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Abstract

We investigate the performance of a unified finite element method for the numerical solution of moving fronts in
porous media under non-isothermal flow conditions. The governing equations consist of coupling the Darcy equation
for the pressure to two convection-diffusion-reaction equations for the temperature and depth of conversion. The
aim is to develop a non-oscillatory unified Galerkin-characteristic method for efficient simulation of moving fronts
in porous media. The method is based on combining the modified method of characteristics with a Galerkin finite
element discretization of the governing equations. The main feature of the proposed unified finite element method is
that the same finite element space is used for all solutions to the problem including the pressure, velocity, temperature
and concentration. Analysis of convergence and stability is also presented in this study and error estimates in the
[%-norm are established for the numerical solutions. In addition, due to the Lagrangian treatment of convection terms,
the standard Courant-Friedrichs-Lewy condition is relaxed and the time truncation errors are reduced in the diffusion-
reaction part. We verify the method for the benchmark problem of moving fronts around an array of cylinders. The
numerical results obtained demonstrate the ability of the proposed method to capture the main flow features.

Keywords: Moving fronts, Darcy flow, Porous media, Galerkin-characteristic method, Unified finite elements, A
priori error estimates.

1. Introduction

Moving fronts in porous media occur in many engineering applications including combustion and carbon dioxide
storage [1, 2, 3]. The focus in these problems is mainly on moving fronts produced by the thermal frontal polymer-
izations. In this case, the chemical reactions are a process in which liquid monomers are converted into polymers via
a localized and specific reaction zone, thus generating the so-called polymerization front which propagates through
the medium if the reaction is exothermic and highly activated. Frontal polymerization has a variety of possible uses
including material synthesis, curing large composites, filled materials, microfluidic applications, and determining
whether some systems obey the Snell’s law of refraction [4]. Its advantages in different combustion systems include
the ability to vary the morphology, lower energy consumption, and rapid conversion of monomers to polymers [5].
In many applications, frontal polymerization processes are exothermal reactions that produce an important heat re-
moval which may lead to possible heat explosion and reduction of the reagent concentration. In general injection
of a reactive fluid into a porous medium leads to alteration of the reactive part and to changes in the porosity and
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permeability of the medium. Under certain conditions of flow and reaction, the alteration pattern becomes a reaction
front. The front is a transition from fully reacted to unreacted rock over a narrow reaction zone. The reactive part of
the matrix has fully reacted behind the front and it is unreacted ahead of the front. The effect of natural convection on
the heat transfer was first studied in [6, 7]. It was shown that the critical value of the Frank-Kamenetskii parameter
increases with the Rayleigh number and heat transfer can be prevented by vigorous convection. In [8, 9], the influ-
ence of natural convection on the thermal instability of propagating reaction fronts was studied. These investigations
focus on the determination of critical values of Rayleigh number and Lewis number demarcating a region of stability
from that of instability. These were continued in [10, 11, 12] where new stationary and oscillating regimes were
found. The authors showed how complex the regimes appeared through successive bifurcations leading from a stable
stationary temperature distribution without convection to a stationary symmetric convective solution, stationary asym-
metric convection, periodic in time oscillations, and finally aperiodic oscillations. Oscillating heat transfer, where the
temperature grows and oscillates, was also discovered in the studies reported in [10, 11, 12]. The effects of natural
convection and consumption of reactants on heat transfer in a closed spherical vessel were studied in [13]. Heat trans-
fer with convection in a horizontal cylinder was considered in [14]. It should be stressed that, in these reference, the
heat transfer is considered in a gaseous or liquid medium with its motion described by the Navier-Stokes equations
under the Boussinesq approximation. In this study, the Darcy law in a quasi-stationary form under the Boussinesq
approximation is used to describe fluid motion. It is shown that convection decreases the maximal temperature and
increases the critical value of the Frank-Kamenetskii parameter.

In the current study, we consider a coupled Darcy and convection-diffusion system to model moving fronts in
porous media. The system includes a wide variety of difficulties which typically arise in the numerical approxi-
mation of partial differential equations describing and consequently determining their dynamics. Current trends in
incompressible viscous flows are to combine these equations with complex components to simulate applications, for
instance, in fluid mechanics, groundwater, turbulence and multiphase flow models. All these applications require a
very efficient and robust numerical solver for the convection-diffusion systems. Computing the numerical solution of
the coupled system is not easy due to the nonlinear form, incompressibility condition and the presence of the convec-
tive terms. Hence, in many heat transfer equations, the convective term is distinctly more important than the diffusive
term; particularly when the Peclet numbers reach high values, this convective term is a source of computational dif-
ficulties and oscillations. It is well known that the solutions of these equations present steep fronts which need to be
resolved accurately in applications and often cause severe numerical difficulties. Modified method of characteristics
or semi-Lagrangian methods as known in meteorological community, make use of the transport nature of the govern-
ing equations. They combine the fixed Eulerian grids with a particle tracking along the characteristic curves of the
governing equations, see for instance [15, 16, 17, 18, 19]. The central idea in these methods is to rewrite the governing
equations in terms of Lagrangian coordinates as defined by the particle trajectories (or characteristics) associated with
the problem under consideration. The time derivative and the advection terms are combined as a directional deriva-
tive along the characteristics, leading to a characteristic time-stepping procedure. The Lagrangian treatment in these
methods greatly reduces the time truncation errors in the Eulerian methods. Furthermore, the semi-Lagrangian method
offers the possibility of using time steps that exceed those permitted by the Courant-Friedrichs-Lewy (CFL) stability
condition in Eulerian methods for convection-dominated flows. A class of Galerkin-characteristic methods has been
investigated in references [16, 20], among others. To this end, we examine the performance of Galerkin-characteristic
finite element methods for numerical simulations of moving fronts in porous media under non-isothermal flow condi-
tions. Unlike mixed finite elements, for which the different approximation spaces are used for the velocity field and
the pressure variable, we present a unified finite element approximation for both solutions. This class of unified finite
elements has been analyzed in [21, 22, 23] for Darcy and Stokes problems using a polynomial pressure-projection
stabilization. The method consists of using the same low-order Eulerian finite element spaces to approximate both
velocity and pressure solutions. In the current study, we extend and analyze these techniques in the framework of
Galerkin-characteristic finite elements. For the temperature and concentration solutions we consider the L>-projection
in the host element where the departure points are located. Therefore, a second-order accuracy is achieved in the pro-
posed Galerkin-characteristic unified finite element method for all the solution fields. Numerical results are presented
for a class of Darcy flows problem with known analytical solutions to quantify the accuracy of the method. Then, the
proposed Galerkin-characteristic unified finite element method is used to solve a coupled problem of moving thermal
fronts in porous media. In the study, we also present analysis of convergence and stability for the proposed method
and we give error estimates in the framework of L2-theory.
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The present paper is organized as follows. The description of the mathematical model is introduced in section 2.
Section 3 is devoted to notations and preliminaries along with functional spaces and assumptions used in this study.
This section includes also the finite element discretization of the spatial domain. In section 4 we formulate of the
unified Galerkin-characteristic finite element method employed for the numerical solution of the Darcy problem and
the convection-diffusion equations. Analysis of convergence and stability is presented in section 5. An optimal a priori
error estimates in the L?-norm is also investigated in this section. In section 6, we present numerical results for both
two test problems with known exact solutions and the benchmark problem of moving fronts in porous media. Our new
approach is shown to enjoy the expected accuracy as well as the robustness. Concluding remarks and perspectives are
given in section 7.

2. Governing equations

A schematic of the physical system considered in the present work is shown in Figure 2.1. The system consists
of a vertical rectangle enclosure with sides of height H, length L and subject to a thermal variation (&}, — ©.), where
®}, and O, are temperatures of the hot and cold boundary walls. The enclosure consists of a Darcian fluid and all the
thermo-physical properties are assumed to be constant, except for density in the buoyancy term that can be adequately
modeled by the Boussinesq approximation. With these assumptions, the governing equations are:

Darcy equations:
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On the boundary, we consider the following conditions

0 =0), ao=0 and w' =0 when Y — +oo,
24
®=0, =1 and w =0 when y — —co.

