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1 Introduction

Quantum field theories (QFTs) in two dimensions have both direct applications in condensed
matter systems and as the worldsheet theories of strings, and can provide a tractable sandpit
for the study of quantum field theory more generally. Special examples are provided by
conformal field theories (CFTs) and integrable field theories (IFTs), for which powerful infinite-
dimensional symmetries enable us to exactly determine certain key properties and observables.

One longstanding goal has been to provide a constructive origin of these integrable
systems from some putative parent theory, perhaps in higher dimensions. For instance, Ward
suggested [1] that all integrable equations may arise as reductions of the 4d anti-self-dual
Yang-Mills (ASDYM) equation. Given a choice of complex structure on R%, the ASDYM
equation are

F*Y =0 =F,,, (1.1)
F92 =0 = F;y, (1.2)
O ANFM =0=F; +F., (1.3)

where @ is the Kéhler form. There are (at the very least) two senses in which ASDYM can
be viewed as an integrable theory in its own right. The first is that the ASDYM equations
can be exactly solved by the ADHM construction [2]. The second is that these equations
admit a zero curvature formulation in terms of a Lax pair of differential operators [3]:

L=V,—{Vsy, M=V, +{Vz, [LLM|=0 V{ <= F=—%F. (1.4)

Accordingly, in this work, we will denote four-dimensional QFTs whose equations of motion
can be recast as the anti-self duality of some connection as IFT4.

A prominent example in this class of theories is the 4d Wess-Zumino-Witten model
(WZW,) [4-7], which arises as a partial gauge fixing of the ASDYM equation. Up to a
gauge transformation, we may parametrise a generic connection that solves equations (1.1)
and (1.2) as A = —dgg~!, where the group-valued field g becomes the fundamental field
of WZW,. The remaining ASDYM equation (1.3) becomes @ A d(dgg~!) = 0, which are
the equations of motion of WZW,, also known as Yang’s equation. The more well-known
WZW, also arises as a reduction of WZW,, and Yang’s equation reduces to the familiar
holomorphic conservation law characterising this CFTy. Another example is found by solving
equations (1.1) and (1.3), leaving equation (1.2) as the dynamical equation of motion. In
this case, the IFT, is known as the LMP model [8, 9], which gives the pseudo-dual of the
principal chiral model (PCM) after reduction.

Alternatively, motivated by the similarity between Reidemeister moves in knot theory and
the Yang-Baxter equation that underpins integrability, Witten suggested [10] that integrable
models might have a description in terms of Chern-Simons theory. The realisation of this
idea came some years later, with Costello’s understanding [11, 12] (see also [13]) that the
gauge theory description should combine the topological nature of Chern-Simons theory with
the holomorphic nature of the spectral parameter characterising IF'Ts. The theory proposed
in [11, 12] was extended and developed in a sequence of papers [14-16] describing a Chern-
Simons theory, which we denote by CSy4, defined over a four-manifold > x C with the action
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IFT, / CFT,

Figure 1. The diamond correspondence of integrable avatars, in which wavy arrows indicate a descent
by reduction and straight arrows involve localisation i.e. integration over CP!. In this paper the IFTy
will either be WZWy, the LMP model or their gaugings. The landscape of IFT5 produced in this
fashion will be rich and varied.

Here, w is a meromorphic differential on the complex curve C, which we will take to be C = CP*.
Specifying boundary conditions at the poles of w, the dynamics can be ‘localised’ to take
place on ¥, which is identified with the spacetime of the IFT5, and the curve C is associated
to spectral parameter of the Lax connection (see [17] for a pedagogical introduction).

An elegant origin of both the CSy4 and the ASDYM descriptions was provided in the
work of Bittleston and Skinner [18] in terms of a six-dimensional holomorphic Chern-Simons
theory (hCSg), first proposed in [19, 20]. The theory is defined over (the Euclidean slice of)
Penrose’s twistor space [21] with the action functional

1 - 2
Shesg (] = — QA’I&"(W/\a&ier/\d/\ﬂ), (1.6)
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in which € is a meromorphic (3,0) form. This action is supplemented by a choice of boundary
conditions at the poles of {2. The various lower-dimensional descriptions follow from exploiting
the fibration structure CP! < PT — R*. Reducing along two directions within R*, hCSg
descends to CS4. Alternatively, we can instead choose to first localise over CP!, which leads to
IFTy4 in the ASDYM sense. Indeed, the integrability properties of ASDYM are fundamentally
tied to this twistorial origin and evidence suggests that at a quantum level it is natural
to consider the formulation on twistor space [20, 22]. Applying the reduction along R* to
this IFT4 produces an IFTs, which can also be recovered by localising the CS,4 description.
In this way, we have a diamond correspondence of theories illustrated in figure 1. Other

recent work on hCSg includes [20, 23, 24].

Given an IFTy or CFTy it is sometimes possible to obtain another I/CFT; via gauging.
Perhaps the most famous examples are the GKO G/H coset CFTs [25], which can be given
a Lagrangian description by taking a WZWj, CFT on G and gauging a (vectorially acting)
H subgroup [26-29]. This motivates the core question of this work:

How can the diamond correspondence be gauged?

Resolving this question dramatically expands the scope of theories that can be given a higher-
dimensional avatar. A significant clue is given by the rather remarkable Polyakov-Wiegmann



(PW) identity, which shows that the G/H gauged WZW; model is actually equivalent to
the difference of a G WZW3 model and an H WZW, model. This points towards a general
resolution that certain integrable gauged models might be obtained as differences of ungauged
models. This is less obvious than it might first seem; it was noted in [7] that for a PW
identity to apply for WZW, it is necessary for the gauging to be performed by connections
with field strength restricted to type (1,1). The six-dimensional origin of such a constraint
is rather intriguing and will be elucidated in this paper. In the context of CS4, Stedman
recently proposed [30] considering the difference of CSy to give rise to gaugings of IFTy. We
will recover this construction as a reduction of hCSg theory in the present work, as well as
uncovering some additional novelties in the CS; description.

At the top of the diamond, we will consider a theory of two connections, &/ € Q! (PT)® g
and & € Q! (PT) ® b for a subalgebra h C g. The action of this theory is

SghCSG = ShCSG [ﬂ] — ShCSG [%] + Sint [.527, 93] s (1.7)

in which the term Sy, couples the two gauge fields. We will develop this story by means
of two explicit examples: choosing €2 to have two double poles, we will study the diamond
relevant to the gauged WZW theory, and with 2 containing a single fourth-order pole we
will study the gauged LMP model. This seemingly simple setup gives rise to a rich story
whose results we now summarise:

1. Starting from the holomorphic theory on twistor space (1.7), we localise to arrive at an
action for a gauged version of WZW, (denoted gWZW,). After localising, the gauge
field B is constrained to satisfy two of the three anti-self-dual Yang-Mills equations,
namely F?°[B] = 0 and F*?[B] = 0, and the resulting gWZW, is an IFTy.!

2. The two gauge fields o and % of the gauged hCSg theory (denoted ghCSg) source
various degrees of freedom in gWZW . In particular, as well as the fundamental field g
and the 4d gauge field B, auxiliary degrees of freedom enter as Lagrange multipliers for
the constraints F2°[B] = 0 and F*?[B] = 0.

3. Reducing by two dimensions, we recover a variety of [FTs including the special case
of the gauged WZW3 model (denoted gWZW5). In general, we find a model coupling
a gauged IFT9 and a Hitchin system [31] involving the gauge field B and a pair of
adjoint scalar fields. These scalars may source a potential for the gWZW5 in which
case we recover the complex sine-Gordon model and more broadly the homogeneous
sine-Gordon models [32]. At the special point associated to the 2d PCM, Lagrange
multipliers ensure that the gauge field is flat and hence trivial — this is essential as the
gauged PCM is not generically integrable.

4. We also use this formalism to perform an integrable gauging of the LMP model. Just as
in the gauging of WZW 4, the field strength of the gauge field must be constrained to obey
two of the anti-self-dual Yang-Mills equations, this time F2°[B] = 0 and @ A F-![B] = 0.
It is noteworthy that the two equations that are enforced by Lagrange multipliers agree

!This indicates that general unconstrained gaugings of WZW,4 will break integrability in the sense out-
lined above.



with the two equations that are identically solved in the ungauged case. This is true for
both WZW, and the LMP model. In addition, we show that the gauged LMP model
obeys a PW-like identity such that it may be expressed as the difference of two LMP
models on g and b.

Let us outline the structure of this paper. We begin in section 2 with a review of the diamond
correspondence of theories for the ungauged WZW model. In section 3, we introduce the
gauging of this diamond concentrating in particular on the right hand side. We recover
the gauged IFT, and demonstrate that its equations of motion may be rewritten as the
ASDYM equations. The wide array of IFT are explored in section 4 where we also show
that they are integrable and provide the associated Lax connection. Following the gauging
of WZW,, section 5 elaborates on the left hand side of the diamond, connecting to CS4 by
first reducing, and then to the IFTy by localisation. Section 6 describes the diamond for the
gauged LMP theory. We conclude with a brief outlook in section 7. Although the subject
matter necessarily entails a degree of technical complexity, we have endeavoured to keep the
main presentation streamlined and complement this with a number of technical appendices.

2 The ungauged WZW diamond

In this section, we briefly describe the diamond correspondence of theories in which the two-
dimensional theory is the WZWy CFT. This is a summary of part of the analysis first presented
in [18], which will serve to fix conventions and review key steps relevant to later sections.

2.1 hCSg with double poles

We begin at the top of the diamond with 6d holomorphic Chern-Simons theory (hCSg) whose
fundamental field is an algebra-valued connection o € Q%! (PT) ® g. The six-dimensional
action is given by

Shcsfs[.szf]:i, Q/\Tr(ﬂ/\a_&f—l—2&i/\ﬂ/\ﬂ), (2.1)
271 JpT 3

in which we have introduced a meromorphic (3,0)-form 2. As a real manifold, there is an

isomorphism PT = R* x CP' and we introduce coordinates x* € R* and 7, € CP'. In

these coordinates, the meromorphic (3,0)-form, which we take to have two double poles

at ag fo € CPL2? is given by?

0= %(I)(ﬂ') €, Tadx® A erdxbb A (mdr), o = <7w§>af(it2ﬁ>2 . (2.2)

The poles of  in CP' play the role of boundaries in hCSg because total derivatives pick
up a contribution from 02 which is a distribution with support at these poles. To ensure

2To have the correct weight ® should have four poles on CP'. The relevant configuration for WZW,4 and
its gauging is two double poles [18]. The LMP model that we consider in section 6 requires a fourth-order
pole. One could also include simple poles, which would lead to deformed models as discussed in [24].

3Spinor contractions are defined by (afB) = €™ a,py, see appendix A for further details of spinor conventions.



a well-defined variational principle, we impose boundary conditions on the gauge field at
these poles given by

Spma =0,  d|pep=0. (2.3)

Turning to the symmetries of this model, the theory is invariant under gauge transformations
acting as

7o Am A =7 tgy+ oy, (2.4)

so long as they preserve the boundary conditions. This implies restrictions on the allowed
transformations at the poles of €2, which are given by

ﬂaaadﬂﬂ':a =0, ”aaadﬂn:ﬁ =0. (25)

2.2 Localisation of hCSg with double poles to WZW4

Surprisingly, all of the physical degrees of freedom in hCSg can be captured by a four-
dimensional integrable field theory (IFT4). This field theory is derived by localising the
hCS¢ action, integrating out the CP! and landing on a theory on R*. For the choice of
meromorphic (3,0)-form 2 and boundary conditions given above, this 4d theory is WZW,.
This localisation is possible because of the substantial gauge symmetry in Chern-Simons
theories. Indeed, the dynamical fields arise precisely where this gauge symmetry is broken,
namely at the poles of 2. Fields capturing these degrees of freedom are known as ‘edge
modes’ and enter via the field redefinition

o = (" =g 'd'g+49. (2:6)
Expressing the action Sycs,[¢/] in terms of the fields o’ and § one obtains

1 = e
ShCsg [.Qf] = Shcsg [.Qf’] + T/ I N Tl“(&f/ N 999 1)
a1 JPT

1

6

) (2.7)
/ IUNTr(g dg A gtdg A gtdg),
PTx[0,1]

where, with a slight abuse of notation, we are also denoting by ¢ a smooth homotopy to
a constant map in the last term (this will be perpetuated later without further comment).
Notably, the edge mode § only appears in this action against the 4-form o€, which is a
distribution with support at the poles of 2. This means that the action only depends on ¢
through its value (and CP!-derivative) at the poles of Q, which we denote by

9A|7T=a =9, 9A71309A|ﬂ=a =u, 9A|7r:ﬁ =g, gAilaogAbr:ﬁ =u. (2'8)

Let us consider the symmetries of the theory in this new parametrisation. The gauge
transformation (2.4) acts trivially on o/’ while g transforms with a right action as

7 A=A g agy. (2.9)



In addition, the new parametrisation has introduced a redundancy, which we dub an internal
gauge symmetry, acting as

v oA =y idy+ 7oy, Gg—714. (2.10)

We can exploit these symmetries to impose gauge fixing conditions on the fields &’ and g.
Let us fix &’ such that it has no CP' leg, and fix the value of § at 7 = 8 to the identity.* The
surviving edge mode at the other pole g = §|,—, will become the fundamental field of WZW4.

Returning to the action (2.7), the first term is a genuine six-dimensional bulk term that
we eliminate by going on-shell. We find the bulk equation of motion gy} = 0, which implies
that these components are holomorphic. This may be solved in terms of CP'-independent
components A/, as

Aadx®

A =nAlget, et = A (2.11)

In this expression, €% is a basis (0,1)-form on twistor space defined in appendix B. This
completely specifies the CP'-dependence of &', and the boundary conditions (2.3) may be
solved to determine A/, in terms of g,

A= — fac® agg L. (2.12)
“ (ap)

From these components, we can construct a 4d connection A’ = A/ ,dx%. This parametrisation
of A’ in terms of g is known as Yang’s parametrisation with g being called Yang’s matrix.
This solution for &/’ may now be substituted into the action and the integral over CP' can
be computed explicitly. The second and third term of (2.7) localise to a four-dimensional
action (the detailed derivation is presented in appendix D) and we land on the WZWy
theory defined by

1
S :7/ Tr(g 'dg A xg~dg) + Wap NP . 2.13
wzw, =5 [, (97 "dg A xg~"dg) o wzlg) (2.13)

In the second term, we have introduced a 2-form defined by

1 . ;
Wap = @p aafp €,; dx N dx?? (2.14)
and the WZ 3-form
1 S R S S
Hwzlgl = 5 Tr(gdgng dg ng'dg), (2.15)

defined, as usual, using a suitable extension g of g.
The equations of motion of this theory are given by

d(*k—wepn)dgg ' =0 <« edbﬂ“aad (ababl;ggA) =0. (2.16)

4At this point, we may further fix the CP*-derivative of § at both 7 = a and 7 = § to zero. However, such
terms drop out of the action anyway in the ungauged case without specifying this.



