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Abstract
Newly calculated multichannel quantum defect theory parameters and channel fractions are
presented for the singlet and triplet S, P and D series and singlet F series of strontium. These
results correct those reported in Vaillant et al (2014 J. Phys. B: At. Mol. Opt. Phys. 47 155001).

It has recently been drawn to our attention that some of the
results we reported in [1] are not reproducible with the MQDT
parameters stated in that article. The issue could be traced to
an erroneous sign in a program used for several of the series
considered, which made these parameters incorrect. This error
does not affect the analysis of the 5sns 1S0 and 5snd 1,3D2 states
outlined in [1]. It does not invalidate the discussion of the
radiative lifetime of these states given in that article either or
the discussion of interchannel Förster resonances in the cal-
culation of C6 dispersion coefficients given in a subsequent
publication [2]. However, the MQDT parameters quoted in [1]
are incorrect for many of the series, as are some of the conclu-
sions on the importance of particular channels in certain series.

The primary aim of the present communication is to cor-
rect these results where necessary. However, we are taking
the opportunity of this revision for integrating recently pub-
lished results in the set of the experimental spectroscopic data
at the basis of our MQDT models. These new data come from
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high precision measurements of the 5sns 3S1, 5snd 3D1 and
5snd 3D2 series and of a few states of the 5snd 1D2 series [3,
4]. The energies of singlet S, P, D and F states have also been
measured recently, for principal quantum numbers between
approximately 50 and 70 [5]; however, these states lie beyond
the range of energies amenable to the present calculations.

We have revisited all the series for which MQDT models
were reported in [1], namely all the singlet and triplet S, P and
D series as well as the singlet F series. We have calculated
new sets of MQDT parameters for all these series. With a few
exceptions, described below, these new models are based on
the same choice of channels and the same or similar sets of
experimental data as in our original publication. The channels
and experimental data considered for each series are listed in
tables 1 and 2, respectively. We fitted the singlet and triplet
D2 states together in view of the strong mixing between these
two series. We used the values given in [3] for the first ion-
isation threshold and the mass-corrected Rydberg constant of
88Sr i.e. Is = 45932.2002 cm−1 and R̃= 109736.631 cm−1,
which supersede the values used in [1].

Compared to [1], the main difference in the choice of exper-
imental energies is our use of the results of [3], in preference to
older data, for some of the 5snd 1D2 states and for the 5sns 3S1,
5snd 3D1 and 5snd 3D2 states with n⩾ 12. However, the exper-
imental error of 3× 10−5 cm−1 on these results is two to four
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Table 1. The dissociation channels included in the present MQDT
models and their ionisation limit.

Series Channels Ii (cm−1)

5sns 1S0 1: 5s1/2ns1/2 45 932.2002
2: 4d5/2nd5/2 60 768.4300
3: 4d3/2nd3/2 60 488.0900

5sns 3S1 1: 5sns 3S1 45 932.2002
2: 5pnp 3P1 70 048.1100

5snp 1Po1 1: 5snp 1Po1 45 932.2002
2: 4dnp 1Po1 60 628.2600

5snp 3Po0 1: 5snp 3Po0 45 932.2002
2: 4dnp 3Po0 60 628.2600

5snp 3Po1 1: 5snp 3Po1 45 932.2002
2: 4dnp 3Po1 60 628.2600

5snp 3Po2 1: 5snp 3Po2 45 932.2002
2: 4dnp 3Po2 60 628.2600

5snd 1D2 and 5snd 3D2 1: 5s1/2nd5/2 45 932.2002
2: 5s1/2nd3/2 45 932.2002
3: 4d5/2ns1/2 60 768.4300
4: 4d3/2ns1/2 60 488.0900
5: 5pnp 1D2 70 048.1100
6: 4dnd 3P2 60 628.2600

5snd 3D1 1: 5snd 3D1 45 932.2002
2: 4dns 3D1 60 628.2600

5snd 3D3 1: 5snd 3D3 45 932.2002
2: 4dns 3D3 60 628.2600
3: 4dnd 3D3 60 628.2600

5snf 1Fo3 1: 5snf 1Fo3 45 932.2002
2: 4dnp 1Fo3 60 628.2600

orders of magnitude smaller than for the other experimental
energies included in the calculation, which caused difficulties
with findingmodels fitting the data over the whole range of rel-
evant states. In particular, most of the 5snd 1D2 experimental
energies currently available are known only to within a much
larger error of 1× 10−3 cm−1 [6]. To avoid an imbalance
between the singlet and triplet D2 series, we increased the error
on the results of [3] to 1× 10−3 cm−1, to match the error on
most of the other energies included in calculation. We did the
same when fitting the 5sns 3S1 and 5snd 3D1 series, too, as is
explained below.

