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1 Introduction

A major driving force in the study of scattering amplitudes was the discovery of soft theorems
which relate higher point amplitudes to lower point amplitudes when the momentum of one
external leg is taken to zero. Soft gluon and graviton theorems were first derived at leading
order in the soft momentum by Weinberg [1] and then extended to higher orders in [2-7].
They are of great interest because they imply useful constraints on scattering amplitudes
and encode hidden symmetries. For example in certain scalar theories they encode hidden
shift symmetries via enhanced soft limits [8-12], while in Yang-Mills (YM) and Einstein
gravity they encode asymptotic symmetries [13—-15] known as extended Bondi-Metzner-Sachs
(BMS) symmetry [16, 17].

Soft limits also play an important role in cosmology where they give rise to consistency
conditions on inflationary correlators [18-26] and allow one to deduce certain inflationary



three-point functions from soft limits of four-point de Sitter (dS) correlators [27-30]. More
recently, they were also shown to encode hidden symmetries of certain scalar theories via
enhanced soft limits analogous to those in flat space [31, 32]. The soft limit of three-point
graviton correlators in de Sitter was found long ago by Maldacena [18] and takes the form of
an energy derivative acting on a two-point correlators. Similar structure was also found for
inflationary correlators with a soft graviton and any number of scalars using symmetry-based
arguments [21, 24]. Our goal in this paper will be to derive a formula for the soft limits of
gluon and graviton correlators with any multiplicity in Anti-de Sitter space (AdS). Curvature
corrections to the Weinberg soft theorems in AdS were found by first expanding around the
flat space limit [33-36], but in this paper we will not perform such an expansion. In fact,
we will show that the soft and flat space limits do not commute.

First we compute the soft limits of the tree-level four-point gluon and graviton correlators
in AdS,. While this is fairly straightforward to do for gluons using Feynman diagrams, for
gravitons we make use of a compact formula for the four-point graviton correlator recently
derived using a combination of bootstrap [37] and double copy [38] techniques. We then
obtain soft limit formulae for arbitrary multiplicity by computing the soft limit of class I
diagrams which give rise to the Weinberg soft theorems in flat space. Unlike in flat space,
other types of diagrams can also contribute to the soft limit at leading order in the soft
momentum, but they have a different pole structure than class I diagrams so they can be
distinguished, as we will explain. The soft limit of class I diagrams is very difficult to prove in
gravity using standard Feynman diagram methods, so we prove it using bootstrap techniques
in Mellin-momentum space [39-42]. This approach makes use of a differential representation
where correlators are represented in terms of certain differential operators acting on bulk
scalar contact diagrams [43-46].

Ultimately, we find that the soft limit of gluon and graviton correlators gives a term
analogous to the Weinberg soft factor for scattering amplitudes where the soft pole is
replaced with an energy derivative plus a term involving a polarisation derivative which is
subleading in the flat space limit. These two terms can be nicely combined into a single
momentum derivative acting on the bulk-to-boundary propagator of a hard leg. As mentioned
above, similar structures appear in the consistency relations for inflationary correlators,
which are derived from Ward identities associated with certain nonlinearly realised large
diffeomeorphisms [21, 24]. On the other hand, we derive soft limits diagramatically rather than
from underlying symmetry principles. It would be very interesting to see how the soft limits in
this paper are related to those of inflationary correlators or to derive them from the analogoue
of BMS symmetry in AdS known as A-BMS symmetry, which was recently discovered in [47].

The structure of this paper is as follows. In section 2 we review the Weinberg soft
theorems in flat space and the soft limit of three-point gluon and graviton correlators in
AdS4. In section 3 we compute the soft limits of four-point gluon and graviton correlators
in AdS4 and in section 4 we obtain soft limit formulae for any multiplicity by computing
the soft limit of general class I diagrams using bootstrap techniques in Mellin-momentum
space. In section 5, we present our conclusions. There are also several of appendices which
describe various technical details. For example, we analyze soft limits of general YM diagrams
using Feynman rules in AdS momentum space and show that non-class I diagrams exhibit



different pole structure than class I diagrams. We also verify our soft limit formula for
five-point correlators in YM. We also include as Supplementary material two Mathematica
notebooks, Class1.nb and 5ptYM.nb, which provide details of the bootstrap procedure for
class I diagrams and our five-point checks, respectively.

2 Review

As shown long ago by Weinberg [1], soft limits of gluon and graviton ampitudes have the
following universal form:
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where .. .denote subleading terms in the soft expansion. In recent years, deep connections to
asympotic symmetries have been identified [13, 14]. In this paper our goal will be to find
analogous formulae for boundary correlators in AdS. Before doing so, we will first review
some facts about AdS correlators and soft limits of 3-point functions.

We will work in the Poincare patch of Euclidean AdS;y; with unit radius:

B dz? + dx'dxt

2
ds 5 ,

. (2.3)
where 0 < z < oo is the radial coordinate and ° with i € {1,...,d} are the coordinates of
the boundary located at z = 0. In AdS, the basic obervables are computed by summing over
Feynman diagrams ending on the boundary, which can be formally treated like boundary
CFT correlators. Wick-rotating to de Sitter space then gives cosmological wavefunction
coefficients [18, 48]. In-in correlators can then be obtained by squaring the wavefunction
and performing a path integral over boundary values of the bulk fields [18, 49], although we
will not consider such objects in this paper. Since the boundary is translation invariant, we
Fourier transform correlators along the boundary to momentum space to get [50]

(Oa (F1) ... 0a (Fn) ) = 6 (kr) ((Oa (K1) ... Oa (En))). (2.4)

where kr is the total boundary momentum, which must vanish by momentum conservation:
— n —
kr =Y kq =0, (2.5)
a=1

where the subscript a labels external legs and we denote the correlator stripped of the delta
function with double brackets. For simplicity, we consider scalar operators in the boundary
with scaling dimension A which are dual to bulk scalar fields ¢ with mass m? = A (A — d).
The bulk-to-boundary propagators for the bulk scalar fields are obtained by solving the
free equations of motion [51, 52]

DRoa(k,2) =0, DL = 2%k — 2207 — (1 — d)20. + A(A — d), (2.6)



where k = ]E| is the norm of the boundary momentum flowing through the propagator, which
we refer to as the energy of the particle.! In general, the total energy of an n-point correlator
Fa

k12...n = Z kaa ka = (27)
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is not conserved. In the flat space limit, the energy is taken to zero and the correlator develops
a pole whose residue is the flat space amplitude in (d + 1) dimensions [53].
In more detail, the solution to (2.6) is given by

dalk,z) = \/zzd/Qk:A_gKA_g(zk;) (2.8)

where K is a Bessel function. A useful fact is that the bulk-to-boundary propagators for
gluons and gravitons can be obtained by dressing scalar propagators with polarisations [51, 52]

Ai(k,2) = eipa=q—1(k,2), hij =eijpa=a(k,2), (2.9)

where we have rescaled the propagators of by factors of z and absorbed these factors into the
interaction vertices (for more details about this and the gauge choice see [54]). Polarisations
point along the boundary and satisfy

-
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Moreover, graviton polarisations can be written as a tensor product of gluon polarisations:
€9 =¢glel, (2.11)

We will not go into further details about the Feynman rules for gluons and gravitons in
AdS since later on we will make use of bootstrap techniques that will not require a detailed
knowledge of the Feynman rules.

