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Abstract

This work aims to give a detailed analysis of a stochastic epidemic model with a general
incidence rate g(S)I. We introduce the generalized stochastic threshold R4(g) that will
be used as a threshold condition of extinction, persistence and existence of an ergodic
stationary distribution. We also investigate the critical case when R4(g) = 1. Numerical
illustrations of the findings are given via different types of function g.
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1 Introduction

Mathematical models, with the aid of computer simulations, are useful for building and test-
ing theories about complex biological systems involving disease, assessing quantitative con-
jectures, determining sensitivities to changes in parameter values, estimating key parameters
from data, and also applying optimal control on some parameters [13, 16, 47, 44]. Modeling is
especially crucial in epidemiology since, in most cases, we not aware of the level of complexity
that leads to the spread of the disease and cannot do experiments. Many authors have recently
proposed and investigated various types of epidemic models to understand disease transmis-
sion mechanisms such as tuberculosis, measles, influenza (see, for instance, [7, 8, 10, 15, 13, 1]
and the references cited therein). A key role in mathematical models of infectious diseases is
played by the so-called incidence rate, namely a function describing the mechanism of trans-
mission of the disease. In many epidemiological models, the corresponding incidence rate is
bilinear with respect to the numbers of susceptible and infective individuals. More specifically,
if S(t) and I(t) are the fractions of susceptible and infective individuals in the population, and
if 8 is the per capita contact rate, then the principle of mass action implies that the infection
spreads with the rate 8SI. A rigorous mathematical model with a bilinear incidence rate was
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first introduced by Kermack and Mckendrick in 1927 [11]. Their model, known as the SIR
model, has been based on all later epidemic models[9, 34, 8, 36]. One of the derived models
is the SIRS epidemic model, where it is assumed that a recovered person does not necessarily
acquire permanent immunity and may become susceptible again. The SIRS model can apply
to many infectious diseases such as polio, tetanus, diphtheria, measles, hepatitis, chickenpox,
influenza, measles, mumps, rubella, AIDS, and others [35, 42, 2]. Since the first deterministic
SIRS model with constant recruitment and disease-induced death was developed by Ander-
son and May [1], there are many applications of such models. For instance, the host-vector
SIRS models have been proposed to study spread of Japanese Encephalitis malaria [41]. The
following differential system describes a simple SIRS epidemic model (see,e.g., [9, 31] and the
references cited therein).

dS(t) = [p — pS(t) — BS)I(t) + yR(¢)] dt,
dI(t) = [=(p+ NI(t) + BS(H)I(1)] dt, (1)
dR(t) = [~(n+7)R(t) + AL(t)] dt,

where R(t) represents the fractions of individuals who have been removed from the possibility
of infection. The constants p, A, and v are positive constants that stand for birth and death
rates, recovery rate of the infective individuals, and losing immunity rate, respectively.
However, the bilinear contact law is more appropriate for communicable diseases such
as influenza, but not for sexually transmitted diseases. There are several reasons why this
standard bilinear incidence rate may require modification. For instance, the underlying as-
sumption of homogeneous mixing and homogeneous environment may be invalid. In this case
the necessary population structure and heterogeneous mixing may be incorporated into a
model with a specific form of nonlinear transmission. For example, Capasso and Serio [27]
proposed a saturated incidence rate g(I)S into epidemic models where g is a nonlinear func-
tion. Ruan and Wang [28] investigated an epidemic model with a nonlinear incidence rate

g(ns =2 L5 Liu et al. [32] introduced a general incidence rate g(S, I) where they treated

1+p
special cases like 5SPI? and also S%g(1), their goal was to prove the existence of periodic
solutions when the incidence rate is similar to the previous forms. Lahrouz et al. [31] and
recently Liu and Qingmei [29] proposed a more generalized and more realistic incidence rate
g(I)S = % Abta et al. [33] also took the number of the susceptible S(t) in the non-
linearity of the incidence rate by considering the bilinear function rate g(S,I) = %.

Recently, Gan and Wei [19] studied an stochastic epidemic model with delay using a general
incidence rate g(S)f(I). Motivated by the previous works on nonlinear incidence rate and to
make system (1) more realistic and interesting with respect to the number of the susceptible
individuals S(t), we adopt the nonlinear incidence rate 5g(5)I, so system (1) becomes

dS(t) = (p — pS(t) — ((ﬂﬂ@)+vR(Ddu
dI(t) = (—(u+ NI(t) + Bg(S(t)I(t))dt
dR(t) = (—(u+y)R(t) + A (t)) dt

where g(S) > 0 is a continuously differentiable function with g(0) = 0. The positive aspect of
this choice is to avoid a constant rate of change for the derivative of g(.5). Unlike the bilinear
incidence rate 8SI, where the partial derivative with respect to S of g is always equal to
1, the nonlinear incidence rate g(S)I offers more intersting dyanmics. On the other hand,
epidemic models are inevitably affected by environmental white noise which is an important

