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Abstract 

Increased frequency of rainfall-induced landslides (RILs) with global climate change is 

expected to be a huge challenge. Previous studies have focused on RILs encompassing the 

examination of rotational failure mechanisms and straightforward slope geometries, notably 

those pertaining to planar or cutting slopes. However, instability issues of curvilinear hillslopes 

have received less attention, although they are of great significance for early warning landslides 

in more common natural slopes. This study presents a progressive failure mechanism for 

curvilinear hillslopes in which the local failure initiates at the steepest zone and gradually 

extends to upslope/downslope flat regions. By means of upper- and lower-bound analyses, 

approximate criteria for the onset of a translational landslide with respect to the critical wetting 

front depth and the failure positions are derived. Unlike traditional theories, upper- and lower-

bound analyses are unaffected by slope topology, self-weight of soil, and cohesion effects. By 

conducting a case study at the end of the study, the suggested criteria exhibit notable merits in 

their straightforward implementation for evaluating the stability of curvilinear natural slopes 

under varying precipitation patterns. 

 

Keywords: rainfall, progressive failure, shallow landslides, curvilinear slopes, limit analysis 
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Introduction 

 

Rainfall-induced landslides (RILs) cause huge economic losses and kill or injure untold 

numbers of people per year worldwide (Kjekstad & Highland 2009; Petley 2012). The 

frequency and severity of RILs have been significantly influenced by climate change through 

more intense heavy rainfalls (Gariano & Guzzetti 2016; Handwerger et al. 2019; Coe 2020). A 

striking example of this impact occurred in Tianshui, China, in 2013, where a substantial 

downpour triggered a total of 708 loess landslides, resulting in the loss of 24 lives and 2,386 

houses (Wang et al. 2022). Similarly, on April 19, 2017, Manizales, Colombia, experienced 38 

RILs, claiming 17 lives and affecting over 3,126 families (Correa et al. 2020). Nonetheless, 

prediction of RILs in terms of the landslide scale and triggering thresholds (e.g. rainfall 

intensity, and duration) remains a significant challenge in the field. 

Often, RILs occur in residual soils on natural hillslopes (Zhu & Anderson 1998; Rahardjo et 

al. 2005), where the slip surface develops in a shallow depth (Dai et al. 2003; Zhang et al. 

2011). In the past several decades, some hydro-mechanical models have been proposed to 

quantify RIL risks (Collins & Znidarcic 2004; Muntohar & Liao 2010; Conte & Troncone 

2012; Zhan et al. 2013; Ran et al. 2018). One of them is the one-dimensional infinite slope 

model (ISM), in which the slope stability is performed by limit equilibrium methods (LEM) 

coupled with the hydrological response under rainfall infiltration (Iverson 2000; Casadei et al. 

2003; Baum et al. 2008; Conte et al. 2022; Bianchi et al. 2022). However, ISM, which neglects 

the boundary effects, is only applicable to slopes with constant slope angle and the large length-

to-thickness ratio of a developing landslide, as indicated by Griffiths et al. (2011) and Milledge 

et al. (2012).  

Two- or three-dimensional approaches have also been developed (Burroughs 1985; Borga et  
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al. 2002; Gabet & Dunne 2002; Vo & Russell 2017; Tran et al. 2018). Many of them employed 

the LEM, with a rotational failure mechanism, while translational landslides have been widely 

reported for shallow RILs (Gutierrez-Martin 2020). Besides, simplifications and assumptions have 

to be made in these models as well, e.g. ignoring the soil cohesion and/or the self-weight, 

adopting a horizontal ground surface above and below the slide, and restricting the slip surface to 

the soil-bedrock interface (Milledge et al. 2014). Most importantly, the mechanism associated 

with the rainfall infiltration and critical wetting front for the onset of a RIL in nonlinear slopes has 

been absent in most previous studies, which is of great interest for the early warning of RILs 

combined with rainfall data. 

In the LEM, the stresses are assumed to be mobilised across the whole slip surface at the 

same instant, which can be the case for failure in planar or cutting slopes. However, for a RIL in 

curvilinear hillslopes, failure might be developed progressively from a local steep zone to flat 

regions (Lehmann & Or 2012) with upslope active failure and downslope passive failure (von 

Ruette et al. 2013; Cislaghi et al. 2019). In this case, the gentle upslope and downslope parts of a 

hillslope may help to stop the failure propagation, which has also been recognised in progressive 

submarine landslides (Puzrin et al. 2015; Puzrin 2016; Zhang et al. 2017, 2021). Nevertheless, the 

progressive failure mechanism during rainfall infiltration and its associated failure extensions for 

translational RILs are still open issues. 

To close the aforementioned knowledge gaps, this study focuses on failure scale and critical 

wetting front depth for the onset of RILs in curvilinear hillslopes by using limit analysis. A novel 

failure mechanism of RILs is proposed considering progressive failure from the initiation and 

nucleation of the slip surface to the active/passive failure of sliding mass above the slip surface. 

Both approximate upper- and lower-bound criteria are proposed for determining the onset of slope 

instability, critical wetting front depth, and failure geometric scale, which are unaffected by slope  
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topology, self-weight of soil, and cohesion effects. 

1. MECHANISM OF RAINFALL-INDUCED TRANSLATIONAL LANDSLIDE 

1.1. Rainfall infiltration and change in matric suction 

Soils on hillslopes are usually unsaturated and strengthened by inter-pore matric suction. 

With a long period of drainage and evaporation, the profiles of moisture content and matric 

suction with respect to different water tables can be illustrated in Fig. 1a (Healy & Cook 2002). 

The capillary fringe serves as a transition zone connecting the lower saturated aquifer and the 

upper unsaturated zone, within which the soils are saturated or “quasi-saturated” due to capillary 

tension (Silliman et al. 2002). With a deep water table (see the solid line in Fig. 1a), the moisture 

content may reduce to its residual state from the ground surface to a certain depth with the suction 

maintained constant at the maximum when there is no tension crack, below which suction quickly 

decreases. With a shallow water table (see the dashed line in Fig. 1a), however, the residual state 

of moisture content may not be reached, and thus the matric suction decreases continuously along 

the soil depth. During rainfalls, rainwater percolation increases the moisture content of the soils, 

thereby reducing the suction, which may lead to hillslope instability. Before an eventual failure, 

soils may have undergone multiple wetting and drying cycles in history, leading to variations in 

the suction profile (Yates & Russell 2022).  

Regardless of the water table depth, two different transient suction profiles may develop in 

homogeneous soils during rainfall infiltration: Type a (see green solid and dashed lines in Fig. 1b) 

is typically observed in fine-grained soils, where the suction is zero at the ground surface and 

gradually increases with soil depth, ultimately reaching its initial value at the wetting front (Lee et 

al. 2009); Type b with a distinct wetting front (see the red solid and dashed lines in Fig. 1b), 

where the soils behind the wetting front are saturated or nearly saturated, is common in coarse-

grained soils (Zhang et al. 2018). The latter type is focused in this study considering intense  
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rainfalls in coarse-grained soils. The principles of unsaturated soil mechanics above the wetting 

front, applicable to certain fine-grained soils, will not be discussed further.  

The assumption of a fully saturated zone behind the wetting front is anticipated to remain 

valid for at least two types of rainfall scenarios in coarse-grained soils: heavy rainfall events and 

continuous rainfalls during the rainy season. Ng et al. (2003) showed, through experimental tests, 

that daily rainfall of 60mm can induce a sudden suction change from 60 kPa to zero in a shallow 

depth. This suction change pattern has also been observed in field monitoring during rainy 

seasons, as reported by Jotisankasa and Mairaing (2010), where 20mm/day rainfall led to a loss of 

suction within a week. It's worth noting that the alteration in suction depends on both rainfall 

intensity and soil conditions, and in many instances, a gradual change may be observed (Yates 

and Russell, 2022). 