Here, the primed functions and variables refer to dimensional quantities. In the above equations, u’ = (&’,V')" is the
velocity field, p’ the pressure, @' is the temperature, o’ the depth of conversion, K, the permeability, € the porosity,
u the dynamic viscosity, g the gravity force, 8 the coefficient of thermal expansion, py the density, g. a conversion
constant, c,, the specific heat at constant pressure, A the thermal conductivity coefficient, y the depth diffusivity
coeflicient, Q' the adiabatic heat release, @, the mean temperature and ®, the reference temperature. In (2.2)-(2.3),
the function K(0’,a’) = K(®")®(a’) describes the reaction rate where the temperature dependence is given by the
Arrhenius law

K(O®") = ekg exp (_I%)’ (2.5)



Figure 2.1: Illustration of the geometry for a moving front in porous media.

where kj is the pre-exponential factor, R the universal gas constant and E is the activation energy assumed to be very
large in the present study. The kinetic function ®@,(a’) is assumed to be independent of the reactant concentration and
defined by the first-order reaction approximation as

Oy()=1-a/, 0<a <1. 2.6)

Since it is convenient to work with dimensionless formulations, we define the following non-dimensional variables

’ ’ t 2 ’ K.p e -0
x=25 y=28 =8 w2l p= z,,p’ a=d, 0=—n—",
K K K €c €2k (0]
where the heat release Q and thermal diffusivity « are defined as
! A
0= Q = @;_I -0, K= s
€P0C)p PooCp
and c is the characteristic velocity given by [24]
) k()KR()@ﬁ ( E )
"= exp|— = |-
QE RO®0<>
We also define the following dimensionless parameters
2 K,c*P,R E 0, — 06 Ro0©,
p =X Ra:'Bng, szf’z—;“po’ Z:Q—z’ L=%X o= 0 §5="L=
K uc? €“U-g. RyO’Z, Y 0 E

where P,, R,, L, and Z are the Prandtl number, the Rayleigh number, the Lewis number and the Zeldovich number,
respectively. Hence, equations (2.1)-(2.4) can be rewritten in a coupled dimensionless form as

u+Vvp £(©),
(2.72)

V-u
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— -V = g®,a),

D b | (2.7b)
a

= V2 =

oL ¢ 80, a),

g o\ D
where V = ([7‘_’ (9_) denotes the gradient operator and Dr is the material derivative of any physical variable w
X 0y
defined by
— +u-Vw. (2.8)

In the above and in what follows bold face type denotes vector quantities. Equations (2.7b)-(2.7a) are subject to the
following boundary conditions

®=-1, =0 and u=0 when y-— +oo,
(2.9)
®=0, a=1 and u=0 when y-— —oo,

The function f in (2.7a) is defined by
f(®) =R, (©®+0g)e, (2.10)

where e is the unit vector associated with the gravity and @, being a parameter with a constant value. In (2.7b), the
function g is given by
8(0,a) = Wz (0) Do), (2.11)

where ®,(a) = 1 — @, and the dimensionless reaction function W7 (®)

Wz (0®) = Zexp( 2.12)

(C]

Z '+ 6@)'
It should be stressed that the exponent —E/Ry®’ in the Arrhenius formula (2.5) represents the ratio between the acti-
vation energy E and the average kinetic energy Ry®’. For most practical kinetic applications with highly exothermic
reactions, the dependence on the temperature is negligible compared to the activation energy i.e., E >> Ry®’, see for
example [24, 25]. Therefore, it becomes apparent with the negative sign in (2.5) that low rate is obtained for high
values of this ratio. This ensures that a high activation energy yields less substantial effects on the exponential term
and therefore its variation with temperature becomes very small. Thus, the dimensionless Arrhenius function (2.12)
can be interpreted as a form of the exponential decay law. As a consequence, g(®, @) in (2.11) is a bounded continuous
real function which can be approximated by Lipschitz functions.

3. Preliminaries and assumptions

In this section, we introduce notations and assumptions to be used in this study. Let Q be a bounded spatial domain
in R? (d = 2,3) with Lipschitz boundary I, and [0, T'] is the time interval. For the time discretization we divide the
time interval into N7 subintervals [¢,, f,;1] with length At = ¢, — 1, for n = 0, 1, Ny. We use the notation w” to denote
the value of a generic function w at time #,. For solving the coupled equations (2.7), we first require a discretization
of the space domain Q = QUT. Given hy, 0 < hg < 1, let h be a space discretization parameter such that 0 < i < hy.
We generate a quasi-uniform partition, Q;, € Q = QUT, of finite elements K that satisfy the following conditions:

Ne
@) Q= U %, where Ne is the number of elements of the partition €.
j=1
(ii) If K; and K; are two different elements of the partition Q, then
P;;, amesh point, or
KiNK;=1I;;, acommon side, or
0, empty set.
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(iii) There exists a positive constant « such that for all j € {1,---, Ne}, h_j >k (hj < h), where d; is the diameter of

j
the circle inscribed in K; and £; is the largest side of K.

The conforming finite element space for temperature, concentration and pressure is defined as
v, = {vh €CUQ): Wil € PUK), YK€ Qh},

where P((K;) is the space of complete polynomials of degree k defined in ;. We also define the conforming finite
element space V,, for the velocity field as
V=V, XV,

We use the notation w" to denote the value of a generic function w at time #,,. Hence, we formulate the finite element
solutions to u"(x), ®"(x), @ (x) and p"(x) as

M M M M
W) = D UL 90, Ohx) = ) TIei0, o)=Y A0, ph= D Pigix),  (B.)
=1 j=1

j= j=1 j=1

The functions U;.’, 'Tj n ﬂ’j’. and P;? are the corresponding nodal values of w;(x), @,(x), @;(x) and pj(x), respectively.
They are defined as U;? = u;(x;), 7';’ = 0,(x)), .?I;? = a;(x;) and P;? = pj(x;) where {xj}ﬁ!’i1 is the set of mesh
points in the partition ;. In (3.1), {go,}?il = {(¢;, ¢j)}§”=1 and {¢f}§il are the basis vectors and functions of V;, and V},
respectively given by the Kronecker delta symbol.

We shall use standard notation for Sobolev spaces, norms, and inner products. Here, C, C’, C”, C1, ... are used
to denote generic positive constants independent of the mesh parameter 4 whose values may change from place to
place. We also use the notation | - | to denote the standard Euclidean norm in R?. The functional spaces C¥(Q), k > 1
refer to the class of functions whose partial derivatives of order at least k are bounded and uniformly continuous in
Q, whereas C{;(Q) denotes the set of compactly supported functions contained in C*(Q). We also define the Sobolev
spaces WP(Q) for any integers (m, p),m > land 1 < p < oo as

WP (Q) = {w cl’QY:  Dwel’QY, VK< m}
where k = (ki, ..., k;) € N% is a multi-index of order |k| = k; + - - - + kg, and the derivative operator DFis given by
(oM |
6)6]1" '--axfj’

These spaces are equipped with the following norms

?
[ Z ”DkW”iz’(Q)] , if 1<p<oo,

”W”m,p = O<lkl<m
k .

max || D'wl| ., if - oo
xEQ,Og\k|gm|| ”L @ p s

and the semi-norms |

?

ko ||P .
Z ||D w“LP(Q)] ’ if 1< p <00,
|W|mp — |k|=m

k
max ||D w|| .
xeQ, [kj=m L2(Q)’

6
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Note that, in the special case p = 2, the space W™2(Q) (m > 1) forms the Hilbert space H™(€2) which is the closure of
C*(€Q). We also define H{'(€2) as the closure of C’(€2) with respect to the same norm. For m = 1, H~(Q) denote the
dual space of Hé(Q) and the space L*(Q) is defined by

LZ(Q)z{w: Q—R: fQWZdQ<00},
whose inner product and norm are defined by
(w,v) = va dQ and Wlli2@) = W, w)% , Y ow,ve LXQ),
respectively. We also define the space L(Z)(Q) of all square integrable functions with vanishing mean as
Lé(Q):{w:Q—m&: fgwdQ:o}.
For the Darcy problem, we recall the standard spaces H (div, Q) and Hy (div, Q)
H (div, Q) = {w c(L2Q)Y :  div(w) e Lz(Q)}, H, (div, Q) = {w eH@m,Q):  (wom)| = o}.
For the convection-diffusion equations, we introduce the following spaces
H'(Q) = {w cIXQ):  PwelXQ), YW < 1}, HiQ) = {w ceH'(Q:  wr= 0}.

For a real Banach space X and 1 < p < oo we introduce the standard Bochner spaces L7(0, T'; X) consisting of all
measurable functions w(z, X) defined in [0, T'] X  for which

T
f||w||’;dt < oo, if 1<p<oo,
0

ess sup |w(,Dllx < oo, if p=oco.
1€[0,T]

Here, the space L7(0, T; X) is equipped with the norm

T I/p
(f ||W||';(dt) , if 1< p<oo,
0

[Wllzro,r:x) =

ess sup |lw(, )|, if p=oco.
1€[0,T]

It should be noted that the previous notations concern scalar functions and can be extended to d-dimensional vector
functions in a similar way by using the product norms. In what follows, we announce the assumptions required for
the analysis in the present study.

AssumpTION 3.1. The temperature ® and the concentration « are assumed to satisfy:

l.®@cL™ (0, T:H™! N Wm+1»°°(g)) and a € L (o, T:H™' N Wm+1-°°(s2)),
2 Do el? (0 T'LZ(Q)) and D el? (o T~L2(Q))

et pr o
3. l;)—t? €2 (o, T;L2(Q)) and % el? (0, T;LZ(Q)).

AssumptioN 3.2. The velocity field u is assumed to satisfy:
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L u(x. 1) € C°(0,T: W'=(Q)),
2. V-ux,0))=0inQ,
3. ux,7)-n =0 onoQ.

