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Abstract

A time fractional-step method is presented for numerical solutions of the incompressible non-Newtonian fluids for
which the viscosity is non-linear depending on the shear-rate magnitude according to a generic model. The method
belongs to a class of viscosity-splitting procedures and it consists of separating the convection term and incompress-
ibility constraint into two time steps. Unlike the conventional projection methods, the viscosity is not dropped in the
last step allowing to enforce the full original boundary conditions on the end-of-step velocity which eliminates any
concerns about the numerical boundary layers. We carry out a rigorous error analysis and provide a full first-order
error estimate for both the velocity and pressure solutions in the relevant norms. Numerical results are presented for
two test examples of non-Newtonian fluid flows to demonstrate the theoretical analysis and confirm the reliability of
this viscosity-splitting scheme.

Keywords: Fractional-step methods; Non-Newtonian fluids; Navier-Stokes equations; Viscosity-splitting schemes;

Error estimates.

1. Introduction

During the past decade, there has been an increasing awareness about the incapability of the Newtonian assumption
to explain the observed behavior of many fluids encountered in industrial activities such as slurry transportation and
polymeric melts [1]. Since then a growing interest has been devoted to this large category of substances which turns
out to be far more widespread in real-life than the Newtonian ones, examples include biological fluids like blood and
saliva, chocolates, wet beach sand, printing ink, cosmetic products like lotions and shampoos, mineral suspensions,
among others. In general a fluid behavior is highly impacted by the relation between the shear stress and the shear rate,

and while it is linear for the Newtonian fluids with the so-called dynamic viscosity as the proportionality constant, this
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relation is much more complex in the non-Newtonian fluids and it can vary from one to another yielding a diverse range
of characteristics to each fluid flow. In addition, the generalized Newtonian fluids convene the fluids preserving the
tensorial structure of the Newtonian class but their apparent viscosity is no longer constant but a function of the shear-
rate magnitude. Thus, the shear stress-shear rate relationship is determined based only on the viscosity response to
the applied shear rate. The generalized Newtonian fluids whose viscosity decreases when experiencing an increase in
the shear rate are known by shear-thinning (or pseudoplastic) fluids and are the most common in realistic applications
whereas, the so-called shear-thickening (or dilatant) fluids exhibits an opposite behavior as their apparent viscosity
increases with the shear rate. In practice, dilatant fluids are a less widespread subclass than the pseudoplastics and can
be encountered for example in thick suspensions.

Recently, several mathematical models, mostly based on rheological data, have been proposed in the literature
to formally describe features and dynamics of the non-Newtonian fluids. Some of the commonly used for time-
independent fluids include the power law (or Ostwald de Waele) model, the Cross model [2], the Carreau model, the
Ellis model and others that can be found for example in [3, 4]. Regardless of the adopted model, it is straightforwardly
injected into the motion equations of the fluid, precisely into the diffusion term, resulting in a class of non-linear
incompressible Navier-Stokes equations that are even more challenging than their Newtonian counterparts which are
already hard to tackle, especially in three space dimensions, even with the computational resources of nowadays.
The difficulty in solving these problems lies mainly on the saddle-point structure of the governing equations and
the non-linearities of the convective and of the viscous terms in the case of non-Newtonian fluids. One of the most
popular approaches proposed in the literature to address these difficulties is the projection, or splitting, or fractional-
step methods initiated by the leading works of Chorin [5] and Temam [6] in the late 60s. The basic idea consists of
decoupling the diffusion term and the incompressibility constraint through two (or more) time-marching steps. In the
first step, the pressure and the incompressibility constraint are canceled out to compute an intermediate velocity which
is projected later in the second step, after dropping the viscous term, on a divergence-free space by solving a Poisson-
type equation for the pressure. However, the resulting non-physical boundary conditions on the pressure deteriorate
the accuracy and the convergence orders of the method even with high-order time integration schemes. Therefore,
authors in [7] proposed a pressure-correction strategy that introduces an old pressure term in the first step of the
splitting and then corrects accordingly in the second step, which indeed improved the accuracy but issues related to
the inconsistent pressure boundary conditions still persisted and defected the pressure approximation especially when
the problem under study is equipped with open boundaries. To overcome these drawbacks, a rotational version of the
pressure-correction method was suggested in [8] which efficiently removed the inconsistency and enhanced the H'-
norm accuracy of the velocity and the L?-norm accuracy of the pressure (see [9]) even with open boundary conditions
(see [10]). Other techniques based on improved pressure boundary conditions were presented in [11, 12] to resolve
these problems. Alternatively, a viscosity-splitting approach was proposed in [13] which consists of separating the
convective term from the incompressibility constraint in the first step and then injects a viscous term in the second
step. The introduced diffusion term, albeit compromises the simple Poisson structure of the incompressibility step
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in the classical projection methods, it also allows to enforce the full original boundary conditions on the end-of-step
velocity and consequently, it avoids any artificial boundary conditions. It should be noted that authors in [13] also

supplemented their method with a pressure-correction modification.

It should also be stressed that investigating the performance of fractional-step methods solving the non-Newtonian
fluids is of great interest as complex fluids are largely involved in the industry emphasizing a necessity to accurately
monitor their flow behavior in various geometries and configurations. However, this task is not straightforward since
strengths of this method can be neutralized by the non-homogeneous or the shear-rate dependent viscosity, see for
example [14] and further discussions are therein. On the other hand, the literature relevant to this research field is
rather scarce and, when it comes to the error analysis, is almost nonexistent. It should be stressed that by properly
modifying the pressure Poisson equation, authors in [14] extended the pressure-correction method to the case of non-
homogeneous viscosity and succeeded to numerically retrieve the same performance as the rotational version through
what they called the shear-rate projection techniques. This method has also been generalized in [15] to account for
open-boundary conditions and shear-rate dependent viscosity. Another efficient splitting method was developed in
[16] based on the technique studied earlier in [17] that replaces the incompressibility constraint by a Poisson-type
equation for the pressure equipped with consistent boundary conditions and results in decoupling the computation of
the velocity and pressure solutions. Other research works that directly applied the non-incremental or the incremental
conventional projection methods combined with different spatial discretizations for various generalized Newtonian
models can be found for example in [18, 19, 20, 21, 22] among other. It should be noted that, in all the previous
literature, no convergence analysis and error estimates are reported for the non-Newtonian case except evidence based

on computational results.

