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1 Introduction

In this paper we consider the scattering of massless open strings on AdSs x S3 in a small
curvature expansion. In the simplest holographic setup one considers a small number of D7
branes as probes to AdSs x S°.! The world-volume of the D7-branes wraps around AdSj
and an equatorial S inside S°. The open strings whose scattering we consider are attached
to these D7 branes. In flat space and for four points the result is simply the Veneziano
amplitude. The world-sheet has the topology of a disk which can be mapped to the upper
half plane, with the open string vertex operators situated on the real line. Choosing the
locations at (0,x,1,00) one obtains the familiar expression

1 1
/dx<v,,(om(xm(1m(oo)>~/ drz 51— 2)" T, (1.1)
0 0

Curvature corrections are equivalent to the insertion of extra gravitons with soft momenta,
as one can see by considering a toy non-linear o-model with AdS expanded around flat space
as target space [7, 8]. Mixed scattering of open and closed massless strings in flat space
was thoroughly considered in [9, 10]. For the insertion of an extra graviton? at a location

'See [1-6] for further details on the setup.

2We discuss here the case of one extra graviton, for simplicity. In general the kth curvature correction
receives a contribution from k extra gravitons, as discussed in [8]. It was shown in [11-15] that the coefficients
in the o/-expansion of genus 0 closed string amplitudes are single-valued multiple zeta values. Adopting a
similar approach to the k soft gravitons appearing here leads to single-valued multiple polylogarithms, as in
the intermediate steps of [13, 14].



z one obtains integrals of the form
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where ¢ is the momentum of the soft graviton, with g its longitudinal component along
the brane. The integral over the location of the graviton vertex operator is an integral over
the upper half plane. As explained in [9, 10] however, the integration can be extended to
the full complex plane in the case of symmetric closed string states, such as the graviton.
Furthermore, in the context of this paper, the full momentum of the soft graviton lies on
the D7 brane, since we are computing AdSs x S3 curvature corrections, so that qﬁ =0.In
conclusion, the insertion of an extra graviton leads to the extra insertion of J(z,x), the
function J(z,z) evaluated on the real line z = z, with

2a 2b 2c

Fea) = [l b . 03
|2|2[1 — 2|2

This is the same type of insertions considered in [7], where it was argued that in the small ¢

expansion this produces single-valued multiple polylogarithms (SVMPLs). The computation

of [7] is reproduced and extended in the appendix.

The following picture then emerges. AdS curvature corrections to the Veneziano amplitude
lead to the extra insertion of single-valued multiple polylogarithms, evaluated on the real line
L(2)|z_,- This is a particular class of multiple polylogarithms (MPLs). To summarise, AdS
curvature corrections correspond to the insertion of extra (soft) gravitons, and the scattering
of gravitons is governed by single-valued insertions.?

This insight will be a powerful ingredient in the construction of the AdS Veneziano
amplitude, as recently initiated in [1] following up on similar work on the AdS Virasoro-
Shapiro amplitude [7, 8, 16, 17]. The AdS amplitude A(S,T) is defined in terms of the
holographic correlator of four flavour currents in the dual N' = 2 superconformal field theory
and satisfies a dispersion relation, expressing it in terms of OPE data of massive string
operators. In addition, it admits a representation as an open string world-sheet integral
in an expansion around flat space

AST) = T/dmm_s (1 — )T~ IZ (R2> G9(8, T, z), (1.4)

where R is the AdS radius and the leading term is the flat space Veneziano amplitude

GOS8, T,2)=1. (1.5)

3Note that single-valuedness is only a property of the integrand. For the amplitude itself, single-valuedness
is lost because of the one-dimensional x integral. In particular, the low energy expansion coefficients of the
amplitude contain non-single-valued multiple zeta values (MZVs). This is the usual notion of the absence of
single-valuedness in the Veneziano amplitude, already apparent in flat space.



The first curvature correction G (S, T, z) was fully determined in [1] by using an ansatz
for this function in terms of multi-valued MPLs, however such an ansatz did not lead to a
unique solution for the next correction G(Q)(S, T,x). The first correction, obtained without
assuming single-valuedness, can actually be expressed in terms of SVMPLs on the real line*

S?+17? (S+T)?

