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Abstract
Let 𝐺 be a connected reductive group defined over a
finite field 𝔽𝑞 of characteristic 𝑝, with Deligne–Lusztig
dual 𝐺∗. We show that, over ℤ[1∕𝑝𝑀] where 𝑀 is the
product of all bad primes for 𝐺, the endomorphism
ring of a Gelfand–Graev representation of 𝐺(𝔽𝑞) is iso-
morphic to the Grothendieck ring of the category of
finite-dimensional 𝔽𝑞-representations of 𝐺∗(𝔽𝑞).
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1 INTRODUCTION

Let 𝐺 be a connected reductive group defined over a finite field 𝔽𝑞 of characteristic 𝑝, let 𝐹
be the associated Frobenius endomorphism of 𝐺, and let Λ be a subring of ℚ containing ℤ[ 1

𝑝
].

Let 𝐵0 be an 𝐹-stable Borel subgroup of 𝐺 with (necessarily 𝐹-stable) unipotent radical 𝑈0,
and let 𝜓 ∶ 𝑈𝐹

0
⟶ Λ× be a regular (also called non-degenerate) character. The Gelfand–Graev

representation

Γ𝐺,𝜓 ∶= Ind𝐺
𝐹

𝑈𝐹
0

𝜓

is an important representation of𝐺𝐹 (already studied in [5, section 10] and [7]). Its endomorphism
ring

Λ𝖤𝐺 ∶= EndΛ𝐺𝐹 (Γ𝐺,𝜓)

is commutative, independent of the choice of 𝜓 up to isomorphism and, overℚ, may be identified
with the ring of ℚ-valued class functions on 𝐺∗𝐹∗ss , where (𝐺∗, 𝐹∗) is a chosen Deligne–Lusztig
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dual of (𝐺, 𝐹) (see [3]). Such an identification only depends on choices of group homomorphisms
(ℚ∕ℤ)𝑝′ ≃ 𝔽

×

𝑞 ↪ ℚ
×
, which we fix from now on.

There are then (at least) two natural Λ-lattices in ℚ𝖤𝐺 : Λ𝖤𝐺 and the lattice Λ𝖪𝐺∗ spanned by
Brauer characters of irreducible representations of 𝐺∗𝐹∗ ; here, 𝖪𝐺∗ is the Grothendieck ring of
the category of finite-dimensional 𝔽𝑞𝐺∗𝐹

∗ -modules. Denoting by 𝐺∗𝐹∗ss ∕∼ the set of semi-simple
conjugacy classes in 𝐺∗𝐹∗ , we may then, as in [12, section 2.5], identify

ℚ𝖤𝐺 = ℚ
𝐺∗𝐹

∗
ss ∕∼

= ℚ𝖪𝐺∗ (1.1)

as ℚ-algebras, where we recall that the second equality follows from the Brauer character iso-

morphism ℚ𝖪𝐺∗
∼
�→ ℚ

𝐺∗𝐹
∗

𝑝′
∕∼

and from the fact that 𝐺∗𝐹∗
𝑝′
∕∼ = 𝐺∗𝐹

∗

ss ∕∼. Here 𝐺
∗𝐹∗

𝑝′
∕ ∼ is the set of

𝑝-regular conjugacy classes in 𝐺∗𝐹∗ .
The main result of this paper may now be stated as follows:

Main theorem. If all bad primes for 𝐺 are invertible in Λ, then the two Λ-lattices Λ𝖤𝐺 and Λ𝖪𝐺∗
of ℚ𝖤𝐺 are equal.

Here, we use the notion of ‘bad primes for 𝐺’ from [17]. Denoting by 𝑅 the root system of 𝐺, a
prime number 𝓁 is called bad for 𝐺 if one of the following three conditions holds: (i) 𝓁 = 2, and
𝑅 has an irreducible factor not of type 𝐴; (ii) 𝓁 = 3, and 𝑅 has an irreducible factor of exceptional
type (𝐺2, 𝐹4, 𝐸6, 𝐸7, or 𝐸8); (iii) 𝓁 = 5, and 𝑅 has an irreducible factor of type 𝐸8.
In this theorem, the assumption on the bad primes for 𝐺 is due to the use of almost characters

in Lusztig’s work on unipotent characters, where bad primes appear in the denominators of the
‘Fourier transform matrix’. We expect that the theorem remains true without this assumption,
though our present method cannot prove it.
Our theorem improves the equalityℤ[ 1

𝑝|𝑊| ]𝖤𝐺 = ℤ[ 1

𝑝|𝑊| ]𝖪𝐺∗ (where𝑊 is theWeyl group of𝐺)
in [12, Theorem 2.3] whenever the adjoint group of𝐺 is simple of type other than𝐹4 or𝐺2 (in these
two excluded types, the bad primes and the primes dividing the order of theWeyl group coincide).
Moreover, via the ℤ-model 𝖤𝐺 of Λ𝖤𝐺 from [12, section 1.5], if we denote by 𝑀 is the product of
all bad primes for 𝐺, then the above theorem implies that ℤ[ 1

𝑝𝑀
]𝖤𝐺 = ℤ[ 1

𝑝𝑀
]𝖪𝐺∗ . Indeed, this

amounts to showing that the identification ℤ[ 1

𝑝𝑀
]𝖤𝐺 = ℤ[ 1

𝑝𝑀
]𝖪𝐺∗ in the above theorem is equiv-

ariant under the action of the Galois group Gal(ℚ∕ℚ) on the coefficients, and the proof of this
equivariance is the same as that of [12, Corollary 2.4].

Relation with invariant theory

Let 𝖡𝐺∨ be the ring of functions of the ℤ-scheme (𝑇∨ ⫽𝑊)𝐹
∨ , where (𝐺∨, 𝑇∨) is the split ℤ-

dual of (𝐺, 𝑇) with 𝑇 an 𝐹-stable maximal torus of 𝐺, 𝑊 = 𝑁𝐺∨(𝑇
∨)∕𝑇∨ is the Weyl group of

(𝐺∨, 𝑇∨), and 𝐹∨ ∶ 𝑇∨ ⟶ 𝑇∨ is induced by the action of 𝐹 on 𝑌(𝑇∨) = 𝑋(𝑇). If 𝐺∗ has simply
connected derived subgroup, then Λ𝖡𝐺∨ is also a Λ-lattice of ℚ𝖤𝐺 and appears to be significant
for the local Langlands correspondence in families. Indeed, for GL𝑛, in the course of constructing
this correspondence in joint work with Moss [14], Helm proved in [8, Theorem 10.1] the equality
Λ𝖤GL𝑛 = Λ𝖡GL∨𝑛

for Λ being the ring of Witt vectors of 𝔽𝓁 with 𝓁 ≠ 𝑝. In our current context (𝐺 a
connected reductive group over 𝔽𝑞), when𝐺∗ has simply connected derived subgroup, it is known
that 𝖡𝐺∨ = 𝖪𝐺∗ (see [12, Theorem 3.13]), so that our main theorem yields the equalities

Λ𝖤𝐺 = Λ𝖪𝐺∗ = Λ𝖡𝐺∨
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2878 LI and SHOTTON

for Λ = ℤ[ 1

𝑝𝑀
]. In particular, for GL𝑛, 𝑀 = 1 and so we provide an alternative proof of Helm–

Moss’s equality.

