identifying x = u?/M>.

(i) Second, because we are restricting our attention to
the situation in which only two extra dimensions
open up in the decompactification limit, the running
of (X)) (u) cannot involve terms u” for any p > 2.

Our claim, then, is that any A-function satisfying these two
conditions must actually have a; = 0. For a function that
simply terminates at x, this indeed follows trivially from the
two assumptions above. The fact that the left side of
Eq. (4.47) is invariant under x — 1/x in turn implies that
ay + a;x = ag + a,/x, which in turn implies a; = 0.

Of course one may attempt to propose functions for the
right side of Eq. (4.47) that behave correctly as x — 0 but
which would appear to allow a nontrivial dependence on x
in the x — 0 limit. For example, one can consider the
choice

h(x) =2 4 a,0(1 - x) (4.48)
x
which, as x — 0, yields
xh(x) +x7"h(1/x)
=ag+ ax0(1 —x) + a;x7'0(1 —x71).  (4.49)

If we further assume that the function h(x) should be
differentiable, we can alternatively model the Heaviside
®-function as a sigmoid:

1+e!

01 — _—
( x)_)lJrex‘l

(4.50)

for any given n > 0. We then find that expanding around
x =0 yields X" terms as well as x terms. However,
because we are considering the § = 2 case (with only two
extra dimensions opening up), we do not expect any
physical power-law running beyond quadratic. If we wish
to restrict the running to quadratic this in turn restricts us to
n = 0, which renders the expression in Eq. (4.50) equal to a
constant.

One can investigate alternative functions but one
always runs into similar problems. Essentially, the under-
lying issue is that the scale-duality symmetry requires that
any quadratic running automatically come along with
running that has even higher powers. Indeed, if we have
any power-law running at all, then the required “turn-over”
of this running near the self-dual point u ~ M, (as required
by scale duality) will itself require power-law running
involving even higher powers. However, we know from
our analysis of the complete amplitude and our result that
C, = 0 for 6 > 0 that such higher powers are unphysical.
Thus, the theory ensures its own self-consistency by
avoiding all power-law running altogether. This argument
is, of course, ultimately a consequence of the UV/IR
mixing inherent in the scale-duality symmetry. As such,
this absence of running—Ilike the scale-duality symmetry
itself—is intrinsically a string-theoretic phenomenon.

The end result, then, is that the one-loop running of
physical quantities (X)) (x) in such theories can at most
exhibit the behaviors shown in Fig. 1, where we assume for
simplicity that all directions of our compactification tori
have equal radii R. In particular, for 6 = 2 (top panel), the
physical quantities in our theory can exhibit at most
logarithmic running, and this is limited to the y < R™!
regime. By contrast, for 6 > 2 (bottom panel), these
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FIG. 1. Sketches of the generic one-loop running behavior for
physical quantities that would otherwise run logarithmically in
four-dimensional field theory, but now considered within the
context of UV/IR-mixed closed string theories in whiché = D — 4
extra spacetime dimensions open up at a common scale R~!. For
6 = 2 (top panel), the expected field-theoretic logarithmic running
exists only at scales y > R~ but (after a string-theoretic transient
“pulse” around the scale u ~ 1/R) is killed beyond this scale and
reemerges only for 4 > M2R, as mandated by the string-theoretic
scale-duality symmetry under 4 — M?2/u. By contrast, for § > 2
(bottom panel), the UV/IR mixing is sufficient to kill the running at
all scales, including the logarithmic running that would have
existed at scales y < R™'. It may seem strange that the emergence
of extra spacetime dimensions at a given scale u, can kill the
running at scales below y., but this is the direct consequence of the
UV/IR mixing and misaligned supersymmetry which connects
physics at all scales simultaneously.

quantities cannot even exhibit logarithmic running at any
scale, and our quantities remain scale-invariant at all scales.

Thus, to summarize the results of this section, we arrive
at the following corollary of our theorem:

Nonrenormalization corollary. Within any modular-
invariant theory which has § = D — 4 large extra dimen-
sions opening up at a scale 1/R, misaligned supersymmetry
and UV/IR mixing eliminate all running for x> R~!
regardless of the value of 6. For y < R7!, these same
phenomena eliminate all running for § > 2, and leave at
most logarithmic running for 6 = 2.

It is important to understand how this running is
eliminated at the level of the actual string spectrum.
Precisely what states are cancelling against what other
states, as far as their contributions to the overall running are
concerned?

The answer depends crucially on the value of §. For all
0 > 2, as we have seen, the power-law running is cancelled
as a result of the vanishing of C), or equivalently as the
result of a vanishing supertrace over the states in the
corresponding base theory. This means that there is a
cancellation between different species A and B of particles
in the base theory (or between different collections A and B
of species in the base theory). Of course, viewed from the
perspective of our compactification, the base theory con-
tains only the KK and winding zero modes. However, any
cancellation between the zero modes of A and B particles
also naturally extends to the KK/winding excitations
associated with these particles as well. Thus, for § > 2,
we find that the KK modes associated with species A cancel
against those associated with species B, while the winding
modes associated with species A cancel against those
associated with species B.

This situation is quite different when 6 = 2. In this case,
we do not find that C, = 0. However, our arguments based
on scale-duality invariance tell us that the y-dependence of
the power-law running must nevertheless cancel, leaving
behind at most a constant. Because C’2 # 0, this is not a
cancellation within the base theory, but rather a cancellation
within its spectrum of KK and winding excitations. In fact,
we can be more precise: since the A and B zero modes are
not cancelling against each other, the KK modes associated
with A are not cancelling with the KK modes associated
with B, nor are the winding modes associated with A
cancelling against the winding modes associated with B.
Instead, what we have is a cancellation of the KK modes of
A against the winding modes of A, and a cancellation of the
KK modes of B against the winding modes of B.

It may seem strange that a KK contribution can ever
cancel against a winding contribution, specially since these
contributions will generally have very different scales.
However, in a UV/IR-mixed context such as we have here,
all of our states—both KK and winding—give rise to
effects that are simultaneously felt at all energy scales in the
theory.

We also hasten to add that the cancellations we have been
discussing here concern the contributions to the overall
running of Ag(p). In particular, these are not cancellations
of the total contributions to Ag(u) from these states. For
example, if the KK states make a contribution of the
schematic form f(u*/M?) to Ag(u) within a certain range
of energy scales u, then our assertion is that the corre-
sponding winding states will make a contribution of the
schematic form C — f(u*/M?) to Ag(u) within that same
range, where C > f(u?>/M?). Both contributions have
the same overall sign (since the KK and winding states
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necessarily have the same spin-statistics), and thus together
they produce a total contribution which is nonzero.
However, it is the running that cancels within this total
contribution, leaving Ag(u) entirely u-independent.

This can also be understood at an algebraic level from the
results we have outlined above. Recall that our general
contributions for § = 2 take the form in Eq. (4.45). Within
this expression, we may identify the w? contribution as
arising from KK states and the A” contribution (which we
may associate with a fundamental high scale such as M) as
arising from winding states. However what the field-
theoretic expression in Eq. (4.45) neglects is the fact that
this term can itself carry u-dependence. Our argument
concerning scale duality then guarantees the cancellation of
the y? contributions coming from these two terms. In other
words, a dominant (leading) piece coming from the KK
contribution is cancelling against a subdominant piece
coming from the winding contribution. This argument is
based on the assumption that y < M. For y > M,, by
contrast, the roles of KK and winding states are reversed: it
is the KK states which give rise to the A? contribution, and
it is therefore the subleading KK contributions which
cancel against the leading winding contributions.

Thus far, our discussion has focused on factorizable
compactifications in which each of the § different com-
pactifications share a common compactification scale
i~ R™'. However, just as with our previous results, these
results can be extended to more general situations. These
include situations in which the compactification does not
have degenerate radii (or more generally compactifications
that do not involve a square torus), and also compactifi-
cations that are not factorizable.

In the first of these cases the compactification introdu-
ces more than one KK scale into the theory. A typical
example is a d-dimensional compactification on a o-torus
with radii R;, i = 1,2,...,6. Each of these radii is asso-
ciated with a different KK scale M; ~ R;!. If the compac-
tification is still factorizable, then our previous discussion
still applies. Specifically, at low energies, a state can
contribute logarithmic running as usual in four dimensions.
However as soon as p reaches the lowest KK scale, all
contributions to the running must cancel as embodied in
our supertrace identities. Therefore there is no running
beyond this point, and indeed all running ceases within the
window

min(M;) < pu < max(M?/M,). (4.51)

We will see a simple example of this situation in Sec. V,
where we consider the case of compactification on a
nondegenerate (and nonsquare) two-torus. Of course, for
tori with nontrivial shape (complex-structure) moduli as
well as nontrivial Kdhler moduli, the relevant scales within
Eq. (4.51) are simply those associated with the lightest KK

mode and the heaviest winding mode, respectively. In
general these can be complicated functions of the radii R;
due to the nontrivial Kéhler moduli.

As indicated above, our primary assertion is that there is
no running within the window in Eq. (4.51). That said,
there can (and usually will) be string-theoretic transient
effects which do not represent true running but which
nevertheless lead to localized changes in the values of the
relevant amplitudes as we transition between different
physical regions. This is the “pulse” phenomenon shown
in Fig. 1, and we will see explicit examples of such pulses
in Sec. V. However, our primary assertion stands: beyond
the existence of such pulses, all running ceases above the
lightest KK scale.

In the second of these cases, that of nonfactorizable
compactifications, we have seen that our theorem applies
individually for each of the independent base theories
Z\"*) Thus the states in each base theory will either
contribute or not contribute to the overall running depend-
ing on the physics associated with that sector alone.

We close with a final comment concerning the implica-
tions of these results for cases in which the radii R~! are
close to (or even equal to) the string scale. Thus far in this
paper, we have been implicitly assuming R~' < M,—in
other words, that we are dealing with large-radius com-
pactifications. However, the results we have obtained are
independent of the radii R, and thus our results will
continue to hold even as the KK scales R™' approach
M. This then has some very important implications.

For example, let us consider purely toroidal (untwisted)
compactifications of ten-dimensional strings down to four
dimensions. The resulting four-dimensional strings clearly
have a “decompactification” limit with 6 = 6. For such an
untwisted compactification, this implies that our four-
dimensional theory cannot exhibit any running—neither
logarithmic nor power-law—for u < R™!, or equivalently
for the entire range 0 < u < M,. Of course, if our ten-
dimensional theory is supersymmetric, then our resulting
four-dimensional theory has AN =4 supersymmetry. In
such a case, our result that this four-dimensional theory
exhibits no running is not a surprise and is consistent with
existing supersymmetric nonrenormalization theorems.
However, let us now instead imagine that we are toroidally
compactifying the ten-dimensional non-supersymmetric
tachyon-free SO(16) x SO(16) string. In this case, the
resulting four-dimensional theory will also be nonsuper-
symmetric. However, our theorem tells us that this theory
will also fail to exhibit any running. Indeed, in this case the
UV/IR mixing inherent in misaligned supersymmetry and
modular invariance have accomplished what supersym-
metry is no longer available to accomplish, namely to
suppress the running in the same way as in the super-
symmetric case, only now through nontrivial conspiracies
across all of the states in the string spectrum rather than
through boson/fermion pairings.
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Of course, this result applies only for untwisted com-
pactifications. For twisted compactifications, the situation
described in Sec. III F implies that certain contributions to
the running will also be eliminated. These are the con-
tributions from the sectors that are involved in decom-
pactification limits with § > 2. However, according to our
theorem, logarithmic running may yet emerge from the
sectors with 6 = 2. This feature is also reminiscent of what
occurs in supersymmetric contexts. However, once again,
we are finding that this also holds in non-supersymmetric
contexts, purely as a result of UV/IR mixing.

