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Abstract

A class of mathematical models are proposed for modelling and numerical simulation of coupled radiative and conduc-
tive heat transfer in non-grey absorbing and emitting media under phase change. Progress in this area of mathematical
modelling would contribute to a sustainable future manufacturing involving high temperature and phase change. Accu-
rately predicting phase-change interface is the crucial step for these applications in non-grey semi-transparent media.
In the present study, the conduction and radiation effects are analyzed by a set of nonlinear partial differential equa-
tions and a linear integral equation, respectively. The proposed model forms a system of nonlinear integro-differential
equations and it accounts for both thermal radiation and phase change in the design. For non-grey media, the spec-
trum is divided into a sequence of finite intervals of frequency bands with averaged absorption coefficients resulting in
coupled systems to be solved for each frequency band. The coupled equations are approximated using a second-order
method in both time and space. Using discrete ordinates for the angular discretization of the integral equation for the
radiation effects, a Newton-type algorithm is used to deal with the nonlinear systems. Numerical results are presented
for several test problems in both grey and non-grey media, and comparisons to simulations without radiation are also
shown in this study. The findings here could be used to understand effects of thermal radiation in non-grey absorbing
and emitting media under phase change.
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media.

Nomenclature
Os solid density, (kg - m™3) L latent heat of fusion, (J - kg™!)
01 liquid density, (kg - m™>) Cs solid specific heat, (J - kg~! - K)

*Corresponding author
Email addresses: fatimaezzahrae.moutahir@etu.uae.ac.ma (Fatima-Ezzahrae Moutahir), ybelhamadia®aus . edu (Youssef
Belhamadia), m. seaid@durham. ac.uk (Mohammed Seaid), mofdi.elamrani@urjc.es (Mofdi El-Amrani)

1



C liquid specific heat, (J - kg™! - K) B Planck function, (W - m™2 - um™")

K,  solid thermal conductivity, (W - m~! - K71) h, Planck constant, (J - 5)
. . .. -1 —1
K; liquid thermal conductivity, (W -m™ - K™') ks Boltzmann constant, (J - K1)
h tive heat coefficient, (J - kg~! - K~
¢ convective heat coefficient, ( & ) ag Stefan—Boltzmann constant, (W - m™2 - K*)
Vr interface normal velocity, (m - s!) )
T, surround medium temperature, (K)
a emissivity
To initial temperature, (K)
K absorption coefficient, (m™")
t time, ()
o scattering coefficient, (m™")
X spatial coordinate, (1)
v frequency variable, (um™")
Q spatial domain
s angular direction

v intensity, (J - m™2 - um) 0Q  domain boundary

2 .
@ mean intensity, (J - m~2) S unit sphere
T temperature, (K) n surface normal
Ty fusion temperature, (K) co speed of light in vacuum, (m - s~')

1. Introduction

In many industrial and engineering thermal applications, radiative heat transfer is present and strongly influences
the thermal features of the final product. This is especially the case in all industrial applications that involve high
temperatures, such as iron and steel manufacturing [1, 2], glass manufacturing [3], gas turbine combustion chambers
[4], among others. Particular attention is paid to applications that involve phase change in materials as in crystal
growth [5] and continuous casting [6, 7]. In this type of applications, in addition to radiation, the heat exchange at
the liquid-solid interface often plays a crucial role and affects the shape and structure of the desired material. These
problems are complex and their experimental investigations can be extremely difficult to carry out and very demand-
ing to achieve. Therefore, it is of great interest to develop mathematical models and accurate numerical methods for
studying and simulating such coupled radiative phase-change problems in participating media. Mathematical mod-
elling of effects of the radiation in phase change problems presents big challenges due to the complex interactions
of radiation, heat transfer, fluid flow, and heat exchange between liquid and solid. The first mathematical model for
liquid-solid phase change phenomena was proposed by Josef Stefan in 1891 [8]. However, we had to wait till 1970s
when effects of internal radiation upon phase change of semi-transparent materials began to be studied, where the
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classical Stefan problem has been reformulated to include radiative transfer, see for instance [9, 10]. In 1983, the
classical Stefan problem was reformulated by authors in [11] to include radiative transfer not only in the solid and
liquid zones but in the mushy region between them as well. It should be pointed out that in these contributions, only
one-dimensional geometry was performed. In 1988, authors in [12] employed the enthalpy formulation for the heat in
order to obtain a more general solution of the multidimensional Stefan problem, when including internal radiation of
semi-transparent materials. In this approach, the interface liquid-solid condition, well known by the Stefan condition,
is implicitly satisfied and the energy equation is applied over the entire computational domain covering both liquid
and solid phases.

Since 1990, applied numerical modeling of coupling phase-change heat transfer and radiation in semi-transparent
media is ascending. Both, Stefan problem and enthalpy formulation, have been used to study effects of the internal
radiative heat transfer in phase change materials. However, to our knowledge the existing contributions consider only
semi-transparent grey media. For instance, in [13] modelling of a two-dimensional transient solidification process of
semi-transparent materials was undertaken. The enthalpy formulation was used for the energy equation and the finite
volume method was used to solve the radiative heat transfer. In [14], the conduction-radiation controlled solidification
process of semi-transparent materials was numerically analyzed based on the fixed grid front-tracking method, where
the governing energy and the radiative equations were solved implicitly on a fixed mesh and the interface was tracked
explicitly. In [15] a coupled heat transfer of solidification and radiation within a two-dimensional rectangular semi-
transparent medium having gradient index was investigated. The three phase-change zones namely, liquid, solid, and
mushy-zones, were included. A Galerkin finite element method was used to solve the energy equation of the coupled
radiation and phase-change heat transfer. Authors in [16] were first to model both convection and radiation in phase
change materials by reformulating the enthalpy formulation. In addition, recently inverse problems of radiative heat
transfer and phase change in semi-transparent media without convection have been introduced in the literature using
an improved stochastic particle swarm optimization algorithm, see [17, 18] among others.