On the proof of the main theorem

Identify Λ𝖤𝐺 = 𝑒𝜓Λ𝐺
𝐹𝑒𝜓 ⊂ Λ𝐺𝐹 where 𝑒𝜓 ∶=

1|𝑈𝐹
0
|
∑
𝑢∈𝑈𝐹

0
𝜓(𝑢−1)𝑢 is the primitive central

idempotent of Λ𝑈𝐹
0
associated to 𝜓. We may then consider the symmetrising form

𝜏 = 𝜏𝐺 ∶= |𝑈𝐹
0 |ev1𝐺𝐹 ∶ Λ𝖤𝐺 ⟶ Λ

and denote itsℚ-linear extension again by 𝜏. Here ev1𝐺𝐹 denotes the evaluationmap at 1𝐺𝐹 ; recall
that a symmetrising form on a finite projectiveΛ-algebra𝐴 is a map 𝜏 ∶ 𝐴 → Λ such that themap
(𝑎, 𝑏) ↦ 𝜏(𝑎𝑏) is a perfect symmetric bilinear form. It has been shown in [12, Proposition 2.2]
that 𝜏(𝖪𝐺∗) ⊂ ℤ and that 𝜏|Λ𝖪𝐺∗ ∶ Λ𝖪𝐺∗ ⟶ Λ is a symmetrising form. Therefore, the equality
Λ𝖤𝐺 = Λ𝖪𝐺∗ will hold if

𝜏(ℎ𝜋) ∈ Λ for all ℎ ∈ Λ𝖤𝐺 and 𝜋 ∈ Λ𝖪𝐺∗. (1.2)

Indeed, (1.2) shows that each of Λ𝖤𝐺 and Λ𝖪𝐺∗ is contained in the dual of the other with respect
to the above bilinear form; as each is self-dual, they are equal.
After preparations on Deligne–Lusztig characters and Curtis homomorphisms (Section 2), we

will reduce (1.2) to the study of the condition ‘𝜏(ℎ𝜋) ∈ Λ’ for 𝜋 the restriction to𝐺∗𝐹∗ of a (virtual)
algebraic 𝔽𝑞-representation of 𝐺∗, by fitting 𝐺∗ into a central extension (Section 3) and studying
related compatibility questions (Sections 4 and 5). To study the condition ‘𝜏(ℎ𝜋) ∈ Λ’ for such 𝜋,
we will extend the definition of 𝜏(ℎ𝜋) to ℎ ∈ 𝐺𝐹 (Section 6), reduce the discussion to the case
where the semi-simple part 𝑠 of ℎ is central in 𝐺 (Section 7), and finally deal with the case of
central 𝑠 (Section 8).

2 PRELIMINARIES

In this section, we recall some properties of Deligne–Lusztig characters and Curtis homomor-
phisms that we will need later on.

Deligne–Lusztig characters

Let 𝑆 be an 𝐹-stable maximal torus of 𝐺, let 𝑃 be a Borel subgroup containing 𝑆, and let 𝑉 be the
unipotent radical of 𝑃. Then we have the Deligne–Lusztig variety (see [6, Definition 9.1.1])

𝐷𝐿𝐺
𝑆⊂𝑃

=
{
g𝑉 ∈ 𝐺∕𝑉 ∶ g−1𝐹(g) ∈ 𝑉 ⋅ 𝐹(𝑉)

}
,

which admits a (left) 𝐺𝐹 × (𝑆𝐹)op-action. When there is no need to specify the chosen Borel
subgroup 𝑃, we will write 𝐷𝐿𝐺

𝑆⊂𝑃
simply as 𝐷𝐿𝐺

𝑆
.
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ON ENDOMORPHISM ALGEBRAS OF GELFAND–GRAEV REPRESENTATIONS II 2879

We consider the virtual 𝓁-adic cohomology𝐻∗
𝑐 (⋅) =

∑
𝑗⩾0(−1)

𝑗𝐻
𝑗
𝑐 (⋅ , ℚ𝓁), for 𝓁 a prime distinct

from 𝑝. For every character 𝜒 ∶ 𝑆𝐹 ⟶ ℚ
×
, upon choosing a field embedding ℚ ↪ ℚ𝓁 , we have

the corresponding Deligne–Lusztig character

𝑅𝐺
𝑆
(𝜒)(−) ∶= Tr

(
−|𝐻∗

𝑐

(
𝐷𝐿𝐺

𝑆⊂𝑃

)
⊗
ℚ𝓁𝑆

𝐹 𝜒
)
=

1|𝑆𝐹|
∑
𝑠∈𝑆𝐹

Tr
(
(−, 𝑠)|𝐻∗

𝑐

(
𝐷𝐿𝐺

𝑆⊂𝑃

))
𝜒
(
𝑠−1

)
,

which is independent of the choice of 𝑃 and which takes values in ℚ𝓁 à priori; but by [5, Proposi-
tion 3.3], for any (g , 𝑠) ∈ 𝐺𝐹 × 𝑆𝐹 , the trace Tr((g , 𝑠)|𝐻∗

𝑐 (𝐷𝐿
𝐺
𝑆⊂𝑃

)) is an integer independent of 𝓁,
so in fact 𝑅𝐺

𝑆
(𝜒) takes values in ℚ, and it can be verified that 𝑅𝐺

𝑆
(𝜒) is independent of the choices

of 𝓁 and of the embedding ℚ ↪ ℚ𝓁 .

Curtis homomorphisms

For an 𝐹-stable maximal torus 𝑆 of 𝐺, we consider the Curtis homomorphism

Cur𝐺
𝑆
∶ ℚ𝖤𝐺 ⟶ ℚ𝑆𝐹

defined as in [12, section 1.7] (see also [3, Theorem 4.2]). In terms of the Deligne–Lusztig dual,
the map Cur𝐺

𝑆
is simply a ‘restriction map to a dual torus’: indeed, upon fixing an 𝐹∗-stable max-

imal torus 𝑆∗ of 𝐺∗ dual to 𝑆 (whence a duality Irr
ℚ
(𝑆𝐹) ≃ 𝑆∗𝐹

∗ and thus a ring isomorphism

ℚ𝑆𝐹 ≃ ℚ
𝑆∗𝐹

∗

), the map Cur𝐺
𝑆
is the unique ring homomorphism making the following diagram

commutative (see [12, Lemma 1.6]):

(2.1)

We will later need the following formula of Bonnafé–Kessar ([1, Proposition 2.5], with the
missing sign factor corrected). For all ℎ ∈ ℚ𝖤𝐺 ⊂ ℚ𝐺𝐹 ,

Cur𝐺
𝑆
(ℎ) =

𝜖𝐺𝜖𝑆|𝑆𝐹|
∑
𝑠∈𝑆𝐹

Tr((ℎ, 𝑠)|𝐻∗
𝑐 (𝐷𝐿

𝐺
𝑆⊂𝑃

))𝑠−1 ∈ ℚ𝑆𝐹. (2.2)

Here, as usual, 𝜖𝐺 = (−1)
rk𝔽𝑞 (𝐺) for 𝐺 any reductive group over 𝔽𝑞. Observe that (2.2) shows that

Cur𝐺
𝑆
is independent of the choice of 𝑆∗.

