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ABSTRACT: With the goal of building a concrete co-dimension one holographically dual field
theory for four dimensional asymptotically flat spacetimes (4d AFS) as a limit of AdS,/CFTs,
we begin an investigation of 3d Chern-Simons matter (CSM) theories in the Carroll regime.
We perform a Carroll (speed of light ¢ — 0) expansion of the relativistic Chern-Simons action
coupled to a massless scalar and obtain Carrollian CSM theories, which we show are invariant
under the infinite dimensional 3d conformal Carroll or 4d Bondi-van der Burg-Metzner-Sachs
(BMS,) symmetries, thus making them putative duals for 4d AFS. Concentrating on the
leading-order electric Carroll CSM theory, we perform a null reduction of the 3d theory.
Null reduction is a procedure to obtain non-relativistic theories from a higher dimensional
relativistic theory. Curiously, null reduction of a Carrollian theory yields a relativistic lower-
dimensional theory. We work with SU(N) x SU(M) CS theory coupled to bi-fundamental
matter and show that when N = M, we obtain (rather surprisingly) a 2d Euclidean Yang-Mills
theory after null reduction. We also comment on the reduction when N # M and possible
connections of the null-reduced Carroll theory to a candidate 2d Celestial CFT.
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1 Introduction

The Holographic Principle [1, 2] has been our preferred path in attempts to understand the
quantum nature of gravity in recent years. After the initial ideas originating from the area
law of black hole entropy, holography has become almost synonymous with its formulation
in Anti de Sitter (AdS) spacetimes through the celebrated AdS/CFT correspondence [3].
The Maldacena conjecture gave us the first concrete dual pair involving type IIB superstring
theory on AdSs x $° in the bulk and N = 4 SU(N) Supersymmetric Yang-Mills theory on
the four-dimensional (4d) flat boundary of AdSs. This is sometimes called the AdSs;/CFTy
correspondence to distinguish it from similar correspondences in other dimensions.

The more recent AdS,/CFT3 correspondence connects type ITA superstring theory on
AdSy x CP? with ABJM theory [4], which is a A = 6 Superconformal Chern-Simons matter
theory with a gauge group U(N) x U(NN) living on the 3d boundary of AdS;. When the
string coupling becomes large, type IIA superstring theory goes over to M-theory and hence



for generic values of parameters, ABJM theory is dual to M-theory on AdS, x $7/Z;,. There
is also a generalisation of ABJM theory to unequal gauge groups U(M) x U(N) [5]. For
more details on the subject, the reader is pointed to the review [6].

Of late, there is a renewed interest in the formulation of holography beyond its original
home in AdS, specifically to asymptotically flat spacetimes (AFS). The case of 4d asymptoti-
cally flat space in the bulk is of particular interest because of its obvious connection to the
real world. There has been a wealth of new connections in the infra-red established between
seemingly unrelated corners of asymptotic symmetries, soft theorems and memory effects [7].
Questions of holography in this context have followed in a natural way.

There are now two principle routes to flat holography, viz. Celestial and Carrollian
holography. Celestial holography is the proposal that the holographic dual to 4d AFS is
a 2d relativistic CF'T which lives on the celestial sphere at null infinity. This makes use
of the fact that the bulk Lorentz group acts as global conformal transformations on the
celestial sphere. The reader is pointed to the recent reviews [7-10] and the references within.
Carrollian holography, on the other hand, proposes a co-dimension one hologram in terms
of a 3d Carrollian CFT. A Carrollian theory can be obtained from a relativistic one by
sending the speed of light ¢ to zero [11, 12] and these are naturally defined on null surfaces.
In contrast with Celestial holography, the Carrollian version takes into account the whole
Poincare group which now acts as global Carrollian conformal transformations on the whole
of the null boundary, crucially keeping track of the null direction. An incomplete set of
references on Carrollian holography is [13-24] and older work in this direction, especially
in the context of lower dimensions include [25-33].

The approaches to flat holography have been principally bottom up, with Celestial
holography relying on bulk physics to learn about the features of the dual 2d CFT, and
Carrollian holography mainly adopting a similar approach. However see some recent attempts
at top-down approaches involving twistor theory [34, 35]. It is natural to attempt to build a
theory of flat holography by taking a systematic limit of AdS/CFT [36-38] and some recent
attempts in this direction include [17, 21, 23, 39, 40]. We will be interested in this line of
inquiry and will focus on 4d AFS. The large radius limit of AdS induces a Carrollian limit in
the boundary CFT [26]. With this in mind, our aim is to build the Carrollian equivalent of
the ABJM model to connect this to the flat version of the AdS,/CFT3 correspondence. In
this paper, we take the first steps towards this broader goal. We construct the Carrollian
limit of Chern-Simons (CS) matter theories in d = 3.

It is by now well known that Carrollian limits come in two varieties called the electric and
magnetic limits. Given the action of a relativistic quantum field theory, one can systematically
expand out the relevant dynamic fields in powers of the speed of light (this expansion is
called the Carroll or c-expansion, where ¢ is the speed of light) and the leading term in this
action is what goes under the name of the Electric theory. This is, by construction, invariant
under Carroll symmetries. The Carrollian electric theories exhibit ultralocal correlation
functions containing spatial delta-functions [14, 41, 42]. Such correlators of Carrollian CFTs
can be mapped to S-matrix elements in the bulk 4d asymptotically flat spacetimes by the
so-called modified Mellin transformation [14, 43, 44]. Electric Carrollian CFTs are thus
prototypical of holograms of flat spacetime. In our paper, we will mostly be interested in



Electric Carrollian theories. Magnetic Carrollian theories arise out of the next-to-leading
order (NLO) terms in the above mentioned c-expansion. The NLO term by itself is not
Carroll boost invariant and in order to restore Carrollian symmetries, one needs to put in
appropriate Lagrange multipliers. We will briefly look at Magnetic Carrollian CSM theories
in two appendices at the end of the paper.

One of the important differences between holography in AdSs; and 4d AFS is the
symmetry structure at the boundary. A usual recipe for holography is to consider the
asymptotic symmetry group (ASG) as the symmetry that dictates the dual field theory.
The ASG is the group of allowed diffeomorphisms for a given set of boundary conditions
modded out by the trivial diffecomorphisms. For many cases, as with AdSy, the ASG is
simply the isometry group of the background i.e. SO(3,2). In 4d AFS, however, the ASG
at its null boundary enhances from the usual Poincare group ISO(3,1) and becomes the
infinite dimensional 4d Bondi-van der Burg-Metzner-Sachs (BMSy) group [45, 46]. The 3d
dual field theory is hence supposed to inherit this infinite dimensional asymptotic BMS,
symmetry from the bulk [13]. Although this process is non-trivial from the point of view
of the Carrollian limit of the CS-matter theory, we will show later in the paper that the
3d Carrollian field theory that we obtain in the limit does admit this infinite dimensional
symmetry structure. For the uninitiated, this may seem like a magic trick since the original
theory only had finite dimensional symmetries. BMS symmetries are isomorphic to conformal
Carroll symmetries which are conformal isometries of the background null structure [47-49]
and hence the degeneration of the background Lorentzian structure to form the Carrollian
structure gives rise to these infinite symmetries.! We elaborate on this later in the paper.

The main surprise in our paper comes in the next part of our analysis. In this work, we
are develop a specific 3d Carrollian CFT as a putative dual to a gravitational theory in 4d
AFS. As we mentioned above, there is also the Celestial approach which proposes a 2d dual
relativistic CFT. The 2d Celestial CF'T does not depend on the null direction and lives only
on the celestial sphere. In an attempt to obtain a 2d Celestial CFT from a 3d Carrollian one,
we propose to reduce the 3d Carrollian theory along the null direction. The null reduction of
the non-Abelian Carrollian CS matter theory interestingly leads to a 2d Euclidean Yang-Mills
theory. The choice of matter here is crucial. We find that only bifundamental matter leads
to 2d non-abelian Yang-Mills, while fundamental matter leads to 2d electrodynamics. The
Carroll limit of the bosonic version of the ABJM theory with SU(N) x SU(N) gauge group
will lead us to SU(N) Yang-Mills theory in 2d. We also comment on the more general SU(N)
x SU(M) theory. We may expect the null-reduced theory to represent a 2d Celestial CFTs,
but a priori Yang-Mills theory in d = 2 is not conformally invariant. We argue that the
theory one gets from the limit inherits scale invariance, and hence full conformal invariance
in d = 2, through the process of null reduction.