Herein, the depth of the wetting front is denoted as ℎ𝑤,and with a one-dimensional 

infiltration model, it can be determined based on Darcy’s law and mass conservation (Green & 

Ampt 1911; Mein & Larson 1973). Within a long rainfall duration, the wetting front is 

independent of the slope angle (Cerdà & García-Fayos 1997; Chen & Young 2006), which is valid 

for a variety of residual soils, including the sandy loam, loam, silt loam, sandy clay loam, and clay 

loam (Chu-Agor et al. 2008; Jana et al. 2012). 

Fig. 2 shows a schematic failure mechanism of RILs along the wetting front in a long 

curvilinear slope. Although the main findings are expected to not rely on the slope geometry, a set 

of exponential functions is used here for approximating the curvature of the hillslope and the 

slope-parallel wetting front (see Fig. 2). The wetting front can be expressed as 

𝑍 = {
−𝐻 [1 − exp (

𝑋

𝐻
tan 𝛽𝑐)]  𝑋 < 0

𝐻 [1 − exp (−
𝑋

𝐻
tan 𝛽𝑐)]  𝑋 ≥ 0

(1) 
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where 𝐻 is the half height of the slope, and 𝛽c the maximum slope angle is located at the slope 

centre (see Fig. 2). The origin of the 𝑋 − 𝑍 coordinate system is set at the wetting front centre, 

and the ground surface can then be expressed as 𝑍𝐺𝑆 = 𝑍 + ℎ𝑤. By adjusting the values of 𝐻 and 

𝛽c, the exponential function can generally fit most actual curvilinear hillslopes (Puzrin et al. 2015; 

Zhang et al. 2017). 

1.2. Failure mechanism of RILs 

A curvilinear hillslope can be divided into a set of small planar slope segments of the same 

length and different orientations. Prior to rainfall infiltration, matric suction aids in stabilizing the 

slope, and the safety factor for each slope segment can be calculated based on Coulomb’s criterion 

(Fredlund & Rahardjo 1993) 

𝐹𝑠 =
tan 𝜑′

tan 𝛽
+

𝑐′

𝛾ℎ cos 𝛽 sin 𝛽
+

(𝜇𝑎 − 𝜇𝑤) tan 𝜑𝑏

𝛾ℎ cos 𝛽 sin 𝛽
(2) 

where 𝛽 is the slope angle; 𝑐′ the effective cohesion; 𝜑′ the effective friction angle; 𝛾 the natural 

unit weight of the soil; ℎ the depth of this point below the ground surface; 𝜇𝑎 the pore-air 

pressure, 𝜇𝑤 the pore-water pressure, 𝜇𝑎 − 𝜇𝑤 the matric suction; and tan 𝜑𝑏 the change in shear 

strength per unit matric suction. During rainfalls, the matric suction in Eq. (2) disappears within 

the saturated soils above the wetting front, and hence the wetting front serves as the slip surface. 

The safety factor for each segment can be formulated as 

𝐹𝑠 =
tan 𝜑′

tan 𝛽
+

𝑐′

𝛾𝑠𝑎𝑡ℎ𝑤 cos 𝛽 sin 𝛽
(3) 

where the 𝛾𝑠𝑎𝑡 is the saturated unit weight of the soil.  

A shallow translational failure mechanism is proposed for RILs as shown in the schematic 

Fig. 2, and its failure process is described as follows. 

I. The local failure is initiated at the steepest point of a slope. 
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II. With the continuing advancement of the wetting front, the failure is extended uphill 

and downhill progressively. Once the critical wetting front depth is reached, active 

failure occurs in the upslope area and results in tensile cracks at the ground surface. 

III. The downslope passive failure may follow, at the same wetting front, immediately 

after the active failure, or later at a deeper wetting front. 

2. LIMIT ANALYSIS SOLUTIONS 

2.1. Assumptions and approximations 

The main assumptions and approximations made for the limit analysis of RILs are outlined 

as follows. 

I. The slope surface is symmetric with respect to the centre. 

II. The slip surface is in alignment with the wetting front, which is parallel to the slope 

surface and higher than the groundwater table. 

III. The infiltration behind the wetting front is a quasi-static process such that the net drag 

force applied on the soil skeleton essentially equals the gravitational force of inter-

pore water. 

IV. For the upper-bound analysis, the upslope active and downslope passive failure points 

have the same distance to the slope centre. This assumption is not adopted for the 

lower-bound analysis where the at-rest earth pressure influences the active/passive 

failure positions. 

V. The soils satisfy Coulomb’s failure criterion with an associated flow rule. 

2.2. Approximate upper-bound analysis 

The critical wetting front for RILs is of practical interest, as it is associated with the 

precipitation of a particular rainfall event and also provides the locus of the slip surface. To 

optimise the wetting front depth, a kinematically admissible failure mechanism is postulated, as  
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shown in Fig. 3a, based on the upper-bound theorem. The failing slope can be divided into three 

parts, including a middle translational part BDEF, and two rotational parts ABD and EFG in 

upslope and downslope areas, respectively. The two rotational parts are assumed rigid and can 

geometrically be combined into a single log-spiral part ABGD, as shown in Fig. 3b. The 

kinematically admissible condition at boundaries of the three parts is guaranteed by assuming that 

points D and E are symmetric with respect to the centre, and the log-spirals AD and EG are 

tangent to the wetting front. The middle part is divided into a series of blocks with boundaries 

parallel to the chord 𝑟0. The velocity and slope angle of each block can be represented by those on 

the intersection point between its right side and the basal slip surface, which becomes true when 

the length of the block is infinitely small. Velocities of the blocks are illustrated in the hodograph 

in Fig. 3c, where 𝑉0, 𝑉1, and 𝑉𝑘 represent the velocities of blocks along the basal failure surface; 

𝑉1,0, 𝑉2,1, and 𝑉𝑘,𝑘−1 denote the relative velocities at the interface of two neighbouring blocks (see 

Fig. 3a). Especially, 𝑉0, the velocity of the first block at point D, is  𝑉0 = 𝜔̇𝑟0 (𝜔̇ is the angular 

velocity of the rotational parts), to make it compatible with the rotational parts. Therefore, the 

velocity 𝑉𝑘 of a block and the interfacial velocity 𝑉𝑘,𝑘−1 can be calculated, according to 

trigonometric relations, as 

𝑉𝑘 =
𝑉0 cos 𝜑′

cos(𝛽𝑘 − 𝛽0 + 𝜑′)
, 𝑉𝑘,𝑘−1 = 𝑉𝑘

sin(𝛽𝑘 − 𝛽𝑘−1)

cos(𝛽𝑘−1 − 𝛽0 + 𝜑′)
(4) 

where 𝛽0 is the slope angle of the first block at point D, 𝛽𝑘−1 and 𝛽𝑘 the slope angles of blocks k-

1 and k, respectively. The velocity vectors at key points are illustrated by arrows in Fig 3, which 

are inclined at an angle of 𝜑′ with respect to the velocity discontinuities, as the dilation angle is 

the same as the friction angle with an associated flow rule. 

The log-spiral failure surface is expressed in a polar coordinate system with the origin at the 

rotation centre as 
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𝑟 = 𝑟0exp[(𝜃 − 𝜃0) tan 𝜑′] (5) 

where 𝑟 and 𝜃 are the polar coordinates; and 𝑟0 and 𝜃0 are the polar coordinates at point D. 

