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1 Introduction

Hydrogen is both the best understood quantum mechanical system and the most abundant
element in the universe, making hydrogen transitions one of the most sensitive and versatile
precision probes for new physics [1-3]. These tests range from the analyses of the Lyman-«
forest in astrophysics and cosmology to precision spectroscopy measurements in the laboratory.
Any deviation from the predicted properties of hydrogen, which have been computed to
extreme precision using quantum electrodynamics (QED), could be a smoking gun for new
physics. The analysis of hydrogen atomic transition lines can provide evidence for dark matter
interacting with electrons. They are also sensitive to variations of fundamental constants,
such as the electron mass or the fine-structure constant. Similarly, hydrogen spectroscopy
can detect a fifth force inducing changes in the Coulomb potential.

The strength of different absorption or emission transition rates in hydrogen or hydrogenic
atoms depends on the Lorentz structure of the underlying interaction. While QED is a
pure vector interaction, interactions induced by new physics can in general be of scalar,
pseudoscalar, vector, axial-vector or tensor type. A calculation of these generalised hydrogen
interactions has so far been missing in the literature, to the best of our knowledge.



In this paper we will present the general theory of hydrogen transitions via the absorption
or emission of a particle or set of particles with zero total electric charge, extending and
completing the results from several previous works that computed the rates for specific
transitions (e.g. [4, 5]).

In general, the computation of hydrogenic transition amplitudes involves three steps:
first, calculating the angular integrals that enforce selection rules; second, evaluating the
radial integrals, which are numerically challenging and involve products of hypergeometric
functions that rapidly diverge at large radii; and third, analysing the operator structure
to which the hydrogen electrons are coupled. These challenges are further amplified when
properly treating the relativistic hydrogen atom, which is required at large values of the
atomic number Z, or when the transition involves multiple Lorentz structures, in which case
interference terms can arise. To that end, we have developed “Computation of hydrogen radial
INtegrals and COefficients” (CINCO), a powerful tool for quickly and precisely computing
generalised hydrogenic transition amplitudes.

Our calculation also allows us to identify the origin of the power-law scaling for transitions
in hydrogen-like ions with high charge for non-renormalisable interactions, and we emphasise
how this can be exploited using transition spectroscopy in highly-charged ions as a powerful
precision test for new physics. We demonstrate our results using the 2P/, — 155 photon
emission line, and a dark spin 1 boson that has both vector and axial-vector interactions,
leading to absorption via the 15, — 25/, transition.

The remainder of the paper will be structured as follows. In what remains of section 1, we
will review the role of atomic transitions in new physics searches, followed by a brief overview
of the relativistic hydrogen atom in section 2. In section 3, we will then derive the general
transition rate for a hydrogenic atom alongside an introduction to CINCO, before giving some
examples of transition rates computed using CINCO in section 4 and concluding in section 5.

1.1 New physics in atomic transitions

Spectroscopy with hydrogen is one of the most powerful experimental techniques to search
for new forces, time-dependent variations of fundamental constants and in searches for dark
matter due to scattering and absorption.

Searching for axions with nuclear excitations was first proposed by [6], and using atomic
transitions in [7]. As expected the axion mass range targeted in resonant nuclear transitions
is O(MeV), whereas atomic transitions are sensitive to O(eV) axion masses. The proposal
of Sikivie [7] involves atoms cooled into the ground-state, such that only axion absorption
populates a first excited state. These states are detected by a tuneable laser populating a
second excited state that can only be accessed if the first excited state is populated, and
subsequently detecting the de-excitation photons. Utilising an external magnetic field allows to
scan over different axion masses. An experimental proposal using this technique in molecular
oxygen gas has unique sensitivity in the @O(meV) mass range [8]. Similar mass ranges can be
probed utilising the hyperfine splitting of hydrogen [9]. A different proposal to observe directly
atomic transitions from axion dark matter absorption has been published recently [10]. Axions
interacting with photons can also trigger atomic transitions via axion-photon scattering as
discussed in [11, 12]. If the dark matter contains spin one vector bosons that mix with the SM



photon, transitions in hydrogen atoms (or hydrogen-like ions) can be used to resonantly detect
atomic transitions [13, 14]. A discussion of resonant dark matter absorption in molecules
taking into account cooperative effects can be found in [15]. Further, atomic transitions in
hydrogen are one of the most important tools in astrophysics, e.g. the Lyman-« forest or the
21 cm hyperfine splitting line, for which axions and hidden photons have been considered as
a possible explanation for the absorption dip observed by the EDGES experiment [16].

Ultralight dark matter produced through the misalignment mechanism can also induce
time-dependent oscillations of fundamental constants that can be tested by spectroscopy
experiments looking for time-varying frequencies in atomic transitions [17-22]. By extracting
the sensitivity of these measurements to variations of electron, proton and neutron masses
as well as the fine-structure constant, different couplings of this type of dark matter could
be probed.

New, so-called fifth forces that act on electrons and nucleons lead to corrections to the
Coulomb potential and therefore the line-spectrum of hydrogen [23]. Measurements of isotope-
shifts in which the frequency of atomic transitions of different isotopes are compared can
isolate the interaction strength of the new force with protons and neutrons,! respectively [24-
29]. The sensitivity of spectroscopy experiments with Rydberg atoms has been reported
in [30]. Similarly, atomic and nuclear clocks have been considered [31]. Beyond searches for
Yukawa-like new forces, hydrogen spectroscopy has been considered as a probe for Higgs-like
forces [32], forces from axion-pair exchange [33] or from neutrino-pair exchange [34]. Similarly,
atomic transitions in hydrogen are one of the most sensitive experimental probes for energy
shifts induced by the change in the gravitational potential at short distances in the presence
of compact extra dimensions [35-37].