AssuMPTION 3.3. The functions £ and g defined in (2.10) and (2.11) are assumed to verify:
L. feL2(0.7;L(Q)?) and g € L (0,T: LA(Q))
2. fis Lipschitz with respect to its variable O i.e.,
@)l z=0,7;2201) < 8 IOllz=0,7:22()) »
where c¢ is a positive constant.
3. g is Lipschitz with respect to its variables (0, a) i.e.,
llg(®, (Y)”Lw(o,T;LZ(Q)) S cg ( ”®”L"°(O,T;L2(Q)) + ||C¥||Lw(o,T;L2(Q)) )

where c, is a positive constant.

Finally, we introduce the operators required for the error analysis of the temperature and concentration solutions.
Hence, assuming that the subset V}, is composed of polynomials of degree k > 2 on each element ‘K, j = 1,--- N, of
the partition ;. For w = @ or @, we define the following operators:

e The orthogonal projection operator Py : H™'(Q) — V},
(Pow, @) = (w, ¢), V¢ eV (3.2)

e The polynomial interpolant of degree m for continuous functions w € Vj, I,, : C%(Q) — V,

M

[,w(X) = Z wx)p;(x),  VxeQ, (3.3)

=1
where x; (1 < j < M) are mesh points in the partition €. Then, by the approximation theory, we have
W = Luwlliz@) < CH™ Wl (3.4)
e The linear continuous operator A : H)(Q) — H™'(Q)
(Aw, 1) = (Vw, Vr), VY re Hy(Q), (3.5)
where (-, -) denotes the duality pairing. It is evident that A is a symmetric positive definite operator on Hé Q).
e The discrete operator A, : V), — Vp,
(Apwn, @) = (Awp, @) , VeV, (3.6)
Ay, is also a symmetric positive definite operator on V.
e The Ritz projection operator R : V;, — V},,
(Yw, Vr) = (Awy, @), YoeV,. 3.7
e The discrete operator G, : V), — Vp,
(&n(w), ) = (g(w), §), VeV, (3.8)
Note that it is easy to verify that
ARR = PoA and Gy = Pog.

It should also be stressed that the assumptions introduced above are needed in the current work in order to analyze
convergence and stability of the proposed Galerkin-characteristic unified finite element method for the coupled Darcy
and convection-diffusion-reaction problems (2.7). These assumptions are also used to establish error estimates for
velocity, pressure, temperature and concentration solutions.
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4. Galerkin-characteristic unified finite element method

As in most finite element methods, the starting point in the Galerkin-characteristic unified finite element method
is the weak formulation of the problem under study. Hence, the weak formulation of the coupled problem (2.7) reads:
Find the quadruplet (u, p,®, @) in Hy(div, Q) X LF(Q) x H}(€) x Hy(€) such that

\fu‘mﬁrxfstdQ = L[ﬂ@ysdﬁ, Vs € Hy(div, Q),
Q Q Q
(4.1a)
\qu~udQ = 0, Vg e LA(Q),
Q
DO |
Er dQ+ | VO-VrdQQ = 2(0,a)r dQ, Y re HyQ),
¢ o o (4.1b)

f@rdﬂ+ifVa/~VrdQ
o Dt L. Jo

It evident that any quadruplet (u, p,®,@) € Hy(div, Q) x L3(Q) X H}(Q) x Hy(€) solving the problem (2.7) in the
sense of distributions in € is a solution of the variational problem (4.1). For the a priori bound on the temperature ®
and concentration a we have the following theorem:

ng(G), a)r dS, Yre H(l)(Q).

THeEOREM 4.1. Every solution of (4.1) such that (®,a) € L* (QXx[0,T]) x L* (Q X [0,T]) satisfies the following
bounds:

[l 2y < cell®ll~@. 11200 » 4.2)
2 2 3 A Lo
1O 0,rs22) + 1O20. 71130y < € (§”®”L2(0,T;L2<Q>) + §”“”LZ(0,T;L2<Q>))’ (4.3)
and |
”a”i‘”(o,T;Lz(Q)) + L_e”a”iz(o,T;H('J(Q)) < Cg (%”a”iz(O,T;LZ(Q)) + EHGHiz(O,T;LZ(Q)))’ (4.4)

where ct and cq are positive constants independent of h. O
Proor. By testing equations (4.1a) with s = u and ¢ = p, and using the Cauchy-Schwarz inequality together with
Assumption 3.3 on the function f we immediately derive the a priori bound (4.2). Next, for u € Hy(div, Q) rewriting
the first equation in (4.1b) by using the definition of the material derivative (2.8) and testing it with r = ®, we obtain
by noting that fg(u -VO)O dQ = 0 and using the Cauchy-Schwarz inequality for all ¢ € [0, T']

1d
5 7 1®l2q) + IVOIL: ) < 112(0, @20y Oll2cey -
2 2
Then, by using Assumption 3.3 on the function g along with the well-known Young’s inequality (ab < > + > ) we

easily obtain (4.3). Note that (4.4) can be derived in the same manner by testing the second equation in (4.1b) with

r=a.
|

In the present study, to approximate solutions of the coupled problem (4.1) in space, we use the unified Galerkin-
characteristic finite element method which consists of using the same polynomial approximation for temperature,
concentration, velocity and pressure solutions in the simplicial finite elements % in €. The conforming finite
element spaces that we use are polynomials P of the same degree k for all the solutions defined on the element K.
Thus, to approximate the velocity and pressure solutions for the Darcy problem (4.1a), we consider the equal-order
pair (S, Q) with

S, = Vi, nHy (div, Q) and Q) =V, NLYQ). (4.5)

9



To approximate the temperature and concentration solutions for the convection-diffusion-reaction problem (4.1b), we
define the discrete space Rj, as
R, =V,NH} Q). (4.6)

Note that same finite elements are used for solving both the Darcy problem and the convection-diffusion-reaction
equations without requiring mixed formulations widely used in the literature, see for example [26, 27]. This results in
a simple and efficient implementation of the method without need for mixed finite element techniques.

4.1. Solution of the Darcy problem

The Darcy problem (4.1a) can be reformulated as

Ay, sp) — B(pp,sp) Li (sp), Vs, €8y,

Bgp,w) = 0, Y g € O,

4.7

where A, B are the bilinear forms and Ly is the linear form defined as

ﬂ(uh,sh) = fllh - Sy dQ, B(ph,sh) = fphV - Sh dQ, Lf(sh) = ffh - Sn dQ.
Q Q Q

Note that a stable and accurate solution of the discrete problem (4.7) requires that the spaces S, and Q) satisfy the
discrete inf-sup condition [28],

B (ph,Sn)
sup ———= > C ||pall 20 » Y pu € Qs (4.8)
sneSy 1Snll 1 e
s #0

with C > 0 being a constant independent of 4. However, it is well known that the pair (S;,, Q;) does not verify the
inf-sup condition associated with the mixed form (4.7), see [29, 30, 21] for further details. Therefore, the discrete
weak problem is not stable and a stabilization techniques is required. In the current work, to stabilize (4.7) we use the

polynomial pressure-projection stabilization method introduced in [21, 22]. The method consists of defining a local
L?-projection operator onto the discontinuous polynomial space as

€ Pk,1(7<j), v 7(1' € Qh} s
e

J

[Pley = {qh cLX(Q):
where the projection operator IT_; : L*(Q) —> [Pl is defined by

o1
M1 (p) = arg min 5 f (i-1gn — p)° dQ. (4.9)
Q

Using this local projection, the velocity-pressure space (Sy, Qy) verifies a stabilized form of the inf-sup condition
(4.8). Thus, we recall the following result whose proofs can be found the proof in [21].

Lemma 4.1. Let Sy, and Qy, be the spaces defined in (4.5). Then, there exist positive constants Cy and C, whose values
are independent of h such that

B (pn,sn)
sup ———= > Ci ||pall;2q) — C2lIPh = i1 Pall 2y » ¥ pi € Q. (4.10)
sneSy [ISull e (e ]
s, 70

Note that the stabilized inf-sup condition (4.10) allows to identify terms that can be used to stabilize the unified finite
element method considered in this study. Furthermore, other than the range assumption, Lemma 4.1 requires no

10



additional hypotheses on the projection operator IT;_;, compare [21]. Hence, the stabilized weak form reads: Find
(uy, pr) € Sy X Oy, such that

A, s1) — B(pp,sp)
B (g, up)

Li (sp), Vs, €8y,

4.11)
D(Ppr,qn) Y g € O,

where D is the bilinear form defined as
D (pr.qn) = f (pn — i1 pn) (g — i1gn) dQ.
Q

It should be stressed that, this unified finite element method has been assessed and examined for several examples for
stokes and Darcy problems and the obtained results have shown that the method is efficient, accurate and stable, see
[21, 22, 23] among others.