(2)
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component in realism, because it can provide an additional degree of realism compared to their
deterministic counterparts. Many scholars have studied the effect of stochasticity on epidemic
models (see, e.g., [3, 4, 5, 6, 12, 13, 14, 15, , 18, 20] and the references cited therein).
Lu [11] introduced stochasticity into the SIRS model (2) via the technique of parameter
perturbation. He replaced the infection coefficient 5 by g8 + O‘%, where B is a Brownian
motion defined on the complete probability space (£, F, {F:}t>0,P) with a filtration {F;}+>0
satisfying the usual conditions and o is the intensity of the noise. So, the stochastic SIRS
epidemic model with nonlinear incidence rate takes the following form

dS(t) = [p — pS(t) — Bg(S()I(t) +yR(t)] dt — og(S(t))I(t)d B,
dI(t) = [=(u+ NI(t) + Bg(S(t)I(t)] dt + og(S(t))I(t)dB, (3)
dR(t) = [~ (u+y)R(t) + A (t)] dt,

where B(t) is a Brownian motion and o > 0 (small compared with j) is the intensity of the

environmental noise on the infection coefficient 5. Recently, Lahrouz and Settati [30] have
considered the stochastic model (3) with g(S) = S. They have proved the conjecture of Tor-
natore et al.[12] and improved all conditions in [12, 14, 16, 17] by extending the deterministic
threshold Ry to the stochastic threshold one
A B
s — 4
T pt A+ Lo? @
That is, under condition
R.<1, =0 (5)

the infection-free equilibrium state Ej is globally asymptotically stable in probability. While,
if condition R > 1 is verified, each component of the solutions (S(t),I(t), R(t)) rises to or
above certain positive level infinitely often with probability one. In addition, they have estab-
lished the persistence in mean and the existence of a unique ergodic stationary distribution
under condition Ry > 1. Motivated by the previous works, in this paper, we shall extend
the threshold (4) to our more general one

A Bg(1)
Rl S ey

(6)

Our conjecture is that, the threshold (6) is the natural generalization of (4). That is so for its
corresponding conditions. Specifically, the asymptotic stability conditions (5) will become

Rs(9) <1, B=g(1)o?

and if R(g) > 1 then system (3) is persistent in mean and admits a unique ergodic stationary
distribution. We also shall investigate the critical case, when Rs(g) = 1, that is to say, if
Rs(g) = 1 and B > 02(1V g(1)) then system (3) is extinctive. The rest of this article is
organized as follows: In Section 2, the global stability of the disease-free equilibrium is proven.
In Section 3, we show that the disease persists in mean. Section 4 covers the convergence
of the stochastic model towards an endemic stationary distribution. In Section 5,we provide
some numerical simulations to support our findings. In the last section, Section 6, we provide
a brief discussion and the summary of the main results.



2 The global stability of the disease-free equilibrium state

In this section, we will discuss the extinction of SDE system (3) in order to provide the
threshold condition for disease control or eradication. We introduce the notation

Ri = {(z1,x2,23)|z; > 0,7 =1,2,3}.
To begin the analysis of the model, define the subset
A:{xeRi; :Ul+332+x3:1}.
System (3) can be written as the following form:
dX(t) = f(X(t))dt + h(X(t))dB, (7)

where X (t) = (S(t),1(t), R(t)), B is a Brownian motion defined on the complete probability
space (9, F,{F:}t>0,P). The diffusion matrix and the generator £ associated with (7) are
defined respectively by

G(X)=hX)h(X), LV(X)=fI(X)VV(X)+ %Tr (W1 (X).VV(X).h(X)), (8)

for any twice continuously differentiable V'(.). To ensure that the model is well posed and
thus biologically meaningful, we need to prove that the solution remains in A. By the similar
proof of Theorem 2 in [16], we have the following theorem.

Theorem 2.1. The set A is almost surely positively invariant by the system (3), that is,
for any initial values (So, o, Ro) € A, we have P ((S(t),1(t), R(t)) € A) =1 for all t > 0.

Before investigating the critical case Rs(g) = 1, we put forward the following Lemma which
is a special case of Proposition 5.1 in Settati et al. [19].

Lemma 2.2. For any initial values (Sp, Iy, Ro) € A, it holds that

Iiminfl(t) < liminfR(t) < limsupR(t) < lim supl (t).
—limint7(0) < liminfR(1) < limsupR($) < ——lim sup/ ()

Theorem 2.3. For any initial values (So, I, Ro) € A, if Rs(g) = 1 and 8 > o?(1V g(1))
then the solution of SDE (3) obeys

tli}rgloS(t) =1, tliglol(t) =0, tli}rgoR(t) =0 a.s.
Proof. Let € < Iy. Define the stopping time
e =inf{t >0, I(t) <e}, . =inf{t >, I(t) > c}.
We claim that E(7.) < oco. For all T'> 0 and ¢t < T A 7., we have I(t) > . Applying It6’s
formula on t € (0,7 A 7.), gives if 0% < 3,
dog(1) = (~(u-+3)+ 80(5) - J0*(0(S)? ) dt + og()ap,

< (Sl 0+ gL D) = Go*at = 1)?) e+ og(S)aB

IN

(<04 204 Bg(1 = 2) = oot = )P ) dt 4 og(S)aB. (0



where the last inequality is obtained by studying the function ®(z) £ —1o222 + Bz — (u+ N).
So, ®(x) is increasing on (0,1) and then ®(g(5)) < ®(g(1 —1)) < P(g (1 —¢)). One can see

b X .
that there exists [ € (1 — ¢, 1) such that
9(1) —eg'(lh)

g(l—¢) =

and then (9) implies

aog(1) < (g0 (1

+og(S)dB.
Integrating the above inequality between 0 and T' A 7., and taking expectation in both sides

