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ABSTRACT: We study a planar bubble wall that is traveling at an ultrarelativistic speed
through a thermal plasma. This situation may arise during a first-order electroweak phase
transition in the early universe. As particles cross the wall, it is assumed that their mass
grows from m, to mp, and they are decelerated causing them to emit massless radiation
(m. = 0). We are interested in the momentum transfer to the wall, the thermal pressure felt
by the wall, and the resultant terminal velocity of the wall. We employ the semiclassical
current radiation (SCR) formalism to perform these calculations. An incident-charged particle
is treated as a point-like classical electromagnetic current, and the spectrum of quantum
electromagnetic radiation (photons) is derived by calculating appropriate matrix elements.
To understand how the spectrum depends on the thickness of the wall, we explore simplified
models for the current corresponding to an abrupt and a gradual deceleration. For the model
of abrupt deceleration, we find that the SCR formalism can reproduce the Piperm o 72
scaling found in earlier work by assuming that the emission is soft, but if the emission is
not soft the SCR formalism can be used to obtain Piperm o 'yfu instead. For the model of
gradual deceleration, we find that the wall thickness L,, enters to cutoff the otherwise log-flat
radiation spectrum above a momentum of ~ 42 /L,,, and we discuss the connections with
classical electromagnetic bremsstrahlung.
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1 Introduction

In the early universe, the primordial plasma cooled as a consequence of the cosmological
expansion [1]. When the plasma cooled to a temperature commensurate with the electroweak
energy scale, the Standard Model Higgs field developed a nonzero vacuum expectation value
during an event known as the cosmological electroweak phase transition [2]. Whereas the
Standard Model predicts that this transition is a continuous crossover [3, 4], simple extensions
of the Standard Model predict that it is first order instead [5], corresponding to the nucleation
and percolation of Higgs-phase bubbles. The speed of these Higgs-phase bubble walls is of
particular interest since their dynamics may be the origin of various observable cosmological
relics including the matter-antimatter asymmetry of the universe [6], primordial magnetism [7],
and gravitational wave radiation [8]. More generally, first-order phase transitions in a dark
sector can also provide interesting cosmological signatures including dark matter [9-15],
primordial black holes [16-23], gravitational waves [24], particle production [25, 26], and
leptogenesis [27-31].

In general, the dynamics of a domain wall is governed by the forces acting upon it [32].
A differential vacuum pressure across the phase boundary compels the bubbles to grow and
accelerates the bubble wall outward. At the same time, a differential thermal pressure from
interactions with the plasma inhibits the bubble’s growth and tends to decelerate the bubble
wall. Whereas a calculation of the vacuum pressure is fairly straightforward, a calculation
of the thermal pressure is more subtle.

The calculation of thermal pressure can be broadly divided into two regimes based
on the magnitude of the bubble wall velocity, v,,. When |v,| is sufficiently small, a fluid
description of the plasma can be applied. In this regime, the backreaction of particles in
the plasma interacting with the bubble wall can be estimated by solving the Boltzmann
equation for all particle species along with the equation of motion for the scalar field [32-46].
This approach is challenging to employ, because it requires determining deviations from
equilibrium distributions of different plasma species through the solution of the corresponding
Boltzmann equations. Nonetheless, it has been shown that purely equilibrium hydrodynamic
backreaction can hinder accelerating expansion, leading to a simple estimate that serves as an
upper limit on bubble-wall velocity [47-52]. These findings assume that plasma profiles are
always fully developed into steady-state solutions at a given wall velocity, a premise verified
via numerical simulation assuming local thermal equilibrium [53].

In the regime where the bubble wall is highly relativistic, the calculation simplifies
somewhat, because particles interact with the wall on a time scale that is short compared to
the scattering time scale in the plasma. Over the last several years, a considerable body of
work has developed to study the dynamics of ultrarelativistic bubbles and their potential
signatures [54-60]. For ultrarelativistic bubble walls, the thermal pressure (in the rest frame
of the wall) has the general schematic form: Pierm ~ Fo (Ap.). Here F, & v, T2 is the



typical flux of incident particles onto the wall assuming that these particles are drawn from a
thermal bath at temperature T' and boosted with Lorentz factor v, > 1 into the rest frame
of the wall. So the calculation of thermal pressure can be recast as a calculation of (Ap,),
the average longitudinal momentum transfer from the incident particles to the wall. Here
we briefly summarize several key studies over the last several years.

The authors of ref. [54] (hereafter BM09) calculated the momentum transfer that results
when a particle with energy E, is incident on a bubble wall at which its mass increases
from m, to myp. Since energy and transverse momentum are conserved, the restrictive
kinematics of this “1-to-1 transition” implies that the longitudinal momentum decreases by
Ap, ~ (m} —m2)/2E, where E, is the energy of the incoming particle and is assumed to
be large compared to the masses. If the particle is drawn from a plasma at temperature 7',
and if the wall travels with speed v,, = |v,,| relative to the plasma, then E, ~ v, T where
Yo = (1 —v2)~1/2. The Lorentz factor is large (7, > 1) for an ultrarelativistic wall, and
it follows that Ap, o v, Land Piperm X 73. Since the vacuum pressure is also insensitive
to the bubble’s speed, Puac o 72, BM09 concluded that Higgs-phase bubble walls might

accelerate without bound and “runaway” if P > Piherm-

Several years later, the authors of BM09 revisited the problem of electroweak bubble wall
velocity in ref. [55] (hereafter BM17). Here, they extended their earlier analysis to account for
“1-to-2 transitions” in which an incident particle emits soft radiation upon crossing through
the wall. The presence of a third particle in the system changes the kinematics, and the
calculation of (Ap,) entails an averaging over the quantum emission probability. To account
for the mass profile of the particles at the wall, the authors employed the leading-order WKB
approximation to calculate the matrix elements for a single emission. The thermal pressure
was found to be largest for massive vector boson emission (if this channel is available), since
the momentum transfer is controlled by the mass of the radiation, implying (Ap.) o< m, oc 79
and Piperm X 'y}v. (BM17 also note that the %1[} scaling is absent for massless vector boson
emission; i.e., Piherm X 'yg if m¢ = 0.) As the wall accelerates, 7, increases, this causes
Piyerm 7110 to increase until it equals Py,c. At this point, the wall travels with a terminal
velocity, which is typically ultrarelativistic (7, > 1). However, depending on the parameters,
walls may collide before the terminal velocity is reached; see ref. [61] for a discussion of
strongly supercooled first-order phase transitions.

The authors of [57] (hereafter HKLTW20) set out to extend the analysis of BM17 by
resumming multiple soft emissions. They assessed that this calculation would be intractable in
the formalism used by BM17, so the authors employed a semiclassical formalism instead. The
semiclassical formalism allows for the resummation of soft radiation, as a Sudakov form factor
can be constructed from first principles, ensuring the cancellation of poles emerging from
the real and virtual corrections [62, 63]. This approach conserves probability and accurately
describes the observed radiation emission patterns from a wide variety of experiments [64].
In the semiclassical approach, the radiator particle is treated as a classical source, and
matrix elements for the emission of quantum radiation are calculated. The authors use this
approach to describe the deceleration of incoming particles as they encounter the bubble wall,
to calculate the corresponding radiation pattern, and to calculate the average longitudinal
momentum transfer to the wall (Ap,). Additionally, the authors treated the bubble wall as



having zero thickness, making the deceleration of the classical source arbitrarily abrupt. Using
this approach, they found that the spectrum of radiation was log-flat up to an ultraviolet
(UV) cutoff set by the incident particle’s energy E,. Consequently, (Ap,) ~ E, o 7. and
Piherm ’yﬁ,. We review and discuss this calculation in section 6. It is worth noting that
the authors of HKLTW20 neglect the mass of the radiated particle in their analysis, i.e.
taking m. = 0, but since (Ap,) x v, > m. they argue that their results should carry
over to massive emission.

In this article, we clarify and extend the calculation in HKLTW20, having two goals
in mind. First, we seek to clarify how the semiclassical current radiation (SCR) formalism
used by HKLTW20 led them to conclude Piperm o %2”. We do so in a model with massless
vector boson emission (m. = 0). For comparison, the quantum particle splitting (QPS)
formalism used by BM17 gives Piherm X 72, for massless vector boson emission. We will show
that the SCR formalism may be used to derive either Piperm o< 73] or Piyerm X 73, and that
the essential ambiguity regards the choice of the radiating particle’s momentum inside the
bubble (pp). Second, we seek to extend the calculation in HKLTW20 to account for the
finite thickness of the bubble wall. As is familiar from studies of deep inelastic scattering,
the finite size of the target enters as a UV cutoff on the momentum distribution. Similarly,
here one expects the finite wall thickness L,, to cut-off the distribution [55]. For typical
models of a first-order electroweak phase transition the parameters are such L' < 7,7T.
This suggests that there should be a large change in the thermal pressure when the finite
wall thickness is taken into account [47, 58, 65].

The remainder of this article is organized as follows. In section 2 we review the semi-
classical current radiation formalism, which provides a framework for calculating quantum
electromagnetic radiation (photon emission spectrum) from classical currents. In sections 3
and 4 we apply this formalism to derive expressions for the vacuum persistence probability
and the single photon emission probability in terms of an arbitrary classical current density.
In sections 5, 6, and 7 we study three different “models” for the classical current. These
correspond to a charged point-like particle traveling with constant velocity, a particle that
decelerates abruptly, and a particle that decelerates gradually. For each model we calculate
the spectrum of electromagnetic radiation and average longitudinal momentum transfer.
Finally in section 8 we summarize our key results and discuss their implications for studies of
Higgs-phase bubble wall velocities at a first-order cosmological electroweak phase transition.
The article contains two appendices: appendix A in which we remark on the cancellation of
IR divergences and appendix B in which we review the QPS formalism developed by BM17.

2 Semiclassical current radiation formalism

In the semiclassical current radiation (SCR) formalism, the incident and recoiling charged
particles are modelled using a point-like classical electromagnetic current density j*(z). As
the particle decelerates, there is a probability that it emits an arbitrary number of photons
of arbitrary momentum. This probability can be calculated by evaluating the corresponding
matrix elements. In this section, we review the formalism, and in the following two sections,
we use it to calculate probabilities.



x = (2,9, 2)

Figure 1. An illustration of the wordline of the charged particle (red curve). The particle initially
travels with velocity v,, it encounters a domain wall (blue band), and it decelerates to velocity vy
with |vp| < |va].

2.1 DPoint-like classical particle

Consider a point-like classical particle. Its location is given by the wordline X#(7), which is a
map from the particle’s private clock (proper time 7) to a point in spacetime, represented by
a position four-vector, see figure 1. The corresponding velocity and acceleration four-vectors
are calculated as

_dXH(7) B d2XH (1)

UH (1) = I and AR (1) = 02

(2.1)

We require U°(7) > 0 for all 7, so the particle only moves forward in time. We take the
metric for Minkowski spacetime to be 7,, = diag(1l,—1,—1,—-1), and we normalize the

proper time 7 such that
U(r)-U(r) =1, (2.2)

for all 7. By taking the time derivative of the normalization condition, it follows that
U(r) - A(7) = 0 for all 7. In a frame of reference where the particle is moving with three-

velocity v(7) we can write

UH(r) = (v(7) , 7(7) v(7)) (2.3)
A7) = (7 (7), Y (M) v(7) +2(n) V(7)) ,

where v(7) = 1/4/1 — |v(7)]? is the Lorentz factor and prime denotes derivative with re-
spect to 7.

2.2 Varying particle mass

To use the SCR formalism to calculate electromagnetic radiation, it is only necessary to
specify the particle’s wordline X#(7). It is not necessary to specify what force is pushing or
pulling on the particle, causing it to accelerate and radiate. However, it is useful to imagine



that the particle is being accelerated when it enters a region of space (such as the bubble
wall) where its mass is varying. For this purpose, we can promote the particle’s mass to be
a four-scalar field m(z). However, we are not interested in the dynamics of the mass field,
but instead, we take this to be a fixed background, and we study the dynamics of particles
that are propagating around in this region of space.

The action for a point particle with variable mass m(z) in Minkowski spacetime is
written as

smuﬂz/mLm@%mﬂ) with  L(z,u) = —Va-um(), (2.4)

which is a functional of the worldline X#(7). The mass field is only evaluated on the
worldline. Varying the action with respect to each component of the worldline leads to
the Euler-Lagrange equation

d L 0L

&7 o 9 =0. (25)

z=X(1),u=U(7)
After also using eq. (2.2), one arrives at the equation of motion

nxX)A“::(WW-—UﬂM”)QﬁE

— (2.6)

z=X(1)

This is the analog of ma = F'. The quantity on the right-hand side of eq. (2.6) is interpreted
as the four-force arising from the varying mass. By contracting this equation with U¥, we
can show that the evolution is consistent with U - A = 0.

To discuss the kinematics of the radiation, it is useful to define the four-momentum as
PH(7) = m(X(7)) U*(7). (2.7)

The normalization of the four-velocity from eq. (2.2) implies
B(r) - B(r) = [m(X(r))]", (2:8)

so that at any point along the worldline, the particle’s four-momentum squares to its mass
at that location. We can also evaluate the derivative

dPp# 0
:{M+ww>m@ . (2.9)
dr oxv x:X(T)
When combined with eq. (2.6), the equation of motion can be written as
dp# om
— =g — : 2.10
ar " ox¥ 2=X(r) ( )

This is the analog of dp/dt = F. Note that the force appearing here and the force in the
analog of F = ma from eq. (2.6) are not the same.



2.3 Electromagnetic current

Suppose that the particle carries an electromagnetic charge ge where ¢ is dimensionless and
e = v4rwa ~ 0.303 is the electric charge of a proton in the Heaviside-Lorentz unit system.
The corresponding electromagnetic current density may be calculated as

(z) = ge /_ O:OdT UH(7) 6@ (& — X(7), (2.11)

where the integral runs over the particle’s whole worldline, assuming it exists for all time.
Some expressions later can be expressed more compactly in Fourier space. The Fourier
transform and inverse Fourier transform of the current density are defined by the relations

4
@) = [0t ) = [ale @t @)

where k* = (k' k) is called the wavevector. Using eq. (2.11) gives

JH(k) = qe/ dr UM () e X() | (2.13)

Since electromagnetic charge is conserved, the current must satisfy the continuity equation
0,3*(z) = 0 for all 2#, or equivalently k - j(k) = 0 for all k.

2.4 Electromagnetic interaction

We now introduce the electromagnetic field AN(CC), which is a Hermitian quantum operator.
We use hats to denote quantum operators. The Hamiltonian for this system takes the form

H(t) = Ho+ Him(t), (2.14)

where the free part of the Hamiltonian follows from the usual EM Lagrangian & = —F),,, F* /4,
and the interaction part of the Hamiltonian is

Hine(t) = / Pz it @) Ay(t, ). (2.15)

We work in the interaction picture where operators evolve according to Hamilton’s equation
induced by Hy and states evolve according to Schrodinger’s equation induced by ﬁint(t).

