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Correlators of N ¼ 2 hypermultiplets with two-derivative interactions in AdS2 × S2 exhibit a hidden
four-dimensional conformal symmetry which allows one to repackage all tree-level four-point correlators
into a single four-dimensional object corresponding to a contact diagram arising from a massless ϕ4 theory
in AdS2 × S2. This theory serves as a toy model for IIB string theory in AdS5 × S5 and is interesting in its
own right because AdS2 × S2 describes the near-horizon limit of extremal black holes in four dimensions.
We argue that, after acting with an SUð1; 1Þ × SUð2Þ Casimir, all one-loop correlators can similarly be
encoded by a four-dimensional function which arises from a one-loop scalar bubble diagram in AdS2 × S2,
explaining how the hidden conformal symmetry extends beyond tree level. Finally, we conjecture a scalar
effective field theory with a two-derivative interaction in AdS2 × S2 whose Witten diagrams should directly
reproduce four-point correlators to all loops without acting with Casimirs.
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Introduction. The celebrated AdS/CFT correspondence [1]
relates quantum gravity in anti–de Sitter (AdS) background
to a nongravitational conformal field theory (CFT) living
in the boundary. The basic observables of a CFT are its
correlation functions, which encode the scattering of
gravitons and other degrees of freedom in AdS and can
be computed perturbatively using Witten diagrams. For
certain backgrounds of the form AdS × S, where S is a
sphere, simple formula packaging tree-level correlation
functions of all the modes on the sphere into a single
generating function have been obtained, originating from a
hidden higher dimensional conformal symmetry. From the
point of view of the dual CFT, these correspond to
correlation functions of an infinite number of certain
protected operators known as 1=2-BPS operators.
Hidden conformal symmetry was first discovered in

four-point tree-level amplitudes of type IIB supergravity in
AdS5 × S5 [2], which is dual to maximally supersymmetric
Yang-Mills theory in four dimensions (N ¼ 4 SYM) at
strong coupling, and the symmetry has also been observed
at weak coupling [3–5]. If one includes higher-derivative
corrections to supergravity, the higher dimensional con-
formal symmetry gets broken but there are still remnants of
a higher dimensional organizing principle [6–9]. Indeed it
was discovered that the four-point correlators of N ¼ 4

SYM theory arise from massless scalar contact Witten
diagrams on AdS5 × S5 [10].
This higher dimensional symmetry was also found in

AdS3 × S3 [11,12], AdS5 × S3 [13], and AdS2 × S2 [14]
backgrounds. The last case is of particular interest because
the geometry arises in the near-horizon limit of four-
dimensional extremal black holes [15,16] and may there-
fore have actual relevance for quantum gravity in the real
world. The four-point tree-level amplitudes of 4d N ¼ 2
hypermultiplets interacting via two-derivative interactions
in this background [which arises from reducing N ¼ 8

supergravity on AdS2 × S2 [17,18] and can be described as
correlators of a 1d CFT with SUð1; 1j2Þ superconformal
symmetry] can be encoded by a massless ϕ4 contact Witten
diagram in the bulk [14] very similarly to the IIB/ N ¼ 4
SYM case. Note that a straightforward generalization of
this describes four-point open string scattering in IIB string
theory on AdS5 × S5=Z2 [19]. Hence, the scalar theory in
AdS2 × S2 can be thought of as a toy model for IIB string
theory on AdS5 × S5.
The purpose of this work is to go beyond the classical

theory and investigate this at loop level. In particular, we
consider four-point functions at one-loop order and show that
they can be obtained by actingwithCasimir operators on a 4d
generating function. We then show that, quite remarkably,
this generating function can be derived from a one-loop
bubble diagram of theϕ4 theory. We observe that the infinite
sum over modes of the two-sphere which flow through each
edge of a Feynman diagram can be resummed into a single
bulk-to-bulk propagator in AdS2 × S2 which takes the same
form as a propagator in four-dimensional flat space.
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Finally, we conjecture a full effective field theory in
AdS2 × S2 whose Feynman rules should directly compute
four-point correlators in the two-derivative sector to all loop
orders without acting with Casimirs. The key insight that
leads us to this action is that acting with a boundary Casimir
on a contact diagram is equivalent to acting with a
Laplacian in the bulk. We verify this proposal for free-
theory and tree-level correlators and write down a one-loop
formula whose explicit evaluation we leave for future work.

