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Abstract

We study the ultrastrong driving of Rydberg excitons in Cu,O by a microwave field. The effect of
the field is studied using optical absorption spectroscopy, and through the observation of
sidebands on the transmitted laser light. A model based on Floquet theory is constructed to study
the system beyond the rotating wave approximation. We obtain near quantitative agreement
between theory and experiment across a 16-fold range of microwave field strengths spanning from
the perturbative to the deep strong driving regime. Compared to Rydberg atoms, the large
non-radiative widths of Rydberg excitons leads to new behaviour such as the emergence of an
absorption continuum without ionization.

1. Introduction

Strong coupling between light and matter is a significant topic in quantum physics [1], with applications
from quantum communication [2—4] and simulation [5, 6] to quantum chemistry [7, 8]. Typically, high
quality cavities are used to couple single photons to two-level quantum systems, such as atoms or artificial
analogues [4, 9]. Closely related is the topic of strong and ultrastrong driving (USD), where large classical
fields are used to drive quantum systems, resulting in non-perturbative [10] optical nonlinearities such as
high harmonic generation [11].

The strong (coupling) driving regime is commonly defined to be when vy > Q > T" [8, 12, 13], where Fiy
is the bare energy gap between the excited and ground state, 2 is the (vacuum) Rabi frequency and I' is the
relevant rate of energy loss to the environment. In this limit, nonlinear effects such as saturation and power
broadening are observed [14], while in the cavity case, a photon may be exchanged many times between the
cavity and the two-level system before being lost [15].

In contrast, when the coupling to the electromagnetic field becomes comparable to the energy
separation, the system enters the ultrastrong (2 > 0.1 1) and deep strong (£2 > 14) coupling/driving
regimes [8, 12, 13]. New effects occur in this extreme limit [1, 12]. In particular the commonly used
rotating-wave approximation (RWA) no longer holds, and complex dynamics take over instead of Rabi
oscillations [16]. These regimes has been observed in systems where large electric dipole moments coincide
with small energy level splittings, including Rydberg atoms [17], superconducting resonators coupled to
artificial atoms [18] and optomechanical devices [19]. As techniques for coupling quantum systems together
improve, understanding the USD regime holds great promise including better quantum computation [20,
21], control of material properties [7, 8, 22] and microwave-optical conversion [23, 24].

In Rydberg atoms, the electric dipole moment associated with transitions between neighbouring
opposite-parity states scales with principal quantum number 7 as n, while the separation scales as ™
providing an excellent platform for realising USD [17, 25, 26]. More recently, highly excited Rydberg states of
excitons (bound states of an electron and hole) have also been observed in semiconductor materials [27]. In
cuprous oxide, Cu, O, Rydberg excitons have been observed up to n =30 [28, 29], with wave functions

3

© 2024 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft


https://doi.org/10.1088/1367-2630/ad8c74
https://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/ad8c74&domain=pdf&date_stamp=2024-11-25
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0003-4624-1064
mailto:m.p.a.jones@durham.ac.uk

10P Publishing

New J. Phys. 26 (2024) 113018 A Brewin et al

spanning up to 1 um in real space, sparking a great deal of research into the material [30-32]. Previous work
by our group has shown that strong microwave electric dipole transitions between neighbouring states also
exist for Rydberg excitons [33], culminating in the observation of a record microwave-optical Kerr
nonlinearity [34]. In these experiments the microwave field strength was weak, enabling a quantitative
description using a perturbative approach [34].

In this paper we study the ultrastrong microwave driving of Rydberg excitons in Cu,O. We measure the
changes in the optical absorption spectrum and the intensity of the microwave-induced sidebands over a
range of ~16 times in microwave field strength. We also develop a theoretical model to understand our
results. We use non-Hermitian Floquet theory [35] to go beyond the RWA, and calculate the
frequency-dependent susceptibility of the medium in the steady state limit. The predictions of the model are
compared successfully with the experimental results up to /1 ~ 4, deep in the ultrastrong coupling regime
(at n=13). The model allows us to gain insight into workings of the system which are inaccessible to
measurement. Crucially, the observed behaviour is distinct from its atomic counterpart [17] because the
non-radiative broadening of the exciton states allows many excitonic states to be strongly coupled to a single
microwave frequency. The agreement between experiment and theory opens exciting avenues for realising
excitonic microwave-to-optical conversion with strong fields [23, 24, 34, 36].

