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Ultralong-range Cs-RbCs Rydberg molecules: Nonadiabaticity of dipole moments
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We consider ultralong-range polyatomic Rydberg molecules formed by combining a Rydberg cesium atom and
a ground-state RbCs molecule. We explore the regime where the charge-dipole interaction due to the Rydberg
electron with the diatomic polar molecule couples the quantum defect Rydberg states Cs(ns) to the nearest
degenerate hydrogenic manifold. We consider polyatomic Rydberg molecules in states which are amenable
to production in optical tweezers and study the influence of nonadiabatic coupling on the likelihood of their
formation. The decay rates of the vibrational states reflect the interference signature of wave function spread in

different coupled potential wells.
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I. INTRODUCTION

The exaggerated properties of Rydberg atoms, such as their
large spatial extents, high polarizabilities, and energies, make
them an outstanding system for precisely probing interactions
with the surrounding environment [1]. Interaction with atoms
and molecules gives rise to a rich variety of ultralong-range
Rydberg molecules. A Rydberg atom can couple to a ground-
state atom via the zero-range interaction due to low-energy
scattering of the Rydberg electron from the atom. This can
result in trilobite and butterfly Rydberg molecules [2—5]. The
inhomogeneous Stark interaction allows for the binding of an
atomic ion within the Rydberg orbit, forming an atom-ion
Rydberg molecule [6,7], whose experimental realization [8]
allows for the observation of collision dynamics between the
two components [9]. Van der Waals and dipole-dipole forces
between two Rydberg atoms create Rydberg macrodimers
with bond lengths of the order of micrometers [10-12]. Due
to the charge-dipole interaction, a Rydberg electron couples
to the permanent electric dipole moment of a polar molecule,
forming triatomic Rydberg molecules [13,14].

The formation of ultralong-range triatomic Rydberg
molecules requires that the dipole moment of the diatomic
molecule is below the Fermi-Teller critical dipole [15,16],
so that the electron-dipole interaction can produce a molec-
ular bond capable of supporting bound rovibrational states.
These exotic molecules possess huge permanent electric
dipole moments, allowing for control using external electric
fields [14,17], and even penta-atomic molecules are predicted
to exist [18]. In a hybrid atom-molecule gas at ultracold
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temperatures, the experimental protocol to realize them will
benefit from the resonant coupling of the quantum defect
states and the hydrogenic manifold of the Rydberg atom [19].
The Rydberg energy shift due to charge-dipole interaction was
recently observed for the first time in a hybrid ultracold system
with Rb atoms and RbCs molecules trapped in separate optical
tweezers [20].

The Rydberg structure of the atom determines the main
properties of all these ultralong-range molecules. In Rydberg
atoms, core-electron scattering and polarization effects are
significant for low-angular-momentum electronic states. Such
states are energetically shifted from the degenerate manifold
by means of the so-called quantum defects, which are the
fingerprints that uniquely identify a Rydberg atom. The ns
states of cesium atoms possess a peculiar quantum defect,
such that Cs(ns) states lie energetically near the corresponding
hydrogenic Cs(n — 4, [ > 4) states. Based on this near degen-
eracy, trilobite Rydberg molecules Cs*-Cs possessing sizable
(~1 kD) permanent electric dipole moments were observed
for the spherically symmetric nondegenerate states Cs(ns)
[21-23]. The vibrational-level structure of Cs(ns)-Cs(6s) in
potential wells with depths of a few hundreds MHz for
n = 37, 39, and 40 was experimentally resolved [22].

Similarly, when one considers the interaction of a Cs
Rydberg atom with a polar molecule, the Cs(ns) quantum
defect facilitates hybridization of the Rydberg states Cs(ns)
and Cs(n — 4,1 > 4), which is mediated by the charge-
dipole interaction [19]. As a consequence, the electronic
potentials evolving from Cs(ns) acquire a significant con-
tribution from higher-angular-momentum partial waves, and
the corresponding wells become deeper. The observation of
ultralong-range triatomic Rydberg molecules is ordinarily her-
alded by the appearance of redshifted resonances in the Cs

©2024 American Physical Society
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Rydberg spectrum. We show that these electronic spectra
are affected by nonadiabatic coupling, which have also been
shown to alter and impact the electronic structure of other
Rydberg molecules [24-29]. Here, we show that the per-
manent dipole moments generated by the triatomic Rydberg
molecules (TriMol), Cs(ns)-RbCs, exhibit significant nona-
diabatic behavior. Additionally, the partial wave amplitudes
of the vibronic states are also affected by the nonadiabatic
coupling.