Basics of SUð1; 1j2Þ correlators. The purpose of this
section is to review what is currently known about four-
point functions of half-BPS operators in the SUð1; 1j2Þ
superconformal field theory. We follow the conventions
of [14] and denote the 1=2-BPS operators by Opðx; yÞ,
where x is the spacetime coordinate and y an analogous
internal coordinate dealing with the SUð2Þ R symmetry.
These operators have protected dimension, and SUð2Þ
charge pþ 1

2
with p ¼ 0; 1;….

Op is the primary operator of the superfield Op:

Op ¼ Op þ θLp þ θ̄L̄p þ � � � ð1Þ

and so the descendant Lp has dimension pþ 1 and SUð2Þ
charge p. It is extremely useful to combine operators for all
p into single operators O, L, L̄:

O ¼
X∞
p¼0

Op; L ¼
X∞
p¼0

Lp; L̄ ¼
X∞
p¼0

L̄p: ð2Þ

Correlators of these objects will be referred to as “master
correlators” and they act as generating functions in the
sense that correlators with given external charges pi are
obtained simply by Taylor expanding in the y variables and
projecting onto the component with the correct conformal
weight.
We will be interested in the four-point function of both

the primaries and their descendants and we will expand all
correlators in a large central charge expansion, e.g.,

hLLL̄ L̄i ¼
X∞
m¼0

1

cm
hLLL̄ L̄iðmÞ; ð3Þ

where the first term corresponds to free theory, the second
to tree-level amplitudes in the bulk, and so on. The goal of
this work is to compute the one-loop contribution
hLLL̄ L̄ið2Þ and understand its structure.
Superconformal symmetry implies that the four-point

function of primaries and descendants is closely related,
taking the form [14]

hOOOOi ¼ hOOOOið0Þ þ I ×Gðxi; yi; cÞ;
hLLL̄ L̄i ¼ hLLL̄ L̄ið0Þ þ C12Gðxi; yi; cÞ: ð4Þ

Here I is a certain kinematic factor given in (A4) of the
Supplemental Material [20], and C12 is the quadratic
Casimir of SUð1; 1Þ × SUð2Þ arising from the supercon-
formal SUð1; 1j2Þ Casimir [14] applied at points 1 and 2:

C12 ¼ Cx12 − Cy12;

Cx12 ¼
1

2
ðDx1 þDx2ÞABðDx1 þDx2ÞAB; ð5Þ

where DxAB ¼ xA∂=∂xB − xB∂=∂xA is a generator of the
conformal or SUð2Þ R-symmetry group. Note that we will
mainly use three-component embedding space coordinates
xA, yA throughout the paper. For more details on our
conventions see Appendix A and Eq. (D5) of the
Supplemental Material [20].
All of the correlators are functions of xi, yi, but if the

hidden four-dimensional symmetry is present then the
master correlators should be expressible in terms of
functions of 4d distances, obtained by summing conformal
and internal distances x2

ij ¼ x2ij þ y2ij, with the (boldface)
4d cross ratios defined accordingly:

u ¼ x2
12x

2
34

x2
13x

2
24

¼ zz̄; v ¼ x2
14x

2
23

x2
13x

2
24

¼ ð1 − zÞð1 − z̄Þ: ð6Þ

Now we will illustrate how these variables play a role in
free theory and at tree level and then we will find that also
loop level results can be written in terms of these variables
albeit in a more nontrivial manner.