2. The experiment

Details of the experimental setup are available in [34] and will be summarized here. Figure 1 shows a
diagram of the experiment. A thin slab of Cu,O (55 & 10 pm thick) is mounted on a CaF, window inside a
closed-cycle cryostat at ~4 K. The probe laser is a narrowband diode laser, frequency doubled to A = 571 nm
(details in [37]). The laser intensity on the sample is approximately 20 ©W mm ™2 which is approximately 2
times lower than the probe intensity used in [38], allowing interactions between excitons to be neglected [28,
38]. A microwave field is applied at a frequency of 7 GHz using a stripline antenna [33]. This leads to two
effects: a change in the absorption spectrum, and the generation of sidebands on the laser [34]. The probe
absorption data is taken with a polarization angle between the probe laser and the microwave field of

B = 90°, while the sideband data is taken with the polarization of the two fields parallel.

Absorption spectra are taken by measuring the light transmitted through the sample, T(w;), and
comparing it to a reference spectrum, To(w, ), to give the optical depth, —In(T(wy)/To(wp)), as a function of
probe energy (figure 2(a)). The reference spectrum is the transmission without the Cu,O sample and
accounts for losses due to e.g. reflection. Experimentally the Rydberg states are observed to sit on a
non-resonant absorption background due to phonon-assisted processes [39]. As this background is not
affected by the microwave field, it is not included in the model and is subtracted from the experimental data
(see appendix A for details). To extract the size of the sidebands, a temperature tuned (FPE) with a finesse of
44.54+ 0.7 and a free spectral range of 60.1 & 0.2 is inserted after the sample. Details of how the sideband
amplitude is extracted from this data can be found in chapter 5 of [40].

3. The model

The calculations exploit the general non-Hermitian Floquet theory of linear absorption spectroscopy
recently outlined in [35]. The data and code used in this paper are available at [41]. The Hamiltonian of our
model can be thought of as the sum of a field-free Hamiltonian (figure 1(b): solid horizontal lines), a
coupling term between the valence band and the exciton states (figure 1(b): dashed arrows), and another
between pairs of exciton states (figure 1(b): solid arrows). This can be written, respectively, as

A N .
HEH=1Y_ wdj)
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Z [ (Qok exp —iwpt + Qg exp iwpt) [0) (k| + h.c.]

»
Il
=

M=

[(ijexp—iwmt+ Q}fjexpiwmt) |j><k|] : (1)
1

=
Il

J

or, making the rotating wave approximation for the probe field after transformation to slowly rotating
coordinates by the unitary transformation U = [0)(0[ + 3_, ., exp iwpt|j) (jl;
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Figure 1. (a) Schematic of the experiment. A laser at optical frequency wy, is incident on the sample, creating excitons in np states.
A stripline antenna driven at microwave frequency wn, generates a strong microwave field in the sample which is cooled to ~4 K. A
Fabry—Pérot etalon (FPE) is inserted to resolve the sidebands on the transmitted light. (b) Diagram showing the states involved in
the model and their couplings. Dashed arrows denote examples of the laser field coupling the valence band to np states, and solid

arrows denote examples of the microwave field coupling exciton states that differ in I by 1. Here nl labels the states in the same way
as in hydrogen.
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Figure 2. Plots of the (a) experimental and (b) theoretical absorption spectra at different microwave field strengths, &n. Each
spectrum has been offset in optical depth by £ /100 to indicate the microwave field strength it was taken at, shown on the
righthand y-axis. The dashed vertical lines show the positions of the zero-field np resonances.
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Here, |j) is an excitonic state with energy /iw(?) (|0) being the ground state representing the ‘valence band,
with iw(® = 0) and the abbreviation ‘h.c. stands for Hermitian conjugate. A is the number of excitonic
states we include in the calculation. The Rabi frequencies between states |j) and |k) are

Qo = &,(0|D - €,|k) /1, (3)
Q>0 = Em{j|D - €mlk) /. (4)

where D is the dipole operator. Respectively, the amplitudes of the laser and microwave electric fields are
given by &, and &y, their frequencies are wp and wp,, and their polarization vectors are €, and €p,. Both fields
are linearly polarised and at an arbitrary angle /3 relative to each other.

The couplings to the valence band, €, are derived from experiment, detailed in appendix B. The
uppermost valence band of Cu, O has even parity, so due to dipole selection rules, only odd parity states (and
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in particular, we assume only those with m = 0 in the probe basis) directly couple to it. Since the F states’
coupling to the valence band is several orders of magnitude weaker than that of the P states [42], they are
difficult to measure accurately, and so are not included in this model. To evaluate the dipole matrix elements
(i \f) - €m |k), we need wave functions for the exciton states. Rydberg excitons are commonly approximated by
the Mott—Wannier model [43], a hydrogen-like model, with the effective masses of the electron and the hole
derived from the dispersion of the conduction and valence bands as calculated with density functional
theory [44].

