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Abstract

The standard formulation of the PDE system of Mean Field Games (MFG) requires
the differentiability of the Hamiltonian. However in many cases, the structure of the
underlying optimal problem leads to a convex but nondifferentiable Hamiltonian. For
time-dependent MFG systems, we introduce a generalization of the problem as a Par-
tial Differential Inclusion (PDI) by interpreting the derivative of the Hamiltonian in
terms of the subdifferential set. In particular, we prove the existence and uniqueness of
weak solutions to the resulting MFG PDI system under standard assumptions in the lit-
erature. We propose a monotone stabilized finite element discretization of the problem,
using conforming affine elements in space and an implicit Euler discretization in time
with mass-lumping. We prove the strong convergence in L2(H ") of the value function
approximations, and strong convergence in L?(L?) of the density function approxi-
mations, together with strong L?-convergence of the value function approximations
at the initial time.

Mathematics Subject Classification 65M12 - 65M60

1 Introduction

Mean Field Games (MFG), which were introduced by Lasry and Lions [26-28] and
independently by Huang, Caines and Malhamé [23], describe the Nash equilibria of
large numbers of players involved in a game of stochastic optimal control. This leads to
a system of a Hamilton—Jacobi—-Bellman (HJB) equation coupled with a Kolmogorov—
Fokker—Planck (KFP) equation, where the unknowns are the value function of the
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underlying stochastic optimal control problem, and the density function of the player
distribution within the state space of the game. For extensive reviews on the theory
and applications of MFG problems, we refer the reader to [3, 20-22].

We consider here the model problem

—du —vAu + H(t,x, Vu) = F[m](t, x) in (0,T) x 2,

orm — vAm — div <maa—H(t, X, Vu)) =G(t,x) in (0,T) x 2,
4
m(0, x) =mo(x), u(T,x)=Sm(T,-)](x) ong,
m =0, u=20 on (0,7T) x 012,
(1.1)

where @ C RY, d > 2, denotes a bounded polyhedral open connected set with
Lipschitz boundary 92, 7 > 0 is the time horizon, and v > 0 is constant. The
assumptions on the coupling F, the terminal cost S, the source term G, and the initial
density m( are specified in Sect.2 below. We note from the onset that we allow for
wide classes of both local and nonlocal operators F and S. The Dirichlet boundary
conditions and the source term G arise in models where players may enter or exit the
game. The Hamiltonian H in (1.1) is determined by the underlying optimal control
problem, and is defined by

H(t,x,p):=sup (b(t,x,a)-p— f(t,x,a)), (1.2)
acA

where A is the control set, where b : [0, T] x Q x A — RY is the opposite control-
dependent drift, and f : [0, T] x @ x A — R is a control-dependent running-cost
component. Note that p +— H(t, x, p) is convex on RY. It is well-known in the
optimal control literature that in many cases, the optimal controls are not necessarily
unique, and are often of bang-bang type. In these cases the Hamiltonian H may
be nondifferentiable, thus raising the question of how to interpret the KFP equation
in (1.1) when %—;’ is not well-defined as a function. From a modelling perspective, this
connects to the question as to how players of the game should choose among multiple
optimal controls, and how this determines the evolution of the player density.

Whereas existing works on the analysis of MFG often assume that the Hamiltonian
is differentiable or even C'-regular with respect to the gradient, there are currently
only a handful of works on the nondifferentiable case. In particular the special case
of Hamiltonians of eikonal type, but also possibly dependent on m, is studied in [18].
In [32, 33], we analysed the steady-state analogue of (1.1), in the setting of Lipschitz
continuous, but not necessarily differentiable Hamiltonians. We showed that the KFP
equation in (1.1) can be generalized to a Partial Differential Inclusion (PDI) which,
in the current setting, is

dm —vAm — G € div (md,H (t, x, Vu)) in (0, T) x Q, (1.3)
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where d, H denotes the Moreau—Rockafellar pointwise partial subdifferential of H
w.r.t. p. From a modelling perspective, the PDI corresponds to the natural intuition
that, in order to maintain a Nash equilibrium, players in the same state might be
required to make distinct choices of optimal controls relative to one another. This
entails that the drift term for the density is expected to be a (weighted) average of the
chosen drift directions of the individual players, which can be shown to be an element
of the subdifferential of the Hamiltonian, see also [35] for a heuristic derivation.
In terms of the analysis, we showed in [32, 33] that, for steady-state problems, the
MFG PDI system admits a notion of weak solution, with the existence of a solution
guaranteed under very mild assumptions on the data, along with uniqueness of the
solution guaranteed under a similar monotonicity condition on the coupling as made
in [28]. Moreover, in [35] we analysed the connection between MFG PDI systems and
their classical PDE counterparts via regularization of the Hamiltonians.

Our first main contribution in this work is to develop the analysis of the MFG PDI
in the time-dependent setting, in extension of our work on the elliptic problem in [32,
33]. We show the existence of a weak solution to the problem, and we show that the
uniqueness of the weak solution holds under standard monotonicity conditions on the
problem data. Note that it is known from examples in [7] that uniqueness of the solu-
tion does not necessarily hold if the couplings are not monotone. The second main
contribution of this work is the design and analysis of a monotone Finite Element
Method (FEM) of the MFG PDI system. For problems with differentiable Hamilto-
nians, a range of numerical methods have been proposed and studied. This includes
monotone finite difference methods on Cartesian grids [1, 2, 4, 10], methods based
on optimization reformulations [11], as well as semi-Lagrangian scheme [14, 15].
In addition, in [34] we established the near and full quasi-optimality of a monotone
stabilized FEM for stationary MFG PDE systems with C!-! Hamiltonians and derived
results on optimal convergence rates for the method. For problems with nondifferen-
tiable Hamiltonians, the only work so far is [32, 33] which covers the steady-state
case.

The monotone FEM that we propose here involves continuous piecewise affine finite
element spaces for the spatial discretization, and an implicit Euler with mass-lumping
for the temporal discretization. The discretized system uses the exact Hamiltonian and
its subdifferential, which greatly helps the consistency and convergence analysis. The
first-order terms of the operators are stabilized in order to satisfy a Discrete Maximum
Principle (DMP) and ensure the positivity of the density approximations, and also to
maintain stability in the small diffusion regime. Although there exist many choices
of stabilization to achieve a DMP for FEM [8, 9, 12, 13, 17, 29, 40], we construct
an original volume-based stabilization that has a simple analytical form. This helps
to simplify the stability analysis in some discrete Bochner—Sobolev norms, and it is
also easy to implement in practice. The analysis allows for unstructured shape-regular
simplicial meshes in arbitrary dimensions, requiring only the standard Xu—Zikatanov
condition [42]. This is not restrictive in practice, as it allows for many examples of
meshes with nonacute elements, local refinements, etc. There is no restriction linking
the time-step size to the mesh-size, and there is also no restriction on the spatial
mesh-grading.
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We show that the existence and uniqueness of the discrete approximations hold
under the same assumptions as for their continuous counterparts, see Theorems 5.1 and
5.2 below. We aim here to show the basic convergence of the method without requiring
stronger assumptions on the problem data or on the regularity of the exact solution.
This is motivated by the fact that examples in [32, 33] show that the solution regu-
larity can be quite limited, even in the interior of the domain. Our main convergence
result is in Theorem 5.3, which shows the convergence of numerical approximations
under the same assumptions on the data as required for the uniqueness results. In
particular, we prove strong convergence of the value function approximations to u in
L0, T; HO1 (£2)) and the strong convergence of the density function approximations
tom in L?(0, T; L*(S2)) for any p € [1, 00), along with weak convergence to m in
L%*(0,T; HO1 (£2)). These results do not require any additional regularity assumptions
on the solution. The overall strategy of the analysis is to use the uniform boundedness of
the numerical solutions in discrete Bochner—Sobolev norms, including negative-order
norms for the time derivatives, to extract subsequences with suitable weak conver-
gence properties, and with suitable strong convergence properties by discrete compact
embedding results. Then we use the stability and consistency of the discretization to
augment weak convergence to strong convergence in the appropriate norms. One of
the key challenges that we address here is the problem of showing that the limit of the
approximations satisfies the nonlinear final time coupling u (7', x) = S[m(T, -)](x),
which we handle by showing strong convergence in L?(2) of the density approxima-
tions at the final time 7 through a duality argument and stability bounds in weighted
discrete Bochner—Sobolev norms.

The paper is organized as follows. In Sect. 2 we describe the basic notation and set-
ting of this work. The definition the MFG PDI generalization and its notion of weak
solution, along with the main theorems on existence and uniqueness, are presented in
Sect. 3. Section 4 introduces the setting for discretization, including the mass-lumping
and spatial stabilization. The FEM is then introduced in Sect. 5, along with the state-
ments of the theorems on existence, uniqueness, and convergence of the discrete
approximations. Section 6 gives the proof of the existence, uniqueness and stability of
the numerical methods. Section 7 details the discrete functional analytic compactness
tools in a self-contained exposition. The proof of convergence of the method is shown
in Sect. 8. We present the results of a numerical experiment in Sect.9. Appendices A
and B give proofs of some of the supporting results, such as the proof of the DMP
under the proposed stabilization.

2 Setting and notation

2.1 Basic notation

Let 2 be a bounded, open connected subset of R with Lipschitz boundary 2. We use
the following notation for LZ-norms and inner products: for a Lebesgue measurable

setw C R, d > 2, let ||-||,, and (-, -),denote respectively the standard L?-norm and
L?-inner product for scalar- and vector-valued functions on w.
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Given 1 < p,q < oo, let L?(0,T; L1(S2)) denote the space of mappings w :
(0, T) — L9(S) that are strongly measurable (see [43, Ch. V]) with fOT ||w||IL’q(Q)
dr < oo. In particular, we denote the norm on L%(0, T; L*(R)) by || - llo; where
071 = (0, T) x Q. When using notation for L2-norms and the L2-inner product, the
dependence of functions on the state variable x € Q2 will be suppressed. Itis known that
the spaces L?(Qr) and L?(0, T; LP(2)) are isometrically isomorphic to each other
forevery 1 < p < oo (see [19, Ex. 5.0.32]). As such, when 1 < p < oo, we identify
the spaces LP(Qr) and L?(0, T; L?(£2)). Note that L°°(Q7) is not isomorphic to
L0, T; L*®(2)).

Let (-, -) denote the duality pairing between H(} () and its dual space H~'(R).
Let the norm || - || ;7-1(q) be defined by

(w, v)

H Q). 2.1
Vel e @D

lwllg-1Q) = sup
veH} (\{0

Let X := L?(0, T; H}(R)) and Y := L*(0, T; H}(Q)) N H'(0, T; H~1(Q)), with
respective norms

T
T
ol = / IVol3dr,  Jwl3 = /0 10wl o)+ IVwldds,  22)
0

forallv e X andallw € Y. Let Yy C Y denote the subspace of functions that vanish
atr =0.

Letthe sourceterm G € L2(0, T; H~1()) and the initial distribution mqg € L2(2).
We will say that G is nonnegative in the sense of distributions if fOT(G, v)ydt > 0
whenever v € L0, T, HO1 (2)) is such that v > O a.e. in Q7.

Next, let the coupling term F : L2(0, T; L*(Q)) — L*(0,T; H-'(Q)) be a
continuous operator. Moreover, we assume that there exists a constant Cr > 0 such
that

IFIl 20,711 < CF (IlVllgy +1) Yv e L*0, T; LA(R)).  (2.3)

We say that F is strictly monotone on L*(0, T'; H(} () if
T
/(F[w] —Ful,w—v)dt <0 = w=v inL>0,T; H(RQ))
0

whenever w,v € L%(0, T HOl (£2)). Note that although F is defined on L%, T:
L2(2)), strict monotonicity will only be used later on the smaller space L%, T;
HO1 (£2)). Finally, we suppose that the terminal cost operator S : L2(Q) — L3(Q) is
continuous and that there exists a constant Cs > 0 such that

IS[ulle < Cs(vlle +1) Vv e LA(Q). 2.4
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We say that S is monotone on L2(Q) if
(S[w] — S[v], w —v)g =0 VYw,v e LZ(Q).

Example 2.1 The above hypotheses allow for a broad class of coupling operators F.
This class includes for example local operators F : L2(0, T; L*(2)) — L*(Q7) of
the form F[z](¢, x) := f(z(t, x)), for a.e. (¢, x) € Q7, where 7 € L20, T: L3())
is given and the function f : R — R is strictly monotone and Lipschitz continuous.
This class also includes nonlocal smoothing operators of the form F := (3, —vA)~! :
L%(0, T; L*(2)) — Y where, for each z € L%(0, T; L%(R)), F[z] is defined as the
unique function in Y satisfying fOT(E);F[Z], ¢) +v(VF[z], Vop)odt = fOT (z, p)qdt
for all ¢ € X. Moreover, this class admits examples of differential-type operators,
e.g. operators F : L%(0,T; L*(Q)) — L%*(0,T; H '(Q)) which take the form
(FlzI(t), ¢) = —(zv - V) for z € L*(0,T; L*(Q)), ¢ € H,(Q) and for a.e.
t € (0,T), where v € C1(Q; R?) is some vector field that satisfies div(v) > 0 in
Q. In this case, for all z;,z2 € X, we have fOT(F[Zl](t) — Fz231(t), z1 — z2)dt =

%fOT (div(v), (z1 — Zz)z)gdl‘ so F is strictly monotone on LZ(O, T; HO1 (2)).