Free theory: The 4d conformal symmetry in free theory is
realized at the level of correlators of descendants which can
be written entirely in terms of 4d distances [14]:

hLLL̄ L̄ið0Þ ¼ 1

x2
14x

2
23

þ 1

x2
13x

2
24

: ð7Þ

Tree level: At tree level on the other hand, the 4d conformal
symmetry is directly realized on the correlators of primaries
and we have Gð1Þ ¼ −D1111ðx2

ijÞ;, where D1111 is the
(normalized) one-loop box diagram:

D1111ðx2
ijÞ ¼

1

x2
13x

2
24

ϕð1Þðz; z̄Þ
z − z̄

¼ 1

x2
13x

2
24

2
�
Li2ðzÞ − Li2ðz̄Þ

�
þ logu logð1−z

1−z̄Þ
z − z̄

:

ð8Þ

One-loop correlators. Let us now consider one-loop
correlators. We will focus on the trascendental weight-2
part of the one-loop correlators, which can be uniquely
fixed by requiring consistency of the double discontinuity
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with the operator product expansion (OPE) and crossing
symmetry. Now, the double discontinuity is simply related
to the tree-level discontinuity via the action of the Casimir,

Gð2Þjlog2 u ¼ −
1

2
C12ðD1111jlogx2

12
Þ; ð9Þ

where

ðD1111Þjlogx2
12
¼ 1

x2
13x

2
24ðz − z̄Þ log

�
1 − z
1 − z̄

�
: ð10Þ

The simplicity of this relation [21] is really a consequence
of the fact that the leading log is controlled by tree-level
CFT data, which, in theories with hidden higher dimen-
sional conformal symmetries, depend on the higher dimen-
sional spin [2,14,23–26]. In this case the latter is truncated
to spin 0 so there is only a single higher dimensional
operator appearing in the OPE.
The crossing completion of the above double disconti-

nuity then automatically yields the complete result for
the maximal transcendental weight part of the one-loop
correlator:

Gð2Þ ¼ −
1

2

�
C12

�
ðD1111Þjlogx2

12

�
logu log

u
v

þ C23
�
ðD1111Þjlogx2

23

�
log v log

v
u

þ C13
�
ðD1111Þjlogx2

13

�
log u log v

�
; ð11Þ

where C12 is given in (5) and C23 and C13 are its crossing
versions. Note that the solution dictated by OPE and
crossing symmetry carves out a three-dimensional space
in the four-dimensional space of harmonic polylogarithms
of weight 2, given by the three orientations of the logs.
In particular, note the absence of Li2.

A remarkable 4d uplift: Despite being quite simple, the
one-loop formula presented above is still not very satis-
factory from the point of view of the higher dimensional
symmetry, because it is not a function of 4d distances. In
fact, it turns out that there exists a function fsðz; z̄Þ of four-
dimensional distances only such that

Gð2Þ ¼−
1

2

�
C12

fsðz; z̄Þ
x2
13x

2
24

þC23
ftðz; z̄Þ
x2
13x

2
24

þ C13
fuðz; z̄Þ
x2
13x

2
24

�
; ð12Þ

where

fsðz; z̄Þ ¼
1

3

1

z− z̄

�
fð3Þðz; z̄Þþ

�
loguþ log

u
v

�
ϕð1Þðz; z̄Þ

�
;

ð13Þ

and

ftðz; z̄Þ ¼ fsð1 − z; 1 − z̄Þ; fuðz; z̄Þ ¼ fs

�
1

z
;
1

z̄

�
: ð14Þ

Here fð3Þ is a weight-3 single-valued antisymmetric func-
tion which, in AdS context, recently made its first appear-
ance in [27].
The function fsðz; z̄Þ transforms correctly under 1 ↔ 2

crossing, and is a weight-3 combination of single-valued
multiple polylogarithms (SVMPLs) [28]. This is the expec-
tedweight for one-loop amplitudes ind > 1 originating from
a four-point contact interaction in the bulk [26,27,29–31]. In
fact, fs is the unique linear combination of SVMPLs built out
of the alphabet fz; 1 − z; z̄; 1 − z̄; z − z̄g such that it cor-
rectly reproduces the double discontinuity and, crucially, its
crossing versions ft, fu do not contain log2 u terms. We refer
to Appendix B of the Supplemental Material [20] for a more
precise definition and a list of some useful properties.
We emphasize that the only assumption that went into

the derivation of the one-loop formula for all higher charge
correlators in (11) was the existence of higher dimensional
conformal symmetry at tree level. The fact that it can be
written in the form (12) is a very nontrivial consequence of
this assumption.