3 ON CENTRAL EXTENSIONS

For our group 𝐺, we can fit its Deligne–Lusztig dual 𝐺∗ into an 𝐹∗-equivariant exact sequence of
reductive groups
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2880 LI and SHOTTON

1⟶ 𝑍∗ ⟶𝐻∗ ⟶ 𝐺∗ ⟶ 1 (3.1)

where the derived subgroup of 𝐻∗ is simply connected and 𝑍∗ is a torus central in 𝐻∗.
We fix a choice of 𝐹-equivariant exact sequence of reductive groups

1⟶ 𝐺 ⟶𝐻
𝜅
�→ 𝑍 ⟶ 1, (3.2)

which is dual to (3.1). Let 𝑇𝐻 be an 𝐹-stable maximal torus of𝐻, let 𝐵𝐻 be a Borel subgroup of𝐻
containing 𝑇𝐻 , and let 𝑉 be the unipotent radical of 𝐵𝐻 . Then

𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻
=

⨆
𝑧∈𝑍𝐹

(
𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

)
(𝑧)

where for each 𝑧 ∈ 𝑍𝐹 we have set
(
𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

)
(𝑧) ∶=

{
ℎ𝑉 ∈ 𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

∶ 𝜅(ℎ) = 𝑧
}
.

Let 𝑇𝐺 = ker(𝜅|𝑇𝐻 ∶ 𝑇𝐻 ↠ 𝑍) (resp., 𝐵𝐺 = ker(𝜅|𝐵𝐻 ∶ 𝐵𝐻 ↠ 𝑍)), which is an 𝐹-stable maximal
torus of 𝐺 (resp., a Borel subgroup of 𝐺). Then 𝑇𝐺 ⊂ 𝐵𝐺 , and the unipotent radical of 𝐵𝐺 is also𝑉.
As 𝑇𝐺 is connected, we have 𝜅(𝑇𝐹𝐻) = 𝑍𝐹 , so for each 𝑧 ∈ 𝑍𝐹 we may choose a �̇� ∈ 𝑇𝐹

𝐻
such that

𝜅(�̇�) = 𝑧. Under the inclusion 𝐺 ⊂ 𝐻, for each 𝑧 ∈ 𝑍𝐹 we have

𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻
(𝑧) = 𝐷𝐿𝐺𝑇𝐺⊂𝐵𝐺

⋅ �̇� ⊂ 𝐻∕𝑉,

so that

𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻
(𝑧) ≃ 𝐷𝐿𝐺𝑇𝐺⊂𝐵𝐺

as (𝐺𝐹 × (𝑇𝐹𝐺)
op)-varieties.

In terms of virtual 𝓁-adic cohomology, we therefore have

𝐻∗
𝑐

(
𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

)
=

∑
𝑧∈𝑍𝐹

𝐻∗
𝑐

(
𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

(𝑧)
)
,

and the𝐻𝐹 × (𝑇𝐹
𝐻
)op-action on𝐻∗

𝑐 (𝐷𝐿
𝐻
𝑇𝐻⊂𝐵𝐻

) satisfies:

⎧⎪⎨⎪⎩
for every (ℎ, 𝑡) ∈ 𝐻𝐹 ×

(
𝑇𝐹𝐻

)op
, (ℎ, 𝑡) ⋅𝐻∗

𝑐

(
𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

(𝑧)
)
⊂ 𝐻∗

𝑐

(
𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

(𝜅(ℎ𝑡)𝑧)
)
;

for every 𝑧 ∈ 𝑍𝐹,𝐻∗
𝑐

(
𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

(𝑧)
)
≃ 𝐻∗

𝑐

(
𝐷𝐿𝐺𝑇𝐺⊂𝐵𝐺

)
as 𝐺𝐹 ×

(
𝑇𝐹𝐺

)op-modules.
In particular, we obtain the following trace formulae: for (ℎ, 𝑡) ∈ 𝐻𝐹 × (𝑇𝐹

𝐻
)op,

⎧⎪⎨⎪⎩
𝜅(ℎ𝑡) ≠ 1⟹ Tr

(
(ℎ, 𝑡)|𝐻∗

𝑐

(
𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

))
= 0;

(ℎ, 𝑡) ∈ 𝐺𝐹 ×
(
𝑇𝐹𝐺

)op
⟹ Tr

(
(ℎ, 𝑡)|𝐻∗

𝑐

(
𝐷𝐿𝐻𝑇𝐻⊂𝐵𝐻

))
= |𝑍𝐹| ⋅ Tr((ℎ, 𝑡)|𝐻∗

𝑐

(
𝐷𝐿𝐺𝑇𝐺⊂𝐵𝐺

))
.

(3.3)
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ON ENDOMORPHISM ALGEBRAS OF GELFAND–GRAEV REPRESENTATIONS II 2881

We will later need the compatibility (for 𝜒 ∶ 𝑇𝐹
𝐻
⟶ ℚ

×
):

𝑅𝐻𝑇𝐻
(𝜒)|𝐺𝐹 = 𝑅𝐺𝑇𝐺

(𝜒|𝑇𝐹
𝐺
). (3.4)

This follows immediately from the defining formula of 𝑅𝐻
𝑇𝐻
(𝜒) and (3.3) (see also [6, Proposition

11.3.10]).

4 A COMPATIBILITY LEMMA

Notation as in Section 3.We extend the 𝐹-stable Borel subgroup 𝐵0 of𝐺 in Section 1 (used to deter-
mine the Gelfand–Graev module Γ𝐺,𝜓) to the 𝐹-stable Borel subgroup 𝐵′0 of𝐻, so that 𝐵

′
0
∕𝐵0 = 𝑍

under (3.2); the unipotent radical of 𝐵′
0
is then equal to 𝑈0 (the unipotent radical of 𝐵0), and the

inclusion 𝐺𝐹 ⊂ 𝐻𝐹 induced by (3.2) gives rise to a Λ-algebra inclusion

Λ𝖤𝐺 = 𝑒𝜓Λ𝐺
𝐹𝑒𝜓 ↪ 𝑒𝜓Λ𝐻

𝐹𝑒𝜓 = Λ𝖤𝐻. (4.1)

On the other hand, (3.1) yields the identification

(𝐺∗𝐹
∗

ss ∕∼) =
(
𝐻∗𝐹∗

ss ∕∼
)
∕𝑍∗𝐹

∗
, (4.2)

which enables us to regard functions on 𝐺∗𝐹∗ss ∕∼ as functions on 𝐻∗𝐹∗

ss ∕∼ which are constant on
each 𝑍∗𝐹∗ -orbit.
Let us prove the following ‘compatibility lemma’:

Lemma. The following diagram of rings is commutative:

(4.3)

Proof. Let 𝑇𝐺 and 𝑇𝐻 be as in Section 3, and choose an 𝐹∗-stable maximal torus 𝑇∗
𝐺
of 𝐺∗ dual to