We consider this observation to be quite general. It is
well known that various supersymmetric theories are
governed by nonrenormalization theorems. What we are
finding, however, is that analogous nonsupersymmetric
theories also seem to be governed by the same sorts of
nonrenormalization theorems. Thus UV/IR mixing appears
to play many of the same roles as supersymmetry.

V. EXPLICIT EXAMPLE: GAUGE COUPLINGS
IN T2 STRING COMPACTIFICATIONS

The discussion in the previous sections was completely
general, and is thus applicable to all tachyon-free closed
string theories. However, it is instructive to revisit a well-
known example and perform an explicit calculation within
the framework of that example in order to see how the
results of our theorem are realized in practice, and how the
cancellation of power-law running actually occurs. Along
these lines, this will also allow us to understand the critical
role played by UV/IR mixing, and in particular by our
insistence on maintaining worldsheet modular invariance
throughout our calculation.

A. Modular-invariant calculation
versus traditional calculation

For this purpose, we shall focus on a calculation which
was historically at the center of an early triumph in string
phenomenology, namely the first calculations of gauge
threshold contributions within an A" = 1 supersymmetric
heterotic string model which is compactified from ten
dimensions to four dimensions on an orbifolded six-
dimensional torus. This calculation was first performed
in Ref. [37] using the formalism established in Ref. [38].
The results of this analysis were subsequently developed in
many later works and proved highly influential. However,
as we shall discuss, the analysis in Refs. [37,38] did not
respect the full (worldsheet) modular invariance of the
theory. As a result, this calculation did not capture all of the
features which we are analyzing in this paper. By redoing
this calculation within our fully modular-invariant frame-
work, our goal is to see how the new features we have been
discussing arise. This includes the running of the gauge
couplings, and the absence thereof beyond the appropriate

KK scales. For this reason, this calculation will prove to be
a useful testing ground for our work.

As in Ref. [37], we shall consider the special case in
which the six-dimensional torus can be factorized into a
four-dimensional torus T# and a two-dimensional torus T2,
With certain further assumptions outlined in Ref. [37], we
may disregard the physics associated with the T# compac-
tification. This problem then reduces to a study of the two-
dimensional compactification of an N = 1 six-dimensional
closed heterotic string to four dimensions on an orbifolded
two-torus T2

Finally, since our goal will be to compare our results with
those of Ref. [37], we stress that we will actually be
calculating a quantity which is distinct from that calculated
in Ref. [37]. It will therefore be important to understand the
difference between these quantities when attempting to
make comparisons.

In general, our goal is to calculate Ag, i.e., the one-loop
contribution to 167%/g%. Here G is any of the unbroken
gauge-group factors within the string model in question, g;
is the corresponding gauge coupling, and Ay is defined in
Eq. (2.17). Moreover, we recall that prior to the introduc-
tion of a regulator we can identify A; = (X) where X is
given in Eq. (2.8) with the operator insertions X, given in
Eq. (2.18). The quantity A; will be finite if there are no
massless X,-charged states in the string spectrum [i.e.,
assuming that Eq. (3.1) continues to hold].

For this calculation, however, such states generically do
appear. Thus Eq. (3.1) will no longer be valid, and a
regulator will be needed. As discussed in Sec. [V B, we
shall adopt the modular-invariant regulator function
G,(a,7) described in Sec. IIB. We therefore seek to
calculate the finite quantity

d2
AGE/—QTngp(a,T) (5.1)
F T

where X =1,X; +75X, [with the X, defined in Eq. (2.18)].
Moreover, through the identification in Eq. (4.20), we may
also view this as a scale-dependent quantity Ag(u).

In Ref. [37], by contrast, a somewhat different quantity

ASDKL) is calculated. For each gauge group G, the quantity

A(GD KL) represents a threshold correction for the running of
the corresponding gauge coupling 1672 /g%—a correction

which arises due to the infinite towers of massive states in

the string spectrum. As such, AE;DKL) tallies the contribu-

tions to the running of 167°/g7 from only the massive
states in the theory. As explained in Ref. [38], this quantity
is defined as

d*z
20 = [ Sz = rabo) (52)

)
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where X’ = 13X, and where b is given in Eq. (4.26). The
subtraction of 7, b, within the integrand of Eq. (5.2) reflects

the idea that A(c];) L) includes the contributions of only the

massive states in the theory. However, as we have described

above, this subtraction also has the further benefit of

rendering A(c];) L)' finite. Indeed, given the form of X,,

we see that bs is nothing but the one-loop beta-function
coefficient for G.

We thus see that there are three important differences
between our expression for A; and the corresponding

expression AE;DKL) that is calculated in Ref. [37]. First, we
(DKL)

see that the operator insertion within A is truncated,
including only the X, term but disregarding the X; term.
Second, we see that these expressions utilize different
methods of ensuring a finite result: our expression in
Eq. (5.1) utilizes a smooth, modular-invariant regulator
function G ,(a, 7) that suppresses the potentially divergent
contributions from the large-z, region of integration, while
the expression in Eq. (5.2) utilizes a sharp, brute-force

subtraction of the otherwise divergent contribution from the

massive X,-charged states. Finally, AE;DKL) has no energy

scale associated with it, but is simply a threshold that must
be matched to an effective theory. By contrast, our Ag; is
calculated within the complete theory, with the regulator
itself defining the energy scale.

As a result of these differences, A; is modular invariant

while AE;DKL) is not. Indeed, A; includes the operator

insertion X, and X is the modular completion of X,, as
discussed in Ref. [17]. Likewise, the regulator function
G,(a,r) within A eliminates the divergences that would
have arisen if b; # 0, but does so in a fully modular-

invariant way. By contrast, the brute-force subtraction of

massless contributions within AE;DKL) breaks modular

invariance, since the UV/IR mixing within modular invari-
ance generally causes the massless states to mix non-
trivially with all of the other states in the theory, thereby
rendering such a targeted subtraction impossible.

At first glance, it may seem surprising that AGDKL is not
modular invariant. After all, the well-known expression for
this quantity that is ultimately derived in Ref. [37] (and
which we shall also obtain below) turns out to be a modular
function of the compactification moduli. However, as
described above, we are calculating these quantities within
the framework of a six-dimensional theory which is
toroidally compactified to four dimensions. There are
therefore rwo distinct modular symmetries that we expect
to play a role in this calculation—not only the usual
worldsheet modular invariance that must be unbroken
for all perturbative closed string theories, but also the
spacetime modular invariance associated with such a two-
dimensional T? toroidal compactification. Indeed, while

AS;DKL) respects the spacetime modular invariance, it lacks
the worldsheet modular invariance that is our main interest

in this paper. As such, it does not respect the stringy UV/IR
mixing that drives our theorem and its consequences. By
contrast, A; preserves both modular symmetries simulta-
neously, as it must. It is therefore only within the calcu-
lation of the properly defined A; that we expect the
consequences of our theorem to become manifest.

B. General setup

We begin our evaluation of Eq. (5.1) by recalling the
physical setup. As discussed above, we assume a six-
dimensional heterotic string with A/ = 1 spacetime super-
symmetry compactified on a two-torus T2. Our goal is to
calculate the amplitude Ag = (X)), To do this, we shall
work within the approximation that our compactification
volume is large. This will not affect our final results but will
allow us to make contact with the calculation in Ref. [37].
Within this approximation, we can then utilize the result for
(X)) given in Eq. (4.29) for § = 2, specifically

T~
(X)® =5 V7(Cy - bg)

d*t
+be | — 12Zkk/winding9) (@, T), (5.3)
F T

where in the present case we have from Eqs. (2.18) and
(A9) the coefficient

~ 1
Cy = -28u’(Qg0%) + £ Sup0g
_ ¢ (A2 72 ¢ /72
= Str'(QyM*) + StrpM-.

4
2r 24r (5 )

Before proceeding further, several comments are in
order. First, we note that the terms in the second line
of Eq. (5.4) correspond to the so-called “)Y-terms” in
Refs. [37,38]. Historically these terms tended to be dis-
regarded because they are universal (i.e., independent of the
gauge group in any given string model) and therefore play
no role in gauge coupling unification (which is sensitive to
only the differences of gauge couplings). Moreover, these
terms receive contributions from only the massive string
states in the base theory and are thus insensitive to any
potential running of the gauge couplings at scales below
M. However, as we have seen, these terms are part of the
full modular-invariant calculation and we shall therefore
retain these terms within Cj.

Second, we also note that the contributions from the
massless states within Eq. (5.4) are nothing but the
corresponding beta-function coefficient:

~ 1
Chly—o = bs = —2550 (Q%, - E) 0z. (55)

Indeed, these terms are nothing other than the divergent
contribution Etr Xs.
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Of course, for our purposes our main interest in this
section is in the second line of Eq. (5.3) because this is the
term that pertains to AGD . This is therefore the term
which will allow us to compare our results with those of
Ref. [37]. Moreover, the first line of Eq. (5.3) has no
dependence on the regulator and therefore will ultimately
have no u-dependence. This is therefore a u-independent
constant. We shall therefore henceforth focus on the
expression

d*t
I =bg }_?TZZKK/Windinggp(a’ 7)7 (5-6)

2

so that the total one-loop contribution As to the inverse
coupling g; is given by

Ag = (X)W = z‘7T(C/2 —bg) +Ig.

: (5.7)

Our goal, then, is to evaluate /; for compactifications on
a two-torus. To do this, we must know the physical
spectrum of our theory. We will therefore follow standard
conventions by taking the general moduli for the two-torus
to be written as 7 =T, +iT, and U = U + iU,, where
for reference the metric and B-field are defined in terms of

the moduli as
l] 1 1 0 ' '

./ 1 U

Gij=1. < , ]

2\U; |V

Note that for 7; = U; = 0 (corresponding to rectangular

tori without a Kalb-Ramond B-field), we can identify

Ry

T, = M%*R,R
2 sV Rl

and U, = (5.9)

Although it will sometimes be useful for pedagogical
purposes to think in terms of such rectangular tori with
radii R; and R,, in the following we shall nevertheless let
all four moduli be nonzero. However, without loss of
generality, we shall adopt the convention that U, > 1.

Given this, the 6 = 2 KK/winding factor Zgg /yinding in
Eq. (5.6) is simply given by Z2, where

Zoa(z) = Z e—ﬂfza’Mfrzezm(szl—klfz)

_)—)
ke

(5.10)

and where the squared-mass contribution coming from KK/
winding states with KK/winding numbers k4, k,, 7,6, € Z
is given by

|ky + Uk, + T, + TUf2|2
U,T,

od 2
adM?, =

(5.11)

Before we present the fully modular-invariant expression
for the gauge-coupling contribution, it is useful to recall for

comparison the result of Ref. [37] which was derived by
computing the integral in Eq. (5.2). This gives

d*t
AE];DKL) _bc/fg(fzzwﬂ(f)—fz)

(B o or). 6.1
where b is given by the coefficientin Eq. (5.5) and where y
is the Euler-Mascheroni constant. We emphasize again that
this 7, subtraction, which is done to regulate the integral by
removing the logarithmic divergence coming from the
massless states, breaks worldsheet modular invariance.
Therefore this result does not reflect the worldsheet modular
invariance of the full theory from which it came. However, as
this 7,-subtraction is independent of 7" and U, this integral
correctly reflects the spacetime modular symmetry associ-
ated with the spacetime toroidal compactification. This
spacetime modular symmetry is manifest in the U- and
T-dependence of the one-loop gauge-coupling correction,
and is inherited from the worldsheet modular symmetry.
Our objective, of course, is to obtain an expression for
the equivalent term in A (namely /;) which preserves not
only spacetime modular invariance but also worldsheet
modular invariance. It is to this task that we now turn.