> (—B+0%9(1)) (eg' (1)) — %J (ed'(lh)) ) dt
(10)

-~ Rs(9)

we have if R4(g) =1

(0= o) ea') + 5

(gd'(h)) > E(T' A1) <—E(logI(T NT.))+ E(log Ip). (11)
By letting T' — oo and using Fatou’s lemma, if 5 > o°g(1), (11) yields

loge

E(r.) < -
(B —0%9(1)) (eg'(lh)) + 302 (g’ (1))
P (1. < o0) = 1. (12)
(13)

Thus
P (Te/ = oo) =1

Second, we claim that
Assume that (13) is not true. That is, P (7/ < c0) > 0. Then, define the stopping time
7. =inf{t > 7/, I(t) <e}. (14)
we have I(t) > e. Integrating (10) between T A T,

For all T" >0 and T' A7/ <t <TAT,,
and T" A 7. and taking expectation, gives

log I (T' A7) 1081 (T'A7)| < E(T' A7) =T A7)
((=8+0%0) (e (1) - 50° (a0

Since
=0,

E [logf (T’ A Te”) X(Tg=oo)} =E[log I (T' A7) Xr1=o0)] ,
E [Xrmoo) (T' A7 =T/ A7)

and

R Y ) (15)

we deduce that
<0+ a?90) (') -

[log[ (T’ AT ) X <oo)} log I (T' A7) Xipr<se)] <E [X(TKOO) (T’ Al T AT )]
2



By the monotone convergence theorem, we get

lim B [Xprco) T A7 | =B [Xpcor! | Jim B [Xca T A7) = E [Xreny!] .(16)

T —r o0 T'—ro0

One can easily verify that I is decreasing on the left of T!. Hence, the negative function
F(T') 2 log I (T’ A T;’) Xirr<o0)
is also decreasing for 7" sufficiently large and

hm F(T') =log € X X(7/<o0)-

Applying the monotone convergence theorem to the non-negative function —F(7”), yields

lim E {logI (T/ AT, ) X(Te’<oo)} =loge x P (7] < 00) . (17)

T'— 00
On the other hand, for 7" > 7. we can easily have
log I (T’ A 7'6') < loge,

and
li log I (T' AN70) X = log e X,/ . 1
Jm - log ( A Te) (t!<00) 08 €t(7/<00) ( 8)

So, by the Fatou’s lemma applying to the non-negative function
G(T") £ (loge —log I (T' A 17))) X7 <o0)s
we get
E %Hn_l)rég (loge —log/ (T’ A 7'6/)) Xirrcoo) | < %}/Hl_lg(ij [(loge —logl (T’ A TE/)) X(TE’<OO):| .

(19)
From (18) and (19) we obtain

limsupE [log I (T" A7) X7 Ico0)] S eXP (7] < 00). (20)

T'—00
By (15), (16), (17) and (20) one can easily deduce

05 = (8= 0%0(0) (e 1)) + 5% (e (1))" B[ (7 = 72) o)
By ¢/(I1) > 0 and (14), if 3 > o2g(1)), then

B[(7 ) Fieos] =0

7 —7 =0 for almost wE(Té<OO)-

Consequently

This contradicts the definition of 7, and 7. . Thus, our claim is true. Now, combining (12)
and (13), one can write that for every e > 0, and for almost all w € Q, there exists 7.(w) > 0
such that

I(t,w) <e Vt> 1 (w).

This means that limy_, o I(t) = 0 as.. Combining it with Lemma 2.2 yields lim;_, o, R(t) = 0
and then lim;_,o, S(t) = 1. O



With reference to Khasminskii et al. [21, 22] and Yuan and Mao [23], we have the following
lemma giving sufficient condition for asymptotical stability in probability in term of Lyapunov
fuctions. We refer to Khasminskii et al. [22] for the precise meaning of asymptotical stability
in probability.

Lemma 2.4. Assume that there are functions V € C? (RB;RJr) and w € (R3;R+) vanishing
only at Ey(1,0,0) such that V (x)= o0 and
T

|z|—o00
LV(X(t) < —w(X(t) Vt>0, (21)
then the equilibrium Ey(1,0,0) of the system (3) is globally asymptotically stable in probability.

Thereafter, we suppose that g is a non-negative C! function with g(0) = 0 and ¢’(S) >0
on (0,1).

Theorem 2.5. For any initial values (So, Io, Ro) € A. If B> g(1)o? and Rs(g) < 1 then the
disease-free Ey of system (3) is globally asymptotically stable in probability.