There is a general agreement in the literature that coupling radiative heat transfer and phase change is numerically
very complicated and highly demanding. Many numerical methods have been used in the literature including different
standard methods such as lattice Boltzmann methods [? ? ], finite volume methods [14? ], finite element methods
[15], and finite difference methods [? ] for phase-change applications in semi-transparent materials. While using
these methods to solve the energy formulation, the radiative transfer equation has been solved by using the well-
established discrete transfer method [? ], the discrete-ordinates method [? ], the spherical harmonics method [? ],
and the simplified spherical harmonics method [19]. This literature review is not exhaustive but, to our knowledge
the divergence of radiative heat flux vector is calculated only for a grey medium for these references. The main
objective of the current study is to present robust techniques for mathematical modelling and numerical simulation
of the coupling phase-change heat transfer and radiation in a non-grey absorbing and emitting media. The proposed
novel formulation couples the enthalpy technique for phase change [20, 21] with a set of nonlinear integro-differential
equations accounting for thermal radiation [22]. Given the optical spectrum of the participating non-grey media,
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a frequency-averaged approach is adopted in this study to divide the spectrum interval into a finite set of bands
with piecewise constant absorption and scattering coefficients. Hence, the full radiative heat transfer equation is
transformed into a series of coupled nonlinear equations to be solved for the averaged spectral intensity according to
an averaged Planck function. Using the discrete-ordinates method for the angle discretization, an upwind method for
the space discretization. The discrete-ordinates method is a well established method for solving the radiative model.
For instance, it has been recently used for solving the coupled radiation and conduction heat transfer equations in [?
? ] and to solve the time-domain radiative transfer equation in [? ? ]. The fully coupled model is discretized using
second-order methods in both time and space. The discretized problem yields a nonlinear system to be solved for the
mean spectral intensity and temperature distribution. The obtained system is solved using a Newton-type algorithm
at each time step. The proposed numerical solver is expected to be unconditionally stable and consistently accurate
for a wide range of applications for heat transfer process in non-grey absorbing and emitting media under phase
change. Numerical results are presented for two test problems in both grey and non-grey media, and comparisons
to simulations without radiation are also performed. Combining the present approach with physics-based computer
modeling can provide a potential tool for design of coupled radiative and conductive heat transfer in a non-grey

absorbing and emitting medium under phase change.

The present paper is organized as follows. The equations employed for modelling conductive heat transfer in
non-grey absorbing and emitting media under phase change are discussed in section 2. In section 3 we present the
formulation of the fully implicit method on staggered grids for the solution procedure. This section includes the
formulation of discrete ordinates, discretization of the radiative transfer equation, the space and time discretizations
of the nonlinear heat equation, and the solver implementation for the fully coupled problem. Section 4 is devoted
to the numerical performance of the proposed method using two examples of coupled radiative and conductive heat
transfer in a non-grey absorbing and emitting media under phase change. Our approach is demonstrated to enjoy the

expected efficiency as well as accuracy and stability. Concluding remarks are summarized in section 5.

2. Mathematical models for radiative heat transfer under phase change

In a general framework, modelling thermal radiation in non-grey media requires integro-differential equations
involving the space, direction and frequency variables due to the energy transport by photons, see for example [23,
24, 25] among others. In the presence of phase change, the radiation model should be combined with the classical
Stefan problem that describes the evolution of the liquid-solid interface of a material undergoing a phase change, see
for example [9, 11]. The model consists of a heat equation for the temperature 7 (x, f) and a transport equation for the

radiative intensity y(x, s, v). Given a spatial solid domain Q, liquid domain €, liquid-solid interface I'(¢), and a time



interval [0, #/], the governing equations read

oT 0
peer VKT = = [ o) (4nB<T, 0= [ s v)ds)dv, (1) € Q, X [0, 1],
Yo SZ
oT 0
plcla -V-(K,VT) = - k(v)|4nB(T,v) — . Y(x,s,vyds|dv, (x,1)€Q;x][0,1f],
Yo S
o) 2
s VU () o = = | ps vds + k)BT v), (x,7,5) € Q; X [vp, 00[xS?,
s2
_ O—I(V) 2
s VUt (RO Ty = == | wsvds + k0B (T.Y), (x,%,5) € Q X [vp, 00[xS?,
JT S?
T(x’ t) = Tf(xs t)& (x9 t) € F(t) X [09 [f],
Y(x,s,v) = B(Ty,v), (x,8,v) €I'(r) X Qg X [vg, 00],
(K.VT)-n,— (KNT)-m = pLVr, (x,1) € T(1) X [0, 1].
(1
The boundary and initial conditions are given by
Vo
Kn(x)-VT +h (T -Ty) = an f (B(Ty.v) = BT, ))dv, (&.1) € 9Q, X [0, 1/],
0
Y0
Kin()-VT +h(T -T,) = an f (B(Ty,v) = B(T,v))dv, (&,1) € 9 x [0,1/],
0 )
Y(k,s,v) = B(Tp,v), (R,v,5) € 9Q™ x [0, vo[xS?,
T(x,0) = Tyx), x € Q.
Here, B(T, v, n) is the spectral intensity of the black-body radiation defined by the Planck function as [22]
2hpv? 1
B(T,v) = —2” 3)

2 h
% exp (ﬂ) -1
K BT
Note that on the boundary, we consider the transmitting conditions where the boundary region 02~ is defined as
00" ={tedQ: n@@)-s<0).