The six-dimensional gauge transformations (constrained by boundary conditions) descend
to semi-local symmetries of the action (2.13), which act as

g — y{l . g . YR’ aaaadyR = 0, ﬂaaadYL — 0’ (217)

where yp = y|g and yr = 7. Of particular interest is the case where f = &, i.e. the poles of Q
are antipodal on CP!, in which case Wa. = @ is proportional to the Kihler form on R*. Here,
we are referring to the Kihler form with respect to the complex structure %, that is defined® by
the point @ € CP!. In this case, the semi-local symmetries can be interpreted as a holomorphic
left action and anti-holomorphic right action (akin to the 2d WZW current algebra).

2.3 Interpretation as ASDYM

A 4d Yang-Mills connection A’ with curvature F[A'] = dA"+ A" A A is said to be anti-self dual
if it obeys F = —%F. After converting to bi-spinor notation, the anti-self-dual Yang-Mills
(ASDYM) equations can be expressed as

n°nF ;=0  Ym,€CP.. (2.18)

a

This contains three independent equations that can be extracted by introducing basis spinors
ag and f, satisfying (aff) # 0. The three independent equations are then expressed in terms
of contractions with these basis spinors as

“a“bFaabB =0, (2.19)
BB°F s = 0, (2.20)
(aB® + B’ )F ;= 0. (2.21)

The six-dimensional origin of WZW, (and indeed all IFT4 constructed in this way) ensures
that the connection A’ introduced in the previous section satisfies the ASDYM equation
when evaluated on solutions to the WZW, equations of motion. This follows from the
six-dimensional equation Q A F[&'] = 0, which encodes both the holomorphicity of &/’ and
eq. (2.18). To see this explicitly for WZW, where the connection A’ in given by eq. (2.12),
we note that the p-contracted eq. (2.20) holds because (ff) = 0, and the a-contracted
eq. (2.19) holds due to the Maurer-Cartan identity. The remaining equation (2.21) yields
the equations of motion of WZW, (2.16).

2.4 Reduction of WZW,4 to WZW,

Next, we will apply a two-dimensional reduction to WZW, specified by two vector fields
V; on R* with i = 1,2. The idea of reduction is to restrict to field configurations that are
invariant under the flow of these vector fields. The two-dimensional dynamics of the reduced
theory will be specified by the Lagrangian #pr, = (Vi A Vo) V Lpr, where Lpr, is the
Lagrangian of the parent theory and we denote the contraction of a vector field V with a
differential form X by V Vv X.

5Recall that R* is a hyper-Kéhler manifold, which has a CP's worth of complex structures, see appendix A,
eq. (A.8).



Let us introduce a pair of unit norm spinors y, and x4 and define the basis of 1-forms on R*

aa

dz = yakadx®, dz = Jakedx®,  dw = yakadx®, dw = —Jaradx®.  (2.22)

These are adapted to the complex structure 7, defined by y, € CP!. We choose to reduce
along the vector fields dual to dz and dz by demanding that 9,9 = dzg = 0. Contracting
the WZW, Lagrangian with these vector fields results in the two-dimensional action of a
principal chiral model (PCM) plus Wess-Zumino (WZ) term:

1 -~ _ i2 T T N
SPCM+5WZ2[9]:§/ETr(g 1dg/\*g 1dg)—|—§ 2x[01]Tr(g 1dg/\g 1dg/\g 1d_q). (2.23)

In this action, the relative coefficient between the WZ term and the PCM term is given by

{ya) _ {vB)
a5 Ty P

Varying the basis spinor y, in these expressions changes the choice of reduction vector

P _ (o) (2.24)

fields and parametrises a family of two-dimensional theories interpolating between WZ W,
and the PCM. The WZWy CFT limit is obtained when £ — 1 with af held fixed. This can
be achieved by starting at the Kéahler point in 4d, with f = &, and choosing the reduction
to be aligned with the complex structure, i.e. setting y = @. An alternative reduction that
turns off the WZ term and recovers the PCM is achieved by setting f = —a.

For general choices of reduction, the four-dimensional semi-local symmetries descend
to a global G; X Gg symmetry. This is because, for example, the conditions a%d,zygr = 0
and d,yr = dzyr = 0 generically contain four independent constraints leaving only constant
solutions. However, when the reduction is taken to the CF'T point, this system of four
constraints is not linearly independent, and chiral symmetries emerge satisfying d,,yg = 0
(and vice versa for yp).

Lax connection. A virtue of this approach is that a gC-valued Lax connection for the
dynamics of the resultant IFT5 may be derived from the 4d connection A’:

Ly = 1A R (Daa + Apg) = 93 + $=9 999",
(n7) Ca) (2.25)
_ 1 dpais LAl — af—-0) -1 '
gw = (71')/> K (aaa + Aaa) ow + g/(a — ﬁ) awgg >

where the spectral parameter is given by { = gg;

of { is equivalent to the equations of motion of the PCM plus WZ term

. Flatness of this connection for all values

@95 (3wgg ') — Pon(dmgg ) =0 & d(x—i%)dgg ' =0. (2.26)

Notice that in the CFT limit £ — 1 with f — oo, @ — 0 the Lax connection becomes
chiral and spectral parameter independent.

5Tn this case for reality we have Zrr, = 1(d; A ag) V L1y -



2.5 Reduction of hCSg to CSy
Instead of first integrating over CP! and then reducing to two dimensions, we could instead
directly apply the reduction to hCSg. This gives the action of CSy,

1

Scsy[A] = o

2
/ lwA'I‘r(A/\dA—I—SA/\A/\A). (2.27)
ExCP

Here ¥ is the R? ¢ R* with coordinates w, w, and the meromorphic 1-form w is given by
w=1(d, Ndz) V Q. (2.28)

A crucial feature here is that this contraction introduces zeroes in w to complement its poles,
as required by the Riemann-Roch theorem. For the case at hand, w is given explicitly by

(@pB)?(my)(ny)
(ra)?(xp)?

and the zeroes are introduced at the points 7, = y,, 7,- The details of the reduction show

(rdr), (2.29)

that, while our six-dimensional gauge field was regular, the connection A entering in CSy
develops poles at the zeroes of w. In particular, the component A,, will have a simple pole
at m, = y, and Ay will have a simple pole at 7, = §,. The four-dimensional Chern-Simons
connection is subject to the same boundary conditions as its parent, namely it vanishes at
the points a, § € CP!. The subsequent localisation of CS4 then gives the same PCM plus
WZ term derived by reducing WZW, (see for instance [16] section 10).

3 The gauged WZW diamond

We now come to the main results of this paper. In this section, we will construct a diamond
correspondence of theories which realises the gauged WZWs model, i.e. the G/H coset CFT.

3.1 Gauged WZW models

First, let us review the gauging of the WZW model and the crucial Polyakov-Wiegmann

identity. Letting G be a Lie group and g € C*°(%,G) a smooth G-valued field, the WZW,

action is’

1 - - 1 L
Swzw2[9]=*/Trg(9 'dgAxg 1dg)+*/ Trg(§~'dgng~"'dgAg'dg). (3.1)
2 Jx 3 Jux[0,1]

Gauging a vectorial H-action of the PCM term is straightforward. We introduce an h-valued
connection B € Q!(X) ® b transforming as

tEC®(S,H): B 'Bet+e7lde, g t7'ge, (3.2)

with field strength F[B] = dB + B A B. The PCM term is then gauged by replacing the
exterior derivatives with covariant derivatives dg — Dg = dg + [B, g]. Less trivially, the gauge
completion of the WZ 3-form is [29, 33-35]

Zswzl9, Bl = Lwzlg] + dTrg(g_ldg A B+ dgg_1 A B+ g_lBg AB). (3.3)

"To minimise factors of imaginary units we momentarily adopt Lorentzian signature. Schematically, we

have Svorentz = _iSEuclid‘*—ﬁ*-

,10,



Adding these two pieces together gives the gauged WZW, action,

Sewzw, [9.B] = Swzw, [g]+/ Try(g~ dgA(1—%)B+dgg~*A(14+*)B+BAxB+g ' BgA(1—*)B).
) (3.4)
Notice that chiral couplings between currents and gauge fields emerge from combinations
of the PCM and WZ contributions. The identity

Lwalgrgs] = Lwalon] + Lwzlge] +d Trg (dgags ' A g7 'dgr) (3.5)

ensures that (3.4) can be recast as the difference of two WZW3 models. To see this we choose
a parametrisation of the gauge field B in terms of two smooth H-valued fields

1 1-
= % a 'da+ T* b~ldb, abc C®(%,H). (3.6)

B
In two dimensions, this is not a restriction on the field content of the gauge field, but simply
a way of parametrising the two independent components of B. With such a parametrisation,
if we then further define § = agh™! € C®(%,G) and h = ab~! € C®(%,H) the gauged
model (3.4) can be written as the difference of two WZW3 models:

Sewzw, 9. Bl = Swzw,[g] — Swzw, [h] . (3.7)
This is known as the Polyakov-Wiegmann (PW) identity [36].

3.2 Gauging of the WZW, 4 model

Let us now consider the four-dimensional WZW model, given by eq. (2.13). The gauging
procedure follows in the exact same manner, producing an analogous gauged WZW, action,

() _1 -1 -1
Sewzw, 9Bl = 5 /R (g Vg Axg Vg) + oo P A Zgwzl9, B] . (3.8)
Here, we denote the covariant derivative by Vg = dg + [B,g]. A critical difference between
two and four dimensions is the applicability of the PW identity as was pointed out in [7]. In
two dimensions, this mapping relies on the relation (3.6). To extend it to four dimensions,
we consider the operator on 1-forms

Jap(0) = —ix (wap N o). (3.9)
Checking that ]02{,,5 = —id, we can introduce the useful projectors
1. . 1 .
Pzi(ld—l_]), P:§(1d+1]), (3.10)

which furnish a range of identities detailed in appendix C. With these in mind, we can write
a four-dimensional analogue to (3.6),

B=P(a 'da) +P(b7'db), abeC®(RH). (3.11)
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With this parametrisation of the gauge field, it is indeed possible to use the composite fields
G = agb™' € C®*(R%,G) and h = ab~! € C®(R* H) to express the gauged WZW, action
in a fashion akin to eq. (3.7) as

S\w 9. B = S\t [9] — S\, [A] (3.12)

However, unlike in two dimensions, the parametrisation of the gauge field in eq. (3.11) is not
generic. It implies a restriction on the connection, namely that its curvature satisfies

a®a’Fo5[B] = 0. B*BF45[B] = 0. (3.13)

This can be thought of as an analogue of imposing that F is strictly a (1,1)-form, which
indeed is the case when f = & and the WZW, is taken at the Kéhler point. It is noteworthy
that these constraints on the background gauge field agree with two of the three ASDYM
equations; the same two equations that were identically satisfied by the Yang parametrisation
of the connection A’. In the forthcoming analysis, we will see how this arises from the
hCSg construction.

3.3 A six-dimensional origin

We now turn to the six-dimensional holomorphic Chern-Simons theory on twistor space
that will descend to the above gauged WZW models in two and four dimensions. Given the
factorisation of gWZWj to the difference of WZW5 models, a natural candidate is to simply
consider the difference of hCSg theories to generalise the six-dimensional action introduced
in [18-20, 23]. Indeed, a similar idea was proposed in [30] to construct 2d coset models from
the difference of CSy theories. However, how this should work in six dimensions is less clear
as the factorisation of gWZW,4 requires the curvature of the gauge field to be constrained.

The fundamental fields of our theory are two connections & € Q%' (PT) ® g and & €
Q%Y(PT) ® b, which appear in the six-dimensional action

1 _
SghCSG [SZ[, 95’] = ShCSS [ﬂ] — ShCSa [95] - — /]Pj]‘ NN Tr(szf N %), (3.14)

27l

where the functional Spcg, is defined in eq. (2.1). As well as the bulk hCSg functionals, we
have also included a coupling term between the two connections that contributes on the
support of dQ, i.e. at the poles of Q. We will shortly provide a motivation for this boundary
term related to the boundary conditions we impose on the theory.

This definition is slightly imprecise; strictly speaking, the inner product denoted by ‘Ttr’
should be defined separately for each algebra, i.e. Trg and Try. In the coupling term, where
% enters inside Try, we should first act on &% with a Lie algebra homomorphism from b to
g, and, in principle, this homomorphism could be chosen differently at each pole of 2. We
discuss more general gaugings, beyond the vectorial gauging considered here, in appendix E.
It will also be useful for us to assume that we have an orthogonal decomposition of g such that

=h+t  Tr(X-Y)=Tr(X" Y") + Tr(x* YY), (3.15)
and that the homogeneous space G/H is reductive,

[b,€] C ¢ (3.16)
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To complete the specification of the theory, we must supply boundary conditions that
ensure the vanishing of the boundary term in the variation of (3.14),

1 _
8351050y = 5. /m 30 A Te((5 + 55B) A (o — B)) . (3.17)

Since 992 only has support at the poles of ©, the integral over CP* may be computed explicitly
in this term. As well as contributions proportional to delta-functions on CP!, this will also
include CP!-derivatives of delta-functions since the poles in Q are second order. Using the
localisation formula in the appendix D, we find

" Eab
55ghCSG ’bdry = - /R4 [% A TI'((&QY + 5‘%) N (‘Q{ - ‘%j)) (3 18)
+ %aaabE“b NooTr((6A +8B)N (A — RB))| +a+ f.

In this expression, we have introduced a basis for the self-dual 2-forms defined by yab —
£ d,;dx""Z A dxb?. To attain the vanishing of the boundary variation, we consider the boundary
conditions

.szﬂ|a’ﬁ =0, ,th|a,ﬁ = 93|a,/5’ aogh|aﬂ = 9 B| (3.19)

a,p’
where the superscripts ¢ and h denote projections corresponding to the decomposition (3.15).
This completes our definition of the gauged hCSg theory.