The comprehensive analysis of atomic hydrogen transitions from generalised interactions
presented in this work is therefore well motivated from the perspective of physics beyond
the Standard Model.

2 Relativistic hydrogen atom

In order to introduce the method and notation used in this work, we begin by briefly reviewing
the properties of the relativistic hydrogen atom, the wavefunction for which is found by
solving the Dirac equation with a Coulomb potential

(z'a— oo u) bolw) = 0, (2.1)

where ¢ = y#0,,, with v one of the gamma matrices,? Z is the atomic number of the nucleus,
agM is the fine-structure constant, r is the radial coordinate and

Mm,

=——° ~ 2.2
M +m, e (2.2)

1

'Within this work, we will focus on exclusively proton-philic interactions, however.

1 , @ 1
2We will work in the Dirac basis throughout, with 4° = (0 01 >, v = ( 0 i T) ), and 7° = (0 ),
- —0

where o* are the Pauli matrices.



is the reduced electron mass, with me and M the electron and nuclear masses, respectively.
To solve (2.1) we follow the reasoning of [38], first noting that since the solution to the

1/}6(37) = (dJ(x)) ) (23)

must be spherically symmetric, its components must be proportional to the spherically

Dirac equation

symmetric spinor spherical harmonics, 2 (0, $), which are an extension of the regular
spherical harmonics to the tensor product space of the orbital and spin angular momenta [39].
These satisfy the orthogonality relations

deOS 0 d¢ Q;r',l,m(07 (25) Qj’,l’,m’(07 (25> = 5j,j’5l,l’5m,m’a (2.4)

with j,[, and m the total, orbital and magnetic quantum numbers of the state, respectively.
The solution (2.3) must also be an eigenstate of parity; under the action of the parity operator,
the components of the Dirac bispinor transform as

- P . - ~ P . _.
qf)(t,l‘) - Z¢(t7 —l‘), X(t,fL‘) - _ZX(ta _$)7 (25)
whilst the spinor spherical harmonics transform as
.\ P _ S
Qj,l,m(n) - Qj,l,m(_n) = (_1)le,l,m(n)7 (26)

where 77 is the unit vector along the direction defined by 6 and ¢. From the combination
of (2.5) and (2.6), it follows that in order for (2.3) to carry definite parity, the upper and
lower components must be proportional to spinor spherical harmonics whose orbital angular
momenta quantum numbers differ by one. Therefore, we introduce w =2j — [ =1+ 1, such
that the solution to the Dirac equation for the relativistic hydrogen atom takes the form

o B . Jrngd(1)25,0.m(0, ¢ _iE. .

V() = Un jim(T)e it = ((—1)%(1+l—w)gn,jﬁl(E“))Qj?wmiea ¢;> ’ ZEth? 27
where n is the principal quantum number, E,, ;; is the energy of the state, and the phase
factor on the lower component is chosen such that the radial wavefunctions f and g take a
similar functional form. We give the full forms of both the radial and angular wavefunctions
in appendix A.

When computing transition amplitudes we would like to use the orthogonality of the
spinor spherical harmonics as much as possible, however, as we will see in section 3, transition
amplitudes will frequently contain Pauli matrices acting on spinor spherical harmonics.
Unfortunately, the action of Pauli matrices on spinor spherical harmonics in the 7,1, m basis
is non-trivial, requiring a Clebsch-Gordan decomposition which significantly complicates the
use of (2.4). To overcome this issue, we follow [40] and introduce the operator

A=146-L,  AQum=—kKlm, (2.8)
with L the orbital angular momentum operator, and where

ke{—1,41,-2,42,-3,43,...}, (2.9)
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Figure 1. Correspondence between x and the hydrogen angular momentum states in spectroscopic
notation.

corresponds one-to-one with the term symbol series
LJE{S;,P;,PQ,DQ,D§,F§,...}. (2.10)
2 2 2 2 2 2

That is, starting from x = —1 with S: and moving along the series (2.9), we alternate
between first incrementing [ and then j .2 This is illustrated in figure 1, which we will later
refer to when discussing allowed and forbidden transitions. More generally, we can relate
Kk, 7 and [ using the relation

la j:l_%7

1
j=|kl—=. 2.11
e, il [kl =3 (2.11)

k=1—7)2j+1) = KZ{

The spinor spherical harmonics in the x, m basis satisfy analogous orthogonality relationships
to (2.4), and are related to those in the 7,1, m basis by

Qe (0,8) = um(0,0), Q0 om(0,0) = (1209, (6,¢),  (2.12)

allowing us to unify j and [ and simplify the hydrogenic wavefunction to

—~ fn,n(r)QH,m(97¢)
Uy (7) = (Z.QM(T)Q_W(G’ ¢)> . (2.13)

Importantly, the spinor spherical harmonics satisfy simple recurrence relations when acted
on Pauli matrices. In particular, we will make extensive use of the relations [41]

B 2% 2 (fi + %)2 — m?
g Qn,m(ev ¢) _2/43 1 H,m(97 ¢) ‘2/’? n 1‘ anfl,m(ga ¢)7 (214)
K2 — (m+ 1)2
O'iQN,m(97 QZ)) = i\/i 9 1 H7m+1(9> @b)
ft (2.15)
\/(ﬁim+%)(/£im+%) ;
- 2% + 1 —H—l,mil( 7¢)7



which map spinor spherical harmonics back onto themselves under the action of the Pauli
matrices, allowing us to always make use of the orthogonality relationship. Here we have also
introduced ot = 1%(0”3 +i0Y), which belong to the spherical basis discussed in appendix C.