We first review the basic theory of the ultralong-range
triatomic Rydberg molecules in Sec. II. In Sec. III, we con-
sider two experimental protocols, corresponding to holding
the atom and molecule in the same or separate optical tweez-
ers, and present the results for selected potential energy curves
(PEC) of this TriMol and their vibrational bound states. We
analyze the impact on the energy shifts of the scattering of
the low-energy Rydberg electron from RbCs. Inspired by
previous studies on nonadiabatic effects on Rydberg systems
[28,29], we also explore the role played by the avoided cross-
ings, and provide the Franck-Condon factors for excitation
from the atomic ground state. The paper is concluded in
Sec. IV.

II. THE BORN-OPPENHEIMER HAMILTONIAN

We consider a TriMol formed by a Rydberg atom and a
heteronuclear diatomic molecule in the electronic and rovi-
brational ground state. The ground-state diatomic molecule
is described within the Born-Oppenheimer (BO) and rigid
rotor approximations, whereas the Rydberg atom is described
as a single-electron system. In this framework, the adiabatic
Hamiltonian of the Rydberg TriMol is

H =HA +Hmol+l-lima (1)

where Hy represents the single-electron Hamiltonian describ-
ing the Rydberg atom

2

H, — h
AT 2m,

V2 4+ Vi(r), 2)

where V;(r) is an [-dependent nonlocal model potential [30],
with / the angular momentum of the Rydberg electron. The
rigid rotor Hamiltonian describing the molecule is Hpo =
BNZ2, with B the rotational constant and N the rotational an-
gular momentum.

In this ultracold hybrid system, where the interactions are
long range, the Hamiltonian between the Rydberg atom and
the molecule becomes

Hin = —d - Frya(R, 1) + 27a5(k)8(r — R), 3)

where the first term represents the interaction of the Rydberg
electron and ionic core with the RbCs permanent electric
dipole moment d. The electric field Fya(R, r) due to the
Rydberg electron and the ion at the position of the diatomic
molecule R is

e R r—R
Fya(R, 1) = E I?—FW ) 4

where e is the electron charge and r is the position of the Ry-
dberg electron. Note that the center of the coordinate system
is located at the position of the ionic core, Cs*. In this work,

we consider the RbCs molecule with a rotational constant of
B = 0.490 GHz [31] in the electronic and vibrational ground
state with an electric dipole moment of d = 1.225 D [32],
below the Fermi-Teller critical dipole, d., = 1.639 D [15,16].
The subcritical dipole moment of RbCs ensures that the elec-
tron does not bind to the molecule.

The second term in Eq. (3) represents the scattering of the
low-energy, nearly free electron from the diatomic molecule.
This is approximated by the Fermi pseudopotential [33,34],
assuming that only the L = 0 (S-wave) scattering partial wave
contributes to the collision. The S-wave scattering length,
as(k) = —tan[8s(k)]/k, with §g5(k) as the L = 0 scattering
phase shift and k the electron wave number, is approximated
by a constant value as = 1/+/2E4 [35], where E4 is the
electron affinity of RbCs. The interaction due to low-energy
electron scattering from the diatomic molecule was incorpo-
rated in the description of the Rydberg bi-molecule NO*-NO
[36]. The Fermi pseudopotential due to the s- and p-wave scat-
tering were included in this system NO*-NO. The presence of
a p-wave scattering resonance was found to play a discernible
role in the energy structure of the NO*-NO Rydberg molecule
at short separations.

We fix the center of the laboratory fixed frame at the ionic
core Cs*, and the diatomic molecule is situated along the z
axis. The Schrodinger equation associated with the Hamil-
tonian (1) is solved for several values of the interspecies
separation R. Hence, the potential energy surfaces of the Ryd-
berg molecule Cs-RbCs reduce to curves, which only depend
on R. To solve this Schrédinger equation, we perform a basis
set expansion in terms of the coupled molecular basis [14]

W, QR = Y Cl (R (r, Q). 5)
n,l,N,J

where || = N| <J <[+ N, and

W, Q) =Y (I NMylIMy) Yy (R) Y, (F), (6)

my,My

where (Im;NMy|JM;) are the Clebsch-Gordan coefficients,
J=l=N|,....I+N,and M; = —J, ..., J. Y, () is the
Rydberg electron wave function with n, I, and m; the prin-
cipal, orbital, and magnetic quantum numbers, respectively,
and Yyu, (2) is the field-free rotational wave function of the
diatomic molecule, whose rotation is described with the Euler
angles 2 = (0, ¢). The total angular momentum of the Ryd-
berg molecule, excluding an overall rotation, is given by J =
1 4+ N, where 1 is the orbital angular momentum of the elec-
tron and N the rotational angular momentum of the diatomic
molecule. We include rotational excitations in RbCs(N < 5),
the Cs(ns, np, nd, nf) quantum defects, the degenerate man-
ifold, and investigate electronic states of the TriMol with
M; =0.