An outline of the rest of the paper is the following. We take a quick tour of Carrollian
and Conformal Carrollian symmetries in section 2. Here we also touch upon aspects of
representation theory we would need later in the paper. We focus on Abelian Chern-Simons

!The expectation that the theories obtained in the Carrollian limit would lead to infinite dimensional
symmetries in generic dimension was shown to be true at the level of equations of motion for a wide variety of
theories in [50].



matter theories in section 3 and explain the c-expansion and obtain the Electric and Magnetic
Carroll CSM theories. We discuss the emergence of infinite dimensional conformal Carroll
symmetries of the Electric theory in the main text while the symmetry structure of the
Magnetic sector is discussed in appendix A. We then give some details of the null reduction
of Carroll CSM theories and obtain 2d electrodynamics starting from the electric theory.
The magnetic theory is discussed in appendix B. Section 4 contains the generalisation to
non-Abelian CSM theories, its Carrollian construction and the details of the null reduced
theory which now becomes a 2d SU(N) Yang-Mills if we begin with bi-fundamental matter
in CS theory with gauge group SU(N) x SU(N). We also outline the construction for the
general SU(N) x SU(M) theory and discuss how the null-reduced theory shows an emergent
2d conformal symmetry making it a candidate 2d Celestial CFT. In appendix C, we give
a more detailed construction of obtaining the 2d theory from the 3d bifundamental theory.
We conclude with various remarks.

2 Carroll and conformal Carroll symmetries

Carroll symmetry, first introduced by Levy-Leblond [11] and Sengupta [12], has become
very important of late with emerging applications in a wide variety of physical scenarios,
starting from condensed matter [51, 52] and ultra-relativistic fluids [53, 54] to gravitational
physics [42, 55] and string theory [56-59]. These symmetries arise naturally on null surfaces
and hence are found on the event horizons of generic black holes and also at the asymptotic
null boundary of flat spacetimes, where the symmetries enhances to their conformal version.
The latter is where we would be interested in for our explorations in this paper. In order to
set up our calculations in the coming sections, below we give a quick summary of Carroll and

conformal Carroll symmetry first from an algebraic and then from a geometric point of view.

2.1 Algebraic and geometric preliminaries

The Carroll algebra is an Inénii-Wigner contraction of the relativistic Poincare algebra where
one takes the speed of light to zero (¢ — 0). The conformal Carroll can be obtained by
a similar contraction of the relativistic conformal algebra. Starting with the differential
representation of the relativistic conformal algebra:

Jw = 2,0, —2,0,, P,=0, D=2"0,, K,=2x,2"0,—2"2,0, (2.1)
one can take the ¢ — 0 limit by sending ¢t — €t, x; — x; to get the set of generators for
the conformal Carroll algebra:

H= 8t, PZ = 8i, Jz‘j = xi(‘?j - .rjai, BZ‘ = xiat (2.28,)

D =1t0; + xi&-, K= iL'iiL‘iat, Kj = 2xj(t8t + x’@z) — (x’:cz)é?] (2.2b)
The non-zero commutation relations of these above generators that form the conformal
Carrollian algebra are:

[Jij> Bkl = 0By, [Jig, Pil = 0w Py [Jigs Ki] = 0 Ky, [Bi, Pj] = =05 H,
B, K] = 0,K,  [D,K|=K, IK,P| = —2B;, [Ki P;| = —2D6b;; — 2Ji;,
[H, K;| = 2B;, [D,H] = —H, [D, P = —P;, (D, K] = K;. (2.3)



The sub-algebra {J;j, B;, P;, H} forms the Carroll algebra. We will now focus on (2+1)-
dimensions. Let us recombine the above generators as

1 1 1
Lo = i(D + Z'ny), L= _i(Px — iPy), L, = i(Kx + iKy), (2.4a)
_ 1 - 1 - 1
Lo=5(D=iJy). Loi=—5(P+iP),  Li= (K, —iK,), (2.4b)
Moy = Py, My, = B, — iBy, My = B, + iBy, Mi1 = K. (2.40)

Using the differential representation of the conformal Carroll algebra and the definitions (2.4),
we obtain a suggestive form for the Conformal Carroll generators:

1 - 1
L, =2""9, + 5(71 +1)z"t0y, L, = Y. 4 §(n + 1)2"0y, Mpy = 2"2M0,.  (2.5)

where z = x 4+ iy and Z = ¢ — iy. The conformal Carroll algebra now takes the form

[Ly, L) = (n — m)Lpym, [Loy Lin] = (n — m) Ly tm, (2.6a)
n+1 - n+1
[Lmers] = ( 2 - T)M(n—&-r)sa [LnaMrs] = ( 2 - S)Mr(n+s)' (2'6b>
[M,s, Mp,] = 0. (2.6¢)
where n = —1,0,1 and r,s = 0, 1. If we now extend the generators (2.5) for arbitrary integer

n,r, s, the algebra above (2.6) is infinite dimensional. This algebra is isomorphic to the four
dimensional Bondi-van der Burg-Metzner-Sachs algebra (BMS,4) which is the asymptotic
symmetry algebra of asymptotically flat 4d spacetimes at the null boundary [45, 46].

We now give a geometric account of these symmetries [47—49]. In flat space, it is very
evident the Carroll limit makes the Minkowski metric degenerate. The metric with covariant
indices becomes:

—200 000
Nuv = 0 101, nyyﬂ)h,m/: 0101, (27)
0 01 001

while the contravariant version takes the following form

-%00 100 1
=10 10|, = =%0"=]000|=0'0", where0*=|0]. (2.8
0 01 000 0

It is clear from the above that we have
hy0” =0 (2.9)

One can generalise this structure to define general Carrollian manifolds with the pair (h,,, 0*).
Formally, a Carroll manifold is defined as a d-dimensional manifold endowed with a degenerate
symmetric positive covariant tensor field h,, and nowhere vanishing vector field 6 which
generates the kernel of h. This is a “weak” Carrollian structure as opposed to a “strong”



structure which also requires the existence of a symmetric affine connection compatible
with both h and 6.
The Carroll algebra is obtained as the isometry of a flat Carroll manifold

LcO" =0, Lchy =0. (2.10)

Here L represents a Lie derivative along the vector field ¢. This actually leads to an infinite
dimensional algebra, which reduces to the finite dimensional Carroll algebra we obtained
above in the limit when we restrict to linear functions. We shall mostly be interested in the
conformal structures on these manifolds. The conformal isometry is generated by

L0 = X", Lehyy = =2\ (2.11)

Here ) is the conformal factor.? For flat Carroll backgrounds, the solution to the conformal
isometry equations above is given by:

£ = (ate) + 3056 ) 0+ fia)0 (212)

Here z° denotes the (d — 1) spatial directions of the d-dimensional Carroll manifold. a(x?) are
arbitrary functions of these spatial coordinates and parametrise supertranslations. f(z7) also
satisfy conformal killing equations on the spatial slice. We are interested in the case d =3
and hence here fi(27) are restricted to be to be holomorphic/anti-holomorphic functions,
ie. f = f(z) and f = f(%). Tt is clear from the above that we can define the generators of
the algebra of Carrollian conformal isometry as follows

L(f) = f(2)0: + 50.() 0 L) = F(2)0: + J0:F(2)0, M(a)=al=2)0.  (213)
If we break this up into modes
f(z) = anz"", f(2) = a, 2", a(z,2) =Y b7
L) =Y et 1) = Yol M) =S hah, @1

it is straight-forward to check that the generators are the same as (2.5) and obey the infinite
dimensional BMS, algebra.

2.2 Aspects of representation theory

In this subsection, we briefly recall aspects of representations of Carrollian CFTs. The
construction of the representations of Carrollian CF'Ts is similar to the relativistic conformal
case. Our construction here would be important to understand the symmetries of the specific
Carrollian field theories, i.e. the Carroll CSM theories we will focus on later in the paper.