𝑇𝐺 (resp., 𝑇∗𝐻 of𝐻 dual to 𝑇𝐻) such that 𝑇∗𝐻∕𝑍
∗ = 𝑇∗

𝐺
. Then the Weyl groups of (𝐺, 𝑇𝐺), (𝐺∗, 𝑇∗𝐺),

(𝐻, 𝑇𝐻) and (𝐻∗, 𝑇∗
𝐻
) are all the same, and we denote this common Weyl group by𝑊. For each

𝑤 ∈ 𝑊, choose an 𝐹-stable maximal torus 𝑇𝐺,𝑤 of 𝐺 whose 𝐺𝐹-conjugacy class corresponds to
the 𝐹-conjugacy class of 𝑤 in𝑊 (with respect to 𝑇𝐺 , so that we may choose 𝑇𝐺,1 = 𝑇𝐺); choose
𝑇∗
𝐺,𝑤

⊂ 𝐺∗, 𝑇𝐻,𝑤 ⊂ 𝐻 and 𝑇∗
𝐻,𝑤

⊂ 𝐻∗ in a similar way.
In the toric case where (𝐺,𝐻) = (𝑇𝐺, 𝑇𝐻), the commutativity of (4.3) follows from toric duali-

ties.
For the general case of (𝐺,𝐻), we use theCurtis embeddingsCur𝐺 = (Cur𝐺

𝑇𝐺,𝑤
)𝑤∈𝑊 andCur𝐻 =

(Cur𝐻
𝑇𝐻,𝑤

)𝑤∈𝑊 (see Section 2) to embed (4.3) into the following cubic diagram of rings:
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2882 LI and SHOTTON

(4.4)

In (4.4), the right face is clearly commutative; the top and the bottom faces are commutative
by (2.1); the back face is the toric case of (4.3) and is hence commutative. So to prove the
commutativity of (4.3), it remains to show that the left face in (4.4) is commutative.
Using (2.2) and the relation 𝜖𝐻𝜖𝑇𝐻,𝑤 = 𝜖𝐺𝜖𝑇𝐺,𝑤 , the commutativity of the left face in (4.4) is

equivalent to the property that, for all ℎ ∈ ℚ𝖤𝐺 ⊂ ℚ𝐺𝐹 and all 𝑤 ∈ 𝑊, we have

1

|𝑇𝐹
𝐻,𝑤

|
∑

𝑡∈𝑇𝐹
𝐻,𝑤

Tr
(
(ℎ, 𝑡)|𝐻∗

𝑐

(
𝐷𝐿𝐻𝑇𝐻,𝑤

))
𝑡−1 =

1

|𝑇𝐹
𝐺,𝑤

|
∑

𝑡∈𝑇𝐹
𝐺,𝑤

Tr
(
(ℎ, 𝑡)|𝐻∗

𝑐

(
𝐷𝐿𝐺𝑇𝐺,𝑤

))
𝑡−1. (4.5)

By (3.3) and the fact that 𝑇𝐹
𝐻,𝑤

∕𝑇𝐹
𝐺,𝑤

= 𝑍𝐹 , we see that (4.5) is true for all ℎ ∈ 𝐺𝐹 , so the left face
in (4.4) commutes. This completes the proof of the lemma. □

5 REDUCTION TO THE STUDY OF 𝝉(𝒉𝝅𝝀)

Notation as in Section 3. As 𝑍∗𝐹∗ is central in 𝐻∗𝐹∗ , the association of each irreducible 𝔽𝑞𝐻∗𝐹∗ -
module to its restriction to 𝑍∗𝐹∗ induces a 𝑍∗𝐹∗ -graded decomposition

𝖪𝐻∗ =
⨁

𝜆∈𝑍∗𝐹∗

(𝖪𝐻∗)𝜆with𝖪𝐺∗ = (𝖪𝐻∗)1. (5.1)

In particular, we have a ring inclusion 𝖪𝐺∗ ⊂ 𝖪𝐻∗ , and it is evident that the following diagram of
rings is commutative (where br denotes the Brauer character map):

(5.2)

Let ℎ ∈ Λ𝖤𝐺 and 𝜋 ∈ 𝖪𝐺∗ . Via the commutative diagrams (4.3) and (5.2), we can define the

product ℎ𝜋 consistently as an element of ℚ𝖤𝐺 , ℚ𝖤𝐻 , ℚ
𝐺∗𝐹

∗
ss ∕∼

, ℚ
𝐻∗𝐹∗
ss ∕∼

, ℚ𝖪𝐺∗ or ℚ𝖪𝐻∗ . As 𝜏𝐺 =
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ON ENDOMORPHISM ALGEBRAS OF GELFAND–GRAEV REPRESENTATIONS II 2883

|𝑈𝐹
0
|ev1𝐺𝐹 = |𝑈𝐹

0
|ev1𝐻𝐹 = 𝜏𝐻 , we deduce that

𝜏𝐺(ℎ𝜋) = 𝜏𝐻(ℎ𝜋). (5.3)

Therefore, if we can prove (1.2) for 𝜏𝐻(ℎ𝜋), then we can prove it for 𝜏𝐺(ℎ𝜋).
Now let 𝖪(𝐺∗-mod) be the Grothendieck ring of the category of finite-dimensional algebraic

𝐺∗-modules and let 𝖪◦
𝐺∗
be the image of the restriction map

Res ∶ 𝖪(𝐺∗-mod)⟶ 𝖪𝐺∗.

Adopting similar notation for𝐻, we have that Res is surjective (see[19, Theorem 7.4] and [9, The-
orem 3.10]) so that 𝖪◦

𝐻∗ = 𝖪𝐻∗ . We are therefore reduced to proving that 𝜏𝐻(ℎ𝜋) ∈ Λ for 𝜋 ∈ 𝖪◦
𝐻∗ .

This turns out to be true without the assumption that𝐻∗ has simply connected derived subgroup;
in the following, we shall thus return to the group 𝐺 and study the condition ‘𝜏𝐺(ℎ𝜋) ∈ Λ for
𝜋 ∈ 𝖪◦

𝐺∗
’.