Generalized Witten diagrams. One of the consequences
of the existence of a hidden conformal symmetry is that
tree-level correlators can be obtained from a massless ϕ4

contact Witten diagram in AdS2 × S2 [14]. The purpose of
the remaining part of the paper is to test the applicability
of such an approach beyond tree level. Before doing so,
let us first recall how to obtain the tree-level result from a
ϕ4 generalized Witten diagram.
Points in AdS and S are parametrized in (dþ 2)-dimen-

sional embedding space as −x̂ · x̂ ¼ ŷ · ŷ ¼ 1, where we set
the radii of AdS and S to 1. Analogously, boundary coordi-
nates, denoted by unhatted letters, satisfy x · x ¼ y · y ¼ 0.

Tree level: The following interaction term in the bulk
effective action,

Sint ¼
1

4!

Z
AdS2×S2

d2x̂0d2ŷ0ϕðx̂0; ŷ0Þ4; ð15Þ

computes all tree-level correlators of the supersymmetric
CFT using generalized Witten diagrams which treat AdS
and S on equal footing. In particular, all half-BPS corre-
lators are generated by the following AdS2 × S2 integral,
which is consistent with the bootstrapped result (10):

Gð1Þ ¼ −
1

π2

Z
d2 bx0d2 by0

x2
10x

2
20x

2
30x

2
40

¼ −D1111ðx2
ijÞ; ð16Þ

where x2
i0 ¼ −2xi · x̂0 − 2yi · ŷ0 is the (inverse of the)

AdS × S bulk-to-boundary propagator, which satisfies
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∇2
1

x2
i0
¼ ð∇2

x̂0
þ∇2

ŷ0
Þ 1

x2
i0
¼ 0; ð17Þ

where∇2
x̂0
(∇2

ŷ0
) is the AdS (S) Laplacian, which is given in

Eq. (23) below. We refer to [14] for a detailed derivation
of (16).

One loop: In order to test whether the effective action
extends beyond tree level, we first need to find an
expression for the AdS2 × S2 bulk-to-bulk propagator.
Intriguingly, it turns out that the bulk-to-bulk propagator
in the AdSdþ1 × Sdþ1 product geometry takes exactly the
same functional form as the bulk-to-boundary propagator:

1

x̂2d
lr

¼ 1

ð−2x̂l · x̂r − 2ŷl · ŷrÞd
: ð18Þ

In fact, in AdS × S this simple propagator satisfies (17).
This is very different from pure AdS space where
bulk-to-bulk propagators are hypergeometric functions.
Remarkably, this propagator also encodes an infinite sum
over the Kaluza-Klein modes of the sphere propagating
in AdS:

1

x̂2d
lr

¼ ð−2Þ−d
ðd − 1Þ!

X∞
p¼0

�
ð−1Þp̃ðp − dþ 1Þd−1

×
1

ðx̂l · x̂rÞp 2F1

�
pþ 1

2
;
p
2
; pþ 1 −

d
2
;

1

ðx̂l · x̂rÞ2
�

×
1

ðŷl · ŷrÞp̃ 2F1

�
p̃þ 1

2
;
p̃
2
; p̃þ 1 −

d
2
;

1

ðŷl · ŷrÞ2
��

;

ð19Þ

where p̃ ¼ d − p. Similar structures were derived for IIB
supergravity in AdS5 × S5 in [32].
With the bulk-to-bulk propagator at hand, we can then

compute a one-loop bubble diagram in AdSdþ1 × Sdþ1

which in the s-channel reads (up to an unimportant overall
constant)

ð20Þ

with a similar formula for the t and u channels.
The double integral over the sphere can be evaluated

combinatorially for arbitrary d andpi, see Appendix C of the
Supplemental Material [20] for more details. Here, we will
focus on d ¼ 1; pi ¼ 0, for which the integral reduces to