2In general, one could choose different conformal factors A1 and A2 for 8 and h and this would lead to
the so-called N-conformal Carroll algebras, where N = —X2/\1 and this is related to the anisotropy factor
z = N/2 which dictates the relative scaling of space and time under dilatations. From the point of view of
holography of asymptotically flat spacetimes, where the bulk is a 4d relativistic spacetime, we are interested
in 3d field theories that have uniform scaling of space and time, z = 1 and the above choice is valid.



Let us consider how conformal Carrollian symmetry acts on a generic field ¢ which can
be looked upon as a multiplet of different fields ¢;:

P1
o= :|. (2.15)
P

We first focus on the little group that keeps the origin (t = 0, z; = 0) invariant. This is the
subgroup generated by the rotations, Carroll boosts, dilatations, and Carroll SCTs. The
action of the generators on ® is given by

[Jij, ®(0)] = S;;9(0), [B;, ®(0)] = B;®(0), [D, ®(0)] = A®(0), (2.16a)
[K;, ®(0)] = k;®(0), [K,®(0)] = k®(0). (2.16D)

~—

The little group generators form a matrix representation at the origin. We can set k and k;
to zero as a consequence of the algebra of these generators, and this is very similar to the
usual relativistic CFT analysis. The representations of the whole conformal Carroll algebra
are induced from this. The transformations of the fields under the action of the different
generators of the algebra at arbitrary points are given by using the translation generators
on the generators to move them to act on the field at that point

O(t,x;) = ethe"Pixi(’)(O)e*the*iPixi, (2.17)

where O represents a generic operator, and in this case a member of the generators, and by
repeated use of the Baker-Campbell-Hausdorff formula. This yields:

[Jig, ®(t,20)] = (2:0; — x;0; + Sij) 2(0), (2.18a)
[Bi, ®(t, x;)] = (@ &s + B;)2(0), (2.18b)
(D, ®(t, x;)] = (td; + 2'8; + A)®(0), (2.18c¢)
(K, ®(t, ;)] = (¢°0; + 22:8:)®(0), (2.18d)
(K, ®(t, 20)] = (22:A — 22;Si; + 2tB; + 2tx;0; + 22,2;0; — 2°0;)®(0). (2.18e)

In the Carrollian CFTs, we label fields by their dilatation weight A and consider various
spins S;;. The non-trivial features are encoded in the boost matrices B;, as we will see below.

Action of infinite dimensional generators on fields in 3d.

We now focus on d = 3 and discuss aspects of the representations of the infinite dimensional
algebra. We define primaries of the whole infinite dimensional conformal Carroll algebra.
All fields are labelled under Ly and L

[Lo, @] = h®, [Lo,®] = hd (2.19)

Here h+ h = A and h — h = S. Drawing analogies with usual CFT, we define Carrollian
primaries are those for which the weights cannot be lowered further:

[Ln,®] =0, [Ly,® =0,[M,s® =0, Vn,r,s>0 (2.20)



Quasi-primaries are primaries with respect to the global Poincare sub-algebra. In d = 3, the
algebra of the spin matrices related to Carroll boosts (B, B,) and rotations S is given by

S, By] = =By, [S,B,] = Ba, [Bs,B,] =0. (2.21)

The commuting nature of the boosts makes it possible to have different boost labels for
a particular spin.

Spin 0 case: we first look at the scalar representation. This is simply obtained by setting
S§S=B,=B,=0. (2.22)

With the input above, we can write down the transformation of the primaries ®(¢,z,2) =
¢(t, z, z) for the whole infinite dimensional algebra:

[Mym, d(t, z,2)] = 2"2"0sp(t, 2, 2), (2.23a)
Mm¢@%5ﬂZ%KfUH4MA¢+ﬁM+2f“aM¢@sz (2.23b)
Em¢@%2H:%KTUH4XA¢+ﬁm+2f“aﬂ¢@42) (2.23¢)

Here, Ay denotes the scaling weight of field ¢. The subscripts (n,m) > 0. This is again done by
translating the generator to (x,¢) by (2.17) and using the BCH formula. We also invoke (2.20).

Spin 1 case: the spin 1 representation of rotation means that we have

00 0
Sij=100-1]. (2.24)
01 0

We now have options for our boost generators consistent with (2.21). One of this is the
trivial representation:

B, =B, =0. (2.25)

The non-Lorentzian nature of the algebra means that one can have more than one repre-
sentation for the boost generators corresponding to a particular spin. We will be interested
in the non-trivial representation:

000 000
B.=(100|,B,=1]000]. (2.26)
000 100

These non-trivial boost matrices described are non-diagonalisable that means the components
of spinning primaries would mix under boost transformations. We will work in a basis where
the spin 1 ® field is given by:

a(t, z, 2)
D(t,2,2) = | a.(t, 2, %) (2.27)

CLg(t, Z, 5)



where a, = (a; — iay) and az = (a, + iay). The action of supertranslation on the different
components is given by:

[Mnm, at] = z”ém&gat, (228&)
[Mpm, az] = 2" 20, + 2nz""12"ay, (2.28Db)
[Mym, az] = 2"2"0az + 2mz"z" ta,. (2.28c¢)

Notice that the Jordan block structure of the boosts mean that a; is present in the trans-
formation of a,,az but only transforms into itself under supertranslations. Similarly, the
action of superrotations on the components are given by

I 1
L] = |10+ 2" (0 + 1)(A + t@t)] ar, (2.200)
i 1
[Loas] = [0, + J2"(n+ 1)(A 414 t@t)] 4. + 2tn(n + 1)arz""1, (2.20D)
(Lo, as] = |="+10, + %z"(n F1)(A -1+ tat)] a-. (2.29¢)

and for the anti-holomorphic counterpart:

- [ 1

Lo = [0 + 22"+ 1) (A + t@t)} o, (2.30a)
_ r 1
Lnas] = [7410: 4+ S+ (A - 14 t@t)} 0, (2.30b)
_ : 1
(Lnas] = [7410: 4+ L4 A+ 14 t@t)} 0=+ 2tn(n + Dagz" ", (2.300)

Notice that the different components have different scaling dimensions. Comparing with (2.19),
we see that
A —A+1i_z A-1 A-1+  A+1

ha, = hq, = 5; ha, 9 't 5 z 9 z 9 (2'31)
One can similarly build higher spin representations. There will be more choices for non-trivial
boost matrices as one increases the spin, with all the lower spin boost matrices showing up.

For the purposes of this paper, we will be concerned with spin-0 and spin-1 cases.

3 Abelian Chern-Simons coupled to scalar matter

Our goal in this paper is to construct Carrollian versions of Chern-Simons matter theories.
We will focus on 3 dimensions. In this section, we give an overview of the basic construction
of these theories from the point of view of an expansion in powers of the speed of light ¢
following [42] and demonstrate the technique for the Abelian CS theory before we move
onto the more interesting non-Abelian case in the next section. This section provides a
warm-up for the more involved case to be discussed later. We will also comment on the
symmetries of the actions derived and the most interesting point, the dimensional reduction
of the Carrollian CSM theory.



We begin with the well-known relativistic U(1) Chern-Simons theory and couple this
to a scalar. This theory is described by the action:

S = /dtd2 { 0 4,0, A, + (D Hgb)*(D“gb)}, (3.1)

where 4 = 0,1,2, k is the level of the Chern-Simons term and D, is the gauge covariant
derivative: D, = 0, —ieA,. We note that under a general coordinate transformation, the
gauge field transforms as:

§A, = £7D,A, + 0,8 A, (3.2)

We would be interested in splitting up spatial and temporal components in order to consider
the Carroll limit. The restriction of the above general coordinate transformation to a Lorentz
transformation is
> 0 }
@ =0T T gy (33)
c

Cc

The gauge field A, and real scalar field transforms under Lorentz boosts as
. 1. _ _ S
(514“ = ctﬁ’@iAM + Eﬂix’(?tAu + (SA“, where dAg = 5*A;, 0A; = B; A, (34&)
. 1.
0p = ctp'0ip + Eﬁixlﬁtdx (3.4b)

3.1 Carrollian expansion

We will now construct the Carrollian version of the CS theory coupled to a scalar field. We
will use an expansion of all fields in a power series in c? [42]. The leading term would become
what is known as the Electric Carroll theory, while the sub-leading term, with appropriate
modifications, becomes the Magnetic theory. The fields in our theory are expanded as:

Z c’\CQ"at A = Z AP (n , = Z ™. (3.5)
n=0

where we use A; = cAg. We find the transformation rules of the fields at a generic level
(n) by considering the expansion of the relativistic fields again. Let us specifically look at

the transformation under boosts. We define

Bi = cbi, (3.6)
where b; is the Carroll boost parameter. The fields then transforms as
sa(™ = biz'opa™ + tb' 00l + bial" Y, (3.7a)
5a§n) = bjxjﬁtagn) + bjtﬁjagn_l) + biagn). (3.7b)
where for n = 0, the transformations are included using a,(fl) = 0. It is straight-forward

to see that the leading n = 0 transformations are identical to what we had derived earlier
from the representations of the conformal Carroll algebra in (2.28). In conclusion, the set

(ago), az(»o)) acts like a vector field with respect to Carroll transformations. These rules are
also applicable for the scalar field. The resultant higher modes in the expansion transforms

into each other under these boosts.
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3.2 Electric and magnetic actions

We will now study the expansion of Chern Simon theory coupled to scalar field. The
action (3.1) with explicit ¢ factors is given by

1

k
_ 2 Hvp N
S = /dtd x g {e A”&,AP} =2

(Dso)* (Dy8) + (Dig))* (D) = / did?z L. (3.8)

We will plug (3.5) into (3.8) and extract the leading and subleading pieces. We will take
A =~ — 1 since we wish to keep the Chern-Simons term at leading order. Interestingly, we
get two distinct theories corresponding to A = 0 and A # 0. For A # 0, it is a straight-forward
exercise to check that the interaction terms between the gauge fields and scalars (in the
covariant derivative) disappear. We will thus focus on the A = 0 sector alone.

The leading order Lagrangian, which we will call the Electric Carroll Lagrangian is
given by:

Lo = ﬁewag%yag’) _ (Dy6) O (Dy) O, (3.9)
where we have used the abbreviation (D;¢)©) = (9; — ieago))qb(o). We will see below that this
Lagrangian has Carroll and indeed (infinite) conformal Carroll symmetries.

The next-to-leading order (NLO) Lagrangian is given by:

k v * *
Ly = *(a0,a +al09,al)) = (D16) V*(D1) @ — (Dyg)V*(Dyg) ™) (3.10)

+(D;i¢) " (Dig) V), (3.11)
where we have defined

(D)@ = DO = (8, — iea)p©@, (D)D) = 06V — iealV D) —iealVp©® (3.12)

This Lagrangian is not Carroll invariant, specifically it is not Carroll boost invariant. In
order to rectify this, we modify it by adding Lagrange multipliers (x,, &) to make it Carroll
boost invariant. We re-write the Lagrangian after adding Lagrange multipliers, to get:

k ~ ~ ey .~ %k * (¢ .~
L1 = e (70,0 +a00,%,) — (€ +iexid" ) (D)) + (Di9) (€ — iexid)
+(Dig) (D), (3.13)

where we have redefined € = (Dio)qﬁ(l) +¢) and x, = (a,(}) +Xu). As we elaborate in appendix
A, by ascribing certain transformation properties to the Lagrange multipliers, the above
Lagrangian can be made Carroll invariant. In conclusion, the Carrollian Chern-Simons matter
theories that we would be interested in have the following Lagrangians:

k
Electric: L. = Ee“”pau&,ap — (Di¢)" (Do), (3.14)

Magnetic: L, = %e’“’p (x,ﬁyap + au&,xp) — {J{"(Dtﬁﬁ) + (Dt¢)*Jt] + (Di®)*(D;¢)
(3.15)

Here we have D; = 0; — ieas, D; = 0; — iea;, J;y = & — iexso, a,(fo) = a; and ¥ = x and so
on. We have dropped all superscripts on the fields.
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3.3 Symmetries for the electric action

We now briefly delve into the symmetries of the electric action (3.14). The transformation
of the vector fields ® = (a4, a.,az) under the conformal Carroll algebra are given by the
equations (2.28), (2.29) and (2.30). The transformation of the scalar ¢ is given by (2.23).
The dilation weights of the different components of the vector field are given by
_ 1 _ _
Ay, =1= hg, = hg, = 5 ha, =1, hq, =0; hg, =0, he, = 1. (3.16)

For the scalar we have
Ay =—. (3.17)

These can be deduced from the relativistic theory in the same way as we constructed the
change under the boosts. The dilatation weights don’t change under the limit ¢ — since the
dilatation generator D = t0; + x'0; does not change under contraction.

We can now explicitly check for the invariance of the Lagrangian (3.14) under super-
translations the action of which on the fields are given by (2.28) and (2.23). This yields

SaiLle = B[z EML,]. (3.18)

So we see that the electric action is invariant under infinite dimensional supertranslations.
Similarly, the action of the “holomorphic” superrotations are given by (2.29) and (2.23).
This gives

S1Lo = 0, Ez"(n L] + o[ (3.19)

In the above, we have explicitly used the weights (3.16) and (3.17). We thus have only
total derivative terms under the variation of the electric Lagrangian and hence the action
is invariant under the infinite dimensional superrotations as well.

Let us put in perspective what we have found. The relativistic Chern-Simons action in
3d coupled to massless scalar matter is conformally invariant, but this symmetry is finite
dimensional. We have taken a Carrollian expansion on this action and considered the leading
electric Carroll action. This action is now invariant under an infinite dimensional symmetry,
viz. the 3d conformal Carrollian or BMS, algebra. This theory is a potential model of a field
theoretic dual to a gravitational theory in 4d asymptotically flat spacetimes.

One can also look at the symmetries of the magnetic action (3.15) and conclude the
emergence of infinite dimensional symmetries there. We give the details of this in appendix A.

3.4 Null reduction of Carrollian theory

One of the objectives of our work is to relate the two approaches to holography in asymp-
totically flat spacetimes, the Carroll and the Celestial. As indicated in the introduction,
Carrollian holography proposes a co-dimension one dual to 4d asymptotically flat spacetimes
living on the entire null boundary, while Celestial holography advocates a co-dimension two
dual that resides on the celestial sphere. The 3d Carrollian field theory is defined on the null
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line R, as well as the sphere $% at .#*. It is thus natural to ask what happens if we reduce
the 3d theory along the null direction and this is what we will do below.

Before proceeding, it is important to remind the reader that when one does a null
reduction of a relativistic theory in (d 4 1) dimensions, one ends up with a Galilean theory in
d dimensions. In order to null reduce, the relativistic theory is written in lightcone coordinates
= L
of this quick comment, let us focus on 4d theories. In terms of the metric, in the lightcone

(2% £ 2%) and then the derivative along 2% is set to zero: d; = 0. For the purposes

coordinates in four dimensions, we have

0100
1/000 0 T3x1

Naxd = = ) (3.20)
0001

The null reduction focuses on the lower 3 x 3 block. This is a degenerate metric giving rise
to a 3d Galilean structure. Now let us attempt the same on a 4d Carrollian theory. We
know that here we already have a degenerate metric:

0000
0100 0  Oszx1
Gaxa = = ) (3.21)
0010 O1x3 033
0001

The null reduction again will focus on the lower 3 x 3 block, but now in contrast to the
relativistic case, we have a 3d Euclidean non-degenerate metric. We might expect that a
null reduction of a Carrollian theory thus would generate a Euclidean theory in one lower
dimension.? This expectation is borne out by our analyses in this paper.

Armed with this intuition, we will now Kaluza Klein reduce the Carrollian theory
along the null or ¢-direction. Splitting the space and time indices, we see that the electric
Lagrangian is given by

Le= ﬁe%y [atfay — a2(Oray — Oyar) + ay(Oras — Ozar)] — (Di)"(Dig). (3.22)

The process of null reduction, as just mentioned above, means that any derivative in ¢-
direction is set to zero. Doing this we get:

k N k «
Loull—red = Eemy [atfmy + axayat - ayaxat} - 62@%925 ¢ = %Gtzyatfxy - 62a§¢ ¢, (3.23)

where we have dropped a total derivative in the intermediate steps. Our aim now is to
integrate out the a; field. The equation of motion of a; is given by:

k T *
Eﬁt Yfry = €2a1™ . (3.24)

3There has been recent work relating lower dimensional non-Lorentzian theories (both Galilean and Carrol-
lian) to relativistic theories in lightcone coordinates in one higher dimension from a geometric perspective [60].
It would be of interest to see if something similar can be attempted for higher dimensional Carroll theories
and lower dimensional relativistic ones.
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Completing square(s), (3.23) can be written as

Liull—red = —€7¢*¢ (at - 4::@2 (‘;fi;f + (47];)2 gjé (3.25)

Classically, the a; equation of motion suggests that the bracket of the first term vanishes.