=—bglog

C. Summary of results

Before plunging into our analysis, it may help to provide
a bird’s-eye view by summarizing our eventual results.

Our main result, of course, is the evaluation of the full
modular-invariant integral in Eq. (5.6). We shall find that
this is highly nontrivial but eventually yields the expression

1__|_ 2 {10g(cT2U2|17( m(U)[*)+2log/pa

8 [~(01)< 2r )
+— Ky
p=1 7~7’€Zl"oo\l" a/(y-T,)(y'-Us)

_/l)fc(ll'z(a (7-T2;(Y’-Uz)>”

where we have adopted the shorthand notation
y T, =1Im(y - T), where we have defined

Ig=

(5.13)

2(yp+1) ,

¢ = 167" e (5.14)

and where we have defined the Bessel-function

combinations [13]
"p (z.p EZ (krz)" [ (krz/p)— p”Kl,(krz)] (5.15)

Here K,(z) are modified Bessel functions of the second
kind, and y and y’ are the spacefime modular
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transformations acting in the respective spacetime modular
groups associated with 7 and U. Likewise, ', \I" is the set
of modular transformations which collectively “unfold” the
fundamental domain of the full modular group I' into the
“strip” with |z,| < 1/2 and 7; > 0. Indeed, this strip is
nothing but the fundamental domain of the modular
subgroup I', which is generated only by the transformation
7 — 7+ 1 and which therefore leaves the cusp at 7 = i
invariant.

As we see, the first line of the expression for /5 in
Eq. (5.13) clearly contains the classic moduli-dependent
pieces of Eq. (5.12). However, we now see that this result
also comes with the additional terms on the second and
third lines of Eq. (5.13). These extra terms not only
maintain the spacetime modular invariance that already
existed in the first line, but also restore worldsheet modular
invariance for the entire amplitude, as required.

It is not difficult to recover the result for A(GD KL in
Eq. (5.12) from the full expression for /5 in Eq. (5.13).
To see this, we note that within the result of Eq. (5.13) the
quantities (p, @) parametrize the regulator function G,(a, 7)

which appears in Eq. (5.6). Therefore A (GDKL) is equivalent to

I with the logarithmic piece log \/pa subtracted by hand
and with a sent to zero. In this limit the Bessel functions all
vanish, and the remaining difference between the threshold
of Eq. (5.12) and the a — 0 limit of Eq. (5.13) with
subtracted log \/pa amounts to a difference in renormaliza-
tion scheme. This scheme-dependence is encapsulated
within the parameter c. Indeed, by numerically equating
the remaining terms we find that equivalent schemes would
correspond to p = 22.

Given the result in Eq. (5.13), and following the
procedures outlined at the beginning of Sec. IV B, we
can also analyze how /; and thus the full Ag; runs in the
modular invariant theory. Identifying the physical mass
scale u as in Eq. (4.20), we find that the running behavior
for I; can most easily be described by partitioning the full
range of p into five different regimes. For presentational
purposes, we shall assume that our § = 2 compactification
geometry consists of a rectangular two-torus with radii R,
and R, with R, > R; and with no Kalb-Ramond field.
We then find that our five separate regions of interest are
given by

Region I: y < 1/R,,

Region II: 1/R, < u < 1/R;,
Region IIl: 1/R, < u < M?R,,
Region IV: M2R, < u < M?R,,

Region V: y > MZR,. (5.16)

Within each of these regions and far from the boundaries
between these regimes, we can then evaluate the

approximate leading behaviors for /5. As we shall see,
this ultimately yields the results

Region I:

/4
~3
Region II:

R
Ig <M§R1Rz +Rz> —2log(uRy),
1

VA R2
Io~=( M?*R,R, +—= ,
G 3( Ry 2+R1>

Region III:
Io~ §M§R1R2,
RegionIV:

T R2
Io~=( M?R,R, +—=),
G 3< s 2+R1>

Region V:

R M?R
IGzE<M§R1R2+R—2>—210g< > 2). (5.17)
1

3 H

These results provide confirmation of many of our
previous assertions. For example, within Regions II
through IV, we see that there is no logarithmic or
power-law running at all. By contrast, within Region I
we have at most a logarithmic running which essentially
ceases as we cross from Region I to Region II and
encounter the lightest KK states. Moreover, as expected,
we observe that Regions IV and V are directly related to
Regions II and I respectively under the scale-duality
transformation in Eq. (4.30), while Region III is self-dual.
Thus the absence of running that we observed in Regions II
and IIT extends into Region IV, with logarithmic running
reappearing only in Region V.

Two further comments are in order. First, while the above
results indicate the leading behaviors for our overall
amplitudes /;(u), the results for Regions IT and IV actually
contain an overall coefficient which is weakly y-dependent.
This is the overall coefficient in Eq. (4.17), or equivalently
the coefficient 1/(1+a*p)=1/(1+u*/M?) in Eq. (5.13).
However, this dependence is not a true running, but simply
represents a residual p-dependence which is subleading
within these regions. By contrast, for Region III, this
residual p-dependence is exactly cancelled within our
result for Region III. Thus, within Region III, our result
is fully p-independent, exhibiting no running at all and
remaining truly constant.

Second, we observe that we have limited our analysis to
the behaviors of /;(p) within the interiors of each region in
Eq. (5.16). However, interesting behavior can also be found
at the boundaries between these different regions. In
particular, we shall find that between Regions II and III,
and also between Regions III and IV, we have a transient
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“pulse.” This is not a pure “running,’ but rather a
completely stringy phenomenon which serves to connect
the constant value of /; which emerges on one side of each
of these boundaries with the different constant value of Ag
which emerges on the other.

For the record, we emphasize that the above behavior is
fairly generic for 6 = 2, which has the potential for two
different compactification radii R; and R,. Of course, for
0 > 2, we have the potential for additional distinct regions
opening up due to the possible appearance of additional KK
scales. Indeed, the behavior within all of these regions would
continue to be arranged in a manner consistent with the scale-
duality symmetry. However, as we have explained in Sec. IV
B, we would find that /; is a constant in each region.

This concludes the summary of our main results. Much
of the rest of this section is devoted to explaining how these
results can be extracted from our general result in
Eq. (5.13). However, it turns out that this extraction will
entail a number of interesting subtleties and technical
maneuvers, some of which revolve around writing our
general result in Eq. (5.13) in a series of different but
equivalent ways. For this reason, the reader who does not
wish to delve into those details and who is willing to accept
the above results can skip directly to Sec. VG.

D. Evaluating the one-loop contribution to the
modular-invariant gauge coupling

Let us start by explicitly deriving the fully modular-
invariant result of Eq. (5.13). Our derivation proceeds by
evaluating the integral in Eq. (5.6), where for convenience
we will henceforth set b; = 1, since b; merely provides an
overall factor.

In order to perform this calculation we first need to fully
specify the physical spectrum over which we will even-
tually be taking supertraces. In general, the states appearing
in Eq. (5.11) are not level-matched. Therefore we must first
determine the spectrum of physical states. Given the
expression in Eq. (5.10), these are the states which satisfy
the level-matching constraint

k', — k&> = 0. (5.18)
This condition straightforwardly yields two sets of sol-
utions for the physical spectrum:

(ky.ky.£).,) EAU B (5.19)
where
A={(k. 5, 0,0)|(ky, ko) €22},
B ={(cki. k. dky, dky)| (k1. ko) € 22,
ged(ky b)) = 1, (c.d)e 2%, d > 1}. (5.20)

As described in Sec. IV B, knowledge of this spectrum
then allows us to determine the fully modular-invariant
term I/ (u). As shown in Eq. (4.18), this contribution to the
amplitude can naturally be expressed in terms of a
“reduced” amplitude P(a), which from Eq. (4.19) now
takes the form

d*t
P(a) = —272ZT2(T)ZCirC(avT)
F T

(5.21)

where Z ;. is defined in Eq. (3.5). Following the methods
outlined in Ref. [13], we shall evaluate P(a) by writing

P(a) = P|(a) + P5(a) (5.22)
where
d*z 1 [eodr
=y [ Frzem - [T
2 t
1 [food
Ph(a) = Pala) o, [T (5.23)
a ) (%)
with
2 dr -
Pz(a) = ;/0 22 gX 7 ze—mf’z a*ty) (524)

Note that in Eq. (5.23), the final terms for P/ (a) and P)(a)
cancel in the sum P(a). However, the reason for introduc-
ing these terms is that they allow us to shuffle logarithmic
divergences between P} (a) and P)(a), with the arbitrary
finite parameter ¢ allowing these two quantities to be
independently convergent. It will be an important self-
consistency check on our calculation that all dependence on
¢ will naturally drop out of the sum P(a). As discussed in
Ref. [13], this reshuffling does not have to preserve
modular invariance in the individual terms because modular
invariance is ultimately restored in the sum.

Note that we can identify P} (a) as the “traditional” non-
modular-invariant minimally subtracted integral in
Eq. (5.12). The remaining quantity P(a) thus contributes
all the “extra” terms in Eq. (5.13) which render our
effective cutoffs smooth and moreover restores worldsheet
modular invariance to our calculation.

As discussed in Ref. [13], the integral for P| can be
performed using the Rankin-Selberg-Zagier techniques
[20-22] which, upon adapting the results of Ref. [39]
and performing the sum over the physical spectrum in
Eq. (5.20), gives

1 1
Pi(a) = ——log (42T, U (T)a(U)[*) +—log(er*1).

(5.25)
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To complete the calculation for P(a)—and indeed to
restore the worldsheet modular invariance—we must add
the P/ (a) integral to this result. Following Ref. [13] and
utilizing the same “unfolding” techniques as above, this
integral can also be expressed as a sum over the physical
spectrum in Egs. (5.11) and (5.20). This then yields a total
expression for P(a):

Pla) = ~og (42T,Usn(T)n(V) )

T Z 2. K ( yT:;‘(

kr 1 yy er \I

)

1
— —log(4rae=2rr) (5.26)
a

where we have adopted the same conventions and notations
as described below Eq. (5.15). As required, this result is
now invariant under worldsheet modular symmetries. It is
also finite for every a > 0; it is independent of #, as
required; and it also exhibits spacetime modular invariance
for the compactification moduli 7 and U.

Note that for practical purposes the sums over r, k can be
combined with the sums over the coset to yield the result

Pla) = —1log<4nrzuz|n<r>n<v>|4>

cdc d v T2U2

1
— —log(4rae=2rr) (5.27)
a

where (c,d) € Z*\{(0,0)} and (¢’,d") € Z*\{(0,0)}.

Having determined the reduced amplitude P(a), all that
remains is to insert this into Eq. (4.18), whereupon the full
I given in Eq. (5.13) is obtained.

E. Running gauge couplings

Thus far we have calculated the one-loop contribution to
the gauge coupling as a fixed quantity, much as was
originally done in Ref. [37] except that we have done this
in a manner that fully respects worldsheet modular invari-
ance. However, as we have discussed above and in
Refs. [13,17], we may now go one step further and proceed
to interpret our regulator variables p and a as defining a
running scale u through the identification y = |/paM. In
this way we can then interpret our results as yielding a
running coupling in the low-energy effective field theory
derived from the string. To map out the behavior of this
running, in this section we will analyze the result in
Eq. (5.13) in various limits and in various energy windows.

