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1. Introduction

Entanglement is considered an essential resource in the field of quantum information [1].
Multipartite entanglement has unique uses such as quantum teleportation via multipartite
entanglement channels [2] and network coding for secure key distribution [3]. Its importance
has generated great interest in methods for practical detection of multipartite entanglement, of
which the most common currently are entanglement witnesses and quantum state tomography
[1,4]. The latter requires many measurements on a large ensemble of identical states, which
scales exponentially with system size, and therefore, the search for more feasible schemes is
ongoing. Entanglement witnesses for an n-qubit state require far fewer measurements but must
be optimized for the state under consideration [5].

The concentratable entanglement (CE) [6], a multipartite measure of entanglement, can be
directly estimated using the controlled SWAP test [7] or Bell basis measurements [8]. These
methods can be applied to any n-qubit pure state so long as a source of (near) identical copies is
available [7]. As well as estimating the concentratable entanglement of any subsystem, said tests
can be used to identify which subsystems are entangled and what class of entanglement the
entangled states belong to [6,7]. Since these tests are parallelized, errors and resource require-
ments scale linearly with system size, and therefore are particularly suited to multipartite
states [7,8]. Further, multipartite measures of entanglement are often mathematically abstract,
whereas CE has a clear operational meaning proportional to the number of ‘concentrated’
maximally entangled Bell pairs that can be extracted from two copies of the entangled state [6].

We build on this prior work by extending the analysis of mixed input states and exploring
the validity of concentratable entanglement for higher-dimensional states. In an experimen-
tal setting, even states intended to be pure will be slightly mixed. Optical states, especially
squeezed states, are important in the fields of quantum metrology [9], imaging [10] and
computing [11], and qudits have the potential for increased quantum computing power and
fault tolerance [12]. Overall, our work generalizes concentratable entanglement towards its use
in practical applications.

The paper proceeds as follows. Section 2 provides a background on the states considered,
namely qubit, qudit and coherent states. Next, we describe the entanglement monotone
concentratable entanglement (CE) as defined in [6] and [8], and the experimentally implement-
able tests for estimating the CE of an ensemble of qubit states as described in [7] and [8].
In Section 3, the analytically calculated outputs of these tests on non-identical ensembles of
mixed qubit states are investigated, leading to new definitions of the bounds on experimentally
estimated concentratable entanglement. Finally, in Section 4, we discuss both the appropriate
experimental methods for estimating the CE of higher-dimensional states and the validity of
said CEs in these contexts. We summarize and conclude in Section 5.

2. Background

(a) Qubits and entanglement

A qubit is analogous to a classical binary bit, but can also be in a superposition of the computa-
tional basis states |0) and |1). If a pure state, one qubit can be represented by the quantum state
vector [13]

[$1) = Ao|0) + Aq|1)
= AO
- [Al ’ 2.1)

where Ay, A; € C, where the probability of measuring state |k) is P(|k)) = |A|>. The general
two-qubit pure state has the state vector [13]
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|Z/)2> =A00|00>+A01|01>+A10|10>+A11|11>, (22)

where |j) ® |k) = |jk).

In the quantum circuit model of computation, reversible state transformations are represen-
ted as quantum logic gates. An operator A representing a gate [13] acts on a vector i) with
Alp) = |¢"). Gates relevant to this work include the single-qubit Hadamard gate H [13]:

1
e ﬁ[l —1]’ 2.3)

which operates on a computational basis states such that

H|0) = —=(0) + [1)) and H1)= fuo 1)),

V2
The two-qubit CNOT gate [13] flips the target qubit if the control qubit is in state |1). It has a
matrix

CNOT =

o O O
o O = O
_ o O O

0 (2.4)

where the first qubit is the control and the second is the target. The three-qubit Toffoli gate
flips the target qubit if and only if the two control qubits are both in state |1) [13]. It can be
represented by the matrix

10000000
01000000
00100000
00010000
“loooo0o 100 of
0000O0T1O0O0
00000O0TO0T 01
0000O0O0T10 (2.5)

where the first two qubits are the controls and the third qubit is the target.

A multiple qubit system that cannot be expressed as a tensor product of its composite states
is said to be entangled. The class of maximally bipartite entangled states are known as Bell
states [13]:

0%y = 0011 01) £ [10)

S, -

(2.6)
These states are equivalent under local operations and classical communication (LOCC) and
so we refer to their class set with |Bell) € {|®), |¥*)}. For example, NOT|®") = |¥"), where
NOT|0) = |1) and NOT]|1) = |0). Any valid measure of entanglement will have the same maximal
value for any Bell state.

The Bell states form a two-qubit basis, the Bell basis, related to the computational basis by

H® I)CNOT{|(D+>,

W), |@), [W)) = {|00), |01), [10), |11)} . 2.7)

Therefore, if a state cannot be measured in the Bell basis directly, which is common for
experiments, applying a Hadamard gate, a CNOT gate, and measuring each qubit in the
computational basis will perform the Bell measurement.

For states with a greater number of qubits n, the classification of entangled states is richer
than in the bipartite case, and multiple distinct classes of entanglement exist [14]. One class of
multipartite entangled states are GHZ states, for example, [15]
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IGHZ,) - %W 1y, 28)

where |0)" indicates n>2 qubits all in state |0). If any qubits in a GHZ state are measured,
all entanglement is destroyed. The unique class of n-qubit maximally entangled GHZ states
[16] can be obtained by applying any reversible LOCC gates to |GHZ,). GHZ-like states
are states with GHZ-type entanglement but are less entangled than |GHZ,), for example
[1) = sin 6]0)" + cos 6|1)", where 6 # Z.

A second unique multipartite class are W states, for example, a maximally entangled n-qubit
W state [17]:

W 0...1;....0),, 2.9)

1 n

VT T
where the subscript of |1) indicates its position in the n-qubit state |x,. . . x3x2x1), such that for
example |0...1,...0),, = |0010). By some entanglement measures the maximally entangled W states
are less entangled than maximally entangled GHZ states, ‘maximal’ meaning only within its
class. However, W-like states are more robust as a measurement of one qubit does not destroy
the entanglement of the rest of the state.