III. RESULTS

A. Zero-range electron-molecule scattering

We first quantify the effect of electron-molecule scatter-
ing on the adiabatic electronic potentials. In the collision
of an electron with RbCs(X'X) negative ions could be
formed, and the measured electron affinity of RbCs is
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FIG. 1. Adiabatic electronic potential curves of the Cs-RbCs
Rydberg molecule with M; = 0: (a) for Cs(41p)-RbCs(N = 0) and
(b) for Cs(40d)-RbCs(N = 0). Blue solid lines include the electron
scattering with RbCs and orange dashed lines represent the curves
with this term neglected. In (a) and (b), the zero energies are set to
the Rydberg energies E[Cs(41p)] and E[Cs(40d)], respectively.

E4, =0.478 0.020 eV [37]. Ab initio calculations of the
low-energy electron-molecule scattering length are notori-
ously difficult. We therefore estimate the magnitude of the
scattering length using ag = (2E4)"Y? ~ 534 ay, and the
sign of the scattering length is determined with elementary
scattering theory [35]. We use a k-independent scattering
length in the S-wave Fermi-pseudopotential Eq. (3). The effect
of this interaction is illustrated in Fig. 1 for the adiabatic
potentials of Cs(41p)-RbCs(N = 0) and Cs(40d)-RbCs(N =
0), which have been computed with (blue solid lines) and
without (orange dashed lines) the pseudopotential in Eq. (3).
Because ag > 0, the effect of the Fermi-pseudopotential is
to blueshift the energies from those obtained with only the
charge-dipole interactions in Eq. (4). We find, as expected,
that the largest difference between these potentials is near
the last maximum of the Rydberg wave function, where we
calculate a difference of around 48.6 MHz between the two
curves. Varying ag within 10% produces negligible shift in
the energy levels.

B. Cs*-RbCs Rydberg polyatomic molecules

We consider two possible experimental protocols to create
ultralong-range polyatomic Rydberg molecules. Firstly, the
ground-state Cs atom and the RbCs molecule are prepared in
the motional ground state of two separate optical tweezers, as
demonstrated for Rb in Ref. [20]. Then, the optical tweezers
are merged, ideally achieving a high occupation of the ground
state of the relative motion of Cs and RbCs. Finally, the Cs
atom is excited to a Rydberg state so that RbCs lies within
the electron orbit. Within the same optical tweezer, the spatial
separation between the atom and molecule should be smaller
than 200 nm, and the condition of lying within the orbit
could be satisfied with a two-photon excitation to the Cs(42s)
Rydberg state. An alternative route is to leave the atom and
molecule in their separate optical tweezers and to then excite
the Cs atom. In this case, the spatial separation between the
centers of the tweezers of A/2 ~ 500 nm is achievable, and a
higher principal quantum number for the Rydberg excitation
is required. In this work, we take Cs(74s) as an example to
illustrate this second option.

The electronic structures of the TriMol Cs(42s)-RbCs(N =
0) and Cs(74s)-RbCs(N = 0) are presented in Figs. 2(a)
and 2(b), respectively. Due to the peculiar quantum de-
fect of Cs(ns), the adiabatic potential curve for the TriMol
Cs(ns)-RbCs(N = 0) lies among those electronic states
evolving from the Rydberg degenerate manifold Cs(n — 4,
[ > 4) combined with RbCs(N = 0). As a consequence, the
electronic spectrum of these TriMol Cs*-RbCs is character-
ized by numerous avoided crossings, as observed in Figs. 2(a)
and 2(b). Furthermore, because of the small RbCs rota-
tional constant, the adiabatic potentials of the electronic states
Cs(425)-RbCs(N) and Cs(38f)-RbCs(N) with N < 2 also
become immersed among those evolving from Cs(n = 38,
[ > 4)-RbCs(N = 0), creating a highly complex spectrum.
The experimental observation of a TriMol requires the for-
mation of a bound vibrational state in one of these electronic
potentials in Fig. 2, which would be heralded by the appear-
ance of a redshifted feature in the Cs Rydberg spectrum.
These electronic spectra are characterized by nonadiabatic
couplings, which have been shown to significantly alter and
impact the electronic structure of other Rydberg molecules
[24-27]. For the avoided crossings marked in Figs. 2(a) and
2(b), the coupling between neighboring electronic states is not
negligible, leading to the predissociation of vibrational bound
states. In these regions the Born-Oppenheimer approximation
breaks down, and the total wave function can be expressed as
X' (R)
O(r, Q. R) = ) Wi(r, xR o )

i=d,u

where W;(r, Q;R) is the eigenfunction of the Hamiltonian
(1) and is given by Eq. (5), and the index i = d, u indicates
the potentials down and up, respectively. The reduced vi-
brational wave functions x’(R) satisfy the following coupled
Schrodinger equation [38]:

T+Vd+-/4dd -Adu Xd —E Xd (8)
Aua TH+Ve+Auw)\x") — “\x*)
with T = —%d‘% the reduced kinetic energy and m the re-
duced mass of the Rydberg TriMol. The coupling terms are
Aij = (W4T W) — %(\M%ij)%, whereas the potentials
Vi = (V;|H|Y;) are the eigenvalues of the adiabatic Hamil-
tonian (1), with i, j = d, u. Note that Eq. (8) is only valid
for bound states of the Rydberg molecule with zero rotational
angular momentum of the triatomic Rydberg molecule.

The states of the coupled potential energy curves
Cs(425)-RbCs(N = 2) and Cs(38f)-RbCs(N = 1) computed
within the nonadiabatic Schrodinger equation (8) are pre-
sented in Fig. 3(a) together with their wave functions. The
contributions to the vibrational wave functions from the up
and down potentials, i.e., x?(R) and x“(R), respectively, are
plotted in different colors. Note that the charge-dipole inter-
action strongly couples the electronic states of Cs and the
rotational levels of RbCs. The electronic symmetries of the
potential energy curves are indicated by the asymptotic prop-
erties of the separated constituents, i.e., Cs + RbCs.

The broad avoided crossings hardly influence the deeply
bound states in the outer well potential, and their wave
functions are dominated by the components in the lower po-
tential, i.e., Wid ~ 1, and see Eq. (A5) for the weights, as the
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FIG. 2. For the Cs-RbCs Rydberg molecule, adiabatic electronic potential energy curves for M, = 0 evolving from (a) the Rydberg states
Cs(n = 38,1 > 4) and the RbCs in the ground state, Cs(42s)-RbCs(N < 2) and Cs(38f)-RbCs(N < 2), and (b) the Rydberg state Cs(n =
70,1 > 4) and the RbCs in the ground state, Cs(70f)-RbCs(N = 0), Cs(74s)-RbCs(N = 0), and Cs(73p)-RbCs(N = 4). The labels (n, [;N)
are used to identify the Rydberg potentials Cs(n/)-RbCs(N). In (c) and (d), the left axis shows potential curves (black solid lines) and the right
axis shows the Landau-Zener coupling g = |(\;| % |W;)| (magenta dashed lines) for the avoided crossings encircled in (a) and (b), respectively.

contribution from the upper potential is very small. In con-
trast, the impact is significant for the states lying on the upper
potential. Their wave functions are dominated by the contri-
bution from this upper potential, but still possess a significant
weight from the lower one as shown in Fig. 4(a). The three
lowest states within the right well of Cs(38f)-RbCs(N = 1)
possess the largest mixing, together with the v, =5 state,
which due to the spatial extension of its wave function shows
the highest coupling to the lower potential.

A similar study is done for the electronic potential
evolving from Cs(70f)-RbCs(N = 0), taking into account
nonadiabatic coupling to the upper potential evolving from
Cs(70,1 > 4)-RbCs(N = 0), and the bound states are pre-
sented in Fig. 3(b). For the bound states in the upper potential,
Fig. 4(c) shows that the contribution from this potential to
the corresponding wave functions is dominant. We find some
vibrational levels possessing large weights, but less than 50%,
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FIG. 3. (a) For the electronic states Cs(42s)-RbCs(N = 2) and
Cs(38f)-RbCs(N = 1) of the TriMol encircled in Fig. 2(a), eigenen-
ergies and their vibrational wave functions obtained from the coupled
Schrodinger equation (8) after the stabilization technique is ap-
plied, see Appendix B. (b) Similar results for the lowest Cs(n =
70,1 > 3)-RbCs(N = 0) and Cs(70f)-RbCs(N = 0) potentials en-
circled in Fig. 2(b). The vibrational wave functions are shifted from
their corresponding energies and rescaled for better visibility, and
the components x¢(R) and x“(R) are plotted in blue and yellow,
respectively.

as shown in Fig. 4(c). Note that for the rightmost well in the
upper potential in Fig. 3(b), which evolves from Cs(70,[ >
4)-RbCs(N = 0), we encounter three states associated with
the first excited vibrational state, i.e., the part of their wave
functions on the upper potential possess a node. For two of the
states, the contributions from the lower potential to their total
wave functions, see Eq. (AS5), are larger than 73%, whereas for
the third state, it is 47%. Their energies are not stable as R,
is changed when solving the coupled Schrédinger equation in
the stabilization diagram, see Appendix B. Thus, we do not
consider them as bound in the upper potential, but rather as
scattering states with a significant population trapped in the
rightmost well of the upper potential.