In order to derive the behavior of /; in various limits and
regions, as in Eq. (5.17), it will prove convenient to work
with the reduced amplitude P(a) of Eq. (5.26) rather than

the full /; of Eq. (5.13), as the former is far simpler to
analyze. However it is important to appreciate that the
identification made in Eq. (4.20) of the energy scale u with
\/PaM; is a crucial physical step in going from P(a) to
Ag(u), as discussed at length in Ref. [13]. Indeed due to the
scale-duality symmetry in Eq. (4.30), the alternative iden-
tification u = M/ (/pa) would be an equally valid choice.
Making this choice is tantamount to choosing which
direction of our worldsheet theory should be identified
as UV versus IR physics in spacetime. As discussed in
Ref. [13], it is inevitable that such a choice must be made in
order to extract an EFT from our underlying UV/IR-mixed
string theory.

We shall now proceed to evaluate P(a)—and ultimately
I (u)—within the different regions outlined in Eq. (5.16).
To do this, in each case we shall find an approximation for
P(a) that is valid within the appropriate region, and thereby
deduce the leading running that emerges within that region.
This requires some care, as the approximations that are
appropriate in each case are very different from each other.
We shall therefore be relatively explicit in how these
approximations are made in each case.

1. Region I: Field-theory limit

Having chosen to identify u = \/paM, let us now as a
first step examine the low-energy behavior of Region I
which extends to 4 — 0, or equivalently to /pa < 1. Here
we expect that Eq. (5.13) yields the effective four-dimen-
sional field-theoretic behavior together with finite gauge
thresholds. Indeed, we know that in this limit the regulator
should “turn off” entirely, i.e., gp(a, 7) = 1, whereupon the
original unregulated integral should be restored. Of course
the unregulated integral had a logarithmic divergence that
emerges because bg = A§£r0 X, # 0. Thus we expect that in

this limit Eq. (5.13) gives the threshold correction result
in Eq. (5.12) plus a term that diverges logarithmically
as u — 0.

This is indeed what happens. Recognizing the Bessel-
function asymptotic behavior K, (z)~+/7/(2z)e™* as
7 — o0, we see that the terms involving Bessel functions
do not survive in this limit. We then find by direct analysis
of Eq. (5.13) that the only remaining terms are

To(0) % = 0g(TUala(T(U)F) - 21og (1) (529

as u — 0. Assuming T, > 1 and recalling that 7(iz) ~
e ™/12 for 7> 1, we can extract the leading volume
dependence of I;(u). Up to additional terms of order
unity, we obtain

(5.29)

2
u
I(p) =5 (T, + Uy) - 10g<M2 T2U2>

A

UJI#!
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as u — 0. This approximation is in accord with the
T-volume scaling relation in Eq. (5.6), and is valid in
the region a < 1/1/T,U, or equivalently y < 1/R, for the
rectangular torus, yielding the Region I behavior described
in Eq. (5.17). Note that this is the energy scale below which
Kaluza-Klein modes are effectively inactive and may be
considered to have been integrated out.

It is important to understand the differences between our
modular-invariant result /() in Eq. (5.28) and the tradi-
tional result A(PKL of Eq. (5.12). Indeed, explicitly
restoring the factors of b, we see that the two are related
for y < M, via

2

3v3¢
Ic(ﬂ):—bGIOgM

_ (DKL)
bG10g<8 1y5> +ADKL) - (5.30)

s

Thus, while 7 (u) is a contribution to the amplitude that is a
function of a running mass scale u, we see that APKL) is a

scale-independent threshold correction. Of course, as we

have repeatedly stressed, A(c];) KL) is not a modular-invariant

quantity. It is only the full expression /() which respects
the full modular invariance of the theory.

We thus see that our modular-invariant calculation not
only keeps track of the running, but also keeps track of the
natural degrees of freedom that are dynamical in the EFT
associated with the scale y. As explained in more detail in
Refs. [13] and [17], for any scale u our regulator implicitly
keeps track of which states can be classified as either
“light” (with masses M < u) or “heavy” (with masses
M Z p): the contributions from the heavy states are sup-
pressed by our regulator and have thus effectively been
integrated out, while the contributions from the light states
are retained. Indeed, this establishes y as a floating mass
scale, which in turn enables us to take y to M and beyond.

2. Region V: Ultrahigh energies

Let us now consider what happens in the 4 — oo limit. In
order to do this we note that, as discussed in Ref. [13], the
scale-duality symmetry u — M?/u requires that the
reduced amplitude P(a) have an a — 1/a symmetry,
and this is in turn ensured by the explicit a — 1/a
symmetry of Z..(a). Thus in order to study the a — oo
limit we can simply replace a — 1/a in Eq. (5.26), yielding
a dual P(a) of the form

Pla) = ~alog4sT:U(DnV)]) - atog (")

up to Bessel-function terms which are exponentially sup-
pressed as a — oo. This then yields

I % —log(cT> Ualn(Tn(U)[*) + 2 log (ﬁ) (5.32)

as y — oo. Thus for T, > 1 the leading volume depend-
ence up to additional terms of order unity becomes
2

n u
Ig(u) zg(Ter U,) +log <W

Indeed, for the rectangular torus this approximation is valid
for a Z /T, U,, or equivalently for

U2 RM2,

T2U2> asu—oo. (5.33)

(5.34)
yielding the Region V behavior of Eq. (5.17).

3. Regions 11, 111, and IV: Stringy energies

Since both the y — 0 and p — oo limits display only
logarithmic behavior, one might then suspect that power-
law running behavior is present near the self-dual point
a = 1. Indeed, motivated by the field-theoretic result in
Eq. (4.45), one may even suspect that in this region the
contribution from P} cancels that from P} so as to give
Is — 0 at the self-dual point.

To investigate this, let us focus more closely on the a =~ 1
region by writing P’ in the alternative form

1 1
Py(a) =—log (42T U n(T)*In(U)|* ) ~—log(ers1)

R O R
s z{mmg (1 V:)

7€l\ ki
71
—2rak VUTZ
+/Us(y-T,)log| 1 —e v
2 k
S k(o

ey (r-T)(7 - Us)
r#1

). (5.35)

Note that in writing Eq. (5.35) we have neglected terms that
vanish in the derivative definition of I;(u) in Eq. (4.18).
Rendering the sums explicitly, we then find that this becomes

1 1
Py(a) = log (42T, Us n(T) | (V)]* ) =—log(err1

- \/mlog ’n(ia\/m>n(ia‘l \/m) )4

c;é()
N VvT,U, log (1 _ e—znacT+d|,/U2/T2)}
| T+d|

+- Z (5.36)
cdz‘ d
LC#O

<2ﬂ|cT+d|c U+d’|>
VT,U, ’

where as before ¢, d, ', d € Z.
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Before proceeding further, we observe that the calcu-
lation that leads to this result requires considerable care. In
particular, we must regulate all of the terms using methods
similar to those in Ref. [37]. The steps in this calculation
are as follows. First one splits the spectrum of M%Z in
Eq. (5.11) into three sets: the first has /[y =1, =0 and
coincides with the A set in Eq. (5.20); the second has
ky = 1, = 0; and the third has [, # 0. In performing the
calculation for the first two sets we Poisson-resum (k, k»)
and (I, k) respectively. Then, performing a partial sum
over the greatest common divisors of (k;, k,) and (I, k)
and subtracting the double-counted contribution from the
states with [; = [, = k, = 0 gives the first four lines of
Eq. (5.35). Finally, the contribution from the third set of
states is computed directly without any Poisson resumma-
tion, and yields the Bessel functions on the final line. These
simply resemble the equivalent terms appearing in the
previous incarnation of P} in Eq. (5.26).

The expression in Eq. (5.36) is most useful for consid-
ering P}, near u ~ M. Moreover, the first line of Eq. (5.36)
precisely cancels P in Eq. (5.25). Thus, at first sight it
seems that the one-loop contribution to the gauge-coupling
could indeed cancel in this region in a manner that
mimics Eq. (4.45).

However, this is not the case. To see this, let us consider
the window

1
< a<x+\/TU,. 5.37
VI, sVt 537
For rectangular tori this corresponds to
1/R, <y < M2R,, (5.38)

which may be taken as defining an “extended stringy
regime” that encapsulates Regions II, III, and IV. By
inspection we find that within this window the terms in
the third through fifth lines of Eq. (5.35) are all exponen-
tially suppressed. Therefore, neglecting these exponentially
suppressed terms and adding P to P} in Eq. (5.25) we
obtain a very compact approximation for P(a) in this

region:
n| ia kb n|ia™! Eb}
U, U,

Defining for convenience a dimensionless energy scale
j=u/M;, we find that Eq. (4.18) near ji ~ 1 gives

i T,
£ (4 /o)

4

P(a) ~ —\/T,U,log

(5.39)

b1 1

CT3TU-p) (142 p

R 1 . 11
+ha->—+(pp)— |- = (5.40)

i p

where F, is the Eisenstein function defined in Eq. (A3) and
where each substitution within the right side of Eq. (5.40) is
meant to operate purely on the first term (thereby leaving us
with a total of only four terms on the right side of this
equation). Given the definition of the Eisenstein function,
we see that for large T, all the E, factors are unity up to
terms that are exponentially suppressed as long as

M \/U, /Ty <y << Mi+/T,/U,. Of course, this is noth-
ing but Region III. Thus, within Region III we find that
Eq. (5.40) is exponentially well approximated by

IG(ﬂ)ngz for yu~ M, (5.41)

Recalling that T, is the T-volume V;, we thus verify, as
anticipated, that there is no quadratic p-dependence—or
indeed running of any kind—within this energy-scale
window. Indeed, within this region, I;(u) is exponentially
well approximated by a constant.

Finally, going beyond this region, we see that
Eqgs. (5.29), (5.33), and (5.41) together imply that /;(a) ~
(z/3)T, everywhere. Indeed, this holds regardless of the
energy scale y so long as U, =~ 1.

The full analytical expression within Eq. (5.40) can also
be evaluated numerically. In Fig. 2 we plot an example of
the resulting running behavior for Ag(u) that emerges in
the case of a square torus with 7, = 100 and U, = 1 within
the extended stringy regime of Eq. (5.38) (blue curve).
The fact that this torus is square implies that our two KK
scales 1/R; and 1/R, collapse to become the same scale,
thereby rendering Regions II and IV nonexistent. We also
plot the corresponding beta function (red curve). We
observe, as promised, that there is essentially no running

: : : : : : :
105.75 40.8
1055 1 104
o
e e
~ 10525 F 40 oL
5 <
< °
XQ
105. + 1-04
104.75 - 4-0.8
. . | ! | . .
-15 -10 -0.5 0.0 0.5 1.0 15
lOgm(u/M.\)

FIG. 2. The precise one-loop contribution to 167%/¢? (blue) in
Eq. (5.40), along with the corresponding beta function (red) in
Eq. (4.21), plotted as functions of the energy scale y within the
extended stringy regime of Eq. (5.38) for a toroidal T2 compac-
tification with compactification moduli 7, = 100 and U, = 1.
These curves are evaluated using the full expression in Eq. (5.39),
and provide an explicit example of the behavior anticipated in
Fig. 1. Note that we are actually plotting 7 (u) rather than Ag(u),
but these quantities differ by a scale-independent constant given
by Eq. (5.7) which is irrelevant for our purposes.
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within this regime; for example, within the range
|log(u/M,)| < 0.7 our blue curve is completely flat.
However, for |log(u/My)| = 0.7 we see that there exists
a small transient “pulse” as the theory crosses the KK
thresholds on either side of this regime, in accord with the
behavior anticipated in Fig. 1. We also observe that the
string-scale value of /; differs from the low-energy value
near y = 0 by a term that grows with volume only as log T,
rather than as the total number of Kaluza-Klein modes with
masses below the string scale. Indeed, the latter behavior
would have been expected if there had been a dominant
region of power-law running between the low scale and M.