In practice, states are generally not pure, either because they are part of a larger state, or due
to decoherence. These mixed states cannot be represented as a single ket vector as above but
take the form of a density matrix [13]:

b= Sl (2.10)

where each element in the set {|ty), [)), ..., [)} is a unique pure n-qubit state and p; is the
probability of [¢;) in the ensemble p (therefore Y X p;=1). If T =1, p is a pure state, otherwise it is
a mixed state. Gate A acts on a density matrix p with ApAT=p'[13].

The purity of p is given by [18]

y="Tre% (2.11)

where pure states have a purity of 1. A maximally mixed state of the form p = IWN, where Iy is an

identity matrix of size N = D" where D =2, has purity y = L The purity of a state characterizes
the available information about the quantum system [19]. Werner states [20] are of the form

o =(1- P+ pr¥ 212)

and therefore the purity of p is dependent on p, where p is pure when p =0 and maximally
mixed when p =1. Further, p is separable [21] when 1-p<(1 +D"71)71. The reduced density
matrix of state R within composite system RT is given by the partial trace [13]

pr = Trr(orr) = X1 (klogrlk) - (2.13)

Entanglement in a bipartite pure state is now well understood as the degree of mixedness of
each subsystem, where the ‘mixedness’ characterizes a lack of information about the state of
a quantum system [19]. Any entanglement measure between subsystem A and subsystem B
therefore should increase as the purity of p, and pp decrease.

For example, the entanglement in a pure state can be quantified by the entropy of entangle-
ment, given by the von Neumann entropy Sy of the reduced density matrix representing each
subsystem, such that [13]

Svlpa) = ~Trpalogpal, (2.14)

where Tr[A] is the trace of a matrix A. For two-qubit states, the concurrence C, quantifies
entanglement and is given by [22,23]
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Co(|$)ap) =4/2(1 - Trp3) (2.15)

Capan) =2 tr[p?] - tr[ o] - tr[ 03] (2.16)

with 0 < C, < 1. A concurrence of C; =0 indicates that no entanglement is present in the system

and C, =1 corresponds to a maximally entangled state [22]. The experimental estimation of
concurrence (and therefore the bipartite equivalent of the techniques described in this article)
has been well studied [24-26].

(b) Higher-dimensional states

(i) Qudits

Qudits behave similarly to qubits, but are of a higher dimension and are therefore not restricted
to superpositions of the 0 and 1 binary states. A general one-qudit pure state is of the form

D-1
[¥p,n-1) = kgoAkax 2.17)

where D>2 and D € Z" is the dimension of the qudit. The D =3 case is known as a qutrit
[27,28]. Higher dimensions allow the possibility for richer quantum architecture and simulation
[29], simplified quantum circuits [30] and higher fault tolerance [31]. Entanglement in qudits

is defined similarly to the qubit case [27]; for example, |®p=3 ,-2)= %(|00)+ [11)+122)) is a

maximally entangled two-qutrit state.

(ii) Optical states

One of the most important optical states is the coherent state |a), which is the unique eigenstate
of the annihilation operator @ in a quantum harmonic oscillator [32]:

dla) = ala), (2.18)
. Coherent states follow a Poisson number distribution
when represented based on photon number states [33], or Fock states, |n):

where « is a complex amplitude a = |«|e

|OL\2 =

_laf® a’
|a> =€ 2 n§0ﬁ|n>’

where |cx|2 = u is the average number of photons. It follows that the probability of finding m
photons is P(m) = K(m|a)|* = ueH/m!.

A coherent state can also be thought of as the vacuum state |0) displaced to a location « in
phase space, due to the action of a displacement operator ﬁ(oc) such that [32]

(2.19)

|t} = @' =*|0) = D(a)[0). (2.20)

In contrast to the photon number states, coherent states are not orthogonal and form an
overcomplete basis. The inner product between coherent states |) and |8) is given by [33]

(a|f) = 214" = 5181 +aB (2.21)
The quadrature operators X = %(&Jr +d)and Y = %(&Jr — @) obey the uncertainty relation [32]

1

(AXPAY) 2 74

where ((AO)?) = (62> -(0)* is the variance of O and (O) = (1,D|5|1,b) Coherent states minimize this
with ((AX)*}(AY)?) = 11—6 and are therefore minimum uncertainty states. A state is said to be
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squeezed whenever ((AX)?) < % or ((AY)?) < =, with one quadrature’s uncertainty ‘squeezed’ at
the expense of the other [32].

Squeezing can be performed over multiple modes [32]. The two-mode squeezing operator
applied to modes @ and b is

$a(6) = exp(&ab - £a'D ), (2.22)

for £=re where r is known as the squeeze parameter and @ indicates the direction of
squeezing [34]. Therefore, a general two-mode squeezed coherent state |, §) can be written
as [32]

lt, B, £) = D(@)D(B)S(£)|00) (2.23)

using the displacement operator from equation (2.20). Since S5(£) cannot be written as a product
of two single-mode squeeze operators §a(§)=exp [%(E*Gz—gaﬂ)] and §/3(§), this squeezing
entangles the two modes. It can be shown that the entropy of entanglement increases [34,35]
with the squeeze parameter r.

Cat states are linear superpositions of coherent states with phase differences. They are of
particular interest due to their applicability in quantum computing [11] and as the building
blocks for entangled coherent states [11,36]. Entangled coherent states (ECSs) exhibit entan-
glement between modes of the electromagnetic field. They have applications across a range
of fields such as quantum optics [11], quantum information processing [36] and quantum
metrology [9]. ECSs are also fundamentally interesting as entangled macroscopic states with
minimized uncertainty. We will consider two-mode entangled coherent states of the form

|ECSz,6) = N, p(Acalor)lec) + Augla)lB) + AgalBlec) + AgglB)IB)), (2.24)

where
1 _
Neg
+(alB)Ane(Aap + Apa + (| BYAgp) + (] B) Acp(Aua + (| B) A + Agp)
+{atlB) Aga( Anc + (| B)Acg + Agg) + (| B) Agp((at]B) A + Acg + Apal) - (2.25)
A useful example is the ECS |ECS, _,) where B=-a which can be implemented through
parametric amplification and photodetection [36]. The greater the value of « the smaller the

overlap (al-a) = 2%, and therefore the more distinguishable the states |a) and |f) are from one
another.