2.2 Subdifferential of the Hamiltonian

Recall that the Hamiltonian H is defined in (1.2). We assume that 4 is a compact
metric space, and that b : [0, T] x Q2 x A — R%and f : [0,T] x 2 x A — Rare
uniformly continuous functions. It then follows that the Hamiltonian H given by (1.2)
is Lipschitz continuous with respect to its third argument, i.e.

|H(t,x, p1) — H(t,x, p2)| < Lulpi — p2l Vpi, pp € RY, V(t,x) € (0,T) x @,
2.5)

where Ly = ||b||C([0,T]x§xA;Rd)'

Let the set-valued map d,H: Qr X RY = R denote the pointwise Moreau-
Rockafellar partial subdifferential of H with respect to p € R?, which is defined
by

dpH(t,x, p) =2 € RY: Ht,x,q) = Htx, p)+2- (g — p) Vg e R},
(2.6)

Note that 9, H (¢, x, p) isnonempty forallx € Qand p € R because H is real-valued
and convex in p for each fixed (¢, x) € Qr.

Let w € LI(O, T; W“(Q)) be given. Following [32, 33], we give notation
for a collection of measurable selections of d,H (-, -, Vw). We say that a vector
field b € L®(Qr;RY) is a measurable selection of d,H(-,-, Vw) if b(t,x) €
OpH(t,x, Vw(t, x)) forae. (¢, x) € Or.
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Definition 2.1 Let H be the function given by (1.2). We define the set-valued map
D,H: LY(0,T; Wh(Q)) = L>®(Qr1; RY) via

D, H[v]:= {EeLO"(QT; RY) ¢ b(t, x) € 3, H(t, x, Vo(t, x)) for ace. (1, x) € QT} .

We begin by showing that D, H has nonempty images for every argument in
L0, T; W-1(Q)). Define the set-valued map A: Q7 x RY = A via

A(t, x, p) :=argmax, o{b(t, x, ) - p— f(t,x,)} V(t,x,p) e Q01 X RY,
2.7

Observe that A(t, x, p) is nonempty for all (¢, x, p) € Or X R4 since A is compact
and the functions b and f are uniformly continuous on [0, 7] x € x .A. For a given
v e LY, T; WEH(Q)), let A[v] denote the set of all Lebesgue measurable functions
a* : Qr — A that satisfy a*(¢, x) € A, x, Vu(t, x)) for ae. (r,x) € Qr. We
will refer to each element of A[v] as a measurable selection of A(-, -, Vv(-,-)). It
can be shown that A[v] is nonempty for each v € LI(O, T; W“(Q)), see e.g. [39,
Theorem 10], where the proof of the existence of measurable selections ultimately
rests upon the Kuratowski and Ryll-Nardzewski Selection Theorem [24].

Lemma 2.1 For every v € LY, T: Wh-L(Q)), the set DpH[v] is a nonempty subset
of L*(Qr; R and

sup 1Bl ooy rey < L (2.8)
beD,H[v]

Proof Let v € Ll(O, T; W”(Q)) be given. As explained above, the set A[v] is
nonempty, so after choosing some a* € A[v], we deduce from (2.7) that

H(t,x,Vou(t, x)) = b(t, x,a™(t,x)) - Vu(t,x) — f(t, x,a*(t, x)), 2.9)

for a.e. (t,x) € Q. Letb™: (t,x) — b(t, x,a™(t, x)) for a.e. (¢, x) € Qr. It then
follows that b* (¢, x) is Lebesgue measurable and b*(t, x) € 3, H(t, x, Vv(t, x)) for
a.e. (t,x) € Qr. Furthermore, we have that b* € L®(Qr; R?) since [b*(t, x)| <
”b”C(ExA;Rd)Z Ly forae. (t,x) € Qr. Hence, b* € D, H|[v], thus establishing
the nonemptiness of D, H[v] for each v € L'(0, T; W1 (Q)). To obtain the uniform
bound (2.8), note that the Lipschitz continuity of H, c.f. (2.5), readily implies that,
for all (t,x,p) € (0,T) x Q2 x R?, the subdifferential dpH(t, x, p) is contained
in a closed ball in R? centred at the origin and of radius L. This implies that any
b € Dy H[v] satisfies |b(t, x)| < Ly forae. (t,x) € Qr. O

The second preliminary result describes a closure property of the set-valued

map D, H that will be key to the foregoing analysis. Recall that the space X =
L?(0, T; H} (2)) was defined above.
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Lemma 2.2 Let {vi}ken be a sequence in X that converges strongly to a limit v € X.
If a sequence {bk}keN satisfies bk € DyH[v] forallk € N, and lf{bk}ng converges
weakly to some bin L2(Qr;RY) as k — oo, then b € D pH[v].

This is proved similarly to the approach taken in [32, Lemma 3].

3 Continuous problem

We now give the definition of the weak solution of the MFG PDI problem.

Definition 3.1 (Weak Solution) We say that a pair (u, .m) € X x Y is a weak solution
of (1.1) if m(0) = mg in L3(§2) and there exists a b, € D pH [u] such that, for all
(Y, ¢) € Yo x X,

/ (0, u) +v(Vu, Vg + (H[Vu], ¥)qdr

. (3.1a)
_ / ¥)dt + (Sim(T)1, ¥ (T))e.
0
T T
/ (3;m, @) +v(Vm, V)q + (mby, Vd)odt = /(G(t),qb)dt. (3.1b)
0 0

Remark 3.1 In order to see how Definition 3.1 leads to a PDI, define the set

div (mD, Hlu]) := {g € LX0.T: H™'(Q)); 3b € D,y H[u]st. g = div(Em)] ,
(3.2)

where the equality above is understood in the sense of distributions. Then equa-
tion (3.1b) can be written as d;m — vAm — G € div (mD, H[u]) in the sense of
distributions in L2(0, T; H~1(2)). We stress that Definition 3.1 does not require
uniqueness of the term b, appearing in (3.1), although in some special cases its unique-
ness can be shown, see [32, 33]. It is furthermore known from examples in [32, 33] that
the regularity of the solution can be quite limited even in the interior of the domain,
in particular for the steady-state problem, there are examples where m € H>/>~¢ for
arbitrarily small € > 0 but m ¢ H>/2.

Remark 3.2 The choice of test and trial spaces here, together with the condition on the
transport vector l;*, are sufficient to ensure that each term in (3.1) is well-defined and
finite. It is also possible to write other formulations of the problem that are ultimately
equivalent, such as casting the time-derivative onto u in (3.1a), since if (u,m) €
X x Y is a solution of (3.1), then u# admits a distributional time derivative o,u €
L2(0, T: H1(Q)) so that u € Y, and moreover that u(T) = S[m(T)] a.e. in .
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We now state the main result on the existence of a solution of (3.1).

Theorem 3.1 (Existence of Solutions) There exists at least one solution (u, m) € Y xY
of (3.1) in the sense of Definition 3.1.

In this paper, we give a constructive proof of Theorem 3.1 in the case where the
domain €2 is a polytope by showing the convergence of finite element approximations
of the problem. The proof of Theorem 3.1 is therefore given later in Sect. 8. We can
also prove the existence of a solution of (3.1) for more general domains by a more
direct analysis, although we omit this second approach for the sake of brevity; see the
PhD thesis [31] of the first author for a complete analysis.

Under standard monotonicity assumptions, we recover the uniqueness of the solu-
tion in the sense of Definition 3.1. Crucially, by choosing the subdifferential set D, H
as the natural generalization of the partial derivative of the Hamiltonian to the case
of nondifferentiable Hamiltonians, we obtain a straightforward generalization of the
uniqueness result of [28], see also [32, 33].

Theorem 3.2 (Uniqueness of the Solution) If the initial density mg € L2(Q) is non-
negative a.e. in 2, the source term G is nonnegative in the sense of distributions in
L2(0, T:H™! (R2)), the coupling term F is strictly monotone on X and the terminal
cost S is monotone on L*(2), then there is at most one weak solution (u, m) to (3.1)
in the sense of Definition 3.1.

Proof Suppose that there are two solutions (u;, m;), i € {1, 2}, in the sense of Defini-
tion 3.1. Then, we have, for each i € {1, 2},

T

T
/ (Bmi, 8) + v(Vmy, V) + (mibr, Vé)adt = / G, $ydr, (33
0 0

for all ¢ € X, for some l;i € DpH|[u;], and

T
/ew u) + v(Var, Vg + (HIVarl, ¥)adt
0

r (3.4)
/ Flmgl, ¥)dt + (Smi ()], ¥ (T,
0

for all Y € Yy, with m;(0) = mg in LZ(Q). Since mg > 0 a.e. in L, since G is
nonnegative in the sense of distributions and since m;|3q = O for a.e. t € (0,7),
the weak maximum principle (see, e.g. [5]) implies that m; > 0 a.e. in Q7, for each
i € {1, 2}. After choosing test functions ¥ = m| —my € Ypand ¢ = u; —uo in (3.4)
and (3.3), respectively, and subtracting the two equations, we deduce that
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(F[m1] — F[m2],m; —mp)dt

St~

/ml)nlz + mokydxdr =
Q

St~

+ (S[m(T)] = S[m2(T)), mi(T) — m2(T))q,
(3.5)

where 1;; € L2(0, T; LZ(Q)), i, j €{l,2},is defined by
Mj o= —H[Vu;]l+ H[Vu;l + b - Vuj — up).

By definition of D), H in Definition 2.1, it follows that 4;; < 0 a.e. in Q7. Using the
nonnegativity of m;, i € {1, 2}, we then deduce from (3.5) that

T

0> Flm] — Flmy], m; — m»y)dt

_/( [mi] [m2], my 2) 3.6)
0
+ (S[m1(T)] — SIm2(T)], m(T) —m2(T))g.

The strict monotonicity of F' and the monotonicity of S then imply that m; = m»

in Qr. Since Y is continuously embedded in C ([0, T']; L?()), it follows that
mi(T) = my(T) a.e. in Q. Consequently, it follows that u; and u, solve (3.1a)
with common right-hand side and common boundary conditions, and thus #; = u5 in
Q7 by uniqueness of the solution of the corresponding HIB equation. O

4 Notation and setting for discretization

In this section we introduce a monotone finite element scheme for approximating
solutions to the weak formulation (3.1). In the sequel, we shall further assume that 2
is a polyhedron, in addition to the earlier assumption that it is a bounded connected
open set with Lipschitz boundary.

4.1 Meshes

Let {7 }reny be a shape-regular sequence of conforming simplicial meshes of the
domain €2, c.f. [16, p. 51]. In addition we assume that the meshes {7} };cn are nested,
i.e. every element in 7y is either in 7y or is a subdivision of an element in 7. For
each k € N, define h7; € L°°(R2) the mesh-size function by h7, | = diam K for
each element K € 7, where diam K denotes the diameter K. The maximum element
size in 7y is denoted by hy = ||h7; [|L> (). We assume that iy — 0 as k — oo.
Shape-regularity of {7;}ren refers to the condition that there exists a real-number
8 > 1, independent of k € N, such that h7; |k < dpg forall K € Ti, forall k € N,
where px denotes the radius of the largest inscribed ball in the element K.
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Notation for inequalities For real numbers a, b, we write a < b if a < Cb for some
constant C that depends only on the problem data 2, T, A, b, v, H, F and S, and on
the shape-regularity constant §, but is otherwise independent of the mesh 7; and the
mesh-size hy. We write a <~ b ifa < band b < a.

Sets of vertices and edges For each k € N, let V; denote the set of all vertices of 7y
and let Vi o = Vi N Q denote the set of interior vertices of 7. Let {x; }fir;j Vi be an
enumeration of Vy. Without loss of generality, we may choose the ordering such that
xi € Vk.q if and only if i < M} := card Vi q. Two distinct vertices in Vi are called
neighbours if they belong to a common element of 7. For a vertex x; € Vg, the set of
neighbouring vertices of x; is denoted by Vg ;.

For each k € N, let & denote the set of edges of the mesh 7, i.e. the set of all
closed line segments formed by all pairs of neighbouring vertices. Given an edge
E € &, letTy g :={K € 7} : E C K} denote the set of elements of 7; containing E.
We say that an edge E € & is an internal edge if E contains at least one vertex
in Vi q. The set of all internal edges is denoted by & . For each vertex x;€ Vg, let
Ek.i :={E € & : x; € E} denote the set of edges containing x;. For each K € 7y, let
Ex '={E C K : E € & _q} denote the set of edges of the simplex K that are internal
edges.