This behavior changes if our compactification torus is
not square. As an example, let us consider the case in which
our compactification torus is rectangular, with U, > 1 but
a purely imaginary shape modulus. In this case Regions II
and IV open up and become part of our extended stringy
regime, potentially inducing an arbitrarily large splitting of
the KK scales associated with each of the two dimensions
of the torus. In such cases, Regions II, III, and IV become
separated within the extended stringy regime. Within this
extended regime there is suppressed running of /(i) with
transient behavior localized near the boundaries. Once
again, field-theoretic running ceases as soon as the first
KK states are encountered, as described in Sec. IV.

We can learn more about the nature of this transient
“pulse” by concentrating on Regions II and IV. Recall that
our expressions for P(a) and I;(u) in Egs. (5.39) and
(5.40) respectively were valid across the entire extended
stringy regime in Eq. (5.38) consisting of Regions II, I,
and IV. By contrast, the approximate result in Eq. (5.41)
was valid only within Region III. Indeed, within Region II
the argument appearing in n(ia\/T,/U,) is no longer
large. However, within this window we may modular-
transform the first Dedekind eta function of Eq. (5.39) to
find yet another form for P(a) given by:

4
U T
—\/T2U2 log n(ia'l T—j)n(ia_l 72)
U,
—/T,U,1 2=,
27208 (a Tz)

Neglecting constant terms that vanish under the derivative
definition of Ag; in Eq. (4.18), this then becomes

2\/ T2U2 loga

Given the loga term within Eq. (5.43), it may at first
sight seem that we have discovered linear power-law
running within Region II. Indeed the individual terms in
Eq. (4.18) are proportional to a*d,P(a) = a, which, when
multiplied by the prefactor /T,U, = M (R,, would imply
linear contributions to I; that are proportional to uR,.

(5.42)

Pla) "L (T2 + Uy) (5.43)

As we have discussed above, this would appear to make
sense because Region II is an approximately five-dimen-
sional regime, with 1/R, < u < 1/R;. However, what
actually appears in the definition of /; in Eq. (4.18) is nota
single P(a) but rather the combination P(pa) — P(a), and
within this difference these logarithm terms cancel. Indeed,
simple log(a) terms within P(a) do not make contributions
to /. This is not a coincidence, since the appearance of the
combination P(pa) — P(a) is ultimately dictated by the
scale-duality symmetry. We therefore conclude that we do
not have any running in Region II. Needless to say, the
same conclusion also applies to the dual Region IV.

F. Putting it all together

Pulling together all of our previous results, we may
summarize our expressions for P(a) within each of the five
regions corresponding to Eq. (5.16) as follows:

Region I: a < 1/4/T,U,

1 1
P(a)~ g—(Tz +Us) = _log(168% 20T, U).
Region 1I: 1/\/T2U2 <a <K 1/\/ T2/U2

w1
P(a) NEE(TZ + U2)7

Region IIl: 1/+/T,/U, < a << ~/T,/U,

T 1
R — |15,
3 (a+a> 2
Region IV: /T,/U, < a < +/T,U,

T
P(a) Nga(Tz + Uz),

Region V: a > /T,U,

P(a) zga(Tz + U,) — alog(16x*e™>=a=2T,U,).

P(a)

(5.44)

Note that within these expressions we have omitted terms
which do not yield any contributions to the corresponding
I. These include not only constant terms but also terms
scaling as log a, as discussed above.

These expressions generate the suite of behaviors that
were summarised in Eq. (5.17). Moreover, given our
expressions for I;(u), we find that the same running
applies to Ag(u) since these two quantities differ only
by a scale-independent constant, as shown in Eq. (5.7).
Thus, proceeding upwards in energy scale, we find the
following:

(i) At the lowest energy scales (Region I), we find that

A () evolves as log u. This behavior assumes that
our underlying theory has gtro X, # 0; otherwise this

logarithmic running is absent.
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(i) Next, after crossing the lowest KK threshold
(Region II), we find that Ag(u) flattens out and
becomes p-independent.

(iii) Next, as we approach the second KK threshold,
Ag(u) experiences a “pulse” and then enters Region
I1I. Within Region III, A (u) is again flat, but with a
different constant value. In general, this pulse is a
genuinely transient effect that appears when we flow
between (rather than within) our asymptotic regions.
The size of this pulse depends on the shape modulus
associated with this toroidal compactification; for
a square (or rectangular) torus this magnitude is
approximately zU, /3.

(iv) The above behavior persists all the way to the string
scale y = M. Beyond this scale, the behavior of
Ag(u) is fixed by scale-inversion duality, with
Ag(u) = Ag(M3/p).

This running is shown in Fig. 3, along with two other

runnings: the minimally subtracted EFT result in which the
four-dimensional coupling runs purely logarithmically

across all energy scales and is simply matched to A(GDKL)

at the scale y = M,, and the traditional field-theoretic
power-law running that is expected from the accumulated
effects of the KK modes beyond the first KK threshold at
u = R5'. For this example we have chosen values of
T, = 10* and U, = 100 (on a rectangular torus) in order
to make the different behaviors in Regions I, II, and III all
evident.

As evident from Fig. 3, all of these different runnings
share a common feature, specifically a logarithmic running
at extremely low energies py << M within Region I
However, once we cross the first KK threshold at
u = 1/R,, the behaviors diverge. The four-dimensional
EFT approach is of course completely insensitive to these
thresholds that correspond to heavy modes because this
approach is tantamount to a simple matching procedure. As
such, it is incapable of capturing any physics at energy
scales that exceed the lowest KK scale. Meanwhile the
traditional approach which involves summing the contri-
bution of the KK states experiences a strong power-law

10600 |-

10550+

Aq(p)

10500 -

10450

......

II1

flat

]0g1() (/M)

FIG. 3. Comparison of the results of three different running calculations. The first (faint dotted red line) is the minimally subtracted
EFT result in which the four-dimensional coupling runs purely logarithmically across all energy scales and is simply matched to AGDKL)
at the scale u = M. The second (dotted red curve) indicates the traditional field-theoretic power-law running that is expected from the
accumulated effects of the KK modes beyond the first KK threshold at 4 = R;!, with our theory becoming effectively five-dimensional
in Region II and eventually six-dimensional in Region III. By contrast, the third (solid blue curve) shows what actually emerges when
the full worldsheet modular invariance of our theory is taken into account, including the use of a fully modular-invariant regulator (in this
case, G, with p = 2). As indicated, all running ceases beyond the first KK threshold, except for the appearance of a transient “pulse”
localized between Regions II and III. All three plots correspond to choosing a rectangular compactification torus with 7, = 10000 and
U, = 100. Despite the fact that all three runnings exhibit logarithmic behavior at low scales u < 1/R,, we see that they diverge
significantly at higher energies, with the fully modular-invariant result ultimately leading to a fixed-point regime at y ~ M and a dual
regime beyond M. This result also automatically avoids the Landau pole that might otherwise appear below M,. Once again, as in
Fig. 2, we are actually plotting /;(u) rather than A (u), but these quantities differ by a scale-independent constant in Eq. (5.7) which is
irrelevant for our purposes.
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running above the lowest KK scale. Indeed, in the example
shown in Fig. 3, this running even leads to a Landau pole
below the string scale. The existence of such a Landau pole
would signal a fundamental inconsistency, indicating that
our theory becomes nonperturbative at such energy scales.
If this were true, a one-loop perturbative approach would
no longer be consistent.

Fortunately, our fully modular-invariant calculation leads
to an entirely different behavior. Indeed, we see from Fig. 3
that all running ceases above u = 1/R,. As a result, Ag(u)
becomes flat. In Fig. 3 this flat behavior is evident within
the lower portion of Region II. However, we see from Fig. 3
that this flat behavior soon gives way to our transient
“pulse” near the second threshold at 4 = 1/R;. This pulse
is an entirely ‘“stringy” phenomenon which smoothly
connects the flat behavior in Region II to the flat behavior
in Region III, causing a sudden drop in the value of Ag(u).
Despite appearances, we emphasize that this drop in the
value of Ag(u) is relatively small (a mere 1% effect) in the
example shown. Moreover, this pulse is only a transient
effect in the sense that its duration does not grow into the
asymptotic regions, but instead is localized to the boundary
between Regions II and III. Finally, upon entering Region
III, the running then remains flat all the way to the string
scale M. Beyond this, the running is governed by the
entrance into a dual phase of the theory beyond M.

The properties shown in Fig. 3 have two important
implications. First, the existence of the scale duality
between the u < M, and u > M, regions indicates that
there is a fundamental limit on the degree to which our
theory can exhibit such field-theoretic UV behavior. This is
extensively discussed in Refs. [13,17], and will be dis-
cussed further in the Conclusions.

Second, the cessation of running beyond the lightest KK
scale serves to protect our theory from the possible
appearance of Landau poles. In fact, the scale-duality
symmetry even potentially keeps our couplings perturba-
tive over the entire range from the deep IR up to M, and
beyond. This therefore gives our perturbative calculations
an intrinsic self-consistency over the entire range of u.

G. Interplay of KK and winding states

We conclude this section with one final comment
concerning the roles of Kaluza-Klein states and winding
states in our analysis.

As we have seen, there is no logarithmic or power-law
running for A; () within Regions II, III, and TV. Indeed,
within Region III, it is an exact result that A;(p) contains
no pu-dependence at all. Moreover, as we explained below
Fig. 1 (at the very end of Sec. IV B), the cessation of
running in this 6 = 2 case arises because the contributions
from Kaluza-Klein states are ultimately cancelling against
those of winding states. While Kaluza-Klein states begin to
appear as we cross from Region I to Region II, at first
glance it might appear that winding states would not appear

until the crossing from Region III into Region IV. However,
in a UV/IR-mixed theory, this conclusion is too narrow—
indeed, the effects of both Kaluza-Klein and winding states
are felt throughout the string spectrum. Indeed, it is
precisely because of this mixing that the cancellation of
running occurs at all, and that it persists throughout the
entire extended stringy regime stretching from Region II
through Region IV.

Given our previous results, this can also be understood at
an algebraic level. Indeed, the two factors within the
logarithm that appears in Eq. (5.39) can be identified
with Kaluza-Klein and winding modes respectively.
Accordingly, within Region III, the KK modes make a
contribution to the gauge coupling correction of

o W@ /M

Ag(u)

This quantity is proportional to the number of “active” KK
modes at the scale y (i.e., the number of KK modes with
masses less than u), as one would expect from power-law
running in a two-dimensional compactification. However,
the corresponding winding-mode contribution is given by

T 1

A -
G<'u) winding 31 + /lz/M%

RR,.  (5.46)

We thus see that the overall u-dependence cancels in the
sum, leading to the w-independent quantity quoted for
Region III in Eq. (5.17).

Interestingly, for y < M, the power-law running con-
tribution to A in Eq. (5.45) does not dominate; rather, it is
the corresponding winding-mode contribution in Eq. (5.46)
which dominates. By contrast, for y > M, these roles are
exchanged: the Kaluza-Klein modes dominate, and it is the
winding modes that contribute the subdominant piece.