2 2 2 2
|Aoccx| +|Aoc/3| +|Aﬁa| +|Aﬁﬁ|

() Binomial distribution

Let there be a register of random variables from M trials {Xj, ..., X)y} such that X € {x, x}, that
follow the binomial distribution B(M, P(x)), where P(x) is the probability of x. The probability of
getting exactly k instances of X = x in M trials is given by the probability mass function [37]:

f(k, M, P(x)) = (1‘];’ )P(x)k(l — P(x)M K, (2.26)

According to the Maximum Likelihood Estimation [37] procedure, ﬁ(x), the most likely value of
P(x), maximizes f(k, M, P(x)). This gives simply:

s _ k
P(x)= R (2.27)
We define the mean [37] error of };(x) in terms of the fractional error %;xf(x)‘ as
k
M ——P(x
B, P) = 3 100, POy T, (2.28)
K=o P(x)
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(d) Concentratable entanglement

Denote S ={1,2,..,n} as the set of labels for each qubit in input state p = [)(®p| and P(S) as its
power set (the set of all subsets). For any set of qubit labels, s € P(S)\{@} (where {@} is the
empty set), the CE is [6]

Ciyy(s) =1~ %a EZP (S)yw (2.29)
where c(s) is the cardinality of the sets and y, = Trp is the purity of the joint reduced state
P = Trg\ qp. In short, the lower each of the joint reduced purities {y,:a € P(s)} the greater
C|¢>(S).

Local purities tr[p2] (in any possible partition) cannot decrease, on average, under local
or separable operations [6]. Since it is entirely in terms of local purities, pure state concentrat-
able entanglement C(s) is also non-increasing, on average, under LOCC: a requirement for
entanglement measures.

Concentratable entanglement can be estimated using the controlled SWAP (c-SWAP) test for
entanglement [6,7]. During each round, the circuit in figure 1a is applied to the kth subsystems
in the n-partite state p and its (near) copy p'. The c-SWAP gate, with matrix
10000000
01000000
00100000
00010000
c-SWAP = ,
00001000
00000010
00000100

00000001 (2.30)

performs a swap between state p, and state p; for each element in their super-
positions, controlled on a qubit ancilla C. Note that even if p=p"— p=pp
SWAP(p, ® pi)SWAP' # p, ® pi unless py is pure and therefore there is no entanglement
between p, and the rest of p. The c-SWAP gate is not usually directly implementable in a
physical setting but can be decomposed into CNOTs from equation (2.4) and Toffolis from
equation (2.5), shown in figure 1b for n=2. Then each of the n ancillas is measured in the
computational basis, giving joint output o¢ = {o¢,, o¢,, ..., 0¢,}. Since this scheme is probabilistic,
the circuit needs to be repeated M times and therefore requires 2M (near) copies of p. After M
rounds, the probability of obtaining any given string € {0, 1}" from o can be calculated from the
final data string (6™ :mefl,.., M)).

Assuming an ensemble of identical states p = p’ for all M rounds, the CE of pure state [¢)) is
equivalent to the c-SWAP test results [6]

Cyp)=1- ¥ P(2)
2 € Z(s)
= X P@
z € 27"(s)

= P(Z5°*"(s)), (2.31)

where P(z) is the probability of measuring z on o¢, Z(s) is the set of all bitstrings with |0)s on all
indices in s and Z7"*"(s) is the set of bit strings with even Hamming weight and with at least one
|1) on an index in s. Concurrence [22], generalized concurrence [38], the n-tangle [39,40], and
linear entropy of entanglement [13] are all special cases of concentratable entanglement [6,41].
The c-SWAP test for entanglement is a state comparison test [42-44] performed on each
subsystem’s reduced state: the more entangled the overall state, the less pure each subsystem’s

reduced state, the greater the effect of the SWAP gate on those subsystems, and therefore, the

!
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e, — (5}
®) I ® S5, ®
1% L C) ®
P} S, ® D
s B * )

X0, [H}—e H
10X0le,

Figure 1. (a) shows one round of the c-SWAP test for entanglement on the input states o and p'. The circuit can be
considered in parallel for each qubit, with the SWAP gate applied to the kth qubit in each of o and p' controlled on the kth
control qubitfork € S ={1, 2, ..., n}. (b) shows the gate breakdown for the two-qubit version of the test. The two-qubit
gates are CNOT gates and the three-qubit gates are Toffolis. The second set of CNOTs are optional, they do not affect the
measurement outcomes.

greater the probability of measuring |1). on the corresponding control qubits. Specifically, a
measurement of |1)c; ® [1)c, evidences low purity of both p; and py, and therefore entanglement
between subsystems p; and p;. Alternatively, we can consider the test’s effect on the test states:
if the final states of channels A and B were to be measured, we would find that the probability
of measuring |1)c; ® |1)c, is equivalent to the probability of measuring [¥")4 5, ® [¥")4,5, where
|W7) is the ‘singlet” Bell state from equation (2.6). Therefore, the c-SWAP test ‘concentrates’
entanglement between p; and p into singlet states between p; &pj and between p; &gy, then
flags these concurrent singlet states with |1)c; ® |1)c,. The total entanglement Cjy)(s) is then the
linear combination of the probabilities of each instance of an even number of |1).s, P(Z7""(s)).
For a more in-depth discussion of the relationship between CE and the c-SWAP probability
results, see Foulds [41].
However, in the experiment, the elements of the input state ensemble will not be identical.
If p = |p)®| and p’ = |¢p)(¢p| where [¢h) # |}), there will be a non-zero probability of measuring an
odd number of |1)s in the control ancillas. Therefore [7]
Cpio(®)=1= % P2)

z € 2Z(s)
= P(Z57°"(s)) + P(29(s)). (2.32)

Equivalently, the concentratable entanglement of qubit states can be obtained via Bell
basis measurements [8] that do not require three-qubit gates or ancilla qubits. As with
the c-SWAP test the Bell basis measurement test requires 2M near copies of the n-par-
tite input state p. For each round m €{l,...,M}, the circuit in figure 2 is applied to
the kth subsystems in p and its pair p. All 2n qubits are measured, with output
04 =104, OB, Oay OB, -+ Oa,, O8,} ={04p, Oap, ..., Oap,}. After M rounds of the test the output
data o{}) are obtained. The probability results for the Bell measurement test relate exactly to the
probability results for the c-SWAP test [8] with

Peswap(|1)¢) = Prell basis(|11) 4p)s (2.33)
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xs o ——g—{i—
‘ kesS
B: pp —D——— A

Figure 2. One round 72 of the Bell basis test for entanglement on input states o and p'. H is a Hadamard gate and the
two-qubit gate is a CNOT gate.

