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Abstract

The onset of the Rayleigh-Bénard instability in a horizontal fluid layer is investigated by as-
suming the fluid as a binary mixture and the concentration buoyancy as the driving force.
The focus of this study is on the anomalous diffusion phenomenology emerging when the mean
squared displacement of molecules in the diffusive random walk is not proportional to time, as
in the usual Fick’s diffusion, but it is proportional to a power of time. The power-law model
of anomalous diffusion identifies subdiffusion when the power-law index is smaller than unity,
while it describes superdiffusion when the power-law index is larger than unity. This study
reconsiders the stability analysis of the Rayleigh-Bénard problem by extending the governing
equations to include the anomalous diffusion.

1 Introduction

Anomalous mass diffusion refers to situations where the typical characteristics deviate from
classical models based on Fick’s law. Scenarios and phenomena associated with anoma-
lous mass diffusion are classified as subdiffusion and superdiffusion. In subdiffusion, solute
molecules move more slowly than predicted by classical diffusion. In superdiffusion, particles
move more rapidly than predicted by classical diffusion. A typical cause of superdiffusion
is the long-range interactions between molecules leading to occasional Lévy flights. In fact,
Lévy walk is a type of random walk where step sizes are drawn from a Lévy distribution,
whose main feature is heavy tails in comparison with the typical Gaussian distribution.
There is a wide literature documenting the phenomenology and mathematical modelling of
the anomalous diffusion. We refer the reader to the excellent reviews by Metzler and Klafter
[1] and by Henry et al. [2].

The physical basis of anomalous diffusion relies on the modelling of the molecular random
walk process undergone by the solute molecules in a binary mixture. In fact, the relationship
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between the mean squared displacement σ2
x of the molecules and time t may be sublinear,

linear or superlinear, namely

σ2
x = 2Dtr, (1)

where D is the generalised diffusion coefficient (with SI units m2/s
r
) and r is the anomalous

diffusion index. Such an index can be r < 1 meaning subdiffusion, r = 1 leading to the usual
linear model of diffusion or r > 1 meaning superdiffusion.

There are experimental studies and measurements of anomalous diffusion in a plethora
of cases involving, for instance, polymers, biopolymers, proteins and liquid crystals, leading
to the evaluation of the generalised diffusion coefficient and the power-law index. Examples
are the papers by Banks and Fradin [3] and by Martin et al. [4]. We report that fluores-
cence correlation spectroscopy technique has been employed by many authors [5, 6] for the
experimental analysis of anomalous diffusion.

The aim of this paper is reconsidering the stability analysis of the Rayleigh-Bénard sys-
tem, under conditions of either subdiffusion or superdiffusion. The analysis is first ap-
proached with the linearised set of governing equations for the perturbations and a normal
mode analysis. Then, the energy method is employed to approach nonlinearly the case of
superdiffusion. The energy method is also employed to reconsider the linear analysis of the
instability for the case of subdiffusion under a broader perspective not based on normal
modes. This paper extends previous analyses referring to Darcy’s flow in a porous medium
[7, 8].

2 The mathematical model

We consider a horizontal fluid layer with thickness H and infinite horizontal width, bounded
by two horizontal planes z = 0 and z = H. The z axis is vertical while the x and y axes
are horizontal. The fluid is a binary isothermal mixture. Following the anomalous diffusion
model discussed by Henry et al. [2] and employed in the recent studies by Barletta [7] and
by Straughan and Barletta [8], we introduce an effective time-dependent diffusivity, Drtr−1,
based on the generalised diffusion coefficient D.