Proof. Let (S(0),1(0),R(0)) € A. Let us define the Lyapunov functions
V(S,I,R) = 61(1 — S)2 + kI~ + 0,2, (22)
where 61, k and 6o are real positive constants to be chosen in the following. We have
LV = —201u(1 — S)2 + 20, Bg(S)I(1 — S) — 201vR(1 — S) + 010%(g(S))*T2 — (u + \) I~
+Bg(S)IE + % (i - 1) o2(g(S)2TE — 205(1u + 7 B2 + 205\ IR,

Since S,I € (0,1) and I <1— 5, we have, for all Kk > 1,

LV < —201u(1 — 8)% +2019(1)BI % + 010%(g(1))* T+ — (u+ NIx + Bg(S)I+

1/1

+5 </~@ - 1) o2 (g(S))PT% = 205(p+ ) B2 + 2(0:) — 017) IR

Hence, by choosing 02 < 91Tv’ we get, for kK > 1,

LV < —200(1 — 8)° — 205+ 7)RE + T+ (elgu)(w +9(1)0?) + 5o (9(1)?

4 2)+ B9(S) - 30 0(5)?). (23)

By the mean value theorem one can see that there exists ¢ € (0,1) such that

9(8) = g(1) = (1 = §)g'(c)
and then (23) implies

LV < —201u(1— 8)? = 205(pu+7)R? + I <919(1)(2ﬁ +9(1)a?) + i(ﬂ(g(l))2

(4 X) + Bo(1) — 2a*(a(1)? — 51— )/ (0) + a1 ~ H)a(1)g ()
5o SV ).



From (6) we have

2K
+T((1-9)d(c)), (24)

LV < —201u(1— 8)? = 205(pu+7)R? + I (919(1)(% T g(1)0?) + ~—o%(g(1)?

where

['(z) = Bg(1) (1 — Rs(g)> + (=B +0%g(1))z — %a%?. (25)

One can easily show, that if 3 > o2g(1) and ¢’'(S) > 0 on (0,1) then the function T'(.) is

9(
decreasing on Ry and ' ((1 — S)g’(c)) < T'(0). So, (24) implies

LV < —201(1 — 8)? — 20o (s + ) R? + I'= <91g(1)(25 +9(1)0”) + icﬂ(g(l))2

+89(1) (1 - Rl@» : (26)

By Rs(g) < 1, we can choose a sufficiently large « and a sufficiently small §; such that

19(1)(28 + 9(1)0%) + - (0(1)* + 81 (1= 77 ) <o

which means that the coefficients of (1 — 9)?, T « and R? in (27) are all negatives. According
to Lemma 2.4 the proof is completed. O

3 Disease persistence

In the epidemic models, persistence is an important property because it implies that the
disease continues to exist for any initial conditions. To study the persistence of SDE model
(3) we need the following lemma (see Lemma 17 in [25] or Lemma 4 in [20]).

Lemma 3.1. Suppose X € C(Ry x Q,R;) and Y € C (R4 x Q,R). If there exist positive

constants vy and v such that for all t >0

! Y (t
log X (t) > vyt — V/ X(u)du+Y(t) and tli)ln i) =0 a.s., then
0 oo
liminf— / X(u u>— a.s.

t—o00

To begin with, let us put

M = sup ¢'(S). (27)
S5€(0,1)



Theorem 3.2. For any initial values (S(0),1(0), R(0)) € A, if Rs(g) > 1 then the solution
of the stochastic differential equation (3) obeys

@ ity [ St max{ o #2000,

t=oo T Jo p+BM’ %
A tmintt [ fode > IDwE+Y) (1
@) iy [ (GRS (1 )

Rs(9)
1

) ity [ > sl (1- 275).

and then the solutions of stochastic model system (3) starting from any point in A are strongly
persistent in mean.

Proof. (i) From the first equation of system (3) and the fact that (S,1, R) € A and g(5) <
g(1), we have

dS > (= Bg(1) — pS) dt — og(S(t))I(t)dB(t).
Integrating and dividing both sides by ¢, one can easily get

S(t)—=S0) o

i /0 9(S () [(w)dB(u). (28)

t
8 [ St = = pgn) - 2 S

On the other hand, by the mean value theorem and (27) one can see that g(S) < M S, then
from the first equation of system (3) we have

dS > (s — S — BMS(1)) dt — og(S()I(1)dB(1),

hence

t t t

From (28), (29), S(t) € (0,1) and the large number theorem for martingales, we obtain the
desired result (7).

u+BM/O S(uydu > u— 2O =50 _ U/O () (u)dB (u). (29)

(i4) By Ito’s formula, we get from the second equation of system (3),
os(1()) = 1os(10)+ [ (~5o%(alS() + 5a(S(6) — (u+3) ) s+ [ ouls(s1)dB),
= tog(1(0)) + (~50%(0(1)? + Ba(D) ~ (u-+ 1))
7 (9(1)) = 9(8(:))?) = 6 9(1) ~ o(S(s)) ds+ [ o9(S(s))aB(s).
Using ¢(S) < g(1), yields
og(1(1)) 2 0g(10)+59(1) (1= ) 15 [ (0(1) ~ al() s+ [ oa(5(6)B(5). (20

On the other hand, from the first equation of SDE (3) and R=1— S5 — I, we get

(
dS(t) = (p+v—=(p+7)SE) = Bg(SH)I({E) —~I(t) dt — ag(S(8)I(t)dB(t)
Z ((u+7) (1 =5@) = (Bg(1) +7) I(t)) dt — og(S(£))I(t)dB(t). (31)



By the mean value theorem one can see that
g9(1) —g(5)
—8) >

1-5) =", (32)

From (31) and (32) we deduce
pty ! t

S(t) = 5(0) =2 —— ; (9(1) —9(5(s))) ds — (Bg(1) + 7)/0 I(s)ds — 0/0 9(5(5))1(s)dB(s).
Combining it with (30) and rearranging to get

og(1(0) 2 (1) (1= 72 ) o= PPN [rgass v,
where
Y (t) = log(1(0)) — % (S(t) — S(0)) + /0 oS (s) <1 - %I( )) dB(s).