In the present study, we first extend the viscosity-splitting technique presented in [13] to generalized Newtonian
fluids whose viscosity follows the Carreau model. Next, we develop a rigorous analysis of convergence for this
method and provide error estimates for both the velocity and pressure solutions. To the best of our knowledge, error
estimates for the viscosity-splitting method solving non-Newtonian fluid flows are reported for the first time. To
evaluate the accuracy of the viscosity-splitting scheme, we present numerical results for a three-dimensional problem
with known exact solution and also for the two-dimensional benchmark problem of forward-facing step flow. The
obtained results for different flow regimes are in good agreement with our theoretical expectations and illustrate
good numerical behaviors in terms of stability and accuracy. The remainder of this paper is structured as follows:
the viscosity-splitting for non-Newtonian fluid flows is presented in Section 2. This section includes the governing
mathematical equations, notations along with functional spaces and assumptions used in the current work. The error
estimates for the considered viscosity-splitting scheme are established in Section 3. In this section we prove a first-
order error estimates for the velocity solution in both L?- and H'-norms as well as a first-order convergence for the
pressure solution in the Z?-norm. Numerical results obtained for two test examples of non-Newtonian fluid flows are

illustrated in Section 4. Conclusions are summarized in Section 5.



2. Viscosity-splitting scheme for non-Newtonian fluid flows

Let Q be a bounded domain Q c R? (d = 2,3) with Lipschitz continuous boundary d€2, and [0, T'] be the time
interval with 7 > 0 is the final time. In what follows, we use the whole scale of Sobolev spaces W"(Q), with m > 0
and 1 < g < +oo equipped with the norm || - [ly»s@) and semi-norm | - [ymq(q), Which reduces to the usual notation
H™(Q) when g = 2 with the corresponding norm || - ||,,. We also require the space Hé(Q) of functions in H'(Q)
vanishing on 0Q. It should be noted that thanks to the Poincare’s inequality, the norm || - ||; and semi-norm | - |; are

equivalent in H(l)(Q). Furthermore, we define the vector spaces
H={vel’Q), V-v=0, v-nlgn=0,
where n is the unit outward normal vector to the boundary 9€, and
V={veHyQ); V-v=0}.
To account for the homogeneous pure Dirichlet boundary conditions, we also define the zero-mean space
LY(Q) = {q € L*(Q); fg gdx = 0}.

In the present study, we consider an unsteady flow of a generalized Newtonian fluid with a non-homogeneous viscosity
v depending on time ¢, space x, velocity u(t, x), shear rate of the fluid Du, the fluid pressure p(¢, x) and/or other external

quantities and subject to a constitutive equation of the form
o(u) = —pI +2vyDu,
where I is the unit matrix and the shear rate is defined as
Du = l(Vu + VuT)
5 .
Assuming incompressible flows, the the Navier-Stokes equations read
ou

4@ -V)u-V-(2vDu)+Vp

ot £, (Lx)e(0,TIxQ,

(H
V-u = 0, (t,x) e (0, T xQ,

where f € L (0, T, Lz(Q)) is an external force such as gravity. The equations (1) are equipped with an homogeneous

Dirichlet-type boundary condition on 9< as
u(t,x) =0, (1,x) € (0,T] x 0Q, @)

and an initial condition as
u(0,x) = uo(x), xe€Q, 3
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where uy(x) € L?(Q) is a given initial function. It should be stressed that the existence and regularity of the solution
for the case of Newtonian fluids has been studied in [23, 24, 25] among others. In the case of non-Newtonian fluids,
existence of a solution of the problem (1)-(3) has been proved under some assumptions on the viscosity v, see for
example [25, 26, 27]. In the current work, we consider the generic law

m=1

V(D) = veo + (Vo = veo) (Ao + A2 IDulf?) 7, )
where m, Ay, Vo and v are nonnegative constants to be selected for each type of fluid, and || - || denotes the Euclidean
norm in R¥“. Notice that in all the theoretical results presented in the current work, we assume that m < 1 which

covers a wide family of shear-thinning fluids whose viscosity is decreasing with the shear rate.

Note that the relation (4) covers a wide range of rheological models used in various industrial applications and it
also verifies the assumptions required in [25, 26, 27] for the existence of a solution for (1)-(3). Here, based on the
analysis reported in [27], the existence of a weak solution of (1)-(3) is ensured provided m > O ford =2 andm > 1/5
ford = 3.

For the time integration of equations (1)-(3), the time interval [0, T] is divided into K sub-intervals [#, tx+1] with

k

length At = 441 — 4,0 =1y < t; < --- < tx = T, and we use the notation w* = w(#, x) as the value of a generic

function w at time #;. We aslo define the discrete norms in a Banach space X as

1
K 2
lletll20.7:%) = (Atz ””kni] and lletlli=0,7.x) = Orgi’}{””k”x'
=0 ks

Applied to equations (1)-(3), the viscosity-splitting method is carried out using the following two steps:

Step 1: Given u* at time #;, compute the intermediate velocity 7" as

iik+l _ .k

LR v va v (D) Da!) = 1, xeq
At
(5)
' = o, x € 0Q.
Step 2: Given #“*' from Step 1, compute the solution (uk“, pk”) of the Stokes problem as
uk+1 _ 'ﬁr’Hl .
k k+1 —~Kk+1 k+1

= —V-(Zv(Du ) (Du**! - D ))+vp - 0, xeQ

V-utt = 0, xeQ, (6)
= 0, x € 0Q.

Some remarks are in order:

i. In the first step, the convection and diffusion terms are treated in a semi-implicit fashion which eliminates the
non-linearities that would have required a fixed point-like processing.
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ii. The viscosity term included in the second step yields a Stokes-like problem which, albeit being more complex to
solve than the Poisson problem required in the standard projection methods [35, 6, 28], it cancels any inconsistent
boundary conditions on the pressure and it removes errors in the tangential boundary conditions thanks to the
third equation in (6).

iii. The second step can also be interpreted as a projection of the intermediate velocity 7! onto an H!-space,
instead of an L?-space (known as Helmoltz decomposition [29]) in the standard projection methods, by rewriting
the first equation in (6) as

’IZkJrl — uk+1 +Atp—lvpk+l’

where P! € £ (H (O) H(l](Q)) is the inverse of the operator £ whose expression is given by
P:v — v—AV - (2(Du")Dy),

and it is related to an homogeneous Dirichlet problem, i.e. for a given w in H™'(Q), v = P~ w is equivalent to

v being the solution of the problem

Pv = w, in Q,

v = 0, on 0Q).
Similarly, the above viscosity-splitting method can be formulated in a weak form as:

Step 1: Assume that the solution u* € H}(€) is known, then the weak form of (5) is: find e H{(Q) such
that

[ ] ) o) Do) = (). ora vem, )

Step 2: Given "' € H{(Q), the weak form of (6) is: find the solution (uk“ , pk“) of the Stokes problem as

(uk+1 _gk

m ,V)+(2v(Duk) (Duk“—D’ﬁk“),Dv)—(pk“,V-v) = 0, forall veH\Q),

(®
(V ] uk+1,q) = 0, forall g e L3(Q).