By adopting the Oberbeck-Boussinesq approximation, we can express the local mass,
momentum and solutal concentration balance equations as

∂uj
∂xj

= 0,

∂ui
∂t

+ uj
∂ui
∂xj

= −β (c− c0) gi −
1

ρ0

∂p

∂xi
+ ν∇2ui,

∂c

∂t
+ uj

∂c

∂xj
= D r tr−1∇2c. (2)

Here, Einstein’s notation for implicit summation over repeated indexes has been adopted.
Furthermore, the fields expressing the velocity, dynamic pressure, and concentration have
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been denoted as ui, p and c, respectively. The dynamic pressure is the difference between
the pressure and the hydrostatic pressure, while symbol c0 is the reference concentration
employed for the definition of the buoyancy force. Fluid properties β, ρ0 and ν denote the
mass expansion coefficient, the reference density and the kinematic viscosity, respectively.
The gravitational acceleration is given by gi = −g δi3, where g is the modulus of gi and δi3
is the i3 component of Kronecker’s delta, namely, the i component of the unit vector along
the z axis.

Given that the boundaries z = 0, H are assumed with uniform concentrations c1 and c2,
respectively, there are different combinations of stress-free and rigid boundary conditions for
the velocity that are usually employed. For the sake of simplicity, we will hereafter assume
stress-free boundary conditions at both boundaries, as this is the only case leading to an
analytical solution in the standard diffusion case, r = 1.

2.1 The basic solution

A stationary basic solution of (2) satisfying the boundary conditions can be found with the
velocity, dynamic pressure gradient and solute concentration expressed as

ubi = 0,
∂pb
∂xi

= −ρ0 (cb − c0) gi, cb = c1 −
c1 − c2
H

z, (3)

where the subscript b stands for basic state. This is exactly the basic state considered in
the traditional Rayleigh-Bénard problem with standard diffusion, as the value of r does not
influence the solution.

2.2 Perturbing the basic state

We introduce a small-amplitude perturbation of the basic state by defining

ui = ubi + Ui, p = pb + P, c = cb + C, (4)

where (Ui, P, C) are small perturbation fields. By substituting equations (3) and (4) into (2)
and by neglecting the nonlinear terms in the perturbations, we obtain

∂Uj
∂xj

= 0,

∂Ui
∂t

= −β C gi −
1

ρ0

∂P

∂xi
+ ν∇2Ui,

∂C

∂t
−W c1 − c2

H
= D r tr−1∇2C, (5)

where W denotes the z component of Ui, while the x and y components will be denoted as
U and V . Thus, the boundary conditions can be expressed as

z = 0, H : W = 0 = C,
∂U

∂z
= 0 =

∂V

∂z
. (6)
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Equations (5) and (6) can be rewritten in a dimensionless form by means of the scaling

Ui
H/τ

→ Ui,
C

c1 − c2
→ C,

P

ρ0ν/τ
→ P,

xi
H
→ xi,

t

τ
→ t, (7)

where τ = (H2/D)1/r is the diffusion time constant. Thus, equations (5) yield

∂Uj
∂xj

= 0,(
1

Sc

∂

∂t
−∇2

)
Ui = RaC δi3 −

∂P

∂xi
,

∂C

∂t
−W = r tr−1∇2C, (8)

with the boundary conditions

z = 0, 1 : W = 0 = C,
∂U

∂z
= 0 =

∂V

∂z
. (9)

In equations (8), the Schmidt number and the Rayleigh number are defined as

Sc =
ν

D τ r−1
, Ra =

gβ(c1 − c2)H3

νD τ r−1
. (10)

While β and c1 − c2 can be either positive or negative, the inequality Ra > 0 addresses a
case where the basic state features a potentially unstable solutal stratification. By taking the
curl of the second equation (8), one can get rid of the dynamic pressure gradient, ∂P/∂xi,
so that (8) can be reformulated in terms only of the fields W and C, namely(

1

Sc

∂

∂t
−∇2

)
∇2W = Ra∇2

2C,

∂C

∂t
−W = r tr−1∇2C, (11)

with boundary conditions

z = 0, 1 : W = 0 = C,
∂2W

∂z2
= 0. (12)

In (11), the operator ∇2
2 stands for the two-dimensional Laplacian,

∇2
2 =

∂2

∂x2
+

∂2

∂y2
. (13)
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3 Normal mode analysis