GO(S,T,2) = T (Lon(®) — Lo1 () = = (Ldi0(x) — 4(3) (1.6)
_ 35 L?Sf - T ity + 22 (ﬁi TT; T i+ os@+ o
27 ((S ) (L300() — Lo () — Larof)) — BLn(a) — 5551(;)) ,
where £ = = and
LE(2) = Lo(z) + Lo(l — ). (1.7)

This provides further evidence for the claim that the insertions are single-valued. As it
turns out, the assumption of single-valuedness is enough to fully fix the second curvature
correction G (S, T, z).

The remainder of the paper is organised as follows. In section 2 we review the holographic
correlator and the dispersion relation. Section 3 discusses the space of SVMPLSs on the real line
and the solution for G® (S, T, z). In section 4 we perform consistency checks by considering
the high energy limit, the low energy expansion and the OPE data of the exchanged massive
string operators. We find that the high energy limit is consistent with exponentiation, as
predicted in [18] in the context of closed strings. In the low energy expansion we fully fix
the unprotected DSF* term in the holographic correlator. The OPE data can be compared
to a classical open string solution in AdS and we find agreement. We conclude in section 5.
Finally, the small ¢ expansion of (1.3) is done in appendix A.

2 Setup

2.1 Correlator

The holographic dual of the string theory under consideration is a 4d A/ = 2 superconformal
field theory with R-symmetry group SU(2)r x U(1), and flavour symmetry SU(2);, x Gp,
where G can be SO(8), U(4) or SO(4) x SO(4).> We consider the correlator of four moment
map operators O! (z), which is the superconformal primary of the flavour supermultiplet, a
Lorentz scalar with dimension A = 2 in the singlet of SU(2)r, the adjoint of SU(2)g (with
index «) and also in the adjoint of Gp (with index I). In particular we work with the
reduced Mellin amplitude M717213%4(5 ) for this correlator.® We only consider the leading
contribution of order 1/N in the large N expansion,” which corresponds to open string
scattering where the world-sheet has the topology of a disc with four insertions at the

“We thank Pietro Ferrero for pointing this out to us.
SThese cases were discussed in [3].

6See [1] for the relation to the correlator.

"We will drop the overall factor 1/N from formulas.



boundary. The colour structures for this configuration are single traces of the generators
T! of Gr and the amplitude takes the form [5, 6]

MIEDI (s 4y = Te (TRTRTRT) M(s, ) + Te (THTTRT) M2, u)
(2.1)
+ Tr (TR TBTRTR) M(u, s),

where M (s,t) is called the colour-ordered Mellin amplitude and can have only poles in
the s- and t-channels, the only ones consistent with the colour ordering (1234). Crossing
symmetry implies that

M(s,t) = M(t,s). (2.2)

Apart from the Mellin amplitude we will also study its Borel transform

A\ [EHioo doy o <\FAT fAU)

A(S,T) (2.3)

)
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where the t’Hooft coupling A is related to the AdS radius R and the Regge slope o via

the AdS/CFT dictionary

\FA:ZTJF()(;). (2.4)

We call A(S,T) the AdS amplitude. When considering its large A expansion

AST) =S LA (s, T), (2.5)

[V

k=0

the leading term is the flat space Veneziano amplitude

I(=S)(=T)
AOg Ty = = — 2.
Because of this, (2.3) is also known as the flat space limit [19, 20].
2.2 Dispersion relation
As shown in [1], the Mellin amplitude obeys a dispersion relation
C2 QT+27d:4 t o 2
M(s,t)= > nt Qe ) , (2.7)

sS—T7—2m+2

T,4,m

where ngf’djl(t — 2) is a Mack polynomial, defined as in [1], and the sum runs over massive
string operators in the s-channel, whose dimensions are determined at large A by the mass
levels a/m? = § = 1,2,... of the flat space string spectrum

A=mR(1+0(\%))=Vori +0(\74). (2.8)



We will expand the OPE data in large A as

7(8,0) = VoA + 1 (8,6) + (8, ON"1 + ...,
9—27(6,6)—2¢-9 .3 - 5,0 4
e, - ) (29
(€4 1)sin (57(6,0))

F(6,0) = fo(8,0) + Fi(8,ONT + fo(8, N2 + ...,

where the flat space spectrum implies
f(0,) =0, §—/Leven. (2.10)

By performing a large A expansion, the sum over m in (2.7) as well as the Borel transform (2.5)
(see [17, 21]), we can obtain the following version of the dispersion relation for the AdS
amplitude close to a pole S ~ §

L2+ O((S - 0)°). (2.11)

The numerators can be explicitly computed and depend linearly on the OPE data: RZ(O) (T,9)
depends on the leading OPE coefficients (fo)s ¢ and Rgl)(T, d) depends on (fa)s5,¢ and (fo72)s.0-
This data has been computed in [1] from A© (S, T) and AN (S, T). In the present paper we
compute A?)(S,T) and therefore (f1)ss, (fora + faTa)se and {for2)ss. The angle brackets
indicate a sum over all operators that are degenerate in the flat space limit.