Correlators of gluons and gravitons can be represented as boundary correlators of
conserved currents J and stress tensors 7', respectively. The two and three-point gluon
correlators in AdS, are given by [55, 56]

1
<<JJ>> = —5]{?261 - €9, <<JJJ>> = ]ﬁi (81 -e9e3 - k1 + CyCliC) , (2.12)
123
where the double brackets once again indicate that we drop the momentum-conserving delta

function.? If we take the soft limit of the three-point we obtain

Tim (1)) = =222 = 20 (), (2.13)
k3—0 2 2

where the energy derivative acts trivially on polarisations so only acts on the ko in (2.12).
Similarly, the two and three-point graviton correlators in AdS, are given by [55, 56]:

(TT)) = %ké” (e1-€2)°, (2.14)

k1koks — kiko + koks + k3ky
(rr) = (%5

— k123) (€1 -e2e3 - k1 + cyclic)2 ,  (2.15)
k123

More precisely, this can be thought of as the radial component of the momentum in AdS, but after Wick
rotation to dS the radial direction becomes time-like so this can be interpreted as an energy.
?We have chosen the normalisation of two point functions for consistency with soft limits.



where we neglect boundary contact terms in the three-point expression which can be removed
by redefining the bulk metric. For simplicity, we also neglect a well-known IR divergent
term [55] which cancels out of the in-in correlator and will not effect our results later on.
Taking the soft limit of the three-point correlator then gives:
2

lim ((TTT)) = f%k@ (e1-2aes - ko)? = W%«Tm. (2.16)
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A similar formula for in-in correlators was first found by Maldacena in the context of
cosmology [18]. Note that the divergent term we neglected in (2.15) does not contribute to
the soft limit because the terms which survive in the soft limit are analytic in at least two
momenta and therefore correspond to boundary contact terms at three points [55].

Our goal in this paper will be to generalise these formulae to arbitrary multiplicity. For
the impatient reader, our main results can be found in (4.24) and (4.35). As we will see
later, the energy derivatives in (2.13) and (2.16) can be thought of as the AdS analogue
of Weinberg soft factors in (2.2), and appear at arbitrary multplicity. Above three-points,
we also obtain polarisation derivatives which are subleading in the flat space limit. Similar
structures also appear in the soft limits of inflationary correlators [21, 24] so it would be
very interesting to understand how they are related to the soft limits of boundary correlators
in AdS. Note that the relation is not direct because cosmological correlators are obtained
by squaring the cosmological wavefunction, which maps onto boundary correlators in AdS
after analytic continuation [18, 49].

3 Four points

In this section we compute the soft limit of four-point gluon and graviton correlators in AdSy
using explicit four-point correlators recently derived in [38] using double copy techniques.
We will observe a Weinberg-like soft factor involving an energy derivative as well as another
term with a polarisation derivative which is subleading in the flat space limit. As we will
show in the next section, this structure extends to any number of points.

3.1 Yang-Mills

Let us consider the color-ordered tree-level four-point correlator. This is given by a sum of s
and t-channel diagrams along with a contact diagram as depicted in the figure below:

+ (24 +

It is possible to express this sum over Feynman diagrams (including the contact diagram)
as a sum of s and t-channel contributions. Using Feynman rules in momentum space, it is



not difficult to show that the s-channel contribution is [3§]
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where Ej, = k1o + ks, Er = k3s + kg, ks = |E12|,
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1,0 132 (3.7)
VCS = (El cE3EQ T EY4 — &1t E4EQ - 83). (3.8)
If we take the soft limit of E4, we obtain
. -k €1 - €263 - €4 (k1 — k2) 1A%
lim ((JJJINE = — S48 77y - , 3.9
E4—>0<< 2 2k3k123 (IID) 4k3k123 4k123 (3:9)
where we noted that
k1 —k
lim T, =0, lim [T = 2 (3.10)
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To proceed, we drop the contribution from the contact digram VC(S) in (3.9) and re-write
the remaining expression as
€3 &4

s ((JIT)) + =~ ki, / dze k127 (1 — e*’fSZ) +... (3.11)
2k3

lim ((J.7JJ)) = Sk
E4—>0 k3

where the energy derivative only acts on the energy pole of the three-point correlator in (2.12),
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is the three-point gluon vertex, and ...denote the terms we have dropped. As we will see
in the next section, the terms we have kept arise from the soft limit of Feynman diagrams
which encode the Weinberg soft limit in flat space (known as class I diagrams) and the
terms we have dropped arise from other classes of diagrams. To obtain (3.11) we noted
that k§Vi, = —1e1 - &2 (k¥ — k3) and

_ k3
dze P27 (1 — eh3?) = . 3.13
/ ( ) k123k12 (3.13)
We may then write (3.11) as follows:
-k .
Tim ((JJJ)) = 2220 (LT + 2y 0y (T |ggmg — ((TTT)) +-.. (314)



where ((J.JJ))[;,_o means that the energy k3 is set to zero but not k3, so this restriction
just means that we take the energy pole k1_213 — kl_Ql. Note that the first term in parenthesis
in (3.14) corresponds to a boundary contact term in position space and can be dropped.
To see this, let’s write out this term explicitly:
€3 &4
212

€364 ;- kinz
ks - e3 ((JII)) |y = i;k;kgiQ/dze h2z —

E1°E2E3 &4
2

(k1 — k2) (3.15)

The first term on the right-hand-side is analytic in legs 2 and 3 while the second term
is analytic in legs 1 and 3. As shown in [55], terms which are analytic in at least two
momenta give delta functions after Fourier transforming to position space so vanish for
generic positions of the dual operators.

In summary, we find the following soft limit for the s-channel contribution to a 4-point

gluon correlator:
-k
Tim (1)) = =20y, (10)) -
kqs—0 3

- %538k3i(<JJJ>> b (3.17)

€4 €3
2

ki - 0oy ((JTT)) + ... (3.16)

where the momentum derivative in the second line acts on the bulk-to-boundary propagator
of leg 3. Recalling that the bulk-to-boundary propagator can be expressed in terms of scalar
propagator (which only depends on energy) dressed with a polarisation, we see that the
momentum derivative in (3.17) can act on the energy or polarisation of the propagator, which
gives (3.16) after using the following identities:

%@, g;; - —25’. (3.18)

The first one follows from the chain rule while the second one follows from taking a derivative

8ki =

of (2.10). The soft limit of the full color-ordered gluon correlator is then obtained by
summing over the s and t channels.

Let us comment on the physical interpretation of (3.17). Consider the first term on the
right hand side of (3.2), which comes from gluon exchange. Notice that it has a simple pole
in the total energy ki234. Taking the energy to zero gives

i W, 1 W
1m — )
ki23a—0 k1234 EL Er k1234 S

(3.19)

where S = k:34uk§4 is the 4d Lorentz-invariant Mandelstam variable. We recognise the residue
of the energy pole to be the s-channel gluon exchange diagram in flat space. If we then
take the soft limit ky — 0 we get

. . WS 1 E4 - kS .
lim lim = e1 - ee3 - ki + cyclic) 3.90
Ey—0ki234a—0 k1234 B Er K123 ks - k3 (61- €283 - b yelic) ( )

which we recognize as a term contributing to the Weinberg soft gluon theorem in (2.2)
times a three-point energy pole. If we instead take the soft limit followed by the flat space
limit, we obtain

i i Wy €4 k3
1m 1m =
k12310 0 k1234 ELER  2ksk?,g

(81 -e9e3 - k1 + Cyclic) . (3.21)



Hence, the soft and flat space limits do not commute and we get a double pole in kj23 which
arises from acting with J, on the energy pole of the three-point function in (3.17). The
double pole can in turn be written as a single pole in ki23 times a pole in the energy of the
soft leg k4 using energy conservation associated with the flat space limit. Hence, we see that
the first term on the right-hand-side of (3.16) is indeed the analogue of the Weinberg soft
factor in AdS. In addition to this, we also find a polarisation derivative in (3.16) which is
subleading in the flat space limit. The two terms combine nicely into a single derivative with
respect to boundary momentum acting on the bulk-to-boundary propagator of leg 3.