Moreover, by the fact that S(¢) € (0,1) and the large number theorem for martingales, we
have lim Y(t) =0 a.s. Applying Lemma 3.1, we get the desired estimation (ii).

t—oo
(7i17) Integratlng the third equation of system (3) and dividing both sides by ¢ yields
A / ¢ R(t) — R(0)

R(u I(u)du + ————=. 33

/ (+)t (v t (33)

Since tlimw = 0 a.s. Then, the assertion (ii7) follows immediately from (33) and
— 00

(i) O

4 Stationary distribution

To get more information about the asymptotic behavior of the diseases governed by the
stochastic system (3) in the case when Rs(g) > 1, we show that distribution of process
(S(t),I(t), R(t)) converges weakly to a unique invariant or stationary distribution. Let
X(t) = (X1(t), Xa(t), ..., Xn(t)) be a homogeneous Markov process described by the following
stochastic differential equation:

de(t) = CLj(X)dt + O'j(X)dB, j=12.,n. (34)

Let Z be an invariant set by system (34), that is if X(0) € Z then P(X(¢t) € Z) =
Consider the space (Z,B(Z), m) where B(Z) is the o-algebra of Borel subsets of Z and m is
the Lebesgue measure on (Z,B(Z)). The probability low of the solution X (¢) statrting from
X (0) =z € Z is defined by the transition probability, i.e.

Px(t,z0,C) = P(X(t) € C|X(0) = z0), C € B(2).
or also by

Py (t) (o) = /Z J(y)dPx (t, 20, dy), | €C.

where C is the subset of all positive measurable functions. Let us require some definitions and
results about the stability in distribution. We refer to Rudnicki [37] for the precise meaning
of asymptotical stability in distribution.

10



Definition 4.1. The solution process X of system (34) is said to be
(7) absolutely continuous if there exists a measurable function K : [0,00) x Z x Z — [0, 00)
such that for any f € C and zg € Z

Px(t)f(xo) = /ZIC(t,a:O,y)f(y)m(dy) and /ZIC(t,xo,y)m(dxg) =1 forany ye Z.

(74) asymptotically stable in indistribution if there exists a stationary distribution v such that
for any bounded continuous function f and zg € Z

Py (1) (o) = /Z F(y)dPx (¢, 2o, dy) —> /Z F () (dy).

With reference to Rudnicki [37], Rudnicki and Pichér [33] and Lin et al. [39, 40], we have
the following lemma giving sufficient condition for asymptotical stability in distribution. To
begin with, consider the Stratonovitch’s version equation of (34)

de(t) = A](X)dt + ZJ(X) odB, j=1,2...n, (35)
where
A;(X) = a;(X) — %Z (;;aj(X)) oo(X), 5;(X) = 05(X), j=1,2.m.
k=1

Define the Lie bracket [A, X](x) of the vectors A(x) and X(x) by

04,

j=1,...,n.
axk ($)7 J ) 7n

= 0%
[A,%];(z) = ZA,C%(@ —
k=1
Lemma 4.2. Assume that
i) The family of vectors generated by the Lie brackets of £9(X) 2 A(X) and &(X) £ 2(X),
that is

§(X),  [S(X), &u(X)], [€(X), (X)), [&(X), [&§(X), & (X)No<i k<t -

span the space R™ for every solution X of (34).

ii) For a fized point xo € Z and a function ¢ € C([0,T],R), the derivative Dy, 4 of the
function h — Xy 1 (T) from C([0,T],R) to R™, where X is the solution of the differential
equations

d(X¢)j(t) = Aj(X¢)dt + Ej(X¢)¢)(t), i=12..n, X¢(0) = Xy, (36)

has rank 2.

i11) For any x1, x9 € Z there exists a control function ¢ and T > 0 such that the solution of
system (39) satisfies X4(0) = x1, and Xy(T) = x2.

iv) There is a bounded open subset D of R™ and a nonnegative function V : D¢ — R such that
V' is twice continuously differentiable and that for some ¢ > 0,

LV (z) < —p, forany x€D".

Then system (34) is absolutely continuous with density IC : [0,00) X Z x Z — [0,00), asymp-
totically stable in distribution and admits a unique stationary distribution with density K*(y),
furthermore,

t—o00

lim / \K(t,zo,y) — K*(y)|dy =0  for all zp € Z.
Z

11



Theorem 4.3. Consider the stochastic system (3) with initial condition in A. Assume that
Rs(g) > 1. Then (I(t),S(t), R(t)) is positive recurrent and admits a unique ergodic stationary
distribution.