We might choose to think of the boundary term in the variation as being a potential

for a ‘symplectic’ form®?

1
© = 5Sgncs, Q=080 =—— | 0N (Try(8c Nol)~Try(SBNSB)),  (3.20)

|bdry > 27i Jpr

such that our boundary conditions define a Lagrangian (i.e. maximal isotropic) subspace. We
would like to interpret this as a symplectic form on an appropriate space of fields defined
over R*. Evaluating the integral over CP! and writing Q = Qg — Qg, this symplectic
form is given by

aaﬁbzab 1 b
Qg = /R4 {W NTrg (894 N6 ) |a+ 5 aqop X N Ty (594 N6 ) |a +a f, (3.21)
with an analogous expression for {2g. Since our boundary conditions are identical at each
pole, we concentrate only on the contributions associated to the pole at a«. The symplectic
form is not sensitive to the entire field configuration o € Q'(PT) ® g, but rather to the

evaluation of & at the poles and its first CP!-derivative,

g =(d

a0 o) - (3.22)

This data may be interpreted as defining a 1-form (or more precisely a (0, 1)-form with respect
to the complex structure defined by «) on R* valued in the Lie algebra'’ § = g x RAm(G)

8Precedent in the literature dictates that we denote the symplectic form by Q; we trust that context serves
to disambiguate from the meromorphic differential (2.

9This is slightly loose as the 2-form is degenerate; strictly speaking we should restrict to symplectic leaves.

0The dimension of § is 2dim(G), so it must be isomorphic to RY™(G) g RI™O) a5 4 vector space. The Lie
algebra structure may be derived by considering consecutive infinitesimal gauge transformations. In the CS4
literature, these structures have been studied under the name ‘defect Lie algebras’ [37, 38].
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With this in mind, it is more accurate to say that the contribution from the pole at « in
Q) is a symplectic form on the space of configurations

(o, %) e 'R @ (Fob). (3.23)

This symplectic form may be succinctly written by introducing an inner product on the
Lie algebra g @ H, and our boundary conditions describe an isotropic subspace with respect
to this inner product.!'!

To be explicit, we associate RY™C with the dual g* and denote the natural pairing of
the algebra and its dual by #(x) € R for x € g and % € g*. We let X = (x,%) and Y = (4, 9)

be elements of g such that the bracket on g is defined by

[

where the co-adjoint action is adyX(x) = %([x,y]). We equip g with the inner product

o T+ 3 (30 +50)), (325)

such that the contribution from the pole at a to Qyis given by

-

Y] = ([ y) adig — adj®), (3.24)
(X, Y); =

Q= / o A (60, 55, (3.26)
R4

where u* = a,a, X% is the (2,0)-form defined by the complex structure associated to & € CP.

In a similar fashion we let U = (u,#) and V = (0,8) be elements of b, which is equipped
with a bracket and pairing via the same recipe. We consider the commuting direct sum
§ @ b equipped with pairing and bracket

—

(RO).(FV) =R D)y- 0.0y, [(RO).(1.9)] = (.. [0.7%), (3.27)

such that the total symplectic form coming from the pole at « is just

N3

Q= pa A (5, 5RB), (54,5RB))) . (3.28)

Then, our boundary conditions can be expressed as (,52? , 92’) € Q% (R*) ® L where we introduce
a subspace

L={X0)egeh|x=u, Px=a}, (3.29)

in which Py is dual to the projector Py onto the subalgebra, i.e. Pyx(x) = %(Pyx). As L is
defined by dim g+ dim h constraints, it is half-dimensional and it is also isotropic with respect
to ((-,-), hence defines a Lagrangian subspace. Moreover, assuming that G/H is reductive, L

"This need not be the case since our boundary conditions could generically intertwine constraints on the
algebra and spacetime components, meaning they would not be captured by a subspace of the algebra alone.
They would always, however, define an isotropic subspace of Q%(R*) ® (g’ &) ﬁ) by definition. Examples of
this more general type of boundary condition can be found in [24].
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is a subalgebra.!? Pre-empting the following section, this analysis indicates that there will be
a residual 6 gauge symmetry associated to the pole at «, and similarly at S.

We can make one further observation'? on the role of the boundary term from a symplectic
perspective, which is best illustrated by a finite-dimensional analogy. Recall that the cotangent
bundle M = T*X is a symplectic manifold; if we let {x'} be local coordinates on X and {&}
the components of a 1-form ¢ = &dx' € T;X, then p = (x',§) provide local coordinates
for M in terms of which the canonical symplectic form is Q = d& A dx’. The tautological
potential, which admits a coordinate free definition in terms of the projection 7 : T*X — X,
for this is given by © = &dx'. The zero section, i.e. points p = (x,& = 0) of T*X, is a
Lagrangian submanifold and we note that © vanishes trivially here. Now Weinstein’s tubular
neighbourhood theorem ensures that in the vicinity of a Lagrangian submanifold L, any
symplectic manifold M locally looks like T*L with L given by the zero section. In the case at
hand, our boundary conditions are of the schematic form & = of — % = 0, and the effect of
including the additional boundary contribution in the action (3.14) ensures that the resultant
symplectic potential is the tautological one.

To close this section, let us comment that at the special point a = ﬁ, one of the terms
in the inner product (3.25) vanishes. This allows for a larger class of admissible boundary
conditions, even in the ungauged model, including the examples

Ke/4

&:0, a(),Qf!a:O or aoﬂ

0, as|,=0. (3.30)

&_

We leave these for future development.

3.4 Localisation to gWZW,

The localisation procedure follows in a similar fashion to the ungauged model. However,
given that there are now two gauge fields & and &, some care is required to account for
degrees of freedom and residual symmetries.

We introduce a new pair of connections o' € Q%(PT) ® g and B’ € Q*Y(PT) @ b,
along with group-valued fields § € C°(PT,G) and h € C>(PT, H) related to the original
gauge fields by

d=g"d'g+¢§ " ag=d",
. A A n . (3.31)
RB=h"Bh+h'oh=B".

The redundancy in this parametrisation is given by the action of y € C*°(PT,G) and 5 €
C>*(PT,H):
A Y d'y +y oy, Gy, (3.32)
B i B+ 5 R, hs i 'h, (3.33)
which leave & and & invariant. As before, this is partially used to fix away the CP' legs

Ay =BY)=0. (3.34)

121f g = h 4+ € is not assumed to be reductive then the stabiliser of L consists of elements of the form

staby = {(X.0) € §@h |x=u, Piz=1a, [ut] =0, ([h,t.a)=0}.
13We thank A. Arvanitakis for this suggestion.
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The localisation procedure will produce a four-dimensional boundary theory with fields given
by the evaluations of g, h and their CP!-derivatives at the poles a and f of . Since the
CP!-derivatives will play an important role, we denote them

a=¢ 'ag, o=h"ah. (3.35)

After fixing (3.34), we note that there is still some remaining symmetry given by internal
gauge transformations (3.32) and (3.33) that are CP!-independent. We use this residual
symmetry to fix

glp=1id, hlg=id. (3.36)

On the other hand, the action (3.14) is invariant under gauge transformations acting on
o and A that preserve the boundary conditions (3.19). These are given by smooth maps
7 € C°(PT,G) and /i € C®(PT,H) satisfying!*

Vlep = lap,  90Flap = 0flap- (3.37)
The induced action of these gauge transformations on the new field content is

Yag + 9y 1ooy, (3.38)

B — B, hhi, 65 05+ 5 "a0h. (3.39)

A — o, G gy, iy

We would like to use this symmetry to further fix degrees of freedom. Note that, while
the right action on the fields § and hat a is entirely unconstrained, the action at f should
preserve the gauge fixing condition (3.36). This is achieved by performing both an internal
and external gauge transformation simultaneously, and requiring y|s = y and 7|z = 7. This
results in an induced left action on the fields g and hat . In summary, introducing some
notation for simplicity, we have our boundary degrees of freedom

gla =9, glp = id, Ulg =u, ilg =, (3.40)
hlg =h, ﬁ\[;:id, Olg =0, blp =1, (3.41)

and boundary gauge transformations
Pla = fla =1, 7 oofle =" 0l =€, (3.42)
Plp=1lp =", P laorls =0 taonls =€, (3.43)

which act on the boundary fields as
g bgr, uwrtur4e, e bl 46, (3.44)
his thr, o rtorde, o0 0071 +E, (3.45)

with ¢,r € COO(R4, H) and ¢,é € COO(R4, h). Based on our expectation of a gauge theory con-
taining a G-valued field and a vectorial H-gauge symmetry, we use the above symmetries to fix

h=id, ov=d=0. (3.46)

4Here we use that the homogeneous space G/H is reductive (3.16) to ensure that the boundary conditions
are preserved.
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We are thus left with a residual symmetry r = ¢! acting as
g b9t wes tue™t, ds eae', B eBe! —dect, (3.47)

which will become the H-gauge symmetry of our 4d theory.

We now proceed with the localisation of the six-dimensional action. As with the ungauged
model, the first step is to write the action in terms of &/, %’ and g, h. Given that the localisation
formula (D.9) introduces at most one 9y derivative, all dependence on h will drop out due to
our gauge fixing choices (3.41) and (3.46). Hence there will be no contribution from Sycg,[4]
to the four-dimensional action. As per eq. (2.7), we find that the bulk equations of motion
(i.e. contributions to the variation of the action that are not localised at the poles of )
enforce 9p Ay = dp A, = 0. This implies that the components &, &) are holomorphic, which
(combined with the fact that they have homogeneous weight 1) allows us to deduce that

Ay =nAl,, B.=nr"Bl,, (3.48)
/ .
aa’

fixings described above, the remaining contributions in the action (3.14) are given by

where A, B, are CP!-independent. Imposing the bulk equations of motion and the gauge

1 _ _ _
Sencs, [, B) = 51 o IVUNTr(d Nagg—" — (7 'G+ G 1a§) N B')
1

) (3.49)
- 7/ GOATE(G g A g dg A g dg) .
PTx[0,1]

67ri

In the ungauged model, the next step was to solve the boundary conditions for &/’ in

terms of §g. Here, the boundary conditions on & and 3, i.e. excluding those relating the

! 15
aa’

CP!-derivatives of the gauge fields, do not fully determine A’ ., B, and instead relate them as

1 _
A, =B;+06u =B, — ) Bad®Vpag97 1, (3.50)

where the covariant derivative is given by Vaigg ' = 9499 ' + Bz — AdygB.,;. The rela-
tion (3.50) allows us to express (3.49) entirely in terms of &', © = 7190 4,e% and §. Many of
the terms combine to produce a gauged Wess-Zumino contribution (3.3) with the result

1 _ o 1 _ .
sghcs6[ﬂ,%]:T/WamTr(@A(vgg 1_‘%/))_2m/m[o,u INLywzld.B].  (3.51)

1

Given that both Bl, and O, are CP'-independent, we have that

/ FONTHO AT =0, (3.52)
PT

15The boundary conditions relating the CP-derivatives of the gauge fields impose

a’ —1\b a ~h ﬁa -1 ] a b
= (Vaagg = —fVaall’, (9" Vasg) = —a"Vaau’,
(ap) ( ) (ap) ( )
which, in principle, can be solved for B,,,. However, we will not invoke these since they will follow as equations
of motion of the 4d theory due to the addition of the boundary term in the gauged hCSg action (3.14). See

appendix E for more details.
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with cancelling contributions from the two end points of the integral. Hence we are left
with a manifestly covariant result

1 - JOu N
Sancs, [, B) = 5 | 00 ATx(@ A (V49" - Lewzl. B'). (3.53)

Applying the localisation formula (D.13) in appendix D yields the four-dimensional action

1
SIFT4 =— / Tr(Vgg_l A\ *Vgg_l) + Wa,B A fZng [g, B/]
2 R4 R4X[0,1] (3 54)

- /R4 pta. A" Tx(u - F[B]) + pig A Tr(@i - F[B']).

At this point only the h-components of u and # contribute to the action, and so henceforth,
to ease notation and without loss of generality, we set their projection onto ¢ to zero.

Something rather elegant has happened; we have found that the localisation of the six-
dimensional theory returns not only the gauging of the WZW 4 model, but also residual edge
modes serving as Lagrange multipliers constraining the field strength to obey exactly those
conditions (3.13) that ensure the theory can be written as the difference of WZW, models.
The constraints F>0 = 0 and F*? = 0 have also been imposed by Lagrange multipliers in the
context of 5d Kéhler Chern-Simons theory [5, 6]. This theory bears a similar relationship to
WZW, as 3d Chern-Simons theory bears to WZWs,. This poses a natural question: what
is the direct relationship between this 5d Kéhler Chern-Simons theory and 6d holomorphic
Chern-Simons theory? We suspect the mechanism here is rather similar to that which relates
CS4 and CS3 [39] and comment on this further in the outlook.

3.5 Equations of motion and ASDYM

Making use of the projectors previously introduced in eq. (3.10), the equations of motion
following from the action (3.54) read

8B : 0=PVgg 'y — Pg 'Vgly + * (e A Vu+ pp A Vi) ,
8g: 0=V *Vgg'— Wa,p N V(Vgg™) + 2wqp N F[B],
Su: 0= p, AF[B],

Ot : OZ/Jﬁ/\F[B/].

(3.55)

We can exploit the projectors to extract two independent contributions from the B’ equation
of motion:

=P (Vg +*(ug A V) ) 556)
, .

0
8B : .
0="P (g7 Vgly — *(e A Vu)) .

As expected from the discussion in appendix E, these are exactly the conditions that arise from
the boundary conditions relating the CP'-derivatives of the gauge fields, 9o/ h|0,,/; = 90B|aps
justifying a posteriori why we did not impose them in the localisation procedure.