4.2. Solution of the convection-diffusion problem

To solve the convection-diffusion equations (4.1b), we consider the Galerkin-characteristic method using the mod-
ified method of characteristics for the convection terms. This class of method have been used for solving many
convection-dominated flow problems, see for example [15, 16, 20, 31, 32, 33]. Here, the main idea is to decouple the

DO Da . o . . . . N
transport parts Dr and — from the convection-diffusion equations (4.1b) in the finite element discretization. The
new temperature and concentration solutions are approximated at each time subinterval [#,, #,;1] using the character-
istic curves associated with the material derivative (2.8). Here, the characteristic curves X(X, #,41; t) associated with
the material derivative (2.8) are the solutions of the ordinary differential equations

dX(X, tys131)
dt

X(X7 tn+1;tn+l) = X

u(t, X(X, tys13 1)), Y (1, X) € [tny tar1] X Q,

4.12)

The solutions are called departure points at time ¢ of a particle passing through the point x at time ¢ = #,,.;. Note that
we assume that the velocity field u satisfies Assumption 3.2 which guarantees the existence and uniqueness of the
solution of (4.12) for all times ¢, see for instance [34]. Then, the unique solution of (4.12) can be expressed for all
(t,X) in [t,, t,+1] X Q as

Tnt1
X (%t ) = X — f w(t, X tyer: D) (4.13)
tﬂ

To obtain the departure points {X} .} for each mesh point x;, j = 1,..., M, we use the algorithm proposed in [19]
which accurately solves (4.12) with a second-order accuracy. We write the solution of (4.12) in the form of

Xp=xj—dy;,  j=1,....M, (4.14)

where the displacement dj; is calculated by the iterative procedure
At
o _ n n—1
d; = ?(3uh (xf) W (X/))’

(4.15)
At 1 1
i = > (3u;; (x,- - zd;’?) —u! (x,- - Ed}ﬁ)), k=0,1,....

1 1
To evaluate values of the approximate velocities uj, (x - Edg‘j)) and u;;‘l (x = Edg?) in (4.15), we first identify the

- 1 . . . . = . .
mesh element K; where x; — Edg(j) resides. Then, a finite element interpolation on K is carried out according to

(3.1). In the numerical simulations obtained, the iterations in (4.15) were continued until the trajectory changed by
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less than 1077, However, in practice it is not recommended to repeat the iteration process more than a few times due
to efficiency considerations.

We assume that the pairs (X’ij, ’]?j) along with the mesh point values {7'} n ﬂ;’} are known forall j=1,..., M, we

compute the values {‘?}”, ﬁ;‘} as

M M

TPi=0Xn) = D TipXp), A= apXp) = > X)), 4.16)
k=1 k=1

Then, the solution {@Z(x) ,?o?Z(X)} of the convection equations (2.7b) is obtained by

M M
O = D Tie0, @ =) Algi(x). .17
j=1 Jj=1

In transient Darcian flow problems, the convection process is repeated continuously. Thus, some artifacts which can
be tolerated for one step might become a serious issue as the errors start building up after several steps. Indeed, if
the solution of Darcian flow equations is expected to have sharp gradients, the numerical solution obtained by the
conventional Galerkin-characteristic method either develops spurious oscillations or it is affected by a large artificial
viscosity. Spurious oscillations and artificial viscosity often deteriorate the accuracy of the solution, so the numer-
ical solution may become physically unacceptable. For this reason, in most Galerkin-characteristic methods linear
interpolation procedures result in an oscillation-free solutions. However, applied to the Darcian flow equations a
Galerkin-characteristic method would require higher order interpolation for a higher accuracy. The main problem
with the high-order interpolation procedures is that high degree polynomials they use might show oscillatory behavior
as they are forced to satisfy the continuity condition at the nodal points. In order to avoid the principal drawback of
the conventional Galerkin-characteristic methods (4.16), that is the failure to preserve monotonicity, we incorporate
an L2-projection into our algorithm to convert the method to non-oscillatory and shape preserving at an additional
computational cost. The procedure consists of evaluating ®} and @}, in (4.17) using an L2-projection on the space V.
The method uses ideas of the quadrature rules for the approximation of integrals in the finite element discretization.
In the current study, the Galerkin-characteristic L>-projection method consists of generating a virtual partition

ﬁz = X" () that is the image of the fixed mesh partition Q;, composed of elements 7(7 = X" (7@), ie.
Q=K cx'(Q): K =Xx"(K). j=1....Ne}.

Then, we define the finite element space V,’ll associated with 52 as

v = {v; eCOX"Q): V| € SKD, VK e ﬁ,}

Given (@"(x),a"(x)) € Vj, X V), the approximate solutions of the problem at the current time #,, and denoting by
(PZ@” (X", Pia” (X”)) the approximations of the L2-projecti0n of (@" (X"), a" (X™)) onto Q} x €}, then the solutions

(@””(x), a””(x)) € V), x V,, at time t,,| are approximated by
@"(x) = PO"(X"),  o"(x)=Pla" (X"). (4.18)
Thus, to any pair functions (62&7’1) € V;j X V/?’ where
OX) = Y TIoiX),  ThX) = > AGX),
J=1 J=1

there corresponds a pair functions (62”(}(),52”()()) € V, x V;, defined by

M M
00 =Y T, @ = ) Ai(x)
=1 =1
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Next, we consider the solutions 7" (X") and A" (X") which are continuous in Q but do not belong to ’\7]’1’ Define
(@Z,EZ) € V;l’ X VZ’ as the L?-projection of (T" (X", A" (X”)) onto V,Z’ X V,Z’ such that, for all'v"‘h € V;ll
(€ (X), 7, (X)) = (T"(X0),7 (X)), (@ (X), 7, (X)) = (A" X), 7, (X)), (4.19)

where X = X(x;j, t,,) and the inner products (-, -) are defined by
. Ne . Ne
(@07 X)) =" fA O XV (X) dX,  (T"(X), T (X)) =) ﬁ T" (X)V} (X)), (4.20)
=1 VK] =1 VK

with a similar definition for the solution @} (X). Note that, when the integrals in (4.20) are evaluated exactly one
obtains

M M
O X = T/ and  TX) = ) AGX),
j=1 Jj=1

and we can therefore define a solution (@Z”(x), EZ”(X)) eV, xV,as

M M
Ol 0=y T ad @M= ) A,

=1 =1
with ‘T]’?” = ”i\';' and 5‘{’;” = &;l\’j’ forall j=1,..., M. Note that for X = X(x}, t,) we have
O (x) = O (X(x;,1,))  and @' (x) = @) (X(Xj 1))

In the current study, we propose a Galerkin-characteristic method where the exact evaluation of the L?-projection of
(T (X™), A" (X") onto V}) x V! are replaced by an approximate L?-projection that is both computationally efficient
and sufficiently accurate. In our simulations, the integral of an arbitrary function W on the element K is approximated
by the quadrature rule

3V3R?
ﬁ W(x) dx ~ > e W o), @21)
® 4 4

where R denotes the radius of the circle circumscribed by the triangle K, X, = (xg, yg)T is the quadrature point and w,
is its associated weight. Here, Nq is the total number of quadrature points in the rule, compare for example [35]. In
our simulations we consider a quadrature rule with Ng = 1 with their corresponding quadrature abscissa and weights
listed in Table 4.1.

Note that, the solution @*!(x) in (4.19) can be reformulated in a matrix form as
[M]{e!} = (R}, (4.22)

where [IVI] is the mass matrix, the elements ’niij of which are given by fﬁ'? %(X)@(X) dX,i,j=1,...,M, {®n+1} =
(@’f”, N O /4 1)T and {ﬁ} = (r1,...,Ty) ', with T; being the right-hand side of (4.19). The formulation of the
concentration solution can be performed in a similar manner.

Hence, the Galerkin-characteristic L?>-projection method to approximate the solution {@Z(X),EZ(X)} is carried out
in the following steps:

1. For each mesh element K; generate the quadrature pairs (xg, wg) using for example the approach (4.21).

2. For each quadrature point calculate the departure point X}(X,, #,) using the iteration procedure (4.15).

3. Identify the mesh element 7?5, where the departure point X, (X, #,) is located.

4. Evaluate the gridpoint approximations 62(}() and @} (x) by solving the linear system (4.22).
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Table 4.1: Coordinates and weights of the nodal points used for the quadrature formula.

Point g Coordinates (x,,y,) Weight w,
270
! ©.0 1200
) V15 + 1R’ 0 155 - V15
7 1200
VIS +1 1 155 - V1
3 V15 + R \/_+ ViR 55— V15
14 1200
A —\/E+1R,\/E+1\/§R 155 - V15
14 14 1200
15-1 1 1
s _Vis R0 55+ V15
7 1200
15-1 15-1 1 1
6 V15 R - V15 ViR 55+ V15
14 14 1200
15-1 15-1 1 1
. V15 R V15 ViR 55+ V15
14 14 1200

We should mention that in contrast to the conventional Galerkin-characteristic method, the Galerkin-characteristic L2-
projection method calculates the characteristic trajectories for all quadrature points belonging to each triangle in the
computational domain. Notice that other quadrature rules can also be applied in our Galerkin-characteristics method
without major modifications. To solve the reaction-diffusion terms in (2.7b) we use the Crank-Nicolson scheme for
the time integration as

®n+1 _ (:)n 1
% - 5V2®;;“ = Wz (OHe@!) + = V2®",
+1 (4.23)
Q’Z &Z 1 n n A 1 An
T - Evzah“ Wz(® )¢(ah) + Vz
Then, multiplying by v, and integrating by parts, we obtain for all r, € R,
At — —~ At, —
(5" r) + S (ve. Vi) = (8] + At gu(®]. @), 1) - 7(V@;, Vra),
A A (4.24)
n AI‘L t
(a,h+1’ ) o (chh+1 Vrh) = (ZV\Z + At gh(®h,?h),r/1) - Z—Le(VEZ,V}’h).
Thus, in the linear system form, we have
—n —~n _, At —n
(v + —[ 10! = MI(®+Argy(@.7") - IS10,
(4.25)
M + 2 7] o [M] (@' +Ar g,(0".@") -
2L,
n+l1 n+1 a1\ Q" Tn Fn\T ne n+1 a1\ —~n 7N i \T
where © =(‘7'1 voos Ty ),@ =(7'1,...,7'M),a/ =(ﬂ1 ,...,ﬂM) and o =(ﬂ1,...,.?{M).Here,

[M] is the same mass matrix as in (4.22) whose elements are deﬁned by m;; =
= [V¢;V¢; dx, with i, j = 1,.