The major difficulty in the system (1) lies on the fact that the interface I'(¢) and its velocity Vr are not known a priori
and they also evolve with time. To overcome this challenge, a new formation over the whole computational domain

Q=Q,UQ;UI() is introduced. One way to do so is to start with the enthalpy formulation as follows
OH

5~ ((yvr) = - f k() (47TB(T, V) — f w(x, s, v)ds) dv, (x,1)€Qx[0,],
Yo S2
(€]
S VY + (k) + o)) ? f w(x,s,v)ds + k()B(T, v), (x,5,v) € QX S? X [vg, 0],
TT S?

where H is the enthalpy defined by

pscsT, it T<Ty, ks(v), if T <Ty,

H= k(v) =
oL+ psc Ty +pic(T —Ty), if T>Ty, K(), if T >Ty,
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and
oy(v), if T<Ty,
o) =
a(v), if T> Tf.
It should be noted that the problem (4) is equivalent to (1) and it preserves the main advantage that the interface
conditions are automatically satisfied. In contrast to the approach used in [13, 15, 17], we employed a different

method for our proposed full radiative-phase-change model. We introduced an interface function ¢ in a similar way

to that presented in [20]. We then proceeded to use the following decomposition:
H = H + p/L$, &)
where H; is now a continuous function defined by
pscsT, in Qg 0, inQ;,

H, = and ¢
pscsTy+pic(T —Ty), inQ, 1, inQ,.

Replacing the equation (5) in the system (4), a new formulation is obtained which is also equivalent to the classical

Stefan problem as

a(q))é;—f + pL% -V (K@)VT) = - f ) k() (47rB(T, V) - f zp(x,s,v)ds) dv, (x,1) € Qx[0,1],
Yo SZ
T4(v) 2
VY + (k) + ooy = i fs U, 5.v)ds + ky()B(T,Y), (x,5,v) € QX S? X [v, oo,

(6)

where
(@) = pycs + dlpici = pses). Kip) =K+ 9(Ki-K,).  f)=fi+(fi- f),
k() = Ks(0) + (1) = K1), Ty ) = () + P(uY) = 0y (v)).
In practical applications, phase change occurs in a small temperature range [T — €, T + €], with € is a given constant

assumed to be small in our simulations. Thus, ¢ can be replaced by a regularised function F(7T") and in this study we

consider

_ LT
¢>_FE(T)_2 2tanh( )

Therefore, the proposed full radiative-phase-change model is formulated as

a(T)(Z_]t" +pL6F(;ET) -V (WC(T)VT) - _ foo Kkp(V) (47TB(T, V) — f U(x,s, v)ds) dv, (x,1)€Qx|[0,tf],
Yo S?
o(v) 2
S VY + (ko) + o)y = o fS U, s.0)ds + kg()B(T. ), (x,5,v) € QX S? X [v, oo,

)



equipped with the following boundary and initial conditions

KAT)n(®) - VT + h(T — T)) an f VO(B(T;,, v) = B(T,v))dv, (&,1) € dQx [0,17],
0

W&, s,v) = B(T,v), (&, v,5) € Q™ x [0, vo[xS?, ®)

T(x,0) = Tox), xeQ.

To deal with the non-grey medium in the above radiative-phase-change equations, a numerical method is required
for a discretization of the radiative spectrum [v(, o). There exists various techniques in the literature to perform this
step including the line-by-line, narrow-band model, wide-band model and full spectrum methods, see [26, 27, 28, 29]
among others. However, these methods have been widely used for reacting non-grey media which occur mainly in
combustion and reactive flows with several non-grey chemical species. For a detailed discussion of the performance
of these methods for resolving non-grey properties in radiative heat transfer, we refer to [30] and further references
are therein. Since the media considered in the present study is non-reactive, we consider a simple frequency-averaged
method to resolve the non-grey medium. Hence, Following ideas reported for instance in [31, 32], the radiative
spectrum [vy, o) is divided into a finite set of small intervals [vx_;,v;) and we assume that the spectral absorption

coefficients k(v) are piecewise constants with respect to the frequency v i.e.,

Kg(v) = Kf,,k), os(v) = o-;f‘), Yve -, k=12,...,Ny, 9

with k; and o7 are constants, and Ny is the total number of spectral bands. We also define the frequency-averaged

intensity in the band [v;_1, v¢] by

Vi
yO(x,5) = f Y(x,s,v)dv. (10)
V-1
If we introduce the mean intensity ¢®(x) and the averaged Planck function B® in the kth spectral band
Vi Vi
¢Ox) = f y O, s,vds,  BY(T) = f B(Twdv,  k=1.2,....Ny, an
Vi1 Vi-1