Making use of the identity

V(wgp A *(ug AVa)) = V(pg A Vi) = pg ANF[B] -1, (3.57)
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we obtain an on-shell integrability condition for the first equation in (3.56), namely that
V(wap A P(Vgg~'ly)) =0. (3.58)

Hence, using the projection of the dg equation of motion onto b, we have that w, g A F [B]=0
follows on-shell.
Let us return to the ASDYM equations, which we can recast as

pa NF=0, pugANF=0, wapNF=0. (3.59)
In differential form notation, the relation (3.50) can be written as
A' =B —P(Vgg ). (3.60)

By virtue of the identities obeyed by the projectors in eqs. (C.3) to (C.5) and the covariant
Maurer-Cartan identity obeyed by RV = Vgg!,

VRY — RV ARY = (1 — Ad,)F[B]], (3.61)
we can readily establish
pp A FIA'] = pg NF[B], (3.62)
Ha A FIA"] = pg N AdyF[B], (3.63)
20q p A F[A'] = 2045 A F[B'] + 2045 A VP(RY)
= 20,5 A F[B] — V(xVgg ™) + wap AV (Vgg™t). (3.64)

Hence we conclude that the dg, du, dti equations of motion are equivalent to the ASDYM
equations for the connection A’. Demanding that the B’ connection is also ASD requires
in addition that wep A F[B'] = 0, which is indeed a consequence of the B’ equations of
motion as shown above.

As we have seen, the equations of motion of gWZWy (3.54) are equivalent to the ASDYM
equations for the two connections, A" and B’. This ensures that the gauging of the WZW, is
compatible with integrability. Indeed, from these connections we can construct Lax pairs
of differential operators as in eq. (1.4), where the spectral parameter can be interpreted
as the coordinate on CP! c PT.

3.6 Constraining then reducing

We now proceed to the bottom of the diamond by reduction of the IFT,4. In this section, we
shall first implement the constraints imposed by the Lagrange multipliers u, # in the 4d theory
and then reduce. While not the most general reduction, this will allow us to directly recover
the gauged WZW coset CFT. In section 4, we will investigate more general reductions, in
particular, what happens if we reduce without first imposing constraints.

Imposing the reduction ansatz that 9, = 9z = 0 in the complex coordinates of eq. (2.22),
we have that the solution to the constraints B = P(a~'da) 4+ P(b~'db) becomes

o 1
B = Bl,dx® = rEy; (ab~"oub — pa o) dw — rEy (Bb~"0ub — aa'9ga) dw

ap

| (3.65)
5 (b*la‘—vb — a*la‘—va) dz + 2 (b*lawb - a*lawa) dz.

+

o —
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For simplicity, let us first consider the Kéhler point and align the reduction to the complex
structure (implemented by taking @ — 0 and  — o0). In this scenario, the reduction ansatz
enforces that B, = B, = 0 with the remaining components of B’ parametrising a generic
two-dimensional gauge field. Effectively, we can simply ignore the constraints altogether
but impose B, = B, = 0 as part of the reduction ansatz. This could be interpreted as
demanding D, = Dz = 0 acting on fields. In this case, it is immediate that the 4d gauged
WZW reduces to a 2d gauged WZW.

Away from the Kéhler point and aligned reduction, i.e. not fixing ¢ and f, we need
to keep track of contributions coming from B, and B,. We can still view the B, and B,
components of eq. (3.65) as a parametrisation of a generic 2d gauge field, but there is no way
in which we can view the B, and B. as a local combination of B/, and B/,. We are forced
to work with the variables a and b rather than a 2d gauge field. Fortunately, however, the
reduction can still be performed immediately if we use the composite fields § = agh~! and
h = ab—!. These composite fields are invariant under the H-gauge symmetry, but a new
semi-local symmetry emerges given by a — fa, b — br—! with ababl;r = ﬁbabl;f = 0. These
leave B/, g, h invariant but act as § — £gr and h — thr. At the Kihler point and aligned
reduction, these symmetries descend to affine symmetries, but in general descend only to
global transformations. Recall that in terms of the composite fields gWZW, becomes

S\ 9. B'] = S\, 18] — S\, Ih] (3.66)

It is then immediate that this reduces to the difference of PCM plus WZ term theories
with action (2.23) and WZ coefficient %4:

StFT, (G, h] = SPeM4AWZ, 9] — SPeM+AWZ, [A] - (3.67)

Away from the CFT point, £ = 1, this cannot be recast in terms of a deformation of gWZ Wy,
expressed as a local functional of B, g.

Lax formulation. To obtain the Lax connection of the resulting IF Ty we first note that
the four-dimensional gauge fields, upon solving the constraints on B’, are gauge equivalent to

1 P 1 b e
Aizd = - (0(‘5> ﬁaa abdgg ! > Bizd = - <05ﬂ> ﬁaa abdhh ! .
Therefore, we may simply follow the construction of the Lax connection from the ungauged
model in eq. (2.25), with the connection A’ producing a Lax for the Spcnyewz,[g] and B

producing one for SPCM—H%WZQ [h]

4 More general IFT, from IFT,: reducing then constraining

In the previous section, we reduced from the gauged WZW, model to an IFT5, but prior
to reduction we enforced the constraints imposed by the Lagrange multiplier fields. These
constraints determine implicit relations between the components of the gauge field as per
eq. (3.65). In the simplest case, where we work at the Kéhler point and align the reduction
directions with the complex structure, the constraints enforce B, = B, = 0. However, if we
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do not impose the constraints in 4d, the standard reduction ansatz would only require that
B!, and B, are functionally independent of z and z, a weaker condition.

In this section, we explore the consequences of reducing without first constraining.
Denoting the reduction by ~» we anticipate that the lower-dimensional description will

include additional fields as'®
B, (w,w,2,Z) ~ By,(w,w), B (w,w,2,Z) ~ By(w, w), (4.1)
B.(w,w,2,2) ~ ®(w, w), BL(w,w,z,2) ~ ®(w, w), '

where ® and ® will be adjoint scalars in the lower-dimensional theory (sometimes called
Higgs fields in the literature). These will enter explicitly in the lower-dimensional theory
through the reduction of covariant derivatives

Vzgg_1 ~ D — gi)g_l, Vggg_l ~ P — g@g_l . (4.2)

On-shell, the 4d gauge field B’ is ASD and couples to matter in the gWZW, model. It is
well-known that the reduction of an ASDYM connection leads to the Hitchin system, and
we will see this feature in the lower-dimensional dynamics below.

The two-dimensional Lagrangian that arises from reducing eq. (3.54) without first

constraining is'”

1 _ _ 1a+p - o - B 1=
Lipr,==Tr(¢7'D Dayg)+=—=1L Tr<(I><I> —— ®Ad, - - DAd 1<1>)
IFTy = 5 (9~ Dwgyg Wg)+2a—ﬁ W7+ +a—ﬁ T~ g

1 _ _ = _
T p (2l 'Dyg+Dsgg ") +ap®(g ' Dug+Dugg "))
+Tr(@(Fgw—p~ ' D®— D, @ —[®,8])) +Tr (u(Foy—a ' Dy®—aD,,&—[®,d))),

(4.3)

where we denote the 2d covariant derivative as D = d + adg and note that we have rescaled
u— W and u — W. The fields of the IFT9 are g € G and B, 4, ®, Q,u,u € h. In
addition to the overall coupling, the IFTy (4.3) only depends on a single parameter. This

can be seen by introducing'®

fé:Zfﬁ, fé':—i@, B2 A2 =1, (4.4)

rescaling ® — /af ® and & — ﬁ ®, and defining X~ = £ "' (u+a) and X = £~ (u—a).
o

The Lagrangian (4.3) can then be rewritten as

1 _ _ Y2 = -
Lirr, = 3 Tr(g D99 1Dﬁ,g) + 3 Lewyz + Tr(®0P + @ Vi + @ V,,) (4.5)

+ Tr (X~ (£ (Fiw — [®,®]) + £(Dy® + Dy®))) + Tr(XH (D, ® — D3®)),

16Note, we are dropping the prime on the 2d gauge field B.

"The 2d Lagrangians are defined as Srpr, = 2i fRz dw A dw LirT,. We have also introduced the scalar
densities Lwz and Lgwz where f dw A dw Lgywz(g) = fRQX[OVI] Z(gywz(g) and the 3-forms Pwz and Lywz are
defined in egs. (2.15) and (3.3) respectively. Explicitly, we have

LgWZ - LWZ(g) + Tr((gilawg + awggil)Bﬁ/ - (971311/9 + 3@9971)3»\» + BwAdyBVv - BwAd;IBW) 5

which we include for convenience.
'8Here, we have implicitly assumed that af > 0, which implies that |£| > 1. The other regime of interest,
af <0 and |£| <1 is related by the analytic continuation 2" — —iA'.
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where

/
6=1- ? Ad, + ? Adjt, V= % (97 ' Dywwg + Dwwgg ). (4.6)
Note that the CFT points £ =1 or £ = —1 correspond to taking y — f or y — «, i.e. when
the zeroes of the twist function coincide with the poles.

By construction, as the reduction of gWZWy, the equations of motion of this theory
are expected to be equivalent to the zero curvature of Lax connections, whose components
are given by the dw and dw legs of the 4d gauge fields. Explicitly, these Lax connections
are given by

Z+1 1 VA
L =0y + By~ "5 K (<1>+KW>,

o 4 ] }%2/ (4.7)
ggA) :aw+Bw+2Kw+§<(I)+2KW> >

1 —
3&3):8W+Bw_g‘1’s PP = 0y + By + (@, (4.8)

where we have also redefined the spectral parameter { — /af { compared to section 2.4
and introduced the currents

-1 . A+
% (1 — Adg)q), Kﬁ; = Dﬁ;gg — %

K, =D,gg ' + (1-Ady)®. (4.9

It is natural to ask whether first reducing and then constraining leads to a consistent
truncation since we are dropping certain parts of the 4d constraints. In the language of
Kaluza-Klein compactifications these would be the higher-mode constraints. Since every
term in a higher-mode constraint will depend on the higher modes of some field, it follows
that setting all the higher modes to zero is expected to be a consistent truncation. Another
viewpoint is that of symmetry reduction; since the action is invariant under shifts of z and z
we can consistently set all fields to be independent of them. If the truncation is consistent
then we expect the resulting 2d theory to be integrable, which we now check explicitly.

4.1 Lax formulation

Before analysing the Lagrangian (4.5) in more detail, let us show explicitly that its equations
of motion are indeed equivalent to the zero-curvature condition for the Lax connections (4.7)
and (4.8). The equations of motion that follow from the Lagrangian (4.5) by varying X,
X~ and g are

5XT: &.=D,®—-D;P=0,

85X~ & =4 (Fw—[®,®])+£(DwP+D5®) =0,

_ A—1 A+l - A+l A1 (4.10)
) _
L& — — (Dyd+Dy®) =0.
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We also have the Bianchi identity following from the zero-curvature of the Maurer-Cartan
form dgg~!

1
F =Dk + L (@K - DKot L @K+ K Ko +

1
= = (1-Ad) (& +&,)=0

ﬁ//
(4.11)

The zero curvature of the A-Lax eq. (4.7) gives rise to three equations that are linear
combinations of the equations of motion eq. (4.10) and the Bianchi identity eq. (4.11):

%1 % 1

osz” g+ 51 8- — 2 &+

= R2Z - 28%,+2£'E_, (4.12)
£+ 1 %

0= Tz’ &+ 2 &- +é &,

where we have defined Z' = Z — ; (1 — Ady)(&- + &;). On the other hand, the zero
curvature of the B-Lax (4.8) defines the Hitchin system:

0 =Dy®, 0 = Fy — [®, D], 0=D,®, (4.13)

which can be rewritten as the three equations & = 0 and & = D,,®+D;® = 0. Therefore, the
two Lax connections give rise to five independent equations, which are linear combinations of
the equations of motion (4.10), the Bianchi identity (4.11), and the additional equation &, = 0.

To recover this final equation from the equations of motion, let us consider the variational
equations for B,,, By, D, b:

1 Z+1 Z+1

_ AB— _
OB, %BEé’D@X_—[(I),X*—i—/éX_}—i—TPhK;,,—s—?PhAdg_lK;,, = (1-Ad,")®=0
_ . A+ £—1 , %—

SBy: &=#'D,X —[®XT—AX [+ PyKut =5~ PyAd, 1Kw—7pb(1—Adg ) ,
~ _ - A . L=
5P: Be=Dyu(XT—AXT)+A[0,X ]—?P;,(1+Adg1)Kw+Ph(1—Adg1)(1):0,

/
50: &3 EDW()Z++)%X_)+)%’[<I>,X_]+%P;,(1+Adg_1)Kw—Ph(1—Adg_1)<I> =0.
(4.14)
These can be understood as a first-order system of equations for X* and X~. Consistency of the
system implies that they should satisfy the integrability conditions [Ds, D)X = [Fipu» X ]
and [Dy, Dyw|X™ = [Fuw, X ]. We find that

#'[Dy, D)X~ — '[P X7 = X1, 8] + [X 7, 8] + Py(1 — Ad, )&, + £PyAd, ' Z
(4.15)

hence, using the Bianchi identity (4.11), this vanishes on the equations of motion for X+,
X~ and g (4.10). On the other hand, we have

. . 2
fé’[D@,DW}thé’[Fw,Xﬂ:[X+,%,]+[X—,%+]+—fé%, — & —Py(1+Ad, )&, +£PyAd, ' Z .

V4 7
(4.16)
Here, we see that in addition to the Bianchi identity (4.11) and equations of motion (4.10),
we also require &y = 0, recovering the final equation of the Lax system.
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4.2 Relation to known models

As we will shortly see, if we take H to be abelian, the Lagrangian (4.5) can be related to
known models, including the homogeneous sine-Gordon models and the PCM plus WZ term.
However, for non-abelian H this model has not been considered before, and defines a new
integrable field theory in two dimensions. Moreover, by integrating out ®, ® and the gauge
field By, w, it leads to an integrable sigma model for the fields g, X* and X~. We leave the
study of these models for future work.

To recover a sigma model from the Lagrangian (4.5) for abelian H, after integrating
out B, By, we have two options. The first is to integrate out ®, ®. The second is to solve
the constraint imposed by the Lagrange multiplier X*. For abelian H the Lagrangian (4.5)
simplifies to

1 B % _ _
Lifr, = 5 Tr(g"'Dugg'Dag) + 5 Lawz + Te(BOP + 2 Vi, + BV, 417

+ Tr((X ™ (£ Fw + £(0w® + 05®))) + Tr(XT (0, — 95®)) .

This takes the form of a first-order action in the Biischer procedure, and it follows that the
two sigma models will be T-dual to each other with dual fields Xt and X*. Explicitly the
Lagrangians, before integrating out B,,, By, are

" 1 %
L5t = =Tr(¢g 'Dygg "Dy ZL £/ Tr (X F;

+ Tr((9wX " — Vi + £9,X )0 1 (05X + Viy — £9:X7)),

and

1 _ _ % _

Lier, = 5 Tr(9” ' Dugg™ ' Dag) + 5 Lewz + £Tr(X ™ Fin) "
. .