2.5 Photon field operator

The photon field operator flu(az) obeys Hamilton’s equations of motion induced by Hy. As
such, it can be decomposed onto a basis of plane waves as [66]

ap,s €u(D, 9) e T 4 d;,}s €,(p, s) e (2.16)

. dBp 1
Ao = [ am 22

D s=+41

where p* = (Ep,p) and E, = |p|. The ladder operators, a,, and &L,s, obey the usual
algebra of commutation relations. The form of the polarization vectors €,(p, s) depends



on the choice of gauge. The FREE vacuum is defined as the state that is annihilated by
all of the lowering operators

ap,s|Orres) = 0 for all p and s. (2.17)

The FREE one-particle states are constructed as

‘(1% 5)FREE> =/ 2Ep D,s |01~th> (218)

Note that |Opgee) has mass dimension 0, and |(p, $)rres) has mass dimension —1.
The photon Feynman propagator is defined by

where T{-} denotes time ordering (later to the left). Writing out the time-ordered product gives

A

DF,W(z —y) = <OFREE|A )AL ( |0FREE> @(:co — yo)

(2.20)
<0FREE’f4 ) 17’0FREE>()(QO —'$0),

where O(z) is the unit step function. Using the plane wave decomposition of the field

operator, the Feynman propagator can also be written as

d’p 1 0 0\ —ip-(z— (g
Dp o (x— 1) = _ i@y o 0 _ 20 @=y) o
ronte =) = [ 35, CIEEUE Cuu(p) +O(y° — ) cm(); N
where we have defined
Cuw(p) = D eulp,s)es(p,s). (2.22)

s==+1

The tensor Cy,(p) depends on the choice of gauge. For instance, in the Feynman gauge
Cuw(P) = —guv, and the Feynman propagator takes the form

d3 1 —ip-(z— ip-(x—
Dy ( — y) = —gyu /(27:)’3 o [@(wo — ) e @Y L 90 — 20) e @Y | (2.23)

This is just a factor of (—g,,) multiplied by the usual Klein-Gordon Feynman propagator.
By introducing another integration variable, one can write the photon Feynman propagator
in a manifestly Lorentz-covariant form

_ d*k i ik (m
Drpue —y) = lim (=gu) /(2%)4 k-k+iep e ey, (2.24)

€F—>0+

where k* = (k¥, k). The integral is performed along the real k° axis, and the regulator ef is
introduced to provide the correct prescription for integrating around the poles at k° = +|k.

Here we pause to emphasize a point about gauge dependence. In this study, we consider
the deceleration of a massive charged radiator and the emission of massless photon radiation.
More generally, we expect our results to generalize to any QED- or QCD-like theory. We focus
on this model in part because it offers a technical simplification. Since the photon is massless



everywhere in the system (i.e., on both sides of the bubble wall), we expect observables to
remain invariant under gauge transformations. This gauge freedom allows us to select the
Feynman gauge. By working with a massless photon, we avoid complications that would
arise if the vector boson’s mass were changing across the bubble wall. See ref. [59] for an
analysis of thermal friction in models with spontaneously broken gauge symmetry, and a
discussion of how the degrees of freedom rearrange at the bubble wall.

2.6 Thermal pressure

The SCR formalism may be used to calculate the spectrum of electromagnetic radiation that
arises when the charged particle is accelerated at the bubble wall. The associated momentum
transfer from the wall to the particle and radiation corresponds to a force on the wall that
tends to retard its motion. Since the incident charged particle is assumed to be drawn from
a thermal bath, we talk about the thermal pressure on the wall. In the rest frame of the
bubble wall, the thermal pressure may be calculated as [54]

d3p,
Piherm = Va /(2;_9)3 fa(pa) Va,z <Apz> 5 (225)

where a labels the incident particle, v, counts the number of internal degrees of freedom
(e.g., spin, color, particle/antiparticle), f,(p,) is the one-particle phase space distribution
function (assumed equal for all of a’s internal degrees of freedom), v, . = pq../E, is the
component of velocity in the direction normal to the planar bubble wall, and (Ap,) is the
average longitudinal momentum transfer.

Of particular interest is how the thermal pressure depends on the velocity of the wall
vy, (i.e., the relative velocity of the wall rest frame and the plasma rest frame). If the factor
of (Ap,) were absent, the momentum integral would simply give the longitudinal flux F, .
of species-a particles in the rest frame of the wall. For an ultrarelativistic wall traveling
through the plasma with Lorentz factor 7, = 1/4/1 — |vy|?, this flux is parametrically
Faz ~ Yl 3 since the direction normal to the wall is Lorentz contracted. To track the
parametric scalings, it is useful to write

Piherm ~ ’Yng <Apz> . (2'26)

This observation suggests that Piperm o 7L,. However, (Ap,) may also increase or decrease
with some power of 7,,. In the SCR formalism, the average longitudinal momentum transfer
(due to single photon emission) may be calculated as

(Ap,) = / dPo_y0, Aps (2.27)

where dPg_,, is the differential probability to emit a photon with momentum between p
and p + dp, and where Ap, is the longitudinal momentum exchanged between the particles



and the wall. We take the longitudinal momentum transfer to be [54]

Apz = Pa,z — Pb,z — Dz
1/2 1/2 1/2
= (B2~ |pa, 1 |* = m2)"? — (B} — |ppu[> —m})"* — (B2~ [p. D)/

Pa > +md  Ipp il +mp | pL| (2.28)
~ (B, — By — E,) — P2 ay P :
(Ba — B — Ey) 2F, 0B, 2E,
o Pai?+mg . [Pa, L —puL|* +mj n lpL |
28, 2(Eq — E,) 2,

The transition from the first to the second line is achieved by assuming on-shell energy-
momentum relations for all three particles. The second to the third line is based on the
assumption E = p, > |p_ |, m for all three particles. Finally, moving from the third to the
fourth line involves the assumption of energy and transverse momentum conservation among
the three particles. In the subsequent sections, we will discuss the methodology for calculating
dPy—0, and provide evaluations using several simplified models for the current.

3 Vacuum persistence probability

In this section, we define the vacuum persistence probability and show how it can be calculated
from the Fourier transform of the electromagnetic current density. The vacuum persistence
probability is a quantity of interest, because unitarity links it to the total radiation probability.
In other words, 1 = Py + Pp—any where the vacuum persistence probability (denoted by
Py_0) quantifies the rate of zero photon emission and the total radiation probability (denoted
by Po—any) quantifies the rate of emitting any number of photons. The latter quantity is
used to calculate the average longitudinal momentum transfer through eq. (2.28).

3.1 Define amplitude and probability

We define the vacuum persistence amplitude as follows. Since the theory has a time-dependent
Hamiltonian (because of the source), there is no unique ground state. Instead, we distinguish
two states called the IN-vacuum ‘OIN> and the ouT-vacuum ]OOUT>. The vacuum persistence
amplitude is

Wo—0 = (Oour|Om) - (3.1)
Note that Wy_,g is simply a complex number. The squared modulus
Po0 = [Wool®, (32)
gives the vacuum persistence probability, also called the vacuum survival probability.

3.2 Calculate using the Gell-Mann and Low theorem

We calculate the vacuum persistence amplitude as follows.! Using the Gell-Mann and Low
theorem [66], the IN and OUT vacuum states are written as a time evolution operator applied

!Compare with Problem 4.1 of ref. [66], which explores the vacuum survival probability for a scalar theory

N

with a source, Hint(t) = — fd?’:cj(x)q;(m).

,10,



to the FREE vacuum state |0FREE>, and the vacuum persistence amplitude can be expressed as

T A

T—oo(1-1i

where Texp{-} denotes the time-ordered operator exponential. Using the expression for

A

Hint(t) from eq. (2.15) lets us write

T—00(1—10) T
where [, dlz = f_TTdt [d3x. Notice that the long-time limit must be performed with a small,
negative imaginary part —i0 that acts as an IR regulator.

3.3 Employ perturbation theory

We use perturbation theory to evaluate Wy_,g. We assume that this quantity can be expressed
as an infinite series in nonnegative powers of the electromagnetic coupling e, remembering
that j#(x) o< e. If this is true, then the vacuum persistence amplitude can be written as

© 1 .
Woso =) o Wk, (3.5)
n=0 """

where WO(Z)O = O(e™). By writing the exponential in eq. (3.4) in terms of its Taylor series

expansion, we can read off the terms in the series. For the n'! term, we find

Wéﬁzo = lim (—i)"/d4:c1-'-/d4:rn g (xy) - gt ()
T—00(1—i0) T T (3.6)

X (Open| T{ Ay, (21) -+ Ay, () }|Orree)

3.4 Calculate Wéi)o and sum the series

Since the vacuum expectation value of an odd number of field operators vanishes, it follows
that Wé@o = 0 for odd n. Consequently the terms with odd powers of e drop out of the
series. To evaluate Wéﬁzo for even n, one can use Wick’s theorem to ‘factor’ the n-point
correlation function into products of two-point correlation functions. After accounting for

the combinatorical factors, one finds?

2) \ n/2
1 n 1 W,
] Wéa)o = (/)] ( 02_>0) for even n . (3.7)

Summing the series of odd and even n terms leads to

w2
Wo—o = exp<(;%)) . (3.8)

2For this derivation, it is important that each field operator is evaluated at a distinct spacetime point.
In this sense, the field operators are all interchangeable, and everything boils down to copies of the same
two-point function. The derivation would have been different in an interacting field theory with multiple
field operators evaluated at the same spacetime point. This would lead to contractions of a point with itself,
corresponding to Feynman graphs with loops.
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Using eq. (3.2) the vacuum survival probability is found to be
Po0 = exp(Re W)y (3.9)

It must be the case that Re Wéi)o < 0 to ensure 0 < Pg_,g < 1.

3.5 Derive expression for W(Ezo

The O(e?) contribution to the vacuum survival amplitude is given by

2 . . . A A
Wégo = lim (—1)/d4a:/d4y 7*(z) 3% (y) <0FREE’T{A#(x> Ay(y)}|OFREE>. (3.10)
T—00(1—i0) T T
The source at point y* (or z* if it is earlier) creates a photon that propagates to x* (or y*
if it is later) where it is absorbed by the source. The last factor is the photon Feynman
propagator D, (x —y) from eq. (2.19). If we write the Feynman propagator using its Fourier
representation from eq. (2.24), and if we ignore the —i0 shifts in the limits of integration,
then the z# and y* integrals simply yield the Fourier transform of the current; see eq. (2.12).
Making this replacement gives
(2) d*k i ~

= i j(k)* - (k). 11
WO—)O €F1_I>I(l)+ (271')4 k"k‘—|—i€Fj( ) ]( ) (3 )

The vacuum survival probability is then calculated using eq. (3.9). In the later sections we
perform these calculations using simple models for the particle worldline.

4 Single emission probability

In this section, we define the single photon emission probability and show how it can be
calculated from the Fourier transform of the electromagnetic current density. Although
the vacuum survival probability Py can be used to infer the total emission probability
Po—any = 1 — Pp_o, it does not provide information about the spectrum of emission. By
calculating the single photon emission probability, we also determine the energy spectrum of
the radiation. This information is needed to calculate the average longitudinal momentum
transfer (Ap,) using eq. (2.28).

4.1 Define amplitude and probability

We define the single photon emission amplitude as

WOHO’y(pv 5) = <(pa S)OUT‘OIN> ) (4'1)

where |0;y) is the IN-vacuum and where |(p, s)our) is a one-particle state built upon the ouUT-
vacuum in which the photon has three-momentum p and spin projection s. The differential
probability for emitting a photon with momentum between p and p + dp is given by

dBp 1

W E Z }WO—>07|27 (4'2)

s=+1

dPo—04(p) =

— 12 —



where E, = |p| for a massless photon. Note that we sum over s, since we are not interested
in the helicity of the outgoing photon. Integrating over the full phase space for the emitted
photon gives

d 1

which is the single emission probability.

4.2 Calculate using the Gell-Mann and Low theorem

We calculate the matrix element using the Gell-Mann and Low theorem:

WO—>O'y(pa 5) = T—)Li;r(rll—io) <(p7 5)FREE|TeXp{ - iAd4$ju(x) Au(x)}’OFREE> s (4-4)

where the free FREE one-particle state is defined in eq. (2.18).

4.3 Employ perturbation theory

We employ perturbation theory to evaluate the matrix element order-by-order in powers
of e. We write the series as

WO—>07 D,S Z W(]*z(]»y(pv )7 (45)

where W(@o«, = O(e"). The n'™ term is given by

Wil (ps) = (<" | m [ byt ) )

(4.6)
<(p7 FREE’T{ 11 (xl) Altn(xn)}|0FREE>-
In particular the O(e!) term takes the form,
Wéi)oy(p, s) = Tﬂién% 10 /d4x s {(p, S)FREE| flu(m) |OFREE>. (4.7)

The matrix element factor is simply the mode function for a photon with three-momentum
p and spin projection s, which is written as

(1) _ : . 4 . * ip-x
Wilyy(pos) = tim (i) [ dte (o)< ps) e (4.8)

where p# = (E,,p) and E, = |p|.

4.4 Calculate Wé _207 and sum the series

Since an even number of field operators cannot connect the FREE vacuum state with a FREE

one-particle state, it is clear that Wi 0 for even n. For the terms with odd n one

0—0y —
can derive the relation

Wil = (2n + 1) WY

2
0—0y 0—0y Wé:{% ) (4'9)
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where Wézg is the O(e?") term in the vacuum persistence amplitude given by eq. (3.7), and

(1)

an expression for W, 0y @ppears in eq. (4.8). Using eq. (3.7) lets us write this relation as

0—
2n+1 n
(2n4+ 1) 070 2 ‘ '

Upon summing over the even and odd n terms, the factors of Wo@o exponentiate into the
vacuum persistence amplitude Wy_,o = exp(W(QO /2), and the single emission amplitude

is given by
1
W()H()ﬁ/ = WOHO X W()(—)>0'y . (4.11)
Putting this expression into the single emission probability from eq. (4.2) leads to

dBp 1 1) 2
dPo—0y = Po—0 X (2r) 28, s§1|WO—>07| ; (4.12)

where we have also used Py_,g = |W0_>0\2 from eq. (3.9). The probability for emitting a single
photon is simply the product of the vacuum survival probability (no photon emission) and
the squared modulus of the leading O(e) amplitude for photon emission.

4.5 Derive expression for Wéiz(h

To evaluate W(QOV using eq. (4.8), we drop the IR regulator —i0. Then resultant integral is
simply the Fourier transform of the current density from eq. (2.12), which gives

1 N *
Willoy (0, 5) = (—1) (p) - *(p.5) (4.13)
Then the single emission probability from eq. (4.12) takes the form

Bp 1 -

H(0)*3" (D) D eulp,s)es (). (4.14)

dPOHO’y = Pp0 X W E] ~
s=

The sum over polarization vectors is simply Cy, (p) from eq. (2.22). We work in the Feynman
gauge with C,,(p) = —gu. This leads to the final expression for the differential photon
emission probability

dBp 1 - ~

dPp_0y = —Po—o X @n) Ej(p)* -j(p). (4.15)

In order for the differential probability to be nonnegative dPy_0, > 0, we require j(p)* -
ip) < 0.