The theoretical and numerical methods used in the present
calculations are the same as in [1], with one minor differ-
ence, but the computer programs are newly developed and
completely independent. The difference concerns the normal-
isation of the mixing coefficients Zi: we now normalise these
coefficients as per equation (6.49) of [7], for consistency with
the energy-dependence of theKij parameters, rather than as per
equation (21) of [1]. (These mixing coefficients were denoted
Āi in [1]. They are denoted Zi here for conformity with the
literature). The codes are published separately and are freely
available [8, 9].

Our revised sets of MQDT parameters are presented in
table 3, quoted to a sufficient number of figures to avoid any
need of re-optimizing these parameters before use in future
investigations. The corresponding theoretical energies are

compared to the experimental energies in the supplementary
material accompanying this paper. The χ2 values character-
ising the quality of the fit and plots of channel fractions can
also be found in the supplementary material. As in [1], some
of the models considered involve jj-coupled channels; for such
cases, the supplementary material contains both plots of the jj-
coupled channel fractions |Zi|2 and plots of the corresponding
LS-coupled channel fractions |Zᾱ|2, the Zᾱ coefficients being
calculated from the Zi coefficients by application of the jj to
LS recoupling transformation [16].

Brief comments on each series are given in the rest of this
paper. The Lu-Fano plots presented in [1] are correct as pub-
lished and are not considered below.

1. 5sns 1S0 states

This series was described by a 3-channelmodel in [1], inwhich
the 5sns 1S0 channel was complemented by the 4d3/2nd3/2 and
4d5/2nd5/2 jj-coupled channels in view of the importance of
the 4dnd configuration in these states [17–19]. We have re-
fitted the data using the samemodel, nowwith the updated val-
ues of Is and R̃ mentioned above. We found similar results as
in [1]. They are presented in table 3 and in the Supplementary
Material, for completeness.

The low lying states, in our calculation, have a consider-
ably stronger 4d5/2nd5/2 character than a 4d3/2nd3/2 charac-
ter, whereas the perturber at 44525.838 cm−1, which is gen-
erally identified with the 4d2 3P0 state [10, 20], has a predom-
inant 4d3/2nd3/2 character: for this state, |Zi|2 = 0.82 for the
4d3/2nd3/2 channel and almost 0 for the 4d5/2nd5/2 channel,
giving, in terms of mixing coefficients for the LS-coupled
channels, |Zᾱ|2 = 0.33 for the 4dnd 1S0 channel and 0.49 for
the 4dnd 3P0 channel.

2. 5sns 3S1 states

We present two sets of results for this series. The first one, set
(a), is based on the same 2-channel model and same experi-
mental data as used in [1]. Our calculations confirm the chan-
nel fractions obtained in that previous work. However, the
MQDT parameters reported in [1] are incorrect.

The second set of results, set (b), is also based on that 2-
channel model but uses the recent high precision data of [3]
for the excited states from n= 13 upwards, which have an
experimental error of 3× 10−5 cm−1. Fitting these recent res-
ults proved difficult, though, without increasing their error.We
therefore set αexp

n = 0.001 cm−1 for these states, thereby redu-
cing the discrepancy with the error on the energies of the lower
lying states (up to 0.35 cm−1) for which no high precision
result are available, The difficulty may reflect the limitations
of the model (e.g. the limited flexibility of the functional form
chosen for the energy dependence of the MQDT parameters)
or the limitations of the quantum defect method in general
(e.g. the assumption that the outer electron interacts with the
core through a pure 1/r potential, thus neglecting any mul-
tipolar interaction [7]). The admixture of the 5pnp channel is
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Table 2. The experimental data used to construct the present MQDT models.

Series References

5sns 1S0 n= 7–9: [10]; n= 10–24, 26, 28, 30 : [6]; n= 25, 27, 29: [11]. Perturber: [10].
5sns 3S1 (a) n= 7–12: [10]; n= 13–18: [6]; n= 19–23: [12].

(b) n= 7–12: [10]; n= 13–23: [3].
5snp 1Po1 n= 6–20: [10]; n= 21–29: [11]. Perturber: [10].
5snp 3Po0 n= 6, 7: [10]; n= 8–12, 14, 15: [13]. Perturber: [10].
5snp 3Po1 n= 6, 7: [10]; n= 8–12, 14, 15: [14]. Perturber: [10].
5snp 3Po2 n= 6, 7: [10]; n= 8–12, 14, 15: [14]. Perturber: [10].
5snd 1D2 and 5snd 3D2 Singlet states: n= 8, 9: [10]; n= 10, 27: [13]; n= 11–13, 17–26 and 27–30: [6]; n= 14–16: [3].