+3 Tr(0,XT00:XT + 20,XT (Vi — £95X ") + 205X T (Vi — £30,,X 7)),

where in the second Lagrangian we have locally solved the constraint imposed by the
Lagrange multiplier X by setting
1

d=-9,X", @
27" 2

Il
I
[N

S
S
+

Xt ep. (4.20)

As mentioned above, the first approach can also be straightforwardly applied for non-
abelian H. Generalising the second approach is more subtle. The constraint imposed by the
Lagrange multiplier Xt in the Lagrangian (4.5) implies that

Dy® — D® =0. (4.21)

Typically the full solution to this equation would be expressed in terms of path-ordered
exponentials of B,, and By. To avoid non-local expressions, we can restrict ® and ® to be
valued in the centre of h, denoted Z (h). Note that this is not a restriction if H is abelian.
With this restriction, the Lagrangian (4.5) again simplifies to (4.17), and the constraint (4.21)
becomes 9,,® — 93P = 0, which we can again locally solve by (4.20) now with X+ € Z (),
similarly leading to the Lagrangian (4.19).
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Relation to PCM plus WZ term. Taking H to be abelian, we can relate the La-
grangian (4.17) to that of the PCM plus WZ term for G x H through a combination of
T-dualities and field redefinitions. We start by parametrising

g= e%Tge%T’ T ED, (4.22)

and setting 0, #7T — 2C,, . We also integrate by parts and set 9,,X~ — 2¥ and 94X~ — 20,
To maintain equivalence with the Lagrangian we started with, we add Tr (f(awcv—‘, — 8@CW)) +
Tr (X~ (9w¥ — 95P)), i.e. the Lagrange multipliers 7 and X~ locally impose Cy, % = 5 9,7,

U = %awx “and ¥ = %awx ~. We can then redefine the fields as'

2 1 V2
Bw—>Bw—%<I>, CW—>CW—@<I>, \ll—>\1!+ﬁ61>,

L L3 U J L & 4.23
B@—>Bw+%q), CW—)CW—%@, ‘I’%‘l’ﬁ‘ﬁ@, ( )
S 1 o0 £ 1 - S L
X %%X f%X +%r, X = RAX, T—7T

Doing so, we arrive at the following Lagrangian
ab 1 —1 -1 2
Lipr, = B Tr(g  0wgg ™ 9wg) + 3 Lwz(9)
1— %
+ ? Tr(g_lawg(cﬁl - Bﬁ/) + 3@99_1((:14; + Bw) + (Cw + Bw>Adg(Cﬁ/ - B\«_\/))
1+ % 1 —1 —1
+—— Tr(9 929(Cw — Bw) +9wgg™ " (Ci + Byy) + (Cyy — By)Ad, " (Cy, + By))
+ Tr(BywBw + CoCy + £CyByy — £B,,Cy)
+ Tr(7F(0wCiw — d5Cw)) + £'Tr (X (3, V — 05 V)) + 24" Tr(¥Bg — B, ¥)
1 ~ - 2 -
+ Tr(X T (9P — 05®P)) — Fr Tr(®9).
(4.24)
The final steps are to integrate out 7, ¥, \Tl, and P, i), leading us to set
1 1 - B N
CW’@ = 5 aw)ﬁ,l', Bw,‘;, = — 5 aw’ﬁ,Xi s b =— ? (9‘,\,)(Jr s P = 5 a;‘,X+ . (425)

Redefining g — efé(”)?_)ge*%(ffx_), we find the difference of PCM plus WZ term La-
grangians for G and H

1 _ _ # 1 - N
LpeMyawz, = B Tr(g 1999 13@9) + 2 Lwz(g) — 3 Tr(9,XozX"), (4.26)

where we recall that for abelian H the WZ term vanishes.

19To arrive at this field redefinition, we first look for the shifts of By, Cww, ¥ and ¥ that decouple
® and ® from all other fields apart from XT. Since both C,, and Cy transform in the same way, as
do ¥ and VU, we can then easily compute the transformation of 7, X~ and X* by demanding that the
triplet of terms Tr(wa@(C) + X Fow (W) + X*Fww(tb)) is invariant up to a simple rescaling, i.e. it becomes
Tr (2Fo(C) + £’ X~ Fuw(¥) + 2 X Fyi(®)).
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To summarise, starting from the sigma model (4.19) we T-dualise in 7, X and X, we
then perform a GL(3) transformation on the dual coordinates, and finally T-dualise back
in 7 to recover (4.26), the difference of the PCM plus WZ term Lagrangians for G and H.
This relation through dualities may have been anticipated since this is the model we would
expect to find starting from the ghCSg action (3.14) and instead imposing the boundary
conditions |5 = Blap = 0.

£ — 1 limit. As we have seen, the Z — 1 limit is special since if we first constrain and
then reduce we recover the gauged WZW coset CFT. By first reducing and then constraining,
we can recover massive integrable perturbations of these theories. We consider the setup
where ® and ® are restricted to lie in & (h) and solve the constraint imposed by the Lagrange
multiplier X* by (4.20). Taking # — 1 the Lagrangian (4.19) simplifies further to

1 B B 1
Lipr, = B Tr(9 'Dwgg 'Dag) + §ngz

4.27)
1 (
+ T (0wX (1 — Ady)owX ™ — 20, X 95X~ — 205X T 0,X "),

This is reminiscent of a sigma model for a pp-wave background, with the kinetic terms for
the transverse fields described by the gauged WZW model for the coset G/H, except that the
would-be light-cone coordinates X and X~ have dim Z () components. Nevertheless, we
still have the key property that the equation of motion for X~ is 8,,05X ™ = 0, whose general
solution is XT = Y(w) + Y(w). Substituting into the Lagrangian (4.27) we find

1 1 1 _ _
Lipr, = 5 Tr(9 ' Dwgg 'Dig) + 5 Lewz + Tr(9wY05Y — 9 YAdgowY). (4.28)

In the special case that Y = wA and Y = wA, which is the most general solution preserving
the translational invariance of the action, this is the gauged WZW model for the coset G/H
perturbed by a massive integrable potential V = Tr(AAdyA) — Tr(AA) as studied in [40].
Taking the limit £ — 1 directly at the level of the Lax connection given in eq. (4.7), keeping
track of the definitions of the currents K,,, Kj;, which depend on %2, we find

S,pw—>aw+BW—Dwgg_1+21§A, g@:aw+Bw—gAd9A, (4.29)
recovering the Lax given in [32, 40].

When G is compact and H = U(1)'*¢, A and A can be chosen such that these models
have a positive-definite kinetic term and a mass gap. These are known as the homogeneous
sine-Gordon models [32]. For G = SU(2) and H = U(1) the homogeneous sine-Gordon model
becomes the complex sine-Gordon model after integrating out B,,, By,. Note that if Z(h)
is one-dimensional and Y(w) and Y(w) are both non-constant then we can always use the
classical conformal symmetry of the sigma model to reach ¥ = wA and Y = wA, hence

recovering a constant potential. This is not the case for higher-dimensional Z (h).

4.3 Example: SL(2)/U(1)y

To illustrate the features of this construction, let us consider the example of SL(2)/U(1)y for
which the 2d gauged WZW describes the trumpet CFT. To be explicit we use s[(2) generators

10 01 01
T = , T = , Ty = , 4.30
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and parametrise the group element as

[ cos(0) sinh(p) 4 cosh(p) cos(r) sin(@) sinh(p) + cosh(p) sin(z) (4.31)
~ \ sin(@) sinh(p) — cosh(p) sin(z) cosh(p) cos(r) — cos() sinh(p) '
We choose the U(1) vector action generated by T3 such that
dg=¢€lg 5] = Sp=956r=0, 80=¢e, (4.32)

hence we gauge fix by setting 8 = 0. The analysis here is simplified by the observation that
there is no WZ term since there are no 3-forms on the two-dimensional target space.

The CFT point. For orientation, we first work at the CF'T point corresponding to #Z = 1.
Recall from the discussion in section 3 that first constraining in 4d and then reducing enforces
® = ® = 0 and the Lagrange multiplier sector vanishes. This gives the conventional gauged
WZW model described by the target space geometry

ds? = dp? 4 coth? pdr?. (4.33)

Let us now consider the IFTy that results from taking the same reduction that would
lead to the CFT, but now in our reduction ansatz set ® = 7 T3 and o = — %5 T3. The
Lagrangian that follows is

Losa = 0ywpdup + coth? p 8,195 — m?sinh? p . (4.34)

This theory is well known as the complex sinh-Gordon model, a special case of the integrable
massive perturbations of G/H gauged WZW models known as the homogeneous sine-Gordon
models [32, 40].

Unconstrained reduction: integrating out ®, ® and B, w. We now turn to the more
general story, away from the CFT point, by considering the reduction without first imposing
constraints. Taking the IFTy (4.17) and integrating out ®, ® and the gauge field B, while
retaining X~ and X1, results in the sigma model with target space metric and B-field

ds? = dp? 4 coth? pdr? + csch?p (d)N(+2 — dX*2) , (4.35)
Bo =7 NdXT, ¥ = Fesch®pdX™ + £ coth? pdr. '

Unconstrained reduction: the dual. On the other hand, if we solve the constraint
imposed by the Lagrange multiplier X setting ® = 3 9, X" and ® = 95X, we find the
sigma model with target space geometry
ds? = dp? + coth? pdr? — csch?p dX ™2 + sinh? p (dX+ 4 7)?, (4.36)
By=0. '

This can of course be recognised as the T-dual of (4.35) along X*. In the limit £ — 1 (4.36)

becomes the pp-wave background
ds? = dp? + coth? pdr? + sinh? pdX 2 + 2dXTdx—,
B 0 (4.37)
2 - 3

and if we light-cone gauge fix, X* = m(w — w), in the associated sigma model we recover
the complex sinh-Gordon Lagrangian (4.34) as expected.
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Relation to PCM plus WZ term. Finally we demonstrate a relation between the models
above and the PCM plus WZ term. Let us start with the metric and B-field for the PCM
plus WZ term for G = GL(2)

ds? = dX 2 + dp? — cosh? pdr? + sinh? pdX 2,

) N (4.38)
B = Acosh”pdr AdX™.

Note that dB = % sinh 2pdp A dr A dX~, which is proportional to the volume for SL(2). We
first T-dualise 7 — 7, and then perform the following field redefinition

~ - B~
X+—>ﬁ’X++%X_—f, X = —=X. (4.39)

It is straightforward to check that this is the inverse transformation to (4.23). Finally, T-
dualising back, X* — X+, X~ — X~ and 7 — 7, we precisely recover the background (4.36),
demonstrating that it can be understood as a generalised TsT transformation of the PCM
plus WZ term.

4.4 The LMP limit

The PCM plus WZ term admits a limit in which it becomes the 2d analogue of the LMP
model, otherwise known as the pseudodual of the PCM [41], see, e.g. [42]. It is possible to
generalise this limit to the gauged model (4.5) by setting g = exp(eU), £ = e~ 16, XT — £2X T,
X~ — X — ePyU, rescaling the Lagrangian by ¢72, and taking ¢ — 0. Implementing
this limit in (4.5) we find

LM = % Te(DyUDSU + (&, U][3,U]) — g Tr((DuU + [@,U][U, (DU — [&,U]))
+ £Tr (X~ (Fgny — [®, ®] + Dyy® + D®)) + Tr((XT(Dyy® — D5 ®)) (4.40)
+ % Tr(U(Fg — [@, @] — D,y® — D ®)) .

Similarly we can take the limit in the Lax connections (4.7) and (4.8). The B-Lax (4.8) is
unchanged, while the A-Lax (4.7) becomes

t 1 4
W =5, +B, — 5KVLVMP—E(<1>+§K3}\“’),

, , (4.41)
FW = o+ By + 5 KT+ L@+ S KRM),
where
KIMP — p U+ [@,U], KMP =DLU-[d,U]. (4.42)

As we will see in section 6 this model can also be found directly from gauged hCSg and CSy4
by considering a twist function with a single fourth-order pole.

As for the gauged WZW case, we can again find an integrable sigma model from (4.40)
by integrating out ®, ® and the gauge field B,, . For abelian H we can also construct the dual
model by solving the constraint imposed by the Lagrange multiplier X and integrating out
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By, By. For SL(2)/U(1)y the resulting backgrounds can be found by taking the LMP limit

1 1
prep—¢ epr?, Torer— g epr, (ds?,By) — ¢ %(ds% By), A —ele,
X_—>£3X_—€T, X+—>€2X+, Xt 5 Xt e—0,

(4.43)
in egs. (4.35) and (4.36). This limit breaks the manifest global symmetry given by shifts
of the coordinate r. This is in agreement with the fact that the Lagrangian (4.40) is not
invariant under U — U + Hy (Hp € b), while its gauged WZW counterpart (4.5) is invariant
under g — hoghy (ho € H) for abelian H.

Curiously, we can actually take a simplified LMP limit

p—ep, T — eT, (ds2,Bg) — E_Q(dSQ,BQ), B — ey,

. N 4.44
X~ — X —er, Xt — 2XT, Xt 5 xt, e—0, (4.44)

in the backgrounds (4.35) and (4.36) that preserves this global symmetry. Taking this limit
in eq. (4.35) we find

1 2
ds* = dp® + dr* + — dXT? + 5 dXdr,
p p

/ ) (4.45)
By =7 ANdXT, %:dXJr(f—)dr,
p2 2[p2
while the limit of eq. (4.36) is
- 2
ds® = dp® + dr* 4 p*(dXT + 7)* + = dX " dr,
p (4.46)

By =0.

As for the gauged WZW case these two backgrounds can also be constructed as a generalised
TsT transformation of the background for the LMP model on GL(2)

ds? = dXT2 + dp? — dr? + p2dX 2,

) ~ (4.47)
By = tp“dr NdX™ .
Explicitly, if we first T-dualise © — 7, then perform the following field redefinition
- - 1 - ~ 1 1 -
+ + - _ = - - - = -
X7 —tX -l-ﬁX - T, X —>?X 5 T%T—ﬁX 5 (448)

and finally T-dualise back,?> X* — X, X~ — X~ and 7 — r, we recover the back-
ground (4.45).