According to Chen (1975) and Osman (2019), the exponent tan 𝜑′ can be derived from 

variational calculus and is valid for a Coulomb material with an associated flow rule. Assuming 

that the Cartesian coordinates of point D are (𝑋0, 𝑍0), coordinates at point E are then (−𝑋0, −𝑍0). 

From Eq. (1), 𝑋0 and 𝛽0 can be calculated based on 𝑍0. From the geometric relationship shown in 

Fig. 3a, the value of 𝜃0 is calculated as 𝜃0 = 𝜋 2 − 𝛽0 + 𝜑′⁄ . Parameters controlling the assumed 

mechanism can be completely specified provided 𝑍0, 𝑟0, and ℎ𝑤 are known, as indicated in Fig. 

3a and listed in Table 1. Therefore, the critical wetting front depth ℎ𝑤 can be optimised based on 

the two variables 𝑟0 and 𝑍0, as will be detailed later. 

There are three types of energy involved in the proposed mechanism: gravitational potential 

energy, kinetic energy and friction dissipation. According to the first law of thermodynamics, the 

change in potential energy equals the energy dissipation, assuming the kinetic energy remains the 

same and minimal at the onset of failure, which is 

𝑊̇ = 𝐷̇ → 𝑊̅̇ = 𝐷̅̇ (6) 

where 𝑊̇ is the rate of work done by gravity (or change in potential energy) and 𝐷̇ the energy 

dissipation rate, and 𝑊̅̇ and 𝐷̅̇ are the normalised 𝑊̇ and 𝐷̇ by 𝜔̇𝛾𝐻3, respectively. With Eq. (4), 

the rate of work done by gravity (per unit width) in the middle part 𝑊̇mid can be formulated as 

𝑊̇mid = lim
𝑛→∞

∑ 𝛾𝑉𝑘 sin(𝛽𝑘 − 𝜑′)𝐴𝑘

𝑛

𝑘=1
= 2𝜔̇𝑟0𝛾ℎ𝑤 cos 𝜑′ ∫

sin(𝛽 − 𝜑′)

cos(𝛽 − 𝛽0 + 𝜑′)
𝑑𝑋

𝑋0

0

→ 𝑊̅̇mid =
𝑊̇mid

𝜔̇𝛾𝐻3
=

ℎ𝑤

𝐻
𝑓𝛾

mid

(7) 

where 𝐴𝑘 is the area of the block; 𝑊̅̇mid is the normalised 𝑊̇mid; and the parameter 𝑓𝛾
mid is 

provided in Table 1. To calculate the rate of work done by gravity in the rotational parts (𝑊̇rot),  
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we assume a virtual soil block above the slope as shown by the shaded area in Fig. 3a. The rate of 

work can then be obtained by subtracting the work rate done by the virtual mass (𝑊̇𝑂𝐴𝐵𝑀𝐺) from 

that done by the total mass (𝑊̇𝑂𝐴𝐷𝐺) as shown in Fig. 3b, that is 

𝑊̇rot = 𝑊̇𝑂𝐴𝐷𝐺 − 𝑊̇𝑂𝐴𝐵𝑀𝐺 (8) 

The value of 𝑊̇𝑂𝐴𝐷𝐺 is given by (Chen 1975) 

𝑊̇𝑂𝐴𝐷𝐺 =
1

3
𝜔̇𝑟0

3𝛾 ∫ 𝑒3(𝜃−𝜃0) tan 𝜑′
cos 𝜃𝑑𝜃

𝜃𝐺

𝜃𝐴

→ 𝑊̅̇𝑂𝐴𝐷𝐺 =
𝑊̇𝑂𝐴𝐷𝐺

𝜔̇𝛾𝐻3
= 𝑓𝛾

rot1 (9) 

where respective 𝜃𝐴 and 𝜃𝐺  are the rotation angles of points A and G, as shown in Figs. 3a and 3b; 

parameter 𝑓𝛾
rot1 is provided in Table 1. The rate of work by the gravity of the virtual mass, 

𝑊̇𝑂𝐴𝐵𝑀𝐺, is given by 

𝑊̇𝑂𝐴𝐵𝑀𝐺 = 𝛾𝜔̇ [∫ (𝑋 − 𝑋𝑂1
)(𝑍𝐴𝑂1

− 𝑍𝐺𝑆)𝑑𝑋
𝑋𝐴

𝑋𝑂1

+ ∫ (𝑋 − 𝑋𝑂2
)(𝑍𝐺𝑂2

− 𝑍𝐺𝑆)𝑑𝑋
𝑋𝑂2

𝑋𝐺

]

→ 𝑊̅̇𝑂𝐴𝐵𝑀𝐺 =
𝑊̇𝑂𝐴𝐵𝑀𝐺

𝜔̇𝛾𝐻3
= 𝑓𝛾

rot2 +
ℎ𝑤

𝐻
𝑓𝛾

rot3

(10) 

where 𝑋𝐴, 𝑋𝐺, 𝑋𝑂1
, 𝑋𝑂2

 are the 𝑋 coordinates at points A, G, O1, and O2, respectively, 𝑍𝐴𝑂1
 and 

𝑍𝐺𝑂2
 are functions of X describing lines AO1 and GO2, respectively (refer to the supplementary 

materials for more details). Parameters 𝑓𝛾
rot2 and 𝑓𝛾

rot3 are the functions of 𝑍0 and 𝑟0, and listed in 

Table 1. Therefore, combining Eqs. (7)–(10), the normalised rate of work done by gravity is 

𝑊̅̇ = 𝑊̅̇mid + 𝑊̅̇rot = 𝑓𝛾
rot1 − 𝑓𝛾

rot2 +
ℎ𝑤

𝐻
(𝑓𝛾

mid − 𝑓𝛾
rot3) (11) 

The energy dissipation of the system occurs along the basal slip surface as well as the 

interfaces between the blocks in the middle translational part. The dissipation rate along the 

rotational log-spiral slip surface 𝐷̇rot is 
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𝐷̇rot = ∫ 𝑐′(𝜔̇𝑟 cos 𝜑′)
𝑟𝑑𝜃

cos 𝜑′

𝜃𝐺

𝜃𝐴
=

𝑐′𝜔̇𝑟0
2

2 tan 𝜑′ [𝑒2(𝜃𝐺−𝜃0) tan 𝜑′
− 𝑒2(𝜃𝐴−𝜃0) tan 𝜑′

]

→ 𝐷̅̇rot =
𝐷̇rot

𝜔̇𝛾𝐻3
= 𝑓𝑐′

rot
(12)

with parameter 𝑓𝑐′
rot provided in Table 1. Combined with Eq. (4), the dissipation rate along the 

middle segment of the slip surface 𝐷̇mid1 is given by 

𝐷̇mid1 = lim
𝑛→∞

∑ 𝑐′𝑉𝑘 cos 𝜑′𝑆𝑘

𝑛

𝑘=1
= 2𝜔̇𝑟0𝑐′ cos2 𝜑′ ∫

√1 + 𝑍′2

cos(𝛽 − 𝛽0 + 𝜑′)
𝑑𝑋

𝑋0

0

→ 𝐷̅̇mid1 =
𝐷̇mid1

𝜔̇𝛾𝐻3
= 𝑓𝑐′

mid1

(13) 

where 𝑆𝑘 is the length of the basal slip surface of the block; 𝑍′ = tan 𝛽 the slope gradient; and 

parameter 𝑓𝑐′
mid1 is provided in Table 1. The dissipation rate 𝐷̇mid2 within the middle blocks can 

be calculated by (see details in the supplementary materials) 