Proof. Given that S(t) + I(t) + R(t) = 1, it is sufficient to study the SDE for (S(¢),I(t)) in
the feasible region
Z={ze(0,1)% 21 +22<1}.

But for a measurable set C' € B(Z), we have
Ps,n(t, (5(0),i(0)),C) = Pr n(t, (1 — s(0) —i(0),i(0)), C"),

where C’ = {(1 — s —4,7),(s,i) € C}, so, it suffices to verify conditions i)-iii) for (R, I) and
condition iv) for (S, I).
i) Rewrite the Ito SDE (3) as SDE in the Stratonovitch sense:

dl = Ay(I, R)dt + og(1 — I(t) — R(t))I o dB
dR = As(I, R)dt,

Air) = 59(1—i—r)z'—(uﬂ)i—%a%gu—i—r)(g(1—¢—r)—¢g'(1—z'—r))
Ag(iyr) = Xi— (u+7)r

o A r) oy (og(l—i—r)i
A(i,r) = ( As (i) ) and X(i,r) = < 0 . (38)
By direct calculation we get that

—g'(1—i—r)i —i—r))A1(i,r) —og(l —i —r)i2A(i,r) — g’ (1 — i — 1r)iAs(i, 7
[A,Z](i,r):(a( g'(1 Yi+g(1 ) A (Lg)\g(lgflifr)i )i (4,7) g'(1 )iAs(i, ))

Thus, det ([A,X](i,7), %(i,7)) = Ao?(g(1 —i—r))%i? > 0 for any (i,7) € Z. Consequently, the vectors
[A,X](i,7) and X(4,r) span the space R™ for any (i,r) € Z.

ii) Let (ig,70) € Z and ¢ € C([0,T],R). Consider the following system of differential equations:

{ Ly(t) = A1 (Ip(1), Ry () + 09 (1 — Iy(t) — Ry(t)) Ls(£) (1), (39)

Ry (t) = Az (Io(t), Ry (1)),
with the initial condition I;(0) = iy, Ry(0) = r¢ and let D;, ¢ be the derivative of the function
h — ( Lo 1n(T) ) from C ([0,7],R) to R?. Using the perturbation method for ordinary differential

Ry4n(T)
equations, the derivative D;, ., 4 can be calculated as follows. Let

C(t) = A" (I5(t), Ry (1) + o(£) X (I4(t), Ro(t))

where A" and X' are the Jacobian of A(7,7) and X(4,r) defined by (38), respectively. Let Q(t, to), for
0 <tg <t<T,be the matrix function such that

Qltorto) =1, F2(t.10) = Qe o).

12



Then
Dig ro h = / QUT, )5 (I5(3), Ry(5)) h(s)ds. (40)

Let € € (0,T) and
1
M0 = T 1,0~ R L) 2=

By Taylor formula, one can write

QT,s)=1I—-T)T—-s)+0o(T—s) ass—T.
Then, from (40) we get
1
Dy ry.0h = ce1 — 552C(T)e1 + o(g?),
> . By a direct calculation one can obtain

where e; = ( (1)

(e, = (B U BoT) + D) G (D). Ro() ),

Hence, e; and ((T")e; are linearly independent. Thus D;, ,, 4 has rank 2.

ili) Fixed (i1,71), (i2,72) € T'. Without lose of generality, we suppose that ro < r;. We need to
prove that there exist a control function ¢ and T > 0 such that the solution of system (39) satisfies
I14(0) = i1, Ry(0) = 11, I4(T) = @2, Ry(T) = ro. From the third equation of system (3), it suffies to
construct a C' function which will posses the following properties:

Ry(0) =71, Ry(T) =12, (41)
Ry(0) = Xy — (u+7)r1, Ry(T) = Nig — (u+7) 79, (42)
— () Ry(t) < Ry(t) < A= (n+7+ ) Ry(t), (43)

so, the functions I(t), S4(t) and ¢(t) will be immediately given by system (3) as follows
Ly(t) — A1 (Ig(t), Ro(t))
og (1= 1(t) — Ry (1)) 15(t)

To this end, first we consider (X7,Y7) and (X2,Y2) the solutions of the following ODEs starting
respectively from (r1,7r1) and (rg,72)

1406 = 5 (Rat) + () Ro(0)), S(t) = 1~ T(0) + Ro(t), 0(1) =

X=XA—(p+7+N)X,

_ (44)
V=-(p+7Y.
Consider the function Ry (t) and Z;(t) defined as follows.
Ra(t) = Yi(t) + 7= (K1) = Yi0)) - Z(0) = V() + 7 (Xalt) = Yalt)
Hence, it is easy to see that
Ri(0) =11, Z(0) =ra, Ri(0) = Aix — (u+7)r1, Z(0) = Nz — (u+7) 7o (45)
Furthermore
Rit) = ~(ut)Ba(0) + 7o (L= X)), (46)
M1 =i —
= Ayt VR + AT gy ), (a7)

177"1
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and

20) =~ 20+ o (1= Xa(t), (15)

— 7y
)\(1 — ig — 7‘2)

1—7“2

A= (n+v+ N2 + (Ya(t) — 1). (49)

