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Abstract
The Kramers–Kronig relations are a pivotal foundation of linear optics and atomic physics,
embedding a physical connection between the real and imaginary components of any causal
response function. A mathematically equivalent, but simpler, approach instead utilises the
Hilbert transform. In a previous study, the Hilbert transform was applied to absorption spectra in
order to infer the sole refractive index of an atomic medium in the absence of an external
magnetic field. The presence of a magnetic field causes the medium to become birefringent and
dichroic, and therefore it is instead characterised by two refractive indices. In this study, we
apply the same Hilbert transform technique to independently measure both refractive indices of
a birefringent atomic medium, leading to an indirect measurement of atomic magneto-optical
rotation. Key to this measurement is the insight that inputting specific light polarisations into an
atomic medium induces absorption associated with only one of the refractive indices. We show
this is true in two configurations, commonly referred to in literature as the Faraday and Voigt
geometries, which differ by the magnetic field orientation with respect to the light wavevector.
For both cases, we measure the two refractive indices independently for a Rb thermal vapour in
a 0.6T magnetic field, finding excellent agreement with theory. This study further emphasises
the application of the Hilbert transform to the field of quantum and atomic optics in the linear
regime.

Keywords: magneto-optical rotation, Kramers–Kronig, Hilbert transform, birefringence,
atomic spectroscopy, hyperfine Paschen-Back

1. Introduction

The Kramers–Kronig (KK) relations are used extensively
across a wide range of disciplines of physics [1–10],
including signal reconstruction in the optical [11] and
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terahertz regimes [12], measuring the scattering properties of
blood [13], and holographic imaging [14, 15]. The reason
for their ubiquity is made clear by their use. For any com-
plex function which is linear, causal and analytic in the upper
half-plane [16], the KK relations map the real component of
that function to its imaginary counterpart [17, 18], and there-
fore knowledge of one component means inferring the other
indirectly. The KK relations are a pivotal foundation of linear
optics and atomic physics, where one is interested in the beha-
viour of light as it traverses through a dispersive medium [19].
The underlying physics is governed by the complex refractive
index [20]; the real component is responsible for the dispersive
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properties of the medium, i.e. light slowing [21], while the
imaginary component describes absorption of light [22].
Absorption spectroscopy is simple to perform, and con-
sequently, both fundamental and applied studies are exhaust-
ive [23]. On the other hand, light dispersion, i.e. the frequency
dependence of the refractive index [24], is difficult to measure,
often requiring complex interferometric setups [25–27] that
are susceptible to systematic errors such as mechanical vibra-
tions and thermal drifts. The KK relations bypass this method
by offering a simple way to indirectly measure dispersion via
less complex absorption spectroscopy [28].

The main difficulty with the KK relations is that they are
computationally complex. From an analysis perspective, one
must take care in avoiding the poles of the integrand (see
equation (1)). The calculation is also slow, since only a single
value of the real refractive index is extracted when integrat-
ing over a large frequency range of its imaginary counter-
part. This motivates application of the Hilbert transform (HT),
which is a mathematical analogue of the KK relations [29]. In
fact, the KK relations form a HT-pair, and can both be derived
in a similar manner via complex contour integration [30].
There are many applications of the HT [31–36], particularly
in signal processing [37]. Consequently, the HT is a staple of
many signal processing software packages, such as Python’s
SciPy [38]. These typically utilise fast Fourier transforms;
not only does this mean the calculation avoids dealing with
poles, but it is also makes the transformation much faster than
the alternative KK relations. The HT is therefore the preferred
transformation method1.

A previous study utilised the HT on an atomic system in
the absence of a magnetic field to indirectly measure its sole
refractive index [28]. Magnetic fields are used extensively by
atomic physics researchers, with applications found in both
fundamental [40–48] and applied [49–56] studies. Of interest
in this study is the property that an atomic medium becomes
birefringent when subject to an external magnetic field, and
therefore the system exhibits two refractive indices n1,2 [20].
This property is exploited by atomic devices such as optical
isolators [57, 58] and atomic filters [59–63], where differ-
ential refraction i.e. birefringence, causes a plane of polar-
isation rotation in the vicinity of atomic resonances [64].
Consequently, these devices are excellent at rejecting undesir-
able light [65].

In this study, we show that the birefringence an atomic
medium exhibits is a function of its atom-light geometry
(i.e. the relative angle between the light wavevector k⃗ and the
magnetic field vector B⃗), and solve for two cases of analytic
magneto-optical rotation. These are the Faraday geometry [58,
61, 66–68], where k⃗ is parallel to B⃗ (⃗k ∥ B⃗), and the Voigt geo-
metry [45, 69–75], where k⃗ is perpendicular to B⃗ (⃗k⊥ B⃗). The
HT technique is applied to both of these systems, leading to an
indirect measurement of the two refractive indices n1,2 for each

1 For a treatise on HT applications, we refer the reader to chapter 23 in volume
II of [29]; for KK relations in the context of both linear and non-linear optics
research, see [39].

geometry via simple absorption spectroscopy. Notably, while
previous research has focused on measuring total magneto-
optical rotation [67, 76–88], to our knowledge, the two indi-
vidual refractive indices have never been separately measured
in studies of atomic thermal vapours2. Measuring the differ-
ence ∆n= n2 − n1 ultimately provides an indirect measure-
ment of atomic magneto-optical rotation via the HT.