𝐷̇mid2 = lim
𝑛→∞

∑ 𝑐′𝑉𝑘,𝑘−1 cos 𝜑′𝑙𝑘

𝑛

𝑘=1
= 2𝜔̇𝑟0𝑐′ cos 𝜑′ ℎ𝑤 cos(𝛽0 − 𝜑′)

sin(𝛽𝑐 − 𝛽0)

cos(𝛽𝑐 − 𝛽0 + 𝜑′)

→ 𝐷̅̇mid2 =
𝐷̇mid2

𝜔̇𝛾𝐻3
=

ℎ𝑤

𝐻
𝑓𝑐′

mid2

(14) 

where 𝑙𝑘 is the length of the interface between the blocks, which is assumed constant among 

blocks and approximately expressed as 𝑙𝑘 = ℎ𝑤 cos(𝛽0 − 𝜑′); parameter 𝑓𝑐′
mid2 is provided in 

Table 1. The normalised rate of energy dissipation is therefore (from Eqs. (12)–(14)) 

𝐷̅̇ = 𝐷̅̇rot + 𝐷̅̇mid1 + 𝐷̅̇mid2 = 𝑓𝑐′
rot + 𝑓𝑐′

mid1 +
ℎ𝑤

𝐻
𝑓𝑐′

mid2 (15) 

Combing Eqs. (6), (11), and (15), the critical wetting front depth ℎ𝑤 can be finally 

formulated as 

ℎ𝑤

𝐻
=

𝑓𝑐′
rot + 𝑓𝑐′

mid1 + 𝑓𝛾
rot2 − 𝑓𝛾

rot1

𝑓𝛾
mid − 𝑓𝛾

rot3 − 𝑓𝑐′
mid2

(16) 

As listed in Table 1, all parameters in Eq. (16) involved can be fully determined according to 

the three independent variables ℎ𝑤, 𝑍0, and 𝑟0. Therefore, a minimum ℎ𝑤 in Eq. (16) can be  
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optimised with 𝑍0 and 𝑟0. The flowchart for the application of the approximate upper-bound 

solution is shown in Fig. 4. The critical wetting front and relevant geometry parameters of the slip 

surface are optimised using the Optimisation Toolbox in MATLAB in the study. 

2.3. Approximate lower-bound analysis 

As shown in Fig. 5, a local coordinate system x-z is introduced for the lower-bound analysis, 

with x and z axes parallel and perpendicular to the slope, respectively. The origin of the coordinate 

system is put at the slope surface.  

It is not feasible to obtain the complete stress state in a curved slope through analytical 

means. The effective normal stress 𝜎𝑧
′ and shear stress 𝜏𝑧𝑥 acting on a point behind the wetting 

front are estimated based on infinite slope conditions, which are expressed by (Puzrin et al. 2015; 

Zhang et al. 2017) 

𝜎𝑧
′ = 𝛾𝑠𝑎𝑡ℎ cos2 𝛽

𝜏𝑧𝑥 = 𝜏𝑥𝑧 = 𝛾𝑠𝑎𝑡ℎ cos 𝛽 sin 𝛽
(17) 

The effective stress equals the total stress during the advancement of the wetting front, as the 

water pressure is assumed to be zero (or equal to atmospheric pressure). This result can be equally 

obtained by assuming that the inter-pore water is fully supported by the soil skeleton during a 

quasi-static infiltration process. While adequate for a lengthy natural slope featuring a gradual 

change in curvature, the simplification of the stress state suggests that the solution presented here 

is an approximate lower bound solution. From Eq. (17), the shear stress 𝜏𝑧𝑥 can be reformulated 

as 𝜏𝑧𝑥 = 𝜎𝑧
′ tan 𝛽 and is limited to Coulomb’s failure criterion. Once the shear stress in Eq. (17) 

exceeds the shear resistance, the slip surface initiates. The slip surface grows with the 

advancement of the wetting front and, with certain growth, active and passive failures occur at 

upslope and downslope areas, respectively. Fig. 6a illustrates the stress states in Mohr’s circles for 

active and passive failures behind the wetting front at a point where the slope angle is not greater  
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than the internal friction angle (𝛽 ≤ 𝜑′). With Coulomb’s failure criterion, the following stress 

states at the onset of failure need to be satisfied (see the geometric relationship in Mohr’s circles 

in Fig. 6a) 

(𝜎𝑚
′ − 𝜎𝑧

′)2 + 𝜏𝑧𝑥
2 = (𝑐′ cot 𝜑′ + 𝜎𝑚

′ )2 sin2 𝜑′ (18) 

where 𝜎𝑚
′  is the mean stress. Substituting 𝜏𝑧𝑥 = 𝜎𝑧

′ tan 𝛽 into Eq. (18), the mean stress 𝜎𝑚
′  is 

obtained as 

𝜎𝑚
′ =

(𝜎𝑧
′ +

𝑐′sin 2𝜑′

2 ) ± √(𝜎𝑧
′ +

𝑐′sin 2𝜑′

2 )
2

− cos2 𝜑′[𝜎𝑧
′2(1 + tan2 𝛽) − 𝑐′2 cos2 𝜑′]

cos2 𝜑′
(19)

 

where negative and positive signs are for the active and passive cases, respectively, as illustrated 

in Fig. 6a. The slope-parallel failure stresses at active (𝜎𝑥
′𝑓+) and passive (𝜎𝑥

′𝑓−) failure states can 

be calculated by 2𝜎𝑚
′ − 𝜎𝑧

′, and they are 

𝜎𝑥
′𝑓+ =

(2 − cos2 𝜑′)𝜎𝑧
′ + 𝑐′sin 2𝜑′ − 2√(𝜎𝑧

′ +
𝑐′sin 2𝜑′

2 )
2

− cos2 𝜑′[𝜎𝑧
′2(1 + tan2 𝛽) − 𝑐′2 cos2 𝜑′]

cos2 𝜑′

𝜎𝑥
′𝑓− =

(2 − cos2 𝜑′)𝜎𝑧
′ + 𝑐′sin 2𝜑′ + 2√(𝜎𝑧

′ +
𝑐′sin 2𝜑′

2 )
2

− cos2 𝜑′[𝜎𝑧
′2(1 + tan2 𝛽) − 𝑐′2 cos2 𝜑′]

cos2 𝜑′

(20) 

While at the point where the slope angle is greater than the internal friction angle (𝛽 > 𝜑′), 

its active and passive failure states can be illustrated by Fig. 6b. Before the stress state on the red 

line increases to the value at the point R (intersection of the red line and linear envelope), the 

slope-parallel failure stresses at active and passive failure states can be calculated with Eq. (20). 

However, when the stress state on the red line exceeds the value at the point R following the 

advancement of the wetting front, the at-rest shear stress is limited to Coulomb’s criterion. 