In the path integral language, the bracket gives a gaussian integral in shifted a;, which just
yields a determinant. In either case, we are left with only the second term after integrating
out a;. So we find that

2 r2
h ) Joy (3.26)

Lull—red = (471’6 o*d
This is a 2D Euclidean pure Maxwell theory with coupling g% = (ﬁkﬂ){ provided |¢|
acquires a vacuum expectation value by some mechanism.

The magnetic Carroll theory can also be null reduced and we provide some details in
appendix B. This is more involved and we will not be concerned with this in the main
body of the paper.

In conclusion, we have shown that starting with a 3d relativistic Abelian Chern-Simons
theory coupled to scalar matter, one can do a Carroll expansion in powers of the speed
of light to obtain two Carroll Chern-Simons matter theories in 3d, which exhibit infinite
dimensional Conformal Carroll symmetry. Now, null reducing the electric Carroll CS theory
and integrating out the a; field, we have ended up in a 2d Euclidean Maxwell theory. This
section provides a warm-up for the more involved non-Abelian case we would be addressing
in the coming sections. It is rather curious that one can end up with a lower dimensional
Maxwell theory from Chern-Simons theory in this way.

We started out this sub-section saying that we wanted to relate 3d Conformal Carroll
theories to 2d Celestial CF'Ts via null reductions. We have obtained a 2d Euclidean Maxwell
theory. Now Maxwell theory is only classically conformally invariant in d = 4. So a priori,
it is not clear at all that we have ended up with a relativistic CFT in d = 2. We will
however argue that this is the case when we move to the details of the non-Abelian theory
in the coming sections.

4 Bifundamental CSM theories

We will now consider a non-abelian generalisation of our construction in the previous section,
viz. a Chern-Simons matter theory with bifundamental matter and gauge group SU(N) x
SU(M). Such theories famously arise in the context of AdSs/CFT3 duality [4]. Note that
the ABJM theory has U(N) x U(N) gauge group, the U(1) x U(1) part of which can be
gauge-fixed to a discrete subgroup. We will avoid this subtlety by working with special
unitary groups. For simplicity, we will also neglect fermions and scalar potential terms. First
we will take the Carrollian limit to obtain a Chern-Simons matter theory with Carrollian
conformal symmetry (or BMS, symmetry), which can be thought of as living at null infinity
of Minkowski space, providing a toy model for flat space holography. Then we will perform
dimensional reduction along the null direction to obtain a relativistic two-dimensional theory.
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It is notable if start with a relativistic theory and apply a Carrollian limit followed by a
null reduction, we end up with a relativistic theory in one lower dimension. In a sense, we
can think of the non-relativistic limit encoded by the null reduction as cancelling out the
ultra-relativistic limit encoded by the Carrollian limit. We expect this to be a more general
phenomenon. Moreover, we will show that the resulting theory has relativistic 2d conformal
symmetry and may therefore be a celestial CFT.

We will show below that upon giving the scalar fields a vacuum expectation value, the
null-reduced 3d theory becomes a Euclidean 2d Yang-Mills (YM) theory. To our knowledge,
such a connection between 3d CSM and 2d YM theory has not previously been observed.
In particular, if M < N the gauge group of 2d YM will be SU(M). From this we see that
having fundamental matter in 3d (which corresponds to having M = 1) will lead to an
abelian theory in 2d even if the 3d theory has a non-abelian gauge group. Hence, it is
crucial to have bifundamental matter in 3d in order to get an interacting theory in 2d. It
is intriguing that the necessity of bifundamental matter was previously discovered using
completely different reasoning in the context of AdS/CFT [4, 61, 62]. This suggests that
if a concrete realisation of flat space holography exists, it should indeed arise from taking
the flat space limit of AdS/CFT.

4.1 Carrollian bifundamental CSM

We begin by considering the relativistic CS theory coupled to bifundamental scalar matter:

S = / dt dz dy {ngew Try <A#a,,Ap + ZZAHAVAP) (4.1)

" 9
+ Zg—few Tras (BuaVB,) + ;BuBl,Bp> +Trwr [(Due)! (Do) }
where ¢ is a scalar field in the in (N, M) representation of SU(N) x SU(M), A, and B,

are SU(N) and SU(M) gauge fields, respectively, and
D¢ =0, —iAup+idpB,,. (4.2)

We will choose the Chern-Simons levels to be ky = —kj; = k. We will see later that this
choice gives 2d YM theory after taking the Carrollian limit followed by dimensional reduction.
It is also the choice which appears in the ABJ(M) theory [4, 5].

We employ the same Carroll expansion (3.5), but now for both gauge fields A, and B,,,
along with the scalar ¢. This results in a generalisation of the Abelian Carroll actions we wrote
down earlier. We will focus solely on the leading electric action in this case (but the magnetic
case can be similarly obtained). The Carrollian electric non-Abelian CSM action is given by

Se = /dtdxdy {éie‘“’p {TrN (au&,ap + éiaua,,ap) — Tryy (b,ﬁ,,bp + zibub,,bp)}
—Trym ((Dt¢)T : Dtﬁb)} ; (4.3)
where we have
Dip = 0r¢p — iarp + ipby. (4.4)
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This theory can be shown to have infinite dimensional Carrollian conformal symmetry, like its
Abelian counterpart, and can be thought of as a CFT living in null boundary of Minkowski
space, presumably dual to some gravitational theory in the bulk.

4.2 Dimensional reduction and emergence of 2d Yang-Mills

In continuation of the construction in the Abelian case, we will now dimensionally reduce
along the null direction, . We remind the reader again that this is a null reduction, which
normally gives a lower-dimensional non-relativistic theory when applied to a relativistic
theory. However applied to a Carrollian theory, this yields a relativistic Euclidean theory,
so in a sense the non-relativistic nature of the null reduction counters the ultra-relativistic
nature of the Carroll theory leading to a relativistic theory at the end of the process. When
applied to our Carrollian CSM, the lower dimensional theory is again relativistic. We will
show that is contains 2d Yang-Mills theory and enjoys 2d relativistic conformal symmetry,
and can therefore be interpreted as a celestial CFT.

To perform the dimensional reduction, simply take 9y — 0. After doing so, we obtain

_ w _w ~ b (ad —
Sad = / dxdy{ = Ton (aFyy) = o Trar (bFay ) + Trar (a6 — 0b)f (a0 ¢b)]}, (4.5)
where a = a4, b = b, and
Fry =0gay — Oyay +ilag, ay], Fyy = by — Oyby +1i by, by] . (4.6)

We will now integrate out a,b. To simplify the analysis and the physical interpretation of the
result, we will give ¢ a vacuum expectation value (vev). The simplest case is N = M. In this
case we obtain SU(N) YM. For M < N, we get SU(M) YM plus additional terms whose
physical interpretation we will discuss later. In appendix C we carry out a more general
analysis for the theory without introducing a vev,* but this yields identical results.

Case 1: M = N. Let us first consider N = M. In this case we can set ¢ = vl yxy giving

ik ~ ik - 2 2
Soq = /dmdy {87? Try [aJr (ny — ny)] —1—5 Try {a, (ny + ny)} +v* Try (a_)} ,

(4.7)

where ar = a £b. We then find the following equations of motion:
ay eom:  Fpy = Fyy (4.8a)

ik
a_ eom: a_ = _WFW' (4.8b)
Plugging these back into the action then gives

1 64202

Sad = —— [ dedyTry (FmQy) M= (4.9)
9y m k

“Here we focus on the M = N case. The exercise for the more general case M < N is complicated, not
very illuminating and yields results identical to what we present below. So we don’t elaborate on that in the
appendix.
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Case 2: M < N. We now focus on the more complicated case M < N. In this case,
we may set

¢>=v< Tara > (4.10)

ON—nyx M

It is also convenient to split the gauge fields and field strengths into blocks as follows:

t
- (CLIMXM a/j}4><(NfM) ) ’ b= b, (4.11)
UN-M)xM YN-M)x(N—M)
FMxM Fg’cyMX(N’M) _ el
Py = (Fgf(yN—M)xM FIIN=M)x(N=M) | Fyy = Fy ™. (4.12)
zy Ty

After doing so, we find that

ik . \MxM ik . \NMxM
SQd = /dxdy {87‘(‘ TI'M |:CL+ (ny - Fa:y) :| + — TTM |:CL (ny + ny) :|

8T
i [Tewas (o072 T () T (41, )]
+0? [TrM a® 4 Tryy (a/Ta/)} } , (4.13)

where a+ = (a £ 0b),;, ;- We then find the following equations of motion:

a4 eom: F%XM = F%XM
ik
a_ eom: a_ = —WF£XM
v (4.14a)
a’ eom: a =- ik pr
' C 4me?T W
" . "o
a’ eom: Fyp, =0.