Since X (), Yi(t), Xa(t), Ya(t) € (0,1) for all ¢ > 0. Then the equalities (46), (47), (48) and (49)
imply .
— () Ba(t) < Ra() < A= (p+r+ A Ra(t) 20, (50)

and
— () Z) < Z() < A= (u+ 7+ N Z({E) t=0. (51)

Let T be a sufficiently large number and € be a sufficiently small positive number and consider the

function R3(t) = Z(t — T). Therefore, it follows from (45) and (51) that for all t € [T — ¢, T], Rs(t)
verifies

— (4 7+) Ra(t) < Ra(t) < A= (n+7+ A) Ra(t), (52)

R3(T) = Tra, R3(T) = A\ig — (,u + ’)/) 9. (53)

Finally, consider a function Rs(t) defined on [e, T — €] such that Y7 (¢) < Ra(t) < X;(t), which implies

that
— (1 +7) Ra(t) < Ra(t) < A= (u+7+ A) Ra(t). (54)

In addition, we choose Rz(t) such that the function
Rl (t), O § t S €,
Ry(t) =< Ra(t), e<t<T—pg,
Rg(t), T—6§t§T7

be a C! function. Thus, in view of (45), (50), (52), (53) and (54), the function Ry(t) constructed in
this way posses the properties (41), (42) and (43).

iv) Let a be a sufficiently large number and
1 1 1 1
D:{er; — <z <l—— and <x2<1—}.
o o e @

Consider the positive function defined by

1 _ _
Y(z1,22) = Exl\/ﬁ%n’

where 7 is a positive number to be chosen later. The differential operator £ acting on the Lyapunov
function v gives

Lo(s.1) = 5 ((u-43) = BalS) + 31+ 0 (0(5)°

<—u + uS + Bg(S)I —yR + %(1 + \/77>W) + \/ﬁazg(S)I> . (55)

1
+7
NG
Let S,I € D¢, which implies by S + I < 1 that either S < é or I < i Firstly, if S < é then from
I, S € (0,1), and (55), we have for n < 1

cos.0) < 5 (b a s 3ol + e (—ut s+ o) + T ) Loy,

1
2 TS
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and by the fact that g(0) = 0 we have g(5)/S < M with M = supg¢g.1y [9'(S)], so we can easily verify

u+A+;cr?(g(S))2=u+A+O<;), —u+us+ﬂg(5)+‘7(9p:—u+0<;>.

Hence, for a sufficiently large and 7 sufficiently small, we have

LH((S, 1), j)<avT [ﬂ—l—)\—k 57290 + % (—u+(9 (i)) +0< ) +O(f)]
<1 (56)

Secondly, if I < =, then, from I + R+ S =1, —pu+ puS < 0 and (55), we have

Lo2(g(5))?

£olsi) = SV (o4 2) = Ag(S) +

b (B0 -0 - 5=+ 50+ I Lowm). 6n
One can easly have that there exists ¢; € (0,5), ez € (1— S —I,1—I) and ¢3 € (1 — I, 1) such taht
9(S) =8g'(c1), g(S)=9g(1 1)~ (1 =S ~1)g'(c2), g(1—1)=g(1)—1Ig'(c3). (58)
Injecting (58) in (57) we get
LY(S,I) = SV ((u+A)—Bg(1) = Ig'(c3) — (1= S —I)g'(c2))
507 (9(1) = Ig'(es) — (1 = 5 - f)g/<c2>>2
PO DS D) g Vi )P O,
Vi s v

— gV (ﬂ +A—Bg(1) + %”29(1) +BIg'(c3) + B(1 = S = I)g'(c2)

+§U2I2<g'<c3>>2 + %m — 8= 1)*(g'(c2))® — 0*Ig(1)g'(c3)

—0*(1 =8 = 1)g(1)g'(c2) + 0*I(1 = S — )¢ (c3)g'(c2)

NCCACTY i(1f571)+—(1+f) “(g'(c 1))212+O(\/77)).
Vi Vs 2V

Using |¢'(¢;)| < M, i=1,2,3, yields

LY(S,I) < S—VI[=™ (u +A—pBg(1) + %ﬁg(l) +I(BM + o®M?I +0*g(1)M + o°M?*(1 - S — 1))

(1-S5-1) (,6M+ %0’2M2(1 —-S—1I)+o%g(1)M — \[S)

+\;ﬁ1 (ﬁM - ;02M21> - O(ﬁ)) : (59)

2
From1—-S—1<1and S <1 we have for n < <BM+%02A]2+029(1)M)

1
BM + 5a?M?(l —S—1)+o%g(1)M — ﬁ <0. (60)

Combining (59) and (60) and using I < 1 gives
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Ly(S, 1) < S~V (u + A= Bg(1) + 3029(1) +0 <a\1/ﬁ) +0 (;) + O(ﬁ)) . (61)

Let us choose « sufficiently large and 7 sufficiently small such that
+A 6(1)+12(1)+O L Vso(t +O(vn) <0 (62)
2 g 2‘7 g /i o n )

which is allowed by the condition Rs(g) > 1. Hence, From (61) and (62) we have easily that there
exists « sufficiently large and 7 sufficiently small such that

cos.0) < o (wea— g+ gota +0 (=) w0 () +owm).
< -1 (63)

From (56) and (63), we have for « sufficiently large and 7 sufficiently small,
Lp((S, 1)) < -1, for all (S, 1) € D°.