6 AN EXTENSION �̃� FOR 𝝉(𝒉𝝅)

We return to the group 𝐺 (the derived subgroup of 𝐺∗ may not be simply connected) and write
𝜏𝐺 = 𝜏. Let 𝑇 be an 𝐹-stable maximal torus of 𝐺, let𝑊 = 𝑁𝐺(𝑇)∕𝑇 be the Weyl group of (𝐺, 𝑇),
and let 𝑇𝑤 be an 𝐹-stable maximal torus of 𝐺 associated with 𝑤 ∈ 𝑊 (with respect to 𝑇) as in the
proof of (4.3). Recall the identificationℚ𝖤𝐺 = ℚ𝖪𝐺∗ from (1.1). Then, for ℎ ∈ ℚ𝖤𝐺 and𝜋 ∈ ℚ𝖪𝐺∗ :

𝜏(ℎ𝜋) =
1|𝑊|

∑
𝑤∈𝑊

ev1
𝑇𝐹𝑤

(
Cur𝐺𝑇𝑤

(ℎ𝜋)
)

(by [1, eq. 3.5])

=
1|𝑊|

∑
𝑤∈𝑊

ev1
𝑇𝐹𝑤

(
Cur𝐺𝑇𝑤

(ℎ) ⋅ Cur𝐺𝑇𝑤(𝜋)
)

(Cur𝐺
𝑇𝑤

is a ring homomorphism)

=
1|𝑊|

∑
𝑤∈𝑊

∑
𝑡∈𝑇𝐹𝑤

Cur𝐺𝑇𝑤
(ℎ)(𝑡−1) ⋅ Cur𝐺𝑇𝑤(𝜋)(𝑡)

=
1|𝑊|

∑
𝑤∈𝑊

∑
𝑡∈𝑇𝐹𝑤

𝜖𝐺𝜖𝑇𝑤|𝑇𝐹𝑤| ⋅ Tr
(
(ℎ, 𝑡)|𝐻∗

𝑐

(
𝐷𝐿𝐺𝑇𝑤

))
⋅ Cur𝐺𝑇𝑤(𝜋)(𝑡) (by (1.2))

=
1|𝑊|

∑
𝑤∈𝑊

𝜖𝐺𝜖𝑇𝑤|𝑇𝐹𝑤|
∑
𝑡∈𝑇𝐹𝑤

∑
𝜒∈Irr

ℚ
(𝑇𝐹𝑤)

𝑅𝐺𝑇𝑤
(𝜒)(ℎ) ⋅ 𝜒(𝑡) ⋅ Cur𝐺𝑇𝑤(𝜋)(𝑡) (trace formula)

=
1|𝑊|

∑
𝑤∈𝑊

𝜖𝐺𝜖𝑇𝑤|𝑇𝐹𝑤|
∑

𝜒∈Irr
ℚ
(𝑇𝐹𝑤)

𝑅𝐺𝑇𝑤
(𝜒)(ℎ) ⋅ 𝜒

(
Cur𝐺𝑇𝑤

(𝜋)
)
. (6.1)

Using the formula (5.1), we can extend the ℚ-bilinear map

ℚ𝖤𝐺 × ℚ𝖪𝐺∗ ⟶ ℚ, (ℎ, 𝜋)⟼ 𝜏(ℎ𝜋),
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2884 LI and SHOTTON

to a ℚ-bilinear map �̃�(⋅, ⋅) ∶ ℚ𝐺𝐹 × ℚ𝖪𝐺∗ ⟶ ℚ by setting, for ℎ ∈ ℚ𝐺𝐹 and 𝜋 ∈ ℚ𝖪𝐺∗ ,

�̃�(ℎ, 𝜋) ∶=
1|𝑊|

∑
𝑤∈𝑊

𝜖𝐺𝜖𝑇𝑤|𝑇𝐹𝑤|
∑

𝜒∈Irr
ℚ
(𝑇𝐹𝑤)

𝑅𝐺𝑇𝑤
(𝜒)(ℎ) ⋅ 𝜒(Cur𝐺𝑇𝑤(𝜋)). (6.2)

We then have

𝜏(ℎ𝜋) = �̃�(ℎ, 𝜋)for allℎ ∈ ℚ𝖤𝐺and all𝜋 ∈ ℚ𝖪𝐺∗. (6.3)

The formula (6.2) for �̃� involves choices of 𝑇 and 𝑇𝑤; we now derive an intrinsic formula for �̃�
as follows.
Let 𝐺 be the set of 𝐹-stable maximal tori of𝐺, and let 𝐺∕𝐺𝐹 be the set of𝐺𝐹-conjugacy classes

in 𝐺 . For each 𝑆 ∈ 𝐺 , let𝑊𝐺(𝑆) = 𝑁𝐺(𝑆)∕𝑆. As the isomorphism class of 𝑇𝑤 depends only on
the 𝐹-twisted conjugacy class of 𝑤 ∈ 𝑊, and the stabiliser of 𝑤 ∈ 𝑊 under 𝐹-twisted conjugacy
may be identified with𝑊𝐺(𝑇𝑤)

𝐹 , we have that there are |𝑊||𝑊𝐺(𝑆)
𝐹 | elements 𝑤 ∈ 𝑊 such that 𝑇𝑤

is 𝐺𝐹-conjugate to 𝑆. By (6.2), for ℎ ∈ ℚ𝐺𝐹 and 𝜋 ∈ ℚ𝖪𝐺∗ , we have:

�̃�(ℎ, 𝜋) =
∑

𝑆∈𝐺∕𝐺
𝐹

𝜖𝐺𝜖𝑆|𝑊𝐺(𝑆)
𝐹| 1|𝑆𝐹|

∑
𝜒∈Irr

ℚ
(𝑆𝐹)

𝑅𝐺
𝑆
(𝜒)(ℎ) ⋅ 𝜒

(
Cur𝐺

𝑆
(𝜋)

)

=
1|𝐺𝐹|

∑
𝑆∈𝐺

𝜖𝐺𝜖𝑆
∑

𝜒∈Irr
ℚ
(𝑆𝐹)

𝑅𝐺
𝑆
(𝜒)(ℎ) ⋅ 𝜒

(
Cur𝐺

𝑆
(𝜋)

)
. (6.4)

7 REDUCTION TO THE CASE OF CENTRAL 𝒔

Fromnow on, let ℎ = 𝑠𝑢 ∈ 𝐺𝐹 with 𝑠 ∈ 𝐺𝐹 (resp., 𝑢 ∈ 𝐺𝐹) the semi-simple (resp., unipotent) part
in the Jordan decomposition of ℎ. Recall Deligne–Lusztig’s character formula [5, Theorem 4.2] for
each 𝐹-stable maximal torus 𝑆 of 𝐺: (notation: ad(g)𝑥 = g𝑥 = g𝑥g−1)

𝑅𝐺
𝑆
(𝜒)(ℎ) =

1|𝐶𝐺(𝑠)◦𝐹|
∑
g∈𝐺𝐹

g−1𝑠g∈𝑆𝐹

𝑄
𝐶𝐺(𝑠)

◦

ad(g)𝑆
(𝑢) ⋅ (g𝜒)(𝑠), (7.1)

where 𝑄𝐺
𝑆
= 𝑅𝐺

𝑆
(𝟏)|𝐺𝐹

unip
denotes the Green function and 𝐶𝐺(𝑠)◦ is the identity component of the

centraliser of 𝑠 in 𝐺.
We shall write �̃� = �̃�𝐺 to specify the group 𝐺. Substituting (7.1) into (5.4), we obtain: (below,

𝜋 ∈ 𝖪𝐺∗)

�̃�𝐺(ℎ, 𝜋) =
1|𝐺𝐹|

∑
𝑆∈𝐺

𝜖𝐺𝜖𝑆
∑

𝜒∈Irr
ℚ
(𝑆𝐹)

1

|𝐶𝐺(𝑠)◦𝐹|
∑
g∈𝐺𝐹

g−1𝑠g∈𝑆𝐹

𝑄
𝐶𝐺(𝑠)