Appendix C compares the dependence on 3 resulting from the symmetry of the Mott—Wannier exciton to
the angle dependence measured in experiment. The angle dependence predicted by that model differs
significantly from experiment, as do the theoretical and experimental absorption spectra at 5 = 90°.
Therefore to keep a self-consistent theory that is compatible with experiment, we make the following
angle-independent approximation:

Q

—eEn(RI[FR™Y,  if |L—L| =1,
M:{ (RY|r{R}) [~ I )

, otherwise,

which gives good agreement between the model and data. Appendix C contains further details on this
approximation. To keep with convention, we still label the states |, 1), even though they are not eigenstates of
the L? operator. In addition, to explain the experimentally observed breaking of degeneracy of the I states, we
include an I-dependent quantum defect [45] in the exciton energies. Each different set of angular momenta /
then follows its own Rydberg series, E, — R, /(n — 6;)?, sharing a Rydberg constant R, but offset by a
quantum defect §; [37].

The excitonic states have a non-negligible energy width arising from their non-radiative decay to a state
outside our basis. Taking this decay into account would normally require solving the Lindblad master
equation for the relevant populations and coherences. However, since our probe is weak, we can take the
population of the valence band (state |0)) to be 1 at all times, and the populations of all the excited states to
remain essentially 0, and calculate the coherences only to first order in &,. It can be shown [35] that within
this weak probe approximation, the full Lindblad master equation [46] simplifies to the following set of
linear equations for the coherences pj(t):

&2

dpjo _ re
2

. . N
= (iwp — w4 ) pjo + %Qjo + % Z (ij exp —iwmt + Q,’:j exp iwmt> Dkos (6)

k=1

where ') is the decay rate of state |). The same result would also be obtained within the weak probe
approximation if these coherences were calculated by replacing the real energies fiw'/) by the complex
energies ijw) —iT'() /2] in the Hamiltonian H,,(¢) and solving the von Neumann equation rather than the
Lindblad master equation [35].

Accordingly, we can write the coherences pjo(t) as ¢j(t)cj with ¢o = 1, define the state [V (1)) = 3, ¢;(t) 1),
and write down the equations of motion of the coefficients ¢;(t) using the Schrédinger equation for the
transformed Hamiltonian. They read

r®

de -
2

. . N
5 = (iwp — i) 4 ) ¢+ %Qjo + % Z (Q]-kexp—iwmt+ Q,’:]-exp iwmt) Ck- (7)
k=1

We do not include an equation for the population of the valence state, ¢, here, since we assume that ¢y = 1.
Solving this system of equations shows that in the long time limit the system evolves into a steady state where
the coefficients c;(t) oscillate at multiples of the microwave frequency. Accordingly, we look for the
Floquet-like solutions

G(t) = Z ¢j;n €Xp —iNwn. (8)

N=—00

where the coefficients cj,y are constant in time and N is the Floquet number. Equating terms with equal
frequency in (7) we find

N
N 1 i} 1 ,
(wp - w(]) + l?] +ch) C]‘;N+ E kz_; {ijCk;N+1 + ijck;N_1i| = —EQjO(SN’O’] =1... ,N. (9)
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These equations can be solved numerically, with finite N, for the steady-state Floquet components of the
wave function. All the parameters in these equations can be derived from experiment or the Mott—Wannier
theory, as detailed in appendix B.

To extract the susceptibility of the medium, we need the polarization,

P(x,t) = ng(¥|D- €,|T), (10)

where 14 is the effective density of exciton states. Expanding (10) in the manner of (8), considering that only
terms oscillating at frequency w contribute significantly to x(w), the susceptibility can be shown to take the
form

o N = 2
j

M=

(0D €yl ()

—_

For comparison with experiment, in the weak probe limit, the Beer—Lambert law, I(x) = exp —axI(x = 0),
gives the absorption of the laser at a distance x into the medium for absorption coefficient . This is
calculated from the susceptibility by

o (wp) = Z%Im [m] : (12)

where c is the speed of light in vacuum.

At the probe frequency, we study the absorption of the probe laser, but the medium also generates fields
at frequencies not present in the incident light. Consequently, sidebands on the laser are generated with
intensity

I (wp + Newm) = 1] x (wp + Neons) |, (13)

for N # 0, and 7 is a constant of proportionality which depends on the length of the crystal, the frequency of
the light, the refractive index of Cu,0, and the collection efficiency of the sideband light. We do not have
access to the value of 7 due to a lack of knowledge about collection efficiencies, and therefore we fit this
parameter from the data (see section 5).