then, the full radiative-phase-change problem (7)-(8) transforms to

N,
oT OF(T) _ 5w (k) (k)
a(T) o +pl—r— =V - (KAT)VT) = - ; K, (47TB (T)-¢ ) (x,0) € Qx[0,1/],
oy
s VY0 + (K 4o P)y® = E‘D(k) + k3 BO(T), (x,9) e QxS k=1,...,Ny,
Ken(®)- VT +h(T = T;) = an(BO(T,) - BO(T)), (&, € 8Q X [0, 1],
yP&,s) = BO(T), (&,5) €0Q xS%Lk=1,...,Ny,
T(x,0) = Tyx), xeQ.
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Note that since the medium is assumed to be formed with a single material with a given optical spectrum, using more
advanced approximations such as line-by-line or wide-band models would not improve the overall accuracy of the

considered approach. It should also be stressed that for a grey medium, the Planck function reduces to
B(T) = axT*,

and the coupled radiative and conductive heat transfer under phase change becomes

a(T)aa—Y; + pLaF(;ET) —V-(KAT)VT) = —«(4nB(T)- @), (x,1) € Q% [0,17],

§ Vi + (k+ o) = %¢+KB(T), (x,5) € QX S2,

K.n(®) - VT + ho(T - Tj) = an(B(T)) - B(T)), (&, 1) € 0Q x [0, 1/], (13)
Y(x, s) = B(Ty), (&,5) € 0Q™ x S?,

T(x,0) = Tox), xeQ.

In our simulations presented in section 5, we also compare numerical results for the solutions without considering the
radiation effect to those obtained with the radiation effect in grey media, and with the radiation in non-grey media. In

this case, the governing equation for phase change problem without radiation are simply

aT OF (T)
()7 +pL—r—= =V (K()VT) = o, (x,1) € Q% [0, 1],
Ken(x) - VT + h(T - Tp) = 0, (x,1) € QX [0, /], (14)
T(x,0) = Tu(x), x € Q.

Note that the system (14) has been subject to several studies in the literature, see [20, 21, 33] among others. Numer-
ical results obtained for the system (14) have been verified against analytical solutions in [20] for two-dimensional
problems and in [21] for three-dimensional problems. Validation of the system (14) using experimental data has also

been reported in [33]. The system (14) has also been coupled with Rosseland approximation in [34].

3. Numerical methods and solution procedure

In this section we formulate numerical methods used for solving the coupled radiative and conductive heat transfer
in a non-grey absorbing and emitting media under phase change governed by the system (7)-(8). Here, the discrete
ordinates method is implemented for the angle discretization, a weighted discretization on staggered grids is used for
the space discretization, and a fully implicit integration scheme is applied for the time discretization. In fact, assuming
S v, as the set of discrete directions is selected for the angle discretization in the unit sphere S* the two-dimensional

ordinates set is achieved by the simplification of one direction in S y, such that the simplified set is symmetric, has
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Figure 1: The staggered grid used for the space discretization in the present study.

nonzero direction, and with positive weights. Thus, a semi-discrete formulation of the two-dimensional radiative

transfer equation in (7)-(8) is given by

0 0 .
ﬂl% + nlaiyl + (O— + K)l;bl = (T(,D(X, y) + QI(X, y), in QX SNx,

(15)
Gi(x,y), on 09 X SN.,.»

Yi(x, y)

where ¥;(x,y), Qi(x,y) and G)(x,y) are approximations to ¥(x, y, s, 1), q(x,y, . m;) and G(x, y, uy, 1), respectively.
Here, the source terms g and G are defined according to the problem (7)-(8) as ¢ = kB(T) and G = B(T};). Note
that the angular discretization (15) transforms the original integro-differential equation in (7)-(8) into a system of N;
coupled differential equations. The method is widely used in computational radiative transfer and well documented in
the literature, we refer the reader to [35] for detailed implementation of the method.

In the current study, using the transport nature of the equations (15), we consider a space discretization based
on volume controls and cell averaging using upwinding techniques. For simplicity in the presentation, we assume

rectangular space domain Q = [xz, xg] X [yp, yr] with the numerical mesh defined as
th{xi_,-z(xi,yj)T, x,-=xL+iAx,yj=yB+jAy, i=0,1,...,N, j=0,1,...,M},

with i denotes the maximum cell size 7 = max (Ax, Ay). We also define the averaged gridpoints as

Xivl + X Y1+
Ax = Xipr = Xis AY=Yj = Yp Xyl = — o YT T

We use the notation W;; to denote the approximation value of a generic function W at the gridpoint (x;, y;). Using the
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semi-discrete formulation (15), a fully discrete approximation for the equation (7)-(8) can be formulated as

Uiiv1j — Yiij Yrije1 — Yiij
Hi +m

Ax Ay + (o-i+%j+% + Ki+%j+%)l»[/[,i+%j+% = Ol Qivljed Tt ls (16)

where the cell averaged approximations of the radiative intensity y are defined by

1 Y j+1
i+lj = — i, Y)dy,
Yiiel AxJ, Yi(xi, y)dy
1 Xi+1
Yiije1 = Ay ; Yi(x, y;)dx, a7
1 Xivl Vj+1
i = , y)dxdy.
Wi AxAyfxi y Yi(x, y)dxdy