VI. CONCLUSIONS, DISCUSSION,
AND FUTURE DIRECTIONS

In this paper we have derived a new renormalization
theorem for theories that exhibit UV/IR mixing. The natural
setting for our theorem, namely theories exhibiting modular
invariance, includes all perturbative closed string theories.
It has been known for a long time that in four dimensions
all such tachyon-free theories satisfy a remarkable super-
trace constraint [2]

Str1=0 (6.1)
where the supertrace—as suitable for theories with infinite
towers of states—has the regulated definition given in
Eq. (2.33). Of course, if the theory in question exhibits
spacetime supersymmetry, this identity is satisfied level-by-
level, with the contribution from each state cancelling in
pairwise fashion against that of its superpartner. However,
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even if the theory in question lacks spacetime supersym-
metry, Eq. (6.1) continues to hold exactly as a consequence
of a hidden misaligned supersymmetry [1-3] that exists
within the spectrum of all tachyon-free modular-invariant
string theories. This misaligned supersymmetry is the
manifestation of the underlying UV/IR mixing inherent
in modular invariance. Moreover, in the absence of space-
time supersymmetry, the constraint in Eq. (6.1) is not
satisfied through pairwise cancellations; indeed, no such
pairwise cancellations are possible. Instead, in such cases
Eq. (6.1) holds as the result of a nontrivial cancellation
amongst the contributions from all of the states across the
entire spectrum of the theory—exactly as one would expect
in a UV/IR-mixed theory.

In complete analogy with the constraint in Eq. (6.1),
another similar “core” constraint relates the one-loop cos-
mological constant (or more precisely, the zero-point one-
loop amplitude) A of any tachyon-free modular-invariant
theory to a supertrace over its physical mass spectrum [2]:

_ 1o 2
A= 24/\/! StrM?, (6.2)
where M is the reduced string scale M, /(2x). Indeed, this
constraint holds for all of the theories in which Eq. (6.1)
holds, with both constraints ultimately emerging together
within the same analysis [2].

As we have seen, the constraints in Egs. (6.1) and (6.2)
have important physical ramifications. It turns out that the
first of these constraints can actually be regarded as a
constraint on the zero-point one-loop amplitude A. Indeed,
within a purely field-theoretic context, this identity tells
us that the one-loop quartic divergence that would ordi-
narily have arisen for the one-loop cosmological constant
is “magically” cancelled—indeed, cancelled exactly.
However, within a string-theory context, Eq. (6.1) is
actually sufficient to kill all of the divergences of A, not
only the quartic divergence that might have been expected
in field theory. Because of this, the value of A in string
theory is actually finite, and this finite value is then given
in Eq. (6.2).

This cancellation and the results in Egs. (6.1) and (6.2)
arise regardless of the particular phenomenology that the
string might exhibit (such as its gauge symmetry or particle
content) [2]. These constraints are even preserved in the
face of radiative corrections or if the theory passes through
phase transitions in which the fundamental degrees of
freedom change, so long as modular invariance is pre-
served. Indeed, these results require only the preservation
of modular invariance and the absence of physical tachy-
ons, or equivalently the existence a misaligned supersym-
metry in the string spectrum. As such, we regard these
constraints as a core part of the UV-completeness of the
theory.

At first glance, it might appear that these constraints hold
only at one-loop order. However, this guess would not be

correct. To understand this, we must first realize that
modular invariance itself is an all-orders symmetry. This
point might seem somewhat counter-intuitive, since modu-
lar invariance is motivated by the requirement that one-loop
amplitudes be consistent with worldsheet reparametrization
invariance. Indeed, modular invariance is the symmetry
that ensures that reparametrization invariance continue to
hold for genus-one diagrams—and not only genus-zero
diagrams—despite the extra “large” transformations that
are possible around the noncontractible cycles of the
torus. For this reason this symmetry is sometimes called
“one-loop” modular invariance. However, the important
point is that this symmetry—regardless of its motivations—
is an exact symmetry which must be enforced exactly
within any string theory. Indeed, if it were not enforced,
one-loop diagrams would not be consistent. Of course, the
requirement that the two-loop amplitudes also be consistent
with reparametrization invariance might provide additional
constraints on our theory. However, such constraints would
merely augment the one-loop constraints. They would not
replace the constraints from modular invariance any more
than the constraints of modular invariance replace those of
reparametrization invariance at tree level.

Given this, one might wonder what masses appear within
the supertrace in Eq. (6.2). The answer is relatively simple.
To any order in perturbation theory, our theory will have a
spectrum of (potentially radiatively corrected) masses and a
(potentially radiatively corrected) gravitational back-
ground. Within this background, there will likewise be a
corresponding (potentially corrected) value of the zero-
point genus-one amplitude A. Our claim, then, is that these
new masses and this new value for A will continue to be
exactly related by Eq. (6.2), and that Eq. (6.1) will continue
to hold as well. Indeed, this is why we regard these two
constraints as fundamental universal truths: their validity
holds regardless of the order at which we are performing
our calculations, and stems directly from modular invari-
ance in any tachyon-free theory.

In this paper, we have presented a new theorem which
likewise governs the spectra of a certain class of four-
dimensional tachyon-free modular-invariant theories—
those that have decompactification limits. Like the above
constraints, this theorem is also completely general, hold-
ing regardless of the particle content and gauge symmetries
of the underlying theory, and like the above constraints it
also ultimately arises because of the nontrivial cancellations
inherent in misaligned supersymmetry. Moreover, as we
have demonstrated, this theorem also yields many addi-
tional spectral constraints which are cousins of those in
Egs. (6.1) and (6.2).

This theorem holds for modular-invariant tachyon-free
theories in which there is at least one decompactification
limit, i.e., a limit in which a geometric compactification
volume can be taken to infinity, resulting in a higher-
dimensional theory. Such four-dimensional theories can
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therefore be viewed as geometric compactifications of
higher-dimensional theories. As we have described in
Sec. III A, our theorem rests on the observation that there
is a subtle mathematical clash that arises within the modular
structure of such theories as the volume of compactification
of the four-dimensional theory is taken to infinity.
Resolving this clash implies that the original four-dimen-
sional theory must satisfy not only the universal constraint
in Egs. (6.1)—a constraint which is appropriate for four
dimensions—but also certain additional constraints that
are appropriate for the higher-dimensional theory. These
additional constraints further restrict the properties of
the theory, and likewise affect many more amplitudes
than just the cosmological constant. Moreover, these
additional conditions are independent of the radius of
compactification.

Even more interestingly, we found that these additional
constraints immediately lead to a new nonrenormalization
theorem for our four-dimensional theory. This theorem also
applies for all compactification radii, and holds even
without spacetime supersymmetry. Like its antecedents,
this theorem also holds for large classes of physical
quantities, including (but not limited to) the case of gauge
couplings.

The implications of this nonrenormalization theorem are
different for each possible decompactification limit expe-
rienced by our four-dimensional theory. This is ultimately
the case because (as we have discussed in Sec. IV B) each
decompactification limit contributes its own constraints
that must hold in the original four-dimensional theory.

For limits involving decompactifications in which § > 2
new dimensions open up, our theorem implies that there is
no running at all from the states involved in the sectors
producing that limit. In other words, the states which
survive the limit do not collectively yield any running at
all, regardless of the compactification radius associated
with that limit.

By contrast, for limits involving decompactifications in
which only 6 = 2 new dimensions open up, the implica-
tions of our theorem are more nuanced. In this case, the
states from such sectors can give rise to at most a
logarithmic running, but this can exist only at scales below
the lightest of the KK thresholds associated with that limit.
Beyond this critical scale, we once again find that there are
no collective contributions to the running.

For a given string model involving combinations of
decompactification limits, these results generally imply that
there is never any running at all beyond the lightest of the
relevant KK scales. Indeed, the only changes in the value of
the relevant amplitude beyond the lightest of the KK scales
are those which arise as the result of our string-theoretic
“pulse.” This effect is transient and highly localized to certain
KK thresholds. As such, this pulse is not a true running.

Along with our nonrenormalization theorem, in this
paper we have also proven two “T-volume scaling” rules

which apply when the compactified volume is large but not
infinite. The first of these rules applies to finite amplitudes
and asserts that the amplitudes in this regime are always
proportional to the product of the decompactified (4 + 5)-
dimensional amplitude and a so-called “T-duality-invariant
compactification volume” V. This result is given in
Eq. (3.44), with V; defined in Eq. (3.40). Although a
similar phenomenon has previously been observed in the
literature for certain calculations pertaining to certain string
models, in this paper we have formulated an appropriate
definition for V; which respects the full symmetries of the
theory (such as modular invariance and 7-duality), and then
proceeded to prove the resulting scaling rule in full
generality. Indeed, our proof holds even in cases without
supersymmetry and regardless of the spacetime back-
ground, and assumes only that our amplitudes are finite.
Our second T-volume scaling rule, by contrast, generalizes
the first 7-volume scaling rule to cases in which our theory
contains certain massless states that cause our overall
amplitude to have a logarithmic divergence. We never-
theless see that similar results apply.

Even beyond their phenomenological implications, the
new supertrace constraints we have found could have far-
reaching implications pertaining to the possible structure of
string theory itself. Indeed one might reasonably ask if
these constraints are so tight that the only solution is that all
of the supertraces vanish level-by-level in a pairwise
fashion. This would then be a cancellation between the
contribution from a given state and that from a correspond-
ing partner of opposite spin—i.e., a cancellation between
states and their superpartners. This would then imply that
the only consistent four-dimensional theories are those that
can decompactify exclusively to higher-dimensional theo-
ries which are supersymmetric. Moreover, if the relevant
compactification is untwisted, this would in turn imply that
the original four-dimensional theory would have to be
supersymmetric as well.

However, it is not true that the only way to solve these
constraints is through boson/fermion pairings. Indeed, there
exists an entire landscape of tachyon-free nonsupersym-
metric heterotic string models [40,41], and each of these
furnishes us with an explicit example of a modular-
invariant spectrum within which such constraints are
satisfied without boson/fermion pairings. It is not difficult
to understand why such solutions exist. Within any of these
string models the spectrum exhibits exponentially growing
degeneracies of states. Moreover, each of these states has its
own helicity and gauge charges. As a result, even within the
bounds of modular invariance, the spectrum has far more
ways of arranging itself and its charges than there are
constraints on it. Indeed, the existence of an entire land-
scape of such strings provides direct verification of this
fact. Of course, a separate question concerns the stability of
such tachyon-free nonsupersymmetric strings. Addressing
this question is beyond the scope of this work, although we
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note that there exist nonsupersymmetric tachyon-free string
models in four dimensions in which various instabilities
can be exponentially suppressed [29].

We close with six important remarks. The first of these
concerns the generality of our results with respect to our
choice of regulator. By implicitly distinguishing which
states are to be considered dynamical and which are to be
considered heavy and therefore “integrated out,” the regu-
lator helps to establish an appropriate energy scale u for an
effective field theory derived from the string. However, as
we have stated throughout this paper, our conclusions are
independent of the specific form of the regulator G,(a).
This is ultimately due to the fact that our results stem
directly from the modular invariance of the regulator, and
any suitable regulator must be modular invariant. Indeed,
the precise definition of energy scale cannot affect the
constraints that must be satisfied in order to cancel the
accumulated contributions from the infinite towers of string
states. Likewise, our T-volume defined in Eq. (3.40) and
the scaling rules which result from this definition are
independent of the regulator as well.