Pe.swap(|0)c) = Pgell basis(|00) 45 U [01) 45U [10) 45),

where P.swap(zc) is the probability of measuring the control in state z after the c-SWAP test is
applied to p, and Ppelbasis(2Z4p) is the probability of measuring the final states in state zz' after
the c-SWAP test is applied to p. Therefore, the CE of 1) is equivalent to

Cly(s) = 1= P(Zo(s))
= P(Z7s)”

where P(z) is the probability of measuring z on o45 Zy(s) is the set of all bit strings with
|00y U |01) U |10) on all indices in s and Z7"*(s) is the set of bit strings with an even, non-zero
number of |11)s on an index in s. Therefore, the CE is equivalently recovered by the Bell
basis measurement test for qubit input states. For a discussion on the size of M relative to the
precision of Cjy), see Beckey et al. [8].

This method further illuminates concentratable entanglement’s operational meaning. During
the Bell basis measurement test, the subsystems p, and p; undergo the operation to convert
Bell states into the computational basis states. Therefore, a measurement of |11}, signifies the
‘singlet’ Bell state |\V") between input states p, and py [8,41].

The Bell basis measurement method, numerically simulated with noisy Rydberg-mediated
gates, was shown to be less lossy and therefore more efficient than the c-SWAP test for the
estimation of the CE of a pure n-qubit GHZ state [8].

Foulds et al. [7] and Beckey et al. [8] discuss the cases where the input states are non-identical
and the input states are mixed respectively. In either case P(23%(s)) # 0, increasing with decreased
input states fidelity and/or purity, and therefore, the CE must be redefined to accommodate
this experimental reality. Beckey et al. [8] combine the mixed state extension for the two-qubit
concurrence with the fact that the pure state CE can be written as asum overall pairsin S to define the
lowerbound of the CE of amixed state. In the case of total CE (where s = S), thisis

Lsy= Lo (1 L)l - L 2
G5 2"+(1 2")tr[p | 2"aezv><5)tr[p i @34

The superscript | denotes a lower bound.

3. Concentratable entanglement for qubit mixed states extended

In previous work, non-identical pure input states [7] and the general case of identical mixed
input states have been considered [6], but not specific examples of identical mixed input states
or non-identical mixed input states (undoubtedly the experimental reality). Here, we present
analytical results of the c-SWAP test for GHZ-like and W-like Werner states and investigate
their corresponding CE values to extend CE to experimental use. For the code used to generate
the results see github.com/sfoulds [45].

The pure state CE is defined as
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1 2
Cipp(s)=1-—= tr . 3.1
|¢>( ) zc(s)a E;:’(s) [p“] ( )

When the input states to the above entanglement tests are mixed, i.e. p # )|, this value
corresponds to

1 2
~ 50, 5, rlea] = 1= PZo(s) 62

= P(ZT"(s)) + P(ZT(5),
where P(z) are the probability results calculated from outputs o™ of the c-SWAP test or Bell

basis measurements as detailed in §2d on input states p = p’. We have calculated that these
probabilities in turn are equivalent to

PE) = (el -5 3 ulel]

laepy-L

IR T (33)
P(27%) = %(1 - tr[e?))

_1

=37 (34)

when s = S, which is the case that we will be covering.

Since mixed states are statistical mixtures—see equation (2.10)—their degree of entangle-
ment must also be probabilistic. The minimum and maximum average of a mixed state’s CE is
therefore respectively [46]

C;=infypClyy, (3.5)

Cp =sup 2piCiyy, (3.6)

where the infimum and supremum are over the possible decompositions of p =Y pi|h)¥|-
When p is pure, these values converge. The optimizations required to solve these equ;iations are
hard to compute and so we look for alternative methods to find the upper and lower bounds
Cﬁ, and C, respectively, such that the state p must have at least (most) CL(CZ) concentratable
entanglement. The greater the purity of the state, the closer these bounds should be to one
another.

Beckey et al. [8] find the lower bound of the total CE, equation (2.34), by extending the
previously known lower bound of concurrence: equation (2.16). We have calculated that this
lower bound in terms of entanglement test outcomes is

cL(s) = P(E3™) - (1 - %)P(Z%dd). 57)

We suppose that the upper bound of the CE of mixed states would similarly be in terms of
P(Z5"*") and P(Z5). Note that the value of P(Z5*™") not only increases as the sum of the joint
reduced purities decreases (as does Cjy) but also increases as the purity of p increases.
In this section, we investigate the analytical entanglement test results for mixed and
non-identical input states in order to conjecture an upper bound for CE.