Plugging these back into the action finally gives

64202

1 2
Soq = gT dxdy {TrM (F%XM> + 4Ty (F/T F, )] ,  Wwhere 9\2(M -2

ey tay (4.15)
YM

Note that the first term describes 2d SU(M) YM, while the second term involves the field
strength Fgéy which is an M x (N — M) non-hermitian matrix. The physical interpretation
of the second term is unclear in general, but when M = 1, F;, is an (N — 1)-component
vector, i.e. I, = (FQE;), . ,Fgﬁi)"”) and the second term reduces to a sum over (N — 1)
abelian non-Hermitian fields:

‘ 2

N-1
Trag (Fpy ) = S|P (4.16)

a=1
Note that M = 1 corresponds to having fundamental matter coupled to SU(XN) Chern-Simons
theory in the original 3d theory but after dimensional reduction we end up with an Abelian

theory if even the original theory was non-Abelian.
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From our findings above, we clearly see that having bifundamental matter in three
dimensions is required in order to have an interacting theory after dimensional reduction.
Interestingly, the same conclusion was reached from a very different perspective when
constructing a consistent example of the AdS;/CFT3 correspondence. We believe that this
is not a coincidence.

4.3 Hints of 2d relativistic conformal symmetry

In this sub-section, we will indicate how the 2d theory in (4.5) exhibits an emergent conformal
symmetry arising from dimensional reduction. To motivate this, first recall the vector
representation of the 3d Carrollian conformal group (2.5), which we re-write here for ease

of reading:
1
L, =z2""9, + §(n + 1)2"td, (4.17a)
1
L,=z""0; + 5(n +1)2"t0y, (4.17Db)
M, s = 2"7°0, (4.17c)

Here the first two lines represents the superrotations which close to two copies of Virasoro
algebra, but are in an unusual 3d representation with (¢, z, z) and the third line represents
the generators of angle-dependent supertranslations along the null direction ¢. Dimensional
reduction along the null direction sets the ¢ derivatives to zero, i.e. 9, = 0 and we are left with

L, =2""9,, L,=2z""0,. (4.18)

These are the usual representation of the generators of the two copies of the Virasoro algebra
in d = 2. We thus expect the 2d theory, which is a null-reduced 3d Carrollian CFT, to
have 2d relativistic conformal symmetry.

Let us now understand how the 2d Yang-Mills theory can have an emergent scale
invariance. Looking at the first line in (4.5), we see that a, b must have scaling dimension zero
since the strengths F,, and me have scaling dimension two. Applying this to the second line
in (4.5) then implies that ¢ has scaling dimension one. After giving ¢ a vev and integrating
out a,b we see that the resulting 2d YM theory is also scale-invariant since g%M has scaling
dimension two. In summary, we find that

Ao=20p=0, Ay=1. (4.19)

The crucial point here is that the fields that are to be integrated out from the 3d theory
a¢ = a and b; = b have changed scaling dimensions from what we started out with, as has
the field which acquires a vev, i.e. ¢. Since a,b are scalars in the 2d picture, it is natural
to set the scaling dimension of a = b = 0.

Although we don’t claim to understand the process of null reduction at the level of
the representation theory completely, let us attempt some more explanations. We wish
to figure out how the 2d conformal representations appear naturally from the 3d Carroll
representations under this process. In particular, the transformation of the fields as, a; and
¢ in the 3d action before the null reduction are given by egs. (2.28)—(2.30) and (2.23). The
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process of null reduction would change the dilation weights of a; and ¢. In particular, due
to the different scaling dimensions for a; and a;, the 3d Carroll boosts do not mix these
components of the spin-one field into each other. So these objects under Carroll boosts
would transform in the trivial representation (2.25) instead of the non-trivial one (2.26) for
the spin-one multiplet. In particular, the transformation of each field would be according
to (2.23) and doing the null reduction by setting the t-derivatives here to zero gives us a
natural 2d conformal transformation:

(Lo, ®(2,2)] = [2"110. + 2"(n + 1)h] @(2, 2), (4.20a)

(Lo, ®(2,2)] = [2"110: + 2"(n + )R] 8(2, 2), (4.20b)
where ®(z,2) = (a;,az). The weights of the fields are give by

ha, =1, ha, =0; hg. =0, he. = 1. (4.21)

z

These follow directly from (2.31) since A,, = A,, = 1, which does not change with the
dimensional reduction. The above transformation can also obtained from egs. (2.29) and (2.30)
by setting 9, = 0 and a; = 0. It is now straightforward to show that the theory in (4.5)
enjoys 2d conformal symmetry.

It is interesting to note that we obtain a theory with relativistic conformal symmetry
by performing a null reduction of a theory with Carrollian conformal symmetry. We believe
that this mechanism is not special to Carrollian CSM theory, and should hold for any theory
which arises from taking the Carrollian limit of a relativistic theory essentially because the
non-relativistic limit encoded by the null reduction cancels out the ultrarelativstic limit
of the Carrollian limit.

5 Conclusions

5.1 Summary

Motivated by the ABJM construction of a concrete dual to AdSy spacetimes in terms of 3d
CSM theories, in this paper we laid out the basic construction of a holographic dual to 4d AFS
in terms of a 3d Carrollian CSM theory. We arrived at the Carrollian theories by considering
a c-expansion of the fields in the relativistic theory and showed that the leading Electric
Carroll CSM theory has an infinite dimensional BMS, symmetry. This makes the theory a
candidate for a field theory dual to 4d AFS, since it inherits the asymptotic symmetries of
the bulk gravitational theory. In appendix A, we discuss aspects of the sub-leading magnetic
theory, which also exhibits similar symmetry structures.

We then performed a null reduction of the 3d Carrollian theories. Reducing along the
null direction, we ended up with 2d (Euclidean) relativistic theories. The theory we reduced
to depended very crucially on the matter content of the parent theory. We considered
bi-fundamental matter and non-Abelian relativistic CS theories and then the process of first
taking the Carroll limit followed by a null reduction landed us on a 2d Yang-Mills theory
with SU(V) gauge symmetry, if we started out with two equal gauge groups SU(N) x SU(N).
For the SU(N) x SU(M) case (N > M), the results were more involved, with a 2d SU(M)
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YM theory with additional interactions. For fundamental matter, the theory reduced to 2d
electrodynamics. This rather surprising connection between 3d CSM theories and 2d YM
theories, to the best of our knowledge, is completely novel and could be the tip of the iceberg
of a deep connection between 3d-2d theories via this curious ultrarelativistic-nonrelativistic
reduction.

We ultimately provided some hints as to how the 2d YM theory we obtained has an
emergent 2d relativistic conformal symmetry and thus may provide a bridge between 3d
Carrollian CFTs and 2d Celestial CF'Ts. We provide more comments below.

5.2 Discussions and future directions

Our work raises several tantalising questions and below we discuss some of them.

* Relating Carroll and Celestial CFTs through null reductions.