Second, we note that the new constraints that we have
found are also independent of the compactification radius.
This in turn implies that the states which collectively
correspond to a & > 2 decompactification direction can
never contribute to running, regardless of the size of the
compactification volume. This remains the case even when
the compactification volumes are of order the string scale,
provided that the theory does not develop a tachyon at some
radius. Indeed, so long as the theory is merely capable
having a large-volume decompactification, the constraints
that correspond to every possible decompactification direc-
tion must all simultaneously apply in the four-dimensional
theory. As a result, our nonrenormalization theorems hold
even beyond the framework of large-volume compactifi-
cations, and have a generality that matches that of their
supersymmetric counterparts. Indeed, as discussed at the
end of Sec. IV B, our results suggest that nonsupersym-
metric theories seem to be governed by the same sorts of
nonrenormalization theorems as apply to supersymmetric
theories, and that UV/IR mixing appears to play many of
the same roles as supersymmetry. This observation is
worthy of further exploration.

Third, we note that our conclusion that the running of
gauge couplings exhibits a fixed-point behavior at high
scales bears a superficial similarity to the results of
Ref. [42]. In Ref. [42], a purely field-theoretic analysis
was performed—based on the results of Refs. [35,36]—in
which it was shown that although the accumulating effects
of Kaluza-Klein states would generically convert a four-
dimensional logarithmic gauge-coupling running into a
higher-dimensional power-law running, this power-law
growth could occasionally be cancelled in certain theories
by the effects of switching from the true four-dimensional
gauge coupling to an effective loop expansion parameter

which is sensitive to the number of Kaluza-Klein levels that
have been crossed at a given scale u. This would then result
in an apparent UV fixed point for the higher-dimensional
theory. However, despite this similarity, there is ultimately
no connection between these results: in this paper we are
considering the actual gauge couplings, not the effective
loop-expansion parameter; we are not performing a field-
theoretic analysis involving only Kaluza-Klein states but
rather a fully modular-invariant analysis involving not only
Kaluza-Klein states but also winding states; and our non-
renormalization theorem is completely general, serving as a
core feature of all tachyon-free modular-invariant theories
and emerging directly from the UV/IR-mixed modular
invariance of the theory. Thus, despite these superficial
similarities, the underlying physics is completely different.

Fourth, and somewhat connected to the previous point,
we note that it is important to carefully consider the
physical meaning of renormalization in the ultraenergetic
regime with energies exceeding the string scale M. In
particular the existence of an invariance under the scale-
duality transformation g — M?/u and the corresponding
“dual” behavior that we have described for u > M, may
seem paradoxical. Indeed, in the common “textbook”
definition of renormalization, the energy scale u corre-
sponds in some sense to the deep-Euclidean momenta of
asymptotic states that are taking part in a scattering
experiment. However, the very notion of preparing such
highly energetic states as the momenta approach the Planck
scale is fraught with difficulty due to gravitational back-
reaction. By contrast, in this paper, our modular-invariant
prescription for renormalization has allowed us to find
well-behaved dual perturbative behavior at energy
scales u > M.

To understand the meaning of this alternative behavior,
we first note that below the scale M, our definition of
renormalization gives behavior that is broadly aligned with
the conventional one (and with that of the several other
definitions of renormalization that one could use). In other
words, in both definitions of renormalization, one can think
of energy scales as below M, as corresponding to the
momenta of scattering momentum modes. It is only above
M that the two renormalization prescriptions appear to
diverge. This apparently discrepant behavior arises because
above the scale M the scaling behavior of effective
couplings can be very different in different processes, such
that there is no universal definition of renormalization. This
difference between the two definitions of renormalization
in the energy regime beyond M arises because the energy
scales are effectively for asymptotic scattering states that
are in fact not the same. The energy scale in the textbook
definition of renormalization implies that one is always
scattering ultrahigh momentum modes. By contrast in the
present paper the energy scales beyond M, correspond to
processes that involve the scattering of ultramassive dual
winding modes. This is unavoidably the case because the
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modular-invariant prescription of renormalization that we
have been using implies that only these particular processes
enjoy a dual perturbative description with dual energy
scales 4 < M. This discrepancy between renormalization
definitions implies that great care is required when invok-
ing the concept of renormalization at scales above M,
since our entirely perturbative modular-invariant descrip-
tion of renormalization effectively works to automatically
exclude this region by instead mapping ultrahigh stringy
energies to a dual regime. Indeed, this situation is analo-
gous to what happens in the case of T-duality, wherein one
must be careful to distinguish between the different dual
pictures when attempting to make any measurement of
compactification volume [43]. Thus it would be very
interesting to further explore definitions of scaling and
renormalization in the region above M.

Fifth, throughout this paper, we have stressed that our
results apply only to modular-invariant theories. Certainly
perturbative Type II and heterotic strings fall into this class.
However, as the string coupling increases, we know that
these theories cease to be perturbative and become more
accurately described in terms of dual theories such as
M-theory or theories of Type I strings. However, M-theory
is not governed by modular invariance. Likewise, although
Type I strings have closed-string sectors (corresponding to
the torus amplitudes) in which modular invariance continues
to apply, such strings also contain twisted and open-string
sectors (corresponding to the Klein-bottle, cylinder, and
Mobius-strip amplitudes) in which modular invariance no
longer strictly applies and in which only certain orientifold
projections of modular invariance continue to apply. It would
therefore be interesting to understand how the nonrenorm-
alization theorem and supertrace identities we have derived
in this paper are deformed or “loosened” as the string
coupling grows beyond the perturbative regime. In this
context, we remark that many of the properties that come
from modular invariance (such as misaligned supersym-
metry) apparently nevertheless have echoes within Type I
strings [44—46]. It would be interesting to examine whether
this is true for our nonrenormalization theorem as well.

Finally, we note that our work may have important
connections to the recent swampland program which seeks
to ascertain the limits of viability of four-dimensional
theories as low-energy approximations to UV-complete
theories of quantum gravity [47,48]. In particular, decom-
pactification limits have played a central role in swampland
discussions of the so-called “distance conjecture” (see, e.g.,
Refs. [48-74]). Our theorem clearly has relevance to this
question. Indeed, while previous work in this area has
mostly developed along generic lines, utilizing traditional
concepts of energy scales, mass splittings, and relations to
the cosmological constant, it is clear from our discussion
that these concepts and relations may be highly modified
when UV/IR mixing is properly taken into account. Indeed,
as we have seen, a generic theory will not be able to

accommodate a decompactification limit unless it already
possesses some very special and nongeneric properties. The
ramifications of these ideas for the distance conjecture and
for the swampland program as a whole will be discussed in
future work.
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APPENDIX: AMPLITUDES WITH E, FACTORS

In this appendix we provide a prescription for evaluating
the supertraces of operators whose definitions include
factors of the Eisenstein function E,. The details behind
this prescription are given in Ref. [17].

Toward this end, let us assume that we have an operator
of the form

X=A+EB (A1)
where A and B are functions of 7,. Let us also assume that
A and B have separate 7,-expansions of their own:

A = AQ ‘|‘ TzAl + T%Az

B = BO + T2B1 + T%BQ. (AZ)
Our goal is to evaluate StrX', or more general expressions
such as Str[Xf(M)] where f(M) is some function of the
mass M of the states across the string spectrum.

To do this, let us recall that E,(zr) has its own
g-expansion

Ex(t)=> 14" (A3)
r=0
where the coefficients are given by
{ 1 r=20 (Ad)
4= —246(r) r>0
with o(r) denoting the sum-of-divisors function

o(r) = ), d. For example, we find o(r) = 1,3,4,7, ...
forr=1,2,3,4,....

Given this definition for the coefficients y,, we now
define what we shall call an “E-entwined” supertrace, to be
denoted Strz. This is given in terms of the y,-coefficients as
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StrpX =Y xSulx (A5)

r=0

where Str) X denotes the shifted supertrace over all
the states in the theory that are “level-mismatched” by
r units:

Ny — 1; —nd M3t
Str)X = lim Ap—ynXp_rn€ L%,
7,—0

(A6)
In Eq. (A6), as in Eq. (2.3), the quantity M; denotes the
left-moving contribution to the total mass of the state, i.e.,
aM? = 4n, while ., is the net number of (bosonic
minus fermionic) states which have

a’(M% - M,ze) =4r. (A7)

Our claim, then, is that Str[X'f(M)] can be evaluated by
formally replacing [17]

Str[Xf(M)] — St[Af(M)] + Strg[Bf (My)].  (A8)

Equivalently, for each component X,, we may replace

Su[Xef(M)] — StlA;f(M)] + Surg[B:f (M, )] (A9)
This procedure applies to all of our expressions in
Eq. (2.39).

With these replacements, our theorem then continues to
apply exactly as described in the main text.

[1] K.R. Dienes, Nucl. Phys. B429, 533 (1994).
[2] K.R. Dienes, M. Moshe, and R. C. Myers, Phys. Rev. Lett.
74, 4767 (1995).
[3] K.R. Dienes, Nucl. Phys. B611, 146 (2001).
[4] A.G. Cohen, D. B. Kaplan, and A.E. Nelson, Phys. Rev.
Lett. 82, 4971 (1999).
[5] S. A. Abel, J. Jaeckel, V. V. Khoze, and A. Ringwald,
J. High Energy Phys. 01 (2006) 105.
[6] S.A. Abel, J. Jaeckel, V. V. Khoze, and A. Ringwald,
J. High Energy Phys. 09 (2006) 074.
[7] J. Bramante and E. Gould, Phys. Rev. D 101, 084022
(2020).
[8] N. Craig and S. Koren, J. High Energy Phys. 03 (2020) 037.
[9] N. Blinov and P. Draper, Phys. Rev. D 104, 076024 (2021).
[10] P. Charalambous, S. Dubovsky, and M. M. Ivanov, Phys.
Rev. Lett. 127, 101101 (2021).
[11] N. Craig, L. G. Garcia, A. Vainshtein, and Z. Zhang, J. High
Energy Phys. 05 (2022) 079.
[12] A. Castellano, A. Herrdez, and L. E. Ibafiez, J. High Energy
Phys. 08 (2022) 217.
[13] S. Abel and K. R. Dienes, Phys. Rev. D 104, 126032 (2021).
[14] N. Arkani-Hamed and K. Harigaya, J. High Energy Phys. 09
(2021) 025.
[15] L. Freidel, J. Kowalski-Glikman, R. G. Leigh, and D. Minic,
Phys. Rev. D 107, 126016 (2023).
[16] P. Berglund, T. Hiibsch, and D. Minic, Int. J. Mod. Phys. D
32, 2330002 (2023).
[17] S. Abel, K.R. Dienes, and L. A. Nutricati, Phys. Rev. D
107, 126019 (2023).
[18] N. Craig, Eur. Phys. J. C 83, 825 (2023).
[19] P. Berglund, L. Freidel, T. Hubsch, J. Kowalski-Glikman,
R. G. Leigh, D. Mattingly, and D. Minic, arXiv:2202.06890.
[20] R. Rankin, Proc. Cambridge Philos. Soc. 35, 351 (1939).
[21] R. Rankin, Proc. Cambridge Philos. Soc. 35, 357 (1939).
[22] A. Selberg, Arch. Math. Naturvid. 43, 47 (1940).
[23] D. Zagier, J. Fac. Sci. Tokyo 28, 415 (1982).
[24] D. Kutasov and N. Seiberg, Nucl. Phys. B358, 600 (1991).

[25] G. W. Moore, Nucl. Phys. B293, 139 (1987); B299, 847(E)
(1988).

[26] K.R. Dienes, Phys. Rev. Lett. 65, 1979 (1990).

[27] K.R. Dienes, Phys. Rev. D 42, 2004 (1990).

[28] I. Kani and C. Vafa, Commun. Math. Phys. 130, 529 (1990).

[29] S. Abel, K. R. Dienes, and E. Mavroudi, Phys. Rev. D 91,
126014 (2015).