For the existence and uniqueness of the solution of (4.11) and (4.24), we have the following theorem:

14
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THeEOREM 4.2. At each time t, and for given (@Z, a;l’) € R, X R, and (@Z,?}?“h) € Rj, X Ry, the problem (4.11) and (4.24)

has a unique solution (uZ”, pZ”, @Z”, 0/2*1) in Sy, X Qp X Ry X Ry, which verifies the following bounds:

(1 - %)HUZHHZ(Q)" < % “®Z“L2(md + HPZH UST A 12(9)’ (4.262)
105 ey = [l = €6t (O] gy + [ (4.26b)

and _
15 sy = 32 < €t ([ @3], * 10l ) (4.260)

where ct and cq are positive constants independent of h. O

Proor. It is clear that the Darcy problem (4.11) has a unique solution since it satisfies the inf-sup condition (4.10). By

testing equations (4.11) with s, = u;, and g, = py, and using the Cauchy-Schwarz and Young’s inequalities along with
Assumption 3.3 on f;,, we immediately derive the bound (4.26a).

Next, knowing u; € S, and thus @Z and E?’h obtained using the Galerkin-characteristic method, the convection-

diffusion equations (4.24) admit also a unique solution (@Z”, ozZ“) € R;, X R,. Therefore, if we take r;, = (DZJr1 + @Z
in (4.24), we obtain

o~ @i+ 5 [ (5t + &5)

- (Atgh (©).a;). 05" + @;;).

Then, by using the Cauchy-Schwarz and triangle inequalities along with Assumption 3.3 on the function g;, we obtain
for each time 7, the bound (4.26b). Note that (4.26¢) can be derived in the same way by testing the second equation in
(4.24) with rj, = aZ” +aj.

|

5. Convergence and stability of the Galerkin-characteristic unified finite element method

In this section, the focus is on the stability and a priori error estimates in the L2-norm for to the proposed Galerkin-
characteristics unified finite element method. We shall first study the stability and convergence for the velocity and
pressure solutions and then, stability and error estimates for the temperature and concentration solutions are demon-
strated.

5.1. Stability and error estimates for the velocity and pressure

By virtue of [21, 23], we consider the following necessary hypotheses:

AssumpTioN 5.1. The spaces S;, have the following approximation property: given a function u € H*"'(Q), k = 1,2,
there exists uy, € Sy, such that

1
Il = whll 2y + hlu = whlg gy < CH ulge e 5.1

where C is a positive constant independent of h.

AssumpTION 5.2. We assume that for all p € H'(Q), there exists a function pj, € Qy such that

1P = Plla) < ChIplm gy » (5.2

where C is a positive constant independent of h.
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AssUMPTION 5.3. The operator I1_; defined in (4.9) satisfies for all p € L*(Q):
1. Ii_i: LX(Q) — L(Q) is continuous and satisfies
-1 pllz2 ) < CllPl2) » (5.3)

where C is a positive constant.
2. The properties of 11y must be augmented by the approximation

llp - Hk—lP”LZ(Q) <C'h |P|H1(Q) s (5.4)

where C’ is a positive constant independent of h.

Let (u, p) and (u}, p}) be the solutions of the Darcy problems (4.1a) and (4.11), respectively. We rewrite equations
(4.1a) in a compact form as

S",p'ss,q) = L (5), Y (s,q) € Hy(Q) x Lj(€Y), (5.5)
where S is the bilinear form given by
S, ps,q) = A", s) - B(p",5) + B(q,u").
Similarly, we can write (4.11) in the following form
S (i, pisnqn) = Le (s1). V (S qn) € Si X O, (5.6)
where S is the bilinear form given by
S(u}, prisnsan) = A, 51) = B(phsn) + B (anwh) - D (ph a1) -
Using (5.3), we can easily show that S is continuous such that
g(uﬁ,pz;sh,qh) s C(|“Z|H1(Q)d + ”pZHLZ(Q)) (|Sh|H‘(9)" + ”qh||L2(Q))’ (5.7

for all (uy, py) and (s, g5) in Sy, X Qp, where C is a positive constant independent of /. The stability of the variational
problem (4.11) is provided by the following theorem, the proof for which can be found in [21]:

THeEOREM 5.1. Let (Sy,, Q) be the pair of spaces defined in (4.5). Then, there exists a positive constant C whose value
is independent of h such that
S (ws, plyssnan)

sup 2 C(|uplge + 1pall2 ) » Y (wp, pi) € Sy X Q. (5.8)
(snaneSix 0y 1Snl 1 @ + 1gnllr2) ( @ ¢ )) 0

To prove convergence of the stabilized solutions of (5.6), we shall establish the following theorem:

THEOREM 5.2. Let (Sy, Q) be the pair of spaces defined in (4.5), let (u, p) € Hy(div, Q) X L%(Q) be the solution of
the Darcy problem (4.1a) and let (uy, pp) € S, X Oy be the solution of the stabilized mixed problem (4.11), where the
operator 1li_; defined in (4.9) satisfies (5.3). Then, there exists a positive constant C whose value is independent of
h such that

M n n M 7 n
o < c( inf [u" ~ Wilay + inf 7" = Gill 2 +

|ll" - uzlyl(ﬂ)d + Hpn - p;;l
W,ES),

Ip" = W1 Pl + Ry O — 07

LZ(Q)d ) ‘:l (59)
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Proor. Since (S, Qp,) is a subspace of Hy(div, Q) X L(Z)(Q), (4.1a) yields
A", sp) =B sn) = Li(sn), Vs, €8,

B(thun) = 0, v qn € an

(5.10)

where Lt (s;) = f f-s,dQ= f R, (@Z‘l — G)"_')e - s, dQ. Subtracting these equations from (4.11) we obtain
o Q

A -os) -8 -s) = [ RO -0 esida s,
¢ (5.11)
B(Qh,uz - ll") = Dpnqn), Y qn € Op,
or, simply
S(ujp— ", pj = p"isnqn) = fR,, (@ -0 e s, dQ+ D(P".q). V(Shqn) €S X Qn (5.12)
Q

Let (wy, [7) be an arbitrary pair in S, X O, we shall estimate the discrete error

|“Z - WZ|H‘(Q)" + HpZ - ZZ“[}(Q) : (5.13)

Using the inequality (5.8) with (5.12), we obtain

S(uy — wy, pi = L sn, qn)

N n n_m
C(luh ~ wiliar + [l - lhan(Q) ) : (s,,,q,,s)gls),lxgh ISkl @y + llgnllz2 @)
g(uz —u", pr—p"isnqn) + §(u” =W, p" =18, qn)
- (sh,th)EIS)hXQ/, ISnlat @y + llgnllz @)
L up D(p.gn) + [, Rp(@ = @' Ve s, dQ + S — Wi, p" =I5y, qh).
(5,q1)ESKX 04 ISnlat @y + llgnllz @)

From (5.7), we have

§(u" -w,,p" - lz;sh,qh) < C'(

0" = Wil + 17" = Bl o) (I8t @y + llanlle)) (5.14)
where C’ is a positive constant. Using (5.3), we have

D(p.an) < C"D(p. )" llgnll 2 »

where C” is a positive constant. Using the Cauchy-Schwarz inequality and (2.10) we get

-1 -1 -1 -1
f Ry (0 -0 ")e 5, dQ <R, 0" = 0" 2 lnll iz - (5.15)
Q
Hence, we obtain
- 0w C"D(p, p)Pllgulliz) + RpllO; ™ = @ i 2qpalisnllzzy
C(Iuh — Wyl + th - lh”LZ(Q)) < sup +
(5.1 )ESHX O ISnlat @y + llgnlliz)
C/(||U" = Willgipe +11p" = lz”Lz(Q))(lsthl(Q)d + ||Qh||L2(Q))
sup )
($1.01)ESH %0 Snle e + llgnll2 )

As aresult, we get

C(luZ - me‘(Q)d + ||pz - lZ”LZ(Q)) < C”D(p, p)1/2 + RP||®Z_1 - @n_IHLZ(Q)d + C/(|lln - WZ'HI(Q)d + ”pn - lz
17
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or, simply
(= Wil +[|Ph = Bill o)) < C7IP" = Tt P2y + RO = Ol +
C'(0" = Wil + P - | . )
Next, we use the triangle inequality to obtain
" = Wil + [|P" = Pl 2 < (0 = Wil + 19" = Bl 20, ) + (105 = Wil + (125 = Gill ) )-

Then,

1 "
12Q) < |un - wZ'H'(Q)‘/ + “pn - IZHLZ(Q) + E(C ||Pn - Hk_lpnlle(Q) +

[u" - “Z|H'(Q)d + “Pn - D)
RO, = 0" M2 + C'(Ju" = Wyl e + || - Bll )

Thus, we can easily deduce by taking the maximum of C, C’ and C"” that there exists a positive constant such that

|u" — uZ|Hl(Q)¢I + ||pn - pZ”LZ(Q) < C(lu" - wZ'Hl(Q)d + ”pn - lz

RO — @”*1||L2(9)d).

ot lp" = 1P llr2q) +

By taking the infimum over w" € S; and I" € Q),, we obtain (5.9).
|

Note that Theorem 5.2 can be used to show that solutions of the stabilized Darcy problem converge optimally with
respect to the regularized solution. From Theorem 5.2, we also deduce the following result for the error estimates of
the velocity and pressure solutions.