To calculate the contribution from individual Floquet states, we first recast (9) in terms of vectors and
matrices. With F as the Floquet Hamiltonian (to within a factor of i), one can see that

(wp = F)c=d, (14)

where the components of the vectors ¢ and d are ¢j,y and —§jodn,0/2, respectively. Assuming that F has a
complete set of eigenvectors (i.e. that F is not defective),

E
F= Z%qu (15)
q

and
I=> Ry, (16)
q

where E; are the (complex) eigenenergies of F and L, and R, are the associated left and right eigenvectors of
F, normalised such that L;‘qu = Oqq'- (L;Rq/ is the inner product of the column vectors L; and Ry, i.e. the
matrix product of the row vector L; with the column vector R,, which can also be written as the dot product
Ly Ry RqLJ; is their outer product.) The left and right eigenvectors of F need not be the identical since F is
not Hermitian, but they do share eigenvalues. The assumption that F is not defective is in general reasonable
given that this matrix is Hermitian when the widths T'(/) are all zero. We have verified numerically that the
coefficients obtained from equation (18) below are identical to those obtained by solving equation (9), which
justifies this assumption in the present case. Now, substituting into (14) and left-multiplying by L;/ we find

Lld
LT/C = 1

_— 17
v oy~ Ey /1) (7
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Finally, left-multiplying by R,s and summing over q’, we see that the steady-state coefficients decompose into
Floquet eigenstates as [35]

where we relabel g’ — g. Substituting this result into (11) and reordering the sums reveals that

_ (@) |1 (a)
X (wp + Neonn) _260hz _Eq/h J;R [L } (0|D - &) (k|D - €,]0), (19)

where Lj(g\), and R]-(g\), are the components of the left and right eigenvectors of F labelled in the |j; N) basis. This
equation can be read: each Floquet eigenstate q couples to the incoming light by its overlap with |nP;0) states
(since the coupling strength (k|D - €,]0) = 0 when k ¢ {nP}), and couples to the outgoing light by its overlap
with states |nP; N), giving the susceptibility at each probe frequency w;, and corresponding sideband Nuwy,.
The width of each Floquet eigenstate enters through the complex eigenenergy in the denominator.

4. Microwave field strength calibration

To quantitatively compare the model to experimental data we must calibrate the microwave field strength
inside the medium. There is no way to independently probe the strength of the microwave field without
disturbing the system. Therefore we obtain the calibration between applied microwave power and electric
field strength by fitting the model to the data at low field strengths, where the model presented in section 3
reduces to the perturbative model used in [34]. We fit across the energy spectrum the change in absorption

AoaL=0o(En)L—a(En=0)L, (20)

where L is the thickness of the crystal. Examples of this data can be seen in figure 3. For 8 different

input powers to the antenna between 0.3 and 4.2 mW, the model gave a calibration factor of
43.5+0.3Vm~'(mW)~/2, This is within the errorbar of the calibration in Pritchett et al [34], but differs
slightly from that work because more field strengths were used in the calibration here. It is also in reasonable
agreement with finite element analysis modelling of the field in the sample [33]. Using the output port of the
stripline antenna, we checked that the transmitted microwave power was linear with the input power over
the range considered in this paper. Therefore this calibration is used for all microwave powers. The approach
of calibrating at low field enables us to independently test the behaviour of the high-field (USD) regime.

5. Results & discussion

5.1. Probe laser absorption

Figure 2(a) compares the experimental and theoretical results for the probe laser absorption. Each curve
shows the optical depth, aL, over the laser energy range. The curves are vertically offset in optical depth by
Em/100 to show the microwave field strength they were taken at. As the field strength is increased, starting
with the high-n peaks, absorption on the peaks is reduced and absorption between the peaks is increased,
resulting in a broad continuum of absorption across much of the spectrum. Qualitatively, our model
reproduces these effects well. At all microwave powers, the same peaks disappear in the model as in the
experimental data, with both showing a flattening of the spectrum above 9P into an absorption continuum
at the maximum field strength. In contrast to atoms [47], we do not observe clear splitting and shifting of
peaks in the manner of Autler—Townes in either the theoretical or experimental spectra. This is because the
excitonic system is dominated by the linewidth, as opposed to Rydberg atoms where the linewidth quickly
becomes the smallest quantity involved. As a result, excitonic splittings and shifts do not become important
until too late, well after the system has crossed into (ultra)strong driving and many energy levels are involved.
This is in contrast to atoms, where there is a well-defined perturbative regime in which each state is
resonantly coupled to just one other, and the AT splitting (Rabi frequency) is bigger than the linewdith.