Corrections to the OPE data at odd powers of \'/* are fixed by similar relations to (2.11)
where the left hand side vanishes, because A(S,T) can be expanded in integer powers of
o' /R?. This leads to

40— 1

T1(0,4) = —¢, (f1)5,0 = (fo)s, 75

(2.12)

and at order 1/X3/* to

40 — 1
73(6,0) =0, (fim)se = <f07'2>67£727

4(8¢ - 1) (5<f2>5,e - ﬁ(foﬁ%,z) — (160¢° — 60 + 16¢ + 3) (fo)s ¢
]53/2 '

(2.13)

(f3)se =

3 World-sheet correlator

Our strategy to fix a given curvature correction A(k)(S, T') is to make the assumption that
it has a representation as the world-sheet integral

1
AW (S, T) = S_il_T/da: S (1 = 2) T 1GW (S, T, x) (3.1)
0

We then make an ansatz for G*)(S,T,z) and demand consistency with (2.11) to fix the
coefficient of the ansatz.



3.1 Basis of SVMPLs on the real line

In order to write a maximally restrictive ansatz for G**)(S,T,z) we have to find a basis
of SVMPLs® restricted to the real line z = z. In [1] G(S, T, z) was computed without
assuming single-valuedness by simply using an ansatz in terms of MPLs L, (z) of weight
L, where w is a word of length L with letters 0 or 1. This basis has 2” elements. We can
see that SVMPLs restricted to the real line form a smaller space of functions by noting
that the condition & = Z is a special case of symmetrizing with respect to z «+» z. The
symmetrized SVMPLs satisfy

Low(2) + Lw(Z) = L(2) + L(2), (3.2)

where w is the reverse word. This reduces the number of basis elements of weight L to
2L-1 4 ol%] | 1t is also necessary to include in the ansatz products of SVMPLs and the
single-valued multiple zeta values (SVMZVs, see [27])

¢(3), ¢(5), <3)?, ... (3.3)
Including such products, there are
3 ol-1 1 ol55H) (3.4)
L>0

L=W,W -3 W—5W—6,...

basis elements of weight W that are symmetric under z <> z. Next we restrict to the real
line, which leads to further relations between the basis elements, starting at weight 4. We
find the relations

1
Loo11(z) = *50110(96) + 551001(36) +(¢(3) L1 (),
Loio10(x) = 6Looo11(2) + 2Lo0101(z) — 2Lo0110(z) — 2L01001 () — 3L10001(2) ,
L10101(x) = 6Loo111(2) + 2Lo1011 () — 2L01101(x) —3Lo1110(2) —2L10011(2) — 6¢(3)Lo1 () |
Loo1100(x) = L100001 () — 2Lo00011(x) + 2Lo00110()

(
+2¢(3)Loo1 (x) — 2¢(3)Loro(x) + 2¢(5)L1(x) ,
Li10011(7) = Lo11110(7) — 2Lo01111(7) + 2L100111(T)
= 20(3)Lo11(x) +2¢(3)L101(2) + 9¢(5) L1 (x)
Lo10010(7) = 8Loo0011 () + 3Loo0101 (%) — 2Lo00110(2) — Loo1o10(z) — 3Lo10001 () (3.5)
— 4L100001 () — 8C(5)L1(z),
Liyo1101(7) = 8Loo1111(2) + 3Lo10111(*) — 3Lo11101(7) — 4L011110(T) — 2L100111(7)
— Lioto11(z) — 4¢(3)Lo11(x) — 2¢(3)L101(z) — 6¢(5) L1 (),
Lo10101(7) = 9Loo0111 () + 2Lo01011 (%) — 2Lo01101 (%) — 3Lo01110(7) — 2L010011 ()
—3L100011() — 3¢(3)Lo10(x) + 3¢(3)L101(z) + 12¢(5)L1(x)
Lo11001(7) = Loo1o11(x) + Loo1101(x) + Lo1oo11(x) — Loro110(z) — Lioo1o1(x)
+ 3¢(3)Lo1o(x) — 2¢(3)Lo11(x) — 3¢(3)L101(x) — 11¢(5)L1(x), forz=1Z.