3 Transition rates

We will now work on deriving a general equation for the absorption and emission rates by a
hydrogenic atom. Throughout, we will consider the absorption and emission of states with
definite linear momentum and polarisation, rather than those of definite angular momentum.
Starting with Fermi’s golden rule, we have the total event rate

dl = 27| M ;%6 <Z E; — Z@) dp, (3.1)
i f

where M; denotes the transition amplitude, F; and Ey denote the energies of the initial
and final states, respectively, and where for an isotropic flux

H é:)f( + fr(pyr)), emission,
dp=1 (3.2)

d3
H Tamyt |0 absorption,

with g; the number of degrees of freedom of each initial state species, and where |3;| = |5i|/E;
and f;(p;) are the velocity and distribution functions for species i, respectively. When
considering emission processes, we take the upper sign for bosons which accounts for Bose
enhancement, and the lower sign for fermions, which suppresses the process due to Pauli
blocking. Notice that in (3.1) there is only a delta function fixing the energies, owing to
the fact that we work with hydrogen states of definite angular momentum, which are not
eigenstates of definite linear momentum.
The last remaining component is the transition amplitude, which reads

— 1 [ datin(a) 1, (3.3)

with |i) and (f| denoting the initial and final states, respectively. In all cases, the interaction
Hamiltonian takes the generic form

Hini(2) = 3, (Ce@) T (@) Op (@), TP e {1,979%, 995,02}, (3.4)
L

where L € {S,P,V, A, T} denotes one of the five linearly independent Lorentz structures,
corresponding to scalar, pseudoscalar, vector, axial-vector and tensor, respectively. We have
also defined o = %[fy“, ~¥], and used Of, to denote the interaction operator with a set of
Lorentz indices {u}, composed of field operators for the particles coupled to the hydrogen
electrons and couplings, which may be dimensionful. Each of the five Lorentz structures gives
rise to a different set of transitions, which are tabulated in table 1 alongside their equivalent
electromagnetic multipole and corresponding “move” in xk-space as illustrated in figure 1.



K— ... Transitions Couplings Multipole

K oy S, A, T E0, M1, E2, ...
-

—K -l P,V,A, T MO, E1, M2, ...
—_—

o M
K+ 1 /I:|4:|,4. V, T El, M2, E3, ...
By

—K + .
1 ’ ’ ) )

Table 1. Allowed transitions for each Lorentz structure, alongside their corresponding move in
k-space represented in figure 1, and their equivalent electromagnetic multiple moment.

AT M1, E2, M3, ...

vV, T El, M2, E3, ...

The hydrogen field operator is

Ye(T) = Z (an,n,m unﬂi,m(x) + bIL,H,mVTTL,R,m(‘T)) ) (3.5)

n,K,m

where Uy, . m is the hydrogen wavefunction given in (2.13), and V,, . n, is the corresponding
antiparticle solution, which we do not specify explicitly here but which can be found by charge
conjugation. The creation and annihilation operators satisfy the discrete anticommutation
relations

{@n s @b o b = L Ol s e} = OG- (3.6)

To find the amplitude, the anticommutators above are to be coupled with the definitions
of the external states

|Z> = a;rL,n,m |i0>’ <f| = <f0| An! k' \m/ s (37)

and with |ip) and (fo| denoting similarly defined states for the absorbed or emitted particles,
respectively. As such, our amplitude will read

Mfi = 2 J dgx (Z/_{n’,n/,m’(x)F{LM}un,K,m(x)> <f(9’ OL,{,u} (x) |Z(9>
L

= Z<OL,{y}>Jd3x (an/7“/7ml(x)F{LH}Un,mm(x)) efil;:f:"
L



in which (O L u}> is defined as the expectation value with the phase factored out, and where
k is some function of the momenta of the absorbed or emitted particles. The presence of the
phase factor in (3.8) significantly complicates the evaluation of these amplitudes, however,
as we show in appendix B, the dipole approximation (e“;'f ~ 1) is sufficiently precise in
most cases. After squaring, we are left with

M = LZL<OL,{M}><OL',{V}>* A{ng{'y}’ (3.9)

where we have defined the atomic tensor
_ B *
AP = ( f deZ/In/ﬁ/’m/(x)F{L“}Un,H,m(xO (Jd%;'un,ﬁ,mﬂ(x’)r{L”,}un%m(x’)) . (3.10)

The components of the atomic tensor are computed by making extensive use of the spinor
spherical harmonic identities presented in section 2, and then performing the resulting radial
integrals numerically. Whilst not conceptually challenging, computing these amplitudes
manually can take a significant amount of time, in particular when interference terms between
different Lorentz structures are present, or if the amplitude needs to be evaluated for a
wide range of quantum numbers. Additionally, in cases where high numerical precision is
required, care must be taken when evaluating the radial integrals, which feature rapidly
diverging hypergeometric functions attenuated by an exponential function with a large negative
exponent. This is particularly challenging at large values of the principal quantum number, n.
For these reasons, we have developed CINCO, a lightweight program for rapidly constructing
amplitudes of the form (3.9) and computing the associated radial integrals to high precision.

3.1 Automated transition amplitudes with CINCO

The object at the heart of the hydrogen transition amplitudes is the atomic tensor (3.10),
which by rewriting the gamma matrices in terms of Pauli matrices, and using the orthogonality
and recurrence relations for the spherical spinor harmonics can always be reduced to a product
of the form (with Lorentz indices suppressed on the r.h.s. )

AP = (Z C,ﬁfmtft) (Z Céf%*atfzt/) , (3.11)
t

t/

where the summation runs over the transitions induced by each vertex, ¢ represents a pair
of Kronecker delta functions relating x to x” and m to m’, which serves as a selection rule,
Cl,m is some complex valued coefficient depending only on x and m, and Z is some linear
combination of the four possible, real valued, radial integrals

Iff - JdT’ r2fn’,m’(r)fn,n(r) ~ 207 Ifg - Jd?‘ 7°2fn/7,i/(r)gn7,@(7‘) ~ Zl’
(3.12)