3.2 Gravity

Next let us consider the soft limit of the 4-point graviton correlator. A compact formulae
was obtained from the double copy in [38]. It can be written as a sum over three channels
and we give the explicit formula for the s-channel and compute its soft limit in appendix A.
In the end we obtain

1 2k k k 1
Tim ((TTTTH)®) = = (ks - £4)? ( L ) (e1 - £9e3 - k1 + cyclic)?
ka—0 2 k?123 k123 k123
1 kik k
+ —k3 - €4 (81 -e9e3 - k1 + CyCliC) E1-E92€3 €4 (kl — k?g) (122 + 12)
2 ka3 K123
1
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We see that the soft limit can be written in terms of gluonic building blocks, reflecting the
underlying double copy structure. As we did in the previous subsection, we drop the gluonic
four-point vertex VC(S) and re-write the remaining terms as follows:

(e4 - k3)? e4-kses 4 (i, )i K3 <k1k2 k12)
Y 0k ((TTT)) — ———— =k Vi — [ —— + — ..
k3<< >> 2]{732’ €3 R3 Vi3 k12 k‘%23 + k123 + ’
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where ...denote the terms we have dropped, egk‘é) = Eéké + sgkg, ffalg = V(fbVa]b, and we
noted that

lim ((TTTT))®) = —
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As we will see in the next section, (3.23) encodes the contribution of Feynman diagrams
which encode the Weinberg soft theorem in flat space (known as class I diagrams) and the
terms we have neglected arise from other types of diagrams. We can recast the gravitational
soft limit in (3.23) in a form analogous to the gluonic one in (3.11):

2
lim ((TTTT))®) = — M%«TTT»
E4~>0 2k3
_ S E D)y ((TTT)|gymp = (TTTY)) + ... (3.26)
2k3 g :



In obtaining this formula we used the following identity:

2
/Czl;: (1 + ]{312) (1 + k‘QZ) e—k}12z (1 — (1 + k‘gz) e_k?,z) — :132 (IZ}%: + :f;g) , (3.27)
and replaced Valg with the three-graviton vertex. While the three-graviton vertex is not equal
to the square of the three-gluon vertices unless all three legs are external, the difference
between them actually doesn’t contribute to the amplitude in the soft limit, as we will
prove in the next section.

The first term in parenthesis in (3.26) corresponds to a boundary contact term. To

see this, let us write it out explicitly:

284 . k383 €4 (i,9
e ké)@;j (TTT))|jym0 =

&
ey - kaga - i e [d s
AR |5 Wk (1 k) e, (3.28)
20

where we have put a cutoff on the lower limit of the z integral to regulate the divergence.
In more detail, this integral is given by
o d 1 kik
/ Z (1t kz) (L haz)e s = — T2 g gy (3.29)
0 % Zzo kg
Note that this divergence cancels a divergence in the second term in parenthesis in (3.26),
which we left out of (2.15) for simplicity. We then find that

€4 - k3ez-€4 (i €4 - k3e1 - 283 - €4

k)0 (TTT) oo = —

(€1 - e2e3 - k1 + cyclic)
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1 kik
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Z0 12
Noting that
k2 — k2) kv k
=k kike _jap o, (3.31)

k12

we see that all the terms on the right hand side of (3.30) are analytic in two momenta and
therefore correspond to boundary contact terms in position space. Hence, we discard the
first term in parenthesis in (3.26) and are left with

2 . .
lim (PTTT)) = — E R g oy 4 S8 ks Gy iy 1L (332)
ks4—0 2k3 2]{53 €3
14
= — 5 kailh, (TTT)) + .. (3.33)

where the momentum derivative in the second line acts on the bulk-to-boundary propagator
of leg 3. To go from the second line to the first line, we recalled that the bulk-to-boundary
propagator can be expressed in terms of a scalar propagator dressed with a polarisation
and combined (3.18) with (2.11) to obtain [25]

86@' - _k‘ﬁjl + k‘jEil

o = 2 (3.34)




Note the similarity to the soft gluon limit in (3.17). In particular, (3.32) consists of an energy
derivative which gives rise to a cubic energy pole which can be thought of as the AdS analogue
of the Weinberg soft pole, plus a polarisation derivative which is subleading in the flat space
limit. The full soft limit is obtained by summing over the s,t, and u channels.

4 General multiplicity

In the previous section, we computed soft limits of four-point correlators in AdS,4. In this
section, we will generalise these formulae to arbitrary multiplicity by computing the soft
limit of general class I diagrams, which take the following form:

@ (4.1)

where lgs is the momentum that we take soft and Eh is a generic hard momentum. Note that
these diagrams are the same ones that give rise to the Weinberg soft theorems in flat space.
In appendix D we compute the soft limit of general diagrams in Yang-Mills using momentum
space Feynman rules and show that only class I diagrams give rise to energy derivatives
or poles in the energy of individual hard legs. For gravity it is much more challenging
to directly evaluate class I diagrams due to the complexity of the Feynman rules so we
resort to bootstrap techniques in Mellin momentum space recently developed in [41, 42].
In particular, the blob in (4.1) represents an n-point Mellin-momentum amplitude which
we will review in the next subsection.

4.1 Mellin-momentum amplitudes

For many applications, it is useful to formally represent boundary correlators in terms of
a certain differential operator acting on a scalar contact diagram:

((0(F)...0(Fn))) = /Zifjl,ztn(z,ﬁa,ga) 1T éake.2). (4.2)

=1

where the left-hand-side represents a generic scalar or spinning correlator. This is known as the
differential representation [44-46]. Spinning correlators can be represented this way because
bulk-to-boundary propagators can be expressed in terms of scalar propagators dressed with
polarisations [41]. The differential operator A,, contains tensor structures constructed from
external polarisations and momenta, interaction vertices dressed with additional z factors,
and bulk-to-bulk propagators which are formally encoded by the inverse of the differential

,10,



operator in (2.6). In more detail, noting that a bulk-to-bulk scalar propagator satisfies

Di (2)Galk, z,y) = 24716(2 —y), (4.3)

where A is the scaling dimension, (z,y) are two radial coordinates, and k is the energy
flowing through the propagator, we see that the insertion of a bulk-to-bulk propagator can
be represented by acting with (D5 (2))~! as follows:

_ dy
(DRE)FE) = [ FGak. 2 )P (). (44)
where F(z) is any function. For example, the s-channel exchange of a scalar field of conformal
dimension A and momentum kg = ]El + E2| can be represented as

[ [ o, (.2 00, (k2 2) G (s, 2. 2)n, (k) 6, (ki) (15)

which corresponds to having Ay(z, k1, ko, k3, k4) = 1 /DkAS in (4.2). Similarly, spinning bulk-
to-bulk propagators can be expressed in terms of scalar bulk-to-bulk propagators dressed
with tensor structures plus additional terms that we will not need to specify because they
will automatically be captured by the bootstrap procedure that we will describe in the
next subsection.

