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The interacting particle system X; = (X i)ieN discussed in this paper is formally described as the
following stochastic differential equation of infinitely many particles in R:

Xm—ﬁz dt+dB, ieN, (DBM)
2 f X - Xj

where (Bﬁ : i € N)is the family of infinitely many independent Brownian motionsin R and 8 > 0
is a positive constant called inverse temperature. The solution X to (DBM) is called infinite Dyson
Brownian motion with inverse temperature 5, named after Dyson [1], which has a particular impor-
tance in relation to random matrix theory. It can be thought of as a diffusion process in the space
Y of locally finite point measures (called configuration space) by dropping the labelling via the
map (x)2, = X2, 6 x;» Which is called unlabelled solution and denoted by X. Over these 35 years,
the construction of weak/strong solutions and their uniqueness have been studied, for example,
in [2, 4, 6-8, 10, 12].

A question that is addressed in this paper is a spectral gap of the unlabelled solution X in the
case 8 = 2. In this case, a weaker property, what is called irreducibility (called also ergodicity, or
convergence to equilibrium), has been recently settled affirmatively in [5, 9, 11]. In particular, the
law of the time marginal X, converges to an equilibrium measure as t — oo, which is the law
of the sine, point process. Any aspect of quantitative rate of this convergence, however, remains
uncharted so far. The objective of this paper is to provide a negative result for spectral gaps of the
unlabelled solution X with 8 = 2.
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List of notation

* D = C®(R) for the space of real-valued compactly supported smooth functions in R;

. C;"(Rk) for the space of real-valued smooth functions in R¥ (k € N) whose arbitrary order of
derivative is continuous and bounded;

 T®(u,v) for the square field of functions u,v : R — R defined as TR (u,v) := (;—xu)(j—xv);

* Y for the configuration space over R, that is, the space of Radon point measures on R;

* u for the law of the sine, point process. Namely, u is the law of the determinantal point process
whose n-point correlation function is

" ; sin (x; — xj)
P (xqy ey X)) = det(K(xi,xj)LFl) » K, x) = ————

>

m(x; — xj)
* LP(Y,u) (1 < p < o0) for the u-equivalence classes of functions u : ¥ — R with ||u||’LJp(M) 1=
Jy [ulP du < oo;
2
* Var(u) for the variance of u € L*(Y, u) defined as Var(u) := [, u*du — </Y u dy) ;
* u* : Y — R for linear statistics of u : R — R defined as
W) i= [uedreo . e
R
* FC.°(D) for the space of cylinder functions U : Y — R:
U=oW,..,u}), fu,..y}cD, ®eC R, kenN;
« T for the square field operator in Y:
k
') i= Y 8@ (uf, .., uy) 8;® (uf, .., u;) T*(u,up)*, U E€FCP(D);
ij=1
* & for the functional € : FCr (D) x FCre (D) — R defined as
E(u,v) 1= % / M (u,v)du, w0 FCI(D), )
Y

where IV (u,v) := %(I‘T(u +v) — I (u — v)). We write £(u, u) = E(u).

Let Q : L*(Y,u) X L>(Y,u) - RU{oo} be a symmetric bilinear function with a dense
domain F :={u € L*>(Y, u) : Q(u,u) < oo} and Q(u,u) > 0 for every u € F. It is called closed if
the space 7 endowed with the norm || - || defined as || - ||§, =0()+ - ||i2 W is a real Hilbert
space. A pair (Q, F) is a closed extension of (&, PC;"(D)) if (Q, F) is closed and

FC(D)CF, Q=& on FCO(D)XFCO(D).
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In the rest of the paper, we keep the same symbol £ for extensions and simply say that (&, F)
is a closed extension of (€, FC;*(D)). The unlabelled solution X of (DBM) with g = 2 starting at
a particular class of admissible initial conditions has been identified with the diffusion process
properly associated with a closed extension of (&, FCr (D)), see [7, Thm. 24].

Theorem. Any closed extension (€, F) of (€, FCr (D)) does not have a spectral gap, that is,

inf £ =
uer Var(u)
u#0

1 | PROOF OF THE THEOREM

In the rest of the arguments, we often use the following facts about the sine, point process.