Lemma 5.1. Let (u, p) be the solution of (4.1a) and (a}, p;) be the solution of (4.11) at each time step t,. Under
Assumption 5.1, Assumption 5.2 and Assumption 5.3, there exists a positive constant C depending on u and p such
that

" = Wiy + [P = Pill oy < ClAI iz + Hlp Iy + RpIOG™ = @ zay). (5.16)

Proor. Under Assumption 5.1, Assumption 5.2 and Assumption 5.3 and by taking into account the inequality (5.9) of

Theorem 5.2, we immediately obtain (5.16).
| |

5.2. Stability and error estimate for temperature and concentration

Following [15, 36], we consider the one-step method for the computation of the approximate solutions {X}} of
(4.12) which has the following form

Xp(X) = X — Aty (1,41, X, At), VxeQ, 5.17)
with @y, (f,+1, X, Af) being the incremental function. We also consider the following assumptions:

AssuMPTION 5.4. We impose the following assumptions:

1. There exists a real constant 0 < Aty < 1 such that:
®,, : [0,T] x Q;, x (0, Aty) — R,

is a continuous function that only depends on uy,.
2. Foranyt € [0,T] and x € Q, Oy, (t, X, At) — uu(X, 1) as At — 0.
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3. Foranyt e [0,T], x,y € Qp, and At € (0, Aty), there exists a positive constant C such that
|@u, (1, %, A1) = @y, (1, y, AD)| < Clx - yl.

4. There exists At*, with 0 < At* < Aty, such that for At € (0, At*) and h € (0, hy), the method is absolutely stable.
5. The method is of order p, where p is an integer larger than 0. This means that, if

1
Xh(X, baslsty) = X — f uy, (1, Xh(X7 tas13 1)) dt,
t,

n

is the exact solution of (4.12) for any x € Q,, and we assume that w,(X, t) is sufficiently smooth in time, then for
all At € (0,Ar), h € (0, hy) and t,, € (0, T], we have

|Xn(x, tar13 1) — Xp(%)| = OAFH),

Notice that Assumption 5.4 provide the convergence of XZ(X) to X;(X, ty+1; 1,). We recall the following result con-
cerning convergence of the characteristics:

Lemma 5.1. Assume that for each time subinterval [t,, t,.1], the points {XZ(X)} are calculated by the one-step method
(5.17) such that Assumptions 5.4 hold. Then

[ X, 1413 1) = X3 7120 S O = Wil 721200 + OCAL), (5.18)

where C is a positive constant defined by C = &> V¥=ora),

In this instance, it is necessary to impose a condition on At to approximate the departure points {X}(x)}, under which
the functional iterative dj; defined in (4.14) converges.

Lemma 5.2. Suppose that Assumption 3.1 holds and that for all n
AtVOllio) <2 and Atl|Valli~@q) < 2. (5.19)

Then, (5.18) represents an estimate of the committed error to compute the departure points {X}(X)}. 0

Note that the proofs for Lemma 5.1 and Lemma 5.2 can be found in [15, 36] and are omitted here. As a consequence
of the above stability and consistency results for the velocity and pressure solutions and assuming that the method
used to compute the departure points points X, is stable, we shall study stability and convergence for the temperature
and concentration solutions in the L?>-norm. For this purpose, it is convenient to recall the following result of reference
[15] (Lemma 6 in page 40) concerning the stability of the Galerkin-characteristic step:

Lemma 5.3. Assume that Assumption 5.4 holds, then for any t, € [0, T], we have
||@Z||L2(Q) <1941l and iz < llayllzg)- 0 (5.20)
Next, to prove the convergence of stabilized solutions of (4.24), we shall establish the following theorem:

THEOREM 5.3. Assume that Assumption 5.4 holds, then for any t,, € [0, T] we have

||®Z+l||L2(Q) = 104ll2 < CgAt(|®Z”L2(Q) + ”a’Z”LZ(Q))’ (5.21)
and
1
e 2 — g2y < CgAt(|®Z”L2(Q) + ||0/Z||L2(Q)), (5.22)

where c, is a positive constant independent of h. 0
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Proor. We shall only prove (5.21) since (5.22) can be proved in the same way. If we take r;, = OZ” + @Z in (4.24),
we obtain _ _ -
1051 — IO} < (Atgn(®}, @p), O} + ©}).

Then, using the Cauchy-Schwarz and triangle inequalities along with (5.20) and Assumption 3.3 on the function g,

we immediately obtain (5.21) for each time step #,.
|

Next, we proceed to the analysis of the convergence of the proposed method for solving the convection-diffusion
equations. For the temperature solution, we consider the standard estimates of ® — Py® and ® — R® where Py and R
are the orthogonal projection and Ritz operators defined in (3.2) and (3.7), respectively. The following estimates hold
(see [15] for the proof):

Lemma 5.4. If w belongs to L~(0,T; H (QQ)). Then, for all t € [0, T], there exist positive constants C1 and C, such
that for 1 < r <m+ 1, the temperature solution ® of (2.7b) satisfies

1© = PoO®llpso.r.2)) + I 11O = Po®llwo. 71102 £ C2h" 1Ol 10,7172 (5.23)

and
1® = ROl ;0.7:22(0)) + A 1O = RO 0,711 ) < C1A" 1Ol 0,717 02))- (5.24)
| ]

We also recall the following auxiliary results concerning properties of the two mappings x — X(x, s,7) and X —
X (x, s, 1) whose proofs can be found in [37].

LemMma 5.5. Suppose that Assumption 5.4 holds, then the mapping x — Xy(X, s;1) is a quasi-isometric homeomor-

phism of Q into itself with an a.e zero Jacobian determinant.
|

Another interesting result related with homeomorphisms of the previous results is presented in the following Lemma
[38]:

Lemma 5.6. Let X(X, s;1t) be the unique solution of (4.12) and assume that a quasi-isometric homeomorphism x —
X(x, 5;1) is of class C"1(Q), r > 1. Let f € W*P(Q) and h = f(X(X, 5;1)), then h € W*P(Q) and there exist positive
constants Cy and C, such that

Cillfllp < 1Allyp < Collf1lr,p- .

Hence, since x — X(x, s;7) defines a quasi-isometric homeomorphism of Q onto itself, we can introduce at each
time o € [f,, f,+1] the ephemeral Ritz projection and Lz-prOJectlon operators RO and P()® as follows:

M
ROX,0) = zx0)= ) 2{(0)p;(x),

j=1

~ w o ! (5.25)
POX,0) = > Po®;(c)g(Xx),
Jj=1
such thatV ¢, € V,
—~ DO(X7,
( VZ(Xs O—)’ V¢h) = ( V®(X’ O—)s V¢h) = PO (g(Xo—’ 0-) - %)’

(5.26)

(Po®X,0).01) = (Ox,0),¢1),
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where @(x, o) = O(X7,0) with X7 = X(X, t,,+1; ). By using equation (5.2), it follows that

_ DOX",0)

Apz=Py g(XU—vO-) Do

(5.27)
where Py and A;, are the orthogonal projection and discrete operators defined in (3.2) and (3.6), respectively. Conse-
quently, for ¢ = t,,1, Z"*! = R®"*! and @"*! = P;@™*! for all n, and by virtue of Lemma 5.4 and Lemma 5.6, we have
the following results [15]:

LemMa 5.7. Assume that ® € L*(0, T; H"*). Then, forall o € [t,,1,11] there exist positive constants C| and C, such
that _ A
[OXs Z||L2(Q) +hl|® - Z||H1(Q) < Clhm+l ||®||Hm+1(g),
and N _
I© = Po®I| < Coh"*!|®llpzn1(0y-

Next, by combining (2.7b) and (5.27), we obtain

(5.28)

p) 9z DOXC,
92 Az = Po[g(x”, o+ 22 - POXT. 00}
oo oo

Do

Note that each term of (5.28) is an element of V. Now, we discretize (5.28) by the Crank-Nicolson scheme as follows