Next, to approximate the fluxes (17), we use the well-established Diamond difference method which consists on cen-
tred differences and approximating the function values at the cell centres by averaging their values at the neighbouring
nodes, see Figure 1 for an illustration of the grids used in the present study. Thus, values of the function W, L1y at

the cell centre are simply approximated by a bilinear interpolation as

W _ Wi+ Wiij + Wi + Wirijn
i+1j+i = 4 :

(18)

Hence, the mean radiative intensity ¢;, 1 ;, 1 in (16) is defined as

N
N0 Wi+ i g+ Y
Girtirt = 2,0 3 -

I=1
It should be stressed that full details on the Diamond difference method can be found in [35] and therefore are omitted
here. For the space discretization of the diffusion operator in (7)-(8), a consistent second-order approximation is

adopted using the same cell averaging as in the space discretization of the radiative transfer equation. Thus,
VA(KVT) | ~ D (KeT);. (19)
ij

where the difference operator Z)i is given by Dﬁ =D+ Z)f, with

Key + Koy Tivrj—Tij Koy + Koy Tij = Ticyj

D2KT)y = _
)i 2 (Ax)? 2 (Ax)?
KT _ Keyy + Kooy Tijer = Tij Kooy + Ky Tij — Tij
y ( c )i Jj - 2 B - 2 ) .
(Ay) (Ay)

Hence, the space discretization of the heat conduction equation (7)-(8) yields

dT'+lj+1 dFE(T»+1j+l) Ny .

i i )

Q(Ti+%.i+%) d; - +pL di = = D (KT = - 2 (4”B(k) (Ti+§j+%) - <P§+%j+%), (20)
k=1 ‘

and the approximations 7, 1l and gaf,li) 1,0 Are defined in (18). Finaly, to integrate the semi-discrete system (20) in
: 3*3
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Table 1: Reference parameters used in our simulations for accuracy test example.

Material quantity Reference value Material quantity Reference value
K 01W-m!.-K! Cy 1J-kg‘1-K
% 0.1W-m™'.K! ¢ 1J-kg' K
o 1kg-m™3 € 1
L 1J-kg™! ag 567x10°8W.-m2.K*
K 1m™! o 1m™!
Ty 0K

time we consider a second-order implicit backward differentiation formula (BDF2) also known by Gear scheme as

3rtl 41+ T
i+5j+

n+l i+3jty 2 i+3jts 2 el _
¢ (TH%#%) 2At - Dy (KT )ij -
3F€ (T;Z++Ll]-+l) - 4F€ (T;il j+l) + FG (T?+_l1j+l) Ny ) ) ®)
2J*3 2/t 2Jt3 n+
ek 241 - (4”3 (Ti+%f+%) B “Di+%f+%)' @D

k=1
It is clear that the fully discrete system (21) results in a nonlinear system of algebraic equations to be solved for 7"*!

at each timestep. In our simulations, a Newton-Raphson algorithm equipped with a residual norm less than 10 for

the convergence is implemented.

4. Numerical results and examples

To demonstrate the performance of the methodology presented in this study, we numerically solve the proposed
phase-change-radiative-transfer model to study effects of radiation in phase change materials. Three test problems
are considered in this section and numerical results are discussed for different radiative regimes. We first check the
convergence of our algorithm using a problem with a known manufactured analytical solution. Next, we consider
two solidification examples to illustrate effects of radiation in the temperature distribution during the process of steel
continuous casting. In all our simulations, the Sg set is used for the discretization of the unit sphere S* which yields

N, = 80 but other S, discrete-ordinates sets from [36] can also be used.

4.1. Accuracy test example

In this example, we aim to quantify the convergence rates in space and time for the proposed numerical techniques.

To this end, we solve the coupled problem (13) in the squared domain Q = [0, 1] X [0, 1] and final time ¢ = 1 using
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Table 2: Convergence results for the accuracy example using different timesteps At at time # = 1.

At [l el Rate || el Rate || ellz2 Rate
0.2 1.8000E-03 — 1.9000E-03 — 2.3000E-03 —
0.1 4.4870E-04 2.0042 4.9335E-04 1.9453 6.0250E-04 1.9326

0.05 1.1006E-04 2.0275 1.2141E-04 2.0227 1.4905E-04 2.0152

0.025 2.5398E-05 2.1155 2.7960E-05 2.1185 3.4237E-05 2.1222

Table 3: Convergence results for the accuracy example using different space steps 7 = Ax = Ay at time t = 1.

h [l el Rate || el Rate [ el Rate
0.2 8.3900E-02 — 1.2480E-01 — 1.6460E-01 —
0.1 2.3800E-02 1.8177 3.0500E-02 2.0327 4.3500E-02 1.9199

0.05 6.6000E-03 1.8504 7.8000E-03 1.9673 1.0600E-02 2.0370

0.025 1.7000E-03 1.9569 2.0000E-03 1.9635 2.6000E-03 2.0275

the parameters listed in Table 1. The right-hand functions along with the boundary functions T}, and i, and the initial

function T are explicitly calculated such that the exact solution of the equations (13) is given by
Tu(x,y, 1) = sin(2rx) cosRay) exp(=1),  Yalx,y, p1) = Xy*(1 = )1 = y*)(1 + 12 + 7).