8See [7, 22, 23] for details on SVMPLs. We found the programs [24-26] useful for practical applications.




weight 0112|3456
multi-valued | 1|2 |5 | 11| 23| 48 | 98
single-valued | 1 |2 | 3| 7 | 11| 22 | 39

Table 1. Number of independent MPLs (x MZVs) and SVMPLs (x SVMZVs) on the real line.

We show the number of remaining independent basis elements in table 1 and compare it
to the number of independent basis elements when using a more general multi-valued basis
of MPLs and MZVs. The multi-valued ansatz is enough to fully fix G (S, T, x), as done
n [1], but not for G (S,T,z).

In order to implement crossing symmetry we choose a basis that is explicitly (anti-)
symmetric under x < 1 — z, writing

LE(x) = Lo(x) + Loy(1 —2). (3.6)
To relate this to the previous discussion it is useful to know that
Ly(1—2)=Ly(z) + SVMZVs times lower weight SVMPLs, (3.7)
where 0 is the word where each letter is flipped (0 <+ 1). For example
Lo11(1 — z) = Li00(2) +2¢(3) . (3.8)

Our choice of basis for SVMPLs on the real line up to weight 6 is the following

Ti@ =), T@=(L@), T@=(L),

T (@) = (L(@), Liy(@)) , Ty (2) = (Loo(@))

Ty (w) = ( 000 (™ 5301(50) Liio(),¢ 3)) ,

Ty (z) = (5 ), Loo1 (), Loyo (2 )) )

T (z) = (53000 @), L3oo1 (%), Lo10(%), Lo101 (), 50110( ):¢(3)Lg (x )) ;
Ty (z) = ( 0000(%)> L0001 (%), Loo10(7), Lo110(2 $))

T3 (2) = (L3o000(2), Laooor (), Logoro (@ 00011( ) 00100( ), Lioi01(2),

, (3.9)
T5 (%) = (L0000 ()5 Loo001 (%) Looo10(%) Looo11 (%)s Loo100()s Logro1 (2),
500110(9’j 501001@ 501110(90 ¢(3 )500( ))
T6+(~’U) = (5000000 z Eoooom(fﬂ 5000010(37)75000011(@’5300100(@75300101@%5300110(55)7
) (

+
Looo111 (2

)s )s )s
L30110(), L1001 (%), La1110(2), ¢ (3) Lo (), ¢(3) Ly (), ¢(5))

(z), )s )s

) )s )s

(), );
(@), 001001($) 5001010( )75301011( ) /3301101( ) E(J)rmno(x 7/3310001 z),
E(J)rlono(fﬂ) ['011110(5'7) (B3)L 000( ), C(3)5001( z), C(3)£010( z), C(5)£8r(55)v<(3)2)7
Ts () = (L000000(*)s Lo00001 (%) Lo00010() s Loooo11(®)s Looo100(*)s Looo101 (%) Looor10(2),

L001001 (%) Loo1010(®): Loo1101 (%), Loo1110(%)s Lo10001 (), Lo1o110(®)s Lot1110(2),

C(3)Lono (%), C(3)Log1 (%), C(3) Loyo(2), C(5) Ly (2)) -



3.2 Ansatz

We make the following ansatz for the kth curvature correction to the world-sheet correlator

1 3k
n= ]7

where Pffj)i(S, T') are symmetric / antisymmetric homogeneous polynomials of degree n
with rational coefficients. The sum runs over the independent SVMPLSs on the real line (3.9)
up to weight 3k.

We would like to compare the ansatz to (2.11). To this end one first Taylor expands the
integrand of (3.1) around z = 0 and then integrates before finally expanding around S = ¢,
for different values of §. The matching implies that the OPE data appearing in (2.11) can
only depend on MZVs that explicitly appear in the world-sheet integrand, i.e. SVMZVs. For
k = 1 we saw already in [1] that the OPE data has the form

Vo(fora)se =184

3.11
(f2)sr = Tg,e +75,((3), (3.1)

where rfw are rational numbers. For k£ = 2 we make the ansatz
(for3)se =T50,
Vo{fora + fara)se =150+ 15,(3) (3.12)
(fa)se =150 +750C(3) +73,(5) +750¢(3)%

In general we expect (fgkﬂ'g2 7}{47'g6 ...)5,¢ to have terms of maximal weight 3(k+ js+2j6+...).