As described in the introduction, in recent years, there has been a major theoretical
effort to formulate flat space holography in terms of a 2d CFT living on the sphere at
null infinity, known as the Celestial CFT [7, 8]. Given that the 2d theory we obtain by
performing a null reduction of a 3d Carrollian CF'T has 2d conformal symmmetry, we
believe that this theory may provide a concrete relisation of a celestial CF'T, or at least
be closely related to one. Let us suggest a speculative holographic argument which
lends support to this claim. First recall the formula for a bulk-to-boundary propagator
for a field dual to a scalar operator with dimension A in a Carrollian CFT [17]:

1

Cpn e~
27 (t4g-a)A

(5.1)
where ¢'is a null vector which can be interpreted as the momentum of a massless particle
in 4d Minkowski space. This propagator was derived by writing the AdS4 propagator in
5d embedding corrdinates and taking the flat space limit. If we restrict our attention to
one edge of null infinity parametrised by 0 < u < oo and impose appropriate boundary
conditions, we can extract the zero mode of the operators along this interval of the
boundary by simply performing an integral over u as follows:

o0 % du 1 1 R
duG :/ = 5.2
/0 uhra o (ut+q-z)2 1-A(u+q-z)2 1, (5.2)

1 1
T A1 (5.3)

We recognise the second line as the bulk-to-boundary propagator in AdS3 which can be
derived from the Mellin transform of a plane wave in 4d Minkowski space [63]. More
generally, performing this Mellin transform maps scattering amplitudes to Celestial
correlators [64]. Hence, dimensional reduction maps a Carrollian CFT operator with
scaling dimension A to a celestial CF'T operator with scaling dimension A — 1.

There have been other similar suggestions for relating 3d Carrollian and 2d Celestial
CFTs (see e.g. [16]). We hope to follow up on this, specifically in the context of 3d
CSM theories we have discussed above. It would also be interesting to explore if there
is any relation between 2d YM and other recent proposals for Celestial CFTs [65-67].

— 20 —



* Limits and reductions
We have performed a Carroll limit followed by a null reduction on the 3d relativistic
CSM theories to end up with 2d Yang-Mills theories. It would be intriguing to figure
out what happens if one does the opposite, i.e. null-reduce the 3d relativistic theory
and perform a Carroll limit on the resulting theory and to generalise this story to other
spacetime dimensions. We hope to report on this in the near future.

* Computing correlation functions

Given a concrete proposal for a Carrollian CF'T, it would be of great interest to compute
its correlation functions in order to probe the dynamics of the bulk theory. For this
puropse, it would be useful to adapt the Feynman rules recently derived for Carrollian
YM theories in [68] to Carrollian CSM theories. A natural target to derive from the
boundary perspective would be tree-level Einstein gravity amplitudes, which were
recently mapped to Carrollian correlators in [21, 22]. In general, we expect boundary
correlators to produce amplitudes of Einstein gravity plus an infinite tower of higher
derivative corrections which arise from the low energy expansion of a UV finite theory
of quantum gravity such as string theory. While reproducing bulk locality at four-points
may require performing a non-perturbative calculation in the boundary [69], we should
already be able to get some insight into the bulk dynamics by computing three-point
functions. Indeed, conformal Ward identities imply that three-point stress tensor
correlators in relativistic CE'T’s must be a linear combination of two different structures
which correspond to two-derivative and six-derivative gravitational interactions in the
bulk [70-72], so one expects to have a similar statement for 3d Carrollian CFT’s.

* Supersymmetrization

One of the most important directions is to generalise our discussion to include supersym-
metry and in particular figure out what the Carroll limit of 3d N' = 6 Supersymmetric
CS theory is so that we can actually focus on the flat limit of the AdS,/CFTj3 corre-
spondence. Supersymmetric versions of Carrollian theories in dimensions higher than
two have been addressed in [73]. It would be of interest to use these algebraic structures
in the construction of an explicit supersymmetric CSM model. Understanding the
analogue of this limit for type IIA string theory on AdS,;x CP3 is also an important
project, but one may have to work a lot harder for a full string theoretic understanding
of the bulk.

We hope to come back to these, and other questions of interest, very soon.
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A Symmetries of magnetic limit

In this appendix, we will look into the magnetic limit and the symmetries of the action.
The action in the magnetic limit is given by

kot
Limag = - {Em (Xtaiaj — Xi0ka; + xi0jar + ar0ixj — a;iOx; + aiant)]

— [ (Dig) + (Dug)" 1] + (Digy)"(Dig), (A1)

where we have D; = (0p — ieay), D; = (0; — iea;), Jy = (£ — iex), ago) =aq; and Y = x
and so on. The equations of motion are

ko E oo

5o it el (Dig) = ¢(Dig)'1 =0, e fi ey — 7 A =0, (A2)

Eet”fij —ie[¢* (D) — ¢(Dyp)*] = 0, %Et”fu =0, (A.3)
Dy(Jy) —iexi(Dy¢) — DiDigp = 0, Dy = 0. (A.4)

where f, = (OaXp — ObXa) and a = (t,i). We will now look at the symmetries of the
Lagrangian (A.1).

Boost transformation: the transformations of the various fields in the Lagrangian under
the action of Carroll boosts is given by

[Bi, at(a:i, t)] = xi&gat, [B“ a]— (332', t)] = $i8t(1j + 67;]'045 (A5)
[Bi, x¢(2',1)] = 20 xt, [Bi, xj (", )] = 2:0ex; + dijxt, (A.6)
[Bi, ¢(a',1)] = 2049, [Bi,&(a",t)] = 2,0 + (Di9)). (A7)

The boost transformations of the Lagrange multipliers (x,, &) are chosen in a manner so as
to make sure that the action is invariant under Carroll boosts. Below we see this explicitly.
The variation of Lagrangian under boost transformation is given by

5B£mag = xlatﬁmag = 615 [l'lﬁmag]- (A8>

The magnetic action thus is invariant under Carroll boosts.

Scale transformation: the transformation of the fields under dilatations is given by:

[D, ®(x',t)] = (t0; + 2'0; + Ag)®, (A.9)
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where ® = (at, a;, ¢, x, &) and Ag denotes each fields respected scaling weight. Using it to
understand the variation of the Lagrangian, we get

0pLimag = Ot Linag] + 0t[t£mag] + (284 = D[(Dig)* (Dig)]
+ (A — ) [ & J( 10iaj — Xi0ra; + XuOpap + a;0;x; — a;0rx; + aiant”
— (a5 - ) [ & +iexid")(Dig) + (Dig)" (€ — iexio)]

~ (8¢ = 3) [ (D) + (D] - (A + Ay = 2iexa 67 (Di6) — (D10)"d]
(A.10)

We have already taken A = 1 for the gauge field (as, a;) in the intermediate steps. All
extra terms vanishes when we take

1
{A:l,szl,Agz z,Aqﬁ:Q] (A.11)
Finally the result becomes
00 Lmag = 017 Linag] + Ot [t Linag)- (A.12)

The magnetic action is thus invariant under scale transformation given the scaling dimensions

of the fields (A.11).

Supertranslation transformation: we will now look into the supertranslations and the
invariance of the magnetic limit. The transformations of the fields under supertranslation
is given by

o For the scalar ¢: (2.23).
o For the vector field @ = (at, a,, az), and Lagrange multiplier X' = (x¢, Xz, xz): (2.28).

o For the Lagrange multiplier &:

(M, €] = 2"2M0& + n2""1 2™ D¢ + mz"2™ D¢ (A.13)

The variation of (A.1) under supertranslation comes out to be
The Magnetic Carrollian CSM theory thus has infinite dimensional supertranslation invariance.

Superrotations transformation: we now move on to superrotations. The transformations
of the fields under superrotations are given by:

o For the scalar ¢: (2.23).

o For the vector field @ = (at, a,az), and the vector Lagrange multiplier X = (¢, Xz, Xz):
(2.29) and (2.30).
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o For the Lagrange multiplier &:
[Ls€] = 5100+ V(B¢ +10) + 271006 + tn(n + (Do) . (A.15)
Using the above, the variation under superrotations of (A.1) comes out to be
81 Lonag = Oy %z”(n + 1)t£mag} + 02 [ Lo (A.16)

We thus see that the magnetic action is invariant under infinite dimensional superrotations.
The magnetic Carrollian CSM action thus has all the infinite dimensional symmetries of
the extended BMSy algebra.