(a) Identical input states

We model mixedness with Werner states of the form in equation (2.12). First we
consider that the pair of mixed input states are identical to one another such that
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p=p"=py(p)=1-p)|PXVY|+ p%”, where 0<p<1: therefore the variable p controls the
mixedness of p and its pair p'.
Let p=p'= pGHZ(p) =(1- p)|GHZ)(GHZ| + pN, where |GHZ) = A|0)" + A|1)" is a GHZ-like

state and |A0| + |A1| =1.If Ay= \}_ then thls is the max1mally entangled' GHZ state from

equation (2.8). The purity of pgyz is then y=1-

2" -1
P(EY) = P p) (38)
o A1 1\ ,2,.02 1 1)\,2,2 1 1 3\"
P(Z{M) = 4(7 - ?)AgAl - [4(7 - ?)AgAl ~g Tt (Z) ] p(2- p) (39)
and therefore
(1 1Y 2.0 1 1),2,2 (3\
1-P(2y) = 4(7 - ?)AoAl +]1- 4(§ - ?)AOAI - (Z) ]p(Z -p) (3.10)
1 1 1 242 1 1 2,20 2 1 3\"

Ch(S) = 4(7 - ?)AoAl - [4(7 - ?)AoAl et (Z) ] p2-p), (3.11)

where 2° = |0)2, shown in figure 3 for Ag= Lz P(Z7""), 1- P(Z) and Cp,,,(S) converge when
y = 1. For further examples see Foulds [41]: it can be seen that for a mixed W-like state the above

For any (qubit) input state P(ZOdd) = 2(1 y) and therefore the purity of p can be directly
estimated. Further, P(25""") and C,(S) increase linearly with y and 1 - P(Z;) decreases linearly
with y. An ideal entanglement measure would correlate with the level of useful entanglement
associated with p, and so we would expect said measure to decrease with decreased purity. This
is true for C, and P(Z5"*"). We would further expect an entanglement measure to give zero for

a separable state. The separability criterion [21] for qubit Werner states is ;< 28)2 Feeparavie AN 18

shown in figure 3 with vertical lines. The test results when ¥ = Yseparavle are (éhown in figure 4
for various n: the experlmentally estimable values that are closest to zero are CP(S) below and
P(Z{"*") above. Therefore C, underestimates the entanglement in p. P(25*") >0 for all y and so
overestimates the entanglement in p for low y. This suggests P(Z7"") could be a tighter upper
bound than 1 - P(Z2).
Shown in figure 5 is the mean error, from equation (2.28), of P(Z5"*™ calculated from M trials
of the Bell basis test for entanglement on 2M copies of pgeli). The error decreases with increased
purity with Err(M, P(Z7"") = 37081 1 - 210g;0()). Since P(Z1"") is linear in y regardless of

entanglement class, we conjecture that the mean error is logarithmic regardless of class.

(b) Non-identical input states

Now consider non-identical mixed states, usually the experimental reality. In this work, we
assume the two input states p and p' are similar enough such that their density matrices
commute for mathematical simplicity.

Let us define a new value

L=PEZ") - ( > )P(z"dd), (3.12)

which is equal to Cllo expressed in entangled test probabilities from equation (3.7). Since we are
now considering non-identical input states, this equation is no longer equivalent to Cfo from
equation (2.34), expressed in terms of p. We will investigate how close the value L obtained by
the entanglement test is to Cfo and Cﬁ,l.
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Figure 3. Test results for input states p = p' = pg(p) = (1 — p)|GHZ)(GHZ| + p%’. Unbroken lines represent

1 — P(Z,), dotted lines P(Z7"") and dashed lines C;,GHZ; n = 2 for opaque lines, with decreasing opacity for increasing 7.

Dash-dot lines show the value of separapie Such that the state is separable for y < ¥separapte-

o)

0.8

0.6
0ar—_——

0.2} /

0.0

—0.2* L | | | |

{1 - P(Z0)7 P(Z‘I)dd)a P(Ziven)v C

Figure 4. Test results for separable state 0 = 0" = Pguz( Dseparapie)- The red line is 1 — P(2Z), the blue circles are P(Z‘{dd),
the green dots represent P(Z7"") and the yellow crosses are C,.

Let the two input states be two different mixed GHZ-like states such that
ji , I
0 =pcuz(p) = (1 - p)|GHZ)GHZ| + pWN and o' = pcuz(q) = (1 - q)|GHZYGHZ| + qWN. These states
give the results:

P -2 +a-p0) (313)
P =52 |(3) - |era-pa (3.14)
1-PE) =55+ 3+ 5 (3) [ ra-pa (3.15)
L=%—%— %+%—%+(%)n(p+q—pq). (3.16)
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Figure 5. Mean error of P(Z(") calculated from M trials on pge(p) = (1 — p)|Bell)(Bell| + p ~ Where
JBeII) =dlz(|00) +1M) andy =1- 4p(2 p). The dash-dot line shows ¥ = ys.,. The mean error decreases with
increase

The purity of pisy=1- 2n—;lp(Z - p) and the purity of p,is y'=1- 2n—;lq(Z - q), and the fidelity
of the two is F = [try/pp']? 2 W1-pf1-q+ JVpq)*. The n =2 case is shgwn in figure 6 for various
values of pand § = q - p.

Ideally, the values given by a non-identical input states anglement test should be some
average over the values obtamed from a test with input states p &p, and from a test

on input states p' &p', e.g. L~—(C +C ). Let §=q-p. We have found that test results
X; € {P(Z7"°"),1- P(Z0), L} obtamed from input states p = py(p) and p' = py(q) relate to the mean
average with

X(p, 0) = 5(Xilp, ) + X', ) - 558" (3.17)

where |¢| < 1. The CE tests therefore estimate the average results of an ensemble to within %6,-52.
For X;_o=P(Z7"") and X;_, =L, ¢; is positive and for X;_1=1- P(Zo) € is negative.
Therefore, P(Z7"") underestlmates the mean average value of (1+tr[ 7)) - i Z tr[pa] where
€ P

even:

P =py(p) and p = py(q) by EEU(q p)>. However, recalling figure 4, P(Z{"") overestlmates the
amount of entanglement in p by P(21"") when ¥ = yseparable, since the CE should be zero for
a separable state. To compare the underestimation from non-identical input states with the
(maximum) overestimation from low purity, we show both in figure 7. If either of the input
states have low purity, the resulting overestimation is much higher than the underestimation in
all cases excepting n =2 at high &. For high purity, with therefore very little expected overesti-
mation, the average is underestimated by the relatively small value = 0.1(q - P>

(c) Upper bound on mixed state CE

Therefore in the expected experimental conditions of relatively small , P(Z7"°") overestimates
the amount of entanglement in input states p and p’, and we therefore conclude that P(Z7"") is
a valid CE upper bound for mixed states and inequivalent input states. We define the bounds of
total CE as

cus) = 3(1+ue?])- % = ulel]

~ P(Z{"") (3.18)