Igf - Jdr T29n’,n’(r)fn,n(r) ~ Z1> Igg - fd?“ Tan’ﬁ’(r)gnﬁ(r> ~ ZQ’



each of which scales with a different power of Z, which we derive in appendix A. For example,
if we considered the +* vertex, we would have

A T
E ®) =2 f9 gf
t Cn’métzt = 20M0y’,—kOmm (2/{ -1 + 2K + 1>

+ St st 10mr m Ly s (3.13)

55’,5—16m’,mzfg-

We give the form of Cy ,,, 6 and 7 for the complete set of Lorentz structures and indices
in appendix D, working in the spherical basis, which is discussed in appendix C. This is
the foundation of CINCO; given an amplitude structure (e.g. “V+A”, “P+T”) and a set of
quantum numbers for the initial and final states, CINCO uses the entries of tables 2, 3 and 4 to
construct the elements of the atomic tensor, which are then simplified to remove orthogonal
and forbidden terms using the SymPy package [42]. The elements of the atomic tensor are then
multiplied by the corresponding expectation values (O) to give the squared amplitude (3.9),
the INTEX for which is then printed to a file after transforming back to the Cartesian basis so
that the usual relations for spin and polarisation sums can be used if required. CINCO also
computes the four radial integrals (3.12) and the transition energy AEy; to high precision by
making use of the mpmath package [43], the values of which are saved to a separate file. If
specified at runtime, CINCO will instead compute the m-averaged amplitude

1 v
UMD e = g7 25 2O O AL, (3.14)

m,m’ L,L

which is preferable in situations where the initial and final state polarisations cannot be
controlled. As discussed in section 1, it may also be interesting to explore the effect of
modified fundamental constants on transition amplitudes. For this reason we also include
the ability to specify fractional modifications to agy and m, at runtime. We give examples
of amplitudes computed using CINCO in section 4, whilst the code and documentation for
CINCO can be found at gitlab.com/JShergold/cinco.

3.2 Enhanced transition rates for large Z

It is important to emphasise the impact of the Z-scaling for different atomic transitions in
hydrogen. We first observe that the different radial integrals in (3.12) scale at most like Z2.
The amplitude squared for any transition can then obtain at most a contribution proportional
to Igg ~ Z* from the radial integrals. The second observation is that the transition energy
gap scales as AEy; ~ a%MZ 2. As a result, non-renormalisable effective operators of the type

Hins (1) = Y Adl% (eI ¥ (2)) O gy (), (3.15)
L


https://gitlab.com/JShergold/cinco

where A is the suppression scale and d is the combined mass dimension of O and the hydrogen
electron bilinear, induce transition rates that can scale as strongly with Z as

AEy;
A

d—4
I ~AEy; < ) 12, ~ (apmZ)*47Y. (3.16)
The exact strength of this remarkable power-law scaling depends on the structure of the
underlying theory responsible for the operator in (3.15), which dictates the different mass
scales that can appear in the numerator of (3.16), and on the specific transition that determines
the dominant radial integral in (3.12). For example, the absorption and emission rate of
neutrino-antineutrino pairs in stellar hydrogen scales as ',y ~ (apmZ )146% [4].
Transitions in highly charged hydrogenic atoms can therefore have enhanced sensitivity
to new physics effects. This scaling is even more pronounced than the Z-scaling for the
binding energy (~ Z2), the hyperfine splitting (~ Z3), QED effects (~ Z%) and the Stark
effect (~ Z9) in hydrogenic ions. Future searches for absorptions with ion clocks using highly
charged ions could therefore be uniquely sensitive to light new physics. Probes with different
ions can be utilised to distinguish the Lorentz structure of the interaction and the dimension
of the operator by probing the Z-scaling for different transitions. We stress that this is an
independent motivation to use future highly charged ion clocks in searches for new physics,
extending the physics case presented in [44].

3.3 New long-range forces with CINCO

We now briefly comment on the possibility of constraining new, long-range forces with
CINCO. Suppose that we have two long-range forces contributing to the central potential,
electromagnetism, with coupling 8, and some new force with coupling strength 1 and some
alternative radial scaling R(r), which in general will take the form

R(r) = —e ™, (3.17)

with m the mass of the species responsible, and n > 1. The modified potential will then
take the form, assuming a single proton,

U(r) = g + nR(r). (3.18)

Our solutions to the Dirac equation work under the ansatz of a pure % potential, with
coupling constant «, that we set to the fine-structure constant. There are then two situations
that can arise.

1. R(r) # L: in this scenario, the measured distribution of energy levels will deviate from
the predictions of a purely % potential. This can alternatively be thought of as having
a % potential and coupling constant that depends on radius, effectively satisfying
a(r) B

=t nR(r). (3.19)

Within CINCO, one would then notice that for fixed «, our results will agree for some
values of r, or equivalently for some orbitals, and begin to deviate as we move away

,10,



from these orbitals. To recover the correct results, one could then adjust the value
of @ within CINCO in line with the measurements and build the profile of a(r). From
here, § can be recovered by fitting a(r) at large radii where R(r) — 0, and the
remaining parameters by fitting the remainder of a(r). As discussed in [45], the
measured value of the fine-structure constant includes the effects of new physics, often
leading to inconsistencies when attempting to constrain new forces. By isolating [,
the true electromagnetic coupling, at large radii, this method allows us to consistently
distinguish the contributions from new forces.

2. R(r) = +: in this scenario, as pointed out in [45], distinguishing between 3 and 7 for

purely proton-philic interactions becomes impossible as
a=p3+n. (3.20)

Here, the measured value of the fine-structure constant as extracted from atomic
transitions would be exactly equal to the sum of the electromagnetic and new physics
couplings. This degeneracy could be lifted, however, if the new mediator couples to
species other than protons. For example, if the new species also couples to neutrons,
measurements along the isotopic chain could be used to isolate the neutron insensitive
B, and in turn fit 7.