It is convenient to perform a Mellin transformation of the bulk-to-boundary propaga-
tors [39, 40, 57]:

_ oo ds —25+4d/2

balkys) = [ ST (s, 1), (46)
where

e (4= )r (= (3-)) gy s

#(s, k) = : (5) (4.7)
or (A —dy 1) 2

is the Mellin representation of a bulk-to-boundary propagator which satisfies

(%K% + (d/2 = A) = 45*) pa (s, k) = 0. (4.8)

After performing Mellin transformations of the bulk-to-boundary propagators in (4.2), we
can replace certain z-derivatives in A,, with Mellin variables and the resulting object will be
referred to as a Mellin-momentum amplitude.® In Mellin-momentum space, the soft limit

then correponds to taking ko — 0 along with s — —% (% — A), as we explain in appendix B.

4.2 Bootstrap

We will now review some bootstrap techniques developed in [41, 42] that will be relevant to
this paper. To carry out the bootstrap, we only need to specify the three-point gluon and
graviton Mellin-momentum amplitudes, which are given by

AM = 2(e1 - 983 - ki + 2381 - ko + €3 - €182 - k3), (4.9)
ASR = (AYM)2 = 22(e1 - e9e3 - k1 + e - 361 - ko + €3 - €169 - k3)?. (4.10)

3We cannot generally replace z derivatives appearing in Dﬁ(z)_l with Mellin variables except in the limit
k — 0. When converting to Mellin variables one should also note that f(s)k? — f(s+ 1) (W),

where f(s) is any rational function of the Mellin variable s.
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Higher-point amplitudes can then be bootstrapped by making an ansatz and imposing various
constraints. For a general class I diagram in (4.1), we make the following ansatz in Yang-Mills
and gravity, respectively:

vMIL_ G5tk bsin GRI1 _ S’Bh bg?h bgzh AZ
ANV = + A + + + A2 (4.11)

n+1l = ~d—1 n+1 = ~d
Dks+h ks+h DkSJrh ks—i—h ks-i—h

where kgyp = |ES + Eh\ and the coefficients a, b, c depend on momenta and polarisations. Note
that the supercripts YM1 and GR1 indicate that we are only considering the Mellin-momentum
representation of an individual class I diagram. The soft limit of full Mellin-momentum
amplitudes will then be obtained by summing over all contributing class I diagrams. The
first term in each ansatz encodes the bulk-to-bulk propagator in the class I diagram, noting
that spinning bulk-to-bulk propagators can be expressed in terms of scalar bulk-to-bulk
propagators dressed with tensor structures plus additional terms which we do not need to
specify for the bootstrap procedure.
The coefficients in (4.11) can be fixed by imposing the following constraints:

e Factorization: we can choose the coefficient of D% to be a product of lower-point

kr
amplitudes [58-60]:

s+h ZAYMZ T *T‘AYM,_]7 s+h _ ZAGR 4112 el kT AGR,]ljz (4'12)

Z1'L2 .]1.72

where r labels transverse traceless states and A,, = Ailsi. The polarisation sums are
given by
. kik;
Z&(k‘,’r)@‘(k,’r) = Nij — % = Hij
" (4.13)

1 1
Zsij(kvr)skl(kvr) = *Hikﬂjl + §Hz‘lﬂkj — Hijﬂkl-
T

2 d—1

Note that we can add terms to the right-hand-side of (4.12) which are proportional to
D,CAI , but this will cancel the D% in (4.11) so such terms can be absorbed into the other
kr

coefficients of the ansatz.

e OPE limit: if two operators O, and O become close together in posmon space, in
momentum space this corresponds to the sum of their momenta k:] = k + kb becoming
soft. On the other hand, the operator product expansion (OPE) implies that the
correlator should factorise into a product of lower-point correlators times a two-point
function which scales like kQA d (where A is the scaling dimension of the exchanged
operator) plus terms which have no poles in k; [21, 29, 39, 41, 42, 61-66]. For exchanged
gluons and gravitons, A = d — 1 and d, respectively, so for d > 2 this contribution
vanishes as k; — 0. For class I diagrams, we therefore find that

Res An+1 Res ASY, = i Res O-An+1 (4.14)

ks+h_> ks+h_>0 s+h

These constraints fix the b’s in (4.11).
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e Adler zero: suppose we reduce two external gravitons to scalars by imposing ¢, -€; = 1
and g, - k. = €y - k. = 0, where a, b label the scalars and c labels any leg. After doing
so, we obtain a correlator of the form (p¢phhh ...) where the scalars couple to gravity
via V#oV¥¢ph,,, and enjoy a shift symmetry ¢ — ¢ + constant. It follows that the
Mellin-momentum amplitude must vanish when taking the soft limit of a scalar field,
which is an Alder zero in curved space [32, 67]. This constraint fixes ¢AZ in (4.11).

4.3 Gluon soft limit

Let us now use the bootstrap method described above to compute the soft limit of a general

class 1 diagram for gluons:

lim
G s

Starting from the ansatz in (4.11), we have
YM  pYM

a
A = T+ (4.16)
Dks+h s+h

where kg p = ]ES + Eh] Factorisation then implies that

YM YM,i_r 7% 0YM,j _ 4YMji YM,j
CLS+h == ZAg 6i€j An J = ./43 ]-_-[Z]An j, (417)
T

where the arguments of the three-point subamplitude are given by Ag’M(eh, EsyEry Ky ksy —Ksth)
and II;; is given in (4.13). If we now take k, soft, we obtain

. a/5+h ZEg * khAYM
—'hm Dd—l == Dd—l = ’ (418)
ks—0 Eoyn k,

where we used the explicit form of the three-gluon amplitude in (4.10).
Next let us use the OPE constraint in (4.14) to fix bsyp in (4.16). Plugging (4.17)
into (4.16) and noting that II;; has a pole in k2, ,, we find that

YM,i YM,j
b _ R "43 H’L]‘An J
s+h — — €3

5 d—1
k2, ,—0 Dth

2k + KD AMI (K — k2)es - e
~ 4(d—2sp, — 254) (sp + 55— 1)
ki“@gj AMe e (s — s4)
= b : (4.19)
2z (% —(1+sp+ ss))
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To obtain the second line in (4.19), we used

1 1
lim = , 4.20
Fon0 Df L 2(d — 255 — 25,) (s + 5, — 1) (4.20)

+h

which follows from acting with D~! on the Mellin representation (4.6) of z¢4_ 1 z kh) X
ba—1 (2, ks). To obtain the third line in (4.19), we used f(s)k? — f(s+ 1) ((d/2 4)° -4 )

Using (4.19) and recalling that we must take s — % — 1/2 in the soft limit, we find that

I bsyn _ kp, - Oz, AXM

Es —0 kh+s

(4.21)

Combining the results in (4.18) and (4.21), we find that the soft limit of a general class
I diagram in YM is given by
ke AXM kp, - 0=, AXM

. YM1 REs
lim Ay = ———g T —Es'Eh 2512
h

4.22
ks—0 Dg;l ( )

The first term is the natural generalization of a Weinberg soft term in flat space after replacing
ks - kp — chAs+h> while the second term is subleading in the flat space limit which can be
seen by taking z — oo.