Triplet states: n= 8, 9: [10]; n= 10, 11: [13]; n= 12–30: [3]. Perturber: [13].
5snd 3D1 n= 12–15 and 17–50: [3].
5snd 3D3 n= 6–8: [10]; n= 9–21 and 23–29: [15].
5snf 1Fo3 n= 4–20: [10]; n= 21–29: [11]. Perturber: [10].

Figure 1. Channel fractions for the 5sns 3S1 states of Sr. The
positions of the relevant experimental bound state energies are
indicated by dashed lines. Open circles and crosses: 5pnp 3P1
channel: the open circles indicate the results obtained with the data
set (a), the crosses the results obtained with the data set (b).

considerably larger in the results for that model than in the res-
ults for model (a) (figure 1). However, this admixture increases
monotonically and very regularly as n decreases, which,
together with its larger importance, suggests that it is an arte-
fact of the model rather than a physically significant feature.
As such, we found no reason to disagree with the conclusion
of [17] that this series is unperturbed below the first ionisation
threshold.

3. 5snp 1Po
1 states

Corrected MQDT parameters for the same model as in [1] are
given in table 3. The present calculations confirm the channel
fractions presented in figure 5(a) of that reference.

4. 5snp 3Po
0,

3Po
1 and

3Po
2 states

Three-channel models based on the 5snp, 4dnp and 4dnf
configurations were used for analysing the triplet P series in
[1]. However, we found, in the present calculations, that the
4dnf channel is not necessary and that two-channel models
fit these series satisfactorily within the current experimental

Figure 2. Channel fractions for the 5snp 3Po1 states of Sr. The
positions of the relevant experimental bound state energies are
indicated by dashed lines. Open circles: 4dnp 3Po1 channel.

errors (we obtained reduced χ2 values of 2.0, 2.2 and 1.3 for
the J= 0, J= 1 and J= 2 series, respectively). An updated plot
of channel fractions superseding figure 5(b) of [1] is presen-
ted in figure 2. The state with a high admixture of the 4dnp
channel, at 37 302.731 cm−1, is the 4d5p 3Po1 perturber.

5. 5snd 1D2 and 3D2 states

High precision results have recently become available for
some of the the 1D2 states and many of the 3D2 states [3].
Using those, with the experimental errors magnified as men-
tioned above, lead to the MQDT parameters listed in table 3
for the same 6-channel model as in [1]. The corresponding
channel fractions are presented in the SupplementaryMaterial.
Our results are similar to those shown in figure 7 of [1], with
only minor differences for the 5pnp 1D2 and 4dnd 3P2 chan-
nels. They confirm this previous analysis.

6. 5snd 3D1 states

A 3-channel model was used in [1] for this series. However,
we found that a 2-channel model is sufficient for fitting the
data now available [3]. TheMQDT parameters listed in table 3

3
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Table 3. The MQDT parameters for the models considered in this
work. The parameters not specified in the table were not used as
fitting parameters and have a zero value. The numbers between
brackets indicate the powers of ten.

Series i j K(0)
ij and K(0)

ji K(1)
ii

5sns 1S0 1 1 1.051261[+0] 8.763911[−1]
1 2 3.759864[−1]
1 3 −2.365485[−2]
2 2 −6.400925[−1] 4.042584[−1]
2 3 −2.063825[−4]
3 3 3.009087[+0] −1.722631[+1]

5sns 3S1 (a) 1 1 −3.481970[+1] −1.509809[+1]
1 2 −1.541241[+2]
2 2 −6.401689[+2] 3.312806[+2]

5sns 3S1 (b) 1 1 −1.039244[+2] −2.766912[+1]
1 2 −1.334517[+2]
2 2 −1.680452[+2] 5.517184[+1]

5snp 1Po1 1 1 1.116809[+1] −9.097862[−1]
1 2 1.616933[+1]
2 2 2.239617[+1] 4.272626[+0]

5snp 3Po0 1 1 −4.009565[−1] 1.039923[+0]
1 2 −2.220569[−1]
2 2 −4.025180[−1] −1.021696[+0]

5snp 3Po1 1 1 −4.199067[−1] 1.082615[+0]
1 2 −2.292304[−1]
2 2 −3.526179[−1] −1.304779[+0]