5 Reduction to gCS,; and localisation

Having discussed the right hand side of the diamond, we briefly describe the left hand side
that follows from first reducing to obtain a gauged 4d Chern-Simons theory on R? x CP*
and then integrating over CP' to localise to a two-dimensional field theory on R2. We show
that the resulting IFTy matches (4.3).

29Note that here the order of T-dualities matters. In particular, we cannot first T-dualise 7 after the
coordinate redefinition since it turns out to be a null coordinate.
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We recall the six-dimensional coupled action

2

1 _
Sgh086 [Qf, %] = ShCSﬁ [,Qf] — ShCS@ [z@] - — /]PT NN Tr (,Qf N %) , (5.1)

and note that the three terms in the action are invariant under the transformations & +
d=d +pdet +pde® and B s B = B+ pPet + pFel, given that both Q and IQ are top
forms in the holomorphic directions. By choosing p? and p# appropriately, we can ensure
that neither & nor % have dz or dz legs, so

g = dodwt dadi 1+ o with o, = L G- I (5.2)
(my) (my)
B = Bodw + Badi + Bd®  with G = — 2 g o |FA (5.3)
(my) (m7)

To perform the reduction we follow the procedure outlined in section 2.4. Namely, we contract
the six-dimensional Lagrangian of (5.1) with the vector fields 9, and 9z, and restrict to
gauge connections that are invariant under the flow of these vector fields. Thus, since the
shifted gauge fields & and % manifestly have no dz or dz legs, and we are restricting to field
configurations satisfying Laz.szf = LaZPZ’ = Lai,szf = Lazp/—;’ = 0, the contraction by 9, and 9; only
hits © in the first two terms and o€ in the third. In particular, we find

nagva= B T o o e B i) Voo

2 (ra)*(np)? 2 mwa)?(mp)>?
(5.4)
Hence the six-dimensional action reduces to a four-dimensional coupled Chern-Simons action
PN ~ N 1 _ ~a
Sycs, [A B = / o A CS[4] — / 0 ACS[B] — — [ 0 A TH(AB), (5.5)
X X 27l Jx
where X = CP' x R2,
2 ~
0= <(Zﬂ> <”Y><7T}/> 0 (56)

2 (na)2(xf)? "

and A and B are the restrictions of & and % to X. Similarly, the boundary conditions (3.19)
descend to analogous boundary conditions on A and B. The action (5.5) has been considered
before in [30], albeit not with the choice of w discussed here.

With the gauged 4d Chern-Simons action at hand, we may now localise. The procedure
is entirely analogous to the one described in section 3.4 so we shall omit some of the details.
We begin by reparametrising our four-dimensional gauge fields A and B in terms of a new
pair of connections A’, B’ and smooth functions § € C®(X,G) and h € C*(X, H). We use the
redundancy in the reparametrisation to fix A) = B = 0. The boundary degrees of freedom
of the resulting IF T will a priori be given by the evaluation of g, fl, u and 0 at a and f.
However, as in the 6d setting, we have some residual symmetry we can use to fix g|z = id,
fz|a’ﬂ = id, and similarly, 4|, = 0. We are thus left with

Jla =9, dlg=u, dlg=1. (5.7)
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In terms of these variables, the bulk equations of motion of gCS, imply
A =0,  aB; =0, (5.8)

away from the zeroes of w, namely y and y. The on-shell gCS4 action can be thus written as

N A 1 _ ~ _ ~ _ ~
Secs, [A, B = o [ 9w A Tr(A' A ogg— — (G A'G+ ¢ 'ag) N B')
Tl Jx
1

6

) (5.9)
/ 0w A Tr(grdg A g tdgAgtdg).
X x[0,1]

To obtain the IFTy we begin by looking at the bulk equations of motion (5.8). Liouville’s
theorem shows that the only bounded, holomorphic functions on CP! are constant functions.
However, we are after something more general than this since we do not require the components
of our gauge field to be bounded at the zeroes of w. Indeed, we allow the w-component to
have a pole at 7 ~ y and the w-component to have a pole at 7 ~ y. With this analytic
structure in mind, we can parametrise the solution of the bulk equation for B’ as

o (my) A (my) &

BW_BW+W<I>, BW_B@—ch, (5.10)
where we have conveniently used the field variables introduced in (4.1) to ease compari-
son with (4.3) after localisation to the IFT3. In particular, under n-independent gauge
transformations B, By transforms as the components of a 2d gauge field, while ® and ®
transform as adjoint scalars.

Note that in the singular part of these solutions, we have chosen to align the zero
of each with the pole of the other. This choice is completely general since moving the
zeroes in the singular parts amounts to field redefinitions relating B,, and ® or By, and ®.
However, it is a convenient choice since the flatness condition on B’ immediately reproduces

Hitchin’s equations,
FuslB] = Fus(Bl — [0,8] - S po - p g (5.11)
(7y) (my)

On the other hand, for the A’ gauge field a convenient choice of parametrisation when solving

the bulk equation of motion (5.8) is

o m) B ) ) .12
(zy) (a) (my) (ap)

This parametrisation, in which we have chosen the coefficients such that one term vanishes

at m ~ a while the other vanishes at = ~ f, is adapted to the boundary conditions, which

can be solved for U; and V; to yield

Al n/ <7Tﬁ> <aY> -1 <a)7>

A, =B, — ) @f) (Dwgg + ) (1-— Adg)®) ,

A — R _ (p) @ (D- -1 _ (ay
Y Aap) (ap) U (af)

Replacing (5.10) and (5.13) in (5.9) and integrating®' along CP' we recover the IFTy given

in (4.3).

(5.13)

(1— Adg)ci)) .

2175 do so, we use the localisation formula in homogeneous coordinates

1 / [ {ay)(BY) + (ap){Py)
R2 <0(ﬂ>

1 _
2l Jy 2

Q|a+<aY><w?>(9oQ)|a} + aep,

for any Q € Q*(X).
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6 Gauged LMP action

In the previous sections, we analysed the ghCSg action (3.14) where the meromorphic (3,0)-
form 2 had two double poles, showing that such a theory leads to a gauged WZW 4 upon
localisation to R%. To highlight some of the universal features of this procedure, we will now
focus on another example in which the meromorphic (3,0)-form has a single fourth-order
pole. For the ungauged hCSg, such a configuration was shown in [43] to lead to the LMP
action for ASDYM [8, 9].

6.1 LMP action from hCSg

Let us first review the localisation of hCSg with a fourth-order pole. We start with the
action and (3,0)-form defined by
1 O Net Aey

ShCSG[ﬂ]:f_ Q/\CS(,SZf), O=k

271 Jpr (ra)* (6.1)

As is usual in hCSg, we impose boundary conditions on the gauge field & to ensure the
vanishing of the boundary variation

1

T 27

55hCSG |bdry /IP’]T EIO TI“(&SZY A ﬂ) . (6,2)

Evaluating this integral is achieved by making use of the localisation formula (see appendix D)

1 _ k
—/ INNQ = 7/ 2 ap S N Q| (6.3)
PT 6 Jrs @

27l

Then, we find that the boundary variation vanishes if we impose the boundary conditions
A|p=a =0 and 0o |r=a =0. (6.4)

Admissible gauge transformations. We now check which residual gauge symmetries
survive once we impose our choice of boundary conditions. We proceed in the familiar fashion,
introducing a new parametrisation of our gauge field & as

d=g'd'g+§ 93, Ay=0. (6.5)
This parametrisation has both external and internal gauge symmetries, which act as

External y: oA —od', oA —d, g ay, 66)
Internal vy : A — oA, d'r—>.£2f/’7, gAr—>}7_19A. .

The internal gauge transformations must satisfy dpy = 0 to preserve the condition &} = 0.
These transformations leave & invariant and as such they are fully compatible with the
boundary conditions. We use the internal gauge symmetry to fix §|,—, = id. The story for
the external gauge symmetries is slightly different; under external gauge transformations
d — g7 and so the value of & at the poles is not necessarily invariant. Requiring our
boundary conditions to be invariant under external gauge transformations imposes constraints
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on the admissible symmetries at 7 = «. This limits the amount of symmetry available for
gauge fixing. The gauge transformation of the first boundary condition reads

0= |pme = (7 A7+ 7707 iz = ¥ @%Buar =0, (6.7)
where we have defined

Plr=a=v-

Here, we have shown that at 7 = a the gauge transformations are restricted such that they
are holomorphic on R* with respect to the complex structure given by the point 7 = a.
Another way of stating this is that our admissible external gauge symmetries on PT localise
to semi-local symmetries in the effective theory on R*. However, this restriction is derived
from only one half of the boundary conditions. Introducing the notation

I =7 'ap,

the gauge transformation of the second boundary condition reads

0= 90" |ga = 30 (77" 7+ 777 ln=a

1 r 1 2 155 T 1 j (6.8)
= (|77 et 3, O] + 7 o0ty + O + [17707, ] + 771047 &%) [n=a
Imposing the original boundary conditions we arrive at the constraint equation
%940 4y 1d%,ay = 0, (6.9)

where we have used (a@) = 1 and defined
[—e=T.

One solution is that the external gauge transformations are global symmetries of the localised
effective theory dgsy = 0, and T is holomorphic on R* with respect to the choice of complex
structure given by the point a € CP!.

Tentatively, our localised theory should have 4 degrees of freedom, known as ‘edge modes’

u:=(gu',u?u?), (6.10)
where
9=Glr=a, u':=§'004|r=a, U’ =G 'Glr=0a, 0’ =3 'BG|r=a. (6.11)

However, some of these fields are spurious and can be gauged fixed away using the admissible
gauge symmetries. We have already used the internal gauge symmetry to fix g = id.
Furthermore, the second and third dy-derivatives of the external gauge transformations are
unconstrained by the boundary conditions, so they can be used to gauge fix u? = u® = 0.
This leaves us with one dynamical degree of freedom in the localised theory on R*, namely
u' : R* — g, which we will now denote by u for brevity. In conclusion, after gauge

fixing we have

u = (id, u,0,0). (6.12)
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Solving the boundary conditions. Using the boundary conditions, we will solve for &’ in
the parametrisation (6.5) in terms of the edge modes. The first boundary condition tells us

Apea =0 = a®Apu=0 = Aw=a,Cs. (6.13)

The second boundary condition equation is then written as
&a

o' + G 909)) | ree =
(90" 4+ 9(g" " 90g))lr=a =0 = @)

Agg + %950 =0, (6.14)
which allows us to conclude that

Cy = a%dpau. (6.15)
We now have all the ingredients to localise the hCSg action to R%.

Localisation to R%. We can write the action (6.1) in the new variables as

1 [ - _ 1 _
S=— | QNTr(' NdGg) — — / 3N Tr ((97'dg)°) (6.16)
271 Jpr 671 JPTx[0,1]

where in the second term we have extended PT to the 7-manifold PT x [0, 1], whose boundary
is a disjoint union of two copies of PT. We have also extended our fields via a smooth
homotopy § — §(t) so that g(0) = id and (1) = §. Applying the localisation formula (6.3)
and the choice of gauge fixing (6.12), we arrive at the spacetime action

k 1 1
Spvp[u] = 3 /R4 B Tr(du A xdu) + 3 a0y 2% A Tr(u [du, dul) . (6.17)

The action (6.17) is the LMP model for ASDYM, which upon reduction to R? becomes
the pseudo-dual of the PCM [44].

6.2 Gauged LMP action from ghCSg

In the previous section, we derived the LMP action from hCSg. Next, we consider the same
fourth-order pole structure for gauged hCSg. The starting point is to compute the boundary
variation and choose boundary conditions to ensure that it vanishes.

Boundary conditions. Starting from the action
1 _
SehCSe (o, B = Shcsg (o] — Shcsg [B] — B /IPT NN Tr(&zf A 93’) , (6.18)
the boundary variation is given by

1

/IPTéﬁATr(édA(d—%)—5%/\(93—.327)). (6.19)

Following in a parallel fashion to the hCSg case, we find that a suitable choice of boundary
conditions is given by

‘Q{’TL’:()( = %‘ﬂ:a; aoﬂ’ﬂ:a = 80%’71:05, agﬂh‘n:a = 38@’n:a, agﬂh‘n:a = ag%’n:a .
(6.20)
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Gauge fixing. Gauge fixing will once again prove helpful to proceed with the localisation cal-
culation. As such, we will consider the set of admissible gauge transformations respecting our
boundary conditions. Performing a gauge transformation on the first boundary condition gives

(7"t + 77197 ) Lnme = (37 B+ 77190 [ =, (6.21)

from which we conclude that the admissible gauge transformations should obey 7|y = #q-
Running through systematically, the second boundary condition requires

([ et i+ 7707 0] + 7 onaty + 00 + 77 9u7 @) | = o
6.22
= ([ i+ 0" o0 N] + 5" 00Bi + ON + 579 @) |-,

where we have denoted I' = 77190y and N = 7~ 1apfi. Making use of the original boundary
condition and the constraint y|, = fj|o, we conclude that admissible gauge transformations
should also obey f‘|,r:a = N|”:a. In a similar fashion, from the third boundary condition we
conclude that f‘{(]2)|a = N®@)|, where I'® := 7132y and N® := 47124. Finally, from the
fourth boundary condition we find fé3)|a = N®)|, where T'®) := §= 137 and N©®) .= 571535.
Now we know the admissible gauge symmetries of our theory, we can gauge fix the degrees

of freedom. Initially, there are 8 degrees of freedom in our theory,

u:= (g,ul,uQ, u3) s
(6.23)
V= (h,vl,VQ, v3) )

We first consider the internal gauge symmetries of & and 9B, which we can use to set both
g and h to the identity. Next, we note that the H-valued external gauge transformations
of % parametrised by 7 are unconstrained at the point £ = a@. As such, we can gauge fix
vl =0 for i = 1,2,3. Now, since the external gauge transformations of &/ parametrised
by y are constrained to coincide with 7 at 7 = «, and we have used these symmetries in
our choice of gauge fixing, we find that we are unable to gauge fix u’. As such, each of
these degrees of freedom will appear as fields in our effective theory on R*. In summary,
renaming u' as u, after gauge fixing we have

u= (id, u, u2,u3) ,

(6.24)
v = (id,0,0,0) .
Solving the boundary conditions. The first boundary condition reads
(9799 +97199) ln=a = (h""B'h + h™"0h) e (6.25)

Given our choice of gauge fixing (6.24) and the bulk solutions &), = n%A,, and B, = 7%Bga,
this implies

.Qfl‘,r:a = <%§I|”:a = O{aAaa = OCaBad = Aaa' = Bys — OCaQa . (6.26)
We can then use the second boundary condition to solve for Qy,

0 | r=a = 00B|r=a » — Qs = —a® ([Baas u] + 9gqu) = —a*Vsu. (6.27)
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These two boundary conditions are sufficient to solve for Ag; in terms of the other degrees
of freedom,

Ags = Bug + aaabvbdu . (628)

Localisation to R*. Writing the action (6.18) in terms of the new field variables, the only
terms that contribute to the effective action given our choice of gauge (6.24) will be

1 - - _ 1 _
SehCSe = =— / IONTr(A'NGG  —G LA GNRB — G IGAB) — — / QAT ((§~*dg)?).
27i Jpr i JPTx[0,1]

(6.29)
The localisation calculation of the gauged model is slightly more involved than the ungauged
case due to the additional degrees of freedom appearing. However, in analogy with calculations
in previous sections, we expect u? and u? to appear only as Lagrange multipliers, in particular,
imposing self-duality type constraints for our gauge field B. With this in mind, we can show
that the 4d theory is given by

aa

1 _ 1 .. .
SgLMp[u,B]:k/ Vol4§Tr(V““uVaau)+§e“bTr(u [aavadu,abvbl;u})—i—ueab&“&bF i (B)
R4

1 . . iy

—|—§u26“b (a“&b+0?“ab> Fadbb(B)—i—ﬁ?’eaba“abFadbb(B),
(6.30)

where we have performed a field redefinition u® — @3 := % (u?® + 2 [u,u?]). Reducing along a

particular R?, and appropriately redefining fields and parameters, we find that the gauged
LMP action gives the IFTy (4.40).