Accordingly, the lope-parallel earth pressure can be calculated as 

𝜎𝑥
′ = 𝜎𝑥

′𝑓
=

(2 − cos2 𝜑′)𝜎𝑧
′ + 𝑐′sin 2𝜑′

cos2 𝜑′
(21) 
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The slope-parallel force at the active failure state 𝑃𝑎 in the upslope region can be obtained by 

integrating the slope-parallel stress from the surface to the wetting front along the z direction, that 

is 

𝑃𝑎 = ∫ 𝜎𝑥
′𝑓+𝑑𝑧

ℎ𝑤 cos 𝛽

0

(22) 

Similarly, the slope parallel force at the passive failure state 𝑃𝑝 in the downslope can be 

expressed by 

𝑃𝑝 = ∫ 𝜎𝑥
′𝑓−𝑑𝑧

ℎ𝑤 cos 𝛽

0

(23) 

At the slope centre, the slope-parallel force remains the same as the at-rest value (see Fig. 5) 

which can be expressed as 

𝑃𝑔 =
1

2
𝐾0𝛾𝑠𝑎𝑡ℎ𝑤

2 cos2 𝛽 (24) 

where 𝐾0 is the at-rest earth pressure coefficient. According to Newton’s second law, the slope-

parallel force at a position along the slope can be given by 

𝑃 =
1

2
𝐾0𝛾𝑠𝑎𝑡ℎ𝑤

2 cos2 𝛽𝑐 + ∫ (𝜏𝑠 − 𝜏𝑔)√1 + 𝑍′2𝑑𝑋
𝑋𝛽

0

(25) 

where 𝜏𝑔 = 𝛾𝑠𝑎𝑡ℎ𝑤 cos 𝛽 sin 𝛽 is the gravity shear stress along the wetting front, 𝜏𝑠 =

𝛾𝑠𝑎𝑡ℎ𝑤 cos2 𝛽 tan 𝜑′ + 𝑐′ the shear resistance, and 𝑋𝛽 the position where the slope angle is at a 

value of 𝛽. As the shear stress exceeds the shear resistance in the unstable zone, as shown in Fig. 

5, the slope-parallel force 𝑃 reduces in upslope regions (𝑋 ≥ 0) and can reach a minimum value at 

a certain position. At any fixed position in upslope regions, once the slope-parallel force (Eq. 

(25)) reaches the active earth pressure, active failure occurs. The criterion for the initiation of 

active failure is 
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𝑃 ≤ 𝑃𝑎 →
1

2
𝐾0𝛾𝑠𝑎𝑡ℎ𝑤

2 cos2 𝛽𝑐 + ∫ (𝜏𝑠 − 𝜏𝑔)√1 + 𝑍′2𝑑𝑋
𝑋𝛽

0

≤ ∫ 𝜎𝑥
′𝑓+𝑑𝑍

ℎ𝑤 cos 𝛽

0

(26) 

Similarly, in the downslope part (𝑋 ≤ 0) the criterion for passive failure is given by 

𝑃 ≥ 𝑃𝑝 →
1

2
𝐾0𝛾𝑠𝑎𝑡ℎ𝑤

2 cos2 𝛽𝑐 + ∫ (𝜏𝑠 − 𝜏𝑔)√1 + 𝑍′2𝑑𝑋
𝑋𝛽

0

≥ ∫ 𝜎𝑥
′𝑓−𝑑𝑍

ℎ𝑤 cos 𝛽

0

(27) 

For cohesionless soils with 𝑐′ = 0, the failure stresses 𝜎𝑥
′𝑓+ and 𝜎𝑥

′𝑓− , respectively, can be 

simplified as 

𝜎𝑥
′𝑓+ = 𝛾𝑠𝑎𝑡ℎ cos2 𝛽

(2 − cos2 𝜑′) − 2√1 − cos2 𝜑′(1 + tan2 𝛽)

cos2 𝜑′

𝜎𝑥
′𝑓− = 𝛾𝑠𝑎𝑡ℎ cos2 𝛽

(2 − cos2 𝜑′) + 2√1 − cos2 𝜑′(1 + tan2 𝛽)

cos2 𝜑′

(28) 

at a point where the slope angle satisfies 𝛽 ≤ 𝜑′, and 

𝜎𝑥
′ = 𝜎𝑥

′𝑓
= 𝛾𝑠𝑎𝑡ℎ cos2 𝛽

(2 − cos2 𝜑′)

cos2 𝜑′
(29) 

at a point where the slope angle satisfies 𝛽 > 𝜑′. The criteria for the active and passive failures in 

cohesionless soils can be obtained by the substitution of Eqs. (28) or (29) into Eqs. (26) and (27). 

Notably, after the onset of the active failure, cracks develop and the unbalanced force of the 

failing upslope part is transferred to the downslope region. The increased slope parallel force 

might exceed the maximum, and hence the passive failure is initiated. While the downward part 

may sustain the failing part through active failure upslope, passive failure may still occur with the 

continued advancement of the wetting front, as illustrated by Fig. 2. The detailed procedure for 

determining the critical wetting front depths and active/passive failure locations with the lower-

bound analysis is illustrated in Fig. 4. 

3. RESULTS AND DISCUSSIONS 

The proposed upper-bound limit analysis (UBLA) and lower-bound limit analysis (LBLA)  
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solutions are compared against the numerical results from the commercial software OptumG2 

based on the finite element limit analysis method (Krabbenhoft, 2019). In addition, solutions from 

the ISM (Rahardjo et al. 1995), and the simplified planar slope models (SPSM) (Huang et al. 

2022) are compared and discussed. Both the saturated and unsaturated soil mechanics are 

considered in the numerical analysis. Therefore, for the base case, the unit weight and matric 

suction of saturated soils behind the wetting front are 𝛾𝑠𝑎𝑡 = 20 kN/m3 and 𝜇𝑎 − 𝜇𝑤 = 0 kPa, 

respectively, while those ahead of the wetting front are 𝛾 = 18 kN/m3 and 𝜇𝑎 − 𝜇𝑤 = 50 kPa, 

respectively. The at-rest earth pressure coefficient is simply 𝐾0 = 1 − sin 𝜑′ as suggested by 

Jacky (1944), and the friction angle related to matric suction is 𝜑𝑏 = 18°. The cohesion and 

friction angle of the soils are 𝑐′ = 10 kPa and 𝜑′ = 25°, respectively. Three cases with different 

slope geometries (described by Eq. (1)) are analysed, and the geometry parameters are listed in 

Table 2. 

Fig. 7 shows the numerical results for Case 2 with the OptumG2 Finite element UBLA, 

where Fig. 7a represents the initial state before rainfall with an initial factor of safety (FOS) of 

1.127 and Fig. 7b denotes the critical state after certain advancement of wetting front with FOS 

being unity. A deep and rotational failure mechanism is recognised at the initial state, while with 

the advancement of the wetting front, a shallow and translational failure mechanism becomes 

apparent. The latter echoes the mechanism proposed in the study as shown in Fig. 3a. The depths 

of the critical wetting front for all three cases are listed in Table 2. Good agreement can be found 

between the results of the proposed UBLA and the finite element UBLA, with the biggest 

difference being only 0.06 m in Case 3. As expected, the LBLA provides lower predictions of 

critical wetting front depth than the UBLAs. Also, the critical depths obtained from the LBLA 

proposed in the study are (up to 21.98%) smaller than those obtained in the finite element LBLA  
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analysis, indicating more conservative estimations. 

A comparison of the landslide scale between the proposed method and finite element limit 

analysis is also conducted, with results shown in Table 2. In the study, the landslide scale is 

measured as the horizontal distance between the two failure limits at the slope surface, say points 

A and G, as shown in Fig. 3a, which is denoted as L. For UBLA, it can be calculated directly 

based on the obtained geometry parameters listed in Table 1. For LBLA, slip surfaces developed 

in the sliding layer are inclined at an angle of 𝜋 4⁄ + 𝜑′ 2⁄  and 𝜋 4⁄ − 𝜑′ 2⁄  with respect to the 

slope-parallel direction for passive and active failure states, respectively. Similar to the critical 

wetting front depth, the landslide scale obtained from the proposed UBLA is close to that from the 

finite element UBLA, while a smaller landslide is predicted with the proposed LBLA compared to 

the finite element LBLA. 