2 ae P(S)
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Figure 6. Test results for two different 2 = 2 Bell-like mixed input states p = pge(p) and p' = pgai(q). The continuous
line is 1 — P(Z,), the dotted line P(Z:"") and the dashed line L = P(Z5"") — (1 - in)P(z‘;d"). Dash-dot lines show
the value of ¥eparapie SUch that the state o is separable for y < Yseparapie. 6 = 0 i rezpresented by opaque lines, with
decreasing opacity for increasing &.
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Figure 7. Solid lines show the underestimation %epéz = P(Z7" (e, p") — %(P(Z?VE")(,O, p) + P(Z7") (o', ") for
input states p = pguz(p) and p' = pgz(p + S). The dashed lines show maximum overestimation, which is equal to
P(Z7"") with maximally mixed input states o = 0" = Pgyz( Dseparatie)- Dash-dot lines show & = Pegparapte. Increasing n is
represented by decreasing opacity.

oo -2 5 o

= P(E) - (1- 2 ez,
2" (3.19)
where the approximates denote non-identical input states. The advantage of C, = P(Z1"") is
that its operational meaning is identical to that of Cjy): the ‘concentration” of singlet Bell states
detected consisting of subsystems in p. This is an overestimation of the entanglement present in
mixed states however, as some of these singlet states represent the entanglement between the
subsystems and the environment, aka mixedness.
Recall the maximum and minimum averages of a mixed state’s CE over its decompositions,
C, and C’pU from equations (3.5) and (3.6). The difference between these and our bounds is
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cp-c=2(1-tr[e?)) - Zl I [oupzpitrle - [p;Z-,]), (3.20)
1 1 .
¢i-ct=(1- ) -tele) -5 3 [zl - & (3.21)

where p, ; = Tr\o[$h,)(%]- It can be seen from inspection that C; - C, < C, - C:,, i.e. our new upper
bound C; is closer to the maximum average than the lower bound from prior work is to the
minimum average.

Somewhat ‘for free’ (no additional quantum resources), the entanglement tests also estimate
the average purity. For state p with purity y and state p’ with purity y"

2"-1
2"

1
P2 = 55— —~(p+q - pq)

1 2
5 d.

=—[1- —-z -
4 or (3.22)

1 , 12"-1
20+

When p =p/, P(I:‘,';30101 = %(1 —¥). We therefore define an estimate of the purity such that

7 =1-2P(23")

2"-1
R (1-p)y

2" -1
o (1= @)9.

re (3.23)
In conclusion, the c-SWAP and Bell basis entanglement tests can estimate the purity and the
bounded CE of mixed qubit states to an acceptable accuracy, the considered sources of error
being non-identical input states and the possibility of the state’s CE being greater than the
calculated upper bound. Mixed non-identical input states—the norm for experimental set-ups—
are signified by non-zero P(29%Y). The average purity of the input states can be estimated with
y=1- 2P(Z§’dd), which is € = (1 - p)|p — q| close to the actual purity y, where p and q are Werner
parameters. We have introduced an upper bound for the CE, estimable from an experiment
with Cp = P(Z1""). This upper bound is € = %(p - q)* lower than the average upper bound for
non-identical ensembles, favouring the Cz of the least entangled of p or p". If p, g, or [p-q| >0,
overall Cz overestimates the amount of entanglement in p and p". CZ and Cfo converge when p is
pure.

4. Concentratable entanglement for higher-dimensional states

We are interested in generalizing both the c-SWAP test and concentratable entanglement to
experimentally relevant higher-dimensional states, specifically qudit states and coherent states.
Specifically, we expect the CE to behave in ways found by previous entanglement measures.
Higher dimensions allow the possibility for richer quantum architecture and simulation [29],
simplified quantum circuits [30] and higher fault tolerance [31]. The use of the Bell measure-
ment test on higher-dimensional states is uncertain as the test relies on the probability of
measuring an antisymmetric Bell state [8]. However, there are no antisymmetric matrices with
odd rank D [47,48], so it is not clear how the Bell measurement test would extend to D > 2.
Higher-dimensional states therefore require the c-SWAP version of the test.
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(a) Qudit states

(i) Identical pure input states

Let p=p"=[¢)h|, where [¢p) is a D >2 dimensional qudit state. If using the c-SWAP test the
control state remains a qubit (D = 2); therefore, the test’s operation is unchanged, although the
composite gate structure must be modified to achieve a SWAP operation on qudit states [49].

Although not explicitly stated, the proof of 1 - %Za e pyTr[p2] = 1 - P(Z0) = P(Z7"") for pure
o in Beckey et al. [6] is independent of dimension D. To find the effect of D on CE, let us define a
GHZ-like n-qudit state [p) = Y7~ GA; i), which gives

1
€)= PE") =43 2n) v z azay. @1
Figure 8 shows the CEs for maximally entangled 2-qudit states of dimension D |Cy = ; le)
along with those for maximally GHZ- entangled n-qubit states (CW =5- ) for comparison. Both

increase with D and n respectively and tend to —, increasing n has a greater effect on CE than
increasing D, which is expected for an entanglement measure since the Hilbert space dimension
for n qubits is 2".

(ii) Identical mixed input states

As with qubit states, we model mixed qudit states with the D-dimensional Werner states
p=p"=0-p|bXp|+ pN where N = D". Let |§),, be a D-dimensional Bell state [1),, = \/—Zj “0lji)
therefore:

P(27) =

(4.2)

1

PE) = 3~ 355~ 1| D(D =22~ p) + p(6D - (7D ~8)p)] 43)

shown in figure 9. Whereas mixed states of dimension D =2 have CE in terms of p(2-p),
higher-dimensional mixed states have an additional term p(6D - (7D -8)p). Unfortunately,
P(Zﬁ’dd) # %(1 —¥) in all cases as y cannot be written in terms of p(2 - p) for D > 2.

In conclusion, the c-SWAP test and CE can straightforwardly be applied to qudit states with
equations (3.18) and (3.19). The terms 2" are due to |P(S)| =2" and so these expressions are
independent of dimension D, as can be intuited from the derivations [6,8] of C}y) and C,lo.