It should be stressed that the above time-splitting scheme can be modified to account for a pressure-correction pro-
cedure by treating the pressure explicitly in the first step and then making a correction in the second step. Although
this modification does improve the accuracy of the approximate solution, it has no advantage on the expected order
of the method, see [30] for further discussions. Therefore, we chose not to include it here for the sake of simplicity
and clearness since the focus of the present work is mainly on the error estimates of the viscosity-splitting scheme for

solving the non Newtonian fluid flows.



2.1. Well-posedness for the weak problem

In this section, the well-posedness of the system (7)-(8) is proved in the case of m < 1. Let ag be the bilinear form

on Hj(Q) x Hy(Q), 7 the linear form on H{(Q) and c the trilinear form on (Hé(ﬂ))3 defined by
_ 1 k k _(k TN _ okt Loy
ao(w,v)—E(w,V)+(2v(Du )DW,DV), c(u ,w,v)—(u -Vw,v), I(v) =(Ff ,v)+Kt(u,v).

Hence, the problem (7) can be rewritten as: find e H(')(Q) such that

E(EkH, v) =1(v), forall ve H(l)(Q), 9)
where

E(iik“,v) = ay@*",v) + c(uk,ﬁk”,v).
Since u* is supposed to be in H(‘)(Q), the continuity of Tis guaranteed by the Cauchy-Schwarz inequality, and the

continuity of c is also established by virtue of the Holder’s inequality in addition to the continuous embedding of
3
H'(Q) in L*(Q). Moreover, the trilinear form ¢ satisfies the following continuity properties on (H(l)(Q)) (see for

instance [31]) that can be useful later

Cluly [Vly wl; ,
Cllello 1IVIl2 w1y

Cluli IVll2 [wllo »
cu,v,w) < (10)

C llullo V11 [wll2 5
C llully 11y [wllo »

1/2 1/2
Cluly IVl Wil Iwl/?,

where C is a constant that depends on the domain Q. In what follows, C denotes a generic positive constant inde-
pendent of the time step Az but it may depend on the problem data and it may have a different expression at each
occurrence. In addition to the continuity properties, the trilinear form c is also a skew-symmetric in its last two

arguments if the first argument lies in the space H, i.e.
c(u,v,v) =0, VveH (Q), YueH,
which is true in our case since u* is also divergence-free. Hence,
c@*,v,v)=0, VveH)Q). an
To establish the continuity of ay, let g be a positive function defined by

m=1
2(5) = Vo + (V0 — Vo) (/lo + A2s2) .
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Obviously, when vy > v, the function g(s) > v for all s € R and, under the condition m < 1, the function g is upper

bounded by a positive constant independent of At as

m-1
2

1
g(5) SV + (0~ V)", VseER.
Hence, there exists a constant C > 0 such that
2
lao w,v)| = |(2g(||Duk|| )Dw.DV) < Cwhilvh,

and the continuity of the form a is proved. In addition, the coercivity of ay results from the lower bound of g and the
Korn’s inequality which straightforwardly lead to the coercivity of the form a since ¢ (uk ,V, V) = 0. Consequently, the

problem (7) is well-posed by virtue of Lax Milgram’s theorem.

The weak formulation (8) can be reformulated as: find (uk”, pk”) € H(l)(Q) X LS(Q) such that

ao (@ v) + b v) = Uv),  Yve HyQ),
(12)
b(gu*') = o, Vg € Li(Q),

where

V) =ay(@*'.v),  blgw)==-(gV-w), VgeLiQ), ‘YweH\Q).

Since the continuity and the coercivity of the bilinear form ag are already established, and since the inf-sup condition
on the bilinear form b is well known to be satisfied (see for example [32, 33]), we conclude the well-posedness of (12)

and equivalently the problem (8) is well-posed.

2.2. Stability of the time integration

The aim here is to show the continuous dependency of the solution of (7)-(8) with respect to the initial data of the

problem (i.e., ug and f) which is expressed by the following lemma:

Lemma 2.1. The intermediate and the end-of-step velocities satisfy

C2 K-1 K-1 K-1
2 14 k+1112 K2 k+1 ~k+1,2 ~k+1 ki 2
leolls + 5= D WG = eI+ et =@ Y I~ i+
=) k=0 k=0
K-1 K-1
2c,vatZ V@ — a2 + 2C,vooAtZ Va2,
k=0 k=0

where C, is the constant of the Korn’s inequality and C,, is the constant of Poincaré’s inequality.

Proof. Taking v = 2A@ " in (7) and considering (11), one gets

R [l + [ - w + 240 (2vDubyDE ! DE) = 20 (841, 7)),
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and taking v = 2Amu**! in (8) gives

0 = ”uk-%—]”% _ ”'l‘ikJrl”% + ||uk+l _'iik+1||g + AI(ZV(Duk) (Duk+1 _ D'l‘ikJrl)’Duk-%—l _ D’ﬁkJrl) +

At (2v (Du*) Dut*!, Dut*!) - A (2v (Dut) D', D).
Summing the two equations yields

ZAt(fk+l,'ﬁk+l) — ”uk-%—l”% _ ”uk”% + ||uk+l _'L‘[k+1”(2) + ”'iik-H _uk”(Z] + At(zv(Duk) Duk+l,Duk+l) +

At (2v (Du®) (DU - DE*"), D! — DE*") + At (2v (D) D' D).
Since v(Duk) > Voo, then

2At(fk+l,’l‘ik+l) > ||uk+l||(2) _ ”uk”(Z) + ”uk+l _'l‘ik+l||(2) + ||"ﬁk+l _ ukng + 2V00At (Duk“,DukH) +

2veAr (D! - DE ! Dkt - DI + 2y At (D, D).
By virtue of the Korn’s inequality, there exists a constant C, > 0 such that