We also define the relative L®-, L!- and L2-errors as

Voo D= Talie =Tl T = Talle
L= 7+ L'— —7Vho L=~
Il Tl Tl

where T, and T are the analytical and numerical solutions, respectively. To verify the convergence in time, we use
a fine uniform mesh with 47 = Ax = Ay = 0.001 and then, we consider four timesteps At of different sizes. Table 2
presents the obtained errors along with the associated convergence rates. It is clear that for the considered example,
decreasing the timestep results in a decrease of all errors and a second-order convergence is achieved in the proposed
time integration method solving this accuracy test example.

Similarly, to examine the space convergence in the proposed method, we use a small timestep Az = 0.0025 and
then, we consider four uniform meshes with different values of the spatial discretization step 4. The obtained results
for the considered errors along with the convergence rates are presented in Table 3. Again, refining the mesh results
in a decrease in all errors and the method exhibits a second-order convergence in all considered norms. It is evident

that a second-order accuracy in both time and space has been obtained for this test problem with known analytical
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Figure 2: Spectral absorption coefficients used in this study for the solidification problem of a continuous cast steel Alloy with the spectrum divided
into 5 bands (left plot), 10 bands (middle plot) and 20 bands (right plot).

Table 4: Reference parameters used in our simulations for Case 1 in the solidification problem of a continuous cast steel Alloy.

Material quantity Reference value Material quantity Reference value
K 36.6 W-m . K Cs 682.0J -kg™' - K
%, 2562 W -m™'-K! c 7100 J - kg™' - K
P 7400 kg - m™3 € 22.5
L 272000 J - kg™ ag 567x 108 W.-m2.K*
Ty 1845 K Ty 17725 K
Ty 500 K he 1000 J - kg™ - K!

solutions.

4.2. Solidification problem of a continuous cast steel Alloy

In this example we consider the solidification problem of a continuous cast steel Alloy in two different enclosures
using different material properties. These problems are well-established and widely used in the literature for solid-
ification problems of continuous cast steel, see for instance [37, 15]. It should be stressed that the primary zone in
the continuous casting process undergoes the highest temperature difference. In addition, at this zone a liquid metal
is continuously supplied to the mould and the liquid metal solidifies on the boundary yielding the initial shape of the
steel beam. Therefore, the radiation in this zone is expected to substantially influence both the solid-liquid interface
and the thermal features in the mould due to the high temperature involved in this process. Thus, accurate numerical
modelling of this process is essential for enhancing the productivity of the steel casting. In Figure 2 we present the
spectrum used in our computations for the solidification of a continuous cast steel Alloy [38]. Here, the spectrum

is divided into Ny = 5, 10 and 20 bands with piecewise constant absorption coefficients as shown in this figure.
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Figure 3: Temperature obtained for Case 1 in the solidification problem of a continuous cast steel Alloy using no radiation (first column), grey

radiation (second column) and non-grey radiation (third column) at time # = 100 s (first row), # = 150 s (second row) and 7 = 200 s (third row).
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Figure 4: Cross-sections of the temperature at the horizontal centerline in the computational domain for Case 1 in the solidification problem of a

continuous cast steel Alloy at the three selected instants ¢ = 100 s (left), # = 150 s (middle) and ¢ = 200 s (right).

Depending on the geometry and the thermal characteristics of the material, the following cases are selected.

4.2.1. Case study 1

We first consider the test example of solidification process of a steel billet in a continuous casting strand (in
the primary zone). This problem has been used as a benchmark for the solidification problems in [37] but without
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Figure 5: Interface position for Case 1 in the solidification problem of a continuous cast steel Alloy at the three selected instants t = 100 s (left),

t = 150 s (middle) and ¢ = 200 s (right).
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Figure 6: Cross-sections of the temperature at the horizontal centerline in the computational domain for Case 1 in the solidification problem of a
continuous cast steel Alloy obtained with non-grey radiation using different numbers of bands in the optical spectrum at the three selected instants

t =100 s (left), # = 150 s (middle) and ¢ = 200 s (right).

accounting of radiation effects. The computational domain consists of a squared plate 0.18 m long and 0.18 m wide.
The temperature of the molten steel is assumed to be 1845 K at the start, which is higher than the liquidus temperature
of 1795 K while the temperature of the solidus is 1750 K. We consider the Robin-type boundary conditions with a
heat transfer coefficient of 4. = 1000 W m?/K and the ambient temperature is set to T; = 500 K. In this example, the
steel is assumed to be non-grey absorbing and non-scattering media with the spectral absorption coefficients given in
Figure 2. In all computations reported for this case, the selected values for the evaluation of the present models are
taken from [37] and summarized in Table 4. Note that for the grey simulations, a single absorption coefficient fixed to
kx = 1 is used in the simulations along with the parameters listed in Table 4.

Figure 3 depicts the temperature distributions obtained using for simulations with no radiation, grey radiation and
non-grey radiation with 20 bands. Here, a uniform mesh with 100 x 100 gridpoints is used in all simulations along
with a timestep Az = 0.1 s and the computed results are presented at three different instants namely, = 100 s,
150 s and 200 s. For comparison reasons, we display in Figure 4 cross-sections of these temperature distributions at
the horizontal centerline of the computational domain corresponding to y = 0.09 m. It is evident that the proposed
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Table 5: Reference parameters used in our simulations for Case 2 in the solidification problem of a continuous cast steel Alloy.