To illustrate the coupling induced at the avoided crossings,
we have computed the nonadiabatic decay rates [Eq. (A7)]
of the bound states in the upper potential to the contin-
uum states. The results for the vibrational states within
the Cs(38f)-RbCs(N = 1) and the lowest electronic state
from the degenerate manifold Cs(70,! > 4)-RbCs(N = 0)

1.0 10*
N
. 100
= 0.5 A =
\ - 10-1 4
001 o909 TR L) N —
0 6 8 10 0 2 4 6 8 10
Uy Uy
100
1.0
05 T 101
= 0.5 =
: W 7 10771
004 (c) 103 L)

0O 3 6 9 12 15 0 3 6 9 12 15

Vy Vy

FIG. 4. For the vibrational states in the upper potentials in
Figs. 3(a) and 3(b), (a) and (c) present weights, as defined in
Eq. (AS), of the vibrational wave function in the lower and upper
potentials, i.e., W¢ (blue circles) and W (yellow triangles), as a
function of the vibrational quantum number in these upper poten-
tials; (b) and (d) present decay rates as defined in Eq. (A7) as a
function of the vibrational quantum number in these upper potentials,
respectively.
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FIG. 5. Integrated weights of the Rydberg /-partial waves in the
electronic wave function, W, ;—o (red squares), W, ;_3 (blue dots),
and ), 203 Wai (green triangles), see Eq. (A6), for the bound states
within the lower and upper potential energy curves (a) and (b),
respectively, in Fig. 3(a). (c) and (d) show analogous results for the
bound states in the lower and upper potentials in Fig. 3(b). Due to
nonadiabatic interactions, dominant partial waves (! = 0 and [ > 3)
Cross.

are shown in Figs. 4(b) and 4(d), respectively. The trend in the
decay rate for the vibrational states in Fig. 3(a) is as expected;
the higher vibrational states away from the avoided crossing
region decay more slowly than the states near the crossing.
For those states located in a potential well, the nodal structure
of the vibrational wave function gives rise to the oscillatory
behavior of the decay rate. For the vibrational states in the
upper potential in Fig. 3(b), the oscillation in the decay rate is
a reflection of the interference of the wave function spread in
the three wells.

For the vibrational bound states within the lower and upper
potentials in Figs. 3(a) and 3(b), we have also analyzed the
hybridization of the Rydberg partial waves due to the charge-
dipole interaction. The weights of the s and f partial waves,
and the sum of the rest, see Eq. (A6), to the wave functions of
the vibrational bound states of the Cs(42s)-RbCs(N = 2) and
Cs(38f)-RbCs(N = 1) potentials are shown in Figs. 5(a) and
5(b), respectively. The s-wave is larger only for those bound
states close to the avoided crossing region, i.e., the high (low)-
lying states in the lower (upper) potential. This is due to the
avoided crossing with the potentials Cs(42s)-RbCs(N = 0)
and Cs(42s)-RbCs(N = 1) at larger internuclear separations.
For all states, the sum of all Rydberg partial waves with [ > 3
possesses a significant weight, having the largest contribution
for excited states on the upper potentials. The weights of all
partial waves are presented for a number of bound vibronic
states in Fig. 10 in Appendix C. These results indicate a
significant hybridization of the Rydberg partial waves, giving
rise to huge permanent electric dipole moments (~kD), as
illustrated in Figs. 6(a) and 6(b).

Figures 5(c) and 5(d) present the Rydberg partial
waves contributions to the vibrational states in the
Cs(70f)-RbCs(N =0) and Cs(70,/ > 4)-RbCs(N = 0)
potentials, respectively. The Rydberg partial waves
contributions are presented for few bound states in detail
in Fig. 11. We encounter a strong mixing; indeed, they do
not inherit a dominant f-wave character from the potential

o

() (d)

O 3 6 9 0 3 6 9 12 15

Vq Uy

FIG. 6. For the bound states within the lower and upper poten-
tials in Fig. 3(a), (a) and (b) show the permanent electric dipole
moment defined in Eq. (A8), respectively. (c) and (d) show analo-
gous results for the bound states in the lower and upper potentials
in Fig. 3(b). The sudden decrease in the dipole moment for the
vibrational quantum numbers v; = 2 and 4 in (a) is because these
states are localized in the inner well of the down potential and are
therefore less affected by the avoided crossing in Fig. 3(b).

correlating to the Cs(70f)-RbCs(N = 0) dissociation limit.
Again, the contribution of the s-partial wave is dominant
for those states close to the avoided crossing region, i.e.,
the highest- and lowest-lying levels in the lower and upper
potentials in Fig. 3(b), respectively. As a consequence, they
all possess massive electric dipole moments as presented in
Figs. 6(c) and 6(d).