~k+1 ~k+1 ~k+1
MK T > S — G+ e =S+ I = WM+ 2C v ALV @ = TG +

2C, Ve AIVUF 2 + 2C v A V|2,

The left-hand side in the above inequality can be upper bounded by

At C?
2ArE T < 2Ad ol o < S I + 2C, v AIVEIG,

which gives
2

P jipk+1)2 K12 (K2 o (k] k2 k] kg2 ket _ =kt 1y 2
T 5005 = Mg — Nl + ™" =2l + 0™ = g + 2C v AV @™ —u" )l +
(o9

2C, Ve AtV 13,

performing the sum over k = 0, 1,..., K — 1 ends the proof.

|
Next we proceed to the demonstration of error estimates for both the velocity and the pressure in the appropriate
norms, but first let us recall the following discrete Gronwall lemma [34] that will be repeatedly used in the next

section:

Lemma 2.2. Fork € N, let k and ay, by, ci, d;, be nonnegative numbers such that

n n—1 n—1
an+Athk§K+AtZakdk+At . Vx>l
k=0 k=0 k=0

Then, for all n > 1, the following inequality holds

n n—1 n—1
a, + At Z by < [K + At ck] exp (At dk].

k=0 k=0

>~
Il
f=}
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3. Error estimates for viscosity-splitting scheme

In this section we present error estimates for the approximation of u by the semi-discrete velocities 7! and

u**! in the norms /2 (0, T;H(l)(Q)) and [® (O, T;LZ(Q)), and the approximation of p by the semi-discrete pressure
pk’rl in the norm 2 (O, T; Lz(Q)). First, the approximations of u by 7! and u¥*! in the norms 2 (O, T; H(l)(Q)) and
[®° (O, T; LZ(Q)) are estimated to be of order 1/2, then this bound is improved to reach the order 1 provided that the

solution of (1) enjoys sufficient regularity. Henceforth, u( and f are assumed to satisfy the conditions
w e W@V, fel”(0,T;LAQ)NL*(0,T:H'(Q),  afeL?(0,T:H'(Q), (13)
in addition to the following properties of the solution (u, p) of (1)

S[lgl;](llu(t, N2 + 10 (e, i + 18u(t, -1 + llp(, ‘)”l) <C, (14)
t€l0,

where the subscripts ¢ and # stand for §/dt and 6° 1082, respectively. Hereafter, (14) is assumed to be satisfied in

addition to the following assumption
ueL™([0,7], W>7(Q),  r>0. (15)

Note that the assumption (15) and the Sobolev injection from W'3*"(Q) into L*(Q) (for d = 3) ensure that there
exists a constant C,, > 0 such that

sup |Du(?)le < Cu- (16)
1€[0,T]

Lete**! and e**! be respectively, the semi-discrete errors associated to ! and u**! defined by

Ek+1 — u(tk+l) _’ﬁk+1’ ek+1 — u(tk+l) _ uk+17

~%

the following lemma states a first estimates for the errors €*! and e/*!

, and it will be useful later to improve the error

estimates.

Lemma 3.1. Assume that (14)-(16) are satisfied and m < 1. If in addition, the condition

ACRPSNEL Cr

Veo 1 5C,°

a7

is satisfied, then

K K
2 2
€5 g + IRF 1 + > (et =118 + & = 1) + 2C vt ) (|ek+'|1 + [T + et —E:*“ﬁ)scm. (18)
k=0 k=0

Proof. 1t should be stressed that the case with m = 1 corresponds to Newtonian fluids and it is already addressed in

[35] by tracing back the procedure adopted in [36]. The case with m < 1 is treated following the same procedure.
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Thus, writing (1) at time #,; and applying the Taylor’s expansion with integral reminder, the truncation error denoted

by R¥ appears and it satisfies

u(t1) — u(ty)

A7 - V Qv(Du(ty1))Du(tis1)) + u(tisr) - Vi(tesr) + Vp(teer) = £ts1) + RE, (19)

with
i 1 Th+1
R* = — t — t)0u(t)dt.
- f (t — t)Fu(t)

Here, the last expression is the residual integral of Taylor’s expansion. Taking the inner product of (19) with v € H(l)(Q)

and subtracting (7) from it, yields

Ait (€*! = €, v) + (2v (Du(te,1)) Dutisr), DY) - (2v (Du*) DZ*', D) = (u* - V&', v) -
@(tes1) - Vau(tis), V) = (Vp(tier), v) + (RS, v). - (20)
The last two terms in the left-hand side of (20) can be rewritten as
(2v (Du(ti1)) Du(t), Dv) - (2v (Du*) DE**, Dy) =
((2vDu(t1)) - 2v (Duk)) Dute,r). DY) + (2v (Du) DE! Dy),

while the non-linear terms in the right-hand side of (20) can be splitted up into three terms denoted respectively, by

B], Bz and B3 as

(- Va1 v) = @) - Va(teen), v)

_ (ek : Vii"*',v) + ((u(tk) —u(tir1)) - WH,V) - (u(f/m) : VEM’V)’

B +Bz+B3.

Moreover, by choosing v = 2A7€"*!, the term B3 vanishes and (20) becomes

12 — [|eb[lo + 1! — €112 + 247 (2v (Du*) D&t Dt 1) = 281(R, &) — 241 (Vp(ti1). &) -
21 ((2v(Du(tyi1)) - 2v (Dub)) Dute,1), DE") + 2A1B + 2AtB,.  (21)

k+1

The first equation in (8) with the choice of v = 2Ate*™" can be reformulated as follows

€13 — I IE + e ! — @13 + Ar (2v (Dut) D! D) +
At (2v (Du*) D (! = @+1), D (! - €*1)) - Ar (2v (D) D& DE ') = 0. (22)
Adding the last equation to (21) results in
I 112 — [[etlo + et — |2 + &4+ — eH[2 + Ar (2v (Du) Dt Dt ) +
At (2v (Du*) D! De!) + Ar (2v (Dut) D (¢! —€*!) D (! @) =
2AKR, €Y = 2A (V1) @) = 241 ((2v(Du(tisr) - 2v (Du®)) Du(tyr), DE!) + 2A1(B; + By).
11



Since v (Du") > Vo and v(Du(#i+1)) 2 v, and by virtue of the Korn’s inequality, the viscosity terms in the left-hand

side of the last equation can be lower bounded as follows

2C, v Atfe !
2C, vt ][]

2C, v Atlet! — &2

which leads to

<

IN

IA

At (2v (Du¥) DE!, D),
At (2v (Duk> De**!, Dek“) ,

At (2v (Duk>D (ek” —E*”) ,D (ek+1 —E*”)),

2 2
e 15— [le¥]l, + 1€ =€ Ig + I+ — €15 + 2C,veo A} + 2C,vo At ||| + 2C,ve Arle ! — €1 [}

< 2AKR, @) = 2A1 (Vp(t01), €71) = 241 ((2v(Du(ty41)) — 2v (D)) Du(te ), DEH ) +

2AtB; + 2AtB,.