Material quantity Reference value Material quantity Reference value
K 2268 W -m™! - K Cs 1J-kg' K
% 1.3608 W -m™' - K1 c 1.27-kg'- K
P 1000 kg - m™3 € 100
L 1000 J - kg™! ag 567x10°8W.-m2.K*
Ty 700 K o 9m™!
Ty 1000 K

numerical techniques perform well as the solidification process is clearly captured for this case of simulations with
and without radiation. It should be pointed out that results in Figure 4 obtained for simulations without radiation agree
well with those reported in [37]. It is also evident from the results shown in Figure 3 and Figure 4 that the radiation
effects in both simulations with grey and non-grey radiations alter the temperature distributions as clearly shown in the
temperature profiles. As the time progresses, these differences in the temperature profiles become more pronounced,

see for example the results at £ = 200 s in Figure 4.

Under the considered radiative conditions, the inclusion of radiation in these models results in an accelerated
solidification process and the material is shown to be colder at the domain boundaries. Furthermore, the radiation
in this case has decreased the temperature in the liquid phase and impacted the location of the liquid-solid interface.
To illustrate these effects, we present in Figure 5 the obtained results for the liquid-solid interface for simulations
with and without radiation at the three selected times. It is clear that the interface liquid-solid has been influenced
by the radiative effects obtained using both grey and non-grey simulations. These results confirm the importance of
the thermal radiation in this solidification problem of a continuous cast steel Alloy for which these radiative effects

should be accounted for in its modelling and simulation.

As a final concern for this case, we examine the effects of finite spectral bands in the computed temperature using
non-grey simulations. For this end we consider the spectral divisions with the number of bands Ny = 5, Ny = 10
and Ny = 20 as shown in Figure 2. In Figure 6, we present cross-sections of the temperature distributions at the
horizontal centerline y = 0.09 m using the considered frequency bands. It is observed that the temperature profile
has slightly changed depending on the number of frequency bands in the spectrum. Notice that our proposed model
has the flexibility to consider several frequency bands in the optical spectrum depending on the spectral absorption
of the material. In the situation of steel Alloy, we have found that 20 bands in the optical spectrum are enough to
obtain results free from the frequency effects at a reasonable accuracy. In this example, we have clearly demonstrated
the impact of the material spectrum on both the liquid-solid interface and the temperature profile. This highlights the
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Figure 7: Temperature obtained for Case 2 in the solidification problem of a continuous cast steel Alloy using grey radiation (first row) and non-grey

radiation (second row) at time ¢ = 0.5 s (first column), r = 1 s (second column) and ¢ = 3 s (third column).

significance of our proposed model, which effectively incorporates frequencies into the phase-change equations. The
importance of this model becomes even more pronounced in materials with substantial frequency variations in the

optical spectral as observed in glass manufacturing among others.

4.2.2. Case study 2

In this case, we consider another situation of the solidification process of the steel in a continuous casting strand as
before but in a scattering medium with different thermal properties. Here, we solve the proposed models in a squared
domain 0.1 m long on both sides and using the parameters presented in Table 5. This benchmark problem has been
used in [15] to investigate impact of the refractive index on the solidification heat transfer in the semi-transparent
medium. In our case, we assume the refractive index constant to be equal to one and the parameters of thermophysical
properties are considered to be different in each phase, whereas those of radiative properties are supposed to be the
same. The squared enclosure is initially filled with the liquid at temperature 7y = 1000 K which is higher than the
freezing temperature 7y = 700 K. The top and bottom boundaries of the enclosure are kept at fixed temperature
T, = 1000 K while the left and right walls of the enclosure are kept at temperature 7, = 500 K. Table 5 summarizes
values of the involved parameters selected in this case for the evaluation of the present models. Here, only the 10

frequency bands shown in Figure 2 are used in the non-grey simulations whereas, for the grey simulations, a single
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Figure 8: Cross-sections of the temperature at the horizontal centerline in the computational domain for Case 2 in the solidification problem of a
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t=05s t=05s t=05s

—— Grey radiation —— Grey radiation
009 —— Non-grey radiation |{ 009 —— Non-grey radiation | 009

—— Grey radiation
—— Non-grey radiation |{

Distance y

Distance

0 0.005 001 0015 002 0025 0 0.005 001 0015 002 0025 0 0.005 001 0015 002 0.025
Distance x Distance x Distance x

Figure 9: Interface positions at the left side of the computational domain for Case 2 in the solidification problem of a continuous cast steel Alloy at

the three selected instants 7 = 0.5 s (left), = 1 s (middle) and ¢ = 3 s (right).

absorption coefficient fixed to « = 1 is used in this case. It should be noted that compared to the previous case,
the present case involves scattering in addition to the absorbing and emitting media at fixed boundary conditions.
Therefore, a faster solidification process is expected for this case than Case 1. Here, the spatial domain is discretized
using a uniform mesh with 100 x 100 gridpoints, the timestep Af is fixed to 0.01 s, and the computed results are
presented at times t = 0.5 s, 1 sand 3 s.

In Figure 7 we display the temperature distributions obtained for simulations with grey radiation and non-grey
radiation. Figure 8 illustrates cross-sections of these temperature distributions at the horizontal centerline in the
computational domain with y = 0.05 m. As in the previous simulations for Case 1, accounting for radiation in both
grey and non-grey regimes, the temperature distribution exhibits different patterns with consistent changes in its profile
along the horizontal centerline. It should also be stressed that our results obtained for this case with grey radiation
are in agreement with those obtained for the same solidification benchmark problem in [15]. Apparently, the overall
thermal features of the considered material for this solidification problem are accurately resolved using the proposed
computational method with no spurious oscillations appearing in the numerical results.