* (Intensity measure) If u € L'(R), then u* € L'(Y, u) and

/Yu*d,u:/Rudx. 2)

* (Two-point correlation) For every Borel measurable u : R — R,

[ 3wt = [ uoup® . pyiny (< o0), ®
XY€Y
Xy

where p® is the two-point correlation function given by

@ L sin® (m(x — »)
p (X,Y)—l 71'2(x—y)2

x2
Proof of the theorem. Take u (x) := xe 20 and define the associated linear statistics U, : ¥ — R
asU,(y) i=ul(y) = fR u,(x) dy. In the following argument, we fix o and simply write u and U.
We first compute the variance of U. By the intensity formula (2) and the mean zero

property [, udx =0,

2 2
Var(U):/Uzd/,t—</Ud/,t> =/U2du—</udx> :/Uzdu.
Y T T R T

The right-hand side can be further deduced to

2
/ <2u(x>> autr)= [ (2u(x>2+ D u(x)u(y)) du(r) @

x€y x€y X.y€y
x#y

_ / u(x) dx + / u(u()e?(x, y) dx dy
R RrR2
N

2

0.3
+ / u(x)u()p@(x,y)dxdy .
RZ
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4 | SUZUKI

We now give the evaluation on the second term /R2 u(x)u(»)p®(x,y) dx dy. Recalling 0@ (x,y) =

22
1— S EEY) 4ng /[R2 u(x)u(y) dx dy = 0, we focus only on the evaluation of

A (x—y)?
2
sin“(7r(x —
R2 T(x — y)*
By the change of variables (the rotation by 45°)
x = L(u+v), y= L(U—M),

V2 V2

the integral (5) comes down to

+” smz(\/—rru)

oz

2(02 _ u2)
R

_w2+o? sin?(4/27u w402 sin®(\/27ru
1 / e 202 L du dU — l / Uze (\/_ )
4 RrR2 7T2 4 RrR2 7T2u2

=: (D +(D).

By using the following formula (a proof will be given later):

/ -2 s’ (Vo) | oen et 1) ©)
e = 9
R 2 \/571.3/2
the first term can be further computed as
_? _w « sin?(\/27mu 2ro —4m’o? (gdn’o’ _
(I):l/e ZUZdU/ (\/2— ) du = x 2& (e )
4 Jr R T 4 \/5773/2
2
g —47'[ a2
=—Q1-
4r ( )
For the second term, we first note that [, sin (2\/_2” Y du = /2, which can be immediately seen
s 02
by the formula /R S“;# du = 7 and the change of variable. Thus, we have
2 2 2 3
- sin 2mu L - sin 2mu 2rno
(II):—l/e (\/_ ) / e2o2dv=—/e (V2 ) ux
4 Jn T u? R R mu? 4
sin®(v/27ru) du 2m0® \ra?
- R m2u? 4 a 2
By plugging these estimates into Equation (4),
o’ ol 2
Var(U) > v - v T (1-e ) = ( e | (7
2 2 4
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We next compute E(U) = (1/2) fr I'Y(U) du. By, for example, [3, Prop. 4.6], U = U, € F for
every o > 0 and I'V(U) = T®(u)* u-a.e. Thus, for u-a.e. y,

') = Y @) <2 ) e S+ 2 = 23 xte .

xey xey xey

By the intensity formula (2), we have

8(U):%/YI‘T(U)du</<Ze aZ(x)+—Zx e crz(x))d,u(y)

xey xey

2
:/(e 2 4 x4e a2>dx
R o4
3
=\/;a+

Therefore, we conclude

EE) o €W \/_o+3f” oo

inf 7 — 0.
Jgir’ Var(F) ~ o>0 Var(U, ) ﬂ(l e—4ma?) 0
Proof of Equation (6). By the formula sin® u = (1 — cos(2u))/2,
2 2
/e__ sin (\/—ﬂu) 1 /e ¥ (1 —cos(2\/_7ru))
R 2 T on2
oo o
= ﬁ - ﬁ / e 202 COS(Z\/EH'H) du .
R

Let h(a) := /0°° e—bv’ cos(au)du for a,b > 0. As the integrant e—bw? cos(au) is symmetric in
variable u, we have 2h(a) = fR e—bw? cos(au) du. It is straightforward to check

dh=-2n, h(O):/ e—buzdu:ﬁ.
0

T 2v/b
o . o . N .
Solving this first-order ordinary differential equation, we get 2h(a) = %e # . Plugging a =
2\/571' and b = 1/(20?), the sought formula is obtained. O

2 | CONCLUDING REMARK

Remark 2.1 (Growth of variance and spectral gap). Let ¢ be the law of a point process in R
with constant intensity, Var, be the variance with respect to u, and £, be the functional defined
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6 | SUZUKI

in Equation (1) with u. The proof of the theorem shows that as long as

o 0—00

Var ,(uz) 0 ®

any closed extension of (£, FCr (D)) (if it exists) does not have a spectral gap. In the case where
u is the law 7 of the Poisson point process in R with intensity 1, Equation (8) holds true as we have

V7a?®

Var,(u;) = 5

To find an example  with which (€, FCr (D)) has a spectral gap, we need to look into point pro-
cesses having a considerably slower growth of the variance than that of the Poisson point process
so that Equation (8) does not hold. This might be related to the property called hyperuniformity.
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