Let us test the time evolution of normal mode solutions of (11) and (12), namely

W = f(t) sin(kx) sin(nπz), C = h(t) sin(kx) sin(nπz), n = 1, 2, 3, . . . , (14)

chosen so that the boundary conditions (13) are identically satisfied. We stress that (14)
describes wavelike modes propagating in any horizontal direction. In fact, the x axis is
chosen arbitrarily as no preferred horizontal direction exists for the system. Substitution of
(14) into (11) yields

1

Sc

df

dt
+ a2n,k f −

k2Ra

a2n,k
h = 0,

dh

dt
− f + r tr−1a2n,k h = 0, (15)

where the shorthand notation,

a2n,k = n2π2 + k2, (16)

is employed.

3.1 The limit of infinite Schmidt number

There is a simple solution that can be achieved in the limiting case of creeping flow when
viscous effects are dominant over diffusion. Such a solution is obtained by taking the limit
Sc→∞ in (15). In this limiting case, the solution of (15) is expressed as

f(t) = a2n,k σ h(t), h(t) = h(0) ea
2
n,k(σ t−t

r), (17)

where σ is a neutral stability parameter defined as

σ =
k2Ra

a6n,k
. (18)

The behaviour of f(t) and h(t) at large times is firstly determined by r and, if and only if
r = 1, it is influenced by the neutral stability parameter σ. In fact, equation (17) yields

lim
t→+∞

(
f(t)
h(t)

)
=

{
∞, for r < 1,

0, for r > 1.
(19)

For the case of standard diffusion, r = 1, both f(t) and h(t) for t → +∞ tend to 0 if
σ < 1, they are stationary for σ = 1, while they tend to infinity if σ > 1. This is the well-
known behaviour for the Rayleigh-Bénard instability reported in many books such as Drazin
and Reid [9], and Straughan [10]. Here, the distinctive feature is the extreme sensitivity
of the large time behaviour of disturbances to even minimal departures from r = 1. Every
uncertainty in the determination of r around 1 may turn stability into instability or vice
versa. Such a cornerstone feature has been stressed in similar terms for the case of convective
instability in a fluid saturated porous medium by Barletta [7]. A schematic outline of the
stability/instability with different r and σ is reported in Fig. 1
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Figure 1: Scheme of the linear instability conditions for different r and σ.

3.2 A finite Schmidt number

The system of first-order differential equations (15) can be rewritten as a single second-order
differential equation in the unknown h(t),

d2h

dt2
+ a2n,k

(
Sc + r tr−1

)dh

dt
+ a2n,k

[
a2n,kr Sc tr−1

+ r(r − 1)tr−2 − a2n,kσ Sc
]
h = 0. (20)

There is just one case where the differential equation (20) has constant coefficients. It is the
case of standard diffusion, r = 1.

We mention that the test for the instability is based on the large-time behaviour of the
solutions of (20). Such an ordinary differential equation is homogeneous, meaning that one
may have infinite solutions differing just by an overall constant scale factor. In the following,
the challenge we pursue is determining the conditions leading to the existence of solutions
of (20) that undergo an unbounded amplification in time when t → +∞. In fact, this
behaviour means instability, while linear stability is found in a parametric range where all
possible solutions of (20) are damped in time, with h(t) tending to zero when t→ +∞.

3.2.1 Subdiffusion (r < 1)

With subdiffusion, the large-time approximation of (20) is a constant coefficient equation
given by

d2h

dt2
+ a2n,kSc

dh

dt
− a4n,kσ Sch = 0. (21)
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The general solution of (21) is

h(t) = η1 exp

[
−a

2Sc t

2

(√
4σ

Sc
+ 1 + 1

)]
+ η2 exp

[
a2Sc t

2

(√
4σ

Sc
+ 1− 1

)]
, (22)

where η1 and η2 are integration constants. If σ > 0, there are exponentially growing modes at
large t whenever σ > 0. If σ < 0, one has Ra < 0 and, hence, a stably stratified basic state. In
this case, (22) predicts decaying modes at large times either monotonically, if −Sc/4 < σ < 0,
or oscillatorily, if σ < −Sc/4. Thus, our conclusion is that subdiffusion predicts exponentially
growing normal modes at large times whenever the basic flow is unstably stratified (σ > 0
or, equivalently, Ra > 0).