(23)

The terms in the right-hand side of (23) are bounded as follows

o The integral residual term:

2AKR, &Y

IA

2C Voo
10
2C Voo
10
2C Voo
10

IA

IA

IA

2ALRY|_ [y,

M@} + CAHIRYZ, =
C lh+1
NS f Nl

li+1
AR+ ca? [ .
173

2C Ve
10

C Th+1
AR+ f (i = 108,
i J,

k1
(t - n)*dt,

I 173

(24)

e The pressure term: since V - e* = 0, we have

241 (Vi) @) = 280 (Vp(i), @ — &),

which can be upper bounded by

241 (Vp(t) @)

200 (V (1) €1 ),
2AHIV p(tis DIl = €¥llo,

1
2(A02 IV plt )G + E'EM —e|2.

IA

IA

e Since m < 1 and under the assumption (16),

fhon 20C
—2At ((2v(Du(tes1) - 2v (Du)) Du(tyr), DE) < CAL f Ol dr + =

2c2

L7 Atlet 2+
Z Ve (25)
4Cve

0 Arfe 13,

The complete proof of this estimate is detailed in Appendix A.
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e The non-linear terms 2A¢B; and 2AtB;: using the continuity properties and the skew-symmetry of the trilinear

form ¢ and (14), we obtain

201B; = —20r(e" Vit @),
= —2At(e" - Va(). @),
< 2CAt |||, (eIl ;.
2C Ve
< —o T N + e
and
201y = 2At((w(te) - ultin)) - VA @),

= 271 () — u(tee)) - Vuliee), &),

< 2Au(t) — ultis)llollu(ti )€,
Tt 1
< 2CAfE | duu(t)dllo,
173
- 1/2
< 2CAz|6’<+‘|1\/A_t( f ||a,u||§dt) :
13
2c .
< 4 SUAR + CAr f 10,ul 3.

Using all theses inequalities, (23) becomes

k1,12 k|2 [P 1 k12 1 1,2 k+1)2 kel —k+12
€115 — [|ef||, + le**! — &+ ||O+§|[Ek+ —e||0+2C,vooAt(§[E"+ I+ + e - <

Th+1

T+ 1
Car? f 10l i + 20 plia IR + C(ADY f O’ di+

Iy 173

20C2C? k
u VAt| e + C(At)2f |16,l Gl + CA[||ek||§~
173

rvoo

Taking the sum over k = 0, 1,..., K and using (14), we get

K K
1 1 2
||eK+1||(2) i Z (”ek+1 _51<+1”(2) i §|[é1<+1 _ ek”(z)) " 2CrvooAtZ (EWHI% n |ek+1|1 n |ek+1 _'é*k+1|% <

k=0

cm(mf 10uel* dt + s[up ||Vp(t)||0+Atf |6,u|1dt+Atf 110,ul| dt+Z||ek||O] 20€.C VAtZ|ek|2_
CAt+CAlZ|| e+ 20C CVA Z| K2,

By virtue of the assumption (17), we can take the last term in the right-hand side to the other side of the inequality

and then apply the discrete Gronwall lemma to obtain

1
|| K+1||0+C VooAtleK+l|2+Z ”ek+l ~k+1”0 + H‘-k+l ¢ ||0)+2C VooAlZ( k+l|% + Eléfmﬁ + |ek+l _ﬂék+1|% < CAt,
k=0
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which yields

K K
2
e s+ D7 (et =@ + 1! = €1) + 2C,veorr D (1€ + REIR 1ot —FHE) < CAn o (26)
k=0 k=0

Finally, by using (26) we bound the term |[€¥*!|2 as follows

IA

< 2(je -+ o).

CAt,

IA

and (18) is proved.

|
Note that Lemma 3.1 yields a 1/2 order estimates for the velocity errors in the norms [ (O, T; LZ(Q)) and 2 (O, T; H(l) (Q)).
The next lemma improves these results to reach the first-order estimate. Unlike the standard projection schemes this

improvement can be obtained without using the Stokes operator, thanks to the boundary condition on z**! in (8).

Lemma 3.2. Under the assumptions (14), (16), (17) and m < 1, we have for small enough At

K K
eIl + > e+ = etflg + Covetre Y1} < clan?, 27)
k=0 k=0
K
At Y liptn) = PG < CA. (28)
k=0

Proof. Taking the inner product of (19) with v € H(')(Q) gives

1
A (W(trerer) —ut), v) + QvDu(tis1))Dultis ), D) + @(ter1) - Vu(ter1), v) + (Vp(tee1), V) =

F(te1), V) + (RS V). (29)

Adding (7) to (8) and subtracting the sum from (29) yields

é (€" = €, v) + 2v (Du(tis1)) Du(ty1), DV) - (2v (Du*) Du**! D) =

(- VI v) = @) - Vulteen), v) + RE V) + (VP v) = (p(ten), v) . (30)

By choosing v = 2Ate**! in the last equation, we get

lle“+ 112 - ||e"||f) + e - ek||(2) + 241 (2v (Du(te,1)) Du(tyr), De) — 24 (2v (Dut) Dut*!, Det*1) =
At (uk V!, ek“) — 2At (u(tk+1) Vu(tes), e"“) + 2AH(RK, ey,
Next, we rewrite the viscous terms as
20t (2v (Du(tis1) Du(tyr1), DE) = 241 (2v (Dut ) Du**!, Det*!) =
At ((2v Du(trs))) - 2v (Du")) Du(tys1), De"”) +2At (2y (Duk) Delt! De"*') ,

14



and using the lower bound of the viscosity v and the Korn’s inequality we have

”ek+l”§_nek“§+”ek+l k“0+2C vat|ek+'|l <2At<Rk k+l>+2At< v~k+1 k+l>_

20t (w(tier) - Varlti), €41) = 24t ((2v (Du(ti1)) - 2v(Du )Du(tyr), D). (31)

Next, we bound each term in the right-hand side of (31) as follow: The integral residual term is treated in a similar

way as for (24) yielding

2AH(RK, ety

IA

204IRY |- [+
CiVeo ts1
—== A car? f 16,2 .