For each element K € 7; and a given vertex x; € K, let Fx ; denote the (d — 1)-
dimensional face of K that is opposite x;, i.e. Fk ; is the convex hull of all vertices
of K except x;. Let QiK denote the dihedral angle between the faces Fx ; and Fk ;.
We assume that the family of meshes {7 }rcn satisfies the following hypothesis of Xu
and Zikatanov (cf. [42]): for any k € N and for any internal edge E € & formed by
neighbouring vertices x; and x, there holds

Z |Fk.i N Fi jla—2cot(6f) = 0, 4.1
KeTyE

where | - |4—» denotes the d — 2 dimensional Hausdorff measure (counting measure
for d = 2). This condition ensures that the stiffness matrix for the Laplacian on Vj
is an M-matrix [42]. In the case where d = 2, this condition requires that the sum
of the angles opposite to any edge should be less than or equal to 7. Furthermore,
meshes satisfying the condition (4.1) in the case d = 2 are equivalently Delaunay
triangulations [42]. This includes, for instance, meshes with nonobtuse triangles and
also some meshes with obtuse triangles. Note also that such meshes can be often be
obtained by standard mesh refinement routines. For example, if the initial mesh 7}
consists of right-angled triangles then the newest vertex bisection method creates a
sequence of meshes of only right-angled triangles, or if the initial mesh is acute then
red refinement yields a sequence of meshes of acute triangles [41, p. 66].

4.2 Spatial finite element spaces
Given an element K C R?, we let P;(K) denote the vector space of d-variate real-

valued polynomials on K of total degree at most one. For each k € N, let the spatial
finite element space Vi be defined by

@ Springer



Y. A.P.Osborne, I. Smears

Vi :={v € H}(Q), vlg € Pi1(K) YK € Tp}. 4.2)

Foreachk € N, let {§; }l?irf Vi denote the standard nodal Lagrange basis for the space of
all continuous piecewise linear functions on Q with respect to 7;, where &; (x;) = §;;
foralli, j € {1,..., card Vi} for the chosen enumeration {xi}}}fl of V. As there is

no risk of confusion, we omit the dependence of the nodal basis on the index k of the

mesh in the notation. Note that {£ 5% Vi form a partition of unity on . Recalling
that x; € Vi g if and only if i < M} := card Vy g, we see that {&; ?2‘1 is the standard
nodal basis of V.

Let V;* denote the space of continuous linear functionals on Vi, where we let the
duality pairing between V; and V;* be denoted by (-, -)Vk*X v,- We equip V;* with the
standard dual norm ||~||Vk*. For any operator £ : Vi — V;* we define the adjoint
operator L* : Vi — V* by (L*w, v)vk*ka = (Lv, w)Vk*ka for all w, v € V.

4.3 Mass lumping

In order to obtain a numerical scheme satisfying a discrete maximum principle, we
will use mass-lumping of the L?-inner products in the discrete setting. We use the
standard mass-lumping technique of defining a discrete inner-product by a quadrature
approximation of the integral appearing in the L?-inner product. This leads to a diag-
onal (lumped) mass matrix for the standard nodal basis of V. In particular, for each
k € N, let the inner product (-, -)o x on Vi be defined by

(w,v)Qk = / Iy (wv)dx Yw,v € Vg, 4.3)
Q

where I;: C(Q) N H(} (2) — Vj denotes the canonical Lagrange interpolation oper-
ator, i.e. [yv = Zle"l v(x;)& forallv e C(Q) N HO1 (82), where Vi @ = {xi}?fl. Itis
straightforward to check that the mass-lumped inner product satisfies

My,
(w, V) = Z(Ei, Dow(xi)v(x;)) Yw,v € V. 4.4

i=1

Moreover, (-, -)o .k induces a norm on Vj that is given by |[w| .k := /(w, w)gq i for
all w € Vi. It is straightforward to show that

Ivlle < llvlier S llvlle Yv € Vi, 4.5
where the hidden constant in the second inequality depends only on the dimension
d and the shape-regularity of {7y }xen. The first inequality follows immediately from
the fact that v2 < I;(v?) in Q for all v € V4. Indeed, since the basis functions

{& : 1 < i < My} are nonnegative everywhere and satisfy Z,M=k1 & |k = 1 for each
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element K € 7;, we deduce from Jensen’s inequality that
My, 2 My,

Vg = | D veElk | <Y vk = hD)k YK €T,

i=1 i=1

for each v € V. As such, v < I (v?) in € holds for all v € Vg, thereby showing the
first inequality in (4.5). We stress that there is no generic constant in the first inequality
in (4.5), which will be important for the weak compactness arguments that will follow
in later sections. The second inequality in (4.5) is easily obtained by a standard scaling
and equivalence-of-norms argument.

Foreach k € N, let R, : L2(Q2) — V4 be the linear operator defined by

My

o (éis U))Q . 2
Ryw = ; . & Yw e LX(Q). (4.6)

It is clear that Ry is a Riesz-map between the L2-inner product and (-, -)q &, With
W, Riew)ar = (v, w)yg Yv e Vi, Yw e L3(Q). 4.7

Furthermore, Ry is L?-stable with the bound |[Ryw|q < |wllq for all w € L?(R).
We also have the well-known bound (see e.g. [41, p. 108])

Ih7 w = Rew)llg + IV(w — Rew)lle S [Vwlle Yw € HJ(®).  (4.8)

It follows that Ry is also H| (Q2)-stable, i.e. |[VR wllo < [[Vw|lq forallw € Hi ().
We now introduce the following discrete dual norm |- ||« : Vi — Rx>¢ defined by

(w, vV)Q.k
lwlgs:= sup ———= VYw € V. 4.9)

vevivioy VUl

Lemma 4.1 We have ||v|l g-1(q) ~ lIvllk,« for all v € Vi, where the hidden constants
depend only on the dimension d and the shape-regularity of {7i }ren.

Proof For any v € Vi, k € N, and w € H} (), we have (v, w)g = (v, Rew)a
and thus the definition of ||| and the Hé—stability of Ry imply that (v, w)g <
Iolle sl VRewlle < vl Vwllg. This shows that [[vll -1y < Ivllg. To show
the converse bound, now consider w € Vj, and write (v, w)q k = (v, w)qg + (v, w —
Riw)q k. The Cauchy—Schwarz inequality and standard inverse inequalities imply
that (v, w — Ryw)q.x = fQ Iy (v(w — Rrw))dx < ||h7kv||g||h}kl(w — Ryw)||q. Note

that [[hqvlle S vl g-1(g)» which is deduced from the local bound ||z v|k

~

A

A

lvll -1k, for all K € 7, see e.g. [41, p. 113], and from ZKG’T/(”U”iI
2

H-(Q)
vl g-1@ IVwllg for all w € Vi, which implies that [|v]|,« < vl g-1q)-

*1(1() =

lvl| In conclusion, we then use (4.8) to find that (v, w — Ryw)q

O IA
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4.4 Spatial stabilization

We say that a linear operator L : Vi — V/* satisfies the discrete maximum principle
(DMP) provided that the following condition holds: if v € Vi and (Lv, g,-)vk*ka >0
forall i € {1,---, My}, then v > 0 in Q. Recall that under the condition (4.1),
the stiffness matrix of the Laplace operator on Vj is an M-matrix, which implies
monotonicity and the discrete maximum principle for the Laplace operator on V.
In order to handle the advective terms of the problem, we construct in this section
an original volume-based self-adjoint linear stabilization that maintains the adjoint
relationship between the equations of the MFG system. For each k € N and each edge
E € & g, let wr, g > 0 be a nonnegative weight to be chosen below, and let ¢ be
a chosen unit tangent vector to the edge E. The choice of orientation of #¢ does not
have any effect on the following. Then, we define the stabilization diffusion matrix
Dy € L®(Q; R?*4) elementwise over Ty by

Dyl = Z wk et ®teg VYK €Ty, (4.10)
Ee&g

where ® denotes the outer-product of vectors, i.e. tg @ tg (=t Etg e R¥%4 and
where we recall that £ denotes the set of edges of K that are internal. Note that
Dy is independent of the choice of orientations of the tangent vectors ¢ g. Since the
weights wy g are nonnegative, it follows that Dy |k is a symmetric, positive semi-
definite matrix in R4*< for each K € 7T;. Then, let W (V, D) denote the set of all
linear operators L : Vy — V}* of the form

(Lv, w)Vk*ka = / ArVv-Vw + b-Vowdx VYw,v e Vi, “4.11)
Q

where Ay := vl + Dy and where b € L®(Q; R?) is some vector field that satisfies
15|l Lo(:rdy < L. Observe also that Ay > vl in the sense of semi-definite matrices
since Dy is positive semi-definite. Recall that § denotes the shape-regularity parameter
of the meshes {7y }ren.

Theorem 4.2 (DMP) Suppose that the weights in (4.10) are chosen such that

§L g diam E

< Ly di E VE €& q. 4.12
2d 1 D) < w,g S Ly diam k,Q (4.12)

Then, the following properties hold:

o IDrlk ook rixay S bk forall K € Ty,
e if L € W(Vy, Dy) then L and its adjoint L* satisfy the discrete maximum principle.

The proof of Theorem 4.2 is postponed to Appendix A. We remark that Dj can be
chosen independently of the diffusion parameter v of the problem. Furthermore, it is
clear that a monotone discretization of the parabolic operators of the MFG system can
be obtained by combining the spatial stabilization above with a mass-lumped implicit
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Euler discretization for the time derivative. Indeed, this is easily seen from the fact
that if L € W (Vk, D), then the operator V, > w +— (Lw, '>Vk*><Vk + %(w, ).k
also satisfies the discrete maximum principle for any 7z > 0. Finally, note that if
L: Vi — V; satisfies the DMP, then L is necessarily a bijection since Vj is finite
dimensional.

4.5 Space-time finite element spaces

Given k € N, let J; := {1, f:]i | denote the partition of [0, T'] where I, := (t,—1, )
with #, := nty forn € {1,---, N}, to := 0, and the time-step tx := T /N, with
N — oo as k — oo. To simplify the analysis, we assume that the temporal meshes
are nested, and thus 7441 < 7} for all k € N, and we also assume that the initial
time-step satisfies

T < vLp . (4.13)

The above assumption (4.13) on the initial time-step is not essential as we introduce it
solely for the sake of brevity of the analysis. For treatment of the analysis in the case
where this assumption is not satisfied see [31, Ch. 6].

For each k € N, we define V; the space of piecewise constant Vj-valued functions
defined on [0, T'] by

Vi :={veX, vlj, € Vgisconstant Vn € {1, -+, N}}. (4.14)

For a function v € Vg and n € {1,---, Ny — 1}, we let v(z,,) and v(z,") denote
respectively the left- and right-limits of v at time #,. A function v € V also admits a
right-limit v(tJ ) = v, atty = 0 and a left-limit v(t,;k) = | Iy, AtIN, = T. Note that
since v € Vy is piecewise constant, we have v(t, ) = v|;, foralln € {1,..., N},
and that v(1,}) = v|g,,, forall n € {0, ..., Ny — 1}. In the following, it will help
to also consider spaces of functions that are defined everywhere on [0, T] by left- or
right-continuity. For a function v: [0, T] — Vi with v| 1) € Vi, we say that v is
left-continuous if v(f,) = v(t, ) foralln =1, ..., N, and that v is right-continuous
ifv(t,) = v(t;}) foralln =0, ..., Ny — 1. We then define

VZ‘ = {v: [0, T] = Vi, vlo,1) € Vi, and v is left-continuous}, (4.15a)
Vi = {v: [0, T]— Vi, vlo,1) € Vi, and v is right-continuous} . (4.15b)
Note that here we adopt the point of view that functions in sz are defined at all
points in [0, T'], and two functions in V,:—L that agree up to a subset of measure zero

of [0, T'] are not identified. When v € V,‘: and w € V,/, we set v(t;) := v(0) and
w(t;;k) := w(T). For v € Vi, we define the jump [v], of v at time #, € (0, T) by

[v]n == v(t,) — v(t,"). (4.16)
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We define also the jump [v]o = v(0)—v(0) forv € Vi, and [w]n, = w(T")—w(T)
forw e V.

Reconstruction of time derivatives Let the forward-in-time reconstruction operator
Iy : Vi — CI0, T; Vi] be defined by

th —

t
. [[U]]n—h t€(ty—1,tnl, ne{l,---, Ni}, v e V]—:,
k

o)) :==v(@) +

4.17)

where C[0, T'; Vi] is the space of continuous functions from [0, T'] to V. We also
define the backward-in-time reconstruction operator Z_ : V,” — CI[0, T'; V] by

I —1Ip—1

Z_w)(t) :==w() — [wln, te€lthot,tn), nefl,--- ,Ni}, we V.