Ksj d¼1
yi¼0

¼
Z

d2x̂ld2x̂r ×2−6

ðx1 · x̂lÞðx2 · x̂lÞðx3 · x̂rÞðx4 · x̂rÞððx̂l · x̂rÞ2 − 1Þ :

ð21Þ

The remaining integration over AdS produces divergences
and needs to be regularized. This can be done, for example,
following the procedure outlined in [31]. In short, the idea is
that the integral can bemapped to a flat-space integral so that
one can take advantage of standard flat space techniques,
such as dimensional regularization, to isolate the divergence
and extract the finite part. We refer to Appendix D of the
Supplemental Material [20] for details on the computation.
Here we just quote the result for the finite part, which reads

KðfinÞ
s j d¼1

yi¼0
∝
fsðz; zÞ
x2
13x

2
24

����
yi¼0

ð22Þ

and analogously for t and u channels. Quite remarkably, this
is precisely the function in Eq. (12) appearing in the master
correlator of the SUð1; 1j2Þ CFT. The computation of the
bubble diagram beyond yi ¼ 0 is much more complicated
and we leave it to the future but it is natural to expect that the
relation (22) will extend beyond the yi ¼ 0 case.
At this point, it is important to remark on the difference

compared to tree level: the bubble diagram at one loop
reproduces the correlator only upon acting with a Casimir
in each crossing orientation (12). This leads to a natural
question: is there a way to explain the presence of the
Casimir from a bulk perspective and make a more precise
statement? We will address this in the next section.

An all-loops conjecture. The key observation we will make
use of is that acting with a boundary Casimir on a pair or
bulk-to-boundary propagators is equivalent to acting with
the AdS × S Laplacian in the bulk. This is a generalization
of similar observations in AdS [33,34]. The AdS and S
Laplacians are equal (up to an important sign) to the
SOðd; 2Þ or SOðdþ 2Þ Casimir operators acting on bulk
coordinates:

∇2
x̂ ¼ −

1

2
Dx̂ABDAB

x̂ ∇2
ŷ ¼ þ 1

2
DŷABDAB

ŷ ; ð23Þ

where Dx̂AB is a generator, identical in form to the
conformal generator on the boundary (6). When the bulk
Laplacian acts on a pair of bulk-to-boundary propagators
meeting at a common point in the bulk, it can be traded with
a Casimir acting on the boundary points:

∇2

�
1

x2
10x

2
20

�
¼ −C12

�
1

x2
10x

2
20

�
; ð24Þ

where ∇2 ¼ ∇2
x̂ þ∇2

ŷ is the AdS × S Laplacian, and C12 ¼
Cx12 − Cy12 is the AdS2 × S2 Casimir (5).
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Now note that the master correlator of descendants
hLLL̄ L̄i enjoys the following properties: in free theory
the higher dimensional symmetry is manifest (7); at tree
level it takes the form of the Casimir C12 acting on an object
with higher dimensional symmetry [(4) and (10)]; at one
loop it can be written as the Casimir C12 acting on further
Casimirs which themselves act on functions with higher
dimensional symmetry [(4) and (12)]. Along with the
observation that external Casimirs can arise from a bulk
Laplacian operator, this suggests the following effective
action AdS × S space (including kinetic terms):

S0 ¼
Z
AdS2×S2

d4x̂0

�
1

2
ϕ̄∇2ϕ −

GN

4
ϕ̄2∇2ϕ2

�
; ð25Þ

where we identify the complex field ϕ as the bulk field
coupled to the descendant operator L. Here the Newton’s
constant is proportional to the inverse of the central charge,
GN ∝ 1=c and we employed the notation d4x̂0 ≡ d2x̂0d2ŷ0.
The effective action (25) is conjectured to describe all-loop

four-point correlators ofN ¼ 2 hypermultiplets which arise
from dimensional reduction of N ¼ 8 supergravity on
AdS2 × S2. The effective action is therefore nonrenormaliz-
able. Let us now work out the predictions for four-point
correlators arising from this action.