5 Model 1:constant velocity

As a starting point, suppose that the charged particle travels with a constant velocity. Since it
does not accelerate, we expect to find that there is no radiation. We confirm this expectation
by calculating the vacuum persistence probability (showing that it equals 1) and the single
emission probability (showing that it equals 0).
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5.1 Current density

If the particle has a constant velocity v(7) = v in some frame of reference then the worldline,
four-velocity, and four-acceleration are

XM1) =XE + (1 — 10) U*, UF = (v, yv), and A* = (0,0), (5.1)

where v = 1/4/1 — |[v]? is the Lorentz factor. We impose the initial condition X¥(7) = X}
at 7 = 19. The Fourier transform of the current density is calculated by evaluating the
integral in eq. (2.13). Doing so gives

70 =qe [ drue(r) et

= ge [ dre e Crimtn)
—0o0

. (5.2)
= qeU* eik-XO/ A7 ik U(T—0)
= qeU* * %o (270)5(k - U) ,
with the Dirac delta factor written as
Sk-U)=~"1o(w—Ek-v), (5.3)

where we have written the wavevector as k* = (w, k). This factor vanishes for wavevectors
that do not obey w = k - v. For instance, if the particle is at rest (v = 0) then the current
density selects out the static modes (w = 0). Boosting to a frame where the particle is
in (constant) motion gives w = k - v instead. Also note that k- j(k) = 0 as required by
the continuity equation.

5.2 Vacuum persistence

Expressions for the vacuum persistence amplitude and the vacuum survival probability were
provided in egs. (3.8) and (3.9): Wy_o = exp(WO(2_)>0/2) and Py_,o = exp(Re w2 ). Then

0—
eq. (3.11) expresses W(@m in terms of the current density j(k). Using the expression for

j(k) from eq. (5.2) leads to

(2) - o [ Ak i 2
Wi = 1 2 : : 4
00 = lim (ge) / o Bk i, 270k - U)ok - 1), (5.4)

where we have also used U-U = 1 from eq. (2.2). Writing the wavevector as k* = (w, k) leads to

2 3 ;
@ _ oy (ge)* [dw d°k i 0 V25(0 — k- k.
Woso = I 0 | 9 @n)8 w2 — kP2 Tie, O —k-v)dw—k-v).  (55)

One of the Dirac delta functions may be used to evaluate the integral over w, which leads to

A3k i
(2m)3 |k - v|2 — |k|? +iep

WP, = lim (ge)” (27)8(0) / (5.6)

GF—>0+ 72

The singular factor (27)d(0) has units of time. If we had only allowed the particle to exist for
a finite time interval T', then this factor would be replaced by (27)§(0) — T'. For large T,
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the amplitude is enhanced by the long duration of the source. To identify a finite quantity,
we can interpret Wéi)o (2m)d(0) as the vacuum survival rate.

To evaluate the integral over k we work in spherical coordinates where v defines the
polar axis: k = |k| is the wavenumber radial coordinate, 6 is the polar angular coordinate,
and ¢ is the azimuthal angular coordinate. The integral over ¢ is trivial, providing a factor

of 2w. The remaining integrals are

2) ()2 > dk . 1 [!dcosb -1
WO_}O_(_I(QG) (QW)(;(O))</0 27T2) <€Flgr(1)+72/1 2 wv2cos?f0—1+iep/k?)’ (57)

where v = |v|. For 0 < v < 1 there is no IR divergence within the integration domain, and

the IR regulator ex can be safely removed. The integral over cosf evaluates to

1 [ldcosé -1 1—02 1—v
— = | . 5.8
2 /,1 2  w2cos?6—1 ) Ogl—i—v (5.8)

This factor approaches 1 as v — 0 from above, and it approaches 0 as v — 1 from below.
The integral over k£ has a UV divergence, which we can regulate by replacing the upper limit
of integration with a UV cutoff kyy. Then the regulated integral evaluates to

. kov dk . kuv
lim = —

kU\J—NX) 0 27T2 - kyy—00 27T2 ’

(5.9)

Since the source is localized to a point in space, its Fourier transform has support at arbitrarily
large k, corresponding to arbitrarily short length scales; this is the source of a UV divergence.
Putting all these factors together gives

2
(2) . . . 2 kUV 1—w 1—w
WoZo = kUl\}E}OO —i(qe) (271)5(0)% 9w 811,

(5.10)

The vacuum survival probability Py_,o is then given by eq. (3.9). Since WéQ_)m is pure
imaginary, with vanishing real part, it follows that

Po_o = exp(Re W(@)O) =1, (5.11)

and conversely Pg_any = 1 — Pg_0 = 0. Despite the dangerous divergences in Wo(i)o, we do
obtain the expected result. A charged particle with constant velocity has unit probability to
emit zero photons, and zero probability to emit any number of photons.

5.3 Single emission

An expression for the differential probability of a single photon emission was provided in
eq. (4.15). Using the expression for j(k) from eq. (5.2) leads to

(ge)* &®p 1

7 (2 25, (2B -p-v)]’, (5.12)

dPy0y = —

where E, = |p|. In the derivation, we have used U-U = 1 from eq. (2.2) and Py_,o = 1
from eq. (5.11) If the particle travels with a speed 0 < v < 1, i.e. it is a massive particle,
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then the argument of the Dirac delta function cannot equal zero. Consequently, the single
emission probability vanishes:

dPy_0, = 0. (5.13)

This conclusion is consistent with our earlier result Pg_,o = 1: if the vacuum survival
probability is one, the probability for any emission processes must be zero. Note that this
conclusion would still hold even if the radiated particle were not a photon, but a massive
particle instead with E, = (|p|?> + m?)'/2 > |p|.

6 Model 2: abrupt deceleration

Next we consider a situation in which the charged particle abruptly decelerates at one instant
in time. If the velocity and acceleration are collinear, it is customary to call this bremstrahlung
radiation. In the classical theory of electromagnetism, bremstrahlung radiation is discussed
in most textbooks including refs. [67, 68]. Whereas our analysis accounts for the quantum
nature of the emitted photons, we find that the resultant radiation spectrum is equivalent
to the familiar classical result. In this section and the next, we illuminate how the UV part
of the emission spectrum depends sensitively on the abruptness of the transition, which is
also a familiar behavior from classical electromagnetism [67].

6.1 Current density

Suppose that the charged particle travels with velocity v, and abruptly decelerates to velocity
vy at one instant in time. The four-velocity of the charged particle can be written as

UZL = (f)/a ) PYa'Ua) , T <To
U =(w, wos) , T>T10

Uk (r) = , (6.1)

where we assume that the acceleration happens at proper time 7 = 7y. The Lorentz factors are
defined by v, = 1/4/1 — |vap|?. Note that U (7) is undefined at 7 = 79. The corresponding
worldline is

X =Xg+(r-n)UL , 7<70
XM(T) = Xg y T =T0 > (62)
X=X+ -n)U, , 7>
and X#(7) is continuous at 7 = 7. The Fourier transform of the current density is calculated

by performing the proper time integral in eq. (2.13):

g (k) = qe/ dr U¥ (1) el X(7) (6.3)
e /7’0 ar [Uff eik'(XOHUaT*UaTO) ¥ qe /OOdT Ug eik-(XOJrIUbT—[UbTO)
oo 70

. . 70 . . o .
= ge elk-Xo |:Ug e*lk-UaTo / dr e1k-TUa‘r + [Ug eflk-lUb‘ro / dr elk-UbT
—00 0

. . 70 . . . 0 . .
= lim ge elk‘-Xo |:[Ug e—1k~Ua7'o / dr el(k~Ua—16)T + [UZL e—lk’-Ub’T() / dr el(k~lUb+18)T
—00 70

e—0t
ik-Xo [ vy Ty ]
kE-U, —ie k- -Uy+ie]’

= lim (—i)gee
€—>0+( )q
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Here it was necessary to introduce a small positive parameter €, which acts as an IR regulator,
which must be sent to zero at the end of the calculation. For U, = U, we regain the current
density calculated in section 5 for the constant-velocity model; cf. eq. (5.2).2 It is also easy
to see that k - j(k) = 0 in the limit ¢ — 0T, which is required by the continuity equation.
Whereas this calculation can be performed for general v, and vy, the angular integrals
simplify if we assume that these vectors are parallel. In practice, we will occasionally assume

v || vy, Vg = Vg D, v, =Up D, and 0<y <w, <1, (6.4)

where ¥ is a unit vector. Under these assumptions, the motion of the charged particle remains
in a straight line and experiences a sudden deceleration but continues moving forward. This
is the familiar setup for a calculation of bremstrahlung radiation. This is a reasonable
approximation for the motion of an ultrarelativistic particle near a Higgs-phase bubble wall
where the particle’s mass increases across the bubble wall interface. In the rest frame of
the wall, the particle is highly boosted, and its velocity is approximately normal to the
plane of the wall.

6.2 Vacuum persistence

Expressions for the vacuum persistence amplitude and the vacuum survival probability
were provided in egs. (3.8) and (3.9): Wy = exp(Wéi))o/Q) and Py_o = exp(Re W(§2—)>0)a

respectively. Then eq. (3.11) expresses Wéi)o in terms of the current density j(k). Using
the expression for j(k) from eq. (6.3), this leads to
d4k i : .
W(2)0: lim (qe)2/( ! Ua-Usq U, Uy

0—

2m)* k-ktiep | (k-Ua+ic) (k-Us—ie)  (k-Uu+ie) (k-Up+ic)
Up-U, Uy Uy

T (b Up—ie) (k-Ug—ie)  (k-Up—ie) (k-Up+ie))

ep,e—07t

(6.5)

Writing out the four-vectors k* = (w, k), U = (v4,7ava), and Uy = (75, 7p) leads to

W0(2—)>0 = (qe)Q(Iaa _Iab _Iba +Ibb)7 (66)
where we have defined
d d3k 1—vq-v,
Too= lim i i’/ : ST : ., (6.7a)
ere—0t J 21w ) (2m)3 (w—|k|+ier) (w+]|k|—ier) (w—k-va+ic) (w—k-v,—ic)
3
1—v,-
Tp= lim d“’/d K : L : —, (6.7b)
ere—0t J 21w ) (2m)3 (w—|k|+iep) (w+]|k|—ier) (w—k v, +ic) (w—Kk-vp+ic)
3 1— -
Tpg= lim i dw/ @k X X o Ya X <N\ (67C)
erem0t ) 2w ) (27)3 (w—|k|+iep) (w+|k|—iep) (w—k-vp—ic) (w—k-v, —ic)
3 —wp
Tpy= Lm i d‘*’/dk : 100 : . (6.7d)
eren0t ) 2w ) (27)3 (w—|k|+iep) (w+|k|—ier) (w—k-vp—ic) (w—k-vp+i€)

Next, we evaluate the w integrals by analytically continuing the integration path into the
complex w-plane. Each integrand has four poles. Integrals Z,, and Zy, both have two poles in

3The identity 1/(z +ic) = PV(1/2) Find(z) implies 1/(z — ie) — 1/(z + ie) = 27id(2).
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the upper half plane and two poles in the lower half plane. Integral 7, only has one pole in
the lower half plane, and integral Z,; only has one pole in the upper half-plane. We close the
integration contour in either the upper or lower half-plane, depending on which has fewer poles.
Closing in the lower half plane brings a factor of —27i times the residue, and closing in the
upper half plane brings a factor of +27i times the residue. The integral along the arc off the
real axis vanishes since dw/w* — 0 for large |w|. Evaluating the w integrals in this way gives

3 _
Iaa - /d K ( s ! va. Ya ; (68&)
EF,E*)O'F 2 (k| —iep) (k| + k- vy —iey) (k| + k- vy — ic_)
1—v,-v,

TR =k 00 =) (K] +k~va—ie)(ie)>’

d3k 1— v, -
Ty = / . o T — (6.8b)
EF,£—>0+ 2 (|k| —iep) (k| + k- vy — i) (k| + k- vp — i€y )
3 — -
Iba = lim - d k ; L vb. Ya . ) (680)
epe—0t 2 (2m)3 (k| —iep) (k| — k- vy — iet) (k| — k - v, — iey)
A3k L—vy- vy
I _ / ( 6.8d
bb eF,€—>O+ 2 ‘k‘ iep)(|k|+k-vb—ie_)(\k:|+k-vb—ie+) ( )
I 1-— Vp - Uy )
(k| — k- vy —ies) (k| + k- vp —ie_)(ie) /
Here we have defined ey = ep + ¢ and e = ep — . Now it is clear that 7y, is identical

to Z,p with the replacements v, — —wv; and v, — —v,; similarly Zy is identical to Z,,
with the replacements v, — v, and v, — v,. It is straightforward to evaluate Z,, (or
Ty) by working in spherical coordinates and taking the polar axis to align with v, (or vy).
However, since both v, and v, appear in the integrands of Z,;, and Z;,, an evaluation of
these integrals for general velocities is more difficult. To simplify the problem, we now
employ the assumptions in eq. (6.4) and select the polar axis to align with ©. In spherical
coordinates, the integrals become

) 1 [ok%dk 1 L dcost 1— 2
Too = lim f/ - / ; -
epe—0t 2 2m2 (k —iep) 2 (k+ kvgcos —ieq) (k + kvg cos — ie_)
< k2dk 1 /1 dcosf 1— 02
eF,a—>0+ 2 o2 (ie) Jo1 2 (k—kvgcosO —iep)(k + kvgcos @ —ie_)’

(6.9a)

I, / k2dk 1 /1 dcosd 1 —vav
eF,s—>0+ 2 2n2 (k—iep) J-1 2 (k+ kvgcos® —iey)(k+ kvpcosf —iey)

(6.9b)
Evaluating the angular integral gives
0 124k (1 —v2) log 716(11”1“):%6*
T, = lim / k dk‘( ) k(1 va) i€ (610&)
epe—0t 2 2m2  2kv,(k — iep) (ie)
14+wvq)—ie k(14wvy)—ie
. oo 24k (1 — vaup) (log iélt}% log m)
Top = lim = - - . (6.10b)
eres0t 2 o 27w 2k(vg — vp) (k — iep) (k — ie4)
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Notice that the logs involving e_ have cancelled out. This is advantageous because €4 = ep+¢
is always positive, but e_ = e — ¢ could be either positive or negative, depending on how the
limit ex,e — 07 is performed. The absence of e_ makes the limit unambiguous, and we are
free to send ep — 0 first, so that only ¢ survives as the IR regulator. To extract the leading
IR behavior, we can also expand in powers of € and regulate the integral by introducing an
IR cutoff k;z = € such that k > k. The k integrals have UV divergences, which we regulate
with a UV cutoff kyy such that k& < kyy. To leading order in powers of kyy/kir we find

i 1 — 0?2 1+ k 1 ky
Ty = i li — a1 a UV) () (1 W) 6.11
“ kUvH_>n00 kIRgr%)-'—( 87T2) ( Vq ) ( o8 1- Ua) ( kIR * 471—2 o8 kIR ( a)

. . 1 1 —v,vp (1+’Ua)(1 _Ub)> ( kUV)
Ty = 1 1 ) (=) (4 log V) . 6.11b

Note that Z,, and Zy, have linear divergences, whereas Z,; and Zy, have logarithmic diver-

gences. Finally the vacuum persistence amplitude is given by eq. (6.6) to be

: 2
2 _ I 2 (_ i )(1_%)(1 1+va><kw)
WO_)O kt,vlgoo k]Rgré-‘— (qe) [ 87T2 ’Ua Og 1 - Ua ]CIR
1 1—vauvp (1+vg)(1 —vp) ) ( k:UV)
-2 — 1 —2](1
(87r2> ( Vg — Up 8 (1 —vg)(1 4 vp) 8 ki

i 1—’[15 ]~+Ub><kUV)
- 1 SV
+( 87T2)< Up >(Og1—vb kg

The vacuum survival probability is calculated by Py_o = exp(Re Wéi)o) as in eq. (3.9).