3

IA

The non-linear terms are splitted into

2At (uk vk, ek“) —2At (u(tk+]) . Vu(tk+|),ek”) =
= 20 ((tr) - V&, €)= 241 (w(tisr) — w(ty)) - VA, €)= 248 (& - VI ) =
= 20t (w(tirr) - V&, €)= 241 ((tinr) — u(e)) - V!, €1) + 241 (e - V& € )
2At (ek - Vu(t), ek“).

Using (14), (10) and the results from Lemma 3.1, we have

—2At () - VE* 1 €) < CAtlu(r ) I o [
CrVe
< =¥ At| "+1| + CAfl[e )2,
and
20t (1) — u(@) - VA €) < CAfu(t) - uli @ 1],
C - Tk
< =CEarlet [+ can? f Oul? dt,
143

where we have used the bound
Ac>0, @'y<c, VYk=0,1,....K
that follows from Lemma 3.1 and assumption (14) by simply writing
< @+ )l

Thus, from (10) and Lemma 3.1 we have,

2At(ek'vé-k+1’ek+l) < CAtIekh |ek+l| ||~k+l||(l)/2[~k+1|1/2
S C(At)5/4|ek|1 |ek+1|l ,
< C7"""At|e’<+1|1 + C(AD e P,
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and

—2At (ek Vu(tis), ek”)

IA

CAt |||, lleCtesn)llz €],
CVoo

IA

ZL2 A |e’<+1|1 + CAt”ek”O

The last term in the right-hand side of (31) can be treated the same way as detailed in Appendix A to get

fii1 28C2C2 2C,Veo
— 24t ((2v (Du(te,1) - 2v(Du¥))Du(te,1), D) < C(AH f Ol dr + C_ Al + TVAt|ek+lﬁ.

I rvoo

Considering the established inequalities and taking the sum over k = 0, 1,..., K, (31) becomes

K K T K
e lo + > [let*! - €[l + C,vatZ 1]} < cean? f 1Byt it + CAtZ 6|2+
k=0

C(At)zf |6,u|1dt+C(At)WZ| ek + C. VAtZ| K +CAtZHekH0.

Using (14), we deduce

K K K
||eK+1”(2) + Z ! - ek”(z) + CrvatZ |e**! |? < C(A1? + CAIZ e 1Ig+
k=0 k=0

C(An*? Z| el + C. VAtZIe 2+ CAtZ e[l

Writing
“?m“ﬁ < 2(”~e4k+1 _ek+l”(2) + ”ek+l||3)’

and using the estimates in Lemma 3.1, we obtain

K K K K 2
e lo+ > e+ = eXflo +Covatt 3 1]} < ClAr? +CAL Y 1 I3+ (A2 D et + C CV AtZI 2.
k=0 k=0 k=0 k=0

For small enough Ar we can write
K

3/2 k2 CZCV k12
C(An) Z| < AIZI it

Hence,

K+1]|2 S k+1 _ k|2 S k+12 2 S k+12 56C5C3 S k(2
e+ flg + > e+ = €¥flg + Covestt 3 [t [} < Clan? + CAL Y et + = Ary et
k=0 reee k=0

k=0 k=0

Taking into account (17) we get

1 K K
le*1 + 5 c Ve AtleK 2 4 kz; Jle+! - et||2 + EC’V“A’; 1[0 < can? + cm; e 112,

Applying the Gronwall lemma to the last inequality gives

K K
[[eF+! ”(2) + Z et - ek“(z) + CrvooAtZ |e“*! ﬁ < C(Ary.
k=0

k=0
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Finally, the estimate (28) can be obtained combining Appendix A and the same arguments used in [35] for the
Newtonian fluid flows.

|
It should be stressed that using the same arguments as those reported in [37, 38, 30], we can easily improve the error

estimates (27) and (28) by stating the following lemma for which we omit its proof:

Lemma 3.3. Under the assumptions of Lemma 3.2. If the continuous solution has the following additional regularity
Vidu e I (0.T:L*(Q)) and Gyu € L*(0.T:V'). (32)

Then

LHNEH],) < CAt (33)

||p(tk+1) _ pk+1”[2(L2) < CA

”ekH ”{"’“(LZ)N’Z(H‘) + “ékH ||f°°

Note that based on the above estimates, the error in the pressure approximation reaches a full first-order accuracy in

2 (0, Ty; LZ(Q)). This is also supported by the numerical results illustrated in the next section.

4. Numerical results

We examine the performance of the viscosity-splitting method for solving two examples of non-Newtonian fluid
flows governed by the equations (1)-(4) in both two and three space dimensions. For the spatial discretization, we
employ the well-established Taylor-Hood P, /P; mixed finite elements. Here, the quadratic P, finite elements are used
for the velocity field u whereas the linear IP; finite elements are used for the pressure solution p. In all our computations
the resulting linear systems of algebraic equations in (7)-(8) were solved using a preconditioned Generalized Minimal
Residual (GMRES) iterative solver. We used the diagonal as a preconditioner and a tolerance of 10~/ to stop the
iterations. Here, we used the Freefem++ software [39] for the implementation of the considered viscosity-splitting

method.

4.1. Accuracy example

We first consider an accuracy test example by solving the equations (1)-(4) with a manufactured analytical solution.
The computational domain is assumed to be an unit cuboid domain Q = [0, 1] X [0, 1] X [0, 1] subject to homogeneous
Dirichlet-type boundary conditions and the source function f is defined such that the exact solution of (1)-(4) is given

by

u(t,x,y,z) = (x + X2+ Xy + xz,y + y2 —xy—3yz,-2z+ 2 -xz- 3yz)T (1 = cos(p)),

(x=y+2)(1 —cos(?)).

p(t, x,y,2)
We consider the Carreau constitutive relation (4) with

Ve =001, vo=1, =1, A=1.
17
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Figure 1: Convergence results obtained for the velocity solution in the accuracy example using different fluid cases.
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Figure 2: Convergence results obtained for the pressure solution in the accuracy example using different fluid cases.