3.2.2 Standard diffusion (r = 1)

For the case of standard diffusion, (20) simplifies to

d2h

dt2
+ a2(Sc + 1)

dh

dt
− a4Sc (σ − 1)h = 0, (23)

so that the general solution is given by

h(t) = η3 exp

[
−a

2t

2

(
Sc + 1 +

√
Sc (4σ + Sc− 2) + 1

)]
+ η4 exp

[
−a

2t

2

(
Sc + 1−

√
Sc (4σ + Sc− 2) + 1

)]
, (24)

where η3 and η4 are integration constants. From (24), one can conclude that there exist
exponentially growing modes whenever σ > 1. Only monotonically decaying modes are
allowed if

−(Sc− 1)2

4Sc
< σ < 1. (25)

Finally, with a stably stratified basic state (σ < 0 or, equivalently, Ra < 0), oscillatorily
decaying modes are allowed whenever

σ < −(Sc− 1)2

4Sc
. (26)

3.2.3 Superdiffusion (r > 1)

With superdiffusion, the large-time approximation of (20) is given by

d2h

dt2
+ a2n,kr t

r−1 dh

dt
+ a4n,kr Sc tr−1h = 0. (27)
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Figure 2: Superdiffusion: plots of the solutions h(t) of (27) with t > 50 for different values
of Sc ranging from 0.2 (blue) to 2 (red) in steps of 0.2.

Equation (27) is independent of the neutral stability parameter σ and admits only time-

decaying solutions at large times. For example, a possible behaviour is h(t) ∼ e−a
2
n,kSc t

which can be gathered from (27) by neglecting, at large times, d2h/dt2 with respect to either
tr−1dh/dt or tr−1h.

Some examples of the behaviour of the solutions h(t) of (27) are illustrated in Fig. 2,
where the two cases r = 1.1 and r = 1.5 are considered with different Schmidt numbers in
the range [0.2, 2]. Also different modes (n, k) are considered in the different frames. The
solutions have been obtained by assuming t > t0 = 50, with h = 1 and dh/dt = 1 at
t = t0, where the former condition just fixes the gauge for the solutions of the homogeneous
differential equation (27). In all cases considered, the fast decay in time of h(t) is quite
evident. Such a decay can be either monotonic or oscillatory depending, mainly, on the
values of r and Sc. We report that the value assigned to dh/dt at t = t0 affects the evolution
of h(t) at the earlier stages, while the final decay to zero at later times remains unaltered.
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It is quite important to stress the independence of the time evolution of h(t), at large
times, from the neutral stability parameter σ and, hence, from the Rayleigh number Ra. As
already pointed out, this is testified by (27). The physical interpretation is that the large
time behaviour of the linear disturbances is unaffected by the buoyancy force, so that the
ultimate evolution of the normal modes is diffusion dominated. In other words, the extremely
efficient diffusion mechanism of superdiffusion is the key reason of the normal mode damping
at large times. Thus, superdiffusion leads to linear stability whatever is the value of σ or
Ra.

4 Superdiffusion, nonlinear theory, fixed surfaces

We now analyse the fully nonlinear superdiffusion case. The equations are again (8), but we
rescale C as φ = RC, where Ra = R2. Thus, the nonlinear perturbation equations are

∂Uj
∂xj

= 0,

1

Sc

(∂Ui
∂t

+ Uj
∂Ui
∂xj

)
= ∇2Ui +Rφδi3 −

∂P

∂xi
,

∂φ

∂t
+ Ui

∂φ

∂xi
= RW + rtr−1∇2φ.