To intuitively compare with the numerical results, the obtained failure extensions for Case 2 

by the proposed LBLA and UBLA are also presented and compared in Fig. 7b. The proposed 

UBLA gives a less extended failure in the upslope region while more extended in the downslope 

region, compared with the finite element UBLA results. This may be due to the assumption of 

symmetric failure limits to the slope centre made in the proposed UBLA method. The LBLA 

solutions depend on the initial slope-parallel force 𝑃𝑔 and hence the at-rest earth pressure 

coefficient (see Eq. (24)). Strictly speaking, for the saturated zone behind the wetting front, the 

slope-parallel force induced by the two phases (i.e. water and soil) should be calculated 

separately, with the earth pressure coefficient applied on the soil phase only. For simplicity, a total 

stress analysis method was adopted to consider the slope-parallel force, which is conservative 

compared with the two-phase calculation mentioned above. 

The ISM method is widely used in practice considering an infinitely long planar slope, and 

the upper-bound solution based SPSM method, proposed by Huang et al. (2022), is well applied to  
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a cut slope. Their applicability and accuracy in long curvilinear slopes are tested by a comparison 

with the proposed UBLA method. In order to make a comparison between the methods, a 

curvilinear slope is simplified as a planar slope, as shown in Fig. 8a. Three different slope angles 

are selected to reflect the original slope geometry, including the smallest slope angle 𝛽min, the 

largest slope angle 𝛽max (slope centre angle), and the middle slope angle 𝛽mid averaged between 

𝛽max and 𝛽min. The smallest slope angle is determined as the inclination of the slope segment 

from the slope centre to the failure limit (point A, as shown in Fig. 3a). 

The results are compared in Fig. 8b. It can be seen that except for the selected minimum 

slope angle in Cases 1 and 2 (compared with the proposed LBLA), the ISM produces the lowest 

estimation of the critical wetting front depth for all cases. The SPSM provides higher estimates of 

critical wetting front depth than the ISM. The results predicted by SPSM are smaller than those by 

the proposed UBLA if the maximum and middle slope angles are used. However, the SPSM gives 

a larger critical wetting front depth than the proposed UBLA if the smallest slope angle is used. 

This indicates that the selection of a representative slope angle in curvilinear hillslopes is 

important for an accurate slope stability analysis. Note that, in addition to predicting the critical 

wetting front depth, the proposed method in the study is also able to estimate the failure scale of 

curvilinear slopes, which is not easily achieved using the traditional ISM. 

In order to investigate the influence of soil properties (𝑐′ and 𝐾0) and slope geometry (𝛽c) on 

the critical wetting front depth and slide length (i.e. failure extension), a parametric study was 

conducted using the proposed methods. Reference parameters were adopted as: 𝛾𝑠𝑎𝑡 = 20 kN/

m3, 𝐻 = 50 m, and 𝜑′ = 25°. 

Fig. 9a illustrates the impact of cohesion on both the critical wetting front depth and slide 

length. The results indicate that as the cohesion of the soil increases, both the wetting front depth  
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and slide length also increase. The LBLA method provides more conservative predictions 

compared to the proposed UBLA method. However, as the cohesion approaches zero, the 

differences between the results obtained from the proposed LBLA and UBLA become negligible. 

Fig. 9b presents the influence of the at-rest earth pressure coefficient (𝐾0) on the critical wetting 

front depth and failure scale. When using the LBLA method, an increase in 𝐾0 results in a small 

increase in slide length, and leads to a slight reduction in the critical wetting front depth. 

Conversely, the UBLA method yields constant values for both the critical wetting front depth and 

slide length, regardless of variations in 𝐾0. 

As depicted in Fig. 9c, a decrease in the central slope angle leads to a rapid increase in the 

critical wetting front depth. A slope failure triggered solely by rainfall becomes unlikely when the 

angle is lower than 36°, as the critical wetting front exceeds the reach even during intense rainfall 

events. The slide length obtained from the UBLA method increases with decreasing 𝛽c, while it 

slightly decreases using the proposed LBLA method when 𝛽c is lower than 45°. 

4. WORKED EXAMPLE 

The proposed method is illustrated in this section, with an application in stability analysis of 

slopes during or after rainfalls in Peninsula, Malaysia. The soil properties were determined based 

on Lee et al. (2009) and listed in Table 3, where the at-rest earth pressure ratio 𝐾0 is simply 

estimated as 1 − sin 𝜑′ = 0.469. According to RILs record in Genting Highlands resort area (see 

study area in Fig. 10a), the slope angle for RILs is usually between 35° to 45° (Tan & Ting 2008). 

Therefore, different hillslopes with constant 𝐻 = 300 m and varied 𝛽c were analysed using the 

proposed method. The matric suction profiles under different rainfall intensities and duration 

based on a ten-year return period are shown Fig. 10b, which was obtained by the Seep/W, and one 

can refer to Lee et al. (2009) for more details. 
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A distinct wetting front can be observed in Fig. 10b, where the matric suction quickly 

changes from a very low value (close to zero) to a maximum value (initial matric suction before 

rainfalls). It is conservative to assume that the matric suction behind the wetting front all 

disappears. Therefore, the saturated unit weight was used for the soil behind the wetting front, 

which is 19.13 kN/m3. Fig. 10c shows the critical wetting front against different slope angles at 

the slope centre. 

The critical wetting front depth increases as the centre slope angle decreases in both UBLA 

and LBLA analyses. For a maximum slope angle of 46°, a 5-day or longer rainfall event can 

trigger a landslide, while for a maximum slope angle of 40°, only a 30-day rainfall event can 

trigger a failure. A slope failure is unlikely to happen for all considered rainfall events when the 

centre slope angle is below 38°. The wetting front reaches infinitely deep when the centre slope 

angle approaches 36°, which means no failure occurs at this angle as it is close to the friction 

angle of soils. 

5. CONCLUSIONS 

This study proposes a progressive failure mechanism of rainfall-induced shallow 

translational landslides in curvilinear hillslopes and criteria for critical wetting front and failure 

extension accordingly. The failure is considered to be initiated at the steepest region with its 

progressive growth into the upslope and downslope flat regions with rainfall infiltration. The 

approximate criteria for critical wetting front depth and failure extension were made based on the 

upper- and lower-bound limit analyses. The main conclusions are as follows. 

(a) During rainfall infiltration, with the increase of moisture content, the matric suction in 

the soil decreases while the unit weight of the soil increases. Both changes contribute to 

the instability of a slope with the growth of an unstable zone and reduction in the soil 

mantle resistance. The slip surface develops gradually along the moving wetting front  
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until active/passive failures are achieved in the sliding layer above the slip surface.  

(b) In the approximate lower-bound analysis considering force equilibrium, the active failure 

may occur first with the development of cracks. Passive failure occurs later with the release of 

failed soils. This is consistent with field observations, that is, under a rainfall event, a slope may 

only undergo active failure with the formation of upslope tensile cracks instead of global failure, 

which, however, can evolve into passive failure with continuing rainfalls and a deeper wetting 

front. 

(c) In comparison with the finite element limit analysis, the proposed UBLA agrees well with 

it in critical wetting front depth, while the proposed UBLA gives a more conservative estimation; 

the failure extension would be slightly underestimated in the upslope region and be overestimated 

in the downslope region by the proposed UBLA, and the proposed LBLA provides a smaller 

failure region. 