(4.18)

As there is no risk of confusion, we omit the dependence of 7 and Z_ on & to simplify
the notation. Since v € VZF is by definition left-continuous, it is easy to check that
Z4vis continuous on [0, T'] and satisfies Z v(t,) = v(#,) = v(t,; ) forallv € V,f and
n € {0, ..., N¢}. Inparticular, Z, v(0) = v(0). Similarly, Z_w is continuous on [0, 7T']
and Z_w(ty) = w(ty) = w(t,) foralln € {0,..., Ny} and Z_v(T) = v(T). Itis also
straightforward to verify that 7 v and Z_ w are piecewise continuously differentiable
with respect to Ji for any v € V,‘: and any w € V', and that

1 1
0 Iyv|y, = —;[[v]]n_l, I _w|;, = —a[[w]]n, nell,...,Ni). (4.19)

This shows that 9,7 and d;Z_ are respectively related to the first-order backward
and forward difference operators. Furthermore, the operators Z and Z_ satisfy the
discrete integration-by-parts formula

T
/(3J+v, wg ik + W, FI-w)g dr = ((T), w(T))er — 0), wO0)q k-
0

(4.20)
for all (v, w) € V,‘: x V.
Discrete norms Let the norms ||~||V;r on VZ and ||~||V; on V" be defined by
T
Il = / 19 Z4vll7 . + IVolGds + 001G Vv € VL, (4.21a)
0
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T
il = [1AZ-wl, + IVwldd + o), Yo eVy. @21
0

The following result shows that the norms ||-||Vzr and ||~||VI: are upper bounds on
the L>°(L?) norm.

Lemma 4.3 (Boundedness in L°°(L2)) We have ||v(t)||q < ||v||Vki forallv € Vi,
andallt € [0, T].

Proof 1t is enough to prove the result in the case of V,‘: since the case of V;~ follows
the same argument up to a change of the time variable. Let v € V,j be arbitrary. The
inequality |[v(0)|lq < | vllvzr follows immediately from (4.5) and (4.21a). It remains

only to consider the case ¢ € (0, T']. Since v is piecewise constant in time and left-
continuous, there exists an € {1,..., N} such that t € (t,—1, t,] and v(t) = v|,.
The first inequality in (4.5) and the identity Zf(;” (0 Zyv, V) rdt = |v], |I§2 ¢ T

pavars 1) F 8.4 — 0O, ; forany n € {1, ..., Ni} imply that

In
2 __ 2 2 <2 9,7 d 0 2 2
vl = lvlnlle = lvlnlgr =2 [ @y, Vord + vO)lgx = vl
0

where in the final inequality we have used (0;Z1 v, v)q.x < |0:Z+v]lk «||VV|q fora.e
t € (0, T) and Young’s inequality. O

5 Finite element approximation and main results

We now introduce the finite element discretization of (3.1). For each k € N, let Dy, €
L®(§2; R?>4Y of the form (4.10) be as in Theorem 4.2, and recall that Ay := vI+ Dy
and that || Dyl o (q.rdxa) < hyg. For each k € N, the discrete problem is to find

(ug, my) € Vi x Vl‘: such that, for some by € Dy Hug],

T
/ O T u)o s + (ALVur, Vi) + (HIVug], )adr
0
(5.1a)

(Flmg], ¥)dt + (Re SImic(T) ], ¥ (T)q i »

St~

T

T
/(8tI+mk»¢)Q,k + (A Vmp, Vé)a + (miby, Vé)adi = /(G, ¢)dt,
0 0

(5.1b)
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for all (Y, @) € VZO X Vi, and such that my (0) = Rimqg € Vi.

Remark 5.1 The FEM is presented above in a space-time variational form, as this
reflects the coupled space-time nature of the problem, offers a succinct notation, and
is also most convenient for the discrete functional analytic framework set out below. By
choosing test functions supported on individual time-step intervals, it is easily seen that
the discretization consists of a backward-in-time implicit Euler discretization for the
HIJB equation and a forward-in-time implicit Euler discretization for the KFP equation.
Therefore, for practical computation the system can be re-written in a coupled forward-
backward time-stepping form. The efficient solution of these coupled discrete systems
remains an important challenge which is beyond the scope of this work, however one
promising approach is to consider time- or space-time-parallel solvers, see [30] and
the references therein.

Observe that if (ug, my) € Vi x V,j solves (5.1), then we can adopt a differ-
ent point of view and re-define uy to a right-continuous function in V= (without
change of notation) by setting ux(T) := Ry S[my(T)] and uk(t,j‘) ‘= ug|y, for all
n € {0, ..., My — 1}. Using the discrete integration-by-parts identity (4.20), we can
equivalently rewrite (5.1a) as

T T

f— W, 0 Z_up)q i + (AxVug, Vo + (H[Vul, ¥)edr = /(F[mk], Y)de
0 0
(5.2)

for all ¥ € V,jo. Since the terms in (5.2) depend only on ¥/ |(o,7), it is clear that the
set of test functions in (5.2) can then be extended to all ¢ € V. In practical terms for
computation, there is no difference between these two points of view.

5.1 Main results

The first main result states the existence of a solution to the discrete problem and gives
a stability bound for any such discrete solution in terms of the data of the problem.

Theorem 5.1 (Existence of discrete solutions and stability bound) For every k € N
there exists a discrete pair (ur, mg) € V,_ x VZ‘ satisfying (5.1). Any solution (uy, my)
of (5.1) satisfies

luklly + llmillyr S 141G 20,7:5-1@) + Imolle- (5.3)

The proof of Theorem 5.1 is given in Sect. 6. The next main result shows that the
uniqueness of the numerical solution holds under the same assumptions as those that
were considered in the continuous setting of Theorem 3.2.

Theorem 5.2 (Uniqueness) Suppose that the initial density mo € L*(2) is nonneg-
ative a.e. in S, the source term G is nonnegative in the sense of distributions in
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L2(0, T:H™! (R2)), the coupling term F is strictly monotone on X, and that the termi-
nal cost S is monotone on L*(2). Then, for every k € N, there exists a unique solution
(ug, mp) € Vi x Vi 1o (5.1).

The proof of Theorem 5.2 is given in Sect. 6.

Our main convergence result shows that strong convergence of the value function
approximations in LZ(H(}), and of the density approximations in L”(L?) for any
1 < p < o0, along with weak convergence of the density approximations in Lz(Hé).

Theorem 5.3 (Convergence of FEM) Assume that the hypotheses of Theorem 5.2 hold.
Then, there exists a unique solution (u,m) € Y x Y in the sense of Definition 3.1.
Moreover, we have

uy — u in L*0,T; HY (),  ux —u in LP(0,T; L*(RQ)), (5.4a)
mp—m in L*(0,T; Hj(Q)),  mp—m in LP0,T;L*(RQ), (5.4b)
ur(0) = u0) in L*(Q), mp(T) — m(T) in L*(), (5.4¢)

ask — oo, forany 1 < p < oo.

The proof of Theorem 5.3 is given in Sect.8 where we present a compactness
argument that uses functional analytic tools developed in Sect.7. We note that, if the
conditions for uniqueness given in Theorem 5.2 are absent, then the proof we present
still establishes the convergence (5.4) along subsequences.

Note that my—m in L2(0, T; H(} (€2)) implies that Vimj converges weakly to Vm
in L2(QT; RY). At present, it is not currently known if the weak convergence of Vmy
to Vm is also strong in general. The difficulty lies in the fact that for nondifferentiable
Hamiltonians, the convergence Vuy — Vu is not sufficient to prove convergence in
sufficiently strong norms of l;k € DpHl[ug] from (5.1) to l;* € DpH[u] from (3.1).
The next result shows that if some pre-compactness of {bi}ren is assumed, then we
obtain strong convergence of approximations of the gradient of the density.

Corollary 5.4 (Strong LZ(HOI)—Convergence for Density Approximations) In addition
to the hypotheses of Theorem 5.3, suppose that the sequence of transport vector fields
(b} ken from (5.1) is pre-compact in L' (Q1; R?). Then, my converges to m strongly
in L*(0, T; H}(Q)) as k — oc.

The proof of Corollary 5.4 is in Sect. 8. Note that the pre-compactness of {by }xen is

assured, for instance, if the Hamiltonian H given by (1.2) is such that partial derivative

%—’; exists and is continuous in Q7 X R4, Thus, in the case of continuously differentiable

Hamiltonians, Corollary 5.4 shows that my — m in norm in L2(0, T; H} (Q)) as
k — oo.

6 Proof of Theorems 5.1 and 5.2

In this section we give the proofs of the existence and uniqueness results for the discrete
problem (5.1).
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6.1 Well-posedness of discrete HJB and KFP equations

In Lemmas 6.1 and 6.2 below, we state well-posedness and stability results for the
discretized KFP and HJB equations when considered separately. The proofs of these
results are given in Appendix B. Recall that we make the assumption that ty < 71 for
all k € N, with 7 satisfying (4.13), in order to simplify the analysis.

Lemma 6.1 (Well-posedness of discrete KFP equation) Let k € N, let G €
L*0,T; H-Y(Q)), let g € Vi and let b € L®(Q1; RY) such that |b]| po (g, .pa) <
Ly. Then, there exists a unique m € VZ‘ such that m(0) = g and such that

[ T, g i + (AL, V)g + (71, b-V)adr = / (G, ¢)dr Vg € V.
6.1)
We have the bound
2l S NGl20,7;8-10) + gl (6.2)

where the hidden constant depends on T but is otherwise independent of k. Further-
more, if g > 0 a.e. in Q and if G is nonnegative in the sense of distributions, then
m > 0a.e. in Q.

Lemma 6.2 (Well-posedness_of discrete HIB equation) Let k € N, let F €
L20,T: HY(Q)) and let S € L*(Q). Then, there exists a unique u € V. such
that u(T) = RS and such that

/ O T 0. D + (ALVE, Vg + (HIVT, ¥)adr
T
= [(Fowar+ RS wnas v evE, 6.3)
0

Furthermore u depends continuously on the data: if uy, uy € V, are respective
solutions 0f(6.3)~with data (F1, S1) and (F», $y) respectively and if u1(T) = Ry S
and uy(T) = Ry Sy, then

a1 — w2l - SN = Bz, 510 + 1151 = S2lle, (6.4)
where the hidden constant depends on t| but is otherwise independent of k.
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6.2 Proof of Theorem 5.1

We now prove Theorem 5.1 by an argument that is based on Kakutani’s fixed point
theorem [44, Ch. 9, Theorem 9.B].

Theorem 6.3 (Kakutani’s fixed point theorem [44]) Suppose that

1. B is a nonempty, compact, convex set in a locally convex space X;

2. V: B = Bisa set-valued map such that V[b] is nonempty, closed and convex for
all b € B; and

3. V is upper semi-continuous.

Then, V has a fixed point: there exists b € B such that b € V[b].

To begin, recall that L is the Lipschitz constant of the Hamiltonian, c.f. (2.5). We
equip the space L®(Q7; R?) with its weak-s topology, noting that it is then a locally
convex topological vector space. Let B denote the ball

B= b€ L¥Qr RY) : 1Bl mgyz < Lut} (6.5)

and note that B is nonempty, convex, and closed in the weak-* topology. We note
further that the weak-# topology on B is metrisable since L'(Q7; R?) is separable
[37, Ch. 15], and that B is compact by Helly’s theorem.

Let My : B — V,j be the map defined as follows: for each b € B, let My [b] in

V,;L be the unique solution of

T
f (3L Mi[b], d)a k + (AVMID], Vo + (Mylb], b-V)adt
0

T
/(G, ¢)dt V¢ € Vi (6.6)
0

with M[b](0) = Rgmyg in V. The map My is well-defined thanks to Lemma 6.1.
Next, let U, : V,j — Vk_ be the map defined as follows: for each my; € V,‘:, let

U[my] € V, denote the unique solution of
T
/(3t1+1ﬂ,uk[mk])sz,k + (A VU [mi], V) o + (H[VU[mi]], ¥)ede
0

T
= /(F[mk], Y)dr + (RiSImi ()L (T)ax Vi € Vi, (6.7)
0

with U [mi](T) = Ry S[my(T)] in Vi. The map Uy is well-defined by Lemma 6.2.
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_ Now, we define the set-valued map Ki : B = L®(Q7; RY) as follows: for each
b e B, let

Ki[b] := Dy H U [M[b]]]- (6.8)

Lemma 2.1 implies that Iy [b] C B foreach b € B, so Kx : B = B. Moreover,
for every b € B, the set K[b] is nonempty and convex. Indeed, for each b € B the
set ICx [l;] is nonempty by Lemma 2.1. Also, i [15] is convex since d, H has convex
images. Furthermore, Ky [l;] is closed for all b € B thanks to Lemma 2.2 and the fact
that B ¢ L?(Q7; RY) where |Q7|q41 < 00.

The existence of a solution to the discrete problem (5.1) is equivalent to showing the
existence of a fixed point of ICk, i.e. that there exists a by € B such that by € Ky [bi].
Indeed, if bk € B satisfies bk e Kk [bk] then a solution pair (ux, my) of the discrete
problem (5.1) is given by my 1= My[bi] and ug := Uy[my] with by € D, H[uy],
while the converse is obvious.