To quantitatively compare the experimental data to the model, AaL, defined by (20), is plotted in
figure 3. Figure 3(a) shows the model in a region of &£,, where it reduces to the perturbative model used in
previous work [33, 34]. Here the agreement with data is excellent across the range of n, which is to be
expected since this is one of the field strengths used for the microwave field calibration. Figures 3(b) and (c)
show the theory and experiment at the threshold of strong driving and at the maximum &, achieved in the
experiment, respectively. Again, both show extremely good and almost quantitative agreement a significant
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Figure 3. Comparison between the experimental (filled circles) and theoretical (solid lines) values of the change in absorption
AalL as a function of laser energy. Three different values of microwave field strength are shown spanning the perturbative (a),
strong (b) and deep strong (c) driving regimes. The dashed vertical lines show the positions of the zero-field nP resonances.

result for an increase in £, by a factor of 16. We stress that once the electric field is calibrated at low &y,
(figure 3(a)) there are no additional free parameters. Excellent agreement is maintained through all the
intermediary field strengths as well. The change in absorption is most accurately reproduced at the #np peaks.
For reference, at fiw, = Eyp, where Ejp is the energy of the 11P exciton measured from the valence band, the
perturbative model predicts AaL = —6 at £, = 688 V m ™!, several times the size of the absorption peak
without the microwave field, indicating we are well beyond the regime where the perturbative model is valid.

There are some discrepancies between the theory and the experiment. The experimental lineshape shows
an asymmetry that is present even in the absence of the microwave field and with probe powers well below
where interactions are significant [28, 38]. The asymmetry is well-studied and known to be caused by the
non-radiative decay of the excitons via phonon emission [48, 49]. This asymmetry is not included in our
model as no self-consistent method could be found. Weaker agreement between peaks can be partially
explained by this lack of asymmetry in the model. However, it does not account for the spurious features in
the model, for example between 8 & 9P, or the splitting of 10P into two peaks. The response of the 9P
resonance to the microwave field is also underestimated by the theory. These problems are likely caused by
inaccuracies in the state structure and coupling constants between excitonic states. Nevertheless, the good
qualitative agreement strongly suggests the model captures the essential physics of the system.

The model provides insight into the origin of the absorption continuum observed at high microwave
field strengths. In figure 4, the real part of the eigenenergies of the Floquet Hamiltonian, Re[E,], are plotted
against field strength. Grey lines indicate how strongly the state overlaps with N = 0 states that can couple to
the valence band, characterised by

a= ZR%);O {L;(g));o} ) . (21)

n

As the field strength increases, more and more dressed states couple significantly to N = 0 states and to the
valence band, and it is these states that govern the absorption of the probe laser. Plotting the Floquet
eigenstates in this way allows us to understand many of the features of the absorption spectrum. For
example, the broadening of the 8P peak is due to the state beginning to split in two, as would happen to 6 &
7P peaks in a stronger microwave field. The small peaks that emerge on the low energy side of 8P are due to
the states |8S; —1) and |8S; +1) gaining an admixture of |8P;0), which allows them to couple to the valence

7



10P Publishing New J. Phys. 26 (2024) 113018 A Brewin et al

7P Probe Laser 2

_ 000+

I

g

=

= 250 1

oy
O T T T T T ' T
2.1700 21705 2.1710 2.1715

Real Part of Eigenenergy of Floquet States, eV

Figure 4. Bottom: a map of the real part of the eigenenergies of the Floquet Hamiltonian, Re[E,], shaded in grey proportionally to
a (equation (21)) to demonstrate their overlap with N = 0 states that couple to the valence band. The shading in red shows each
state’s contribution to the absorption of the laser at the indicated probe laser energy (the imaginary part of that states
contribution to the susceptibility, (19)). Above the orange curve, the np to np transitions enter the strong driving regime. Above
the green curve, they enter the deep strong driving regime. Top: the theoretical absorption spectrum at £, = 688 Vm ™!,

band and absorb the probe laser. Due to the scaling of the transition dipole moments with 7, and the widths
of the eigenstates, one can see a forest of states that couple to the valence band in the high # region. This
forest leads to the absorption continuum observed in the experiment. As the field strength is increased, the
forest can be seen to spread to lower energy, such that at the highest field strengths studied, the absorption
continuum has spread as low as 9P. Shown in red are the states that contribute to the absorption at the
indicated probe laser energy, with their opacity given by the imaginary part of that states’ contribution to the
susceptibility, (19). Due to the widths of the states, at the highest field strengths shown, a broad collection of
states make up the absorption at any given laser energy. The solid lines in figure 4 indicate the field at which
the nP to nD transitions enter strong driving (orange), where v,p_,p > Qup—np > ['yp—,p, and deep strong
driving (green), where £,,p_,p > Vyp_np. For example, the 11P to 11D transition enters the strong driving
regime at &, = 200 + 1V m~! and the deep strong driving regime at £, = 300+ 2V m~". At the highest
field strengths achieved, all states above 8P have entered the deep strong driving regime, coinciding with the
absorption continuum.