In appendix C we show how to translate (4.22) to correlation functions in momentum
space. After relabeling the soft leg as n 4+ 1 and summing over all class I diagrams, we then
obtain the following formula for the soft limit of color-ordered gluon correlators in AdSgy1:

lim (. T sr = N {Maknw. e L En e J))n}

En+1—>0 an 2]{%
— (En — El,gn — 51) —+ ... (4.23)
Na— i i
- = {10k, (T Tn = 1O (T I+ (4.24)
‘d*3V2F(¢%2)

where Ny_1 =
that the derivatives only act on the bulk-to-boundary propagators of hard legs. In particular,

and ...denotes contributions from non-class I diagrams. Note

the energy derivative in (4.23) gives rise to a double pole in the energy while the polarisation
derivative is subleading in the flat space limit. These two terms can then be combined
into a single momentum derivative acting on bulk-to-boundary propagators using (3.18).
In appendix D, we compute the soft limit of general YM diagrams using momentum space
Feynman rules and find that non-class I diagrams do not give energy derivatives or poles in
the energy of individual hard legs. Hence, (4.23) provides non-trivial constraints on gluon
correlators. We illustrate how this works at five points in appendix E and the Mathematica
notebook 5ptYM.nb in the Supplementary material.

Note that the soft factors of (4.24) are infrared finite, in contrast to the Weinberg soft
factors in flat space. Another important property of Weinberg soft factors is that they
are gauge-invariant [1]. On the other hand, the soft factors in (4.24) do not exhibit this
property because under gauge transformations correlators get shifted by boundary contact
terms (see for example [55, 68, 69] for more details). Moroever, (4.24) only encodes the
contribution of class I diagrams to the soft limit. In the next section we will see that similar
comments apply to graviton correlators.
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4.4 Graviton soft limit

As we did for gluons, we will now consider the soft limit of class I diagrams for gravitons,
which we depict below:

lim
ks—0 @ (4.25)

In this case, we start with the ansatz

GR b(l) b(2)

a
AGRL — e hoy a hy kj”’ + A2, (4.26)
kst s+h s+h

where the first term is determined from factorization, the second and the third terms from the
OPE limit, and the fourth term from the Adler zero condition after dimensional reduction. We
have included in the Supplementary material a Mathematica file Class1.nb with more details,
so we will just sketch how this works below. As explained in (4.12), factorisation implies that

GRi1i 1 1 1 o
af_& = ZA3 1112 <2Hiljlni2j2 + §Hi1jzﬂj1i2 — (l—lHiliQHjlj2> ASR,JMQ’ (427)
T

where the sum is over transverse traceless states. Taking the soft limit ES — 0 then gives

agt, _ 2% (e kn)® AFR

(4.28)
Dy

lim
ks—0

ks+h

Next let us use the OPE constraints in (4.14) to fix bg}gh and bgh in (4.26). Since II;;
has a pole in k§+h, we see that the right-hand-side of (4.27) has both kg+h and k§+h poles.
Hence, the OPE constraints imply that

1
bg-izh _ 1 R As+h
2 - _k2 5 VO8 Dd
k5+h h+s ks+h_>0 ks+h
bﬁ)h 1 ( a h)
= ——— | Res =t ). (4.29)
kirh kﬁ-{—s kiy,—0 Dth
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Since there are 1/ k;‘ 4, boles, we must expand 1 /D to order k? +p, in order to compute the

residue of 1/kZ ,:*
1 1
p;j;l}  2(sp 4 85— 1) (d— 25, — 255 + 2)
22k

_4(sh+ss—2)(sh+ss—1)(d—2sh—2ss+2)(d—2sh—235+4)+'“

(4.30)

where ... denote higher order terms in k2, and we computed the action of 1/D on the
Mellin representation (4.6) of 22¢y (2, kp,) ¢q (2, ks). Plugging (4.27) and (4.30) into (4.29)

then determines b&)h and b In the soft limit we then find

s+h*
lim 12 + X = — 11— d + 12 , (4.31)
ks—0 s+h s+h ( - ) h

where we recalled that we must take the Mellin variable s — d/4 in this limit.

Finally, let us deduce the coefficient ¢4Z in (4.26) by imposing e, - e, = 1,65 - kq = 0, €}, -
ko = 0, where a can be any leg. This reduces the two external legs attached to the three-point
vertex in (4.25) to scalars which enjoy shift symmetries and therefore exhibit Adler zeros.
AZ

(

Demanding that the soft limits of these legs vanishes then fixes ¢ see Classl.nb in the

Supplementary material for the expression). In the soft limit we then find that ¢4 reduces to

(€5 - en)” AR
lim ¢4 = 2 ¥ “an 4.32
Es—>0 4(1 - d) ( )

Adding the results in (4.28), (4.31), and (4.32) finally gives

2 2 4GR i 1. AGR,ij
Jim ACRI _ 2 (es - kn)” Ay €s - EnEs - knepky Ay
Jum n+1 — Dd kQ .
ks—0 kp, h

(4.33)

Note the similarity to the gluonic soft limit in (4.22): the first term contains the soft limit
of a bulk-to-bulk scalar propagator and represents the analogue of a Weinberg soft term
in AdS while the second term contains a momentum derivative is subleading in the flat
space limit, z — oo.

In appendix C we explain how to translate (4.33) to correlators in momentum space.
Relabelling the soft leg as n+1 and summing over all class I diagrams then gives the following
formula for the soft limit of graviton correlators in AdSgy1:

im (T T))pgs = Nd{ zn: —M%«T. Ty

k‘yH_l*)O a=1 Qka
n - Ea€n . ka .
+ En+1 52;2 +1 e(gzké)aszj“TT»”} + ..., (434)
Ni <~ ij
== S el ki, (T Tha+ (4.35)
a=1

“One can do so using (A+B)™' = A™' — A7'B(A+ B)™!, where A and B are operators.
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(d—1)/2p( d
where Ny = 20r(3)

legs, and .. .denote contributions from non-class I diagrams. As in YM, those contributions

, the derivatives only act on bulk-to-boundary propagators of the hard

do not contain energy derivatives or poles in the energy of individual hard legs. Hence, the
soft limit of class I diagrams can be distinguished from that of other diagrams and (4.34)
imposes non-trivial constraints on graviton correlators. Note that the energy and polarisation
derivatives in (4.34) can be combined into a single momentum derivative in the third line
using (3.18) and (3.34).

5 Conclusion

In this paper we derived formulae for the soft limit of gluon and graviton correlators in AdS
arising from class I diagrams which give rise to the Weinberg soft theorems in flat space.
At four points, we obtained these formulae using explicit formulae recently obtained using
cosmological boostrap methods and the double copy [37, 38]. We then generalised them to
arbitrary multiplicity by computing the soft limit of general class I diagrams using bootstrap
methods in Mellin-momentum space which were recently developed in [41, 42]. The soft
limits take the form of a differential operator acting on bulk-to-boundary propagators of
lower-point correlators which is schematically a sum of two terms: an energy derivative dressed
with the same tensor structure appearing in the Weinberg soft theorems plus a polarisation
derivative which is subleading in the flat space limit. These two terms can be combined into
a single momentum derivative acting on hard bulk-to-boundary propagators. Other classes of
diagrams can also contribute to the soft limit above four points, but they have different pole
structure than class I diagrams. In particular, they do not exhibit energy derivatives, which
give rise to higher order energy poles, or poles in the energy of individual hard legs. Our soft
limit formulae therefore provide useful constraints on gluon and graviton correlators.