B Null reduction of magnetic theory

In this appendix, we provide some details of the null reduction of the magnetic Carrollian
CSM theory. For simplicity, we focus on the Abelian case. The Lagrangian is given by

Emag = % [etzy (thﬂcy - mety + nyt:v + atfmy — amfty + ayﬁm)} (B.l)
[ (D) + (D) 1| + (Da)*(Dag) + (Dy)* (Dy). (B.2)

In order to null reduce the theory, we set the derivatives 9, = 0. The action of the reduced
theory thus becomes

k

*Cmag = E {Etmy (thxy + anyat - Xyaxat + atfxy + aasath - ayaxXt)} (B3)

ticar| T} ¢ — 6" Jt] + (De0) (Dat) + (Dy)" (Dy), (B.4)

taking the total derivatives, we get

o [6 (e b e i) Fiew [T 6= 67 7] 4 (D26)* (Do) + (Dy0) (D). (B5)

ﬁmag =
The equations of motion for a; and x; are given by

k r3 . * * k x *
W = —ielJf o — JipT], 27& Y fuy — 26%a10* ¢ = 0. (B.6)

€
27 s

Looking above, we get two cases. Let us discuss each case in details. First one is integrating

out a; and auxiliary fields and second one is if ¢ is not integrated out.

Integrating out a; and auxiliary fields.

The magnetic action for an Abelian Chern-Simons field minimally coupled to a scalar, after

taking away 0 is

Lmag - % [etzy (th:ry + atfxy)] + ieay [Jt*¢ - Qb**]t} + (Dx(b)*(D:rd)) + (quS)*(qub)

Substituting the definition J; = £ — ix:¢, we get

Conag = ar (ied€" — ieg™€ — 2267 6x, ) + % (Fruxs + Foyar) + Do (B.7)
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The goal is to integrate out a¢, x: and €. A slight generalization of the well known fact

that a product can be written as a difference of two squares helps us write the “quadratic
terms in (B.7) as

* 2 * * 2 *
a (ie€” — iedc — 26267 ox,) =|<at+“¢’ Ppa t> |2—r< L ﬁ%) 2

Let’s define

209 iet”, 20"

zegb*
Vo = ar —
Xts 2= ay 5 §+ 9

Vi=a;+ & — Xt

So the quadratic piece is Vi*V1 — V5'Va. Now let’s look at the linear piece. a; is simply V1+V2,

while x; = L 4 ¢£ So we can now write (B.7) as

(fry— Joy )(V1+V1*)+<f;y+ Jou )(V2+V2*)

€2¢*

£mag - ‘/1*‘/1 ‘/2 V2 + —

am 2 e*¢rp e2p*o
iR foy B iR foy 2
ot~ o Dol

(B.8)

This is quadratic in V7 and V5, but only linear in £, which acts as a Lagrange multiplier that
imposes the constraint f;, = 0. Immediately using this constraint, (B.8) further simplifies to

Linag = ViV1 = V5 ng(vl + Vi + Vo + V5) + |Digl?,

~ o . (B.9)
= <V1 + ﬁgf) (V + %§;y> - (VQ - %) <V2 - Kgf) +|Diol?,

where we have added and subtracted the same term to complete both perfect squares.

Integrating out these perfect squares, we are left with
L1 = |Di¢l? (B.10)
with the constraint f,, = 0.

If £ is not integrated out.

If we keep ¢ as a field in the reduced theory, We go back to (B.8). Now we don’t impose
fzy = 0 since { is no longer a Lagrange multiplier. We can again complete the squares
involving V; and V5, and doing that we get

_ Koy by ) bfwy Kl Y
Lumag = (Vl * 87ry B 47re2¢y*¢> <V1 + 87ry B 47re2¢y*¢> (47r> <2y B e2¢i¢>
Kf:c K fe ) ’ifx K[z K2 fx Jz ?
B <V2 B 87ry B 47‘(’62(;/*¢> <V2 B 87Ty B 471'62@;/*¢)> + (471') <2y + e2¢>z¢)>

Z”fx ik fo 2
e e 1D (B.11)
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Integrating out the perfect squares we get

_ Jz foc i [ . ik fr 2
foag =2 (15 ) Tondon  infove _inev ey g (B.12)

If we change our minds now and integrate out &, it sets fa, = 0 giving back the action (B.10).
At this juncture, it is not clear to us what the null reduction of the magnetic CSM theory
is hinting at. We hope to come back to this in more detail in the near future.

C Integrating out fields in the bifundamental theory

In this appendix, we will integrate out the scalar fields a,b from the 3d Carroll Chern-
Simons theory coupled to bifundamental matter without introducing a vev. For the sake
of completeness, we will rewrite all formulae that we require in this appendix without
referring back to the main text. The action for the SU(NNV )y x SU(M)_ Chern-Simons theory
minimally coupled to a bifundamental scalar is written as

ScsB = /d3x£, (C.1)

where the Lagrangian of the theory is given by

21 21
L= 8ﬁew {Trl (AuayAp - ;AMAI,AP> ~ Try (BMOVBP - ;BMBZ,BP)]

— V=gTr1Tra(g" (D, @) (D, ®)). (C.2)

Here A is the SU(NNV); CS gauge field while B is the SU(M)_; CS gauge field. Tr; and
Try are the traces over SU(N) and SU(M) fundamental indices respectively. The gauge
covariant derivative is defined as

D,® =9, +iA,d—i®B,. (C.3)

Using the Carrollian expansion

- é(“ZC% n) “—au+202nan7 u:bu+zcznbgn)‘ (C.4)

n=1 n=1
to leading order we end up with the electric Carroll theory

k 27 2%
L=_——€e" [Trl (au 0va, — éaual,ap) — Tro(b,0,b, — ;bubybp)} — Tr1 Tra (Do) (Doo)).

8
(C.5)
where now Dy¢ = 9y¢ + iag® — i¢by. Null reducing the theory along 2% and thereby putting
all 20 derivatives to zero, we obtain

Log = 2Tri(af) — 2Tra(bf) — Tr1Tra[(¢Ta — boT) (ag — ¢b)]. (C.6)
where we have defined

a=ay,b=by, [f= (81&2 Ora1 + i[al, CLQ]), f = (81b2 — Ogby1 + Z[bl, bQ]) (C?)

"';‘3
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We label fundamental indices with (i, j,%...), these run over 1 to N. The antifundamental
indices are labelled with (a,b,c...) and they run from 1 to M. Different fields have the
following structure:

o=di, o' =0l" = (00)s a=qj, f=f; b=t [=
Explicitly writing out the indices, we have
Log = 2a5 f] — 263 f2 + Qf aja, + QUb{Y. — 265! "l ). (C.8)
where we have defined
Q= dus), Q4 =0l"3} (C.9)
We will now integrate out fields in the null-reduced theory.

Case I: N = M. We begin our discussions with the case N = M. In this case, both @
and @ are invertible when ¢ is invertible. Assuming ¢ is invertible, we proceed to integrate
out a first from (C.8).

ol aial ok — ol Paigl + 20} f) = [ (o190} — bpal + 071 £1) (adelk — 010G + ol F)]
— 0fal b + b (61" flel M+ ot iol") — QL
(C.10)

The term in the square brackets forms a perfect square and we drop this and put the rest
of the above into (C.8). Doing this, we see that the quadratic terms in b cancel out and
we are left with

Loa = b (@1 Flol7" 0 + o7t fiol® — 2f3) — QM Fh L. (C.11)
Now we integrate out b, which then sets
Fiy = 5 (o1 Aol + o fil") (C.12)
This is a constraint in the theory. Finally, the null reduced electric action is given by
Loq=—Q i fl = —Tri(Q7f%) = —Tra(Q7 ). (C.13)

where we have obtained the last equation by virtue of the constraint (C.12). If the scalar
¢ acquires a vacuum expectation value,

¢ = dolnxn (C.14)

then the constraint above simplifies to give

f=1r (C.15)

and the 2d action becomes:

_ k ? 2
Lo = (507 ) T3 (C.16)
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This is of course the action for 2d Yang-Mills theory with

G = (81%\)2 (C.17)

So, we see that when the scalar field acquires a vev, the null reduced electric Carroll action

can be understood as a 2d Yang Mills theory.

Case II: N # M. In this case, the analysis is much more involved, but at the end, the
interpretable result is what one gets by considering a vev, as we have done in the main
text, i.e. the action reduces to the Yang-Mills theory with gauge group SU(M), assuming
M < N. But there are additional constriants in the theory as well, which we can only
interpret presently in the cases addressed in the main text.
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