At DO(X” , o’
= E+ =S, (Pogwrl + Po?) +841Po (Z"+l - Z”) — AtS Py DoX". o) ,
2 Do
= A[ +A2+A3 +A4, (529)
At
where 0 = t, + > and the operators E;, : V, — Vj, and S}, : V), — V), are given by
I — A, I
Eywv, = —— v, S = ——— | v,
o (Ih+%Ah ! e Ih"'%Ah g
where I, : V;, — V), is the identity operator and Ej, and S, verify |||E||| < 1 and |||S,l| < 1, with ||| - ||| being the

operator norm. It should be stressed that, for the concentration solution, similar estimates of @ — Ra and @ — Py« can
be obtained using the same steps. Hence, we have the following result for the convergence of the temperature and
concentration solutions in the L?-norm:

THEOREM 5.4. Assume that the following hypotheses hold:
1. h=0(Ay),
2. Assumption 3.1,

3. Assumption 5.4,
4. The time step At satisfies the condition (5.19).

Then, there exist positive constants C and C’ such that

m+1
max ||@(,) - 07| < CH"™ MO0 71+ +C + max BOK"™" + OAP) IOl oo 7-wme 100y +
max e, - | 1©1lz=0.1:1me100) + €| =5~ + max A1) (ALY NIl s(0,1:wm1:5ce)
D*e
CH"™ MOyl 20,7:m+1 () + CAP o7 , (5.30)
Pz

and

m+1
max ||a(r,) — | < CH" el rmme ) + C + max SO + O(Ar”
OsznsT” (1) ~ i llo.riam 1@ At re(O,T)'B() (Ar7)

|l oo 0,7 wme 10y +

D3«

1 2
C’hm+ ||a,||Lz(0’T;Hm+1(Q)) + CIA[ W

, (5.31)
L2(0,T;L2(Q))

where B(t) = KeKir " (1), with () = min(¢, 1) and K being a constant that depend on the velocity u.

21

O



Proor. We shall prove only (5.30) since (5.32) can be proved in a similar way. Hence, we set
@I‘L+1 _ ®Z+1 - (@}’H—l _ Zn+1) + (Zl’H-l _ ®Z+1)’

pn+1 +§n+1. (532)

To estimate p"*!, we use z"*! = R®"*! according to (5.25). Next, from Lemma 5.4 it follows that
"Ml < CH™ O Dl Y tsr € [0, T (5.33)
To estimate f"” , we introduce 7" that is obtained from Rz”, then from (5.29) it follows that
M = B+ Ep@ -7 + Ay + Az + Ay

Next, taking into account the definition of &, we obtain from (4.24) and (5.29) along with ¢ € V},

é_-n+l — Ehé_:n + Eh(Zn _ Zn) + ShPO<(Zn+1 _ ®n+1) _ (Zn _ @ﬂ(XZ))) +
e -@ (X" DO ngyn neyn
AS 4Py (T - E‘o’a") +54Py(©"(X") — ©7(X})),

B, +Bz+B3+B4+BS, (534)

where & = 7" — @," is obtained from &". Now, we estimate the B;’s terms in the L*-norm.

Estimate of B;:

From (5.20) and the definition of Ej,, we have

IB1ll < NEANIET < lE" .

Estimate of B;:

Since
1211 < MERNNZ" = Z"II,

then, from the definition of Ej and triangle inequality, we have

10" - 1,0 + 12" - ©"|| + |I11,,0" - 2|,
= B|+B,+Bj,

B2l

IA

where [, is the polynomial interpolant of degree m defined in (3.3). The approximation (3.4) and Lemma 5.4 yield
B} < CH"1®(t)lms1, V1, € [0, T].

Then, by Lemma 5.7, we have
B, < CH" @) lme1, Y 1, € [0, T].

To estimate B, by using the same arguments as in [15] we obtain:
By < CH"™ |®(t)lnr1.00. Y 1 € [0, ).

Now, taking into account the B; estimates and that W"*'*°(Q) ¢ H™!(Q) and [|0()[ln+1 < ClIO)|ln+1,00, it follows
that
IBoll < CH™ M@t llms 1,00, ¥ 1y € [0, T
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Estimate of Bj:
We have

dt.

e (2%, 1) = OXn(X, 113 1), 1)
B3 = ShPO f ot
1,

Since |||S ;]| < 1 and ||| P]|| are bounded, we obtain from Lemma 5.7

n

1
B3|l < Ch™* 1O L2z, 01141 (2))-

Estimate of By:

By expanding in Taylor series the term B, along the trajectories X (X, #,+1; f) with a remaining integral, we obtain

e — (X" ~ DO 1 el D3O(X(X, t41;51), 1) dt

A %(X(X,lnH;O"),O"):E t (1 = 1)(1 = tas1) Do

Next, by definition of S, and P, we obtain

At 4 Tn+1
P < G- |
1,

n

D3OX(X, tus1: 0,0

D3t

dt,

which leads to
D0

I1Ball < CAP || —

L2t oty 13L2())

Estimate of Bs:
We have |
O"(X") - X)) = (X" - X)) [ DX @)
0
where X"(0) = 6X" + (1 — )X, for 0 < 6 < 1. By using the definition of S, Py and from Lemma 5.6, we obtain
IBsll < CIIX" = X, 1Oll L1, 4,111 (2))

then, by introducing (5.18) in the previous estimate, we have

[|Bs]| < CAI(HU =Wyl 0,7:22(0)) + O(Atp)>”®”b’°(t”,tn+l;HI(Q))~ (5.35)

Next, referring to [39] and under regularity condition on the exact solution u and the approximate solution uy, it
follows that
llu - wll < BOR™', ¥V 1€l0,T], (5.36)

where

B() = KeX17'7 (1), (5.37)

with 7(f) = min(z, 1), and K is a constant that depends on u around the constant A > 0 that verifies the condition

sup ||Vu|| < A. Then, by substituting (5.36) in (5.35) we have
[0.T)

1Bsll < CAL(BOR™! + OAP))IBll(s, ., 11 )
By summing the estimates B;’s, we obtain

< €N+ CR 1@yt 0 + CALBAH"™ + OAI)) + Bl . i1 +
D30

m+1
Ch"™ 10l 2, i

;Hnwl(Q)) + CA[Z

il

L2(ty b 13L2()
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By using the Gronwall’s inequality, we have

m+1

At

e < 1N+ c ||®I|Loo<o,T;wm+m<Q»+C(fg(10a;<)ﬁ(t)hm“+O(Aﬂ’))||®||LW(O,T;H1(Q))+

D’®

1 2
CH™ 1Oyl 2(0,7:1m+1 (@) + CAL D

(5.38)

L2(0,T;L2(Q))

Hence, taking into account that 50 = 0, and using (5.32), (5.33) and (5.38) together with the triangle inequality we

obtain (5.30).
|

6. Numerical Results

In this section we present numerical results to examine the performance of the Galerkin-characteristic unified finite
element method. We first assess the accuracy of the method for two test example with known analytical solutions for a
Darcy problem and coupled system. Then we solve the benchmark problem (2.7a)-(2.9) to illustrate the performance
of the method for coupled Darcy and convection-diffusion-reaction equations. All the computations are performed
on a sequence of unstructured meshes with different element densities using the P, elements for all the variables.
The linear systems of algebraic equations are solved using the conjugate gradient solver with incomplete Cholesky
decomposition. In addition, all stopping criteria for iterative solvers were set to 1077 which is small enough to
guarantee that the algorithm truncation error dominates the total numerical error.

6.1. Accuracy example for a Darcy problem

As a first test example, we present numerical results for the Darcy problem (2.7a) rewritten in a simplified form as

u+Vp = f, in Q,
V-u = 0, in Q, 6.1)
u-n = 0, on T,

where Q = [0, 1] X [0, 1] and the source term f is defined such that the analytical solution of (6.1) is given by

—m cos(mrx) sin(7ry)

p(x,y) = sin(zx) sin(my), u(x,y) =
—n sin(rx) cos(my)

Since the exact solution for the problem (6.1) is available, errors and convergence rates for the unified finite element
method can be quantified. In Table 6.1 we summarize the errors and convergence rates computed using the L?>-norm
for the pressure p, velocity u and velocity v using structured meshes with different number of elements. It is clear
that increasing the number of elements in the simulations results in an increase in the L>-errors for both pressure
and velocity solutions. As expected, using the proposed unified finite element method, a second-order accuracy is
achieved in both pressure and velocity solutions of the Darcy problem.

6.2. Accuracy example for a coupled Darcy and transport problem

Next we examine the accuracy of the proposed Galerkin-characteristic unified finite element method for solving a
coupled Darcy and transport problem. Thus, the problem statement consists of solving the coupled system

@Jru-ve)—vvze

o = gq, in Q,
wa+Vp = f, in Q, (6.2)
V- u = O, in Q’
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Table 6.1: L2-error and convergence rates obtained for the pressure and velocity solutions in the accuracy test example of a Darcy problem.

Pressure p Velocity u Velocity v
Mesh L?-error rate L?-error rate L>-error rate
32x32 6.291E-07 — 2.321E-04 — 2.322E-04 —
64 x 64 1.595E-07 1.98 6.007E-05 1.95 6.001E-05 1.95
128 x 128 3.960E-08 2.01 1.523E-05 1.98 1.521E-05 1.98
256 x 256 9.764E-09 2.02 3.781E-06 2.01 3.776E-06 2.01

Table 6.2: L2-error and convergence rates obtained for the pressure, velocity and temperature solutions in the accuracy test example of a coupled
Darcy and transport problem at two different times.