One might expect the presence of multi-microwave photon transitions in the ultrastrong and deep strong
driving regime. To characterize the extent of multiphoton transitions in the system, we construct the fraction

> N<N' <sz;£|0) |G §

>N Zj;é\o) |Cj;N’ ?

X(N) = ) (22)

which captures the proportion of the wave function rotating at a maximum frequency of | N|wy,. How X(N)
varies with microwave field strength is displayed in figure 5. We see clearly that the Floquet approach is
justified, as higher than second order components become significant above field strengths of 200 =1V m™!,
around where we enter the deep strong driving regime. One can also see there is a significant fraction of the
wave function oscillating at |[N| > 5 at the high end of considered &,,,, well into the deep strong driving
regime.

5.2. Sideband generation

In figure 6, the sidebands predicted by the model are compared to experiment. As mentioned in appendix B,
we do not have access to the relative phases of different dipole elements (0D - €,|j), so to investigate their
relevance, 100 sets of uniformly distributed random phases were generated and the resulting carrier and
sideband information plotted. Largely independent of the choices of phase, the model accurately reproduces
the shape and onset of the rollover of both the second- and fourth-order sidebands over almost two orders of
magnitude in field strength and nearly three orders of magnitude in sideband amplitude. For any given
energy, there are even some choices that quantitatively reproduce the sidebands, providing good evidence
that the model is capturing the essential physics of these processes. The quantitative agreement is better at
lower laser energies, but weakens as the dependence on phase increases for higher energies. This is to be
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Figure 5. Contours showing the fraction of the wave function that is rotating at most at | N|wm plotted against microwave field
strength, for probe laser energy fiw, = Ejzp. This provides a proxy for the minimum number of microwave photons involved in
the system since a transition like +wm — ww is a two-photon microwave transition which contributes to the N = 0 Floquet
component, but only a transition involving at least Nwn, can excite the Nth component.
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Figure 6. The intensity, expressed in counts per second, of second (colour) and fourth (black) order red- and blue-detuned
sidebands for theory (lines) and experiment (points) at four different probe laser detunings. The vertical lines in the insets show
where in the exciton spectra each set of sidebands was taken: (a) 2.17061 eV, (b) 2.17091 eV, (c) 2.17125¢V, (d) 2.17137 V. Each
theory curve is obtained with a different, randomly-chosen, set of phases for the valence band to np dipole matrix elements,
(0|D.lj), since these phases could not be determined from experiment.

expected, since the phase dependence is introduced through cross-terms between different pairs of matrix
elements in the susceptibility. Interference between the contributions of different excitons is stronger at

higher n where states are closer together in energy. There is no consistent choice of phase that works for all
energies, suggesting an energy-dependent phase, possibly coming from the phonon background maybe be
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present. Taking the phase of these dipole moments into account would introduce a excessively large set of
fitting parameters, detracting from the simplicity of the model. The choice of phases made little meaningful
impact on the carrier absorption spectrum, so were taken to all be positive real for that analysis.

To relate the sideband intensity predicted by the model to the experimental data, the scaling parameter 7,
appearing in (13), is fitted, due to the lack of access to photon collection efficiency in the experiment. The
scaling parameter was fitted from the fiw, ~ Egp 2nd order sidebands (figure 6(a)), since the 8P exciton is
relatively far away from neighbouring states. Here, the sum in (11) is dominated by one term, i.e. that
sidebands are generated principally by decay from just the 8P state, removing dependence on cross terms
between different excitons, and so dependence on their relative phases.

5.3. Discussion

The deep strong driving regime is defined as when the Rabi frequency exceeds the energy separation between
the two considered levels. Although we cannot treat this system as a two-level one, it is still useful to calculate
the deep strong driving regime condition. For example, we find that for the 11P-11D transition we enter the
deep strong driving regime for field strengths above 300 &2 V m~!. The point where all np—np transitions
reach the strong and deep strong driving regimes can be seen in figure 4. At the highest fields applied, we can
reach a deep strong driving parameter of up to U = y3p13p/v13p.13p ~ 4 for the 13P-13D transition,
significantly exceeding parameters of U =1 [17] and U = 2.1 [16] in other works. It is worth noting that the
strong driving regime, where the Rabi frequency is larger than the state linewidth, is reached at a similar
microwave field strength, as the state linewidth (FWHM of 40 peV for 11P) is comparable to the energy
separation (Ejjp — Eq1p = 58 peV).