Implementing the Lagrange multipliers. In section 2.3 we reviewed how solutions to
the ASDYM can be formulated in terms of Yang’s matrix after a partial gauge fixing of the
ASD connection. We conclude this section by integrating out the Lagrange multiplier fields
present in the action (6.30) by solving the self duality constraints they impose in a similar
fashion. Indeed, the LMP equations of motion can be understood as the remaining ASDYM
equation once these two constraints have been solved. This is analogous to the statement
that the WZW, equations of motion are the remaining ASDYM equation for Yang’s matrix.

The equation of motion found by varying @3 is an integrability condition along the
2-plane defined by a“, and it can be solved by

edba“abFadbl;(B) =0 = a®Bay = h ' a%d,4h, (6.31)

where h € C*°(R*) ® H. It is helpful to parametrise the remaining degrees of freedom in
Bga; in terms of a new field C,;, defined by the relation

Bag = h™19ash — ag k™ 1Cyh. (6.32)
Then, the u? equation of motion becomes

a

ea'l; (aa&b + &aab) F de(B) =0 — €dbaaaadcl'7 —0. (633)

This may be solved explicitly by C; = a%duuf for f € C°(R*) ® b, such that the gauge
field B is given by

Bag = h 10aah + h™'Xueh  where Xag = —aqaa’opaf . (6.34)

— 36 —



Reinserting this expression into the action (6.30), the resulting theory may be written as a
difference of two LMP actions. This follows after performing a field redefinition huh=! = o — f,
for v € C°(R*) ® g, such that we arrive at the action

1 1
Setnvp[w, B = 2 | = Tr(do A *do) + 3 oy X A Tr(o [do, do])

R# 2 , X (6.35)
- )%/4 3 Tr(df A xdf) + 3 aaabE“b A Tr(f [df, df]).
R
This demonstrates the conclusion
SgLMp[u, B] = SLMP [U] - SLMP Lf] . (636)

7 Outlook

The construction presented in this work has led us to new integrable field theories in both four
and two dimensions. We conclude by highlighting a number of interesting future directions
prompted by these results.

Motivated by the observation that the gauged WZW model on the coset G/H in two
dimensions can be written as the difference of WZW models for the groups G and H, we took
the difference of two hCSg theories as our starting point. The boundary conditions (3.19) led
us to add a boundary term resulting in the action (3.14). It is worth highlighting that the
boundary variation vanishes on the boundary conditions (3.19) whether or not the boundary
term is included, and the contribution of the boundary term to the IFT, vanishes if we invoke
all the boundary conditions. However, while the algebraic boundary conditions, & E]a’ﬁ =0
and of '7|a,/; = B|qap can be straightforwardly solved, this is not the case for the differential
one oy b|a’ﬁ = 99 B|qp- Therefore, we relaxed this condition such that the contribution of
the boundary term no longer vanishes. Importantly, for the specific boundary term added
in (3.14), the constraints implied by the differential boundary condition now follow as on-shell
equations of motion, leading to fully consistent IFT4 and IFTs.

There are compelling reasons to follow this strategy, including that the symplectic
potential becomes tautological upon including the boundary term. However, a systematic
interpretation of when boundary conditions can be consistently dropped for particular choices
of boundary term is an open question. To address this, it would be appropriate to pursue
a more formal study, complementing a homotopic analysis (along the lines done for CSy
in [37]) with a symplectic/Hamiltonian study of the 6d holomorphic Chern-Simons theory
(similar to [45] in the context of CSy).

A second arena for formal development is the connection between 6d holomorphic Chern-
Simons and five-dimensional Kéhler Chern-Simons (KCS;) theory [5, 6]. This should mirror
the relationship between CS4 and CS3 theories described by Yamazaki [39]. To make this
suggestion precise in the present context one may consider a Kaluza-Klein expansion around
the U(1) rotation in the CP' that leaves the location of the double poles fixed, retaining
the transverse coordinate as part of the bulk five-manifold of KCSs;. The details of this
are left for future study.

It would also be interesting to explore the new integrable IFT, and IFTs that we have
constructed. G/H coset CFTs in two dimensions have a rich spectrum of parafermionic
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operators [28, 46]. It would be very interesting to establish the lift or analogue of these
objects in the context of the IFT4. The natural framework for this is likely to involve the
study of co-dimension one defects and associated higher-form symmetries.

For abelian H we find IFT5 that, in the Z — 1 limit, are related to massive integrable
perturbations of the G/H gauged WZW models known as homogeneous sine-Gordon models [32,
40]. These include the sine-Gordon and complex sine-Gordon models as special cases, two
of the most well-understood IFT5. There is nothing in our construction that prohibits
non-abelian H and it would be interesting to study the resulting models in more detail. The
homogeneous sine-Gordon models before gauging are closely related to the non-abelian Toda
equations [47, 48], for which an alternative derivation from CS4 involving both order and
disorder defects was presented in [49]. It would be instructive to understand the relationship
between the two approaches.

An important class of IFTy are the symmetric space sigma models. These can be
constructed either by restricting fields to parametrise G/H directly or by gauging a left action
of H in the PCM. These theories have been realised in CS4 through branch cut defects [16]
and recently in hCSg [50]. One might explore the realisation of the gauging construction
of such models within the current framework, and generalise to Z4-graded semi-symmetric
spaces (relevant for applications of CSy to string worldsheet theories [51, 52]).

When G/H is a symmetric space, an alternative class of massive integrable perturbations
of the G/H gauged WZW model are known as the symmetric space sine-Gordon models [32, 53].
In the landscape of IFTy these are related to the A — 0 limit [54, 55] of the A-deformation
of the symmetric space sigma model [56]. Note that Z — 1 and A — 0 both correspond
to conformal limits and it would be instructive to explore the relation between the two
constructions. More generally, it would be interesting to generalise the construction in this
work to deformed models, in particular, splitting one or both double poles in the meromorphic
(3,0)-form © into simple poles, or dual models, for example, considering the alternative
boundary conditions (3.30).

Finally, recently novel approaches to constructing IFTs3 using higher Chern-Simons
theory in 5d have been explored in [57, 58]. Given that there is an overlap between the
models that can be obtained from these constructions and from hCSg, or more precisely
its reduction to five dimensions, CSs on the mini-twistor correspondence space PN [18], it
would be exciting to understand the link between the two, and investigate the existence
of categorical generalisations of hCSg.
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A Spinor and differential form conventions

We work on R* and define coordinates in bispinor notation as

xad_i X0 +1ix1 xo +ix3 (A1)
_\/i —xg+iX3 xo—ix1 ' )

We fix orientation such that x1 = voly = dxp A dx; A dxa A dxs. For 1-forms o = o,5dx®
and 7 = 7,4dx* we have

*20=—0, CAXT=—H*oAT= Vol4e“bedbaadrbb, dxo= Vol4e“bedbaadabb . (A2)
Contraction of spinors is given by

(aB) = a1fa — aafp1 = a“Pa, (A.3)
and spinor indices are raised as

a® =%y, €2 =—-e'=—-1. (A.4)

We define €12 = +1 such that €*’e,. = 62. The (quaternionic) conjugation of a spinor
ag = (a1, a2) is defined to be @, = (—ag, a1). Identical definitions hold for the anti-chiral
spinors with dotted indices and contraction denoted with square brackets though these do
not play a role in this work.

A basis for self-dual 2-forms is given by

2 = e, dx® A dx??, (A.5)
from which, given any two spinors, we can define self-dual forms
Ea,ﬁ = aaﬁbZ“b = aaﬁbedédx“d A dxbl; s *Za,ﬁ = Za”g . (A6)

As they will play key roles, we denote

1
a)a,ﬁ = @ Ea,/}, ;la = Ea,a, ,Uﬁ = Zﬁﬁ (A7)

R* is equipped with a hyper-Kéhler structure and has a CP's worth of complex structures.
We can compactly express the complex structure corresponding to a spinor y, as

Fy = —i(y*0as) ® (7pdx"®) — i(7%9aa) ® (ypdx"?), (A.8)
for which adapted complex coordinates are given by

dz = yaradx®,  dz = jukadx®,  dw = yaRadx®, dw = —Jaradx® . (A.9)
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With these coordinates we have that

e = —2{ay)2dwAdz—2(ay){ap)(dzAdz+dwAdw) —2{ap) dwAdz, (A.10)
_ o {aNBY) 4o S BY) oo (@) BN @R (BY) o s d Adie
Wgp=—2 ) dwAdz—2 ) dwAd p (dzAdz+dwAdw).

(A.11)

Notice that, if we align the spinor « to y and g to y, then w,; is (proportional to) the
corresponding Kéhler form @ of type (1,1) and p, is a holomorphic (2,0)-form and py is
(0, 2)-form.

B Twistor space

We work on the Euclidean slice of Penrose’s twistor space, PTg. Starting from the twistor
space of complexified Minkowski space,

PT = CP?\ CP! = {Z% = (0% 7a)}|7ma # 0,2Z% ~ rZ% r e C*}, (B.1)

we obtain PTg by making a choice of reality conditions, in particular, by selecting the slice
of PT invariant under the anti-holomorphic (quartic) involution acting on the holomorphic
coordinates as Z% — Z% = (&% #,). This choice of reality conditions induces a double
fibration and we find that Euclidean twistor space can be viewed as the holomorphic vector
bundle PTg = 6(1) @ 6(1) — CP!, where the holomorphic coordinates along the fibre
direction are given by the incidence relations w?® = x%,. With this we choose a basis of
(1,0)-forms and (0, 1)-forms

e’ = (ndr), et = m,dx®,
o (#dA) L Fadx® (B.2)
e = ~ 5 e = ~ 3
() ()
and their dual vector fields
dy = <ﬁi> aa ; dg = — jaaf; ,
) Ty Om, ] ) i (B.3)
d = —(n7t) my P 05 = %044

It is important to note that this basis of 1-forms, and their duals, satisfy the structure
equations,
de? =" N e, et =et nel,

’ (B.4)
[0, 04) = 2a, [9a,00] = 4 - '

B.1 Homogeneous and inhomogeneous coordinates

Homogeneous coordinates on CP' will be denoted by n, = (71, m2), which are defined up
to the equivalence relation m, ~ s, for any non-zero s € C*. These have the advantage of
being globally defined on CP! but can lead to technical complications in certain calculations.
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It can also be useful to work with inhomogeneous coordinates on two patches covering
CP' = 52, Introducing an arbitrary spinor y, that satisfies (y7) = 1, the two patches covering

CP! will be defined as
Ur = A{ma [ (z7) #0}, Uz ={ma | (my) # 0} (B.5)
Inhomogeneous coordinates may be defined on each patch by
(B.6)

—~

(ym) ny) —1
L N
(m7) (ym)
In this section, we restrict our attention to U; and the inhomogeneous coordinate ¢, knowing
that an analogous discussion holds for the other patch. The complex conjugate of the

5

inhomogeneous coordinate ¢ is
- ()
{=—— (B.7)
{r)
Forms and vector fields on CP! written in these coordinates are related to one another by
0 B ~\92
W=—So, a=p
() (r) B
P _< A>28 9 — <Yﬁ>2 5 '

It is also helpful to define a weight zero basis of (1,0)-forms on R* C PT by

9 = © = dx%y, + {dx%y,. (B.9)
{77)
Likewise, the weight zero basis of (0,1)-forms on R* C PT are defined by
(B.10)

_. . 1 . — .
0% — o\ 50 _ (dx* 9, — Cdx™y,) .
(et = 1z (4 ra— Cax o)

Given a point on CP' defined by «, in homogeneous coordinates, we denote the corresponding

point in the inhomogeneous coordinate { by

{va)
a = N §|7Ta’\‘aa . (Bll)
(ap)
We also have the relation
(ma)
= ={(—-a B.12
ety (242
C Projector technology
We consider the operator on 1-forms on R* given by
(C.1)

Jop=—id,

Jop(0) = —i% (wap N 0),
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which allows us to define projectors
1 -1
Pzi(id—i]) Pzi(id+i]). (C.2)

For this to define a complex structure on the real Euclidean slice of R* ¢ C* we require
that J maps Euclidean-real 1-forms to Euclidean-real 1-forms. While not true for general
a and f, this is the case if we take « = y and f = y. Then J,; is the complex structure
Jy» see eq. (A.8). The projectors P and P project onto the (1,0) and (0,1) components thus
realising the Dolbeault complex.