It is also possible to use a similar method to constrain neutron-philic interactions, or more
generally, couplings to species other than protons e.g. muonic hydrogen, positronium. Focusing
on the neutron-philic case, and working with the ansatz n = n(N), and a = a(r, N), with N
the number of neutrons, one can compare experimental data with that of CINCO at a fixed
radius, or equivalently fixed energy shell. The value of o within CINCO can then be varied to

build up a profile of the effective coupling required to reproduce the data for each N, and fit
1
;'
In future works, we plan to include the effects of new forces in our hydrogen atom

n(N). Unlike new, exclusively proton-philic forces, this should also be possible when R(r) =

solutions, including neutron-philic interactions, which will expedite this process significantly.

4 Examples

We now give some concrete examples of amplitudes computed with CINCO to demonstrate
its capabilities. We will start with what is possibly the simplest transition, the photon
2P3/5 — 15} o de-excitation, and then move onto a more complicated example for dark matter.

4.1 Photon 2P3/; — 15;/; transition

We begin with the electron-photon interaction Hamiltonian, which reads

_ AFE
Han(2) = A (a0 #0u(a) + 0 (S0, (1)
where e is the electron charge, and the neglected terms are those from the tensor operators

giving rise to the electron magnetic and electric dipole moments, which are approximately
suppressed by the ratio of the transition energy, AEy;, to the electron mass, m.. We note,

— 11 —



however, that these are the sole surviving terms for transitions that cannot proceed through
the vector vertex. A full list of these can be found in tables 3 and 4.

For consistency with our definition of the hydrogen field operator, we expand our photon
field operator as

ik-Z —ik-&
Aulw) = 3 (cgpbane™ + ek 5 e (42)
E,h
where the sum runs over the photon momentum and helicity, and the creation and annihilation
operators satisfy the commutation relation

[Cﬁ,hv C;,hf] = 05q 01, (4.3)

with all other commutators zero. These results are equivalent to those in the continuum limit,
which can be restored with the replacements ) — S(gST])% and 057 — (2m)364) (5 — §). The

photon wavefunction, normalised to one per unit volume is given by?

1
= ———€hp, 4.4
¢A,M \/E h,p, ( )
with €, the photon polarisation vector and E, = |IZ| With these definitions, we can

immediately write down our expectation value

€ *
Ovyp) = eV Au10) = ——¢€}, s (4.5)

\2E,
which appears in the amplitude
Myi = <OV,M>Jd3x (an’yn’,m’(@'yﬂun,mm(w))7 (4.6)

withn =2, n =1, k = =2, and kK = —1. With the amplitude written in this form, we
use CINCO in amplitude mode to immediately arrive at the squared amplitude, averaged
over m and summed over m/

4/ = S
UM, e = 5 (@) Oy 2, (4.7)
with the Cartesian inner product
(B> (Bv)*) = OvaXOva)* +(OvyXOvy)* +(OvXOv)*s  (48)

and where the radial integral and transition energy take the values
45 = —0.0017654, AEp =10.199¢V, (4.9)

respectively. Substituting in our current, this becomes

8o

2 _ EM /o —x\ 72

UM = om, (@ @)L (4.10)
3For completeness we also give the appropriately normalised wavefunctions for spin-0 and spin—% particles,
. _ 1 _ 1 . . . . . ..

which are ¢4 = e and 1y TEuh, respectively, where uy, is a Dirac spinor with helicity h.

— 12 —



2P3y9

3 2ks‘
2P 2512
A
2P1/2
! T
T X

18 " 15

L 1"5'1/2 131/2

(a) (b)

Figure 2. a) Hydrogen energy levels for the 2P;/5 — 15/, de-excitation discussed in section 4.1,
and b) energy levels for the absorption of a spin-1 dark matter particle with axial-vector couplings as
discussed in section 4.2.

In the final step, we sum over the two physical helicities of the final state photon and
use the identity

kuk, + k,k, .
S euct = —guu + % — Y @-a) -2 (4.11)
h ) h

with kg = ko and k; = —k;, to find

167
2 EM 2
Myil*) = “om, Lr (4.12)

Finally, to find the transition rate we substitute the amplitude into Fermi’s golden rule and
perform the integral over the final state photon momenta, leaving us with

B 16agn
9
= 6.2650 - 108571,

(4.13)

which agrees with the value I'ag, 18y, = 6.2647 - 10851 given by NIST [46] to within
0.005%. The small discrepancy between our value and that of NIST is due to the terms

beyond the dipole approximation, here dominated by the M2 term, which contributes at
the O (107°) level [47].

4.2 Dark vector 15,5 — 257/, transition

We now turn our attention to a simple dark matter model with a massive, leptophilic vector
boson X with interaction Hamiltonian

Hint(2) = Xy (2)e(@)V* (9. PL + grPr)Ve(2), (4.14)

with gy, and gg the left and right chiral couplings, and Pr, and Pgr the corresponding projection
operators. The addition of the axial couplings allows for transitions otherwise forbidden to
photons, with the exception of through the heavily suppressed magnetic and electric dipole
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operators. We focus on the hydrogen 15/, — 25} 5 transition, which could be used to search
for dark matter via its absorption by hydrogen.
As before, we first compute the vector and axial-vector expectation values

grtgr 1 gr—9r 1
O =2t I O == == 4.15
< V,,u> 9 /TEX €us < A,,u> 9 /TEX €ps ( )

and then use CINCO to compute the m-averaged squared amplitude,

|2 _ (G- @) (22, - 21,3, + Ti0
AMGL), = (B> O*) | Ty = 5T g + =2
+ ’<OA:0>‘2 (2IJ2“9 —4LgTys + 213/‘) (4.16)