Time r = 1
Pressure p Velocity u Velocity v Temperature @
Mesh L’-error  rate L’-error  rate L’-error  rate L’-error  rate
32x32 6.942E-07 — 3.451E-04 — 3.450E-04 — 5.927E-04 —
64 x 64 1.797E-07 1.95 9.119E-05 1.92 9.117E-05 1.92 1.502E-04 1.98
128 x 128 4.619E-08 1.96 2.360E-05 1.95 2.359E-05 1.95 3.781E-05 1.99
256 x 256 1.155E-08 2.0 5.941E-06 1.98 5.939E-06 1.98 9.387E-06  2.01
Time t =2
Pressure p Velocity u Velocity v Temperature ©
Mesh L’-error  rate L?-error  rate L?-error  rate L?-error  rate
32x32 8.321E-07 — 3.951E-04 — 3.953E-04 — 8.847E-04 —
64 x 64 2.154E-07 1.95 1.059E-04 1.90 1.052E-04 191 2.289E-04 195
128 x 128 5.536E-08 1.96 2.779E-05 1.93 2.761E-05 1.93 5.843E-05 1.97
256 x 256 1.403E-08 1.98 7.094E-06 1.97 6.999E-06 1.96 1.481E-05 1.98

subject to the following boundary conditions

Bu-vVO)-n = O;u-n, on I3,
(6.3)
yV0O - n

0, on rl)llf’

and initial condition
O(x,y,0) = Og(x, ), in Q, 6.4
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Table 6.3: Mesh statistics, relative errors and computational times for the test problem of moving thermal fronts in a channel without obstacles.

# of elements # of nodes Errorin p Error in u CPU time (in minutes)
Mesh A 1566 3283 1.503E-03 6.815E-04 1.45
Mesh B 3098 6377 3.890E-04 1.703E-04 3.65
Mesh C 6216 12733 9.393E-05 3.972E-05 7.83
Mesh D 12430 25211 2.190E-05 8.644E-06 15.01
Mesh E 24933 50470 4.934E-06 1.755E-06 32.52

where the boundary regions I';, and I',,; are defined as
Finz{xel": u'n<0}, F(,u,z{xel": u~n20}.

with n is the unit outward normal vector to I'. Here, we solve the system (6.2)-(6.4) in the unit square Q = [0, 1]x[0, 1]
with v = 1073 and u = 0.1. The source terms g(x, y, ) and f(x, y, t) are calculated such the exact solution of (6.2)-(6.4)
is given by
X y t
p(x,y,1t) = 2+/ucos (a) + —) exp (—) , O(x,y,t) = (cos (rx) + cos (my) ) —,
Vi 21 2+ ( )71'

ool

X y
cos(u) + ZVﬁ)eXp(Z\/ﬁ)
where w = 1.05. A similar test example has been studied in [40] using a local discontinuous Galerkin finite element
method. In our simulations we use a fixed time step Az = 10~ and different structured meshes. The obtained results
for the L*-error and convergence rates at times ¢ = 1 and # = 2 are summarized in Table 6.2. As in the previous test
example, the L2-error decreases as the mesh is refined from one level to the other for all solution variables. These
errors have shown similar trend for both considered instants + = 1 and # = 2. It is also evident that the proposed
Galerkin-characteristic unified finite element method preserves the second-order accuracy for all the solutions. Under
the considered conditions, the a second-order accuracy is obtained for the pressure, velocity and temperature solutions.

6.3. Moving fronts around an array of circular obstacles

In this example, we consider a Darcian flow in a channel of height H and length L = H/4 with different numbers
of circular obstacles regularly placed in the second quarter of the channel as shown in Figure 6.1. The sizes of the
obstacles are chosen in a way that the space occupied by them is the same for all cases and the distance between the
wall and the obstacles nearest to the wall is always half the distance between the obstacles. Thus, when increasing
the number of obstacles, this test case represents a flow problem of systematically increasing geometrical complexity.
Similar computational domain has been investigated in [41] using the incompressible Navier-Stokes equations but
for squared obstacles. In our computations, we assume no volumetric flow rate source and the mean temperature i.e.
g = 0 and ® = 0. In addition, the non-dimensionless parameters are fixedtoR, =7,Z =10, L, = 0.8, = 1078 and
a fixed time step Af = 1073 is used in our simulations.

First we examine the grid convergence in the proposed Galerkin-characteristic finite element method. To this end,
we consider five unstructured meshes with different element densities as depicted Figure 6.2. Their corresponding
statistics are listed in Table 6.3 along with the CPU times obtained using Mesh A, Mesh B, Mesh C, Mesh D and
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Figure 6.1: Illustration of the geometry used for the problem of moving fronts. An array of circular obstacles is inserted in the channel.
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Figure 6.2: Meshes used in the simulations for moving thermal fronts in a channel without obstacles.
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Figure 6.3: Comparison of cross-sections at x = 0.5 of the temperature at time ¢ = 0.2 using different meshes for the test problem of moving
thermal fronts in a channel without obstacles.

Mesh E. A very fine reference mesh with 48392 elements and 109847 nodes is also used in our simulations to quantify
errors in the obtained solutions obtained at time ¢ = 0.2. As can be seen, for the last two mesh levels Mesh D and
Mesh E the differences in errors obtained for the pressure p and velocity u in Table 6.3 are very small. To further
qualify the results for these meshes we plot in Figure 6.3 the cross-section results of the temperature obtained using
the unified finite element method at the mid-height of the channel x = 0.5. It is easy to see that solutions obtained
using the Mesh A are far from those obtained by the other meshes. Increasing the density of elements, the results for
the Mesh D and Mesh E are roughly similar. Results obtained using the obstacles in the channel and not reported here
for brevity, show the same trends. This ensures grid convergence of the numerical results. Hence, the Mesh D is used
in all our next computations. The reasons for choosing this mesh structure lie essentially on the computational cost
required for each mesh configuration and also on the numerical resolution obtained.

In Figure 6.4 and Figure 6.4, we display the results obtained for the temperature and velocity fields at four different
instants namely, ¢t = 0.05, ¢ = 0.1, t = 0.15 and ¢ = 0.2.To examine effects of obstacles in the moving thermal front,
we present numerical results for the channel without obstacles, with 1 X 1 cylinder, 2 X 2 cylinders, 4 X 4 cylinders
and 8 x 8 cylinders. It is clear that both the temperature patterns and velocity fields are influenced by the inclusion of
obstacles in the channel. Increasing the number of cylinders in the computational domain results in a more diffusive
thermal front moving downstream. It should be noted that the numerical resolution of computational results have
not been deteriorated by the cylinders included in the domain. For instance, the symmetry in these results is fully
preserved for all the obstacles accounted for in our simulations. For emphasis these features we illustrate in Figure
6.6 cross-sections of the temperature at y = 1.75 obtained in the channel without obstacles and different number of
cylinders at time # = 0.1. As can be seen from these results, a faster thermal front is detected for simulations without
obstacles compared to other simulations with cylinders in the channel. It should be pointed out that the performance
of the proposed Galerkin-characteristics unified finite element method is very attractive since the computed solutions
remain stable and highly accurate even when coarse meshes are used without requiring nonlinear solvers or small time
steps to be taken in the simulations.
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Figure 6.5: Velocity fields obtained at ¢+ = 0.05 (first row), # = 0.1 (second row), ¢ = 0.15 (third row), and ¢ = 0.2 (fourth row) obtained in the
channel without obstacles (first column), with 1 X 1 cylinder (second column), 2 X 2 cylinders (third column) 4 x 4 cylinders (fourth column) and
8 x 8 cylinders (fifth column).
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t=0.1.

7. Conclusions

In this study, we have presented a class of unified finite element methods for the numerical simulation of moving
thermal fronts in porous media with natural convection. The governing equations consist of the Darcy problem and
two convection-diffusion-reaction equations. The coupled system has been integrated using a Galerkin-characteristic
finite element method, that combines the semi-Lagrangian method for the time integration with the Galerkin finite
element method for the space discretization. A study of stability and convergence have been then carried out and
an optimal a priori error estimate has been derived for the numerical scheme used. To improve the accuracy of the
approach we have considered an L?-projection method using an interpolating procedure by tracking the feet of the
characteristic lines from the integration nodes. Specific details were given on the implementation of the unified finite
element method using unstructured triangular meshes. The main advantage of this method lies on the fact that the
pressure and the temperature belong to the same finite element space. The method is stable, accurate, and it can be
used to solve both reacting and non-reacting moving thermal fronts. Numerical results have been presented for a test
example of moving fronts in a porous media with an array of cylinders. The presented numerical results demonstrate
the accuracy of the proposed unified finite element method and its capability to simulate moving fronts in the thermal
regimes considered. The effect of increasing the number of cylinders in the flow domain has also been investigated.
Future work will concentrate on extension of these techniques to the moving reacting fronts in three-dimensional
porous media.
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