(28)

We now consider the case of two fixed surfaces and so the boundary conditions are

Ui = 0, φ = 0, on z = 0, 1. (29)

In addition to (29) the solution is subject to the requirement that (Ui, φ, P ) satisfy a plane
tiling periodicity; such a condition is explained in depth in Chandrasekhar [11, pages 43–52].
The initial conditions are

Ui(x, 0) = Gi(x), φ(x, 0) = Φ(x). (30)

Let V denote a period cell for a solution to (28)-(30), and let ‖ · ‖ and (·, ·) denote
the norm and inner product on L2(V ). We wish to analyse the asymptotic behaviour of a
solution to (28)-(30) as time t→∞.

We first require a general bound for ‖U(t)‖ and ‖φ(t)‖. Thus, suppose r > 1, then
multiply the second equation (28) by Ui and integrate over V , and likewise multiply the
third equation (28) by φ and integrate over V . Upon employing the boundary conditions
one may show

1

2

d

dt

( 1

Sc
‖U‖2 + ‖φ‖2

)
= 2R(φ,W )− ‖∇U‖2 − rtr−1‖∇φ‖2, (31)

1

2

d

dt

( 1

Sc
‖U‖2 + ‖φ‖2

)
≤ 2R(φ,W )− ‖∇U‖2. (32)
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Next, use the arithmetic-geometric mean inequality on the (φ,W ) term in (32) and Poincaré’s
inequality ‖∇U‖2 ≥ π2‖U‖2 to derive from that inequality

d

dt

( 1

Sc
‖U‖2 + ‖φ‖2

)
≤2R2

π2
‖φ‖2 ≤ 2R2

π2

( 1

Sc
‖U‖2 + ‖φ‖2

)
. (33)

One integrates (33) to show that for all t > 0,

1

Sc
‖U(t)‖2 + ‖φ(t)‖2 ≤

(‖G‖2
Sc

+ ‖Φ‖2
)

exp
(2R2t

π2

)
. (34)

To derive an asymptotic solution estimate we return to equation (31) and then use
Poincaré’s inequality ‖∇φ‖2 ≥ π2‖φ‖2, and the arithmetic-geometric mean inequality to
derive the following inequality

d

dt

( 1

2Sc
‖U‖2 +

1

2
‖φ‖2

)
+
π2

2
‖U‖2 +

(
rtr−1π2 − 2R2

π2

)
‖φ‖2 ≤ 0, (35)

for all t > 0.
We now require t > t0 = (2R2/rπ4)1/(r−1), and then integrate inequality (35) from t = 2t0

to ∞. In this way we find

1

2Sc
‖U(t)‖2 +

1

2
‖φ(t)‖2 +

π2

2

∫ ∞
2t0

‖U‖2 dt

+

∫ ∞
2t0

(
rπ2tr−1 − 2R2

π2

)
‖φ‖2dt

≤ 1

2Sc
‖U(2t0)‖2 +

1

2
‖φ(2t0)‖2 ,

≤ 1

2Sc

(
‖g‖2 + ‖Φ‖2

)
exp

[4R2t0
π2

]
= K <∞ . (36)

The constant K is defined by the expression in (36), and inequality (36) holds for all t > 2t0.
The coefficient of the fourth term on the left of (36) satisfies

rπ2tr−1 − 2R2

π2
≥ rπ2(2t0)

r−1 − 2R2

π2
≡ c > 0.

Hence, from (36),∫ ∞
2t0

‖U(t)‖2dt < 2K

c
, and

∫ ∞
2t0

‖φ‖2dt < K

c
, (37)

so that both integrals are bounded.
Now, we observe from inequality (35) that for t ≥ 2t0,

d

dt

( 1

2Sc
‖U‖2 +

1

2
‖φ‖2

)
≤ 0. (38)

Hence, from (37) and (38) we deduce ‖U(t)‖2 → 0, ‖φ(t)‖2 → 0, as t → ∞, regardless of
the size of the Rayleigh number R2.
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5 Subdiffusion, fixed surfaces

The perturbation equations for subdiffusion are the same as (28), together with the boundary
and initial conditions (29), (30). For clarity we now write the anomalous diffusion term in
(28) as sts−1∇2φ, where 0 < s < 1.