For the vibrational bound states within the lower potential
energy curve, we have computed the weighted Franck-
Condon factors in Fig. 7, normalized to the Rabi frequency
for the two-photon Rydberg excitation to the ns Rydberg
states €2,;. The Franck-Condon factors strongly depend on
the nodal structure of the vibrational wave function. For the
Cs(425)-RbCs(N = 2) potential, the lowest-lying state of the
left well possesses the largest Franck-Condon factor, which
is also due to its significant s-wave and N = 0 contribu-
tions to the wave function. For the Cs(70f)-RbCs(N = 0)
potential, we encounter that excited states possess larger
Franck-Condon factors, for instance, the lowest-lying states
within the leftmost potential well, and the second excited state
in the central well. This could be due to the larger contribution
of the Rydberg s partial wave to their wave function. These

1
T /D———E\ /E\ //E‘\

ilofl_ ﬂ\ /p\\ﬂ// \‘n// g \\
L‘L} N\~ \
]

1072+ . . . ; ;
0 2 4 6 8 10

Vg

FIG. 7. Weighted Franck-Condon factors with / =0 Ryd-
berg partial wave and N = 0, assuming the Rabi frequency for
the corresponding two-photon Rydberg excitation 2, =1, see
Eq. (A9), to the bound states within the lower potential en-
ergy curves Cs(42s)-RbCs(N = 2) in Fig. 3(a) (filled squares) and
Cs(70f)-RbCs(N = 0) in Fig. 3(b) (empty squares).
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results indicate that in both cases, there exit several vibrational
bound states that could be used for the photoassociation of
these TriMols.

IV. CONCLUDING REMARKS AND OUTLOOK

We have investigated triatomic ultralong-range Rydberg
molecules formed by a Rydberg cesium atom and a RbCs
diatomic molecule. Our theoretical description includes the
charge-dipole interaction arising from the coupling of the
permanent dipole moment of RbCs with the electric field
produced by the Rydberg electron and core, and the S-wave
scattering of the slow Rydberg electron from the molecule.
Due to the peculiar quantum defects of Cs, the charge-dipole
interaction induces a coupling between the s-wave quantum
defect Rydberg states and the nearest degenerate hydrogenic
manifold, as both states are combined with RbCs in its rota-
tional ground state.

Assuming that the Rydberg atom and the diatomic
molecule are confined in optical tweezers [20], we focus on
the Rydberg molecules evolving from Cs(42s)-RbCs(N = 0)
and Cs(74s)-RbCs(N = 0), whose interspecies separations
correspond to the two possible scenarios with Cs and RbCs
being in the same tweezer or in separate ones, respectively.
For these electronic states, we have explored the role played
by the nonadiabatic coupling near the avoided crossings, their
main features, and their vibrational structure. In both cases,
we have identified vibrational bound states with large Franck-
Condon factors that could be used to form the polyatomic
Rydberg molecules.

Near-resonant coupling between Rydberg states and
molecular rotation induces long-range dipole-dipole inter-
actions. Charge-dipole coupling induces gigantic shifts and
permanent polyatomic molecular dipole moments. These
state-specific interactions can be utilized to perform a con-
ditional and nondestructive readout of the molecular state
[39—44]. In addition, quantum gates between molecules could
be implemented using the Rydberg states of Cs as facilitators
[43-45]. A number of different ultracold bi-alkali molecules
containing Cs atoms have been successfully produced in a
variety of settings. For instance, production of molecules in
the absolute ground state has been achieved for LiCs using
photoassociation [46], NaCs using magnetoassociation in op-
tical tweezers [47] and bulk gases [48], and RbCs molecules
have been produced in bulk gases [32,49] and optical tweezers
[20]. In addition, there are good prospects for reaching the
ground state of ultracold KCs [50]. For all these polar alkali
dimers, we present in Table I a selection of the pairs of
rotational levels and of Rydberg states in Cs, that could be
used for this near-resonant interaction, along with the energy
difference between these transitions. These energy splittings
could be brought closer to resonance by applying electric or
magnetic fields to smoothly tune the Rydberg states.

The precision tunability of Rydberg atoms and the stability
of molecular dipoles combine to induce anisotropic long-
range interactions with new scales and functionality. This
hybrid atom-molecule system holds potential for investigation
of an entire class of quantum processes, including quantum
magnetization and quantum simulations.