2 2
+1Im (<0A,o><0A,m>*> (QIffIgf —2Lsplrg + 3LsgLeg — 3IgfIgg>

which has no dependence on the vector operator, as expected. CINCO also gives the values
of the radial integrals

Tpp=—5.5785-107% I, =2.0354-107%,

6 (4.17)
Z,r = —0.0015289, Zyg =5.5785-1077,
and the transition energy

AEy; =10.199¢V. (4.18)
Next, we sum over the three physical polarisations of the vector boson, using the identity

kky
Zeh,uez,u = —Guv + 7”2 ) (4.19)

h mx

which allows us to replace

(@) =3+ = |k| ; Z lenol® = —1 L B N Y A (4.20)
mx mi -

h

where the last equality follows from the imaginary part operator commuting with the
summation. Substituting into the golden rule and integrating over all dark matter momenta
in the galactic reference frame,* Kga1, we are left with the absorption rate per hydrogen atom

3(gL — k
F151/2—>251/2 = (gL gR ’I’)’L Jdg gal | | CI(EX + 2mX) + CQ|I€‘ ]

B (4.21)

x f ( gal — mxﬂe) d(Ex — AEy;),

where C; = 5.5324 - 107 ~ Z% and Cy = 4.6752 - 1076 ~ Z? are composed of radial
integrals, and Egal satisfies

cos ¢ sin 0
k~ gal + mX/BGB = ’kgal| sinqﬁsin@ + mX|ﬁ€B’ 01, (422>
cos 1

We integrate over galaxy frame momenta to keep the integration limits simple. In exchange, we must
integrate over a more complicated distribution function. See appendix A of [48] for more details.
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with | 5@\ ~ 1073 the relative frame velocity. To perform the integral we follow [48] and
assume an isothermal spherical halo, such that in the lab frame the dark matter is distributed
according to

2yt e mxer (4.23)

T 2 21312 - =
)3 _|kgal‘ +mx 1Bel |EgalllBe| cos 0

- - 2
f <kgal _mXBﬂa) = DM < 2 o

with o ~ /2 | E@| the velocity dispersion and ppy ~ 0.4 GeV em ™3 is the local dark matter
density [49]. This gives the absorption rate to leading order in | 5®|

r _ 39z — gr)*v/7 pomvmxTx
Pt T Blfelr AELmk

[C1(AE?; + 2m%) + 2ComxTx|

__Tx
x sinh _Z.L A /& e |1BalPmx ,
|Be| V Mx

where T'x = AEyp; — my « mx is the kinetic energy of the absorbed vector boson. As such,

(4.24)

the term proportional to Cy contributes approximately 1% to the total rate, despite the
fact that C, » C7, and we may write

Tig - g 29(9L—9R)201ﬁPDM\/TXSmh 4 2T —,g;,szEﬁ
v 2V2lfel> AR} ol V| AEyi (4.25)

= 9.74(gr, — gr)* s 1,

where in going from the first to the second line we made the approximation T =~ %AE fi|3@|2.
This is significantly smaller than the electromagnetic transition rate (4.13) computed in
section 4.1, but should have close to zero background from the forbidden electromagnetic
transition 151/, — 257 5, which must proceed through the heavily suppressed magnetic and
electric dipole operators. Of course, in order for this transition to occur at all we require
that mx ~ AFEy;, however there is no reason a priori why we should choose the n = 1
to n’ = 2 transition. Indeed, choosing a transition with smaller gap, would allow us to
probe lighter dark matter, with a rate scaling strongly as AE;{?’. On the other hand, we

know that since C; ~ Z* and AEp ~ 72, this transition rate will scale as Z 2

overall,
suggesting that hydrogen or some other light element is the best choice of target for this
process. With that said, targets with a larger Z may still be better suited for heavier dark
matter searches, as they typically feature larger AEy;. Importantly, CINCO provides the
ability to quickly and precisely compute such amplitudes, opening up many possibilities for

new physics searches in atomic transitions.

5 Conclusions

We have presented the first, comprehensive computation of transition amplitudes in hydrogen
and hydrogen-like atoms for generalised hydrogen interactions. This includes results for
a complete set of Lorentz structures corresponding to scalar, pseudoscalar, vector, axial-
vector and tensor interactions as well as interference terms in the case in which multiple
interactions are present.
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To this end, we introduced a particularly well-suited basis for solving the Dirac equation
with a central Coulomb potential, evaluated the angular and radial integrals, and expressed
the different transition rates in terms of these integrals for the different Lorentz structures.
Further, we have developed a dedicated tool for the construction of hydrogenic transition
amplitudes and numerical evaluation of the overlap integrals; CINCO, publicly available at
gitlab.com/JShergold /cinco. We have demonstrated the precision of our computation by
reproducing the QED prediction for the 2Pz, — 1575 hydrogen transition to a precision
of ~ 0.005%. We have also given an example for a new physics transition by calculating
the 15, — 25/, absorption rate for a spin-1 dark matter field with both vector and
axial-vector couplings to electrons.

Our work is directly relevant to searches for light Dark Matter particles or other light
new physics such as axions, hidden photons or scalar fields that can be absorbed or emitted
by hydrogen. It is additionally useful for calculating different transition rates in laboratory
searches for fifth forces, or variations of fundamental constants. Another important application
is the calculation of transition rates in stars or the intergalactic medium, e.g. the Lyman-
a forest.

In our work, we have emphasised the power law scaling of atomic transitions with the
atomic number that can be as large as Z' for dimension six operators induced by SM

(@=1) for dimension d operators. This incentivises the use of

processes, or more generally Z?2
highly charged ion clocks for spectroscopy measurements that would be particularly sensitive
to transitions induced by non-renormalisable operators, e.g. the emission or absorption of
neutrino-antineutrino pairs mediated by the weak force, or transitions induced by axions with
non-renormalisable couplings to electrons. We will discuss the sensitivity of this proposal

to new physics in a dedicated publication.