We now verify that Ky is upper semi-continuous. To this end, it suffices to prove
that the graph of Ky is closed; c.f. [6, Ch. 1, Corollary 1, p. 42]. Let W, denote the
graph of Kk, which is defined by

:{(E,B)eBxB:Eeick[B]}. (6.9)

Since B is metrisable, to show that the graph W is a closed it is enough to show that
whenever a sequence {(b,, bi)}ien C Wy converges weakly-* in B x B to a point
(b b) as i — oo, then (b b) € Wik, which is equivalent to b e ICk[b] Let us then
suppose that we are glven a sequence {(bl, b; )}ien C W that converges weakly * in
B x B to a point (b, D) as i — o0. To begin, we claim that Mqilbil = My[h] in
L%(0, T: L%(2)) and My[b;(T) — My[bI(T) in L%(2) as i — oo. Indeed, since
{bi}ien C B, for each i € N we apply Lemma 6.1 and the norm equivalence (4.5) to
obtain the uniform bound

sup | MlBily= < lmolle + 1G1 207,11 s 6.10)
ieN

Since V,:r is finite dimensional, this uniform bound implies that any given subsequence
{Mk[gi ;1}jen contains a further subsequence {./\/lk[Ei i IJsen such that

Mk[l;,'jx] — my in V,’:

as s — oo, for some my € V,j. In particular, it follows from the L*°(L?)-bound
in Lemma 4.3 that m;(T) = limg_, Mk[[;ijs](T) in L2(2) and mx(0) = Rpmy in
V. We then pass to the limit in the equation (6.6) satisfied by Mk[éih] to find that
my € V,:r satisfies
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T T
/ O Teme $a s + (AVmi, Vd)a + (i, bV $)ads = / (G, @)t Ve € Vi
0 0
6.11)
with mi(0) = Rypmg in V;. But we then see from the definition of Mk[l;] in

(6.6) that my = Mg[b] in V,j. It follows that the entire sequence (Mylbil}ien
satisfies M[b;] — My[b] in Vi and My[b;[(T) — M[bI(T) in L*(Q) as
i — oo. In particular, the strong convergence of {Mk[l;i]}ieN to Mk[l;] in V,j,
together with the L% (L?)-bound in Lemma 4.3, implies that Mg[b;] — My[b] in
L2(0, T; L3(Q)) as i — oo. We deduce from continuity of S : L2(Q) — LX)
that S[My[b;1(T)] — SIM[bI(T)] in L3() as i — oo, while the continuity of
F : L*0,T; L*(Q)) — L%*(0, T; H'(Q)) implies that F[My[b;]] — F[M[b]]
in L2(0, T; H~'(Q)) as i — oo. We then apply the continuous dependence result
of Lemma 6.2 to conclude that U [My[b;i]] — U[My[b]] in Vi asi — oo
with U [M[BI(T) = RiS[My[bI(T)] in Vi. By hypothesis, b; € Kilbi] =
D,,H[Z/lk[/\/lk[l;[]]] fori € N and b;—*b in L®(Q7;RY) as i — oco. In partic-
ular, b;—b in L2(Qr;R?) as i — oo since {biliey C B C L*(Q7;RY) and
|QO71la+1 < o0o. We conclude from Lemma 2.2 that b e D,,H[Z/{k[/\/lk[l;]]], i.e.
b € K[b]. We have therefore shown that W is closed, so Ky is upper semi-continuous.

We have thus shown that the map Ky : B = B satisfies the conditions of Kakutani’s
fixed point theorem, so K admits a fixed point and therefore there exists a solution to
the discrete problem (5.1), as required.

Finally, to deduce the stability bound (5.3) satisfied by solutions (ux, my) to the
FEM (5.1), we first observe that Lemma 6.1 and the discrete KFP equation satisfied
by my with drift in B imply that

sup [|mglly+ < lmolle + 1G Nl L20.7: 11 (2)) -
keN k

This bound, the linear growth of F and S, together with the L™ (Lz)—bound in Lemma
4.3, allow us to apply (6.4) to obtain

sup [luglly- < llmolle + 1G 12 0,7; 112 +1-
keN
We then deduce the stability bound (5.3), as desired. O

6.3 Proof of Theorem 5.2

Suppose that (ui;, mg;) € Vi X V,j, i € {l1,2} are solutions of (5.1), for some
respective l;k) i € DpHluy ;). It follows from the nonnegativity of m¢ and of G and
from the discrete maximum principle (see Theorem 4.2), that my ; > 0 a.e. in Qr for
each i € {1,2}. Observe also that my 1(0) = my 2(0) so that my 1 — mygo € V,’:O.

Note that (Ry S[my i (T)], mg. (T i = (SImy i (T)], m(T))q foralli, j € {1,2}
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by (4.7). Then, proceeding similarly to the proof of Theorem 3.2, we test (5.1a) with
v =m —m €V and (5.1b) with ¢ = u1 — uz 2 to find that

T T
//ml)»k,l,z-i—mz)»k,z,ldxdt = /(F[mk,l] — Flmg 2], my,1 — my 2)dt
0 0
+(SImp, 1 (T)] = Sty 2(T)], my 1 (T) — my 2(T)) g
(6.12)
where
Meiyj o= —H[Vug j1+ H[Vug,) + b - V(ug,j —uxi), i, je{l,2}.
(6.13)

Note that Ax; ; < Oa.e.in Q7 foralli, j € {1, 2} since I;k,i € Dy H|[ug,;]. Therefore
fOT Jomirk 1,2 + makg 2 1dxde < 0, and so we conclude from strict monotonicity
of F and monotonicity of S applied to (6.12) that my 1 = my 2 a.e. in Q7. Since
functions in V,‘: are left-continuous, it follows that my 1(T) = my 2(T'). Therefore
ug,1 and uy 2 both satisfy (5.1a) with common right hand side, so Lemma 6.2 implies
that Uk 1 = U 2. O

7 Discrete functional analysis

In this section we establish auxiliary compactness results that will be used in the
convergence analysis of the finite element scheme (5.1). We begin by collecting some
fundamental weak convergence results for the spaces V,jf.

Theorem 7.1 (Weak convergence properties) Let {vi}reN be a sequence such that
vk € V,j for each k € N and SqueN”Uk”VIj < 00. Then, there existsav € Y and a

subsequence {vi ; } jen such that

v, —vin X, W Tyvi,—dv in L*(0, T; H™'(Q)), an
v, (T)—v(T) in L*(Q), v, (0)—=v(0) in L*(S), '
as j — oo. Furthermore, for any fixed wy € Vg, £ € N, there holds
T T
lim (8;I+vkj, / d;v, we)d (7.2)
J—>00
0 0

The properties (7.1) and (7.2) hold analogously for sequences {U }ren such that vy €
VY foreach k € N and supy || Vg “Vk_ < oo, with Z_ in place of Z.
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Proof We give the proof only for the case of a sequence in V,f as the proof for the case
of V" is very similar. The hypothesis sup; < lvx ||VZr < oo implies that the sequence
{vr}ken 1s uniformly bounded in X, and also that {0, Z vg }xeN is uniformly bounded in
L%(0, T; H~'(R)) by Lemma 4.1. Furthermore, Lemma 4.3 implies that {vg (T)}xen
and {vg (0)}en are uniformly bounded sequences in L>(£2). So, there exists a subse-
quence such that Vg,V in X, that 9,7+ Uk, @ inL%(0, T; H-'()), that Uk, (T)—vr
and Uk, (0)—wvg as j — oo, for some v € X, some ¢ € L2(O, T:H! (£2)), and some
vr, vg € L*(Q). To show that ¢ = 0;v so that v € Y, and that v(T) = vy and
v(0) = v, let ¢ € C1([0, T; HO1 (£2)) be arbitrary. Then, using integration-by-parts
for the piecewise constant function vi € V,j’ and the identities in (4.19), we find that

T
f WTvk;, ) + (i i P)adt = (T), d(T)g — (v (0), p(O)g
0
Nkj
+> / @ T4 vr,, (1) — $(ta—1))dr.
=1,
(7.3)
It is straightforward to show that the last term on the right-hand side of (7.3) vanishes
in the limit j — oo since {9;Z4 v }ren is uniformly bounded in LZ(O, T: H(Q))
and since ¢ € C1([0, T'1; HO1 (2)). Therefore, passing to the limit in (7.3), we get
T
/ (9, ®) + (v, :9)adt = (v, ¢(T)a — (vo, p(0))e V¢ € C' (10, T1; Hy (Q)).
0

(7.4)

It is then easy to deduce from (7.4) that v € Y with d,v = ¢ € L*(0, T; H~(Q)),
and moreover that v(7T) = v7 and that v(0) = vy.
To show (7.2), let vy € V,, £ € N be fixed but arbitrary. Using (4.7), we have

T
/(3zI+Uk,,we)Q’kj dr = /(aszkj,wz)gdt
0
+/(alI+Ukjv We — Rkjwf)sz,kjdt' (75)

It follows from the weak convergence properties above that fOT (0:Z+ Uk, wy)odt —
fOT(atv, we)dt as j — oo. Recall that the function v, is piecewise constant-in-time

with respect to the partition 7, of [0, T']. In a slight abuse of notation, let {tq,};;/lzl0

@ Springer



Y. A.P.Osborne, I. Smears

denote the nodes of Jy,i.e. Jp = {[t4-1, tq]}f]w:“o. Therefore,

T M[
/ O Zyvr;, we — Reywogr,dt =Y (Tpvg, (tg) — Tyvk; (tg—1). 2j.0.0) 2k
0 q=1

(7.6)

where zj ¢4 = wel,_1.1,) — R; (wz Lt ,,q)). The Lz-approximation bound in (4.8)
and (4.5)togetherimply that ||z ¢ 4 ok S hi IIVwel@, o lleforallg =1, ..., M;
and all j € N. Also, Lemma 4.3 and (4.5) imply that ||Z vg; (75) |2,k < llv; ||V;r, SO
there exists a constant C independent of £ € N such that ||I+vkj (tq)||9,kj < C, for
all j e Nandall ¢ € {0, ..., N¢}. Applying these bounds in (7.6), we see that

T M,
Jlim / O Zyvi; we = Riywolade| S lim oy, > IVwel .l = 0.
0 q=1
(7.7)
Therefore we obtain (7.2). O

The following Lemma generalizes a well-known inequality for real-valued func-
tions of bounded variation to the case of functions in V,f.

Lemma7.2 Let ||-|| : Vi = Rxq be a norm on Vi. Then, for all v € V,jf, we have
T—s T
sup / silllv(t +5) —v@)|dt < / 10;Zyv]dz. (7.8)
s€(0,T) 0 0

Proof We show the proof for the case of v € V", as the argument for VY is quite
similar. Lets € (0, T') be arbitrary, and leto, o € R be any positive real numbers such
that ) <o <o < T ando —s > o. Foreach € > 0 such thate < min(o, T — o),
let ne = 1ng () where ng is the standard mollifier on R, so 7¢ € C$°(R) is a smooth
nonnegative function with supp e C [—¢, €] and fR ne(t)dt = 1. Forv € V,j', define
Ve : [o,0] = Vi by ve(t) := (v*xno)) = fOT v(s)ne(t — s)ds. Note that v, is
well defined on [o, '] and depends only on v|(,1). Since n(t — -) € C5°(0, T') for
Ni—1

[v]nne(t —t,) for all

n=1

allz € [0, 0], integration-by-parts shows that 9, ve (1) = >
t € [o, o]. Therefore, the triangle inequality leads to

Ni—1 Ni—1

o T
19rvelide < Y ||[[vﬂn||/ne<t—tn)dt < DIl < /natmndr.
n=1 n=1 0

a

N —q

(7.9)
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Furthermore, f j lv — ve||dt — 0 as € — 0. Therefore,

/ [v(r +5) —v(®)|ldr = llm / l[ve (t +5) — ve(n)[|dr

e—0 e—0

T
< lim sup / f |10;ve () ||drdt < limsups/ |10s ve ||dr < s/||B,I+v||dr,
ag
- 0

(7.10)

where we invoke Fubini’s Theorem and (7.9) in the second line above. We then readily
conclude (7.8) by letting e — 0O and o — T, and recalling that s € (0, T') is arbitrary.
O

A direct consequence of Lemma 7.2 and the definition of ||- ||Vki in (4.21) is that

T—s

sup / sTH( 4 5) — v(@) e dt < VT vlly= Vv € Vi (7.11)
5€(0,T) ; k

Theorem 7.3 (Compactness in LP(L?)) Let {vitken C X be a sequence such that
vx € V,j for each k € N and sukaNHkaV;r < 00. Then, {vi}keN is pre-compact in

LP(0, T; L*(Q)) for any 1 < p < oc. This result holds analogously for sequences
{Uk }kew such that vy € V,_ for each k € N and supkeNHﬁkIlvk— < 0.