These projectors satisfy a range of useful identities:

P(x(pa No)) =0, P(x(ug A o)) =0, pg AP(c) =0, Ua NP(0) =0, (C.3)
wap NP(c) = —*xP(0), wWap N P(0) = *P(0), (C4)
Wap NP(0) NT = wap N AP(T), wap NP(c) ANP(r) =0. (C.5)

To move between form and component notation is useful to observe that

P(0)as = — <alﬁ> wfopss  P(0)as = <a1ﬁ> B s (C.6)

Further relations, useful for analysing the CP!-derivative boundary conditions, are
2090456 = * (1o N 0), B7aa€% e = —(aB)P(7), (C.7)
2B%0aae’|p = *(ug A 0), a“748%|p = (aP)P(7). (C.8)
As an application of this projector technology let us consider the (ungauged) WZW,

model, for which the equations of motion can be cast in terms of the right-invariant Maurer-
Cartan form R = dgg~!, which obeys dR = R AR, as

- 1
d*xP(R) = 3 d (% — wepN) dgg~ ' = 0. (C.9)
We now consider a Yang-Mills connection A = —P(X). The equations for this to be anti-self
dual are
pg AFIA]=0,  pe AF[Al=0,  wepAF[A]=0. (C.10)

The first of these vanishes identically by virtue of the fact that ug A A = 0. Since pg N A =
—Ug N X, the second yields a Bianchi identity

pa NFIA] = —pg AN (dX — X AN X)), (C.11)
hence is solved by X = R. The final equation returns the equations of motion as
wap N F[A] = —d(wgp A P(R)) + wap AP(R) AP(R) = d x P(R). (C.12)
At the Kéhler point f = & = 7, we can simply write the ASDYM equations as
FAY=0, F%? =0, o ANFM =0. (C.13)

In this case, the connection given by A = —agg—! is of type (0, 1), hence F2? = 0 automatically,
F%2 = 0 is zero by the Bianchi identity and the equations of motion of WZWy are

o Nd(dgg ) =0. (C.14)
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D Derivation of localisation formulae

In this work we are required to evaluate integrals of the form

1 _
I=— [ AQ, QecQPT). (D.1)
271 JpT

In this appendix, we will derive general formulae for these integrals for the cases in which
) has either two double poles or a single fourth-order pole. To compute these integrals
efficiently we will work in inhomogeneous coordinates and make use of the identities

1 . —
o 5) =i —a), [ AASEC-0fQO=f@. (D2

—

D.1 Two double poles

We consider the (3,0)-form given by

1 (ap)? 0 A ,a 1 (a - p)? a ,
=Tt T g apg o N ()
Substituting this into the integral gives
11 ca (e —p)? anog.
1= 5 o J ¥ N0 = gpaig g ) A0 0. .

Then, using the identity (D.2) gives

_ (a-p)? c[96(0 —a) 980 —p) P
1= . /mdmdg[ Tt T ]/\9 ANOAQ. (D.5)

Since the integral is symmetric under @ <> f we will only compute the first term explicitly.

Integrating by parts and evaluating the integral over CP' gives

= L)

We first distribute the 9, derivative, leaving the 2-form Q completely general, resulting in

+ a<p. (D.6)

o

_(“—5)2 —2 a ) 2 5 1.ad .

1= /R4 g O NN Qt ( Fadx A 0310 o
+MA8§Q} + aop |
(- p)? «

The overall factor of (a — f)? outside the integral cancels with the denominators in the
integrand. We now make use of (B.12) to return to spinor notation and introduce self-dual
2-forms defined by %% = ¢ dédx“d A dxb? to write

—1 M ab l N ab
I= 5 /R4 [(aﬂ}(aﬂ a2 N Qlo + @) Vaop X% A Qly

7]
+ oS A L ] + a<p.
[24

(m)?
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Expanding a, in the basis formed by y, and f,, we see that one component of the first term
cancels the second term, and only a term proportional to a,f,~% survives. In the third
term of the integral, we recognise the combination gy acting on Q and make this replacement.
In conclusion, we have the general formula

1/Mag 0-— / [“aﬁbzabAgya = agopD° A(aOQM + a+ B, (D.9)

27

or in differential form notation

1./MaQAQ:/R4 [wa,/a/\Q|a+;lla/\(9oQ)\a} + aef. (D.10)

27

It is also helpful to specialise to 2-forms of the form Q = 7%7Q B abz;éd NG , which we will
often encounter. In this case, we may make use of the identity

e Nes Ne A & =2 voly £ (D.11)

and its generalisation valid for any spinors a, and f,

aaﬂbZ“b At A él; = —2voly < < >ﬁ<_>ﬁ > ab . (D.12)

Using these identities on the above formula for Q = 7%x? Q.4 be A el glves

! 5 - (a4 B b a .
27i /]P’]T HMNQ =~ /]R4 vola [ (ap) Quavhla + eV a’a (aoQadbb)|ﬂl] + Of(H /3.)
D.13

Finally, we specialise to the case when Q ... = X44Y};, for which the answer can again be

aab
recast in differential form notation as

1 - 1
—/ 8Q/\Q:/ [waﬁ/\X/\Y|a+;1a80/\(X/\Y)|a] + a<p. (D.14)
271 Jpr R4 ’ 2

To apply these formulae we also need the following CP'-derivatives:

do(dgg~") = gdag", (D.15)
o0(g~"dg) = dit + [§~"dg, 4], (D.16)
90(A) = a0(B) =0, (D.17)
(9~ 'Ag) = [~ 'Ag. 4], (D.18)

1
a = Tr(¢1dg)® = d Tr(a(g'dg)?), (D.19)

3

where we have defined @ = §~'dpg.
D.2 Fourth-order pole
In section 6, we consider a different (3,0)-form given by

e NeNe; K dAINOUNG;
(mar)* oyt ((—a)*

(D.20)
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Substituting this into the general integral expression above gives
I= kol d{AdE&( ! >/\0d/\9-/\Q (D.21)
(pa)* 271 Jen N-a)t e ‘

Then, using the identity (D.2), we find

k - .
I=———— | dZAAL(328(0—a)) N0 NONQ. D.22
ST Jep %14 (8 - @) 0 (D-22)
Integrating by parts and evaluating the integral over CP' gives
k 3 i
=——"= [ 92(0“NON . D.23
6(jar)’ /R4 5( Q)‘a ( )

In order to distribute the 9; derivatives, it is helpful to use the identities

a _ aﬂdxad a o aa 2 na _
0%, = Fa) 0%, = Yadx, ;0% = 0. (D.24)

Distributing the three 9, derivatives gives
R / a2 20| +6 B N 320| +67a7pE A 3,0 (D.25)
6(pa)® Jas L (@p)? Tl T (ay) T e T et T

Converting this expression back into homogeneous coordinates (and using the fact that Q is

a (0,2)-form on twistor space hence &,dx* A Q|, = 0) this integral becomes

k
I= 7/ 2ap X% A RQ| . (D.26)
6 JRr4 @

E Localisation derivation with general gaugings

In this appendix we describe in more detail the derivation of the gauged WZW,4 model from
the gauged hCSg theory and the application of the localisation formulae in appendix (D.1).
We will do this in a more general manner, allowing the gauging of an H subgroup that acts as

g+ pp(0)gpa(t™r), BBt —dee™!, teHCG, (E.1)

where p; : H — G are group homomorphisms (algebra homomorphisms will be denoted by
the same symbol). The covariant derivative is then given by

1

Vgg ' =dgg~ + Bg — gBag '+ pp(£)(Vag V)ps(e™t), (E.2)

in which we ease the notation by setting B; = p;(B).
The starting point is the six-dimensional theory

Sencss [, B = Sncss[A] — Shosg[B] + Sbary [, B, (E.3)
where we take the boundary interaction term to be

dery[ﬂ, 93] = — — o0 N Tl“g (Qf VAN p(%)) . (E4)
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Here we have introduced a parameter g, which will ultimately be set to one, to keep track
of the contributions from this boundary term. To specify this term we include an algebra
homomorphism p that only needs to be defined piecewise on the components of the support
of Q. We could choose to dispense with the higher-dimensional covariance and simply add
different boundary terms specified only at the location of the poles, but it is convenient to
formally consider p to be a defined as a piecewise map that takes values p|,—qp = pag-

To define a six-dimensional theory requires imposing conditions that ensure the vanishing
of the boundary variation

/m G (Try (54 N (f — qp(B)) + qp(6B) A ) — Ty (5B A B)) . (E.5)

We are required to cancel a term involving the inner product on the algebra § with one
on g, which can be achieved by demanding

Trg(p(x)p(y))lap = Try(xy) Vx,y€h. (E.6)
Note that as a consequence this implies
Trg(pa(x)pa(y)) = Try(xy) = Trg(pp(x)pp(y)). (E.7)

which is the familiar anomaly-free condition required to construct a gauge-invariant extension
to the WZW model with the gauge symmetry (E.1). With this condition satisfied, the
boundary term produced by variation is given by

L0 n (T (3 A (o = gp(B)) +ap0B) A (ol =g Ap(B))) . (ES
and is set to zero by the conditions
d*]a,ﬁ =0, ﬂ"]a,ﬁ = p(B)| aoﬂh]a,ﬁ = p(o0B)|, 4- (E.9)

If we impose all of these conditions from the outset, the contribution from the explicit
boundary term Spqry[2/, B] would vanish. However, from a four-dimensional perspective the
CP!-derivative boundary conditions lead to constraints relating derivatives of the fundamental
fields to the 4-dimensional gauge field B that comes from 9. While these can be formally
solved for B, our aim is to construct a gauged IFT,; with a gauge field. Therefore, we
wp =0 and ﬂhfa’ﬂ = p(gg)]aﬁ, which can be solved for the
4-dimensional gauge field A that comes from & and substituted into the Lagrangian without

only impose the conditions & E]

concern. Doing this, we find that Spary [, B] does contribute, and when g = 1 in particular,
it provides a gauge invariant completion of the action. Importantly, the CP!-derivative
boundary conditions that we have not imposed have not been forgotten, instead when ¢ =1
they are recovered as on-shell equations in this four-dimensional theory. This provides an
alternative view of the procedure; when g = 1 the explicit boundary term (E.4) is serving to
at the Lagrangian level. We can

=0 and .sth|aﬂ = p(%’)|aﬁ then

implement the constraints arising from 92" ’a’ 5= p(30B) ‘a’ 5

see this explicitly by observing that if we just impose & E|a 5
(6a A (o — gp(B)) + ap(8B) A st — p(5B) A p(B) ) lap = 0,

00 (3t N (ot — qp(B) + qp(OB) A ol — p(3B) N p(B) )l (E.10)

= (1= q)8(a0e — p(0RB)) N p(B)lap + (14 q)p(6B) N (S — p(00RB))|ap -
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Therefore, for ¢ = 1 we see that the boundary equations of motion for 98 are precisely the
CP!-derivative boundary conditions dy</ b|a, 5= p(&oe%)]a, 5

The localisation proceeds as follows. First, we change parametrisation o = o/’9 and
B = B fixing some of the redundancy by demanding that &/’ and %’ have no CP' legs.
Second, we fix some of the residual symmetry preserved by the boundary conditions to
set glg = FAz|aﬁ = id and 8ofz|a,ﬁ = 0. The remaining fields are §l, = ¢, § 'dodla = u,

A

g 'a0g|s = @ and the four-dimensional gauge fields A and B that arise from &’ and %’ once
their holomorphicity is imposed.

We may now directly apply the localisation formulae (D.14) to show that the hCSg terms
localise, before imposing boundary conditions, to give

Snesg [ =~ /R4 wWa,p N Trg(A7 A g_ldg) — Wap N Lwzl9]
1 1 ] (E.11)
+ 5 Ha A Trg(A9 A du) + 5 Hp A Trg(AAda),

while Sycs,[%] yields zero in this gauge. Let us first consider the terms involving wq g. Since
the gauge completion of the WZ term is

Zownl9, Bl = Lwalg) + Try (97'dg A Bo + dgg ™ ABg+ g 'Bygbe) ,  (E12)
we may express them (trace implicit) as
Wa,p N\ (Ag Ng~'dg — Lz [9])
= Wap N (Ag Agtdg — Zewzlg. Bl + g 'dg A B, +dgg ' Bg + g_lBﬁgBa) (E.13)
= wap A ((A9 = Ba) Ng'Vg — Lawrlg. B + A7 N By — ANBy) .
In differential form notation, the algebraic boundary conditions of eq. (E.9) become
A=Bs—P(Vgg '), AY=P(g'Vg)+B,. (E.14)
It follows that

Wa B A (Ag A\ gfldg — ng[g])

= wap A (Pg7'Vg) Ng™'Vg — Lywalg, B + A% A B, — AN By) (E.15)
r _
=-39 Vg A*(g7'Vg) — wap A (Lewzlg, B] — A’ A By + AN Bg) .
Here, in the last line, we made use of the identity w A P(c) Ao = — % o A %o for a 1-form o.

To treat the terms involving p, and pg we combine the algebraic boundary conditions (E.14)
with the properties yio A P(X) = pg A P(X) = 0 such that p, A A9 = poBe and pg A A = pgBg.
In summary, we find

Snose [ ] =~ /

R4

1 _ _
—5 Trg (g Vg A *g IVg) — wap N (ZLewzlg, Bl + Trg(A N Bg — AYB,))

1 1
+ 5 Ha A Tr(By A du) + §,uﬁ/\Tr(B/3 Ada).

(E.16)

— 47 —



The localisation of the explicit boundary term yields, after using p, A A9 = puBg,

Shary |7, B] = —q / ap NTrg(A%B, — ABj)
® (E.17)

1 1
+ 5 Ha A Try((du + [Bg, u])Bg) + 3 Hp A Trg((da + [Bg, u])Bg) .

The significance of the boundary term now becomes clear. It serves to ensure manifest gauge
invariance when we do not impose the CP'-derivative boundary conditions. When ¢ = 1
the terms wq g A Tr(A9B, — ABg) directly cancel. The contributions of the entire localised
action that are wedged against p, sum to

po N Trg ((1 — g) du A By + 2q uF[Bl, — 29 d(Bgu)) . (E.18)

We see that for ¢ = 1 we find a gauge-invariant field strength together with a total derivative
term that we discard. The terms wedged against pg give a similar contribution. Hence
the fully localised action becomes

1 -1 -1
S~ /R4 — §Trg (g Vg A *g Vg) — Wqp /\.fZng[g,B]

+ po A Trg(uF[Bla) + ppg A Trg(4F[Blg) .

(E.19)

Noting that the components of u and # in the complement of h decouple, we can view u
and # as h-valued and write

1 _ _
S~ /R4 — §Trgl (g 1Vg/\*g 1Vg) — Wap N Lewz[9, Bl

+ pla A\ Try (uF([B]) + pg A Try (aF[B]) .

(E.20)
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