While this paper comprehensively covers all atomic transitions in hydrogen or hydrogenic
ions in the dipole approximation, there are several ways in which our work can be extended.
A very interesting direction is to extend our analysis to include generalised hyperfine structure
transitions. An orthogonal direction is the analysis of generalised transitions in helium and
other multi-electron atoms. While the precision achieved by the relativistic treatment is
remarkable, it could be further improved by implementing corrections from the higher multiple
terms. Finally, a similar approach can be used to calculate rates for nuclear transitions.
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A Hydrogen wavefunction and radial integral scaling

In this appendix, we will present the complete forms of the spinor spherical harmonics and
radial wavefunctions obtained by solving the Dirac equation for an electron in a Coulomb
potential (2.1). Additionally, we will briefly derive the leading order scaling of the radial
integrals (3.12) with respect to Z.

The spinor spherical harmonics are given by the Clebsch-Gordan decomposition

l7 9 j
Qj,l,m(97 @) = Z Omsjms,ms,myvl,m—ms (07 d))gms? (Al)
ms
where s = % is the spin quantum number, m, € {—%, %} is the magnetic spin quantum number,

C denotes a Clebsch-Gordan coefficient, Y] ,,, denotes a spherical harmonic and

O} A2
gms - 5ms7_% ( . )

is a basis spinor. The radial functions are significantly more complicated, and their full
derivation can be found in [38]. Here we simply quote the results

3
2)\ 2 i E F 2 + N + 1 _ _ P,k
fn,,{(r%gnﬁ(r) - ir((z nﬂi 1) (M — mn) (ZZ»; n,K ) p%’jm 1%
Tt Lan (B ) (B - k) N
VA
x [ ( ())\‘EMM _ ,i> 1F1 (=N, 296 + 1, png) (A.3)
n,k

+ Nn,anl(l - Nn,m 2y, + 1apn7n)]7
where
Te =V K2 — (ZO‘EM)Q’ Ang = p? = E%,m

Nn,n =N — |H’ € {Oa1a2a~--}a Pnk = 2/\n,nra
and the energy of the state is given by

B, - p ) NN[1_2<ZQEM>2+O(Q4EM)]‘ (A.5)

) 2 n
1 + ZaEM
’YFLJFN’/Z,K

Here, the second term in the expansion is proportional to the Rydberg constant, R, = a%M /2,

recovering the non-relativistic result. The confluent hypergeometric functions can be expressed
in terms of generalised Laguerre polynomials

|
VFy(=m,a,2) = —— L (2), (A.6)

for m > 0, where (a),, denotes the Pochhammer symbol. However, a more useful expression
for our purposes is the terminating power series

VFy(—m,a,2) = ni(—l)“ (") (A7)

n ) (a)y
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where (') is the binomial coefficient. Combining (A.7) with the identity

@ _ 1
fo drre” " = o) I'(n+1), (A.8)

allows us to find the leading order scaling of the radial integrals (3.12) with respect to Z
iy~ 2% Tpg~Typ~2, Ty~ 22 (A.9)
These results follow from the product of the integral

0 ;o
J dr T2PZT;;1PZ7 Hlle_%(pn’v’_pnl’ﬂ,) 1F1 (m7 27& + 17 pn,ﬁ)lFl (mly 27&’ + 17 pn’,f@’) ~ Z73’ (AlO)
0 b

with the r-independent prefactors in f and g, which to leading order scale as Z 3 and Z %,
respectively.

B Dipole approximation

When computing the transition amplitude (3.9), we noted that in most cases the phase factor
can be replaced with one, corresponding to the dipole approximation. In this appendix we
will justify this approximation. The typical scale of an atom, or stated differently, the radius
at which you are most likely to find a hydrogen electron is

apn®>  n?

(ray = = =7(2.68-10_4eV_1), (B.1)

where n is the principal quantum number and ag is the Bohr radius. Additionally, the

momenta of the absorbed or emitted particles will be approximately

(k) ~ BE, (B.2)

where [ is their velocity and E is their energy, which should be of order the transition
energy that we are interested in

1

1 1 1
n2 n?

n2 n'2

E ~ AEy; ~ R, Z? = 72 (13.6¢eV), (B.3)

with Ry the Rydberg constant and n’ the principal quantum number of the final state. The
requirement that k - £ « 1 therefore translates to

2= ()

In the case of absorption, n’ > n and the Lh.s. is maximised for n’ » n, in which case

« 274. (B.4)

we require that
BZ « 274, absorption, (B.5)

which should hold even for relativistic particles with § = 1. On the other hand, if we are
considering emission with n > n/, then the L.h.s. is maximised for n » n’ and we instead
require that

2
BZ (Q/) « 274, emission. (B.6)
n
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For non-relativistic particles e.g. dark matter with 3 = 1073, and reference Z ~ 10, this holds
for n « 150n’, which should be satisfied in all but the most extreme cases. For relativistic
particles, this becomes much stricter and we require that n « 5n/, which still covers most
realistic cases. We stress, however, that the validity should be checked with (B.4) before
using these amplitudes.