3.3 Solution

The ansatz for k = 2 has 254 rational coeflicients, of which all but one are fixed by matching the
ansatz with the dispersion relation. The polynomials appearing in the solution are given by

e =), PP en = (Y). PEn=r-9) ().
PT(S,T) = (S + T)2<687’ _%49) + ST( - %’ T) BT = (1 SQ)@l) ’
PPY(S.T) = (S + T>3( -0 ;) + 5T<5+T)< Ty ) ’

PRSI = (s s+ TP (< T ) (s msT(T- 5T ).

PP(8,T) = (8 +T>4<223’ 2 225’2>

65 39 3 27 61 7T 3 3
T(S+T)2( — ==, 2,28 2= 2 ZTQ(—— )
+S (S+ ) ( 47 8787 87 87 4)+S 27 37 3727370 b

9We also include the final expression for G (S, T, z) in a Mathematica file in the Supplementary material.



P7T(S,T) = (S —T)(S +T)> (23 % —12,—5,

(27_63_45_99)
2% 8 47888

)
27 15 75 39 39 77 1 11 27 7 43 165
PA* (s 1) = (S T5(——————>
5 (5T)=(5+T) 4792787 2787 8228747 4 4 2
5
4

75 81 61 41 41 9
)? ( ,5,,9> (3.13)

2) +8T(5%— T2

3
YerTr T oo
5 7 1111 53 1311

22 - s Y Y -2 s - o
+ST(S+T)<27 27 47 47 4727 4747472707 3)7
27 15 75 @ @ H}

472787 2787 8'2

15 3 3 1 31 11 3

+(S_ ) (S_I_T) ( _4 —55_15_57_ 7_1757_7 )7

PO=(8,T) = (S—T)(S+T)4<

472
5 5 711 15 51 3 17 1_9
P (S, T) = (S T6<———10000—0 1 —0)
6 ( b ) ( + ) 47 47 47 47 b 87 ) 78727 ) b b 47 ) 74747 47 72
—ST(S+T)*
13 25 2755 11115 31
1 -2, =, - = ——, -, —,—=,=,-3,1,2,2
x(5.-5,-610, -3 T2 -T2 0 - 1 2 00 -8 12.2,0,8)
+ S?T%(S +T)?
(553113319111711111102>
27 27 27 27 ) 47 27 47 47 27 747 4727 472727 ) 27 ) 7
5 5 711 15 51 3 17 1
PP, T)=(S-T T5<———1 1—)
6 (57 ) (S )(S+ ) 47 4? 47 47 Y 87 78’270707 4’07 74747 470
+ (S =T)ST(S +T)*
555 95 5 11 1 1 1
X(_777_77_707_57_7_7_3707_7_7_7_3770>7
272727 272" 2 4 4 4 4 2 27 22

where we fixed the final coefficient to the correct value for the SO(8) theory, as will be
described in section 4.2 below. Keeping this coefficient, let us call it ¢, unfixed corresponds

to adding the following to G?)(S, T, z)

16 53101(95) - 16 'Carom(x) - 16

S2 —4ST + T2
8(S+1)

+ < ! ($2+712)¢(3) +

(2)[68° +7ST + 6T S% +4ST +T? 55% +3ST +51% |
¢ Laiio(x)

2 2
(Cii0(o) — L)) + et — (G () = L)

1 1
(S‘FT)>£ () —=2(S+T)C(3) + S+12

+(5-1) (16(5 +T) (56110(@ - 55010(53)) - %5501(@ + éﬁalo(l“) - m

(17(5 +T)¢(3) + M) Eo(az))] . (3.14)

In the theories with G = U(4) or SO(4) x SO(4) the world-sheet integrand might differ by
this term. This question could potentially be resolved by doing the localisation computations

for these theories.



4 Checks

In obtaining our solution we made several assumptions, so it is important to perform
consistency checks. In this section we show that the high energy limit of A(2)(S, T) is
consistent with exponentiation as expected from a classical scattering computation [18], the
low energy expansion is free of poles at 5,7 = 0 and the OPE data matches the results for
the energy of classical solutions for massive string operators. We also fully fix the DSF*
correction to the Mellin amplitude and provide a wealth of OPE data that can be compared
to future computations with other methods.