The system presented here is qualitatively different to the analogous case of atoms. We see rapid
hybridization and the creation of a quasi-resonant continuum of Floquet states, rather than Autler-Townes
splitting and shifts. This continuum maintains a strong coupling to the microwave field, as shown by the
measurements of the microwave-induced sidebands. The near-quantitative agreement means that this model
can be used to predict the behaviour of devices used for microwave-optical conversion well beyond the linear
regime and deep into the ultrastrong driving regime, maximising the exploitation of the Rydberg mediated
microwave-optical nonlinearity.

One thing which is not considered by the model presented here is the effect of exciton-exciton
interactions. Previous work on interactions between Rydberg states has studied the van der Waals
interactions [44] which scale with exciton separation R as R~°. These experiments looked for exciton density
dependent effects by varying the intensity of the optical excitation. Here, our intensity is 20 £W mm~2 which
is 50 time smaller than the intensity at which interactions have been seen at n =12 [28] and so van der Waals
interactions can be neglected. However, when the microwave field is applied, the excitons states become
hybridized and resonant dipole—dipole interactions can occur. These interactions are longer range than van
der Waals, scaling as R and so they may be present at lower exciton densities. Some of the disagreement
between the experiment and the model at high field strength may be due to these interactions.

At the largest field strengths applied, we must consider the relevance of microwave field induced
ionization, though it is not included in the model. This is analogous to ionization in atoms, since the electron
is being promoted to a continuum state, which in the case of excitons is in the conduction band. In static
fields, the ionization field threshold has been observed to follow an n~* trend [50—52]. These results predict
that the static field required for ionization would be ~6000 V m™! at n =11, which is almost an order of
magnitude larger than the highest field strength used in this work. However, the case of microwave field
induced ionization is more complicated than the static field case as multi-photon absorption processes can
also lead to ionization [53]. In atomic Rydberg systems, hydrogen-like atoms follow an n~> scaling when the
microwave frequency is less than the level spacing, and ionize at lower microwave field strengths than
corresponding static fields [54].

Our model provides insight into whether multi-photon ionization is significant. As previously discussed,
the Floquet components indicate the minimum number of microwave photons involved at a given field
strength (figure 5). This information can be compared to the binding energy of the excitons. At fiw, = Ej2p
the highest Floquet component within the 95% contour is N = 10 which leads to a frequency of 70 GHz
compared with the binding energy for 12P of 117 GHz implying that multi-photon ionization is not
significant. However, by fiw, = Esp the binding energy of 15P has dropped to 93 GHz and the maximum
significant Floquet component has increased to N = 17 within 95%, a frequency of 119 GHz, so microwave
field induced ionization starts to become important. A major difference from atomic Rydberg systems is the
lifetime of the states. The excitonic lifetime is less than 1 ns due to phonon scattering, which is comparable to
the oscillation period of the microwave field, whereas in atomic Rydberg systems the state lifetime is much
larger. Here, excitons could spontaneously decay before absorbing enough photons for ionization. Extending
the theoretical model to include a continuum would allow microwave field induced ionization to be studied
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further, however, the addition of ionization via an arbitrary number of microwave photons is
non-trivial [55]. For the field strengths considered here, microwave field ionization is not expected to be
playing a significant role.

6. Conclusions

We have constructed a two-field model describing a probe laser field and a microwave field acting on an
ensemble of non-interacting Rydberg excitons in cuprous oxide, and calculated its steady state using Floquet
theory, a method not previously applied systems of the kind considered here. The model quantitavely
reproduces the changes in probe laser absorption across a factor of 16 increase in microwave field strength.
We are confident that, rather than ionize the excitons, the microwave field hybridizes many exciton states
together, creating a continuum of dressed states. This does not occur in atomic Rydberg systems due to the
non-radiative broadening of the exciton lines. The excitons are ultrastrongly driven by the microwave field,
with Rabi frequencies greater than four times the energy spacing of the respective levels, where processes
involving in excess of 6 microwave photons are significant. Sideband generation is well predicted and
understood near low energy peaks where states are far apart, but the prediction is poorer where many states
are involved, owing at least partly to unknown phases of dipole matrix elements.
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org/10.15128/r25q47rn767 [41].
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Appendix A. Removal of absorption background

In the absorption experiment, the absorption due to excitons sits on top of a large background of absorption
due to the laser exciting a low lying exciton state and an optical phonon. This background was removed from
the data as modelling its microscopic origin is beyond the scope of this work. The background absorption
coefficient apg(E) is based on the function used in [52], consisting of a piece-wise function containing a
below- and an above- band gap contribution:

g (E) _ {Oéph (E) “+ ay (E) E< Eg (A])