(b) Entangled coherent states

We now consider how the c-SWAP test and CE can be applied to coherent states. Let
=p'= )| and therefore Ciy(S)=P(Z1""). Our proposed optical set-up to perform the
c-SWAP test is shown in figure 10. The circuit is applied to the k-th mode in each of the input
states p and p'. This pair enters the circuit on spatial paths A and B, respectively: the signals in
one arm are then spatially swapped while the other arm experiences a phase-shift of 7.
The phase-shift beam splitters can be represented by the transformation

E;
E,

Eq
E|

“&h

(4.4
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Figure 8. The total CE, Clzp given by the test for entanglement in maximally entangled 2-qudit input states
[P)n=2D) = 1 k_0|kk)f0rvarlousdlmen5|onsDshown with black crosses. For comparison, the CE for maximally
entangled r-qubit GH GF L states |GHZ)(n, D = 2) = (|0)™ + |1)") are shown in orange squares. The horizontal purple

lines show that the 2-qudit CE is related to the r-qubit CE with C\guzyn = n, D =2 = Cly)n =20 = 2" ).
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Figure 9. CE results for input states p = p' = (1 — p)|YXP| + p~ where N =D"and I%—— s \m Unbroken
lines represent 1 — P(Z,), dotted lines P(Z5"") and dashed lines C,,, Dash dot lines show the value oip Vseparable SUCh that
the state is separable for y < ¥separapie-

where E; and E, are the input beams and E3 and E, are the output beams. The action of the

circuit is

E\Ep
0

iE,E}
E.Ep
swaP 1 [iEsEp
i

V2| EAEp
rses2 1| ExEgp— EqEp

et Y ]
2|iE Ep +iE4Eg

PSBS1 1

7

The probability of a signal at detector C therefore is %Tr(Ej;EB—EAEg), which when E = g is
equivalent to the probability of measuring |1)¢, in the c-SWAP test in figure 1. P(27"") is then
the probability of detection (of anything other than the vacuum state) at C a non-zero even
number of times.

The program [45] used to classically compute P(Z7"*") requires the amplitudes of
each mode in [¢) to be able to be trivially swapped; therefore, we restrict our initial

1905202 28 205y sun g esyeunolioGunsyandisposeror |
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sw | | |
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INPUT =

Figure 10. A proposed circuit, to be applied to each k-th mode, for implementing one round of the ¢-SWAP test on optical
states. The k-th mode of the input states o and p' each enter the circuit on a different spatial path A (blue) and B (orange).
PSBST and PSBS2 are phase-shift beam splitters, with transmitted beams experiencing a phase shift of; and symmetric
transmission/reflection probabilities. The SWAP operation crosses the two paths, such that {oi} aloids = 1o} aloils. A
detector is placed at .

investigation to coherent state superpositions such as the two-mode entangled coher-
ent states from equation (2.24). After a c-SWAP test on an identical ensemble of

[¥) = [ECSq, ) = N, g(Aacl@)la) + Agla)|B) + AgalB)lec) + AgglB)|B)):

2 (4.5)

7

n 2
P(Z?VE ) = clzp) =N§c, ﬁ(l - <0(|‘3>2) |AaaAﬁﬁ - AaﬁAﬁa

which reduces to the two-qubit result if («|8) = 0. To compare with entropy of entanglement, let
|9) = (Jacc) + [BB))/Y/1 + (a|B)*. Therefore

(1 — <OC|5>2)2 (46)

1
VT gy

and

_ 2y A= @B’ ) o1 — (ly) — (LB’

Si(pa) = 1og(2) + log(1 + (alf)’) ~* — gy OB @B =S log(1 - @lB). - (47)
Figure 11 shows Cjy) and the normalized entangled entropy Sy(o,)/4log 2 as a function of («|B).
The shape of the two functions are very similar however Ciyy < Sy(p,)/4log?2 for all («|B). The
closeness of the two measures’ values leads us to conclude that they are quantifying the same
property of |¢) in a very similar way. The advantage of CE however is that it is analytically
simpler.

To extend to n-mode ECSs, the n-qubit results from [7] are multiplied by (1 —(alpyy =",
where x is the number of qubit swaps the state has undergone to give the amplitude in
the final expression. For example, GHZ-like coherent states [1h) = N guz(Aq|a)" + AglB)") where

Nzl = Al + | AP + (424 + AzANB)" give CE
GHZ

4 1 1
Ciyy = Nénz(1 - <alﬁ>2)"(§ - ?)4 | AZA3| (4.8)
and W-like coherent states |¢)=Nw)]- 1Aj|ﬁ)j_1|cc)|ﬁ)"_j where |B)’=Iy and
= EaP e’ § A give

Ny

G = N1 le) £ 8 141421 49
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Figure 11. Graph showing the CE (blue solid line) and the normalized entanglement entropy (orange dotted line) of
entangled coherent state |1) = (|eter) + | BB))/\/1 + (at| B for various (| B).
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Figure 12. Graph showing Cjy5y = P(Z7"") for two-mode coherent state superpositions of the form given in (4.12), plotted
against coherent state amplitude o for various values of C3 as defined in (4.14).

Further, this rule holds for mixed and non-identical input states. Therefore, previous favourable
error analysis of qubit state results (found in §3 and Foulds ef al. [7]) also hold for coherent
states of a similar form.

Let us consider the specific example of

[ECSq, -o) =N, -oAr+ |@)]@) + A - |@)|-a) + A+ |-)a) + A _|~@)|-a)) . (4.10)
The c-SWAP test result for |¢) = |[ECS, _,) is

2
P(Z5™) = Cyy = %Cﬁz(l - et (4.11)
shown in figure 12, where

Ch=2N% JJALA_—A A 4.12)

as an analogue to pure qubit state concurrence. The CE increases with a until 0.75 <a <1.5
where it plateaus to the qubit state CE. This is expected as the greater «, the smaller the overlap
(ab @) = exp (-2|al?) and the closer this overlap is to the qubit overlap (O[l) = 0. At small «, the
overlap is large and the closer the ECS to the product state |a)|a).