5snp 3Po2 1 1 −4.531133[−1] 1.050866[+0]
1 2 −2.179619[−1]
2 2 −5.285102[−1] −4.051199[−1]

5snd 1D2 and 1 1 −3.853883[−1] −1.775326[+0]
5snd 3D2 1 2 2.308103[−1]

1 3 −2.996898[−1]
1 4 6.248391[−1]
1 5 −2.381621[−1]
1 6 −8.944624[−2]
2 2 −4.881877[−1] 2.052554[+0]
2 3 −6.411698[−1]
2 4 8.101262[−6]
2 5 −4.849582[−1]
2 6 2.427350[−3]
3 3 1.136225[+0] 4.733804[+0]
3 4 2.078805[−1]
4 4 1.123831[+0] 3.989162[+0]
5 5 6.117878[−1] 5.292869[+0]
6 6 2.205400[+0] 6.079562[+0]

5snd 3D1 1 1 −7.403359[−1] 9.684681[−1]
1 2 5.504572[−1]
2 2 1.461400[+0] 2.777353[−1]

5snd 3D3 1 1 −7.793857[−1] 1.071997[+0]
1 2 4.360198[−1]
1 3 2.229788[−1]
2 2 1.212314[+0] 8.514161[+0]
2 3 −1.683225[−4]
3 3 −2.238265[−1] 5.544426[+0]

5snf 1Fo3 1 1 1.711631[−1] −3.530368[−1]
1 2 4.505951[−1]
2 2 −6.978294[−1] −1.318505[+0]

Figure 3. Channel fractions for the 5snd 3D3 states of Sr. The
positions of the relevant experimental bound state energies are
indicated by dashed lines. Open circles: 4dns 3D3 channel. Filled
circles: 4dnd 3D3 channel.

yield a reduced χ2 of 0.75 when the errors on the experimental
energies are enlarged as mentioned above. The resulting chan-
nel fractions are very similar to those shown in figure 9(a) of
[1] for the 4dns channel, although the model is different.

Like previous investigators [21], we found that the 5s16d
state had to be excluded from the data set in order to obtain a
satisfactory fit. We note, in this respect, that the two meas-
urements of the energy of that state gave results in good
agreement with each other (45 341.36(15) cm−1 [15] and
45 341.247 88(5) cm−1 [3]). Perturbation of this series by an
experimentally unobserved 4d6s state has been found to be sig-
nificant in ab initio calculations [17]. On this basis, we assign
the perturbing channel included in our calculation to the 4dns
channel rather than the 4dnd channel. The channel fractions
found in [1] and in the present work for this 4dns channel peak
in the vicinity of the 5s16d state, which suggests that the poor
fit of that particular state arises from its perturbation by the
4d6s state. A similar situation is also found in the 5snd 3D3

series, as discussed below.

7. 5snd 3D3 states

No new experimental results have been published for the
5snd 3D3 series since its study in [1]. We therefore used the
same data and the same 3-channel model for these states as in
that previous work—i.e. the data from [10, 15]. As observed
in [21] and in our previous work, the model predicts a value
of the 5s22d energy particularly discrepant with the exper-
imental energy; we have therefore excluded this state from
the fit.

The resulting channel fractions differ from those found
in [1]. They are presented in figure 3, which supersedes
figure 9(b) of [1]. Similarly to the case of the J= 1 states, one
of the two perturbing channels is significant over the entire
set of states, here peaking in the vicinity of the 5s22d state.
This feature and the difficulties of fitting that state may also

4
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Figure 4. Channel fractions for the 5snf 1Fo3 states of Sr. The
positions of the relevant experimental bound state energies are
indicated by dashed lines. Open circles: 4dnp 1Fo3 channel.

be due to a perturbation by the unobserved 4d6s state. As in
[1], and owing to the importance of that perturber, we tentat-
ively identify the channel with the largest fraction as the 4dns
channel (since they have the same ionisation limit, the two
channels converging to the 4d threshold cannot be identified
unambiguously).

8. 5snf 1Fo
3 states

A corrected set of MQDT parameters is given in table 3 for
the same model as in [1]. The resulting channel fractions dif-
fer significantly from those obtained in this previous work.
They are presented in figure 4. They are in agreement with
previous investigations in regard to the importance of the
4d5p perturber and its admixture in the states convention-
ally labelled 4d5p 1Fo3, at 38 007.742 cm−1, and 5s4f 1Fo3, at
39 539.013 cm−1 [22–24].
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