To evaluate the convergence of the viscosity-splitting method, we calculate the errors between the numerical and

analytical solutions using the following norms
K 12
kyp2 k
lellec = |Ae Y M|, llelleon = sup llefly,
k_
k=0

=0,1,...,

3 3
where X is taken as (LZ(Q)) or (H ! (Q)) for the velocity solution, and as L*(Q) or H'(Q) for the pressure solution.
0.1
Here, the simulations are performed using different time steps defined by At = > (j=1,...,5) and the results are

presented at the final time # = 0.5. A structured finite element mesh with 20 x 20 x 20 elements is used in this example.

In Figure 1 we present the convergence plots obtained for the velocity field using the considered norms and
different values of the parameter m in the constitutive law (4) namely m = 0.25, 0.5, 0.75, 1, 1.25, 1.5 and 1.75 which
correspond to different classes of the fluid under study. Those convergence plots obtained for the pressure solution
are illustrated in Figure 2. For the considered test cases, it is clear that the method is first-order for the velocity
approximation in the norms 2 (O, T; LZ(Q)), 2 (0, T:H 1(Q)) and [® (0, T, LZ(Q)). In addition, this convergence order
is also maintained regardless of the fluid class i.e. Newtonian (mm = 1), shear-thinning (m < 1) or shear-thickening
(m > 1), but with a slight change in the error magnitude depending on the value of the power index m. Here, the
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Figure 3: Configuration of the computational domain (top plot) and the unstructured mesh used in simulations for

Re = 400 (bottom plot).

error decreases as the fluid changes from the shear-thinning case (m < 1) to the shear-thickening case (m > 1). For
the results obtained for the pressure approximation in Figure 2, a full first-order rate can clearly be seen in these
convergence plots for the selected flow conditions. For the considered test cases, we obviously notice that the error

plots keep the same trend which is also consistent with the error estimates proved in the present study.

4.2. Forward-facing step flow

In this test example, we apply the viscosity-splitting method for solving the two-dimensional benchmark problem
of forward-facing step flow for which the mathematical governing equations are given by (1)-(4). Following for
example [40], the computational domain is of height H = 5.2 mm, length before the step L; = 26 mm, height of the
step S = 4.9 mm, and length after the step L, = 156 mm as shown in Figure 3. Here, the fluid enters the domain
from the inlet face with a constant velocity ug, for which the Reynolds number is defined by Re = pup(2H)/v. The
velocity boundary conditions for the step geometry include the no-slip velocity for all solid walls, a parabolic velocity
profile at the inlet, and zero normal stress at the outlet. As in the previous example, we use the Carreau constitutive

relation (4) with
Voo = 0.0035 Pa.s, vo = 0.25 Pa.s, Ao =1, A=25s m = 0.25.

It should be noted that this step is similar to the one adopted in [40] for solving Newtonian and non-Newtonian
fluid flows using a variational multiscale method. Notice that in the Newtonian case (m = 1), the viscosity is set to
Voo = Vo = 0.00345 Pa.s. To reduce the computational cost in our simulations, we have adopted the mesh adaptation
procedure proposed in [39] such that we locally refine or de-refine the mesh based on the quality of solutions after
every 100 time steps. Figure 3 depicts the initial computational mesh used in the simulations for the selected flow
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Figure 4: Velocity magnitudes and streamlines obtained for the forward-facing step flow at six different Reynolds

numbers.

regimes. Here, the unstructured mesh contains 904 elements with 549 pressure nodes and 2001 velocity nodes. The
time step At is fixed to 0.02 and steady-state solutions are presented. In all results presented in this section, the time
loop was terminated when the relative difference between two consecutive computed solutions in L>-norm is less than

a tolerance of 107°.

Figure 4 displays snapshots of the velocity magnitude along with the streamlines obtained using six different
Reynolds numbers, namely Re = 100, 200, 300, 400, 500 and 600. From these results, we can see that the size of
the recirculation zone and the position of the reattachment point become large as the Reynolds number Re increases.
Indeed, at low Reynolds numbers, the inertial effects are less intense particularly near the step walls (mainly due to the
viscosity effects) and consequently the fluid near the step walls can not resist the adverse pressure gradient created by
the sudden expansion after the step. Therefore, losses in the core flow occur as shown by the velocity magnitude right
after crossing the step, while near the step walls the flow is completely reversed creating a small recirculation zone.
This shear-thinning fluid behavior is expected to resemble the Newtonian case since at low shear-rates with m < 1, the
Carreau model tends towards a viscosity of Newtonian fluids. On the other hand, as the Reynolds number increases,
the inertial effects become stronger with larger velocity gradients near the step walls which reduce the viscous effects
(shear-thinning) and the fluid is pushed for a longer distance downstream against the retarding pressure force making
a progressively stretched recirculation area. These results are in good agreement with those reported in [40] where
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Table 1: Results for the length of recirculation zone obtained for the forward-facing step flow at six different Reynolds

numbers.
Re =100 Re =200 Re =300 Re = 400 Re =500 Re = 600
Current work 1.4746 3.0344 4.5144 6.0696 7.4129 8.3408
Results from [40] 1.4136 3.1099 4.7435 6.2932 NA NA

authors performed similar simulations using a variational multiscale method. To further quantify the performance of
the viscosity-splitting method, we compute the normalized length of the recirculation zone x/H for the considered
Reynolds numbers and the obtained results are summarized in Table 1. Again, compared to the method studied in [40],
our results are in good agreement and indicate that the recirculation region for a shear-thinning fluid gets enlarged
as the Reynolds number Re increases which is also supported by the velocity magnitude and streamlines in Figure
4. Although not studied here, the shear-thickening case is expected to have an opposite behavior due to the fact that
larger shear rates would enhance the viscosity and consequently more energy dissipation occurs near the step [40].
It is also worth remarking that the main part of the computational work in the solution procedure was devoted to the
linear solver used to solve the linear systems of algebraic equations associated with the viscosity-splitting scheme
(7)-(8). For all the results presented in this section, the number of iterations to reach the tolerance of 1077 does not
exceed 65 iterations for the considered Reynolds numbers. Needless to mention that the viscosity-splitting algorithm
presented in the current work can be highly optimized for vector computers, because it does not require non-linear
solvers and contain no recursive elements. Some difficulties may arise from the fact that for efficient vectorization the

data should be stored continuously within long vectors rather than two- or three-dimensional arrays.