(6.12)

Since the terms with linear divergences are pure imaginary, they do not contribute to Py_,q.
The terms with a logarithmic UV divergence need to be renormalized, which will swap
kuy for a renormalization scale u, which is assumed to be u > k. The vacuum survival
probability is found to be

Po_o = exp [_ (fl;f;) (; 11;;—1)@@? log 8 s Zzsg J_rzl;; - 1) <log k‘;)] . (6.13)

This represents the probability that a particle with charge ¢ that is abruptly decelerated

from velocity v, = v, ¥ to velocity v, = v, © does not emit electromagnetic radiation. Note
that the speed-dependent factor in parentheses is positive for all 0 < v, < v, < 1, and so the
probability is 0 < Pyp_o < 1 as required. In the limit vy — v, the formula has Pg_,g — 1, which
agrees with the analysis in section 5: a particle traveling at constant velocity does not radiate.

6.3 Single emission

An expression for the differential probability of a single photon emission was provided in
eq. (4.15). Using the expression for j(k) from eq. (6.3) leads to

dEp 1 ( U,-U, U,-U,
(

dP, = lim (—q%ec%P
00y = lim, (=q"€¢"Po0) pUgtie) (p-Ua—ic)  (p-Ug+ic)(p-Up+ic)

e—0t (27‘(’)3 2Ep

Up-U, Uy Uy )
- . —+ - - . 6.14
(p-Up—ie) (p-Us—ie) (p-Up—ie) (p-Up+ie) (6.14)
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Recall that the four-vectors are p* = (Ep, p), U¥ = (Ya,Vava), and U} = (75, vovp). If the
parameter ¢ takes a nonzero value, then the differential probability is free of poles throughout
the full phase space p € R3. If ¢ = 0 then there is a pole at p = 0, corresponding to
a soft IR divergence, and possibly also poles along the rays where p || vgy if |v4p] = 1,
corresponding to collinear IR divergences. For 0 < v, < v, < 1 the collinear divergences
are avoided, and we can set ¢ = 0 while remembering that it is necessary to reintroduce a
regulator later to address the remaining soft IR divergence. Using E, = |p| and p = p/|p|,
the differential probability is expressed as

oo = (R0 ) (L2) (|- 2 * (prve—pow) )
007 16 "7\ pP/\1=p-va 1-—p v (1—p-v)2(1—p-v)%) "
(6.15)
In the next subsection, we calculate the corresponding thermal pressure while exploring

different choices for the parameters v, and wvy.

6.4 Implications for thermal pressure

We now suppose that the charged particle’s deceleration results from an increase in its mass
across a planar domain wall. As its mass increases from m, to my, its velocity decreased from
v, to vy accordingly. This situation is realized at a first order electroweak phase transition
when quarks and charged leptons encounter a Higgs-phase bubble wall, leading to gluon and
photon emission. We are interested in calculating the resultant thermal pressure Piperm acting
on the wall. Since the thermal pressure is parametrically given by Piherm ~ Yo T™ (Ap.), as
in eq. (2.26), the quantity of interest is the average longitudinal momentum transfer (Ap.).

To begin, let us first express the single photon emission probability in terms of masses
and momenta. The three-momentum and energy of the incident particle are given by the
relations p, = YaMaev, and E; = y,m, where 7, = 1/1/1 — [v,[? and E, = /[pa|? + m?2.
Similar expressions hold for the recoiling particle with the replacement of a to b. Using this
notation, the expression for dPy,0, from eq. (6.15) is written equivalently as

2,2 3 2
v = (550 (52) s -
adl 1673 E, E,E,—p-po E,E,—p-py

(6.16)
i (Ebp'pa_Eap'pb)z
(EpEa — P Pa)*(EpEy — P - Pb)?
where E, = |p|. Then the average longitudinal momentum transfer is calculated using
egs. (2.27) and (2.28), which are reproduced here:
P > +mE | [P —pL]P +mp !PLP)
A = [dP —— 4 : . 6.17
(Ap.) / 0—0y ( 2E, + 2(E, — E,) + 2F, ( )

Note that dIPg_,o, is a probability distribution over the photon momentum p where p,, mq,
Py, My, and ¢ are parameters. On the other hand, (Ap,) is only a function of the parameters
Pa, Mq, and my but not py. This is because the derivation of Ap, in eq. (2.28) assumed
on-shell energy-momentum relations as well as energy and transverse momentum conservation
among the three particles, which fixed p; in terms of p, and p. Conversely, the derivation of
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dPy—0, via the SCR formalism took the velocities v, and v}, as arbitrary input parameters.
In order to evaluate (Ap.), we now must decide how to choose the various parameters:
in particular how to select p, when evaluating dPp_o,. In the following subsections we
explore three different choices.

6.4.1 Choice #1: collinear motion

As a first choice, suppose that the motion of particles a and b remains collinear, but otherwise
the speeds are arbitrary. This means that v, || vp with 0 < v, < v, < 1 as in eq. (6.4).
With this restriction, the differential probability from egs. (6.15) and (6.16) leads to a
simple expression,

dPo— 0 _ q’e? P dp (sin? 0) (vy — vp)?
dQ 1673 7% p (1 — vy cos0)2(1 — vy cos )2’

(6.18)

which has been expressed in polar coordinates by using p = (sinf cos ¢, sinf sin¢, cosf)p
and v, = (0, 0, 1)v,p and d®p = p?dpdQ. The emission vanishes along the axis of the
charged particle (0 = 0), but for v, = v, &~ 1 the emission strongly peaks in a forward cone
where cosf ~ 1 — (1 —vg)(1 — vp) /(1 — vaup).

Here it is instructive to compare with the familiar results for bremsstrahlung radiation
in classical electromagnetism. We can calculate the average energy output per unit angular
frequency per unit solid angle as E,dPy_o,/dwdS2 where E, = w = p. The corresponding
quantity in classical electromagnetism can be calculated using eq. (14.67) of ref. [67] (note
that eggs = a = €4 /4m), and the two calculations yield equivalent results. Similarly, the
average power received at a distant detector is given by eq. (14.39) of ref. [67] or eq. (11.74)
of ref. [68], and an equivalent result can be derived from eq. (6.15) if the duration of the
acceleration cuts off the momentum integral.

Evaluating the angular integrals in eq. (6.18) yields the single photon emission probability

dP 202
» 3;07 _ <‘12 - P0ﬁ0> f(va,vp), (6.19)
where we have defined the function

1(1—%%) log A o)A =) (6.20)

F(va, vp) = 2\ vy — v & (1 —vg) (1 + vp)
A plot of f(v,,vp) appears in figure 2 and this quantity is positive for all 0 < v, < v, < 1.
We note that as vy — vg, f(vg,vs) — O.

Since pdPy_0y/dp is independent of p, the momentum spectrum of photon radiation is
log-flat. That is to say, there is equal probability for photon emission across logarithmically-
spaced momentum intervals all the way from logp = —oo to logp = +o00. If we calculate
the total probability by integrating over momentum, there is a logarithmic IR divergence
(toward logp = —o0) as well as a logarithmic UV divergence (toward logp = +00). To
handle these divergences we restrict the domain of integration to pr < p < pyy and then
remove the regulators by sending p;r — 0 and pyy — 0o. Doing so gives the single photon
emission probability:

P — | i QQeQP : Doy o
00— inI—I:Opuvlgoo 2771-2 0—-0 f('Ua, Ub) og pTR . ( . )
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Figure 2. Speed dependence of the momentum spectrum. In this calculation we assume that a charged
particle decelerates abruptly from speed v, to speed vy < v,. The momentum spectrum is found to
be log-flat with an amplitude that depends on v, and vy, as pdPo—0,/dp = (¢*€*Po—0/272) f(Va, b).
As vy, approaches v, from below, the amplitude of the spectrum approaches zero as (v, — v,)?, and
there is no radiation.

Although this expression is divergent as we remove the regulators, one can argue that we
should instead set pr and pyyv equal to finite physical scales. In practice, very soft emission
with energy below the threshold of the experiment (p < Apget) cannot be detected; see the
discussion in appendix A. This motivates selecting the IR cutoff to be the experimental
energy resolution, pjr = Apget- For electromagnetic radiation in a medium, the plasma
frequency may also enter to cutoff the would-be IR divergence. As for the UV cutoff, the
whole calculation is predicated on assuming that the radiation does not significantly back
react on the emission of the current from which it is sourced.* However, if the radiation
carries away an energy that is larger than the energy available in the radiating particle, then
the assumption of negligible back reaction is invalid. This argument motivates selecting the
UV cutoff to be the difference of the incident and recoiling particles’ energies pyy = F, — Ep.
In section 7 we will see that the duration of the deceleration introduces another UV cutoff,
which can be smaller than the energy difference.

We evaluate the average longitudinal momentum transfer by using the formula for (Ap,)
from eq. (6.17). Now it is convenient to take p, | = 0. The angular integrals are free of
divergences, but the integral over p has a linear UV divergence, which we regulate by imposing
p < pyy and sending pyy — 0o. We also write v, = p,/E, and expand to leading order in
large E, while holding v fixed. After evaluating the integrals, we are left with

2.2 2
q‘e 11— 1 — v 1—|—Ub> 1
Ap) ~ | —=Po_ —— | (1-— 1 +O(E ). 6.22
(Apz) <4ﬂ_2 0 0) < vg > ( 20 0g 1— 0, Puv (B, ) ( )

Note that the average longitudinal momentum transfer is found to be O(E?) at the leading

4The same treatment is often employed in studies of classical electromagnetism. The source charge and
current densities are assumed to be fixed externally, and Maxwell’s equations are solved to calculate the
resultant radiation.

— 23 —



order, but it also scales as pl,. In the preceding paragraph, we discussed how the energy
difference of particles a and b is a well-motivated choice for the UV cutoff: pyy ~ E, — Ep. If
Dy is held fixed as we send E, — oo then pyy ~ EL. To track the scaling with the Lorentz
factor 7, we can write E, ~ v, T. This implies (Ap.) o v} and therefore Pierm o 72. On
the other hand, if a different scale enters as the UV cutoff, which is independent of ~,,, then
we would find instead (Ap.) 72 and Piperm o 7. We revisit this point when we discuss
a model with finite bubble wall thickness in section 7.

From the expression for (Ap.) in eq. (6.22), we see that the average longitudinal mo-
mentum transfer vanishes as v, approaches v, = 1 from below. This observation suggests
that we should take care in selecting py, particularly if we are interested in the E, — oo
limit. For example, if we choose p, such that it approaches p, as F, — oo, then we expect
to find an additional suppression of the longitudinal momentum transfer. Next we consider
a choice for p, with precisely this behavior.

6.4.2 Choice #2: impose 1-to-1 kinematics

As a second choice, we suppose that p; is related to p, according to the kinematic relations
that one expects for a 1-to-1 transition. In the regime where the radiation does not back react
significantly on the motion of the charged radiating particles, then it is straightforward to
calculate pp in terms of p, assuming that the momentum change results from a mass increase,
mg to my, at a planar bubble wall [54]. In the rest frame of the wall, energy and transverse
momentum are conserved (since the background is static and transverse-homogeneous), but
longitudinal momentum is not conserved (since the wall breaks longitudinal translation
invariance). It follows that the energy and transverse momentum are unchanged, while the
longitudinal momentum decreases [54]:

2 2
m m —
Ey=Es, PvL=Payr, and py.= \/Ef — |po, L2 —mf = pa,x — b2E ¢+ O(E;?)
a

(6.23)
In the approximate expression for py, ., we assume that the longitudinal momentum of the
incident particle is large compared to the masses and transverse momentum: p, . ~ E, >
Mg, My, |Pq, 1 |- Note that sending my — mg implies p, — p, and therefore also vy, — vq
and d]P’o_>0fy — 0.
The single photon emission probability can be calculated from either eq. (6.16) or eq. (6.19)
upon making the substitutions in eq. (6.23). To leading order in large E,, we find

AP 2¢2 7+ md

dp 272 m? —m?2 Ma

Several remarks are in order. First, one arrives at the same result by following the quantum
particle splitting formalism developed in BM17. For comparison, we present this alternative
calculation in appendix B. Note that the derivation in BM17 and appendix B assumes that
the emitted photon is soft (since it uses the splitting function for soft vector emission), and
therefore we expect to find agreement with the SCR formalism when p is chosen according
to eq. (6.23). This agreement can be taken as evidence that the SCR formalism can provide a
reliable description of the system, although care must be taken in selecting py. Second, if the
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masses are hierarchical 0 < m, < m; then the spectrum is enhanced by a large logarithm.
On the other hand, if the mass does not change significantly then

P 2.2 1 — )2
i 1 (Ban ) () o, o

my—ma”  dp 272 3 m?

and the spectrum is suppressed by the tiny mass difference. Third, the spectrum is found
to be log-flat in the momentum of the emitted photon. This is the same behavior that we
encountered in eq. (6.19), which should be no surprise, since all that has changed between
eq. (6.19) and eq. (6.24) is the restriction that v, should be linked to v, through eq. (6.23).

We evaluate the average longitudinal momentum transfer by using the formula for (Ap,)
from eq. (6.17). Now it is convenient to take p, | = 0. Note that the integrals over the
angular coordinates are well behaved, but the integral over the photon momentum has
logarithmic TR and UV divergences. To handle these divergences we restrict the domain
of integration to pr < p < pyy. Doing so gives

2.2 2 2 2 2
q-e my My —mg mp + ma) Puv 9
A =|——=DP log — — log— + O(FE 6.26
< pz> <47T2 0%0> < 0og Mg mg T mg) ( E, og Din + ( a ) ) ( )

where we only show the leading behavior at large E,. Note that (Ap,) oc E; !, and this
behavior should be contrasted with eq. (6.22) that went as EY x pyy. Here as we raise FE,
we also send py — p, according to eq. (6.23), which leads to a suppression. To understand
the dependence on the Lorentz factor v, we take E, ~ 7,7, which gives (Ap,) o 7,
and therefore the thermal pressure scales as Piherm X ’yBJ. This result is in line with a
remark at the end of section 4 of BM17, where the authors note that the channel with a
massive radiator producing massless radiation will contribute to the thermal pressure as

<Apz> X 71;1 and Pherm o< 72;

6.4.3 Choice #3: impose 1-to-2 kinematics

As a third choice, we adopt the following procedure to replace p, with a function of p.
It is worth emphasizing that dPy_,, is a probability distribution over p where p, and py
are parameters of the distribution. Allowing p, to depend upon p mixes the distribution’s
parameters and independent variables. We explore this approach in order to compare with the
analysis of HKLTW20, and because it is motivated by seeking to account for the backreaction
of the radiation on the radiating particles while ensuring energy and transverse momentum
are conserved between the three particles.
We replace pp with a function of p according to

Ey=FE,—-E,, Db, L = Pa, L —PL, and .= \/E;? —|pp, 1 |?—m?. (6.27)
These relations enforce energy and transverse momentum conservation between the incident
particle (momentum p,), the recoiling particle (momentum py), and the radiation (momentum
p). We also enforce an on-shell energy-momentum relation for all three particles. With only
those restrictions, the longitudinal momentum need not be conserved (py » # pa,- — p-). The
absence of longitudinal momentum conservation is expected for a particle that passes through
a bubble where its mass changes from m, to mp. As we remove the effect of the wall by
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sending m; — my, we would like to see that eq. (6.27) only has real solutions for p = 0
such that it additionally enforces p; . = pq,.. Then there would be no radiation since the
single photon emission probability vanishes if m; = m, and p, = p,; see eq. (6.16). However,
setting my, = m, in eq. (6.27) does not imply p, = p,; instead, there are real solutions that do
not exhibit longitudinal momentum conservation. Therefore the probability does not vanish
in the limit mj; — m,, as one should expect, since it still allows v, # v,. This behavior was
first discussed by the authors of ref. [65] and later recognized in v3 of HKLTW20.