Therefore the optical CE behaves as expected for an optical entanglement measure.
However, since ECSs are less entangled than a qubit state of the same form, an entanglement
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Figure 13. Mean error of P(Z3"") calculated from 100 trials on |ECS,, _) from equation 4.10, plotted against coherent
state amplitude o for various values of C as defined in equation (4.14).
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Figure 14. The norm of the qudit approximated ECS, equation (4.17), as a heatmap across different qudit dimensions and
coherent state amplitudes. This was used to determine a value of D for which the qudit state accurately models the ECS,
equation (4.16), across the coherent state amplitude o range considered.

test on an ECS will require more resources to estimate the smaller P(Z7""). This is shown
in figure 13, which shows the mean error of P(2{"") against coherent state amplitude « for
number of trails M = 100. When the « is large (« > 1), the error is the same as for qubit states of
the same form. When « = 0, the error is unity as the probability to be estimated is zero. For a < %
and\or [AnA_—-A A< %, the CE as estimated by the c-SWAP test has mean error > 0.1. The
test is therefore intractable for small a coherent states.

Also, note that the above scheme is very similar to the comparison of coherent states [50],
which only requires one beam splitter per circuit. However, we have seen that the coherent
state CE is in terms of (1 - («|B)%), whereas the comparison scheme gives probabilities in terms
of (1 -(a|B)). Further work should be done to investigate whether the circuit given in figure 10

could be simplified.
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Figure 15. A comparison of Cjyy = P(Z7"")) for ECS equation (4.16) and a qudit approximation ECS equation (4.17)
against coherent state amplitude cx.
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Figure 16. The norm of the approximated TMSV state equation (4.18) for various qudit dimension D and squeeze parameter
r.

(c) Coherent states as high dimensional qudits

We wish to calculate the CE of optical states not supported by the existing code. An alternative
method when considering optical states is to approximate them with high dimensional qudits,
with the D-dimensional approximation:

21 o

|oquaie) =€ ¥ J— (4.13)

The c-SWAP test as shown in figure 1a can then be applied to this state.
Consider the simple ECS

[$a) = No, -al|@)le) + |[-a)|-a0)), (4.14)
which can be approximated by

N la? 5 j+k
[$quaie) = € sz (1+(-1) )\/—\/—|J>|> (4.15)
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Figure 17. CE of a two-mode squeezed vacuum (TMSV) state approximated by a D = 250 qudit state from equation (4.18)

(solid blue line) alongside ZS‘;(’J% of the TMSV state (dotted orange line).

Sy

where we have chosen D = 15 so that [quait) is approximately normalized in the range 0 < a <3
(see figure 14). The c-SWAP test output probabilities against « for this state are shown in figure
15. In the same plot are the results for |i),) for comparison.

The behaviour of P(Z1"") for each state are very similar, tending to the same value, but the
qudit approximation overestimates in the region of 0 < a <1.8.

Now consider an optical state that the c-SWAP test cannot be trivially applied to: the
two-mode squeezed vacuum state |TMSV,) = $,(£)|0,0), where S,(§) is the two-mode squeeze
operator defined in equation (2.22). These states have been used to demonstrate the EPR
paradox experiment with continuous position and momentum variables [51].

The qudit approximation of a TMSV state where 0 < a <3 is [52]

[TMSV quaie) = Z (- ¢®tanh r)|jj), (4.16)

coshr rj

the normalization values of which are shown in figure 16. Unfortunately, this state requires
a very high dimension, D =250, and therefore would likely be intractable in an experimental
setting. Regardless, the CE test probability result is

1 249 249

CiTMSVguai) = — 71— Y. (tanhr)®U*0. 4.17
! audit) = 2cosh®rj=ok=0k#j (4.17)
This is shown in figure 17, along51de the normalized entanglement entropy %, where

Sy(p4)(r) = cosh® rlog cosh? r —sinh® rlog sinh?® r [35]. Unfortunately, ClTMSV guqi) dO€S MOt seem
to be a good estimation of Cjrmsv,). The entanglement entropy increases with r linearly and
indefinitely; however, the CE of the qudit approximation has a maximum at r = 2.5, beyond
which the CE decreases. This is due to the qudit state CE term %— %, which tends to % as D
increases. This suggests CE tests on qudit approximations of coherent states are not suitable for
squeezed states.

Since the CE of the ECS qudit approximation is close to the CE of ECSs (and the CE of
ECSs are close to the entanglement entropy), the disparity in the TMSV results may point to an
inherent limitation in the entanglement tests to estimate a TMSV state’s degree of entanglement.

The c-SWAP test and therefore concentratable entanglements can be immediately applied
to qudit states and entangled coherent states, however further work is needed to assess
its suitability for squeezed states. In general, CE increases with dimension D and coherent
amplitude «, strengthening it as a multi-dimensional entanglement measure.
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5. Conclusions

In conclusion, we have built on past work that defines the CE of pure states [6] and the lower
bound on the CE of mixed states [8] by defining the upper bound of the (total) CE of n-party
mixed states as

cus) = 5(1+ule’) - 3 el

~ P(cheven). (5.1)

The upper and lower bounds converge when all input states are identical and pure. The
upper and lower bounds are the tightest experimentally obtainable values that bound zero
when p is separable. Furthermore we have shown that when the input states are not identical,
these bounds give the average CE of the input ensemble to within %52, where § is the differ-
ence between two Werner states' parameters. Further work should generalize these bounds to
subsystem CE.

(NZZ and é;, where p is qubit, can be estimated from 2M copies of p using the Bell basis test [8].
The mean error of Z’; is logarithmically dependent on the purity of p.

In addition, we have expanded the definition of the CE and its corresponding test to higher
dimensions. The c-SWAP test for entanglement applied to higher-dimensional states cannot
estimate purity as with the two-dimensional case, however the CE behaves as expected for
a higher-dimensional entanglement measure. We considered the test applied to entangled
coherent states; the CE of these behave similarly to the entropy of entanglement but with much
simpler analytical expressions, therefore we believe the CE is the more operationally friendly
measure of entanglement. However, estimating the CE of states with small coherent state
amplitudes via the c-SWAP test is intractable due to the relatively low level of entanglement
inherent to such states. Further work is required to assess the validity of the CE of other optical
states such as squeezed states and OAM states.
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