Proof 1t is enough to prove the result in the case of VZ' by symmetry of VZ‘ and V-
under reversal of the time variable. We show that {v}ren satisfies the hypotheses
of [38, Theorem 3], which asserts that {v}ren is pre-compact in L?(0, T; L2(Q))
provided that {vy}xen is uniformly bounded in L' (0, T'; B;) for some Banach space
B that is compactly embedded in LZ(Q), and that for all € > 0, there is an 59 > 0
such that for all s < so, [[vk(- +5) — V)l Lro.7-5:22()) < € for all k € N.
The first hypothesis holds immediately since {vg}ren is uniformly bounded in X =
L?(0, T; H} (Q2)) with H} () compactly embedded in L?(S2). To show the second
hypothesis, let M, := SupkeN”Uk”VZr’ and let g s := vk (- +5) — vk foreach k € N
and s € (0, T). Then, we find that

T—s T—s T—s

-1 —1 —1 -1
f IreslBde < 27\ m? / s llodr < 2P~ p? / s lods
0 0 0

1
2

T—s T—
_ -1 _1 1
<2r-'mf / V75 llodr / lreslle de | <277 2TMEs2,
0

1
2

(7.12)
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where we have applied first Lemma 4.3, then the first inequality of (4.5), followed by
the Cauchy—Schwarz inequality and finally (7.11). Thus we obtain from (7.12) that

1
ok + ) = vl Lpo.7-5.2(2)) S 82 My forall k € N, and all s € (0, T'). This
verifies the second hypothesis above and thus completes the proof. O

8 Proofs of Theorems 3.1 and 5.3 and of Corollary 5.4

In this section, we assume that the hypotheses of Theorem 3.2 hold, i.e. that my
is nonnegative a.e. in 2, that G is nonnegative in the sense of distributions in
L%(0, T; H~'(Q)), that F is strictly monotone, and that S is monotone. We now prove
convergence of the finite element approximations {(uy, my)}ren that are determined
by the scheme (5.1).

8.1 KFP equation

Foreachk € N, let Ek be an element of D, H [uy ] for which (5.1) holds; in cases where
by may be nonunique, we may choose one such element.

Lemma 8.1 (Weak convergence of discrete KFP approximations) There exists anm €
Y and a by € L®(Q7; R?) such that, after passing to a subsequence without change
of notation, 0, my—0;m in L%(0, T; HY(Q)), mp—m in X, mk(T)—\m(T) in
L3(), my — m in LP(0, T; LZ(Q))forall p €1, 00), and by—b, in L*(Q71; RY)
as k — oo. Furthermore, we have m(0) = mg in L*(2) and

T

T
/ (3m, @) +v(Vm, Vé)q + (mby, Vp)odt = /(G, ¢)dt 8.1
0

0
forall ¢ € X.

Proof Theorem 7.1 shows the existence of a m € Y and a subsequence of {my }ien,
to which we pass without change of notation, that satisfies the weak convergence
properties stated above. In particular, we have my (0) = Rymo—m(0) as k — oo, and
since Rymo — mo in L%(Q) as k — oo, we conclude that m(0) = my. Furthermore,
the strong convergence my; — m in LP(0, T; L*(R2)) for all p € [1, 00) as k — oo
follows from Theorem 7.3. Since {l;k }ken is uniformly bounded in L*°(Q7; RY ) by
Lemma 2.1, and hence also in L?(Q7; RY), we may pass to a further subsequence
without change of notation to find that by—b, for some b, € L%(Q7: R?). Mazur’s
Theorem and the Riesz—Fischer Theorem further imply that b* e L=®(0r; Rd) with
||15*||LOO(QT;W) < Lp. It remains only to show (8.1). Let £ € N be fixed and let
¢ € V, be fixed but arbitrary. Recall that V, C Vy for all £ < k. Then, we have
myVe — mVe in L2(Qr; RY) as k — oo since Vg € L®°(Q7; R?). This implies
that fOT(mk, Ek'V¢>)th — fOT(m, E*-Vqﬁ)gdt by weak-times-strong convergence.
Next, we have fOT(B,I+mk, d)a.xdt — fOT (8;m, ¢)qdt by (7.2). We also have A, —
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vl as k — oo in L®(2; R?*?) by Theorem 4.2. Therefore we may pass to the limit
in (5.1b) to obtain (8.1) for all ¢ € V. Since |,y V¢ is dense in X, we deduce that
(8.1) holds for all ¢ € X. O

To establish the strong L>-convergence of the density approximations at terminal
time, we find it helpful to first establish some compactness properties associated to a
class of related discrete dual problems.

Discrete dual problems For each k € N, we define z; € Vk_ as the unique solution
of the discrete dual problem

/ — (0 Z_zk,v)Qx + (AkVzr, Vv)g + (Ek-Vzk, v)dt =0 Vv eV, (8.2

with the condition z; (7)) = my(T) in Vk.

Lemma 8.2 (Weak convergence of discrete dual solutions) After passing to a
subsequence without change of notation, we have zx—z in X, 0;Z_zx—09;7 in
L%20,T; HY(Q)), zx — zin L*(0,T; L*(R)) and zx(0) — z(0) in L*(Q) as
k — oo where 7 € Y satisfies

— (8,2, 9) +v(Vz, Vd)g + (by-Vz, p)odt =0 Vo € X, (8.3)

o\'ﬂ

with z(T) = m(T) in L*(Q), where b, € L®°(Qr; RY) is as in Lemma 8.1.

Proof The fact that ||mi(T)|q < ||mk||V;r, see Lemma 4.3, and the fact that
SupkeN”mk”V;:' < oo together imply that SupkeN”Zk”Vk_ < 00. Theorem 7.1
implies that, after passing to a subsequence without change of notation, there exists
az € Y such that zx—z in X, &, Z_zx—9z in L%(0, T: H~Y(Q)), z(T)—z(T)
and z;(0)—z(0) as k — oo. Moreover, Theorem 7.3 implies that zz — z in
L2(0, T: L2(2)). Note that z(T) = m(T) since zx(T) = mp(T)—m(T) as k — 00
by Lemma 8.1. Since {bk Vi }ren 1s uniformly bounded in L2(0 T, Lz(Q)) after
possibly passing to a further subsequence without change of notation, there exists a
g € L0, T; LZ(Q)) such that l;k-Vzk—\g as k — oo. After fixing a test function
v € V; in (8.2) for some fixed j < k, we use the weak convergence properties of zx
above, along with (7.2) and [|Ax — vI|| oo (. raxd) < hy, to pass to the limit k — oo
in (8.2) to find that z € Y satisfies

T
/ (0;z, v) +v(Vz, Vv)qdt = /(g, v)edt Vv eV;. (8.4)
0

Since | J jeN V; is dense in X, we see that (8.4) further holds for all v € X.
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In order to show that g = b4-Vz so that (8.3) holds, it is enough to show that

T
lim /(T —DIV(z - z0)|Ihdr = 0. (8.5)
k— 00
0

Indeed, supposing momentarily that (8.5) is known, we conclude first that zz — z
in L2(0, T — e, H(} (2)) for all € > 0. Weak-times-strong convergence then implies
that by-Vzg—b,-Vz in L2(0, T — €, L%(Q)) for all € € (0, T), so that g = b,-Vz on
(0, T — €) for arbitrarily small €, and thus g = by-Vzon (0, T).

In order to prove (8.5), define

" 1 .
wilr, = (T = tp)zely;s Wil = (T —t)2 zely; Vje{l,..., N} (8:6)

Since zj converges to z strongly in L2(0, T; L*>($2)) and weakly in X = L2(0, T,
Hj(Q)), itis easy to show that wy — w strongly in L?(0, T; L?(Q2)) where w(t) :=

(T — 1)z € X, and also that w;—w in X where w := (T — t)% w. Note that W;—w
in X and z; (0)—z(0) in L*(2) as k — 00 respectively imply that

@)% < lminf|| @)%, 1z20)]13 < liminf||z; (0)]%. (8.7)
k— 00 k—o00

We also deduce from strong convergence of zx — z in L?(0, T; L*(R)) that

T T
lim /HZk”é,kdt = /Ilzllédt. (8.9)
k— 00

0 0

Indeed (8.8) follows from ||Zk||%2’k = llzll3, + (zx, 2% — Rkz) ok ae. on (0, T) by
(4.7), and from |(zk, 2k — Rezi)oxl S hk”VZkHé a.e. on (0, T) by (4.5), (4.8) and
the Poincaré inequality. Then, a straightforward calculation gives

T Moy [ 1
S OIGx + > —Flaid il = / —(O T2k, wi).k + 5 12kl kdr.
j=1

0

(8.9)

Thus, testing (8.2) with wy; € V. and re-arranging terms shows that

A

T

T - T

Ena(mué + vl < Enzk(owé,k + / (AxVzr, V) odr
0

T

1
/ —(Z-zk, wi).k + (AkVzr, Vwp)a + 5||Zk||é,kdt
0

IA
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T

- 1
- / Vet v + 5 Ik 4 (8.10)
0

Note that in the first inequality above we have used (4.5) as well as the inequality
1)||Vﬁk||%2 < (AxVzik, Vwy)gq since Ay > vl in the partial ordering of positive semi-
definite matrices. We then combine the strong convergence wy — w = (T —¢t)z in
L2(0, T; L2(2)) with weak convergence 15k-Vzk—\g in L2(0, T; L%(2)), and (8.8) to
pass to the limit in the last line of (8.10) to find that

T T
. ~ 1 1
lim / — (b Vg, woe + 5 l1zk G ,dt / —(g. (T — D)o + = llzllgdr
k—o00 2 2
0 0

T

T 2 2

E”Z(O)”Q + | (T — v Vz|gdt
0

r 2 ~ 2
= EIIZ(O)I|Q+vllwIIX, (8.11)

where the second equality is obtained by using the test function w = (T — )z in (8.4).
This shows that

T
< —

- r 2 ~ 12 2 ~ 12
lim sup E”Zk(o)ngz‘f“)“wk”x = 2||Z(0)||Q+V||w||x- (8.12)

k— 00

We then conclude from (8.7) and (8.12) that ||zx(0)|lo — [|z(0)]lq and ||W|x —
|w|x as k — oo, which combined with the weak convergence properties above
imply that |z(0) — zx(0)]log — O and ||w — Wi||x — 0 as k — oo. The strong
convergence wy — w in X and the triangle inequality imply that

T

tim [ (7 =01V~ z0lbdr S fim [ - el + wlzeli] = 0.
k—00 k— 00
0

where we have used the fact that supy .y [l 2k | x < supgenllzi ||Vk— < 00. This completes
the proof of (8.5) and thus of the lemma. O

We can now prove the strong L2-convergence of the density function approxima-
tions at terminal time.

Theorem 8.3 (Terminal-time L2-convergence of discrete KFP approximations) After

possibly passing to a subsequence without change of notation, we have my(T) —
m(T) in L2(2) as k — oo, where m solves (8.1).
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Proof Since my(T)—m(T) in L%(Q) by Lemma 8.1, it is enough to show that
lim supy_, o lmi (T)|l@ < |Im(T)| q. The discrete integration-by-parts identity (4.20)
implies that

Ime(T) g4 = mi(T). 2 (T2 k
T

= (my(0), zx (0 x + /(3t1+mk» zi)Qk + (mg, L _zi)q kde.
0

Then, since zx € V,  and my € V,j naturally embed into Vi, we use z; as a test
function in (5.1b) with my as a test function in (8.2) to obtain

T
i (T3 = (me(0), & Ok + /O (G, zi)dr. (8.13)

Similarly, since ¥ embeds continuously in X, we use z as a test function in (8.1) and
m as test function in (8.3) to obtain

T

lm(T)IIg = (mo, 2(0)a + /(G, z)dr. (8.14)
0

The convergence zx(0) — z(0) in L?(Q) and zx—z in X = L?(0, T; H}(Q)) from
Lemma 8.2, together with the fact that my(0) = Rymg in Vi, then implies that

T T
(mi(0), 2k (0))q.x = (mo, zk(0))q — (mo, 2(0))q, /0 (G, z)dt — /0 (G, z)dt,
(8.15)

as k — oo. Therefore, passing to the limit in (8.13), we see that

lim supl|m (T)IIg, < lim sup[lmi(T) 1§ ; < lm ()l (8.16)

k—o00 k—o00

where we recall that the first inequality above follows from (4.5). This implies that
my (T') converges in norm to m(7) in L2(Q). O

8.2 HJB equation

With the terminal time compactness result Theorem 8.3 established for the density
approximations, we can now prove convergence of the value function approximations
to a weak solution to the HIB equation.

Lemma 8.4 (Convergence to the HIB equation) After passing to a subsequence without
change of notation, we have uy — uin X, upy — u in LP(0, T; LZ(Q))for any 1 <
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p < 00, and uy(0) — u(0) in L*(Q2) ask — oowhereu € Y solvesu(T) = S[m(T)]
in L*(Q) and

T

—(Ou, ¥) +v(Vu, Vg + (H[Vul, ¥)edr = /(F[m],w)dt Yy e X,
0

O\'\]

(8.17)

where m € Y satisfies (8.1).