4.1 High energy limit

In the high-energy limit of large S, T, R with S/T and S/R fixed!® we expect the amplitude
A(S,T) to be determined by a classical computation, as shown for the closed string amplitude
on AdSs x S° in [18]. We expect the form

AME(S Ty = lim  A(S,T) ~ e Eoren(ST) (4.1)
S, T,R—o0
S/T,S/R fixed

and the exponent is determined by the saddle point at z = SJ%T of the integral (3.1) for k = 0,1

1 1
60pen(s’ T) = 5(0> (Sa T) + ﬁg(l) (Sv T) +0 (S) )

S T
0) _ 9 L
08, T) Slog(s T>+Tlog(s+ )

eV Ty = —GW <S T, SST) +0(S) (4.2)

5 o (525) - 5 5) - 209) + 5D ()

T2 S S T(S+T) S
+g (e (557) ~ e (557) )+ =5 0m (55)

Crucially, the exponent depends only on the first curvature correction (see [18]). This means
that the high energy limit of all further curvature corrections is determined by (4.1). In

particular
HE o0 (1L e e
AME(S T) ~ e (1 € (ST)+2R4 CRICE +> (4.3)
which implies
S 1 2
(2) (1) 3
G <STS+T) 2(5 (S,7))"+0(s%), (4.4)

which we confirm to be true for our solution. In particular, the high-energy limit does not
depend on the unfixed coefficient ¢?, as (3.14) is O(S52).

Furthermore, combining (4.4) with the relation between the high energy exponents for
open and closed strings [1]

1
gopen(s, T) = §gclosed(457 4T) ) (45)

implies an identity between the high energy limits of A)(S,T) for open and closed strings.

10We set o' = 1 in this section.

,10,



4.2 Low energy expansion

Let us now discuss the low energy expansion of A(S,T), i.e. the Taylor expansion around
S =T = 0. We define the Wilson coefficients aékg by

AW (S, T) Z 5965 61=-U, 69=—ST. (4.6)
a,b=

To compute this expansion from the world-sheet integral (3.1), we first express the integrand
in terms of usual MPLs and consider integrals of the form

Tu(S,T) = / drz 5" (1 = 2) T Ly(x). (4.7)

The expansion of these integrals was done in [1], with the result

I,(S,T) = poles + i (=S)P(=T)1 Z (Low (1) — Liw (1)) , (4.8)

p,q=0 WeoPw19uww

where L is the shuffle product. Expanding the result (3.13) including the unfixed term (3.14)

gives
(2) 1851 (2)
AD(5,T) = (48 _ 302 > C(2) + (%45 - 69; ) C(5)61 + ... (4.9)

For the Gp = SO(8) theory the leading coefficient in this expansion was computed using
supersymmetric localisation in [1, 6] to be

afg = 48¢(2)?, (4.10)

so indeed we have to set ¢ = 0 for this theory, which we will do for most of the remainder
of the paper. The low energy expansion for A (S,T) is then

ARS,T) = 480(2)* + o1 ((5) + 0 (To¢(2) - 125¢(3)

b (Soe @ + 2503 ) + o (TSR0 + T
+ oo (LB + I + (D) (.11)
+ ot (Zo o)+ 1R - ZCEE) + 5(5.3))
ot (L) + 2T60(3)C(2) + TCEI) - 5,3
403 (e 0(2) !+ IR + 2 CB)) - 1566.3))

This new result allows us to completely fix the Mellin amplitude up to order A=5/2, which
corresponds to the DSF* term in the low energy effective action. The low energy expansion
of the Mellin amplitude is related to (4.6) by (2.3)

N 4+a+2b)23+a+2b b (k)

M(s, + - ofosa, s, (4.12)
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with
g1 = —u, 09 = —st. (4.13)

The first few terms of the Mellin amplitude read [1, 6]

M(s,t) = — 2 N 48¢(2) N 3846(3)01 N 384¢(2)? (403 + 7oy — 301 + 6)

4.14
st A s A2 (4.14)

g (990 (o + aftino) 50 (ol + offr) + 8ot + o)
+0 ()\‘3) .