The single photon emission probability can be calculated from eq. (6.16) upon making
the substitutions in eq. (6.27). To leading order in large E,, the differential probability is

2,2
pd(ii)ggv ~ (i; IP’0—>0> ﬁ +O(EY. (6.28)
As anticipated by the discussion above, the spectrum does not vanish in the limit my — my,.
The spectrum is once again found to be log-flat in the photon momentum p. Additionally,
there is a singularity at 8 = 0,m, although this behavior is an artifact of the large E,
expansion. If the large F, expansion has not been performed then the angular integrals
would lead to a logarithm ~ logmg/my.

We evaluate the average longitudinal momentum transfer by using the formula for (Ap,)
from eq. (6.17). Upon weighting the probability by Ap., the angular integrals are well
behaved, and the momentum integral has a linear UV divergence. We regulate the divergence
by resticting the domain of integration to 0 < p < pyy. To leading order in large F,, the
average longitudinal momentum transfer is found to be

q2€2 L
(Ap.) ~ <27_‘_2P0—>0> pov + O(E, ). (6.29)

If we write pyv ~ E; ~ v,T and consider the limit ~,, — oo, this calculation reveals
that the average longitudinal momentum transfer is enhanced, diverging as (Ap,) oc vL.
This result is in line with the analytical and numerical results presented in HKLTW20.
For example, compare eq. (4.39) or table 2 of HKLTW20 with eq. (6.29) and note that
e?/27? = 2a/m ~ 0.0047. If the momentum transfer scales as (Ap,) « 7., then the thermal
pressure scales as Piperm X ’ygj, in agreement with HKLTW20.

6.5 Limitations of abrupt deceleration

The preceding estimates assume that the incident particle energy ~ ~,, T acts as the physical
UV cutoff. However, this assumption of an arbitrarily abrupt deceleration may not be
reliable for calculating the very high-momentum end of the spectrum. One should expect the
high-momentum photons to be sensitive to the scale and shape of the bubble wall, i.e. the
duration of the deceleration.’ This discussion suggests that the wall-crossing time ~ L., /c
(in the wall’s rest frame) will enter as a UV cutoff, and if 1/L,, < 7,7 then the thermal
pressure would instead scale like Piperm o< Yo I /Ly, We explore this idea with a concrete
calculation in section 7.

5Some intuition is gained by considering nuclear form factors, which suppress scatterings with momentum
transfer larger than the inverse nucleon length scale |g| > 1/R,,. For example see chapter 7 of ref. [69].
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7 Model 3: gradual deceleration

As a final scenario, we consider a gradual deceleration from velocity v, to velocity v,. We
expect that softening the abrupt deceleration from section 6 will modify the predicted
spectrum of radiation at high photon momentum. A similar conclusion has been drawn
by other authors in previous studies [47, 58, 65], who find that the nonzero wall thickness
L, introduces a UV cutoff pyy o L;l.

7.1 Current density

Suppose that the charged particle initially travels with velocity v, that its velocity temporarily
decreases linearly with proper time, and that it finally travels with velocity vy. The four-
velocity of the charged particle can be written as

U¥ = (Ya , Yava) , T<To—
UH(r) = QUI(T) = (W (T), Yw(Tvw(T)) , To—<T<10+%, (7.1)
Uy = (9> wop) , Tot+ T <T

where the velocity of the particle as it transitions through the wall is

T — 70+ Tw/2

Tw

Vy(T) = Vg — (Vg — vp) (7.2)

This behavior is intended to model the dynamics of a particle that is incident upon a bubble
wall where its mass increases and its speed decreases. Rather than modelling how the mass
varies across the wall, we simplify the problem by assuming that the deceleration is linear in
proper time. We expect that our qualitative conclusions regarding how radiation depends on
the wall thickness (here parametrized by 7,) are insensitive to the shape of the interpolating
function. The particle reaches the wall at 7 = 79 — 7, /2, it crosses the middle of the wall at
T = 19, and it has fully passed through the wall at 7 = 79 + 7,,/2. The Lorentz factors are
Yabw = 1/1/1 — |V pw|?, which ensure that Ugpy - Ugpw = 1. In other words, the radiating
particle remains on-shell (with respect to the varying local mass) as it crosses the wall. As
in section 6 we assume that the motion remains collinear; see eq. (6.4). The corresponding
worldline is given by integrating the four-velocity

Xi(r) =XG + [ dr'Ur(r), (73)
7o
where we impose the initial condition X#(7) = X{/ at 7 = 7. We can express the worldline as
Xp(r) = (Ta(7), Xa(7)) , 7<70-7%
XH(r) = {XE (1) = (Tu(r), Xu(r) , 70— <T<T0+%, (7.4)
X0(r) = (To(r), Xu(1))  , T+ <7

\/1 ~ (vu- (vrv,,>(zm+m/2>)2 _ \/1 - (;bﬂv (7.52)
+
_|_
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Note that X#(7) is continuous at 7 = 79 — 7,/2 and at 79 + 7/2. The wall thickness
L, is given by

L = (Xulro + 70/2) — Xulro - 7/2)) -6 = L Wo VT g

Vg — Up

which allows us to exchange 7,, and L,, in the formulas. If the two speeds are close, then
Ly = YqaTw + O(vp — v4). The Fourier transform of the current density is calculated by
evaluating the integral in eq. (2.13). Doing so gives

G (k) = jh(k) + jh(k) + 38 (k) (7.72)
N . U~
1 _ 1 s ik-Xo (T0—Tw/2) a
gk (k) 61_1>I(§l+( i)gee P (7.7b)
B T0+Tw/2 .
G (k) = ge / dr U () o Fu (™) (7.7¢)
TO—Tw /2
Uy

(k) = lim (+i)ge eFFw(rotme/2) (7.7d)
e—0t

k-Up +ie '
7.2 Single emission

An expression for the differential probability of a single photon emission was provided in
eq. (4.15). Using the expression for j(k) from eq. (7.7) leads to

b
dPO—)O’Y = dP(()(:())v + dP(()inOW
b d3p 1 ~ ~ ~ ~
d]P)[():(%y = *POHOW TE‘C (]a “JaFtJaJp 630 T Ib- ]b) (78)
d3p ~ ~ x ~ ik ~ Tk ~ ~ ~
dpgfov = —PoﬁoW 25, (Jéi “Jw b Jw F Ju - Ja + Ju - o+ Ju ‘]w) .

The calculation of dIP’gL’bg,y runs parallel to the calculation of dPy_.o, in section 6. The key
difference is the factors of e*Xw(0=mw/2) 4nq ik Xuw(0+7w/2) that appear in eq. (7.7). These
phase factors will cancel on the “diagonal” terms j* - j, and jg‘ - J», but they will contribute
on the “cross” terms j¥ - j, and jg‘ - Ja- So we can simply use the result from section 6.3
and add these extra factors. After performing the angular integrals and removing the IR
regulator (¢ — 0) the momentum spectrum of radiation is found to be

(w)

dPO—)OV ( q2 62 > dPO%O'y
= P — 7.9
p dp 27[_2 0—0 f(vaa Ub7p) + p dp ) ( )
where
1/1— . ) . B )
L+ f(va vp,p) = <v_”“?;‘:’> [Ei(%yﬂ)a))elﬂw/”“ — i FEeplore))iplu/va (7 10)
a

n Ei(fiszilfvb))eipr/yb N Ei(iLw]Zl()1+vb))eipr/vb] o PlTu (om0 /D=Tu(mo=ru/2) | ¢ ¢

and Ei(z) = — [ dte !/t is the exponential integral function. Notice that the momentum
spectrum is no longer log-flat, as we saw in section 6, but rather the factor f carries an

— 28 —



additional momentum dependence. It is illuminating to consider the limit of small L,p
in which

f(Vayvp,p) = f(vq,vp) [1 — a(vg, vp) (pr)2 + O[(pr)?’]} as Lyp — 0, (7.11)

where f(vq,vp) was defined in eq. (6.19) and where a(v,,vp) is a complicated function of the
two speeds. This means that the spectrum is not flat in log p for all momenta, but rather it
is only log-flat up to p ~ 1/v/a(vq, vp) L. In other words, the wall thickness enters as a UV
cutoff, as expected, and there is an additional velocity dependence through a(v,,vp). In this
sense, we can interpret the ratio f(vg,vp, p)/f(vqe,vp) as the ‘form factor,” which accounts

for the suppression of high-momentum radiation due to the finite wall thickness. For large
(a,b)

0—0+- 1n this regime, the

values of Ly,p, we find f(vg, vy, p) < 0 corresponding to a negative [P

(w)

contribution from Py 0y

can no longer be neglected, and it must enter with a comparable
magnitude to ensure that Py, = }P’éa_’%v + P((fizov is positive. We investigate this regime

numerically in the following subsection.

7.3 Numerical validation

To explore the full parameter space, we use numerical methods to evaluate the differential
probability pdPy—o,/dp/dcosé for single photon emission directly from eq. (7.8). Here
p is the photon’s momentum and 6 is the angle that it makes with the trajectory of the
charged particle.

The plot in figure 3 illustrates the full dependence on p and cosf. The contours are
surfaces of constant p dPy_.o,/dp/d cos 6 with logarithmic spacing in factors of 10. The largest
values are found in the upper-left corner (red), and the smallest values in the lower-right
corner (green). Since the function is largest near to cos @ ~ 1, it implies that the emission is
strongly peaked on a forward cone around the radiating particle. This behavior is familiar
from bremstrahlung radiation in classical electromagnetism, which has maximal emission
at cosf ~ 1 — (1 —v)/4 [67]. As a function of momentum, the spectrum is insensitive
to p for p < 1/L,,. This behavior is compatible with the log-flat momentum distribution
that we have seen previously. Toward larger momentum, p 2 1/L,,, the spectrum tends to
decrease, but it also oscillates, as indicated by the banded features in the lower-right corner.
The decreasing spectrum indicates that 1/L,, enters as a UV cutoff, and the emission is
suppressed for larger momentum; we discuss this point further below. As for the oscillations,
in general, the Fourier transform of a function with a kink or discontinuity exhibits oscillations
toward large Fourier variable (i.e., frequency, wavenumber). Presumably, the oscillatory
momentum spectrum is linked to the kinks in X#(7) our model in eq. (7.4). If we had
modeled the gradual deceleration with a smooth function, then presumably we would not
find any oscillatory features in the spectrum.

Finally, we show in figure 4 the momentum dependence of the radiation assuming
collinear kinematics i.e. v, and v, remain parallel but can be arbitrarily chosen as detailed
in section 6.4.1. Here we have numerically integrated over cosf to obtain the photon’s
momentum spectrum p dPy_,0,/dp. Toward small p the curves approach a constant, which
indicates that the spectrum is log-flat for small values of the momentum. This behavior
confirms the analytical analysis that we presented in section 7.2. For larger values of p the

— 29 —



logyo(p dPo—0v/dp/d cos 0)

1.0 M

05

0.0

cos(f)

-7
-8
-9

-10

-1.0

-1.0 -05 0.0 0.5 1.0 15

logyo(p Liw)

Figure 3. Distribution of photon radiation for the gradual deceleration model. A charged particle
with velocity v, = v, ¥ decelerates to velocity v, = v, © over a distance L,,, and this figure shows the
probability distribution to emit a single photon with momentum p at an angle 6 from the path of
the particle. In this example we have taken v, = 0.9 and v, = 0.8, and the qualitative behavior is
insensitive to these parameters.

0.010F"

0.001

— v, = 0.96, v, = 0.92 — v, = 0.96, v, = 0.92

— v, =0.92,v, = 0.83 — v, = 0.92,v, = 0.83

— v, = 0.88, v, = 0.73 — v, = 0.88, 15, = 0.73

pdPo_0,/dp

— v, = 0.96,v, = 0.83 = v, = 0.96,v, = 0.83

pdPy 0, /dp [rescaled]
>

— v, = 0.92, v, = 0.62 — vy = 0.92,v, = 0.62

— v, = 0.88, 1, = 0.31 3 — v, = 0.88,v, = 0.31

" " " " " " N 0.01f, N " n n
0.1 0.5 1 5 10 50 100 0.1 0.5 1 5 10
pLu (2p Lw) /(72 (va + b))

Figure 4. Momentum spectrum of photon radiation for the gradual deceleration model. The curves
correspond to different choices for the incident and recoiling particle speeds, v, and v, respectively.
The left panel shows the differential probability to emit a photon with momentum between Inp
and Inp + dInp where p is expressed in units of the wall thickness L,,. In the right panel, the
horizontal axis has been scaled by a factor that depends on the speeds to illustrate that emission with
P 2 72 (va + vp) /2L, is suppressed. The vertical axis of the right plot has been normalized to one.
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curves begin to decrease toward zero, which indicates that the finite wall thickness introduces
a UV cutoff on the log-flat momentum spectrum. From the right panel it may be seen that
the cutoff is parametrically given by pyy ~ 72 /tw Where v, ~ Y4 ~ 3 is the Lorentz factor
for the particles (assumed similar) and t,, ~ 2L,,/(v, + vp) is the characteristic duration of
the deceleration. The same 2/t scaling is familiar from studies of bremstrahlung radiation
in classical electromagnetism; see chapter 15 of ref. [67].

8 Summary, discussion, and conclusion
To begin, we summarize the key elements of the work reported in this article.

o We reviewed the semiclassical current radiation (SCR) formalism for calculating quantum
electromagnetic radiation (photons) from a classical electromagnetic current, specifically
a point-like charged particle.