For further investigations of the radiative effects on the temperature and its evolution within time, liquid-solid
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Table 6: Percentage of the computational cost used by each stage of grey radiation and non-grey radiation, using the time for the first 10 steps. The

CPU times are given in seconds.

Grey radiation Non-grey radiation

Stage Algorithm CPU Percentage CPU Percentage

Assemblage 0.11 2.60% 0.57 6.74%
Radiation Stage Source Iteration 0.85 20.09% 3.39 40.07%

Total 0.96 22.69% 3.96 46.81%

Jacobian 2.71 64.07% 3.38 39.95%

RHS 0.08 1.89% 0.06 7.68%
Phage-change Stage

Solving System 0.48 11.35% 0.47 5.56%

Total 3.27 77.31% 4.50 53.19%
Total 423 100% 8.46 100%

interfaces are illustrated in Figure 9 for the considered simulations at the selected times. For a better insight, only the
interfaces in the left side of the computational domain are displayed in this figure as those interfaces in the right side
present similar structures. It is clear from these results that the change in the temperature profile due to the presence
of radiation has also affected the liquid-solid interface which is an important feature in phase-change problems. As
in Case 1, it has been demonstrated in this case that a substantial frequency variation in the material would affect
both the liquid-solid interface and the temperature profile. This endorses the significance of our proposed model
in incorporating frequencies into the phase-change equations. The proposed mathematical models and numerical
methods perform well for this solidification problem of a continuous cast steel Alloy as they accurately capture the
thermal features of the material without the requirement of complicated computational techniques for representations
of the radiative heat transfer in non-grey absorbing and emitting media under phase change.

Analysis of computational cost has also been carried out in this case study. In Table 6 we summarize the compu-
tational cost of the grey and non-grey simulations using the same parameters as before. Here, the computational cost
is divided into two stages. The first stage is the radiation stage, which involves solving the radiation problem. This in-
cludes Assemblage, representing the percentage of CPU time used for assembling vectors and matrices in the solution
of radiative transfer equation. Source Iterations, indicating the CPU time allocated for approximating the radiative in-
tensity. The second stage focuses on solving the phase-change heat conduction, referred to as the Phase-change stage.
This includes Jacobian, representing the percentage of CPU time spent calculating the Jacobian in the Newton system.
RHS, refers to the CPU time used for calculating the right-hand side term in the Newton system. Solving System,
representing the percentage of CPU time dedicated to solving the Newton system. Total refers to the percentage of
CPU time required for solving each stage. The last column presents the total CPU time for both stages combined. The

main features reported in this table are on one hand, the full radiative step requires less computational cost compared
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to the CPU time needed for the Newton solver for the grey media case. On the other hand, the full radiative step
is an important step when it comes to simulations of the non-grey media. This is expected as the model adds more
accuracy to the solution by adding more integral terms. As can be seen from Table 6, a considerable computational
effort goes into the Newton algorithm solving the associated nonlinear problems. Therefore, reducing the CPU time
in the proposed method can be achieved by constructing more efficient preconditioned iterative solvers for the non-
linear systems. For instance, multilevel techniques are known to be the most efficient methods for solving linear and
nonlinear systems and can therefore be the suitable tools to increase the efficiency of the proposed method. Needless
to say that the CPU time in Table 6 can drastically be reduced if parallel computers are used. A parallel method can
be implemented using the message passing interface (MPI). This parallel efficiency using the MPI becomes very high
when the discrete ordinates lie within the local memory of the same processor and the operation per processor is kept

constant.

5. Conclusions

In this paper, we have presented a class of mathematical models for modelling and numerical simulation of the
coupling phase-change heat transfer and radiation in a non-grey absorbing and emitting media. The proposed model
employs the enthalpy technique for phase change in materials coupled to a set of nonlinear integro-differential equa-
tions accounting for thermal radiation. For non-grey media, the optical spectrum is divided into a finite set of bands
with averaged absorption and scattering coefficients. A second-order method is implemented for the space and time
discretizations of the coupled equations. For the angular discretization of the integral equation for the radiation effects,
we used discrete ordinates and a Newton-type algorithm was adopted to deal with the nonlinear systems. Numerical
results are presented for two test problems in both grey and non-grey media, and comparisons to simulation without
radiation have also been performed. For the considered problems and under the selected radiative transfer conditions,
it has been found that the radiation effects decreased the temperature in the liquid and accelerated the solidification
process of the medium. Needless to mention that changes in the temperature profile have also affected positions
of the liquid-solid interface in these problems. Although we have restricted our numerical simulations to the two-
dimensional phase change problems, the proposed techniques can be extended to model radiative heat transfer in
non-grey absorbing and emitting media under phase change in three space dimensions. Furthermore, in many prac-
tical problems in radiative heat transfer, the involved parameters are not constant and the medium is not isotropic
homogeneous. The presence of high temperatures in these applications can be conveniently described by nonlinear
relations, whose parameters are mainly inferred from experiments. This requires to include, in the governing partial
differential equations modeling the problem under study, a rational assessment of nonlinear anisotropy. Developing
robust numerical tools for solving these problems is of great interest. Coupling convection and radiation in non-grey,
absorbing, and emitting media under phase change presents a significant challenge [39, 40]. Nonetheless, these and

related issues will be explored in future investigations.
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