(d) The proposed method is applicable to a wide range of natural slopes, which considers the 

boundary effects of the curvilinear slope geometry that is absent in ISM and avoids the 

uncertainty of slope angle selection in SPSM. The wetting front depth and failure scale exhibit a 

positive correlation with soil cohesion. Furthermore, the LBLA findings indicate that an elevated 

at-rest earth pressure coefficient increases the failure scale and decreases the critical wetting front 

of a RIL, slightly. 
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Notations 

 

𝐻 half the height of the slope 

𝛽, 𝛽𝑐 slope angle and maximum slope angle at the slope centre, respectively 

𝑍𝐺𝑆 expression of the ground surface in the global coordinate system 

𝑍′ slope gradient expressed as 𝑍′ = tan 𝛽 

ℎ𝑤, ℎ depths of the wetting front and of an arbitrary point below the ground surface, 

respectively 

𝑐′, 𝜑′ effective cohesion and friction angle of the soil, respectively 

𝛾, 𝛾𝑠𝑎𝑡 natural and saturated unit weights of the soil, respectively 

𝜇𝑎, 𝜇𝑤 pore-air and pore-water pressures, respectively 

tan 𝜑𝑏 change in shear strength per unit matric suction 

𝑟, 𝜃 polar coordinates 

𝑟0, 𝜃0, 𝑟𝐴, 𝜃𝐴, 𝑟𝐺, 𝜃𝐺  characteristic polar coordinates at key points 

𝑍0, 𝑋0, 𝑋𝐴, 𝑋𝐺, 𝑋𝑂1
, 𝑋𝑂2

 characteristic Cartesian coordinates at key points 

𝑍𝐴𝑂1
, 𝑍𝐺𝑂2

 expressions of lines AO1 and GO2 in Fig. 3a, respectively. 

𝛩, 𝛩𝑟, 𝛩𝑠 volumetric water content of the soil with the subscripts ‘r’ and ‘s’ denoting 

saturated and residual situations, respectively. 

𝑆𝑟 residual matric suction in the soil corresponds to 𝛩𝑟 

𝑊̇, 𝐷̇ rate of work done by gravity and energy dissipation rate, respectively 

𝑊̅̇, 𝐷̅̇ normalised 𝑊̇ and 𝐷̇ by 𝜔̇𝛾𝐻3, respectively 

𝑊̇mid, 𝑊̅̇mid 𝑊̇ and normalised 𝑊̇ of the middle part (BDEF) in Fig. 3a 

𝐷̇mid1, 𝐷̅̇mid1 𝐷̇ and normalised 𝐷̇ along the wetting front beneath the middle part in Fig. 3a 

𝐷̇mid2, 𝐷̅̇mid2 𝐷̇ and normalised 𝐷̇ along the interface between the blocks within the middle  
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 part in Fig. 3a 

𝑊̇rot, 𝑊̅̇rot 𝑊̇ and normalised 𝑊̇ of the rotational part in Fig. 3b 

𝐷̇rot, 𝐷̅̇rot 𝐷̇ and normalised 𝐷̇ along the wetting front beneath the rotational parts in Fig. 

3b 

𝑊̇𝑂𝐴𝐵𝑀𝐺, 𝑊̅̇𝑂𝐴𝐵𝑀𝐺  𝑊̇ and normalised 𝑊̇ of the virtual mass (grey shaded area) in Fig. 3b 

𝑊̇𝑂𝐴𝐷𝐺, 𝑊̅̇𝑂𝐴𝐷𝐺 𝑊̇ and normalised 𝑊̇ of the total mass (including the grey and yellow shaded 

areas) in Fig. 3b 

𝑓𝛾
mid, 𝑓𝛾

rot1, 𝑓𝛾
rot2, 𝑓𝛾

rot3, 𝑓𝑐′
mid1, 𝑓𝑐′

mid2, 𝑓𝑐′
rot energy coefficients with subscripts 𝛾 and 𝑐′ denoting 

gravity and cohesion terms and superscripts ‘mid’ and ‘rot’ being middle and 

rotational parts of the sliding mass 

𝜎𝑧
′, 𝜏𝑧𝑥 effective normal stress and shear stress at a point behind the wetting front 

𝜎𝑚
′ , 𝜎𝑚

′𝑓+, 𝜎𝑚
′𝑓− mean stress in the Mohr’s circles shown in Fig. 6a where superscript ‘f+’ and ‘f-

’ represent the active and passive failure state 

𝜎𝑥
′𝑓+, 𝜎𝑥

′𝑓− slope-parallel stresses at active and passive failure states, respectively 

𝜎𝑥
′f slope-parallel stress at the failure state 

𝑃, 𝑃𝑔 slope-parallel and initial slope-parallel forces, respectively 

𝑃𝑎, 𝑃𝑝 slope parallel force at active and passive failure states, respectively 
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Tables  

 

Table 1 Controlling parameters related to ℎ𝑤, 𝑍0 and 𝑟0 for the translational failure mechanism 

shown in Fig. 3 

Parameters Expressions 

Coordinate 𝜃 at point D, 

𝜃0 (rad) 
𝜃0 = 𝜋 2⁄ − atan[(𝐻 − 𝑍0) tan 𝛽𝑐 𝐻⁄ ] + 𝜑′ 

Slope angle 𝛽 at point D, 

𝛽0 (rad) 
𝛽0 = atan[(𝐻 − 𝑍0) tan 𝛽𝑐 𝐻⁄ ] 

Coordinate 𝑋 at point D, 

𝑋0 (m) 
𝑋0 = −𝐻 ln(1 − 𝑍0 𝐻⁄ ) tan 𝛽𝑐⁄  

Coordinate 𝑟 at point A, 

𝑟𝐴 (m) 
𝑟𝐴 = 𝑟0exp[(𝜃𝐴 − 𝜃0) tan 𝜑′] 

Coordinate 𝑟 at point G, 

𝑟𝐺 (m) 
𝑟𝐺 = 𝑟0exp[(𝜃𝐺 − 𝜃0) tan 𝜑′] 

Coordinate 𝜃 at point A, 

𝜃𝐴 (rad) 𝑟0 sin 𝜃0 − 𝑟𝐴 sin 𝜃𝐴 + 𝑍0 − ℎ𝑤 = 𝐴̅𝐻

𝑟0 sin 𝜃0 − 𝑟𝐺 sin 𝜃𝐺 − 𝑍0 − ℎ𝑤 = −𝐵̅𝐻
 (Constraint equations) 

Coordinate 𝜃 at point G, 

𝜃𝐺  (rad) 

Coefficient 𝑓𝛾
mid 

𝑓𝛾
mid

=
𝑟0

𝐻
[
2 cos2 𝜑′ ln(𝐶̅ 𝐷̅⁄ ) [sin(𝜑′ − 𝛽0) tan 𝛽𝑐]⁄

− sin 2𝜑′ [ln(𝐶̅ 𝐷̅⁄ ) + ln(𝐻 (𝐻 − 𝑍0)⁄ )] [cos(𝜑′ − 𝛽0) tan 𝛽𝑐]⁄
] 
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Coefficient 𝑓𝛾
rot1 

𝑓𝛾
rot1

=
(3 tan 𝜑′ cos 𝜃𝐺 + sin 𝜃𝐺)𝑟𝐺

3 − (3 tan 𝜑′ cos 𝜃𝐴 + sin 𝜃𝐴)𝑟𝐴
3

3(1 + 9 tan2 𝜑′)𝐻3
 

Coefficient 𝑓𝛾
rot2 

𝑓𝛾
rot2

=
1

6𝐻3
[

2((𝑟𝐺 cos 𝜃𝐺)3 tan 𝜃𝐺 − (𝑟𝐴 cos 𝜃𝐴)3 tan 𝜃𝐴)

+3(𝑟0 sin 𝜃0 + 𝑍0 − 𝐻)(𝑟𝐴 cos 𝜃𝐴)2 − 3(𝑟0 sin 𝜃0 − 𝑍0 + 𝐻)(𝑟𝐺 cos 𝜃𝐺)2

+6𝐸̅ 𝐻2(𝐻 − 𝑍0) tan2 𝛽𝑐⁄ + 6𝐹̅ 𝐻(𝐻 − 𝑍0) tan 𝛽𝑐⁄

] 