¢ We present derivations for the vacuum survival probability Py, and the differential
single emission probability dPy_,o,. These expressions are valid to all orders in the
electromagnetic coupling e?, and they allow the probabilities to be calculated in terms
of the Fourier transform of the electromagnetic current density 3“(1{) These relations,
which appear in egs. (3.9), (3.11), and (4.15), are our master formulae. We apply them
to three ‘models’ for the electromagnetic current.

o First in section 5, we consider a charged particle traveling at constant velocity. We
calculate the vacuum survival probability and the differential single photon emission
probability finding Pg,o = 1 and dPy_o, = 0. As expected, there is no radiation
without acceleration.

e Second in section 6, we consider a charged particle that abruptly decelerates from velocity
v, to velocity v, with 0 < |vp| < |ve| < 1. We calculate a probability distribution over
the photon momentum p by taking v, = p,/E, and v, = pp/E} as parameters; these
results appear in egs. (6.15) and (6.16). We find that the probability distribution is
flat in the logarithm of the photon momentum, see eq. (6.19). We compare our results
with the analogous calculation of bremstrahlung radiation in classical electromagnetism,
finding that they lead to equivalent spectra.

e Also in section 6, we consider three choices for the momentum p; of the recoiling
particle. We discuss how the choice of p, strongly impacts how the thermal pressure
Piherm scales with the Lorentz factor of the bubble wall ~,,. See the discussion of table 1
below for more details.

e Third in section 7, we consider a gradual deceleration from velocity v, = v, © to velocity
v, = vy © over an interval of proper time 7, corresponding to a spatial displacement Ly,
which we call the wall thickness. We decompose the differential single photon emission
probability into two terms. We calculate the first term analytically, see eq. (7.9), and
we calculate both terms together numerically. Both analyses reveal that the differential
probability of photon emission is log-flat up to a momentum p = O(v2/L,,), and for
larger momenta it decreases toward zero.
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formalism ‘ channel ‘ how to choose py ‘ (Ap.) UV cutoff pyy | Piherm

C a—b o mggln“ o Y
QPS a—be o q:;; (log = Zg;gg) nﬁ%ﬁ log % o oy
a— be | 1-to-1 kinematics ffj (log i Z%;Z%) mfgamz log B2 o oy

SCR a— be | 1-to-2 kinematics % Puv E, x 'yg)

Table 1. Summary and comparison of results for the thermal pressure due to an abruptly decelerated
charge. In this article, we develop the “semiclassical current radiation” (SCR) formalism, and for the
purpose of comparison we also present the “classical” (C) result of BM09, and we review the “quantum
particle splitting” (QPS) formalism of BM17 in appendix B. For the a — b channel, a particle with
mass m, and energy FE, ~ 7,7 is incident on a planar bubble wall where its mass grows to m;. For
the a — be channel, there is an additional massless radiation. The model with massive radiation [55]
is also reviewed in appendix B. In the SCR formalism, one must specify a prescription for choosing
the recoiling particle’s momentum py. If particle ¢ is soft, then it is reasonable to choose p; using
the 1-to-1 particle kinematics (energy and transverse momentum conservation for on-shell particles
a and b), corresponding to choice #2 in section 6. We also show the results obtained by imposing
1-to-2 kinematics (energy and transverse momentum conservation for on-shell particles a, b, and ¢),
corresponding to choice #3 in section 6. The latter calculation results in a power law sensitivity to
the UV cutoff pyy, which is expected to be the smaller than the incident particle energy E, ~ v, T
(see the text for a discussion of how the nonzero bubble wall thickness L,, also cuts off the momentum
integration). The thermal pressure is parametrically Piherm ~ Fo (Ap.) where Fg ~ v, T 3 is the flux
of incident thermal a particles in the wall’s rest frame.

For the model with an abruptly decelerated charge, table 1 compares relevant results
from the literature with our results derived here. If there is no radiation, then the calculation
can be performed using a fully classical (C) formalism as in BM09 [54]. One finds that the
longitudinal momentum transfer is Ap, ~ (m? — m?2)/2E, by imposing energy conservation,
transverse momentum conservation, and on-shell conditions. In the rest frame of the bubble
wall, an incident particle that is drawn from the thermal bath has energy E, ~ =, T, and it
follows that the thermal pressure scales as Piherm ~ 'wa?’ApZ o 72}. To study the channel
a — be in which there is additional soft radiation, the authors of BM17 [55] employed what
we call the “quantum particle splitting” (QPS) formalism to derive the matrix element and
emission probability; these calculations are reviewed in appendix B. For the model in which
a charged radiator increases mass and thereby emits a soft and massless vector (e.g., gluon
or photon), the average longitudinal momentum transfer is found to scale as E,; ! o 7,1,
which implies a thermal pressure P o< 70 (for m,. = 0). At large -y, this contribution is
subleading if the model also admits radiators that emit a massive vector boson (e.g., W+
or Z%), which give Pierm o 7., (for m. # 0); see appendix B.

Table 1 also summarizes our results for the model with an abruptly decelerating charge,
which we have derived using a formalism that we call “semiclassical current radiation” (SCR)
following HKLTW20 [57]. Unlike the QPS formalism, which yields a joint probability
distribution over both py and p with p, as a parameter, the SCR formalism furnishes a
probability distribution over p alone where both p, and p, are parameters. We explore
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several ways of choosing p;, which lead to different results for the average longitudinal
momentum transfer (Ap,) and the thermal pressure Piperm. If pp is chosen according to the
1-to-1 kinematics (energy and transverse momentum conservation for on-shell particles a and
b), then (Ap,) is found to take exactly the same form as the expression obtained from the
QPS formalism (at leading order in large E,), and it follows that Pierm o< 70 (for m. = 0).
This agreement should not be surprising, since the 1-to-1 kinematics are applicable when
particle c is soft, and the soft splitting functions were used when deriving the expression for
(Ap.) in the QPS formalism. To reiterate, the QPS and SCR formalisms yield the same
result if the phase space of the final state radiation is in the soft regime.

On the other hand, to explore the part of phase space where particle c is not soft, one may
instead choose to adopt the 1-to-2 kinematics (energy and transverse momentum conservation
for on-shell particles a, b, and ¢), although this choice intermingles the random variable p with
the parameter p,. With this choice (Ap,) develops a linear sensitivity to the UV cutoff of the
photon momentum integral pyy. If one takes pyy ~ E,, corresponding to the incident particle
energy, then E, ~ 7,1 implies Piperm o< 72, which coincides with the scaling reported in
HKLTW?20. Note that this parametric agreement is found even without the resummation of
multiple soft emissions, which was performed in HKLTW20. Since the momentum integral
appearing in the thermal pressure is UV-dominated, rather than IR-dominated, we do not
expect that extending the calculation to include multiple soft emissions would significantly
impact the result. In summary, one should take care when employing the SCR formalism

to study thermal pressure away from the limit where particle c is soft.

Finally, let us discuss the conclusions that can be drawn from considering a model of
gradual deceleration. The calculations in section 7 demonstrate that a finite duration of
deceleration leads to a suppression of the high-p emission spectrum. In effect, the wall
thickness L, introduces an additional scale +2 /L,, that will cut off the photon momentum
integral. This behavior is familiar from studies of electron-nucleon scattering, since the size of
the nucleus enters the form factor to cut off the scattering cross section at large momentum
transfer [69]. In addition, the same 2 scaling arises in studies of classical bremstrahlung
radiation; see chapter 15 of ref. [67].

The impact of the bubble wall thickness on the thermal pressure depends on whether
Py is chosen according to the 1-to-1 or the 1-to-2 kinematics. For the a — bc channel in
either QPS formalism or SCR formalism with p, chosen according to the 1-to-1 kinematics,
the average longitudinal momentum transfer (Ap,) is only logarithmically sensitive to the
UV cutoff pyy (assuming that pyy is large compared to the masses). Therefore, the gradual
deceleration (i.e., effect of finite wall thickness) will not qualitatively change the calculation
(provided that L' remains large compared to the masses); the thermal pressure will scale as
Piherm 72) regardless. If L;l becomes small compared to the masses, earlier studies have
found that the thermal pressure is suppressed; see for example ref. [58].

On the other hand, considering the a — bc channel in SCR formalism with p; chosen
according to the 1-to-2 kinematics, we find that the average longitudinal momentum transfer
is linearly sensitive to the UV cutoff: (Ap,) = ¢?e*pyy/272. If the bubble wall thickness
can be neglected, then a reasonable choice for the UV cutoff is the incident particle energy
puy ~ Eq ~ v,T. If the bubble wall thickness is nonzero, then it introduces an additional
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UV cutoff pyy L;l, which may also depend on 7,. For the following estimates we take
puv ~ Y2/ Ly, motivated by our numerical study in section 7 where we considered the SCR
formalism with collinear kinematics; we have not calculated the spectrum using both 1-to-2
kinematics and finite wall thickness. For models in which v, 7" < ¥2 /L., the incident particle’s
energy sets the UV cutoff, and for models in which 72 /L, < 7,71 the wall thickness sets
the UV cutoff. As for the electroweak phase transition, in models where the transition is
predicted to be first order, it is typically the case that both the phase transition temperature
and the wall thickness are controlled by the Higgs boson mass: T ~ my, and L, ~ mgl. For
such models, 72 /L, < v,T and the wall thickness provides the UV cutoff to the log-flat
momentum distribution. Then the average longitudinal momentum transfer is expected to be
parametrically (Ap,) ~ v2e?/L,,, and the thermal pressure exerted by the plasma on the
wall is expected to be parametrically Piperm ~ YT (Ap,) ~ €243 T3/L,,. The same scaling
with e and L,, was obtained in BM17 using a different method; see their eq. (5.7), although
the scaling with mass is different. By contrast, for models in which the ordering of the UV
scales is reversed such that v, T < 72 /L, the thermal pressure is instead expected to have

the parametric scaling Piperm ~ €272 T*. This would rise more quickly with increasing 7y,

although it still cannot exceed e?v; T3/L,, since the derivation assumed 7, T < 72 /L.
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A Cancellation of IR divergences

In this appendix we illustrate how IR divergences cancel when calculating the probability for
no detectable emission. Summarizing the results of sections 3 and 4, the vacuum survival
probability is

IP’0—>0:exp(ReW(2)) with W%, = lim /d4k i (k)" 5(k) (A1)
0-0 0207 5o+ (2m)4 k- k +iep ’

and the single emission probability is

dBp 1 - -

P, = —Pooo [ (v -3(). (A2)

(2r)° 2E,”
where p" = (E,, p) and E, = |p|. If j(k) doesn’t have any poles and if it decreases sufficiently
quickly toward large |k°| then the integral over k = w can be evaluated using the Residue
Theorem. Closing the integration contour in the lower half plane leads to

3
Wi = [ g 1000, (A3)
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where k* = (wg, k) and wy, = |k|. When written in this way, it is clear that the vacuum

(2)

persistence amplitude W7}, is real. Notice that Py, also contains a factor of Wéi)o,

—0
which only differs by the relabeling k — p and w;, — E,. Consequently the single emission

probability can also be written as
Po 0y = —Pos0 Re W%, , (A.4)

where we have already noted that Re w?

0—
Suppose we are interested in the probability that no detectable emission occurs:

o must be negative to ensure a resonable probability.

soft /col soft/col
Pho detectable emission = Po—0 + ]P)O*)O’Y + Poﬁoﬂw +-e (A5)

This quantity is the sum of the probability that no emission occurs Py_,q, the probability
soft /col
0—0vy »

several such photons. Photons that are too soft or too collinear with the radiating particle

that a single soft or collinear photon is emitted P and the probability for emitting
cannot be detected, and so they contribute to the probability for no detectable emission.
When calculating Py_,g we encountered a logarithmic IR divergence, and we expect that this
singularity is cancelled by szésd such that the measurable quantity Po detectable emission 1S
singularity-free. To understand how this cancellation might occur, let us calculate the sum

of Py and Py, without singling out the soft/collinear parts:

Po—o + Po—soy = Pomso + (—Po—o Re Wo(i)o)
= (1+ Re W%, + 0(eh) (1~ Re W2, (A.6)
=1+0(e).

Here we see that there is a cancellation between the virtual corrections and the real emission
at O(e?). This suggests that the measurable probability for no detectable emission is free
of IR divergences.

B Comparison with quantum particle splitting formalism

In this work, we have used the semiclassical current radiation formalism to calculate the
spectrum of photon emission that arises when a charged particle decelerates at a planar
bubble wall. In this appendix, we compare with the quantum particle splitting formalism
developed in BM17 [55].

Suppose that a particle of species a is incident on the wall, and particles of species b
and c are recoiling. Let the masses in the symmetric and Higgs phases be denoted by my
and myy for f = a,b,c. If particle a is in the one-particle state labeled by momentum
Pas, then the differential probability for particles b and c to recoil into the two-particle
state labeled by momenta p,s and p.s may be calculated using egs. (3.3) and (3.15) of
HKLTW20 (see also eq. (3.10) of BM17)

1 dspb,s 1 d3pc,s 1
2E, (27)3 2E, (27)3 2F.

(2m)? Pazs 8(Pa, 1 —Pv,1 —Pe, 1) 8 (Ea— Ey— Ee) M|

d]P)a—>bc = E
(B.1)
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12 and

The kinematic variables are prs = (Py.1,Dfzs)s Przs = (BF — |pyo|® — m3,)
Dfzh = (E]% —|psil? - m?c’h)l/2 for f = a,b,c. Evaluating the integral over py ¢ yields the

probability distribution over p.:

Ppes 1

APy_ype =
abe T ()3 8ELELE.

|Ma—>bc‘2

(B.2)

Db, =Pa,L —Pc, L Ey=Fa—Ec

We work in the frame where p, | = 0. We define k| = p. |, and transverse momentum
conservation implies py | = —k;. We further define x = E./E,, and energy conservation
implies Fy = (1—x)E,. After a change of variables, the probability distribution is expressed as

k
dP, . = dk, dz = - Mo pe|?

3272(1 — x)Ea\/a;QEg — k7 —m2,

Pb, 1 =Pa, | —Pec, |  Ey=Eq—Ec ’
(B.3)
where k| = |k, | is the magnitude of the transverse momentum.
In the QPS formalism, the matrix element M, ;. may be calculated using the WKB
approximation. If the thickness of the wall is neglected, then an expression for the matrix
element appears in eq. (3.18) of HKLTW20 (see also eq. (4.8) of BM17)

0 _op (Vo _ V) A
Ma—>bc - 21Ea(Ah As ’ (B )

where V4, and Vj are vertex functions and where

AS = -2F, (pa,z,s — Pbzs — pc,z,S)

(B.5)
Ay = —2F, (pa,z,h — Pb,zh — pC’Z:h) )

Particles a and b are assumed to be charged radiators (scalar, spinor, or vector), and particle
¢ is assumed to be a transversely-polarized spin-1 boson. In the part of phase space where
particle ¢ is soft (0 < x < 1), the squared splitting functions can be approximated as
(see table 1 of BM17)

k2
[Vil? = [Val* = 49°Co[ R 5 , (B.6)

where ¢ is a coupling and C3[R] is the quadratic Casimir for the incident particles (Co[R] =1
for electromagnetism).
The observable of interest is the average longitudinal momentum transfer:

<Apz> = /dPa—wc Apz where Apz = Pa,z,s — Pb,z,h — Pc,z,h - (B7)

Expanding for large E, while z, k£, and the masses are held fixed leads to

KL+m2y | kL +mpy,  mig 1
Ap, ~ & S E7%). B.
bz ( % 21— ) 2 )Ea+0( a) (B.8)

This approximation corresponds to the assumption that each particle’s longitudinal momentum
is large compared to its transverse momentum and its mass.
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Now we consider two cases. In order to compare with the main results of BM17, we
first suppose that the radiator particles remain massless, and the mass of the emitted vector
changes across the wall. This corresponds to setting mgs = mgen = mps = mpn = 0. The
squared matrix element evaluates to

c,s

(K2 + (1 —2)2m2,)* (k3 + (1 — 2)2m2,)

k2 (m?2, —m? 2 1—z)?
|M(0) |2%169202[R] J_( c,h ) ( )

a—bc

S EZ+O(EY).  (B.9)

Here we have expanded for large FE, while holding fixed x, k,, and the masses. Setting
x = 0 yields an expression that matches eq. (3.21) of HKLTW20 (or eq. (4.13) of BM17
if mes = 0). The corresponding differential probability can be evaluated from eq. (B.3).
For a fixed z, the integrand is log-flat across the region (1 — z)m.s < ki < (1 — 2)meh,
which implies that k£, will be on the order of the emitted particle’s mass. Evaluating the
integral over k; leads to the differential probability for emitting a c¢ particle with energy
fraction between Inz and Inx + dlnx:

Meh

L APasie  g*ColR] (mih e

~ log
2
dz 272 mey, — mas Mg

1) (1-2)+O(E;?). (B.10)

If the masses were hierarchical, mis < mgh, then the logarithm would be large, as a
consequence of the would-be collinear divergence IR divergence at k; = 0. The spectrum is
log-flat in the energy of the recoiling particle (E. = xE,) provided that it is small compared
to the incident particle’s energy. As x approaches 1 from below, the formula breaks down,
and the emission is suppressed. To calculate the average longitudinal momentum transfer,
since Ap, x mg’h/an in eq. (B.8), there is a power law IR divergence. Integrating &k, from
0 to co and z from x = zx to = xyy gives

2 2 2
g°Cs[R] (lo Meh  Men — mc,s) mey

472 Mes 2mz’h E,zr

>

(Ap.) ~ +O0(E,?), (B.11)
where we have dropped terms that are subleading for 0 < x;z < xyy < 1. Note that power-law
singularity toward small x has led to a factor of Eyzir = E i in the denominator which
is on the order of m.s or m¢n. So if the masses differ by an O(1) factor then the average
longitudinal momentum transfer is parametrically (Ap,) ~ g?m,. and the thermal pressure is
parametrically Piherm ~ ¢2meYwT> fyi), which is one of the main results of BM17.