Note that an integration-by-parts argument on the time derivative in (8.17) shows
that u equivalently solves (3.1a) for all ¢ € Yj.

Proof Since supkeNHukHW < o0 by (5.3), Theorems 7.1 and 7.3 imply that,
after passing to a subsequence without change of notation, there exists a u € Y
such that &, Z_ux—d,u in L*(0, T; H~Y(R)), ur—u in X, ur(0)—u(0) in L%(),
up(T)—u(T) in L>(Q) and uxy — u in LP(0, T; L*(Q)) for all p € [1, co). Fur-
thermore, since my(T) — m(T) by Theorem 8.3, the continuity of S on L%(Q) and
the L2-stability of Ry imply that ux(T) = RiS[mi(T)] — S[m(T)] in norm in
L%(R), hence u(T) = S[m(T)]. It follows from (2.5) that { H[Vuy]}xen is uniformly
bounded in L2(0, T; L2(2)) and thus, after passing to a further subsequence with-
out change of notation, there exists a Hy € L?(0, T; L*(S2)) such that H[Vuy]— H,
in L2(0, T; L?(2)). Furthermore, the continuity of F' on L2(0, T; L?(2)) and the
strong convergence m; — m in L*(0, T; L?(2)) from Lemma 8.1 imply that
Flmi] — F[m] in L?(0, T; H~'(2)). We may then use density of |,y Ve in
X and (7.2) to pass to the limit as k — oo in (5.2) to find that u solves

T

T
/ Byt ¥) + v(Vit, Vi) + (Has ¥t = /(F[m],wdt vex.
0 0
(8.18)

We now claim that u; — u in norm in X as k — oo which will imply H, = H[Vu].
First, note that

Ni

1 1 1

SO = Sl g + 5 3 Ml ¢
n=1

(8.19)
1
= f — (0 T—ug, up)qxdt + Enukmné,k.

where the first inequality above follows from (4.5). Observe also that that v uy ||§( =
fOTvHVukH%Zdt < fOT(AkVuk, Vup)odt since Ay > vl ae. in Q in the sense
of semi-definite matrices. Next, note that ||uk(T)||?2’k = ||RkS[mk(T)]||é’k —
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ISIm(T)1lIG as k — oo since || ReSmi(THIlg , = (SImi(T)], ReSImi(T)Dg
and both Ry S[my(T)] and S[my(T)] converge to S[m(T)] in Lz(Q) as k — oo.
Furthermore, weak convergence H[Vuy]— H, and strong convergence u; — u in
L2(0, T; L2()) imply that f; (H[Vurl, up)eds — [ (Hs, u)odt. Since Fmy] —
Flm] in L>0, T; H~'(Q)) we also have [ (Flmil, ux)dr — [ (F[m], u)dr as
k — oo. Therefore, testing (5.2) with uj gives

: 1 2 2
limsup) = llux (Ol + viiucllx

k—o00
- 1

< lim / T g w02k + (A Vi, Vi)t + (Dl
L0
— 1

= lim /(F[mk], ug) — (H[Vugl, ug)dt + = || ReSimi (TIN5, 4

k— 00 2 s

L0

1
(Flm], u) — (Hy, u)qdr + EIIS[VH(T)]IIé

I
—

| = <

lu(O) |13 + vul%, (8.20)

where the last line follows from testing (8.18) with «. In conjunction with the inequali-
ties lu(0)|lq < liminfz oo llux(0)llq and |lullx < liminf;_ o |lugllx owing to weak
convergence, we see that (8.20) implies that u;(0) — u#(0) in norm in L%(Q) and
that uy — u innorm in X as k — oo. In turn, this implies that H, = H[Vu] since
H[Vu;] — H[Vu] in LZ(O, T; Lz(Q)) by Lipschitz continuity of H, and thus u
solves (8.17). O

8.3 Proof of Theorems 5.3 and 3.1

To begin, we observe that since by € DpHlui] forall k € N, {biren is uniformly
bounded in L®(Q7; R?) (see Lemma 2.1). We may then pass to a subsequence,
without change of notation such that (b} ken converges weakly in L2(Q7; RY) to
some 5* € L*®(0r; R9). We first obtain from Lemma 8.1 and Theorem 8.3 that
my — min LP(0, T; L>(Q)) forany 1 < p < oo, and my(T) — m(T) in L*(Q)
as k — oo where m € Y uniquely satisfies the KFP equation (8.1) and the initial
condition m (0) = my.

Consequently, Lemma 8.4 implies that u; — u in X, up — u in LP(0, T; L*(R2))
forany 1 < p < oo, and ux(0) — u(0) in L%2(Q) ask — ocowhereu € Y uniquely
satisfies the HIB equation (8.17).

Since by € D, Hlug]forallk € N, while {br}ren converges weakly in L2(Q71; RY)
to 15* and u; — u in X, we can apply Lemma 2.2 to obtain 15* € Dy H[u]. This shows
that (u, m) € Y is a weak solution of (3.1), and thus proves Theorem 3.1.
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In summary, we have shown that a subsequence of the numerical approximations
converges to a solution (u, m) of (3.1) in the sense of (5.4). Then, uniqueness of the
solution, c.f. Theorem 3.2, implies that the whole sequence {(uy, my)}}ren converges
to (u, m) in the sense of (5.4). This completes the proof of Theorem 5.3. O

8.4 Proof of Corollary 5.4

Under the hypotheses of Corollary 5.4, we now prove strong convergence in
L0, T; HO1 (£2)) of the density approximations.

We know by hypothesis that {Ek}keN is pre-compact in L (Or; R9). Moreover,
as a consequence of Lemma 2.1 and the definition of the scheme (5.1), the sequence
is uniformly bounded in L*°(Qr; R?). Since meas(2) < oo and T < oo, it can
then be shown that {by }xex is pre-compact in LY(Qr; R?) for any g € [1, 00). Since
the density m € Y, we have by the embedding ¥ — C([0, T; LZ(Q)) that m €
X N C([0, T]; L*>(S2)). It then follows from the parabolic embedding [25, Equation
(6.39), p. 466] that m < L2+d (Qr). Passing to a suitable subsequence, without
change of notation, we get that by — b, in Ld+2(QT R%) as k — oo for some
by € L4t2(Q7; RY). It then follows that miby — mby in L2(Q7; R?) as k — oo.

We now show that m; — m in X as k — o0, along a subsequence. For given
k € N, testing the equation (5.1b) with ¢ = my € V,j leads to

. 1
lim sup [Eumkmné + v||mk||§]

k— 00
; 1
< lim / (G mi) — (miby, Vmoad + ~ [ Remoll3 .
k—o00 2 s
0

~ 1
(G, m) — (mby, Vim)qdt + Enmoné

\.ﬂ\]

NI'—‘O

Im(T) 122, + viiml. 8.21)

where the last line above is obtained by testing (3.1b) with m. Since my (T) — m(T) in
L%(2) as k — o0, it follows from (8.21) that lim SUP;_, o0 IlMmillx < llm| x. Together
with the fact that mp—m in X as k — oo, we obtain that m; — m in X as k — oo.
This completes the proof. O

9 Numerical experiment
In this section we test the performance of the finite element scheme (5.1) in approxi-

mating a smooth solution to a MFG PDI of the form (3.1). Let 2 = (0, 12 c R?be
the unit square, and let the time horizon 7 = 1. We set v = 1, and we set
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H(t,x,p):= max («-p)=|p| V(& x,p)e Or xR, 9.1)
a€B;(0)

where Bj (0) denotes the closed unit ball in R? and Ly = 1. We choose the data such
that the exact solution to (3.1) is

u(x, y, 1) := (2arctan(r) + 1) xy(e'? — e!2) (%7 — 07), (9.2a)

m(x,y, t) = (% tanh(r) + 1) sinh(x) sinh(1 —x)yIn(2 —y), (9.2b)

forall (x, y, r) € Qr, where the vector field b,eD pH[u]in (3.1)is unique and given
by b, = |Vu|~'Vu ae. in Q7. In particular, we choose of F : L2(Q7) — L%(Q7)
and S : L2(2) — L%(R) to be given by F[m] = m + Fy and S[m] := tanh(m) + So
respectively, where Fy € L*(Q7) and Sy € L%(Q) are determined from u and m
above. The source term G € L2(0, T; H~(£)) is also determined from m above and
can be shown to be nonnegative in the sense of distributions (see [31, Sections 3.3 &
5.3]). Overall, the data satisfy the hypotheses of Theorem 3.2, so the solution of the
problem is unique. We use a shape-regular sequence of uniform conforming meshes
of  where the elements are right-angled triangles. The weights in the diffusion tensor
(4.10) with are chosen as wi g := Lydiam(E), for all E € &, k € N. We take the
time-step to be comparable to the mesh-size, namely 7 = ﬁi ~ hy fork € N.

The computations are performed using Firedrake [36].

The results of the experiment are displayed in Fig. 1. We observe that the approxi-
mations for the value function converge to u in the L2(H01)-n0rm with a rate of order
one, and likewise we observe a first-order rate of convergence for the approximations
of m in the L?(L?)-norm. These observed rates are the best possible to be expected
since the discretization spaces {Vki},ff:1 consist of functions that are piecewise affine
in space and piecewise constant in time, and the stabilization term in the scheme (5.1)
is consistent to first order in the mesh-size.

Furthermore, we observe strong convergence of the transport vector fields to b, in
the L?(L?)-norm. This strong convergence is due to the fact that the value function
satisfies Vi # 0O a.e. in Q7 along with uniqueness of by (see [31, Chapter 6] for further
details). In light of Corollary 5.4, the strong convergence of the transport vector fields
implies the strong convergence of the density function approximations in the L? (HOI)-
norm, which we observe in Fig. 1 occurs with a convergence rate of order one. Finally,
we observe strong convergence of the value function approximations at the initial time
and of the density function approximations at the terminal time in the L2-norm, which
is in agreement with Theorem 5.3.

Appendix A Proof of Theorem 4.2

In this section we prove Theorem 4.2. For this, we will need the following key formula
associated with the diffusion tensor Dy that was defined in (4.10). Recall that for a given
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Value function L?(H{)-norm Transport vector L?(L?)-norm
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Fig. 1 Convergence plots for approximations of the value function, density function, and transport vector.
Optimal rates of convergence are observed for the value function and density function errors in the H L norm

vertex x; € Vj, the corresponding piecewise affine nodal basis function is denoted by

&i.

@ Springer



Y. A.P.Osborne, I. Smears

LemmaA.1 Let k € N be given. Let {x;, x;} C Vi be a pair of distinct neighbouring
vertices of Iy, and let E € & denote the edge between x; and x ;. Then

/Dkvgj.vs,-dxz _RE S K, (A1)

- 5
J (diam E) KET, s

where | - |4 denotes the d-dimensional Lebesgue measure.

Proof Consideranelement K € 7; containing both vertices x; and x ;. Note that V&; | ¢
is orthogonal to all vectors that are tangent to F ; the face of K that is opposite x;.
Furthermore, any edge Ecé& x that does not contain x; is contained in Fx ;. Therefore
Vé&;|k -ty = 0for all edges E e Ek that do not contain x;. Likewise, V&;|x -t =0
for all edges E € Ex that do not contain x ;. Since the only edge of £k that contains
both x; and x; is E, we see that

/Dngi -VEjdx = Z o E1K1a(VE - t5)(VEj - tp)
K EGEK
= i g|K|a(VE - tg)(VE; - tE),

i.e. the sum above simplifies to a single term. It is easy to show that V&;|x - tg =
im, where the sign depends on the choice of orientation of the vector £g. Since
& +&; = 1 identically on E, we also have V&|k - tg = —V¥§;|g - t . We therefore

conclude that [, DyVE - VEjdx = — (‘gﬁfn‘ ’If:';g The identity (A1) then follows by

summation over all elements of the mesh. O

Proof of Theorem 4.2 1t is clear that (4.12) implies that || Dyl oo (k. gaxey S hk for
all K € 7%, so it remains only to prove the DMP property for arbitrary elements of
W (Vi, Dy). Fix k € Nand let L € W(Vg, Dy) be an operator taking the form (4.11)
for some vector field b : © — R that satisfies the bound ||5||L00(Q;Rd) < Lpy. Note
that L satisfies the DMP if and only if the adjoint operator L* satisfies the DMP. We
therefore restrict our attention to showing that L satisfies the DMP. Suppose v € Vi is
such that (Lv, é,-)vk*ka >0 foralli € {1,---, M}. Since v is piecewise affine and
continuous on €2, there exists a vertex x; of the mesh 7; where v achieves a global
minimum value over €. In the case where x; € dS2 then the result is immediate since
v(x;) = 0. Consider now the case where x; € €2 is an interior vertex. Let S; denote
the index set of all vertices x; € Vi that are neighbours to x;. Note that by definition
Si does not include x;, but S; possibly includes neighbouring vertices on the boundary
Q2.