◦

ad(g)𝑆
(𝑢) ⋅ 𝜒

(
g−1𝑠 ⋅ Cur𝐺

𝑆
(𝜋)

)

=
1|𝐺𝐹| 1|𝐶𝐺(𝑠)◦𝐹|

∑
𝑆∈𝐺

𝜖𝐺𝜖𝑆|𝑆𝐹| ∑
g∈𝐺𝐹

g−1𝑠g∈𝑆𝐹

𝑄
𝐶𝐺(𝑠)

◦

ad(g)𝑆
(𝑢) ⋅ Cur𝐺

𝑆
(𝜋)

(
g−1(𝑠−1)

)
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ON ENDOMORPHISM ALGEBRAS OF GELFAND–GRAEV REPRESENTATIONS II 2885

(where we have applied the orthogonality of characters)

=
1|𝐺𝐹| 1|𝐶𝐺(𝑠)◦𝐹|

∑
g∈𝐺𝐹

∑
𝑆∈𝐺

𝑠∈(ad(g)𝑆)𝐹

𝜖𝐺𝜖𝑆|𝑆𝐹| ⋅ 𝑄𝐶𝐺(𝑠)◦ad(g)𝑆
(𝑢) ⋅ Cur𝐺

ad(g)𝑆
(𝜋)(𝑠−1)

(where we have used Cur𝐺
ad(g)𝑆

(𝜋)(g𝑥) = Cur𝐺
𝑆
(𝜋)(𝑥) for g ∈ 𝐺𝐹)

=
1|𝐶𝐺(𝑠)◦𝐹|

∑
𝑆∈𝐺
𝑠∈𝑆𝐹

𝜖𝐺𝜖𝑆|𝑆𝐹| ⋅ 𝑄𝐶𝐺(𝑠)◦𝑆
(𝑢) ⋅ Cur𝐺

𝑆
(𝜋)(𝑠−1) (𝑆 ⟼ ad(g−1)𝑆)

=
1|𝐶𝐺(𝑠)◦𝐹|

∑
𝑆∈𝐶𝐺(𝑠)◦

𝑠∈𝑆𝐹

𝜖𝐺𝜖𝑆|𝑆𝐹| ⋅ 𝑄𝐶𝐺(𝑠)◦𝑆
(𝑢) ⋅ Cur𝐺

𝑆
(𝜋)(𝑠−1), (7.2)

where the last equality holds because for 𝑆 ∈ 𝐺 , if 𝑆𝐹 contains 𝑠 then 𝑆 ⊂ 𝐶𝐺(𝑠)
◦.

Recall the subring 𝖪◦
𝐺∗
⊂ 𝖪𝐺∗ from Section 5.

Lemma. Let Λ0 be a subring of ℚ. Fix an ℎ = 𝑠𝑢 ∈ 𝐺𝐹 as above, and consider the following
statement:

�̃�𝐺(ℎ, 𝜋) ∈ Λ0 for all 𝜋 ∈ 𝖪◦𝐺∗ . (7.3)

Suppose that (7.3) is true when 𝐺 therein is replaced by 𝐶𝐺(𝑠)◦ (by [6, Proposition 3.5.3], 𝑢 ∈ 𝐶𝐺(𝑠)
◦

and hence ℎ ∈ 𝐶𝐺(𝑠)
◦𝐹). Then (7.3) is true for 𝐺.

As 𝑠 is central in 𝐶𝐺(𝑠)◦, this lemma will reduce the study of the condition (7.3) to the case
where 𝑠 is central in 𝐺.

Proof of lemma. First, we require a certain special set of generators for 𝖪◦
𝐺∗
. As shown in [10,

chapter II.2], for every maximal torus 𝑇∗ of 𝐺∗, the associated formal character map gives a ring
isomorphism

ch ∶ 𝖪(𝐺∗-mod)
∼
�→ ℤ[𝑋(𝑇∗)]𝑊,

where 𝑋(𝑇∗) = Homalg(𝑇
∗, 𝔾𝑚) is the character group of 𝑇∗ and𝑊 is the Weyl group of (𝐺∗, 𝑇∗).

For 𝜆 ∈ 𝑋(𝑇∗), set

𝑟𝐺,𝜆 ∶=
∑
𝜇∈𝑊𝜆

𝜇 ∈ ℤ[𝑋(𝑇∗)]𝑊 and 𝜋𝐺,𝜆 ∶= ch−1(𝑟𝐺,𝜆)|𝐺∗𝐹∗ ∈ 𝖪◦𝐺∗ ,

where for 𝜆 ∈ 𝑋(𝑇∗), 𝑊𝜆 denotes the 𝑊-orbit of 𝜆. Note that the ℤ-module ℤ[𝑋(𝑇∗)]𝑊 is
generated by {𝑟𝐺,𝜆 ∶ 𝜆 ∈ 𝑋(𝑇∗)}, and so the 𝜋𝐺,𝜆 generate 𝖪◦𝐺∗ as a ℤ-module.
Choose an 𝐹-stable maximal torus 𝑇 of 𝐺 containing 𝑠, so that 𝑇 is also an 𝐹-stable maximal

torus of 𝐶𝐺(𝑠)◦. To verify (7.3) for the chosen ℎ, it suffices to show that �̃�𝐺(ℎ, 𝜋𝐺,𝜆) ∈ Λ0 for all
𝜆 ∈ 𝑋(𝑇∗).

 14692120, 2023, 6, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/blm
s.12899 by T

est, W
iley O

nline L
ibrary on [08/10/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



2886 LI and SHOTTON

Let 𝑆 be an 𝐹-stable maximal torus of 𝐺, choose an 𝐹∗-stable maximal torus 𝑆∗ of 𝐺∗ dual to 𝑆
and with a duality ⋅̂ ∶ 𝑆𝐹

∼
�→ Irr

𝔽𝑞
(𝑆∗𝐹

∗
), and fix a choice of g ∈ 𝐺∗ such that 𝑆∗ = g𝑇∗. This dual-

ity and the fixed embedding 𝔽
×

𝑞 ↪ ℚ
×
allow us to identify ℚ𝑆𝐹 with ℚ

𝑆∗𝐹
∗

. For each 𝜇 ∈ 𝑋(𝑇∗),
set 𝜇𝑆∗ = g𝜇 ∈ 𝑋(𝑆∗), and define 𝜙𝑆(𝜇) ∈ 𝑆𝐹 by the relation 𝜇𝑆∗ |𝑆∗𝐹∗ = 𝜙𝑆(𝜇) ∈ Irr

𝔽𝑞
(𝑆∗𝐹

∗
). We

then have a map 𝜙𝑆 ∶ 𝑋(𝑇∗)⟶ 𝑆𝐹 that extends to a ring homomorphism

𝜙𝑆 ∶ ℚ[𝑋(𝑇
∗)]⟶ ℚ𝑆𝐹 = ℚ

𝑆∗𝐹
∗

.