Now we consider the second case. In order to compare with our results in the main body
of the paper, we suppose that the radiator particle develops a mass as it crosses the wall
but the radiation remains massless. This corresponds to setting my s = mqs, Man = My h,
and mcs = m.n = 0. The squared matrix element evaluates to

0) |2 2 ki (ml%,h - mg,s)Q (1- x)2w4
(Mgl = 1697Co[R] 2
(2 + 22 md ) (2 + 2 m2.)

5 B2+ O(EY). (B.12)

Note the additional factor of 2%, which will tend to suppress the matrix element in the region
of phase space where the radiated particle is soft (x = E./E, < 1). Now the integral over
k1 is log-flat across the region xm,s < ki < xmyp, and if x < 1 the typical transverse
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momentum is small compared to the masses. Evaluating the &k integral yields the energy
spectrum of the resultant radiation

dP,—pe g202[R] mg,h+mg,s mMpn -2
s log T 1) (1-2) 4+ O(E;).  (B13)

)
My — Mg Mg s

)

Note that eq. (B.10) displays the same log-flat energy spectrum that we already encountered
in eq. (B.13), despite the additional powers of 2% that now appear in the squared matrix
element. This is because the domain of the k£, integration is restricted to k; ~ xm, where
the integrand is effectively enhanced by a factor of 1/z*. Perhaps more importantly, it is
worth emphasizing that eq. (B.13) is equivalent to the energy spectrum that we derived using
the SCR formalism when studying the abrupt deceleration model in section 6 and selecting
the incident and recoiling particle velocities to match the 1-to-1 kinematics; compare with
eq. (6.24). This agreement goes toward validating the SCR formalism as a reliable description
of the system. Finally we calculate the average longitudinal momentum transfer to find

2

a,s Tuy -3
log =% + O(E;3), B.14
s Slos L O(E), (B4)

2
_ g°Ca[R] <
(Ap,) ~ 2 log

where we have dropped terms that are subleading for 0 < zz < zyy < 1. Now since

2 2 2
mpn  Mhh — ma,s) myp +m
mCL,S ml%,h + m(21,s

men = 0 and since k| is predominantly supported on the interval from xmgs to xmyy, the
expression for Ap, is not singular at x = 0. So the power law dependence on x is softened to a
logarithmic dependence. We note that the average momentum transfer shown above in (B.14),
calculated using the QPS formalism, is the same as the momentum transfer computed using
the SCR formalism (6.26) if we assume 1-to-1 kinematics, i.e. that the decelerating particle’s
transverse momentum does not change significantly after passing the bubble wall.

It is illuminating to compare the expressions for (Ap,) in eqgs. (B.11) and (B.14). If the
emission is massive, then the average longitudinal momentum transfer goes as 1/ Eqxiz ~ 1/m.
as in eq. (B.11), whereas if the emission is massless then it goes as 1/F, as in eq. (B.14).
In order to track the ~,, dependence, note that FE, ~ 7,1. For the model with massive

vector boson emission (Ap,) o< EY oc 70,

However, for the model with massless vector boson
emission and a massive radiator (Ap,) o E; ' o< 7,1. As noted by BM17, if the model
(e.g., electroweak standard model) allows for emission via both channels, then the latter

channel is subleading for large ~,,.

References

[1] E-W. Kolb, The Early Universe, CRC Press (1990) [D0I:10.1201/9780429492860] [INSPIRE].

[2] M. Dine et al., Towards the theory of the electroweak phase transition, Phys. Rev. D 46 (1992)
550 [hep-ph/9203203] [INSPIRE].

[3] K. Kajantie, M. Laine, K. Rummukainen and M.E. Shaposhnikov, Is there a hot electroweak
phase transition at mg 2 mw ?, Phys. Rev. Lett. 77 (1996) 2887 [hep-ph/9605288] [INSPIRE].

[4] M. D’Onofrio and K. Rummukainen, Standard model cross-over on the lattice, Phys. Rev. D 93
(2016) 025003 [arXiv:1508.07161] INSPIRE].

[5] J.R. Espinosa and M. Quiros, The electroweak phase transition with a singlet, Phys. Lett. B 305
(1993) 98 [hep-ph/9301285] [INSPIRE].

— 38 —


https://doi.org/10.1201/9780429492860
https://inspirehep.net/literature/299778
https://doi.org/10.1103/PhysRevD.46.550
https://doi.org/10.1103/PhysRevD.46.550
https://doi.org/10.48550/arXiv.hep-ph/9203203
https://inspirehep.net/literature/332759
https://doi.org/10.1103/PhysRevLett.77.2887
https://doi.org/10.48550/arXiv.hep-ph/9605288
https://inspirehep.net/literature/418482
https://doi.org/10.1103/PhysRevD.93.025003
https://doi.org/10.1103/PhysRevD.93.025003
https://doi.org/10.48550/arXiv.1508.07161
https://inspirehep.net/literature/1390934
https://doi.org/10.1016/0370-2693(93)91111-Y
https://doi.org/10.1016/0370-2693(93)91111-Y
https://doi.org/10.48550/arXiv.hep-ph/9301285
https://inspirehep.net/literature/353534

[6]

[17]
[18]
[19]

[20]

[21]
[22]

[23]

[24]
[25]

[26]

A.G. Cohen, D.B. Kaplan and A.E. Nelson, Baryogenesis at the weak phase transition, Nucl.
Phys. B 349 (1991) 727 [nSPIRE].

T. Vachaspati, Magnetic fields from cosmological phase transitions, Phys. Lett. B 265 (1991) 258
[INSPIRE].

M. Kamionkowski, A. Kosowsky and M.S. Turner, Gravitational radiation from first order phase
transitions, Phys. Rev. D 49 (1994) 2837 [astro-ph/9310044] INSPIRE].

S. Dimopoulos, R. Esmailzadeh, L.J. Hall and N. Tetradis, Electroweak phase transition and dark
matter abundance, Phys. Lett. B 247 (1990) 601 nSPIRE].

Y. Bai, A.J. Long and S. Lu, Dark Quark Nuggets, Phys. Rev. D 99 (2019) 055047
[arXiv:1810.04360] [NSPIRE].

L. Heurtier and H. Partouche, Spontaneous Freeze Out of Dark Matter From an FEarly Thermal
Phase Transition, Phys. Rev. D 101 (2020) 043527 [arXiv:1912.02828| [INSPIRE].

M.J. Baker, J. Kopp and A.J. Long, Filtered Dark Matter at a First Order Phase Transition,
Phys. Rev. Lett. 125 (2020) 151102 [arXiv:1912.02830] [INSPIRE].

D. Chway, T.H. Jung and C.S. Shin, Dark matter filtering-out effect during a first-order phase
transition, Phys. Rev. D 101 (2020) 095019 [arXiv:1912.04238] [INSPIRE].

T.C. Gehrman, B. Shams Es Haghi, K. Sinha and T. Xu, Recycled dark matter, JCAP 03 (2024)
044 [arXiv:2310.08526] [INSPIRE].

G.F. Giudice, H.M. Lee, A. Pomarol and B. Shakya, Nonthermal Heavy Dark Matter from a
First-Order Phase Transition, arXiv:2403.03252 INSPIRE].

C. Gross, G. Landini, A. Strumia and D. Teresi, Dark Matter as dark dwarfs and other
macroscopic objects: multiverse relics?, JHEP 09 (2021) 033 [arXiv:2105.02840] [INSPIRE].

M.J. Baker, M. Breitbach, J. Kopp and L. Mittnacht, Primordial Black Holes from First-Order
Cosmological Phase Transitions, arXiv:2105.07481 [INSPIRE].

K. Kawana and K.-P. Xie, Primordial black holes from a cosmic phase transition: The collapse
of Fermi-balls, Phys. Lett. B 824 (2022) 136791 [arXiv:2106.00111] INSPIRE].

J. Liu et al., Primordial black hole production during first-order phase transitions, Phys. Rev. D
105 (2022) L021303 [arXiv:2106.05637] [iNSPIRE].

M.J. Baker, M. Breitbach, J. Kopp and L. Mittnacht, Detailed Calculation of Primordial Black
Hole Formation During First-Order Cosmological Phase Transitions, arXiv:2110.00005
[INSPIRE].

J. Liu et al., Constraining First-Order Phase Transitions with Curvature Perturbations, Phys.
Rev. Lett. 130 (2023) 051001 [arXiv:2208.14086] [INSPIRE].

Y. Gouttenoire and T. Volansky, Primordial black holes from supercooled phase transitions, Phys.
Rev. D 110 (2024) 043514 [arXiv:2305.04942] [INSPIRE].

R.-G. Cai, Y.-S. Hao and S.-J. Wang, Primordial black holes and curvature perturbations from
false vacuum islands, Sci. China Phys. Mech. Astron. 67 (2024) 290411 [arXiv:2404.06506]
[INSPIRE].

A. Azatov, D. Barducci and F. Sgarlata, Gravitational traces of broken gauge symmetries, JCAP
07 (2020) 027 [arXiv:1910.01124] [InSPIRE].

B. Shakya, Aspects of Particle Production from Bubble Dynamics at a First Order Phase
Transition, arXiv:2308.16224 [INSPIRE].

H. Mansour and B. Shakya, On Particle Production from Phase Transition Bubbles,
arXiv:2308.13070 [INSPIRE].

-39 —


https://doi.org/10.1016/0550-3213(91)90395-E
https://doi.org/10.1016/0550-3213(91)90395-E
https://inspirehep.net/literature/296667
https://doi.org/10.1016/0370-2693(91)90051-Q
https://inspirehep.net/literature/323199
https://doi.org/10.1103/PhysRevD.49.2837
https://doi.org/10.48550/arXiv.astro-ph/9310044
https://inspirehep.net/literature/359538
https://doi.org/10.1016/0370-2693(90)91908-T
https://inspirehep.net/literature/297872
https://doi.org/10.1103/PhysRevD.99.055047
https://doi.org/10.48550/arXiv.1810.04360
https://inspirehep.net/literature/1697698
https://doi.org/10.1103/PhysRevD.101.043527
https://doi.org/10.48550/arXiv.1912.02828
https://inspirehep.net/literature/1768930
https://doi.org/10.1103/PhysRevLett.125.151102
https://doi.org/10.48550/arXiv.1912.02830
https://inspirehep.net/literature/1768919
https://doi.org/10.1103/PhysRevD.101.095019
https://doi.org/10.48550/arXiv.1912.04238
https://inspirehep.net/literature/1769255
https://doi.org/10.1088/1475-7516/2024/03/044
https://doi.org/10.1088/1475-7516/2024/03/044
https://doi.org/10.48550/arXiv.2310.08526
https://inspirehep.net/literature/2709876
https://doi.org/10.48550/arXiv.2403.03252
https://inspirehep.net/literature/2765834
https://doi.org/10.1007/JHEP09(2021)033
https://doi.org/10.48550/arXiv.2105.02840
https://inspirehep.net/literature/1862346
https://doi.org/10.48550/arXiv.2105.07481
https://inspirehep.net/literature/1863581
https://doi.org/10.1016/j.physletb.2021.136791
https://doi.org/10.48550/arXiv.2106.00111
https://inspirehep.net/literature/1866357
https://doi.org/10.1103/PhysRevD.105.L021303
https://doi.org/10.1103/PhysRevD.105.L021303
https://doi.org/10.48550/arXiv.2106.05637
https://inspirehep.net/literature/1868426
https://doi.org/10.48550/arXiv.2110.00005
https://inspirehep.net/literature/1937352
https://doi.org/10.1103/PhysRevLett.130.051001
https://doi.org/10.1103/PhysRevLett.130.051001
https://doi.org/10.48550/arXiv.2208.14086
https://inspirehep.net/literature/2143747
https://doi.org/10.1103/PhysRevD.110.043514
https://doi.org/10.1103/PhysRevD.110.043514
https://doi.org/10.48550/arXiv.2305.04942
https://inspirehep.net/literature/2658149
https://doi.org/10.1007/s11433-024-2416-3
https://doi.org/10.48550/arXiv.2404.06506
https://inspirehep.net/literature/2775507
https://doi.org/10.1088/1475-7516/2020/07/027
https://doi.org/10.1088/1475-7516/2020/07/027
https://doi.org/10.48550/arXiv.1910.01124
https://inspirehep.net/literature/1757409
https://doi.org/10.48550/arXiv.2308.16224
https://inspirehep.net/literature/2692475
https://doi.org/10.48550/arXiv.2308.13070
https://inspirehep.net/literature/2691082

[27]
[28]
[29]

[30]

[35]
[36]
[37]
[38]
[39]
[40]
[41]

[42]

43)
44]
45)
46)
47)

[48]

S. Pascoli, J. Turner and Y.-L. Zhou, Baryogenesis via leptonic CP-violating phase transition,
Phys. Lett. B 780 (2018) 313 [arXiv:1609.07969] [INSPIRE].

A.J. Long, A. Tesi and L.-T. Wang, Baryogenesis at a Lepton-Number-Breaking Phase
Transition, JHEP 10 (2017) 095 [arXiv:1703.04902] [INSPIRE].

B. Shuve and C. Tamarit, Phase Transitions and Baryogenesis From Decays, JHEP 10 (2017)
122 [arXiv:1704.01979] [INSPIRE].

E.J. Chun et al., Bubble-assisted leptogenesis, JHEP 09 (2023) 164 [arXiv:2305.10759]
[INSPIRE].