Since the nodal basis functions form a partition of unity, we have Vv =
Z/es,» V&;(v(x;) — v(x;)) in supp &;. Therefore, we find that

(Lv.&) = Y [(DeVE; VDo + B:VE;. 6)a] 00 v, (AD)

JE€S;
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where we have used the fact that f o VVv-V§dx < 0asaresult of the condition (4.1),
c.f. [42]. We will show below that the condition on the weights wy g in (4.12) implies
that, forall i € {1, ..., M},

(DyVEj, VENQ + (b-VEj, E)a <0 Yj €S, (A3)

for any b e L(;RY) satisfying ||I5||LOO(Q;R{1) < Lpy. Assuming (A3) for the
moment, we then deduce from (Lv, &;) > 0 and from (A2) that v(x;) = v(x;) for all
J €5S;,i.e. vachieves a minimum at all neighbouring vertices.

Repeating the above argument, we can eventually deduce that the global minimum
of v is also attained on the boundary 92, where v vanishes. This shows that v > 0 in
2 and thus L satisfies the DMP.

Returning to the proof of (A3), let x; and x; be a pair of distinct neighbouring
vertices, and let E be the edge between x; and x ;. Then, itis straightforward to show that
IVEillLek) < ﬁ for each element K containing the edge E. Therefore, using
the bounds 5]l (q.re) < Lu and [|&[lL1x) < 2, we find that (b-VE;, &)q <

SLp|Kla : :
» KeTir m. Using Lemma A.1, we therefore obtain

(DkVE)j, VENQ + (b-VEj E)a < )

<8LHdiamE ) |K |4
A, . i~ — WLE
KeTi g

2(d + 1) (diam E)2°
(A4)

We then see that (A3) follows from (A4) and (4.12). O

Appendix B Proofs of Lemmas 6.1 and 6.2

In order to prove Lemmas 6.1 and 6.2, we introduce some weighted norms on the
discrete spaces that will help to provide a sharper analysis. Recall that the matrix-
valued function Ay € L®(2; R?*9) is defined by Ay := vl + Dy € L®(2; RI*9)
with Dy defined in (4.10). Let the norm ||-|l4, = L2(S: RY) — R>o be defined
by [[wlla, = +(Arw, w)q for all w € L2($2; RY). Note that Il 4, is equivalent
to the standard norm on L2(Q; RY), ie. |w|a, ~ |lwllq for all w € L*(Q;RY),
since Ay € L%(2:; R?*?) and since Ay > vI. Next we define the dual norm of
- llae: Vi — Rso by

(w, V) k
lwllag:= sup ————— Yw e V. (B1)

vevinop 1VVlla,

Observe that [|[w]| 4+ ~ [|[wllx,« forallw € V;* where |- ||z« is defined in (4.9). Define
the bilinear form By : V,j x Vy — Rby
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Ni
Bi(u,v) := Z /(8[I+u, vk + (ArVu, Vu)edr VY(u,v) € VZ‘ x Vr.

n=1 I,

(B2)

Given k € N, let a; € L*°(0, T') denote the piecewise constant time-dependent
weight function that is defined by

1
a =dpy,=———+—— Vnell,---, Ni}. B3
k1, kon Qv 120 it 3 (B3)

Since the time-steps are assumed to be uniform, it is straight-forward to show that
ax € L*(0, T) is strictly positive and satisfies the uniform bounds

exp(—v 'LLT) <@ <1 ae.in(0,T), VkeN. (B4)

We now define the following weighted discrete norms on the spaces V; and VZ‘ that
will help to simplify the analysis. First, let the norm ||-|lv,, 4, : Vi — Rx( be defined
by

T

VIl 4, = /ak—lnwnikdt Yo € V. (B5)
0

Note that ||-[lv,, 4, is equivalent to ||-|[x on Vj, where we recall that ||-||x is defined
in (2.2). Second, let the norm |- ”va A VZ’ — R>0 be defined by

2 r 2 2 v'LY, 2
w = ae | 18, Z+w +|Vw|i + ——2 Jw dr
[ ”V{,Ak /o K\ 10 Zywllz, . + VWi, Ty lwlig
~ 2 Ni—1
ag, N lw(TH1g & 1 - 5
: agnll[wlnllg s, — (B6)
1+v*1L%{tk 1+v*1L%1,1’k nX:(:) " ik

forall w € V,‘:. The next result gives parabolic inf-sup identities that show the rela-
tion between the weighted norms |-|lv, 4, and ||-||V;,Ak. Recall that Vlj,() ={v e

Vi, v(0) =0}

Theorem B.1 Forall w € V,:r we have

2
2 =|: Bk(w,v)j| n ||w(0)||§2’k (B7)

u 9
vev\(0y VIV, 1+v 1L
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and for all v € Vy,

B (w, v)

”U”Vk,Ak = sup (BS)

weV; \{(0) ”w”V,j,Ak

Proof Let w € V,‘: be arbitrary. It is clear that the supremum on the right-hand side
in (B7) is achieved by the test function vy = ay(z4+w) € Vi, where z € Vi denotes the
unique element of Vy such that (A¢Vzl|;,, Vv) = (0;Zyw];,, v)o .« forallv € Vi, for

n’

alln € {1, ..., Ni}. Observe that vy € Vy is justified by the fact that ay is piecewise
constant in time. We therefore deduce that

2 T
B , -
|: sup M:| =/ak||V(z+w)||124kdt

vev\{oy VIV, A

0
T
- / ax (10T w Py .+ 1YW, +26,Zew, wio k) dr
0
(BY)

where we have expanded the square in the second-line above. A straightforward cal-
culation shows that

T

2/51]((3;14,_11), U))Q’kdt
0

172

T ”

vl o ar v lw(T 1

=TT 12 agllwllg kdt+—71 5
1+v LH‘L'k ’ 1+v LH‘L'k

0

1 N lw(O)1%

t——— > aall[wllig, -
— 2 ’ s
14+v ILH‘L'k =0

_— B10
1 —i—l)_lL%{Tk ( )

Thus (B9) and (B10) imply (B7). The second identity (B8) then follows by duality. O

— +
Corollary B.2 We have ||w||V;r’Ak ~ ||w||V;r Sforanyw € V.

Proof Let w € V,‘: be arbitrary. The upper bound ||w||V;r’Ak < ||w||Vk+ is a conse-

quence of the uniform bounds on gy in (B4), the maximum norm bound of Lemma 4.3,

and the bound for the jumps Z,],Vigl Hw]n ||?2 P = ||w||§/+. The converse bound fol-
’ k

lows again from (B4), and from (B7) which implies that |w(0)[|qr < ”wHV,f,Ak‘
O
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LemmaB.3 Foreach k € N, let the constant y; > 0 be defined by

1+v-1L0% 7
" :=‘/¥. (B11)

Then, for any w € Vi, we have
; 1
/v”L%,aknwn%zdz <Vl ,, + 51w O (B12)
0

Proof Let w € V;" be arbitrary. The definition of the dual norm |- 4, . and the
Cauchy—Schwarz inequality, applied to the left-hand side of (B10), imply that

172 z 2
7 S w13,
P R ak”w”gz,kdt -T2
1+v LH‘L'k 1+v LH‘L'k

T
< /0 iy (10wl . + VWl ) dr

Therefore, we add fo ag||lw ||§2 «d7 to both sides of the equation above to

1+v 1L2
find that
w112 7 ) lw(O) 13
_ ar||lw dr — ———25 < |w)? . B13
1+v—1L;,zk/o (ot = T <l B1)
We then obtain (B12) from (B13) after noting that |w|q < [[w| .k by (4.5). m]

Proof of Lemma 6.1 This result is essentially well-known so we sketch only the main
ideas. Note that (6.1) can be re-written in time-stepping form as the sequence of
equations

(m1,, vk + wlLamlp,, Vi) vixy, = (Ml vln)ex + /(G, vl )dr
Ill
(B14)

foreach n € {1, ..., Ny} for some operator L, € W(Vy, Di) of the form of (4.11).
Therefore, the existence and uniqueness of the solution 7z along with its nonnegativity
in the case of nonnegative data is a consequence of the DMP, c.f. Theorem 4.2. It
remains only to show the bound (6.2). Taking the square-roots to both sides of the
identity in (B7) and applying the triangle inequality implies that

By (m, v) llglle.x

lm]ly+ 4, < sup ,
k Ok
veVi\{0} ”v”@k,Ak /1+l)_ll2 T

@ Springer



Finite element approximation of time-dependent mean...

where we have used the fact m (0) = g, and where By (i, v) is found by rewriting (6.1)
equivalently as

T
By (m, v):/ (G, v) — (m, b-Vv)adt Vv e Vq. (B15)
0

J G, b-Vv)gdr
Hv”Vk,Ak

7 2 2
Ib - Vol3dr < ||v|?, , forall

Bi.(,v) J(G v)di

< su e—— su
Tolvea, = SUPv oy 2, T SUP
~—1 2

are over all functions in V;\{0}. Since fOT a, vLy
v € Vi, we have

T ~ 1
m, b-Vv)qdt T p
p S0 00Vl ( / vlL%dk||m||édr>
veVi\ (0} lvllv, A 0

Note that sup, , where the suprema

_ 1
= Velmllys a4 + E”g“Q,ka (B16)

where the second inequality follows from (B12) of Lemma B.3. Therefore, we find
that

il 4, < vellmllys a4, + C (1G20,7:5-10)) + lgll2) -

where the constant C depends only on v, Ly, d, T, and the shape-regularity of the
meshes. We therefore obtain (6.2) after noting that y; < y; < 1 by (4.13) and using
the equivalence of norms of Corollary B.2. O

ProofofLemma6.2 Letk € N, F € L*(0, T; H™'(Q2)) and let § € L%(R) be fixed.
For each w € Vi, let I'y (w) € V be defined as the unique solution of

T

Bi(y, Th(w)) = / (F.9) — (H[Vw], )adt + (RS, y(T)ax V¥ € V],
0
B17)

where By is defined in (B2) above. It is clear that 'y : V;, — V. is well-defined, and
moreover it is clear that u € V solves (6.3) if and only if u is a fixed point of of
Ik, ie. u = I'r(w). We now show that I'y is a contraction on V; with respect to the
norm || |lv,, 4,, which implies existence and uniqueness of the the solution u of (6.3)
by the Banach Fixed Point Theorem. To see that 'y is a contraction map on Vy, let
wi, wy € Vi be arbitrary, and note that (B8) implies that

J (H[Vwa] — H[Vwi], ¥)adi

Tk (w1) — Te(w2) vy, 4, = sup (B18)

eV, 19y ay
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The Cauchy—Schwarz inequality then implies that, for any € VZO,

T

/(H[szl — H[Vwi], ¥)qdr

0
1

T 2 T
E(/O uLHZak‘||H[Vw2]—H[Vw11||§zdr> (/0 v—‘L%,&kuwnédr)

1
2

(B19)

We then see that (fOT VL2 | H[Vwa] — H[le]u%zdt) 2

H is Lipschitz continuous by (2.5) and since vl < Aj. Furthermore, Lemma B.3
1

applied to ¥ € VIQL,O implies that (fOT v_lL%i&kHlﬂHédt) : < Vk”w”VkﬂAk' Thus we
find that

< [lwy — w2|lv,. 4, since

Tk (w1) — Tk (w2) llv,, 4, < vkllwi — wallv,, as (B20)

which shows that I is a contraction on Vy, since y; < y; < 1 by (4.13).

It remains only to show the continuous dependence bound (6.4), where ) and u
are respective solutions of (6.3) with respective data (Fy, S1) and (F3, S2). Then, we
have

T
Bi(fr,ur —uz) = /0 (H[Vuz] = H[Vu1], ¥)o + (Fi — F2, ¥)dr

+(Ri St — RS2, ¥ (T)) e

forally € VZO. Combining Lemma 4.3, the equivalence of norms ||- ||V;r’ A, ~ I ||V;,
the Lz—stability of Ry, and Lemma B.3, we obtain

lur — uallv.ae < vellur —ualva, + € (1F1 = Fall 20,7110 + 151 — S2ll2)
(B21)

where C is a constant that depends on d, v, Ly, T and the shape-regularity of the
meshes. Therefore, ||u1 — uzllv, o, S |F1 — Fallr20.7:5-1() + 151 — S2llq since
Yk < y1 < 1by (4.13).

Next, since u; and uj are extended to functions in V= with u;(T) = Ry §1 and
ur(T) = Ry §2, the discrete integration-by-parts formula (4.20) implies that

T

T
/ — Ty — u2), Pdt = /(H[Vuz] — HIVinl. ¥)a + (Fr — B, p)di
0 0
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T
- / ARV (1 — u2), Vi) adr, (B22)
0

which extends to all test functions v € Vj. Therefore fOT 10;Z—(u1 — u2)||,% LA S
llup — uzll%,k’ANk +~I| F; — F2|Ii2(0,T;H—'(Q))' Combining th}f botind with ||u(T) —
ur(Tlle S 1151 — S2lle, we conclude that ||u —M2||Vk— S P =Pl m-1@)+

I §1 - §2 |l which completes the proof of (6.4). O
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