The following diagram then commutes (where𝑊 = 𝑊𝐺∗(𝑇
∗) = 𝑁𝐺∗(𝑇

∗)∕𝑇∗):

Combining this with (2.1), we see that the following diagram of rings also commutes:

(7.4)

The commutative diagram (7.4) gives the relation

Cur𝐺
𝑆
(𝜋𝐺,𝜆) = 𝜙𝑆(𝑟𝐺,𝜆). (7.5)

Via the identifications

𝑊𝐶𝐺(𝑠)
◦∗(𝑇∗) = 𝑊𝐶𝐺(𝑠)

◦(𝑇) ⩽ 𝑊𝐺(𝑇) = 𝑊𝐺∗(𝑇
∗),

wemaywrite𝑊𝐺∗(𝑇
∗)𝜆 =

⨆
𝜆′∈Ω

𝑊𝐶𝐺(𝑠)
◦∗(𝑇∗)𝜆′ for some finite subsetΩof𝑊𝐺∗(𝑇

∗)𝜆, so that 𝑟𝐺,𝜆 =∑
𝜆′∈Ω

𝑟𝐶𝐺(𝑠)◦,𝜆′ and thenCur
𝐺
𝑆
(𝜋𝐺,𝜆) =

∑
𝜆′∈Ω

Cur
𝐶𝐺(𝑠)

◦

𝑆
(𝜋𝐶𝐺(𝑠)◦,𝜆′ ) by (7.5). Applying (6.2) to𝜋 = 𝜋𝐺,𝜆,

we thus deduce that

�̃�𝐺(ℎ, 𝜋𝐺,𝜆) = 𝜖𝐺𝜖𝐶𝐺(𝑠)◦
∑
𝜆′∈Ω

�̃�𝐶𝐺(𝑠)◦(ℎ, 𝜋𝐶𝐺(𝑠)◦,𝜆′ ). (7.6)

By (7.6) and the assumption of the lemma, we get �̃�𝐺(ℎ, 𝜋𝐺,𝜆) ∈ Λ0 for all 𝜆 ∈ 𝑋(𝑇∗), whence
�̃�𝐺(ℎ, 𝜋) ∈ Λ0 for all 𝜋 ∈ 𝖪◦

𝐺∗
. □

8 THE CASE OF CENTRAL 𝒔

Keep the notation 𝑇,𝑊 and 𝑇𝑤 as in Section 6. Let 𝜋 ∈ 𝖪𝐺∗ , let ℎ = 𝑠𝑢 ∈ 𝐺𝐹 be as in Section 7,
and suppose furthermore that 𝑠 lies in the centre of 𝐺. Then 𝐶𝐺(𝑠)

◦ = 𝐺, and (7.1) becomes
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ON ENDOMORPHISM ALGEBRAS OF GELFAND–GRAEV REPRESENTATIONS II 2887

𝑅𝐺
𝑆
(𝜒)(ℎ) = 𝑄𝐺

𝑆
(𝑢)𝜒(𝑠), so that (6.2) yields

�̃�𝐺(ℎ, 𝜋) =
1|𝑊|

∑
𝑤∈𝑊

𝜖𝐺𝜖𝑇𝑤|𝑇𝐹𝑤|
∑

𝜒∈Irr
ℚ
(𝑇𝐹𝑤)

𝑄𝐺𝑇𝑤
(𝑢) ⋅ 𝜒(𝑠) ⋅ 𝜒

(
Cur𝐺𝑇𝑤

(𝜋)
)

=
1|𝑊|

∑
𝑤∈𝑊

𝜖𝐺𝜖𝑇𝑤𝑄
𝐺
𝑇𝑤
(𝑢)⟨𝜋|𝑇∗𝐹∗𝑤

, 𝑠−1⟩𝑇∗𝐹∗𝑤
(orthogonality of characters)

= ⟨�̃�, 𝛾⟩𝐺∗𝐹∗ (8.1)

where (using [5, Proposition 7.3])

𝛾 ∶=
1|𝑊|

∑
𝑤∈𝑊

𝜖𝐺𝜖𝑇𝑤𝑄
𝐺
𝑇𝑤
(𝑢)Ind𝐺

∗𝐹∗

𝑇∗𝐹
∗

𝑤

𝑠−1 =
1|𝑊|

∑
𝑤∈𝑊

𝑄𝐺𝑇𝑤
(𝑢)𝑅𝐺

∗

𝑇∗𝑤
𝑠−1 ⊗ St𝐺∗

and �̃� is any extension of the Brauer character 𝜋 to an ordinary virtual character (which exists
by [15, Theorem 33]). As 𝑠 lies in the centre of 𝐺, 𝑠−1 is in fact a multiplicative character of
𝐺∗𝐹

∗ , so

𝛾 = 𝛾′ ⊗ 𝑠−1 ⊗ St𝐺∗

with

𝛾′ ∶=
1|𝑊|

∑
𝑤∈𝑊

𝑄𝐺𝑇𝑤
(𝑢)𝑅𝐺

∗

𝑇∗𝑤
(𝟏). (8.2)

Our strategy will be to show that 𝛾′ is a ℚ-linear combination of irreducible 𝐺∗𝐹∗ -representations
with only bad primes appearing in the denominators.
We need some facts from the theory of almost characters, following [13, chapters 3–4]; in the

notation of that book, we are considering the case 𝑛 = 1 and 𝐿 trivial. See also [2, section 7.3] for
a concise exposition, but with some extraneous hypotheses. Let 𝑐 be the order of the automor-
phism 𝐹 on𝑊 (when 𝐺 is split, we have 𝑐 = 1); denote by𝑊ex the set of all 𝜙 ∈ Irrℚ(𝑊) that can
be extended to a ℚ-valued irreducible character of𝑊 ∶= 𝑊 ⋊ ⟨𝐹⟩ (by [18, Corollary 1.15], every
irreducible representation of𝑊 over a characteristic 0 field is defined over ℚ); for each 𝜙 ∈ 𝑊ex ,
there exists such an extension (in fact, exactly two) 𝜙 ∈ Irrℚ(𝑊). Fixing a choice of such 𝜙, we
then call

𝑅𝐺
∗

𝜙
∶=

1|𝑊|
∑
𝑤∈𝑊

𝜙(𝑤𝐹)𝑅𝐺
∗

𝑇∗𝑤
(𝟏)

an almost character of 𝐺∗𝐹∗ .
Recall from Section 1 the definition of bad primes for 𝐺. Note that a prime is bad for 𝐺 if and

only if it is bad for 𝐺∗. Define

𝑀𝐺 = product of all bad primes for 𝐺. (8.3)
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2888 LI and SHOTTON

Using Lusztig’s work on unipotent characters,

each almost character 𝑅𝐺∗
𝜙

is a ℤ
[

1

𝑀𝐺

]
-linear combination

of irreducible ℚ-valued unipotent characters of 𝐺∗𝐹∗ .
(8.4)

Indeed, if 𝐺∗ has connected centre, then [13, Theorem 4.23] expresses 𝑅𝜙 as a linear combina-
tion of unipotent characters of𝐺∗𝐹∗ . By [13, (4.21.7)], the denominators divide the orders of certain
groups  of the form

∏
𝑖 where the product is over the irreducible factors of the root system of

𝐺∗. Each 𝑖 is defined in a case-by-case fashion, in a way depending only on the corresponding
irreducible factor of the root system, in [13, 4.4–4.13], and has order divisible only by bad primes
for that factor. If 𝐺∗ does not have connected centre, then we choose a short exact sequence

1 → 𝐺∗ → 𝐻∗ → 𝑍∗ → 1

as in (3.2) (with the roles of 𝐺∗ and 𝐺 reversed). Extending the chosen maximal 𝐹∗-stable torus
and Borel from 𝐺∗ to 𝐻∗ as in Section 3, we may identify the Weyl groups of 𝐺∗ and 𝐻∗. Using
(3.4) (with 𝜒 = 𝟏 therein), we then have

𝑅𝐻
∗

𝜙
|𝐺∗𝐹∗ = 𝑅𝐺

∗

𝜙
,

whence 𝑅𝐺∗
𝜙

is ℤ[ 1

𝑀𝐺
]-linear combination of restrictions to 𝐺∗𝐹∗ of unipotent characters of 𝐻∗𝐹∗ .