As a final remark we would like to comment on the computational costs for the proposed viscosity-splitting scheme
and its monolithic counterpart applied to this example of non-Newtonian fluid flows. To this end we summarize in
Table 2 the CPU times required for each method solving the forward-facing step flow at four different Reynolds
numbers using m = 0.25 and m = 0.5. It is clear that for a fixed Reynolds number, the CPU time increases as the
power index m decreases in both methods but the proposed viscosity-splitting scheme is far more efficient than its
monolithic counterpart for all selected Reynolds numbers. Unlike the monolithic approach for which the CPU time
increases as the Reynolds number increases, the CPU time in the viscosity-splitting scheme decreases as the Reynolds
number increases. Under the considered flow conditions for this test example, the viscosity-splitting scheme is more
efficient than the monolithic approach. For instance at Re = 600, the viscosity-splitting scheme is more than 9 times
faster than its monolithic counterpart for both power indices m = 0.25 and m = 0.5. This is mainly attributed to the
computational work required for solving the Stokes problems which have different structures in the monolithic and
viscosity-splitting algorithms. Here, non-symmetric linear systems are obtained in the monolithic algorithm and in
the first step of the viscosity-splitting algorithm while the linear system in the second step of the viscosity-splitting
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Table 2: CPU times (in minutes) obtained for the forward-facing step flow at four different Reynolds numbers using

the standrad monolithic and the proposed viscosity-splitting methods with m = 0.25 and m = 0.5.

m=0.25 m=0.5

Re =100 Re =200 Re=400 Re=600 Re=100 Re=200 Re=400 Re =600

Monolithic 176.8 178.8 260.8 353.7 150.4 169.5 242.5 346.1

Viscosity-splitting 46.8 389 36.7 36.0 44.6 39.8 39.0 373

algorithm is symmetric. This later linear system can be efficiently solved using for example the conjugate gradient
solver. It should also be pointed out that most of the computational effort goes into solving the linear systems in
the viscosity-splitting algorithm. Therefore, reducing the computational cost in the viscosity-splitting method can
be achieved by implementing a more efficient preconditioned iterative solver for these linear systems. For instance,
multigrid techniques are well known to be among most efficient methods for solving linear systems and can therefore
be the suitable tools to increase the efficiency of the viscosity-splitting method. Needless to say, the CPU time in the

proposed viscosity-splitting method can be drastically reduced if parallel computers were used in the simulations.

5. Conclusions

In this work, we have studied the error estimates of a viscosity-splitting scheme in time applied to non-Newtonian
fluid flows. The governing equations consist of the incompressible Navier-Stokes equations with a non-linear vis-
cosity depending on the shear-rate magnitude according to a generic model. The main difficulty in establishing error
estimates for this class of generalized Newtonian fluids lies in the additional terms that appear due to the fact that the
viscosity is no longer a constant quantity but non-linearly depends on the shear-rate. These terms could have degraded
the theoretical estimates, therefore they required a proper treatment with extra assumptions on the exact solution as
well as the parameters inherited in the fluid model. The considered time stepping consists of splitting the convection
term and incompressibility constraint into two separate time steps. In contrast to the well-established projection meth-
ods, the viscosity in the present method is not dropped in the last step allowing to enforce the full original boundary
conditions on the end-of-step velocity which eliminates any concerns about the numerical boundary layers. We have
established first-order error estimates for both the velocity solution in both L'- and H'-norms, and for the pressure
solution in the L?>-norm. To demonstrate the performance of the viscosity-splitting scheme, numerical results obtained
for an example with known exact solution and for the benchmark of forward-facing flow problem are assessed. The
obtained results for both examples exhibit good numerical convergence and confirm the established theoretical esti-

mates. In future work, we will focus on establishing high-order estimates in the viscosity-splitting scheme by using,
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for example, the second-order implicit backward differentiation formula. Extension of this analysis to generalized

thermal Newtonian fluids with more complicated constitutive laws is also considered for future work.
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Appendix A.

In this appendix, we detail the estimate (25) by defining its left-hand term as
I'= =2t ((2v(Du(tee1) - 2v (Du*)) Du(ty,), DE). (A.D)
Let G be the mapping defined by
G:R™ _— R
S o Ve + (10— veo) (A0 + 21IsIP)”

where a = ’”T*I, m < 1. Hence, its differential is given by
dGy(h) = 20 (vo — veo) (A + 2 [sIP)" (s.h), ¥ he RO
The norm of dGy is bounded by
1G]l < 21alA? (v = veo) (A0 + 2 IsIP)" sl

Let us denote by g the real function

g(0) = 20l (vo —ve) (o + 22) " 1, ViR
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By taking the derivative of g with respect to , it can be shown that g is bounded on R, . Hence, there exists a constant

C,, such that
ldG||

seRdxd g0 ”S”

<C,

where

2(1 — a)dy )‘” Vo

C, =2|ajd (v — vw)( .
’ 1-2a Vi-2a

Consequently, the mean-value theorem (see for instance [41]) gives
|G(s1) — G(s2)l < Cy Is1 = sall, Vsi,s; € R,

Thus,

I < 2At f 'ZV(Du(tkH)) -2v (Duk)| |Du(tk+1) : DEk”' dx, (using Cauchy-Schwarz’s inequality),
Q

1/2
< 4At( f (D (te:1) - v (Dub) P Dt )] dx) |De (by assumption (16)),
Q
1/2
< 4A1C, ( f V(Du(tis1)) — V(Duk) ? dx) [De ], - (using (A.2)),
Q
1/2
< 4ArC,C, (f IDue(tys1) — Due | dx) ([De 1], -
Q
< 4A1C,C,Dutisr) ~ Du(t)lo |[DE||, + 4ArC,C,IIDu(n) — Dully [|DE]|

= Ji+Jo,

(A.2)

where J; and J, denote the last two terms in the right-hand side, respectively. These terms can be upper bounded as

Tt 1
i < CAfu(tier) - u()l [€], = CAr f o di| [,
173 1
T+ 1 1/2
< CAn? ( f O} dt) Cali
73
Th+1 2
< C(Ar? f Oul? dt + &Atré*“ﬁ,
" 10
and
I = 4AtC,C,[Du(t) - Dutlly D] = 4ArC,C, D€ o |[DE| .
20C2C? C, Veo
< T ADER R+ == A ||D‘*“||0,
2,2
< ZOCquA fle k|2 C rVoo Atf”‘“lz
CiVeo

Hence, the term [ is upper bounded by

S B 20C5C3 e ACYe i
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