We can extract most of the coefficients at O(A~%/2) from the known A*=01.2)(§, T)

ol = ¢(5), o’ = ¢(5) + ¢(2)¢3),

o) = TB) -~ 200C), all] = ~19(5) ~ 20(2)(3) (4.15)
1851

o’y = —~¢(5)

The final coefficient can then be fixed using the localisation constraint of [6] (see also
appendix C of [1])

al) = 64al) + 32081 = —1920¢(2)¢(3) - (4.16)

4.3 OPE data

Let us now extract the OPE data from our solution. From A®)(S,T) we obtain for the
first Regge trajectory'!
Gord)as s =rol@)a (2 + L 3)
079 )6,6—1 = T0 4 25 4 )
76° 1916 79 12175 1853 249)

(fora + fom2)ss-1 = TO(‘S)‘/E( 16 T 32 T2 48 966 '8

+0%¢(3)(fora)ss-1 — 7575((3)(1%)5,571, (4.17)

(fa) (4) <4954 2530° N 556302 L 1611 89095 6889 54823
_1 =T — _ .
4)86-1 = T0l0)\ 9eg” ~ Tgq 288 12862 96 T

_ <754 2108 1048° W)C(g,)) + (544(3)2 _ 3(253C(5)>(fo)5,51

12 4 3 8 2
where 5os
1— —2n—1 2
ra(6) = (;(5 i n(i I)Qn) (4.18)
UHere we set ¢ = 0. We include the dependence on ¢® and analogous formulas for further Regge

trajectories in a Mathematica file in the Supplementary material.
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For the second Regge trajectory we find

ST 132 T 216 36 13
76° 67967 22930% 2266 87615 725 7031)

36° 8% 4798% 211962 3415 2
(ford)ss—3 = T1(6) ( - - ) ,

EVTIRTY 216 0o T 96 T126 7

) fomdass — o B o)sss

idssos = r(8) (4956  9138° N 259276 N 1164016° N 18240162 | 754276
1o0=3 T INUN 864 3240 4320 2592 2592 2160

(fora + for2)se-3 = r1(6)Vd (

317771 2843297 Lfsﬁ B 7965 N 929454 N 84763 B 87762 (3)>
1926 1920 36 108 54 24 12
54 363
+ <2<<3>2 - 2<<5>) (fo)ss-s- (4.19)

Note that the angle brackets indicate a sum over operators with the same (4, ¢). The operators
on the first Regge trajectory are non-degenerate so that we can combine the data with the
one at lower orders [1] and solve for the dimensions A(6,¢) = 7(5,¢) + ¢

1 1 /36 1 3
A(5,5—1) —\/5A4 1+ﬁ <4+25—4> (4.20)
2
1 210% 1 (3+414¢(3)5 3 41 +<(19+34<(3))5 - 11) )
A 32 862 4 8y = 32 16 16

This can be compared to the classical glued folded open string solution in AdS as discussed
in [1], which has the energy

) 1 /36 1 1 1/ 2162 1 B
= i (=L = COR Wi _ (1) 1 2)
E \/5)\4[1+ﬁ(4 to5 5t >+A< 2y gz Hho O+ 5 +b )+} (4.21)

While the coefficients a), b(()l), bgl) and @ are determined by the 1-loop and 2-loop fluc-
tuations around the classical solution, and are currently unavailable from this perspective,
we find an exact match for all the classical terms.

5 Conclusions

In this paper we argued that the world-sheet integrand of the AdS Veneziano amplitude
in a small curvature expansion should be expressible in terms of single-valued multiple
polylogarithms evaluated on the real axis, because curvature corrections correspond to soft
gravitons, which are governed by single-valued insertions.

Combining this with a CFT dispersion relation we fixed the second curvature correction
up to one rational coefficient ¢®). For the theory with flavour group Gy = SO(8) this
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coefficient can be fixed using the localisation constraint computed in [6]. For the other
possibilities Gp = U(4) or SO(4) x SO(4) the localisation constraint has not been computed
yet, so ¢@ is not fixed. Another way to fix it would be to compute quantum corrections to
the energy of the glued folded open string solution in AdS and compare it to our result for
the conformal dimensions of massive string operators (4.20). At the classical level, the two
quantities already agree. A further consistency check is exponentiation in the high energy
limit. Our result also fully fixes the unprotected D%F?4 term in the low energy effective action.

We commented in [1] that we did not find an obvious KLT [28]/double-copy [29, 30] type
relation between the AdS Veneziano and AdS Virasoro-Shapiro amplitudes. The results of
the present paper lead to a new way of thinking about this. The scattering of open strings
in a curved background should be thought of as the scattering of open strings with extra
gravitons. If there are to be any double-copy relations, it seems that only the open strings,
but not the soft gravitons from curvature corrections, should be doubled. The scattering
of these extra gravitons is already governed by single-valuedness, restricted to the real line
in the context of open string scattering.