However, the restriction to 𝐺∗𝐹∗ of a unipotent character of 𝐻∗𝐹∗ is a unipotent character by [6,
Proposition 11.3.8], so (8.4) follows.
Now we prove the following lemma:

Lemma. The sum 𝛾′ in (8.2) is a finite ℤ[ 1

𝑀𝐺
]-linear combination of almost characters of 𝐺∗𝐹∗ .

Proof. We have

𝛾′ =
1|𝑊|

∑
𝑤∈𝑊

𝑅𝐺𝑇𝑤
(𝟏)(𝑢)𝑅𝐺

∗

𝑇∗𝑤
(𝟏)

=
1|𝑊|

∑
𝑤∈𝑊

𝑅𝐺𝑇𝑤
(𝟏)(𝑢)

∑
𝜙∈𝑊ex

𝜙(𝑤𝐹)𝑅𝐺
∗

𝜙
(see [2, p. 76])

=
∑

𝜙∈𝑊ex

𝑅𝐺
𝜙
(𝑢)𝑅𝐺

∗

𝜙
;

by (8.4) and the fact that character values of representations of finite groups are algebraic integers,
all 𝑅𝐺

𝜙
must take values in ℤ[ 1

𝑀𝐺
]. □

Remark. In the above lemma, the class function 𝛾′ can in fact be written as a finite ℤ-linear
combination of almost characters of 𝐺∗𝐹∗ . We will not need this stronger property of 𝛾′ later, so
here we only briefly explain how to achieve this, following the complete proof in [11, Remark of
Lemma 2.23]. First, one uses a theorem of Shoji ([16, Theorem 5.5]; see also [6, Theorem 13.2.3])
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ON ENDOMORPHISM ALGEBRAS OF GELFAND–GRAEV REPRESENTATIONS II 2889

to get that 𝑄𝐺
𝑇𝑤
(𝑢) = Tr(𝑤𝐹|𝐻∗

𝑐 (𝑢)) for all 𝑤 ∈ 𝑊, where 𝑢 is the variety of Borel subgroups of
𝐺 containing 𝑢. One then studies the contribution of each composition factor 𝑉 of the finite-
dimensional ℚ𝓁𝑊-module 𝐻∗

𝑐 (𝑢) (𝓁 ≠ 𝑝) to Tr(𝑤𝐹|𝐻∗
𝑐 (𝑢)); one proves that Tr(𝑤𝐹|𝑉) ≠ 0

only if 𝑉|𝑊 is irreducible, and in this case Tr(𝑤𝐹|𝑉) = 𝜒𝑉(𝐹) ⋅ Tr(𝑤𝐹|𝜙) for some linear char-
acter 𝜒𝑉 ∶ ⟨𝐹⟩⟶ℚ

×

𝓁 and some 𝜙 ∈ Irrℚ(𝑊) fitting the definition of the almost character 𝑅𝐺∗
𝜙

and on which 𝐹𝑐 acts trivially, so that 𝛾′ is the sum of finitely many 𝜒𝑉(𝐹) ⋅ 𝑅𝐺
∗

𝜙
with 𝑉|𝑊 irre-

ducible. As all eigenvalues of the endomorphism 𝐹 on 𝐻∗
𝑐 (𝑢) lie in ℤ (see [4, Lemma 1.7]),

each 𝜒𝑉(𝐹) must lie in ℤ
×
, so 𝛾′ is a finite ℤ-linear combination of almost characters of 𝐺∗𝐹∗ ,

as desired.

Using the previous lemma, (7.1), (8.2) and (8.4), we get the following proposition:

Proposition. We have �̃�𝐺(ℎ, 𝜋) ∈ ℤ[ 1

𝑀𝐺
] for all 𝜋 ∈ 𝖪𝐺∗ and all ℎ ∈ 𝐺𝐹 whose semi-simple part 𝑠

is central in 𝐺. (𝑀𝐺 is as in (8.3).)

End of proof of the main theorem in Section 1

From now on, we remove the assumption that 𝑠 is central in 𝐺.
Observe that a prime number that is bad for 𝐶𝐺(𝑥)◦ with 𝑥 a semi-simple element of 𝐺𝐹 is

also bad for 𝐺; indeed, this follows from the definition of bad primes in Section 1 and from the
following two facts: (i) if𝐺 is simple of type𝐴 (resp., of classical type), then the centraliser of every
semi-simple element of 𝐺 has only factors of type 𝐴 (resp., of classical type); (ii) if 𝐺 is simple of
type 𝐺2, 𝐹4, 𝐸6 or 𝐸7, then the centraliser of every semi-simple element of 𝐺 cannot have factors
of type 𝐸8 (for dimensional reasons).
Therefore, the previous proposition and the lemma in Section 7 together imply that �̃�𝐺(ℎ, 𝜋) ∈

ℤ[ 1

𝑀𝐺
] for all ℎ ∈ 𝐺𝐹 and all 𝜋 ∈ 𝖪◦

𝐺∗
. We then deduce from (6.3) that

𝜏𝐺(ℎ𝜋) = �̃�𝐺(ℎ, 𝜋) ∈ Λ
[

1

𝑀𝐺

]
for all ℎ ∈ Λ𝖤𝐺 and all 𝜋 ∈ 𝖪◦

𝐺∗
. (8.5)

Now fit 𝐺 into the exact sequence (3.2). As 𝐻 therein has the same type of root datum as 𝐺,
we have 𝑀𝐻 = 𝑀𝐺 , so (8.5) applied to 𝐻 gives 𝜏𝐻(ℎ𝜋) ∈ Λ[ 1

𝑀𝐺
] for all ℎ ∈ Λ𝖤𝐻 and all 𝜋 ∈

𝖪◦
𝐻∗ = 𝖪𝐻∗ . For our 𝐺, (5.3) then tells us that (1.2) is true when Λ therein is replaced by Λ[ 1

𝑀𝐺
].

Consequently, when all bad prime numbers for 𝐺 are invertible in Λ, we have Λ[ 1

𝑀𝐺
] = Λ and

Λ𝖤𝐺 = Λ𝖪𝐺∗ .
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