Coefficient 𝑓𝛾
rot3 𝑓𝛾

rot3 = [(𝑟𝐺 cos 𝜃𝐺)2 − (𝑟𝐴 cos 𝜃𝐴)2] 2𝐻2⁄  

Coefficient 𝑓𝑐′
mid1 

𝑓𝑐′
mid1

=
2𝑟0𝑐′ cos2 𝜑′

𝛾𝐻2
[

ln(𝐶̅ 𝐷̅⁄ ) [cos(𝜑′ − 𝛽0) sin2(𝜑′ − 𝛽0) tan 𝛽𝑐]⁄

+
ln(𝐻 (𝐻 − 𝑍0)⁄ )

cos(𝜑′ − 𝛽0) tan 𝛽𝑐
−

𝑍0

𝐻 sin(𝜑′ − 𝛽0)

] 

Coefficient 𝑓𝑐′
mid2 𝑓𝑐′

mid2 =
2𝑟0𝑐′ cos 𝜑′ cos(𝜑′ − 𝛽0) sin(𝛽𝑐 − 𝛽0)

𝛾𝐻2 cos(𝛽c − 𝛽0 + 𝜑′)
 

Coefficient 𝑓𝑐′
rot 

𝑓𝑐′
rot =

𝑐′𝑟0
2

2𝛾𝐻3 tan 𝜑′
[exp(2(𝜃𝐺 − 𝜃0) tan 𝜑′)

− exp(2(𝜃𝐴 − 𝜃0) tan 𝜑′)] 

*Coefficient 𝐴̅, 𝐵̅, 𝐶̅, 𝐷̅, 𝐸̅, and 𝐹̅ in above expressions, respectively, are (see supplementary 

materials for more details) 

𝐴̅ = 1 − exp[(𝑟0 cos 𝜃0 − 𝑟𝐴 cos 𝜃𝐴) tan 𝛽𝑐 𝐻⁄ + ln(1 − 𝑍0 𝐻⁄ )], 𝐶̅ = 𝐻 cos(𝜑′ − 𝛽0) −

(𝐻 − 𝑍0) sin(𝜑′ − 𝛽0) tan 𝛽𝑐, 

𝐵̅ = 1 − exp[(𝑟𝐺 cos 𝜃𝐺 − 𝑟0 cos 𝜃0) tan 𝛽𝑐 𝐻⁄ + ln(1 − 𝑍0 𝐻⁄ )], 𝐷̅ = 𝐻 cos(𝜑′ − 𝛽0) −

𝐻 sin(𝜑′ − 𝛽0) tan 𝛽𝑐, 

𝐸̅ = [1 − exp(𝑟𝐺 cos 𝜃𝐺 tan 𝛽𝑐 𝐻⁄ )]exp(−𝑟0 cos 𝜃0 tan 𝛽𝑐 𝐻⁄ ) + [1 −

exp(− 𝑟𝐴 cos 𝜃𝐴 tan 𝛽𝑐 𝐻⁄ )]exp(𝑟0 cos 𝜃0 tan 𝛽𝑐 𝐻⁄ ), 

𝐹̅ = 𝑟𝐺 cos 𝜃𝐺 exp[(𝑟𝐺 cos 𝜃𝐺 − 𝑟0 cos 𝜃0) tan 𝛽𝑐 𝐻⁄ ] −

𝑟𝐴 cos 𝜃𝐴 exp[(𝑟0 cos 𝜃0 − 𝑟𝐴 cos 𝜃𝐴) tan 𝛽𝑐 𝐻⁄ ]. 
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Table 2 Comparisons of the critical wetting front depths and slide lengths from the proposed 

methods and the finite element limit analysis for both upper- and lower-bound analyses. LBLA – 

lower-bound limit analysis; UBLA – upper-bound limit analysis; AF – active failure; PF – passive 

failure 

Case

s 
𝛽𝑐 

(°

) 

𝐻  

(m

) 

Critical wetting front depth ℎ𝑤 (m) Slide length 𝐿 (m) 

Finite 

elemen

t 

LBLA 

Finite 

elemen

t 

UBLA 

Proposed 

LBLA 
Propose

d 

UBLA 

Finite 

elemen

t 

LBLA 

Finite 

elemen

t 

UBLA 

Propose

d LBLA 

Propose

d 

UBLA AF PF 

Case 

1 

4

2 
40 4.05 4.15 

2.7

3 

3.3

2 
4.17 32.41 33.50 18.05 35.36 

Case 

2 

4

5 
35 3.24 3.33 

2.4

3 

2.8

9 
3.33 26.75 26.83 17.37 28.52 

Case 

3 

5

0 
25 2.74 2.82 

2.1

3 

2.5

1 
2.88 19.52 19.59 14.46 21.06 
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Table 3 The basic properties of the sandy silt used in analysis 

Parameter Value Unit 

Saturated 

volumetric water 

content, 𝜃𝑠 

0.44  

Specific gravity, 𝐺𝑠 2.63  

Unit weight of the 

water, 𝛾𝑤 
10 kN/m3 

Friction angle 

related to matric 

suction, 𝜑𝑏 

18 ° 

Effective cohesion, 

𝑐′ 
7.6 kPa 

Effective friction 

angle, 𝜑′ 
32.1 ° 

At-rest earth 

pressure coefficient, 

𝐾0 

0.469  
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Figure captions 

 

Fig. 1 (a) Possible water content and suction profiles in residual soils after drainage (modified 

after Healy & Cook 2002); (b) Transient suction profiles during rainwater recharge (modified 

after Rahardjo et al. 1995) 

 

Fig. 2 Progressive failure process of a shallow landslide induced by rainfall 

 

Fig. 3 The proposed failure mechanism in upper-bound analysis. (a) overall failure extension; (b) 

rotational failure part; (c) hodograph for the failure mechanism in the middle part 

 

Fig. 4 The flowchart for the calculation of the critical wetting front and failure positions using the 

proposed approximate upper- and lower-bound solutions 

 

Fig. 5 The stress state behind the wetting front and the development of slope-parallel force 

 

Fig. 6 Stress states of a material point in Mohr’s circles for active and passive failure (a) where 

𝛽 ≤ 𝜑′ and (b) 𝛽 > 𝜑′ 

 

Fig. 7 Failure mechanisms for Case 2, where the displacement contour is obtained by finite 

element UBLA with Optum G2: (a) a global rotational failure mechanism before rainfall at the 

initial state; (b) a shallow translational failure mechanism at the critical state obtained by finite 

element UBLA, proposed UBLA, and proposed LBLA 

 

Fig. 8 (a) Simplified planar slope models with different slope angles for a curvilinear slope; (b) 

Comparisons of the critical wetting depths obtained by proposed UBLA, LBLA, ISM, and SPSM 

(Huang et al. 2022) 

 

Fig. 9 The obtained critical wetting front depth and slide length with the proposed UBLA and 

LBLA against (a) the cohesion of the soil, (b) at-rest earth pressure coefficient, and (c) the 

maximum slope angle at centre 

 

Fig. 10 (a) Location of the study area in Peninsula, Malaysia; (b) matric suction profiles along the 

soil depth in a sandy silt slope under different rainfall patterns based on a ten-year return period in 

Peninsula, Malaysia (Adapted from Lee et al. 2009); (c) the obtained critical wetting front depths 

against various centre slope angles 
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Figure 1 

 

 

Figure 2 
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Figure 3 

 

 

 

 

 

 

Figure 4 
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Figure 5 

 

 

 

 

 

Figure 6 
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Figure 7 

 

 

 

Figure 8 
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Figure 9 

 

 

 

 

                 
 

Figure 10 
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