TABLE I. Transitions of the Cs atom and diatomic molecules
formed from Cs and energy differences of these transitions that could
be used to create quantum gates.

Cesium Rydberg Molecule and rotational ~Energy difference
transition transition (MHz)
95S1/2 g 92P3/2 LiCS, N=1->2 2.3
47D5/2 d 48P3/2 NaCs,N =1—-2 4.3
118D3/2 — 115P1/2 KCS,NZO—) 1 0.4
85D3/2 — 86P}/2 RbCS, N=0—1 0.6
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APPENDIX A: BEYOND BORN-OPPENHEIMER ANALYSIS

In this Appendix, we describe the quantities analyzed to
get a better physical insight of the features of the TriMol.
To illustrate the induced coupling due to the charge-dipole
interaction, we compute the weight of a certain partial wave
of the Rydberg electron in a k-electronic state of the TriMol
wave function (5), which is given by

Coa(R) = _|Cl v R)
N,J

where the sum in J is for || — N| < J <[+ N, and satisfies
Zn, ; Cn1(R) = 1. For a vibrational bound state, we define the
weight of this Rydberg-electron partial wave as

2 (A1)

Wr = [ LRI C.r R x (RIR. (A2)
and Zn’,Wn,l = 1. Note that x(R) represents the reduced
wave function of a vibrational state, and satisfies the following
Schrodinger equation:

n* d?
————+ VR R)=Ex(R),
[ 7o TV )}x( )=Ex(R)
with m being the reduced mass of the TriMol, and V (R) the
corresponding adiabatic potential energy curve.

We also estimate the electric dipole moment of this vibra-
tional state by

(A3)

(n) = /[X (R)*Drya(R)x (R)dR, (A4)
with the R-dependent electric dipole moment given by

Da(R) = e / W (r, Q; R)rcos 0,¥(r, ;R rd$2,
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FIG. 8. For the electronic states Cs(42s)-RbCs(N = 2) and Cs(38f)-RbCs(N = 1) of the TriMol encircled in Fig. 2(a), eigenenergies
and their vibrational wave functions obtained from (a) the coupled Schrodinger equation (8) and (b) after stabilization technique is applied.
(c) and (d) show similar results for the lowest Cs(n = 70, [ > 3)-RbCs(N = 0) and Cs(70f)-RbCs(N = 0) potentials encircled in Fig. 2(b).
The vibrational wave functions are shifted from their corresponding energies and rescaled for better visibility, and the components x“(R) and

x"(R) are plotted in blue and yellow, respectively.

where 6, is the polar angle of the Rydberg electron. This
integral is nonzero if there are partial waves with different
parity, i.e., Al = %1, contributing to the wave function (5).

For a bound state in the coupled electronic potentials, we
define the weight of the wave function in the potentials down
and up as

Wk = / |xE®)[PdR, (A5)

where X,-k(R) represents the part of reduced wave function in
the k-potential with k = d, u, and i identifies the vibrational
states. For all bound states, it holds W{i + W} = 1. For each
of these bound states, the weights of the Rydberg-electron
wave function are defined, respectively, as

Woi= Y Wi

k=d,u

(AO6)

The nonadiabatic decay rates due to coupling near the
avoided crossings are expressed as [29]

(AT)

2
Ij= 7|

(x|l I
_ i d d ; U hes

where Ay, = (WalT W) — - (Wal 31 Wu) 75, With x| being
the vibrational wave function of a bound state in the upper
potential and x{ as the continuum wave function in the lower
potential at the same energy. Note that the scattering state Xid
is energy normalized. However, when the Schrodinger equa-
tion is solved, the continuum spectrum of the lower potential
is discretized, and the scattering states are represented by
L?-normalized wave functions. Examples of the discretized
continuum belonging to the lower potential and the corre-
sponding wave functions are presented in Figs. 8(a) and 8(c)
for certain values of Ry,. A numerical way to obtain the
energy-normalized wave functions needed for Eq. (A7) from
the L2-normalized ones is described in Ref. [51].

In the coupled picture, the electronic dipole moment of a
bound state is

(i) =y / xS R DL (R)Xf (R)R,

k],k2=d,u

(A8)

with the matrix elements of the dipole moment between the
electronic states k; and k, with ky, k = d, u, given by

D (R) = e / W} (r, Q@ R)r cos 0, W, (r, ; R)d’rdQ2.