There are a number of follow-up directions. First of all, it would be very interesting to
understand how to relate our soft limit formulae to consistency conditions for inflationary
correlators, which were derived from Ward identities associated with certain large diffeomor-
phism symmetries [21, 22]. The first step would be to adapt these Ward identities from in-in
correlators to wavefunction coefficients which can be mapped to AdS boundary correlators
by analytic continuation. Given that the Weinberg soft theorems for scattering amplitudes
can be derived from Ward identities associated with BMS symmetry [13], it seems plausible
that the soft gluon and graviton formulae in this paper can be derived from an analogue of
BMS symmetry recently discovered in (A)dS known as A-BMS symmetry [47]. It would also
be interesting to understand how these symmetries are related to those which arise in the
flat space limit (recent work showing how soft factors and BMS symmetry arise from the flat
space limit of conformal Ward identities [70, 71] may be relevant for this purpose).

It would also be interesting to extend our calculations to subleading order in the soft
momentum. These could in turn be used to deduce new consistency relations on inflationary
correlators. In flat space, non-class I diagrams play an important role in subleading soft
theorems and multiparticle soft limits [72], so we expect them to play an important role
in AdS as well. In order to investigate the universality of soft gluon and graviton limits
in AdS, we should also consider couplings to various kinds of matter [73]. Recently, soft
limits of certain supersymmetric correlators in AdS; were investigated in [74, 75] so it would
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be interesting to make contact with those results as well. Finally, it would be of interest
to see if soft limits can be used to bootstrap higher-point correlators. Indeed, soft limits
impose very powerful constraints on scattering amplitudes and in some cases can even fully
determine them [76]. For example, a certain class of gluon amplitudes known as MHV
amplitudes can be fully reconstructed from their soft limits [77, 78] and are described by
a very concise expression for any multiplicity known as the Parke-Taylor formula [79]. If
we can use similar reasoning derive an all-multiplicity formula for gluon correlators in AdS
that would be very significant. Twistor string formulae along these lines have been proposed
in [80-82], although their physical interpretation is not yet clear. We hope to report on
these exciting directions in the future.
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A Four-point GR soft limit

In this appendix, we will derive (3.22). Our starting point will equation 4.9 of [38], which
gives the s-channel contribution to the four-point tree-level graviton correlator:®

1 . 1
(TTTT)) = S(e1-22)" (s €)Y e + G (8(e1 - 22) (23 24) Wek?Iy + 16W2) fa
1
16 (e1-¢€2) (€3 - €4) k12ksa BWsIly o + aBV7) fan
1 1
+ 15 (027 + 3ler 22 (- e0?) fuk
16 2
1 L. L
+ 6 ((81 -€9) (e3 - €4) <k:1 - k:g) : (k:g — k:4> + 8Ws) V2 fp. (A.1)
where W, IT; 1,111 o, V. are given in (3.8), a = k1 — kg, 8 = k3 — k4, and

1 1 1, k}Ha?k3,p>
¢<(zss,1)30 = §kf‘§f2,21'[2,2 - §k§k12k34f2,1ﬂ2,1 + 2f2’012k§346

_ %fll ((kfz fa? o2 k%zoﬂ) k3.5° N kiyo? <k§4 e k§452>> |

kg ) kG k% kE
fog = 2k1koksks (ELER + k1234ks) n kiky (Erkss + ki1234ks)
’ ko34 BT ER, kia34E7 ER
ksky (ki2saks + Erki2)  ELEg — k%
kiasa ELER ki2saELER’
12347M12~34 1234712 1234734 1234

®We have introduced an overall factor of 1/16.
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fa= (k?12k?34 + k’s) fo+-— (2k1k2k3k‘4 — k1ks (2145%234 + k%z))

k1234

+ 2 (*k3k4 (274?1234 + k§4) — 2k1okzakias, + kil234> ;
1234
2k1k2k3k4 k34 + k1234 klz + k1234 k12k34 - k1234
fo= < + kiko——5—— + k3ky
k934 k234 k234 k1234

Iy = 2k4 (k‘l k‘2>i <E1 - 122)j (I IL, + i 1Ly — 1035105, (k:s — k4 ( 3— k‘4) ;
Iy, = ﬁ (R - l%)i (k- /22)] (o + Wil + Wiy + T i,
L
(Fs — Fa) (Fs—Fa)" (A.2)
where kg = ‘El + Ez , Br = kio+ kg, Er = k3g + kg, and ];‘2 = (E1k+52)1

Let us now take the limit E4 — 0. We then find that II;; vanishes and f, vanishes
up to boundary contact terms:

lim f, =k} + k3. (A.3)
k4s—0
Hence, we can drop terms proportional to Iy ; and f,. Moreover, with a bit of algebra
we can show that all terms proportional to (g; - £9) (3 - £4)% vanish in the soft limit. This
can understood from an emergent shift symmetry after dimenisonal reduction, as explained
in section 4.2. We also find that the following linear combination of terms reduces to a
boundary contact term in the soft limit:

lim [— (€1 - €2) (€3 - €4) k12k3a (aBVY) fo1 + ((81 -€2) (€3 - €4) (E1 - /;2) : (/;3 - E4)) Vcsfb}

k4~)0

= (e1-€2) (e3 - €4) VO (KT — K3), (A.4)

where we noted that

. k1ko 1
lim =5+
Fa—0 fa1 k293k1o  kios’
. koksk kiko + ksko + k1k
lim f, = 223 1 n 1K2 3K2 1R3 o, (A.5)
kqa—0 k123 k?123

In summary, we find that the following terms in (A.1) survive in the soft limit:

1
hm <<TTTT>>(S) = hm W2f2 2 — 5 (61 62) (63 64) k12k34W Hl on 1 + W stb (AG)
k‘4~>0 k‘44)0

We can now evaluate the right-hand-side using (A.5) and the following soft limits:

Jim WS = (61 . 52]{}2 -€3+ €3+ 61/@1 -€9t+ €3 62]{73 . 61) k‘g + €4,

k4—0

. kiko k1 + ko 1

lim f2’2 = . A7
Ram0 kiys  2kfa;  2k123 (A1)

We then obtain (3.22) after some algebra.
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B Soft limits in Mellin space

Using the differential representation in (4.2), the soft limit of a correlator can be directly
evaluated by taking the soft limit of a bulk-to-boundary propagator in the contact diagram [32].
Let us therefore consider the soft limit of a scalar bulk-to-boundary propagator in (2.8):

2
li k =4/—
lim ¢a(k, 2) =/~
For A > d/2 the second term gets power suppressed leaving us with
2 d
lim ¢ (k, 2) = /=2~ 8 FA-1D (A - ) 2374, (B.2)
k—0 s 2

On the other hand in Mellin space, the power expansion in (B.1) is encoded by the residues
of the integral in (4.6):

- 2+A-1p <A - g) ZA=A 4 95 -A-1,Ap <;l — A> kmd} . (BY)

ico Lid _ A _1(d_ A —2s+A—4
e [ =) st

The poles are located at s = —x + % (4 — A), corresponding to k?2~4+2% and s = —x —

2
% (% — A), corresponding to k2¥, where z is a non-negative integer. For A > d/2, the z = 0
pole gives the leading contribution in the soft limit. Hence, in the soft limit we must take

s =5 (5-2). (B.4)

In particular, for YM (A = d — 1) and GR (A = d) we have

d—2
YM: s = ==,

GR: s — g (B.5)

C From Mellin to momentum space

In this appendix, we will translate the soft limits for Mellin-momentum amplitudes in (4.22)
and (4.33) to correlators in momentum space.