Free theory: By performing Wick contraction, the free-
theory four-point function reads

ð26Þ

which indeed reproduces the result for the free theory
correlator [14], quoted in (7).

Tree level: Following the standard AdS/CFT procedure, we
can readily find the tree-level four-point function, which
reads

ð27Þ

The arrows on the vertex distinguish the pairs of legs on
which the Laplacian acts. This indeed reproduces the result
for the master correlator [(4) and (10)].

One loop: Finally, let us consider the one-loop amplitude.
Here we have to consider three orientations of the bubble
diagram:

These yield the corresponding expressionsZ
d4x̂ld4x̂r∇2

l

�
1

x2
1l

1

x2
2l

�
1

x̂4
lr

∇2
r

�
1

x2
3r

1

x2
4r

�
;

Z
d4x̂ld4x̂r∇2

l

�
1

x2
1l

1

x̂2
lr

�
1

x2
3lx

2
4r
∇2

r

�
1

x2
2rx̂

2
lr

�
; ð28Þ

with the u-channel expression obtained by swapping
ðx3; y3Þ ↔ ðx4; y4Þ in the t-channel expression.
The first expression is directly related [via (24)] to the

bubble integral evaluated in the previous section:Z
d4x̂ld4x̂r∇2

l

�
1

x2
1l

1

x2
2l

�
1

x̂4
lr

∇2
r

�
1

x2
3r

1

x2
4r

�
¼ C212Ksjd¼1;

ð29Þ
and thus it correctly yields the s-channel part of the correlator
[(4) and (12)] (at least for the yi ¼ 0 component). The
evaluation of the integral in the other two channels is
unfortunately less trivial and we will reserve it for future
studies.

Conclusion. The study of quantum gravity in curved back-
ground is both technically and conceptually very challeng-
ing, but great progress has beenmade in theAdS background
because in this case there is a dual description in terms of a
conformal field theory in the boundary whose correlation
functions are strongly constrained by conformal and crossing
symmetry. In recent years a new symmetry principle has
emerged for certain AdS × S backgrounds known as hidden
conformal symmetry. In this paper, we explored the impli-
cations of this symmetry for four-point correlators ofN ¼ 2
hypermultiplets arising from dimensional reduction of
N ¼ 8 supergravity on AdS2 × S2 at the quantum level.
This paper has two main results: first, we found that the

weight-2 transcendental sector at one loop can be organized
into a 4d master correlator, which precisely coincides with
the yi ¼ 0 component of the one-loop bubble diagram of a
massless ϕ4 theory in AdS2 × S2, upon acting with a
Casimir in each orientation of the bubble. Moreover, we
conjectured a scalar effective field theory in AdS2 × S2

which gives rise to the aforementioned Casimir via a two-
derivative interaction in the bulk, and should produce all
four-point correlators to all loops in the two-derivative
sector. It would be interesting to include higher derivative
interactions to the effective action in (25), which would
arise from the low energy expansion of a generic UV
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completion and work out their implications for loop-level
correlators.
In this paper we have only dealt with the maximal

transcendental weight part of the correlators. It would be
interesting to see whether the generating function (12)
automatically incorporates the full structure dictated by the
OPE. Moreover, it would be very useful to test our
conjectured action in (25) for correlators with arbitrary
charges as well as for higher loops, and to understand how
the structures we found in this paper generalize to higher-
dimensional theories. For example, does a one-loop mass-
less scalar bubble diagram in AdS5 × S5 have anything to
do with correlators in N ¼ 4 SYM? In fact, while a
(Mellin) formula for arbitrary charges at order λ−

3
2 is known

[30], it is still not clear if and how this can be written
in terms of a generating function, which will most

likely involve the sixth order differential operator found
in [14].
While the correlators we considered have superconfor-

mal symmetry, the bulk effective theories we constructed
are nonsupersymmetric because it is possible to factor out a
polynomial which encodes all the supersymmetry from the
four-point correlators, so it is conceivable that the these
effective theories can be adapted to describe less idealized
situations.
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