To estimate the probability of forming these Rydberg
molecules by a two-photon transition, we compute the Franck-
Condon factors weighted with [ = 0 Rydberg partial wave,

Fi,N=Z/

k=d,u

[ R)] usClg y RV (RIRAR,  (A9)

with Y, (R) being the scattering wave function of the initial
open channel and X,'k (R) the vibrational wave function of the
final potential energy curve of the TriMol, and €2,,; the Rabi
frequency for a two-photon Rydberg excitation to the ns state,
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FIG. 9. For the two bound states of the electronics states of
Cs-RbCs Rydberg molecule Cs(42s)-RbCs(N = 2) and Cs(38f)-
RbCs(N = 1) presented in Figs. 3(a) and 8(b), a stabilization dia-
gram of the energies as a function of the lower minimum value of
the radial coordinate R, used in the numerical method to solve the
coupled Schrodinger equation (8). The vibrational quantum number
v, and v, of the bound states is indicated in the right axis.
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FIG. 10. Weights of the Rydberg partial waves W,,; Eq. (A6) of
the vibrational bound states v, = 0, 2, and 4 (lower panels) and v, =
0, 2, and 8 (upper panels) of the electronic states Cs(42s)-RbCs(N =
2) and Cs(38f)-RbCs(N = 1) shown in Fig. 3(a), respectively. The
figures show that the dominant partial-wave contributions are from s
and f angular momentum states.

which was taken equal to 1 in our calculations. We are assum-
ing that the process is dominated by a single ns Rydberg state,
i.e., there is no significant admixture of different principal
quantum numbers, then we can drop the sum over n. Note
that in F; i in Eq. (A9), we have omitted the labels n and J for
the sake of simplicity, whereas, for the expansions coefficients
Cr{,.lk:(), - We have indicated explicitly the dependence on k, the
label of the potentials.

APPENDIX B: STABILIZATION METHOD

The numerical method used to solve the coupled
Schrodinger equation (8) provides a discretized continuum
spectrum for the lower potential energy curve, i.e., the scatter-
ing states are represented by L?-normalized wave functions.
The discretized continuum energies, shown in Fig. 8(a), lie
close to the bound energies of the vibrational levels of the up-
per potential. In Fig. 8(a), the contributions to the vibrational
wave functions from the up and down potentials, i.e., x?(R)
and x“(R), respectively, are plotted in different colors. The
discretized continuum depends on the limits of the radial in-
terval used to solve the Schrodinger equation (8), whereas the
vibrational spectrum of the upper potential does not, providing
a way to distinguish them. Thus, to determine which states
are truly bound in the upper potential, we solve the coupled
Schrodinger equation (8) varying the inner limit of the radial
integration R, and use the stabilization method [52]. The
bound states are determined using the condition that energies

v, =0 vy =3 v, =10

vg=4 vy =28
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FIG. 11. Weights of the Rydberg partial waves W, ; Eq. (A6)
of the vibrational bound states v; = 0,4, and 8 (lower panels)
and v, =0, 3, and 10 (upper panels) of the lowest electronic state
Cs(n = 70,1 > 3)-RbCs(N = 0) and Cs(70f)-RbCs(N = 0) shown
in Fig. 3(b), respectively. The figures show that the dominant partial-
wave contributions are from s and f angular momentum states.

are independent of R, and they are presented in Figs. 8(b)
and 8(d) compared to Figs. 8(a) and 8(c), respectively.

The stabilization diagram of the energies in Fig. 8(a) is
shown in Fig. 9. To obtain it, we have solved the Schrédinger
equation (8) by using different discretization boxes for R and
modifying their lower limit Ry, [51]. Those levels whose
energy could be considered independent of R, in Fig. 9 are
the states that are truly bound within these potentials, and are
shown in Figs. 3(a) and 8(b).

APPENDIX C: HYBRIDIZATION OF THE RYDBERG
PARTIAL WAVES

The charge-dipole interaction between the Rydberg atom
and the diatomic molecule induces significant hybridization
of the Rydberg partial waves. This hybridization is illustrated
in Fig. 10, where we show the weights of the Rydberg partial
waves W, ; Eq. (A6) for a selection of bound vibronic states of
the Cs(42s)-RbCs(N = 2) and Cs(38f)-RbCs(N = 1) elec-
tronic potentials. Analogous results are presented in Fig. 11
for a few vibrational levels of lowest electronic states Cs(n =
70,1 > 3)-RbCs(N = 0) and Cs(70f)-RbCs(N = 0). The
s-wave possesses the largest contribution for all these vibra-
tional levels due to the strong coupling with the electronic
states evolving from Cs(42s) or Cs(74s). For those vibrational
levels lying close to the avoided crossing region, the s-wave
weight decreases, while the f-wave and the degenerate mani-
fold with [ > 4 gain in relative weight.
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