C Spherical basis

In this appendix we will briefly introduce the spherical basis, and give useful relations for
computing hydrogen amplitudes. We begin by defining the components of a vector in the
spherical basis in terms of their Cartesian components as

(V* +iVY), (C.1)

so as to align with the definitions of the raising and lowering operators. To define the inner
product and covariant four-vector components in the spherical basis we will also need the
metric tensor. This can be found by making use of the relation

Juv = (Ail)pp,(Ail)gug;)a7 (Cz>

where for the remainder of this appendix, primed variables will denote a quantity in Cartesian
coordinates, and where

1 0 0 0
1 1
(A~ = oz’ _ 0 5 v 0 ©3)
me Qg 0 % x5 O ’
0 0 0 1

are the components of the inverse coordinate transform matrix, with row indices (0, z,y, 2)
from top to bottom, and column indices (0, +, —, z) from left to right. Using this, we find
the components of the metric in the spherical basis

1 0 0 O
0 0 1 0

v = 5 i
0 0 0 —1

with both row and column indices in the order (0,+, —, z). Using the metric, we can define
the covariant components of a four-vector

Vi=gu V' = V=V, V.=V, V.=V' ¥V, =-V. (C5)

As an example, we show what the on-shell condition looks like in the spherical basis. The
contravariant components of the four-momentum in the spherical basis are

p° b
_ P g i¢
i pt _ 75 sin 961 (C.6)
p — L . 0 —7,(15 9 .
P 3 sinfe

p° pcos
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where 6 and ¢ are the polar and azimuthal angles, and p is the modulus of its three-
momentum. It then follows that

pup" = pop’ + pipt +pp +pap?
= E? — p%sin® 6 — p? cosh (C.7)
= ’,’7"’/27
as we expect. In general, a quantity in the spherical basis can be found from the one in
the Cartesian basis by making use of

Felle = AIAS L (ATHO (AT E (C.8)
where
1 0 0 0
a ox® 0 v 0 a/ A —1\k a
A==l o P2 g | AT =, (C.9)
vz V2
o 0 0 1

are the components of the transformation matrix from the spherical to Cartesian basis, again
with row indices (0, x,y, z) and column indices (0, +, —, z). As such, only fully contracted
objects such as (C.6) have the same functional form in both bases. Of particular interest
to us are the gamma matrices in the spherical Dirac basis, which are

0 oF 1
vt = (ai UO ), ot = 1—2(0"’3 + ioY) (C.10)
and the tensor operator
W A BA Y 3 o 18 _3. BV C.11
o = AS NG| [T ) = S0 (C.11)

D Transition tables

In this appendix we tabulate the full set of allowed transitions for each Lorentz structure
and index in the spherical basis, along with their selection rules, radial integral structure
and coefficient. Each entry of a table corresponds to one of the integrals

J B2 U s o T Uy o = (Z c,gfznétzt) : (D.1)
t

which form part of the atomic tensor (3.10). In all three tables, I' denotes the Lorentz
structure with Lorentz indices {u:}, Am and Ak denote the change in the magnetic quantum
number, m, and k, respectively, Z denotes the radial integral structure, and Cj ,, denotes
the coefficient of radial integral that arises from the angular integrals.
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rid () Am AR z Crm
1 - m—m K— K Lip— Iy 1
7P - m—m | K—>—k | Lrg+1Lys i

Table 2. Allowed transitions, radial integrals, and their coefficients for the scalar and pseudoscalar

vertices.
e | {u} Am AV 7z Cim
0 m—m K— K T+ Zyg(=0) 1
Lyg Lyy —_ 2
. oMl k2 — (m+ L
AR E I B TRt = (m £ 5)
i\@\/(nim+%)(nim+%)
k—kKk+1 7
+ | momtl 9/ % + 1
V2 ( Fm—5) (T m - 3)
kK—Kk—1 Ifg
2k —1
g 7 T,
19 9f :
- - 2
SRR I R P | o
2iy/ (K + 3)" — m?
—Krk+1 7
z m—m e 9 |2k + 1]
2 (ff—%)Q—mQ
—r—1 T
A f9 2k — 1]
0 m-—m K— —K Ly —Tyy )
Ly Lyg 2
- - 99 V24 /K2 — (m+ L
SR (T e P | V2t = (m t )
» . VO (s Fm—3) (s Fm )
K — —K
+ | m—>m=*1 99 2% — 1
VB (st +4) (w2 m+ )
K— —Kk—1 Iff
2k +1
Yy T
Kk > K ff Lyg _9m,
26+1 2k -—1
2
/(= 1)
- k1 T
z m—m " " 99 126 — 1|
2 (m+%)2—m2
K= —k—1 Lyy -

|2k + 1]

Table 3. Allowed transitions, radial integrals, and their coefficients for the vector and axial-vector

vertices. Note that the 7° vertex is identically zero due to wavefunction orthogonality.
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IRCUR I Am AV 7z Cim
Lyg Zyy 2
—— —fe ol V24 /K2 — (m+ L
AR Y R | V2R~ (m t 3)
\/5\/%4—7714-l Ktm+ 3
0+ |m—-m+1]| x pal 7,; ( . j_)l( 2)
K
V2 /(kFm—1) (kT m—4
Kk—Kk—1 e — -
T
K — —k fg Loy —9m
2k — 1 2k +1
20/ (k+ 1) —m?2
0z mem K=+ 1 Lyy (|2/£j—)1|
2
/(= 1) -
kK—Kk—1 e 2 — 1]
Ly Lyg .
— =99 —2
noR 1 2m—1 o
O.IL” . 12 2
27 (/ﬁ—§) -m
R e B .
2i 1)? —m2
2 (Ii+§) —-m
o oned Lss 126 + 1]
Ly Zgg . 2
N _rr o, 799 —i\/2 2 _ + 1
nR 2+ 1 2m—1 V22 = (m £ )
V2 ( Fm—4) (kT m - )
Tz m—->m=xl | x> —r+1 Tyq ¥ Sy
iﬁ\/(nimﬁ—%)(ﬁim—l—%)
R Rl Ly T 26+ 1

Table 4. Allowed transitions, radial integrals, and their coefficients for the tensor vertices, where we
have not included the zero diagonal vertices, and where any vertices with permuted indices can be
found from the antisymmetry of the tensor operator o#¥.
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