The proof is completed according to Lemma 4.2. O

5 Numerical simulations

In the framwork of numerical stochastics, the system (3) is equivalent to the following

dSy = FY(S, I, R)dt + G'(S, I, R)dB;,
dl; = F?(S,I, R)dt + G*(S, I, R)dB;, (64)
dR; = F3(S, I, R)dt.

We approximate the solution of the system above using the first order Ito-Taylor scheme
(also called Milstein scheme). Since the system (64) is driven by one noise dB;, the double
stochastic integrals are used explicitly, for more details see [15]. By discritizing the time
interval into 200 equidistant time steps, we simulate the system (64) under the conditions
of our theoretical results above. The corresponding mean simulations are results of 1000
realizations. We examine two type of tests.

Test 1. We consider the power function g(z) = zP. Consequently, we have g(1) = 1
and Rs(g9) = Rs. In this test, we simulate six different cases :

Table 1: List of parameters for test 1.

Test 1.1  Test 1.2 Test 1.3 Test 1.4  Test 1.5 Test 1.6
P 1.5 1.5 0.95 0.95 0.9 1.9
Rs | 0.876712 1.03014 1.03014 0.876712 1 1
A 0.5 0.5 0.5 0.5 0.65 0.65
I 0.25 0.25 0.25 0.25 0.25 0.25
I5) 2 2.35 2.35 2 1.56125 1.56125
v 0.005 0.005 0.005 0.005 0.15 0.15
P 0.10 0.10 0.1 0.1 0.25 0.25
o 1.75 1.75 1.75 1.75 1.15 1.15
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Test 2. In this test, we compare the solution behavior of (3) using two different func-
tions. Namely, the exponential function g;(z) = 1 — e~ and the rational function

g2(x) = , where the parameters a and b are chosen as follows

2 2
a>—ln<1—w> and b>('u7—;)\)
o o

1
1+ bx

which is equivalent respectively to

Rs > Rs(g1) and Rs > Rs(g2).

Hence, we simulate and compare between the following cases respectively.

Rs(91) < Rs(g2) <1 <Rs, Rs(g2) < Rs(g1) <1< Ry,
Rs(Ql) <1< Rs(g2) < R37 RS(QQ) <1< Rs(gl) < Rs-

Table 2: List of parameters for Test 2.

Test 2.1  Test 2.2  Test 2.3 Test 2.4
Rs 1.014490 1.014490 1.22415 1.22415
Rs(g1) | 0.889431 0.889431 0.98224  1.21295
Rs(g2) | 0.992908 0.804598 1.11740 0.87938
a 0.5 0.5 0.5 1
b 1 2 1 2
A 0.35 0.35 0.35 0.35
W 0.25 0.25 0.25 0.25
I5) 1.75 1.75 1.85 1.85
ol 0.005 0.005 0.005 0.005
p 0.10 0.10 0.10 0.10
o 1.5 1.5 1.35 1.35
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Figure 3: Test 1.5 and 1.6, one realization and the corresponding mean of 1000 solutions.
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Figure 6: Test 2.3, one realization and the mean of 1000 solutions, for g; left and for go right.
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Figure 7: Test 2.4, one realization and the mean of 1000 solutions, for g; left and for g right.

6 Concluding remarks

The current paper makes a useful contribution to understanding extinction and persistence of
a stochastic SIRS epidemic model with a general incidence rate. From the analytical results
established in this paper, the introduction of the nonlinearity rate g(.S)I modifies the classical
threshold quantity Rs giving rise to a new threshold quantity Rs(g). This new threshold is the
most natural way to extend the threshold previously established with the bilinear incidence
rate. For example, if we consider the function g(x) = 2P , it is clearly a nonlinear one
for p # 1. In this particular case, the classical threshold R, coincides with R(g) because
g(1) = 1. However, for p > 1 we get a significant effect on the rate of the extinction and the
persistence of the epidemic as one can see from Figures 1-3 of Test 1.

We have conducted a second test also (See Test 2),where an exponential and ratinal functions

2
(Ml—)\)) and b >

1
were used : g1(z) = 1 — e % and go(z) = for a > —In <1 -

1+ bz o
2(p+A)

2

Rs U> Rs(g2) . The illustrations in Figures 4-7, confirm this improvement. They show that
both models with nonlinearity rate g1(S)I and ¢2(S)I go towards extinction quicker than
the model with the classical rate SI. It suggests that nonlinearity may radically change the
system’s asymptotic behavior by promoting the extinction of the epidemic.
Thus, we conclude that we can improve the threshold of such a stochastic SIRS system by
including an adequate nonlinear incidence rate. This work has also shown that the stochastic
solutions converge to a stationary distribution as a limit of a homogeneous markovian process.
Finally, we point out that some issues deserve further investigation. For instance, what is
the long-time behavior of the epidemic model (3) in the two cases when Rs(g) < 1,8 < o2
and Rs(g) = 1,8 < 02? Another interesting continuation of this work might be introducing
jump noise into some system parameters (3). We leave these for future investigation.

. Which implies an improvement on the stochastic threshold so Rs > Rs(g1) and
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