In this case we deal with the linearized system of equations arising from (28), namely

1

Sc

∂Ui
∂t

= −∂P
∂xi

+Rφδi3 +∇2Ui,

∂Ui
∂xi

= 0,

∂φ

∂t
= RW + sts−1∇2φ.

(39)

To proceed with an analysis of asymptotic behaviour for a solution to (39), (29), (30),
we define the function F (t) by

F (t) =
1

Sc
‖U(t)‖2 + ‖φ‖2. (40)

Differentiate F and use (39), integration by parts and the boundary conditions to see that

dF

dt
≡ F ′ =

2

Sc
(Ui, Ui,t) + 2(φ, φ,t), (41)

= 2(Ui,−P,i +Rφδi3 +∇2Ui) + 2(φ,RW + sts−1∇2φ),

= 4R(φ,W )− 2‖∇U‖2 − 2sts−1‖∇φ‖2. (42)

Perform a further differentiation to deduce

F ′′ =4R(φ,t,W ) + 4R(φ,W,t)− 4(Ui,j, Ui,jt)

− 4sts−1(φ,i, φ,it)− 2s(s− 1)ts−2‖∇φ‖2,
=4(φ,t, st

s−1∇2φ+RW ) + 4(Ui,t,∇2Ui +Rφδi3)− 2s(s− 1)ts−2‖∇φ‖2,

≥4‖φ,t‖2 +
4

Sc
‖U,t‖2. (43)

Define S2 by

S2 = (Sc−1‖U‖2 + ‖φ‖2)(Sc−1‖U,t‖2 + ‖φ,t‖2)−
[
Sc−1(Ui, Ui,t) + (φ, φ,t)

]2
,

and note that S2 ≥ 0 by the Cauchy - Schwarz inequality.
Then, employ (40), (42) and (43) to see that

FF ′′ − (F ′)2 ≥ 0, (44)

for all t > 0. We assume the initial data are non - zero so that F 2 > 0 in some interval
beyond t = 0. Then divide (44) by F 2 to see that

(logF )′′ ≥ 0. (45)
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This inequality is integrated twice and then the exponential is taken of the result to find

F (t) ≥ F (0) exp
(F ′(0)

F (0)
t
)
. (46)

The form of the right hand side of (46) ensures F > 0 for all t. Furthermore, using the
initial data and the differential equations

F ′(0) = −2‖∇g‖2 + 4R(Φ, g3). (47)

No matter what value R has there are initial data such that F ′(0) > 0. Thus, (46) shows
that a solution to (40), (42) and (43) in the sub-diffusion case will grow exponentially for t
large enough.

We have thus demonstrated by rigorous analysis that a solution to the diffusion problem
for the Navier - Stokes equations will behave in a similar manner to that found by Barletta
[7] with a normal mode analysis of the analogous problem in a Darcy porous material with
no inertia. In the super diffusion case for the Navier - Stokes equations the solution may
grow relatively large for a finite time, but will eventually decay to zero. For the sub-diffusion
case the solution may may also increase or decay for a finite time, but then for the linearized
problem the solution will grow at least exponentially as t→∞.

Remark. One may derive analogous results to those in sections 4 and 5 for a solution to
the Navier - Stokes - Voigt equations with anomalous diffusion of the solute field. In this
case the perturbation equations have form

1

Sc
(Ui,t + UjUi,j)− λ∇2Ui,t = −P,i +Rφδi3 +∇2Ui ,

Ui,i = 0,

φ,t + Uiφ,i = RW + rtr−1∇2φ.

For the super diffusion case one shows that ‖U‖, ‖∇U‖ and ‖φ‖ must all decay to zero
as t → ∞. For the sub diffusion case one derives an exponential estimate in the measure
Sc−1‖U‖2 + λ‖∇U‖2 + ‖φ‖2.

6 Conclusions

Funding. The work of Brian Straughan was supported by the Leverhulme Trust, grant
number EM/2019-022/9.
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