Finally, we came across single-valued multiple polylogarithms evaluated on the real line.
These also appear in different physical applications, for instance in the context of Wilson
line defect CFTs, see [31], but to our knowledge these functions have not been studied
systematically. It would be interesting to study this from a mathematical perspective.
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A Computation of J(x, &)

We would like to compute

2a 1— z|2b|z o x|26
7)= [ d° 2™ Al
T3) = [ -
in a small a, b, c expansion, and show that the resulting functions are single-valued functions
of z. Following [32] we write this in a factorised form!?
_ 1 _ _
J(x,z) = - (k1J1(x)J1(Z) + ke Jo(x)J2(Z)) | (A.2)

with k1 = sin(mwa) csc(m(b + ¢)) sin(m(a 4+ b+ ¢)), ke = sin(wd) sin(we) cse(w(b + ¢)) and

0
B = [ (2712 - ), »
> 3

To(z) = / )L = ) (e — )

2This integral was first computed in [33].
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These integrals can be evaluated in terms of linear combinations of the following two hy-
pergeometric functions

hi(x) = oF1(a,1 —=bja+c+ 1;2), he(x) = oFi(—a—b—c+1,—c;—a—c+ 1;z), (A.4)

which leads to the following expression for J(z, )

T (x, %) = kg |z > 2hy (2)h1 (T) + Aoho(z)ha(Z), (A.5)
with
a = _ml(—a— c)? esc(m(b+ ¢))(cse(ma) sin(m(a + b + ¢)) + sin(wb) csc(me))
! I'(1—a)2l(—c)? ’
2 . ) (A.6)
fy — ~ ml(a+ ¢)* esc(m(b + ¢))(sin(ma) ese(m(a + b+ ¢)) + esc(mb) sin(mc)) ‘

I'(1-0)T(a+b+c)?

We now note the following. First, &1, ke admit an expansion around small (a,b,c) with
coefficients proportional to SVMZVs. Schematically

iz ~ =+ () + CB)E + R+ (A7)
with (a,b,c) ~ e. Second, hi(z), ha(x) are both of the form
h(z) = 2F1(1+€1,€2;1 +e352). (A.8)
These hypergeometric functions admit an expansion around small €; of the form
h(z) =1+ ehM(x) + D (z) 4 -- -, (A.9)

where h(¥)(z) is a linear combination of multiple polylogarithms L,,(x) of weight k, labelled
by words in the alphabet {0,1}, analytic (and also vanishing) at = 0, so that their last
letter is always 1. The functions A(*) () can be recursively computed as follows. First we
write h(¥) () as a linear combination of MPLs of weight k. Then we plug this expansion
into the second order differential equation which h(z) satisfies

(1 —2)xh" () + (1 +e3— 2(2+ €1 + €2))h/(z) — (1 + €1)eah(z) =0, (A.10)

and use the basic property of multiple polylogarithms

d 1 d 1
%Low(a?) = ELw(fL')7 %Llw(fﬂ) =

Ly(z), (A.11)

r—1

to replace derivatives by action on the letters. This allows to determine
h(z) =1—eaLi(x) + (e2(€1 + €2 — €3) L11(x) — €a(€1 — €3)Lo1(x)) + - - . (A.12)

From the equation it turns out A(**1)(z) can be determined in terms of h(¥)(z), for k = 1,2, - - -
by the following operation

h(k+1)($> = ((—63000 + (63 — 62)010) Vo + ((61 — 63)001 + (63 — €1 — 62)011) V1> h(k)(.%‘) ,
(A.13)

,15,



where the operators Vg, V1 act like a ‘derivative’ with respect to the first letter, so that
VoLow(x) = ViLiy(x) = Ly(x), ViLow(z) = VoLiw(z) =0, (A.14)
while o, for m,n = 0,1 act by concatenating the letters mn from the left
OmnLoy () = Lipnw () - (A.15)

With this, hi(x), ha(z) can be computed to any desired order. Plugging this expansions into
J(z,Z) it can be explicitly checked, order by order, that the resulting expression contains
only single-valued multiple polylogarithms

— Crlota) = Soa(a) + oo (A.16)

J (@) = = ab a b
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