C.1 Yang-Mills

Let us consider the first term on the right-hand-side of (4.22). We shall denote this contribution
to the soft limit by the subscript 1. Plugging this into (4.2) to go from the Mellin momentum
amplitude to the momentum space correlator gives

o0 dz1 dZQ

((J1...Jn—1dpds)1 = _/o FFQM (21, kn) O (21, ks) 210G A (21, 22, kp)
1 %2

n—1
X &5 knep AN (22) T] éa (22, ka) (C.1)

a=1
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where A = d — 1 and the z; in the first line comes from the definition of the three-point YM
amplitude in (4.10). The scalar bulk-to-boundary propagators are given by (2.8) and the
soft propagator is expanded to first order in the soft momentum:

a(-3)/2p (d52)
\/77-

For d = 2 there is a subtlety because I (%) is singular, so we will focus on d > 2. The
scalar bulk-to-bulk propagator in (C.1) is given by

(z)d—l(zak) Nd 12+O( ) Nd 1=

(C.2)

a2, /
© wz Ja—aj2 (wz1) Ja_ dm(wZﬂ
Ga (21,22, k) = / dw——" C.3
A (21,22, kn) o dw R (C.3)
The integral over z; in (C.1) can be evaluated as follows:
dZ1
/0 e Pa—1 (21, kn) da—1 (21, ks) 21G (21, 22, kp + ks, d — 1)
o o 25—% Kd 2 (k:hzl)zlf( )wzz/ Jas (wz1) Jaes (w2o)
:/ le/ dw 2 2 2 z
m (kj + w?)
d_1_§+1 (4 g2
A i (4-1) k¢ Ka_y (knz) o
v ’ )
where we used the following identities:
d_q,1-4
o0 w2 ]{: 2
/0 dzl le% (wzl)K@ (khzl) = k:]% +Z)2
d/2<]d 2 (U)ZQ) 1 d_o
— 2
/ W Eyr = g Ko (). (C.5)

Plugging this into (C.1) and performing the integral over z then gives

((J1- Tn—1dnds))n

d_ 441, 42
- /oo dz 27T (5= 1) 23k K, g (knz)
0

n—1
es - kel AN (22) T ¢a-1 (22, ka)

2(21—’—1 m a=1
1 o0 dZQ 1 j AYMj 7 nd
— 5 Nar [ ah (khamd_l (22,]%)) o ke AN (22, F) T] o (22, k)
a=1
ES k
=N hakh ((J1...Jn—1Jn)), (C.6)

where 0y, acts on the hard gluon bulk-to-boundary propagator, which can be expressed in
terms of a scalar bulk-to-boundary propagator dressed with a polarisation vector via (2.9).
To obtain the second-to-last line above we noted that

1 2 dy1 d_o
kfakhd)dfl (22, kn) = —\/ = + kP "Kaa (knz2), (C.7)
h 71' 2

and we used K, (z) = K_,(x) for v a multiple of 1/2.
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Now let us consider the second term on right-hand-side of (4.22). We shall denote this
contribution to the soft limit by the subscript 2. Plugging this into (4.2) then gives

/ dz kp - AYM(2) nt

(1o Jnadnds))z = = [ pges 5hw¢d—l (2, ks) pa—1 (2, kn) 1;[ Pa-1 (2, ka)

dz k- AYM(z nd
= _-N‘dflgs'fh/ 1 i 512 ( )¢d71 (2, kn) [] ¢a-1 (2, ka)
z h a=1

Es " Ep
2k3

where we used (C.2) in the second line. Adding (C.6) to (C.8), relabeling the soft leg as
n + 1, and summing over all class I diagrams then gives (4.24). Note that the relative minus

= Ny =k 0., ((nds . ). (C.8)

sign in (4.24) can be understood as coming from an antisymmetric structure constant which
has been factored out of the color-ordered correlator.

C.2 Gravity

The analysis will be similar to the YM case. Let us consider the first term on the right-
hand-side of (4.33). We will denote its contribution to the soft limit by the subscript 1.
Plugging this into (4.2) then gives

dz1 dz
(@i T B, = [ o S CNDLCNOEENCERY

X (88 ' kh) €h€hAGRZj H ¢d 227 )7 (Cg)

a=1
where A = d, the bulk-to-boundary propagators are given by (2.8), and we expand the soft
bulk-to-boundary propagator to leading order in the soft momentum
2021 (4)
Nz :
The scalar bulk-to-bulk propagator is given by (C.3) with A = d.
Using the following identities:

ba (2, ks) = Na+ O (ks), Ng= (C.10)

/0 dzy zlJ% (wzl)Kg (knz1) = W

wit! Jd (wz2) 1 4,
— 2
/ dw (w2 +w2) = jak; Ko (knz2) , (C.11)

we can carry out the integral over z; in (C.9) to obtain

o0 sz 2%7111(2) 2+1k:2 K% (khZQ)
(T1... Ty ThTy)), :/O T
2

s

X (55 : kh)2€ 5hAGRU H gbd 225 )

a=1

 dzy (es - kn)? i
= —Nd/ Tfl & Fn)” o ) (Okp S (22, k) ehel AGR || ba (22, ka)
0 2 h

€s - kh)Q

:_Nd( s Ok, (Th - Tua ) (C.12)
h

— 922 —



where the derivative acts on the bulk-to-boundary propagator of the hard graviton, which
can be expressed as a scalar bulk-to-boundary propagator dressed with a polarisation as
given in (2.9). To obtain the third line, we used

d_q

1 2 441 4
k*akhﬁbd (22,kn) = —\/ =25 ki Ka2 (kn22). (C.13)
h 7T 2

Now consider the second term on the right-hand-side of (4.33). We will denote its
contribution to the soft limit with the subscript 2. Plugging this into (4.2) then gives

© dz Es - Encs - ket kI Mid ]
(T Tad D), = [ Srgdaenshn) b (e, ) = o L ea (k)
a=1
s EnEs  kp [ dz (i,9) fGRij (e
= Ng 572 /0 g da (21, kn) ey k) AT T ¢a (22, ka)
h a=1
€s EnEs  kn (i, i
_ Nd#sg k,%)agzj (Ty ... ToiTy)), (C.14)
h

where we used (C.10) in the second line. Adding (C.12) to (C.14), relabeling the soft leg
as n + 1, and summing over all class I diagrams then gives (4.35).

C.3 Further comments on Mellin momentum amplitudes

It is interesting to note the soft limit of class I diagrams can be expressed in a purely algebraic
way in Mellin space. To see this, it is convenient to combine the soft scalar propagator with
the rest of the Mellin-momentum amplitude as follows:

Ant1 = Ans10a (2, k) - (C.15)

In the soft limit, this will rescale the Mellin momentum amplitude by a factor of z in YM
and will have no effect in GR. On performing the Mellin transformation of bulk-to-boundary
propagators following (4.6), the energy derivative on the hard bulk-to-boundary propagator
in (C.6) gives

(A —d/2—2s)

akh¢A(S7kh) = kh

O (s, kn). (C.16)
Thus, we can write (4.22) as

Ss'k‘h(d/2—25h—1) _ €s " Ep
2k3 2k

Tim AN = Ny (

ks—0

kp, - agh) AYM, (C.17)

Similarly, for gravity we find using (C.12)

(g5 - kpn)* (d/2 — 2sp,) L EsvEnss hn

: 1G
lim ASR — Ny l— 202 202 e

kf}aaijl ASR - (C.18)
ks—0 h
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D Soft limits in momentum space

In this appendix we provide some more details about the soft limit of gluon correlators
by directly analyzing Witten diagrams in momentum space.® The following four classes of

diagrams contribute to a generic YM correlator:”