Qlcont E> Eg

Here, apy, (E) is the contribution to the background absorption coefficient due to phonon-assisted processes
given by

r r r r
apn (E) = ayg, (E) + aigy (E) + g, (E) + g, (E) (A.2)

with each o(E) corresponding to the contribution from the phonon assisted absorption due to the x exciton
state and y phonon, given by

Al JE— (E,+E) E>E.+E
o (E) = (Bt By) e (A3)
0 E<E+E,

where Ay is the amplitude of the contribution to the phonon assisted absorption.
The Urbach tail, oy is a phenomenological term which describes the exponential increase in absorption
as the continuum is approached, given by

ay (E) = cyexp { (E — Eg) /EU} , (A4)
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Figure Al. Removal of absorption background from experimental data. Shaded region indicated fitted background which
subtracted from the experimental data in figure 2.

with amplitude ¢y and Urbach energy Ey. As the experimental data in this paper does not extend far above
the band gap, the absorption of the continuum is treated as constant. The energies and relative amplitudes of
the phonon absorption were taken from [52] while the parameters in the Urbach tail were used as fitting
parameters (as it is known the Urbach tail depends on temperature and the presence of defects in the
material [56]). Figure A1l shows the absorption spectrum with the shaded region indicating the background.
The parameters used for this background function are available in [41].

Appendix B. Parameters for the model

The energies, widths, and peak heights of the |np) states are obtained for our sample from single-photon
excitation [57]. Since the &, = 0 carrier spectrum reduces to a sum of Lorentzians, the heights of these peaks
were used to derive the magnitudes of (0|D,|j). However, it affords us no information about their relative
phases, so for the absorption spectrum they were all taken to be positive real. The energies and widths of the
S, D and F states come from two-photon excitation [37], which is much less reliable due to additional
broadening in the SHG spectrum [58]. The energies were extended beyond what was resolvable in the
absorption spectrum (i.e. fromn={6, ..., 15} ton = {6, ..., 20}) by fitting. We included the Floquet
states N = —15,...,15 in the calculation to achieve a convergence of less than 0.01 in optical depth across the
spectrum.

The dipole matrix elements derived from experimental peak heights enter into the model as the product

ZAnP €0

gl (01D €plnp) > = 2,

(B.1)

where A, are the experimental peak heights in optical depth, k is the wavenumber of the laser at that peak,
and L is the thickness of the sample. This makes the results of the model independent of ng4. It is also obvious
here that we do not have access to the phases of (0|D - €, |np), only their magnitude, which is very important
for the calculation of the sidebands, but less so for the absorption spectra, where they are all taken to be
positive real.

Appendix C. Angle dependence

Mott-Wannier excitons can be separated into radial and angular parts, [¥,,,), = [R?)|Y,,)p, Where the
angular part is given by spherical harmonics, and the subscript p means the m label refers to the probe system
of coordinates. Expressing the states in the probe system as a sum of states in the microwave system,

RO Yi)p = [R)) DS dy, s (B) [V, ), (C.1)
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Figure C1. A plot of AL against the relative polarization angle between the probe laser and microwave field, 3, at

hwp = Epip = 2.171267 eV and &, = 688 £ 5V m~L. The dots show the angle dependence observed in experiment, the red line
shows the angle dependence predicted by the model if we take the intra-excitonic dipole matrix elements, 2jx~, from (C.2), and
the black line shows the model given Qjx~¢ from (5).

fﬂ’m, (B) the Wigner small-d rotation matrices [59], 5 is the angle between the probe laser and

microwave field polarizations, and the subscript m means the m label refers to the microwave system of
coordinates. Thus

where d

ij>0 = —egm<RZ]‘r|RZ(k> X Z |:dl:;/lj7m/ (ﬁ):| di];k,m// (,8)< ’Jﬂ/|m COSGmIYJ;I//>m (C.Z)

m'm’’

where {r,0,, ¢} are the spherical coordinates in the microwave basis to be integrated over and e is the
charge of the electron. However, as shown in figure C1, (C.2) predicts a strong variation of the probe
absorption with g that is not observed experimentally.

In figure C1, we plot A«L against polarization angle for {2 given by (C.2). It can be seen that, while the
polarization angle has little impact on the experimental data, (C.2) predicts a very strong dependence. This
discrepancy is due to the cubic crystal symmetry being different from that of the spherical harmonics that
appear in (C.2). In the cubic case, the angular and radial parts of the exciton wavefunction are no longer
separable. However, a tensor treatment of the microwave coupling in the perturbative regime shows that an
angle-independent response is compatible with the cubic symmetry [40]. Motivated by this, and by the
improved agreement with experimental data shown in figure C1, we deal with this incompatibility using the
approximation made in (5).
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