[30] R. Rohm, Nucl. Phys. B237, 553 (1984).

[31] R. Hagedorn, Nuovo Cimento Suppl. 3, 147 (1965).

[32] J.J. Atick and E. Witten, Nucl. Phys. B310, 291 (1988).

[33] K. R. Dienes, M. Lennek, and M. Sharma, Phys. Rev. D 86,
066007 (2012).

[34] S. A. Abel, K.R. Dienes, and L.A. Nutricati (to be
published).

[35] K.R. Dienes, E. Dudas, and T. Gherghetta, Phys. Lett. B
436, 55 (1998).

[36] K.R. Dienes, E. Dudas, and T. Gherghetta, Nucl. Phys.
B537, 47 (1999).

[37] L.J. Dixon, V. Kaplunovsky, and J. Louis, Nucl. Phys.
B355, 649 (1991).

[38] V.S. Kaplunovsky, Nucl. Phys. B307, 145 (1988); B382,
436(E) (1992).

[39] C. Angelantonj, I. Florakis, and B. Pioline, Commun. Num.
Theor. Phys. 6, 159 (2012).

[40] K.R. Dienes, Phys. Rev. D 73, 106010 (2006).

[41] K.R. Dienes, M. Lennek, D. Senechal, and V. Wasnik,
Phys. Rev. D 75, 126005 (2007).

[42] K.R. Dienes, E. Dudas, and T. Gherghetta, Phys. Rev. Lett.
91, 061601 (2003).

[43] R. H. Brandenberger and C. Vafa, Nucl. Phys. B316, 391
(1989).

[44] N. Cribiori, S. Parameswaran, F. Tonioni, and T. Wrase,
J. High Energy Phys. 04 (2021) 099.

[45] C. Angelantonj, I. Florakis, and G. Leone, J. High Energy
Phys. 06 (2023) 174.

[46] G. Leone, J. High Energy Phys. 11 (2023) 066.

[47] C. Vafa, arXiv:hep-th/0509212.

126021-47


https://doi.org/10.1016/0550-3213(94)90153-8
https://doi.org/10.1103/PhysRevLett.74.4767
https://doi.org/10.1103/PhysRevLett.74.4767
https://doi.org/10.1016/S0550-3213(01)00344-3
https://doi.org/10.1103/PhysRevLett.82.4971
https://doi.org/10.1103/PhysRevLett.82.4971
https://doi.org/10.1088/1126-6708/2006/01/105
https://doi.org/10.1088/1126-6708/2006/09/074
https://doi.org/10.1103/PhysRevD.101.084022
https://doi.org/10.1103/PhysRevD.101.084022
https://doi.org/10.1007/JHEP03(2020)037
https://doi.org/10.1103/PhysRevD.104.076024
https://doi.org/10.1103/PhysRevLett.127.101101
https://doi.org/10.1103/PhysRevLett.127.101101
https://doi.org/10.1007/JHEP05(2022)079
https://doi.org/10.1007/JHEP05(2022)079
https://doi.org/10.1007/JHEP08(2022)217
https://doi.org/10.1007/JHEP08(2022)217
https://doi.org/10.1103/PhysRevD.104.126032
https://doi.org/10.1007/JHEP09(2021)025
https://doi.org/10.1007/JHEP09(2021)025
https://doi.org/10.1103/PhysRevD.107.126016
https://doi.org/10.1142/S0218271823300021
https://doi.org/10.1142/S0218271823300021
https://doi.org/10.1103/PhysRevD.107.126019
https://doi.org/10.1103/PhysRevD.107.126019
https://doi.org/10.1140/epjc/s10052-023-11928-7
https://arXiv.org/abs/2202.06890
https://doi.org/10.1017/S0305004100021095
https://doi.org/10.1017/S0305004100021101
https://doi.org/10.1016/0550-3213(91)90426-X
https://doi.org/10.1016/0550-3213(87)90067-8
https://doi.org/10.1016/0550-3213(88)90375-6
https://doi.org/10.1016/0550-3213(88)90375-6
https://doi.org/10.1103/PhysRevLett.65.1979
https://doi.org/10.1103/PhysRevD.42.2004
https://doi.org/10.1007/BF02096934
https://doi.org/10.1103/PhysRevD.91.126014
https://doi.org/10.1103/PhysRevD.91.126014
https://doi.org/10.1016/0550-3213(84)90007-5
https://doi.org/10.1016/0550-3213(88)90151-4
https://doi.org/10.1103/PhysRevD.86.066007
https://doi.org/10.1103/PhysRevD.86.066007
https://doi.org/10.1016/S0370-2693(98)00977-0
https://doi.org/10.1016/S0370-2693(98)00977-0
https://doi.org/10.1016/S0550-3213(98)00669-5
https://doi.org/10.1016/S0550-3213(98)00669-5
https://doi.org/10.1016/0550-3213(91)90490-O
https://doi.org/10.1016/0550-3213(91)90490-O
https://doi.org/10.1016/0550-3213(88)90526-3
https://doi.org/10.4310/CNTP.2012.v6.n1.a4
https://doi.org/10.4310/CNTP.2012.v6.n1.a4
https://doi.org/10.1103/PhysRevD.73.106010
https://doi.org/10.1103/PhysRevD.75.126005
https://doi.org/10.1103/PhysRevLett.91.061601
https://doi.org/10.1103/PhysRevLett.91.061601
https://doi.org/10.1016/0550-3213(89)90037-0
https://doi.org/10.1016/0550-3213(89)90037-0
https://doi.org/10.1007/JHEP04(2021)099
https://doi.org/10.1007/JHEP06(2023)174
https://doi.org/10.1007/JHEP06(2023)174
https://doi.org/10.1007/JHEP11(2023)066
https://arXiv.org/abs/hep-th/0509212

ABEL, DIENES, and NUTRICATI

PHYS. REV. D 110, 126021 (2024)

[48] H. Ooguri and C. Vafa, Nucl. Phys. B766, 21 (2007).

[49] F. Baume and E. Palti, J. High Energy Phys. 08 (2016)
043.

[50] D. Klaewer and E. Palti, J. High Energy Phys. 01 (2017)
088.

[51] R. Blumenhagen, I. Valenzuela, and F. Wolf, J. High Energy
Phys. 07 (2017) 145.

[52] R. Blumenhagen, D. Klidwer, L. Schlechter, and F. Wolf,
J. High Energy Phys. 06 (2018) 052.

[53] T. W. Grimm, E. Palti, and I. Valenzuela, J. High Energy
Phys. 08 (2018) 143.

[54] H. Ooguri, E. Palti, G. Shiu, and C. Vafa, Phys. Lett. B 788,
180 (2019).

[55] T. W. Grimm, C. Li, and E. Palti, J. High Energy Phys. 03
(2019) 016.

[56] P. Corvilain, T.W. Grimm, and I. Valenzuela, J. High
Energy Phys. 08 (2019) 075.

[57] S.-J. Lee, W. Lerche, and T. Weigand, J. High Energy Phys.
02 (2022) 096.

[58] S.-J. Lee, W. Lerche, and T. Weigand, J. High Energy Phys.
02 (2022) 190.

[59] R. Blumenhagen, D. Kldawer, and L. Schlechter, J. High
Energy Phys. 05 (2019) 152.

[60] F. Marchesano and M. Wiesner, J. High Energy Phys. 08
(2019) 088.

[61] A. Font, A. Herrdez, and L. E. Ibéfiez, J. High Energy Phys.
08 (2019) 044.

[62] T. W. Grimm and D. Van De Heisteeg, J. High Energy Phys.
03 (2020) 020.

[63] D. Liist, E. Palti, and C. Vafa, Phys. Lett. B 797, 134867
(2019).

[64] F. Baume, F. Marchesano, and M. Wiesner, J. High Energy
Phys. 04 (2020) 174.

[65] N. Gendler and 1. Valenzuela, J. High Energy Phys. 01
(2021) 176.

[66] F. Baume and J. Calderén Infante, J. High Energy Phys. 08
(2021) 057.

[67] E. Perlmutter, L. Rastelli, C. Vafa, and 1. Valenzuela, J. High
Energy Phys. 10 (2021) 070.

[68] B. Bastian, T. W. Grimm, and D. van de Heisteeg, J. High
Energy Phys. 06 (2021) 162.

[69] D. Klaewer, S.-J. Lee, T. Weigand, and M. Wiesner, J. High
Energy Phys. 03 (2021) 252.

[70] J. Calderén-Infante, A.M. Uranga, and I. Valenzuela,
J. High Energy Phys. 03 (2021) 299.

[71] M. Grafia and A. Herraez, Universe 7, 273 (2021).

[72] T. Rudelius, J. High Energy Phys. 08 (2021) 041.

[73] M. Montero, C. Vafa, and 1. Valenzuela, J. High Energy
Phys. 02 (2023) 022.

[74] C. Aoufia, I. Basile, and G. Leone, arXiv:2405.03683.

126021-48


https://doi.org/10.1016/j.nuclphysb.2006.10.033
https://doi.org/10.1007/JHEP08(2016)043
https://doi.org/10.1007/JHEP08(2016)043
https://doi.org/10.1007/JHEP01(2017)088
https://doi.org/10.1007/JHEP01(2017)088
https://doi.org/10.1007/JHEP07(2017)145
https://doi.org/10.1007/JHEP07(2017)145
https://doi.org/10.1007/JHEP06(2018)052
https://doi.org/10.1007/JHEP08(2018)143
https://doi.org/10.1007/JHEP08(2018)143
https://doi.org/10.1016/j.physletb.2018.11.018
https://doi.org/10.1016/j.physletb.2018.11.018
https://doi.org/10.1007/JHEP03(2019)016
https://doi.org/10.1007/JHEP03(2019)016
https://doi.org/10.1007/JHEP08(2019)075
https://doi.org/10.1007/JHEP08(2019)075
https://doi.org/10.1007/JHEP02(2022)096
https://doi.org/10.1007/JHEP02(2022)096
https://doi.org/10.1007/JHEP02(2022)190
https://doi.org/10.1007/JHEP02(2022)190
https://doi.org/10.1007/JHEP05(2019)152
https://doi.org/10.1007/JHEP05(2019)152
https://doi.org/10.1007/JHEP08(2019)088
https://doi.org/10.1007/JHEP08(2019)088
https://doi.org/10.1007/JHEP08(2019)044
https://doi.org/10.1007/JHEP08(2019)044
https://doi.org/10.1007/JHEP03(2020)020
https://doi.org/10.1007/JHEP03(2020)020
https://doi.org/10.1016/j.physletb.2019.134867
https://doi.org/10.1016/j.physletb.2019.134867
https://doi.org/10.1007/JHEP04(2020)174
https://doi.org/10.1007/JHEP04(2020)174
https://doi.org/10.1007/JHEP01(2021)176
https://doi.org/10.1007/JHEP01(2021)176
https://doi.org/10.1007/JHEP08(2021)057
https://doi.org/10.1007/JHEP08(2021)057
https://doi.org/10.1007/JHEP10(2021)070
https://doi.org/10.1007/JHEP10(2021)070
https://doi.org/10.1007/JHEP06(2021)162
https://doi.org/10.1007/JHEP06(2021)162
https://doi.org/10.1007/JHEP03(2021)252
https://doi.org/10.1007/JHEP03(2021)252
https://doi.org/10.1007/JHEP03(2021)299
https://doi.org/10.3390/universe7080273
https://doi.org/10.1007/JHEP08(2021)041
https://doi.org/10.1007/JHEP02(2023)022
https://doi.org/10.1007/JHEP02(2023)022
https://arXiv.org/abs/2405.03683