(a) Class I (b) Class II
(c) Class III (d) Class IV

A similar classification was used to prove soft theorems for superstring scattering ampli-
tudes in flat space [83]. In particular, the Weinberg soft theorem in flat space arises only from
class I diagrams above while the subleading soft theorem receives contributions from classes I
and II. We first consider class I diagrams, obtaining results consistent with the bootstrap

5CC would like to thank Savan Kharel for useful discussions on this topic.
"We use F here to distinguish expressions in momentum space from the corresponding expressions in Mellin

momentum space in section 4.
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procedure in section 4.3. Consider the soft limit of a general class I diagram as shown below:

lim = lim F,
ks—0 ks—0

:}im ledZQfZM’i(Zl)Gij(Zl, 292, ];s + Eh)e_(k”’“h)”vjkl (—(l;s + Eh), ES, Eh> Ek(Eh)El(Es),
ks—0J0

(D.1)

where the propagators and the vertex factors are defined in axial gauge® and the blob is
defined as F,Y™M+(21), with i a Lorentz index that contracts onto the rest of the diagram via
a bulk-to-bulk propagator. Note that in the limit ks — 0 we get

oo . . — — —
Jim ]:X% = ; dzleQ}?L/M’Z(Zl)Gij (Zl, 292, k‘h) e knz2 ijl (—kh, ks, k:h> EhkEs,l- (D,4)
ks—0

Performing the integral over z; then gives

lim 7y M = Zyik (_Ehy ks, Eh) Eh,kEs,l
k0 kp
00 . _ kh 'kh . 2 1 kh ikh i
day FYM,i Al —kpz §;; — —DuiTheg (1 > — Mhathg |
X /0 21 F, ' (21) [2]%6 k% + T + k:,% k%

(D.5)

Using the vertex factor given in (D.3) we obtain the following for the soft limit of the
(n + 1)-point function:

lim FPM = _— ek —/ dzep i Fr M (z)eFn
o +1 21%{ hak‘h 0 h, ( )

k; . [e’e] .
te, ey / dzF XYM () (1—6—’%2) } (D.6)
kn Jo

where the energy derivative acts on the bulk-to-boundary propagator of the hard leg. Re-
labeling the soft leg as m + 1 and summing over all class I diagrams then gives the soft

8These are stated in [84]:

. * dw . . YilYj
Gij(21,22,7) = /7Oo P sin(wz1) sin(wz2) (51']' + w;) (D.2)
Viki (Eh ks, E3) = djk (E1 - Ez)l + cyclic. (D.3)
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limit of color-ordered YM correlator:

lim ((J--J)), 0 = {W% (D

ESHO
I (D b))

—(kn = k1,8 = &) + ... (D.7)
( )

where ((J---J)), |, _, means that we set k, = 0 but not ka, and . .. denotes the contribution
of non-class I diagrams. This generalizes the result found in (3.14) to any multiplicity.
However, as argued around (3.14) for n = 3, the last term in the equation above is a boundary
contact term in position space and can therefore be neglected. This term is also absent in
the bootstrap result for any multiplicity in (4.24). Note that the energy derivative in the
first term in the expression above gives a double pole in the total energy k% This pole
appears because the vertex to which the soft leg is attached is a cubic external vertex. Thus,
in the soft limit we obtain a bulk-boundary propagator. This simplification is a consequence

of the orthogonality of the propagators:
[e.e]
/ dz bulk-bulk(z’, z)bulk-boundary(z) ~ z'bulk-boundary(z’) .
0

The extra power of z on the right-hand-side then leads to a higher-order energy pole in
the energy.

For a diagram in class II, one can explicitly compute the soft limit in the same manner
and obtain the following:

lim
ks—0

@) [ D—a)

where i/ refers to the sum of boundary momenta flowing through a propagator and y denotes
its magnitude. In the bottom two diagrams we have displayed the free Lorentz indices on
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the blobs which contract with the soft polarisation and exchanged momentum. Note that
these diagrams do not exhibit energy derivatives and therefore do not give rise to double
poles in the total energy as we found for class I diagrams. Moreover, class Il diagrams exhibit
poles in the y variables, which correspond to multiparticle energy poles, and we find similar
results for higher class diagrams. This is in contrast to class I diagrams which give rise to
poles in the energy of individual hard legs. Hence the polarisation derivative arising from
the soft limit of class I diagrams can be distinguished from the contributions of non-class I
diagrams even though it does not contain a double pole in the total energy.

E Soft limit of five-point YM

In this appendix we will verify the YM soft limit formula in (4.24) at five points. Specializing
this formula to n = 4 gives

. €5 - ky €5 €
12151510<(J...J)>5:{ it ) - ;kz4k4.884<<J...J>)4}

— (k4 — k1,84 — £1) + free of poles in k%234, k1, ky.

(E.1)

As a simple check, let us restrict our attention to terms which contain 4 - €5¢1 - €369 - k4.
The left-hand-side of (E.1) then gives

Jim <<JJJJJ>>|€4-€5€1-€3€2-k4

ks—0

k1

= 0
 kakiana (Fua + |z + ,gSD (ks + ’EZ N l%},]) + O(ky). (E.2)

The first term on the right-hand-side of (E.1) does not contribute while the second term gives

€ * E
TR (O s F—
2k3
1 Ky

- 0
Ak (ko s+ [ + ) EET. (kva + [+ o) (ks + [fo + o] +O(ky).

(E.3)

Taking the difference of (E.2) and (E.3) then gives a term which is analytic in the momenta
of at least two legs and is therefore a boundary contact term. In a similar manner, we
may check (E.1) more generally with the help of MultivariateApart [85]. In particular,
we have checked that the poles in k254, k1, and k4 on both sides of (E.1) agree up to
boundary contact terms.

We can also check the soft limit formula in Mellin-momentum space, which is convenient
because this representation is free of boundary contact terms [41]. We will just sketch how
this works at five points and leave the details to 5ptYM.nb in the Supplementary material.
At five points, the soft limit in Mellin-momentum space is given by

lim A;M — 55 k4A}M 255 klA}M — €5 6471@1 : 884A}5M +ée5-¢€1 7k1 : 851A}M
F5—0 D! Dy 22k} 22k7
+ free of poles in ky, k1, D,‘i;l, Dg;l. (E.4)
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Starting with an explicit formula for the five-point Mellin momentum amplitude derived
in [42], we compute the residues of the factorisation poles and the poles in the hard momenta
and find that

e5 - kg AYM
Res Jim AYM = — =2 G (E.5)
Dk4 —0 ks—0 k4
Res lim AYM = M, (E.6)
D150 ks—0 pi-t
k1 kl
ky - 0., AM
Res lim AM = —g5 . gy— 424 E.7
o0 s0 Tk (B.7)
k ) YM
I;{GS lim Ag(M =¢e5-€1 ! 26}{:244 ) (E.8)
k20 k50 21

in agreement with (E.4). When checking these relations, it is important to keep track of
an extra factor of z which arises from the soft bulk-to-boundary scalar propagator (see the
discussion in section C.3 for more details).

When checking the polarisation derivative terms we found that in (E.1) they come with
a 1/kjp,, while the coefficients of 1/k? are boundary contact terms, and in (E.4) they come
with a 1/ k‘% The difference arises because when going back to momentum space the Mellin
variable sp will produce kp in the numerator. One may use the Mellin delta function to
write sp, in terms of other Mellin variables leaving a 1/ k}% pole but the two expressions will
only differ by boundary contact terms [39].

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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