M. Cataldi and B. Shakya, Leptogenesis via Bubble Collisions, arXiv:2407.16747 [INSPIRE].

J.R. Espinosa, T. Konstandin, J.M. No and G. Servant, Energy Budget of Cosmological
First-order Phase Transitions, JCAP 06 (2010) 028 [arXiv:1004.4187] [INSPIRE].

G.D. Moore and T. Prokopec, Bubble wall velocity in a first order electroweak phase transition,
Phys. Rev. Lett. 75 (1995) 777 [hep-ph/9503296| [INSPIRE].

G.D. Moore and T. Prokopec, How fast can the wall move? A Study of the electroweak phase
transition dynamics, Phys. Rev. D 52 (1995) 7182 [hep-ph/9506475] INSPIRE].

G.C. Dorsch and D.A. Pinto, Bubble wall velocities with an extended fluid Ansatz, JCAP 04
(2024) 027 [arXiv:2312.02354] INSPIRE].

J.M. Cline and K. Kainulainen, Electroweak baryogenesis at high bubble wall velocities, Phys.
Rev. D 101 (2020) 063525 [arXiv:2001.00568] [INSPIRE].

B. Laurent and J.M. Cline, Fluid equations for fast-moving electroweak bubble walls, Phys. Rev.
D 102 (2020) 063516 [arXiv:2007.10935] NSPIRE].

G.C. Dorsch, S.J. Huber and T. Konstandin, On the wall velocity dependence of electroweak
baryogenesis, JCAP 08 (2021) 020 [arXiv:2106.06547] [InSPIRE].

G.C. Dorsch, S.J. Huber and T. Konstandin, A sonic boom in bubble wall friction, JCAP 04
(2022) 010 [arXiv:2112.12548] INSPIRE].

J.M. Cline et al., Baryogenesis and gravity waves from a UV-completed electroweak phase
transition, Phys. Rev. D 103 (2021) 123529 [arXiv:2102.12490] [INSPIRE].

J.M. Cline and B. Laurent, FElectroweak baryogenesis from light fermion sources: A critical study,
Phys. Rev. D 104 (2021) 083507 [arXiv:2108.04249] [NSPIRE].

M. Lewicki, M. Merchand and M. Zych, FElectroweak bubble wall expansion: gravitational waves
and baryogenesis in Standard Model-like thermal plasma, JHEP 02 (2022) 017
[arXiv:2111.02393] [INSPIRE].

B. Laurent and J.M. Cline, First principles determination of bubble wall velocity, Phys. Rev. D
106 (2022) 023501 [arXiv:2204.13120] [INSPIRE].

J. Ellis et al., The scalar singlet extension of the Standard Model: gravitational waves versus
baryogenesis, JHEP 01 (2023) 093 [arXiv:2210.16305] [INSPIRE].

S. De Curtis et al., Bubble wall dynamics at the electroweak phase transition, JHEP 03 (2022)
163 [arXiv:2201.08220] [INSPIRE].

S. De Curtis et al., Collision integrals for cosmological phase transitions, JHEP 05 (2023) 194
[arXiv:2303.05846] [INSPIRE].

M. Barroso Mancha, T. Prokopec and B. Swiezewska, Field-theoretic derivation of bubble-wall
force, JHEP 01 (2021) 070 [arXiv:2005.10875] [INSPIRE].

S. Balaji, M. Spannowsky and C. Tamarit, Cosmological bubble friction in local equilibrium,
JCAP 03 (2021) 051 [arXiv:2010.08013] [INSPIRE].

— 40 —


https://doi.org/10.1016/j.physletb.2018.03.011
https://doi.org/10.48550/arXiv.1609.07969
https://inspirehep.net/literature/1488136
https://doi.org/10.1007/JHEP10(2017)095
https://doi.org/10.48550/arXiv.1703.04902
https://inspirehep.net/literature/1517445
https://doi.org/10.1007/JHEP10(2017)122
https://doi.org/10.1007/JHEP10(2017)122
https://doi.org/10.48550/arXiv.1704.01979
https://inspirehep.net/literature/1590250
https://doi.org/10.1007/JHEP09(2023)164
https://doi.org/10.48550/arXiv.2305.10759
https://inspirehep.net/literature/2660906
https://doi.org/10.48550/arXiv.2407.16747
https://inspirehep.net/literature/2810713
https://doi.org/10.1088/1475-7516/2010/06/028
https://doi.org/10.48550/arXiv.1004.4187
https://inspirehep.net/literature/852891
https://doi.org/10.1103/PhysRevLett.75.777
https://doi.org/10.48550/arXiv.hep-ph/9503296
https://inspirehep.net/literature/393383
https://doi.org/10.1103/PhysRevD.52.7182
https://doi.org/10.48550/arXiv.hep-ph/9506475
https://inspirehep.net/literature/396773
https://doi.org/10.1088/1475-7516/2024/04/027
https://doi.org/10.1088/1475-7516/2024/04/027
https://doi.org/10.48550/arXiv.2312.02354
https://inspirehep.net/literature/2730548
https://doi.org/10.1103/PhysRevD.101.063525
https://doi.org/10.1103/PhysRevD.101.063525
https://doi.org/10.48550/arXiv.2001.00568
https://inspirehep.net/literature/1773847
https://doi.org/10.1103/PhysRevD.102.063516
https://doi.org/10.1103/PhysRevD.102.063516
https://doi.org/10.48550/arXiv.2007.10935
https://inspirehep.net/literature/1808125
https://doi.org/10.1088/1475-7516/2021/08/020
https://doi.org/10.48550/arXiv.2106.06547
https://inspirehep.net/literature/1868302
https://doi.org/10.1088/1475-7516/2022/04/010
https://doi.org/10.1088/1475-7516/2022/04/010
https://doi.org/10.48550/arXiv.2112.12548
https://inspirehep.net/literature/1996602
https://doi.org/10.1103/PhysRevD.103.123529
https://doi.org/10.48550/arXiv.2102.12490
https://inspirehep.net/literature/1848456
https://doi.org/10.1103/PhysRevD.104.083507
https://doi.org/10.48550/arXiv.2108.04249
https://inspirehep.net/literature/1903048
https://doi.org/10.1007/JHEP02(2022)017
https://doi.org/10.48550/arXiv.2111.02393
https://inspirehep.net/literature/1959672
https://doi.org/10.1103/PhysRevD.106.023501
https://doi.org/10.1103/PhysRevD.106.023501
https://doi.org/10.48550/arXiv.2204.13120
https://inspirehep.net/literature/2074151
https://doi.org/10.1007/JHEP01(2023)093
https://doi.org/10.48550/arXiv.2210.16305
https://inspirehep.net/literature/2173093
https://doi.org/10.1007/JHEP03(2022)163
https://doi.org/10.1007/JHEP03(2022)163
https://doi.org/10.48550/arXiv.2201.08220
https://inspirehep.net/literature/2014164
https://doi.org/10.1007/JHEP05(2023)194
https://doi.org/10.48550/arXiv.2303.05846
https://inspirehep.net/literature/2640647
https://doi.org/10.1007/JHEP01(2021)070
https://doi.org/10.48550/arXiv.2005.10875
https://inspirehep.net/literature/1797462
https://doi.org/10.1088/1475-7516/2021/03/051
https://doi.org/10.48550/arXiv.2010.08013
https://inspirehep.net/literature/1823390

[49]
[50]
[51]
[52]

[53]

[54]
[55]
[56]
[57]
[58]
[59]
[60]

[61]

[64]
[65]
[66]

[67]
[68]

[69]

W.-Y. Ai, B. Garbrecht and C. Tamarit, Bubble wall velocities in local equilibrium, JCAP 03
(2022) 015 [arXiv:2109.13710] INSPIRE].

S.-J. Wang and Z.-Y. Yuwen, Hydrodynamic backreaction force of cosmological bubble expansion,
Phys. Rev. D 107 (2023) 023501 [arXiv:2205.02492] [INSPIRE].

W.-Y. Ai, B. Laurent and J. van de Vis, Model-independent bubble wall velocities in local thermal
equilibrium, JCAP 07 (2023) 002 [arXiv:2303.10171] INSPIRE].

J.-C. Wang, Z.-Y. Yuwen, Y.-S. Hao and S.-J. Wang, General backreaction force of cosmological
bubble expansion, Phys. Rev. D 110 (2024) 016031 [arXiv:2310.07691] [INSPIRE].

T. Krajewski, M. Lewicki and M. Zych, Bubble-wall velocity in local thermal equilibrium:
hydrodynamical simulations vs analytical treatment, JHEP 05 (2024) 011 [arXiv:2402.15408]
[INSPIRE].

D. Bodeker and G.D. Moore, Can electroweak bubble walls run away?, JCAP 05 (2009) 009
[arXiv:0903.4099] [INSPIRE].

D. Bodeker and G.D. Moore, Electroweak Bubble Wall Speed Limit, JCAP 05 (2017) 025
[arXiv:1703.08215] [NSPIRE].

A. Azatov and M. Vanvlasselaer, Phase transitions in perturbative walking dynamics, JHEP 09
(2020) 085 [arXiv:2003.10265] INSPIRE].

S. Hoche et al., Towards an all-orders calculation of the electroweak bubble wall velocity, JCAP
03 (2021) 009 [arXiv:2007.10343] [INSPIRE].

Y. Gouttenoire, R. Jinno and F. Sala, Friction pressure on relativistic bubble walls, JHEP 05
(2022) 004 [arXiv:2112.07686] INSPIRE].

A. Azatov, G. Barni, R. Petrossian-Byrne and M. Vanvlasselaer, Quantisation across bubble
walls and friction, JHEP 05 (2024) 294 [arXiv:2310.06972] [INSPIRE].

A. Azatov, G. Barni and R. Petrossian-Byrne, NLO friction in symmetry restoring phase
transitions, arXiv:2405.19447 [INSPIRE].

P. Athron, C. Baldzs and L. Morris, Supercool subtleties of cosmological phase transitions, JCAP
03 (2023) 006 [arXiv:2212.07559] [INSPIRE].

L.V. Gribov, E.M. Levin and M.G. Ryskin, Semihard Processes in QCD, Phys. Rept. 100 (1983)
1 [INSPIRE].

A. Bassetto, M. Ciafaloni and G. Marchesini, Jet Structure and Infrared Sensitive Quantities in
Perturbative QCD, Phys. Rept. 100 (1983) 201 [InSPIRE].

L. Lonnblad, ARIADNE wversion 4: A Program for simulation of QCD cascades implementing
the color dipole model, Comput. Phys. Commun. 71 (1992) 15 [INSPIRE].

A. Azatov and M. Vanvlasselaer, Bubble wall velocity: heavy physics effects, JCAP 01 (2021) 058
[arXiv:2010.02590] [INSPIRE].

M.E. Peskin and D.V. Schroeder, An Introduction to quantum field theory, Addison-Wesley
(1995).

J.D. Jackson, Classical Electrodynamics, Wiley (1998).

D.J. Griffiths, Introduction to Electrodynamics: Fifth Edition, Cambridge University Press (2024)
[DOT:10.1017/9781009397735].

M. Thomson, Modern particle physics, Cambridge University Press (2013)
[DOI:10.1017/CB09781139525367| INSPIRE].

— 41 —


https://doi.org/10.1088/1475-7516/2022/03/015
https://doi.org/10.1088/1475-7516/2022/03/015
https://doi.org/10.48550/arXiv.2109.13710
https://inspirehep.net/literature/1932626
https://doi.org/10.1103/PhysRevD.107.023501
https://doi.org/10.48550/arXiv.2205.02492
https://inspirehep.net/literature/2077773
https://doi.org/10.1088/1475-7516/2023/07/002
https://doi.org/10.48550/arXiv.2303.10171
https://inspirehep.net/literature/2643829
https://doi.org/10.1103/PhysRevD.110.016031
https://doi.org/10.48550/arXiv.2310.07691
https://inspirehep.net/literature/2708795
https://doi.org/10.1007/JHEP05(2024)011
https://doi.org/10.48550/arXiv.2402.15408
https://inspirehep.net/literature/2761370
https://doi.org/10.1088/1475-7516/2009/05/009
https://doi.org/10.48550/arXiv.0903.4099
https://inspirehep.net/literature/816137
https://doi.org/10.1088/1475-7516/2017/05/025
https://doi.org/10.48550/arXiv.1703.08215
https://inspirehep.net/literature/1519171
https://doi.org/10.1007/JHEP09(2020)085
https://doi.org/10.1007/JHEP09(2020)085
https://doi.org/10.48550/arXiv.2003.10265
https://inspirehep.net/literature/1787501
https://doi.org/10.1088/1475-7516/2021/03/009
https://doi.org/10.1088/1475-7516/2021/03/009
https://doi.org/10.48550/arXiv.2007.10343
https://inspirehep.net/literature/1808095
https://doi.org/10.1007/JHEP05(2022)004
https://doi.org/10.1007/JHEP05(2022)004
https://doi.org/10.48550/arXiv.2112.07686
https://inspirehep.net/literature/1991154
https://doi.org/10.1007/JHEP05(2024)294
https://doi.org/10.48550/arXiv.2310.06972
https://inspirehep.net/literature/2708831
https://doi.org/10.48550/arXiv.2405.19447
https://inspirehep.net/literature/2791715
https://doi.org/10.1088/1475-7516/2023/03/006
https://doi.org/10.1088/1475-7516/2023/03/006
https://doi.org/10.48550/arXiv.2212.07559
https://inspirehep.net/literature/2614918
https://doi.org/10.1016/0370-1573(83)90022-4
https://doi.org/10.1016/0370-1573(83)90022-4
https://inspirehep.net/literature/200601
https://doi.org/10.1016/0370-1573(83)90083-2
https://inspirehep.net/literature/201902
https://doi.org/10.1016/0010-4655(92)90068-A
https://inspirehep.net/literature/333222
https://doi.org/10.1088/1475-7516/2021/01/058
https://doi.org/10.48550/arXiv.2010.02590
https://inspirehep.net/literature/1821597
https://doi.org/10.1017/9781009397735
https://doi.org/10.1017/CBO9781139525367
https://inspirehep.net/literature/1326857

	Introduction
	Semiclassical current radiation formalism
	Point-like classical particle
	Varying particle mass
	Electromagnetic current
	Electromagnetic interaction
	Photon field operator
	Thermal pressure

	Vacuum persistence probability
	Define amplitude and probability
	Calculate using the Gell-Mann and Low theorem
	Employ perturbation theory
	Calculate W(0 –> 0)**((n)) and sum the series
	Derive expression for W(0 –> 0)**((2))

	Single emission probability
	Define amplitude and probability
	Calculate using the Gell-Mann and Low theorem
	Employ perturbation theory
	Calculate W(0 –> 0 gamma)**((n)) and sum the series
	Derive expression for W(0 –> 0 gamma)**((1))

	Model 1:constant velocity
	Current density
	Vacuum persistence
	Single emission

	Model 2: abrupt deceleration
	Current density
	Vacuum persistence
	Single emission
	Implications for thermal pressure
	Limitations of abrupt deceleration

	Model 3: gradual deceleration
	Current density
	Single emission
	Numerical validation

	Summary, discussion, and conclusion
	Cancellation of IR divergences
	Comparison with quantum particle splitting formalism