To extract n1,2 independently, one needs to understand how
light is propagated through an atomic medium subject to an
external magnetic field. This involves solving a dispersion
equation for both the refractive indices and propagation eigen-
modes of any atom-light geometry [89–91]. We show that by
inputting light into an atomic medium that matches one of its
propagation eigenmodes, the light exhibits an atom-light inter-
action that is only associated with one of the refractive indices.
This assumes the medium has orthogonal eigenmodes, which
the Faraday and Voigt geometries do. By measuring this inter-
action via absorption spectroscopy, we can infer the real com-
ponent of both refractive indices via the HT.

The paper is structured as follows: section 2 shows the
connection between the KK relations and the HT, mapping
the imaginary component of the electric susceptibility to its
real counterpart; the method to calculate refractive index from
absorption spectrum is shown in section 3; independent meas-
urement of the two refractive indices of a birefringent atomic
medium is presented in section 4 for both the Faraday and
Voigt geometries, followed by a conclusion in section 5.

2. Kramers–Kronig relations and the HT

The KK relations for the complex susceptibility χ can be
derived using complex analysis [29, 30]. Assuming χ is ana-
lytic in the upper half plane3, careful choice of contour and
application of both Cauchy’s residue and integral theorems
leads to

χ (ω) =
1
iπ

P
ˆ ∞

−∞

χ (ω ′)

ω ′ −ω
dω ′ , (1)

where P
´
represents a Cauchy principal value integral [93]

and ω is the angular frequency of an incident electromagnetic
field. The HT is one of many integral transforms that takes
the form g(x) =

´ b
a k(x,y)f(y)dy, where k(x,y) is known as the

kernel [29, 93]. For any function f (x), application of the HT is
defined by [29]

H [ f(x)] =
1
π
P
ˆ ∞

−∞

f(y)
x− y

dy , (2)

2 Zentile et al [67] discusses a method to measure both refractive indices of
an atomic medium in the Faraday geometry, but this requires a large mag-
netic field, small optical depths, and is only valid in the vicinity of atomic
resonances.
3 Since χ is a linear response function, it is also causal. Titchmarsh shows
causality and analyticity in the upper half plane are one and the same [92];
also, see Toll [16].
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which has a structure analogous to equation (1). As is shown
in [28, 29], it is therefore simple to infer χR from χI using
the HT [20]

χR (ω) =−H
[
χI (ω)

]
, (3)

where the minus sign is a consequence of the definitions used
in equations (1) and (2). We note that superscript notation is
used throughout this paper to denote the real (R) and imagin-
ary (I) components of complex variables. In practice, the HT
method (equation (3)) can be implemented in Python using
SciPy’s signal package [38].

In general, the HT (and KK relations) apply to any dis-
persive medium in the linear optics regime; in our work,
we are interested in the complex susceptibility of two-level
atoms subject to weak probe monochromatic radiation [94].
For atomic systems subject to an external magnetic field, we
no longer consider χ as the total susceptibility of the medium,
but instead separate χ into three components based on atomic
transitions. These components are labelled χ+1, χ−1 and χ0;
the subscripts are chosen to match the change in projection
quantum number ∆ml associated with electric-dipole selec-
tion rules [95]. We start by calculating the atomic transition
frequencies using a matrix representation; for more details,
see [94, 96]. The matrix representation allows our theoret-
ical model to filter transitions by∆ml, such that the frequency
dependent lineshape [97] of each individual transition can be
summed together and assigned to the correct component of
χ. We illustrate the components χq in figure 1(bottom row),
where q=∆ml ∈ {+1,−1,0} represents each electric-dipole
selection rule, and χI exhibits a Lorentzian lineshape. For an
atomic thermal vapour, the lineshape of χI is the Voigt pro-
file [22, 23]4, which maps to a Doppler-broadened dispersion
curve [67] via the KK relations. This gives the lineshape of
χR, which for a two-level atom in the weak probe regime is
also found using theory [22]. For details of how the compon-
ents χq are integral to light propagation, see appendix A.

We postulate that similar relationships to equation (3) hold
true for all components of χ

χR
q (ω) =−H

[
χI
q (ω)

]
. (4)

The significance of equation (4) is demonstrated in the next
section.

3. From absorption spectrum to refractive index

Figure 1 shows the general principle to measure the real
refractive index from a simple absorption spectrum. The top
row shows the zero B-field case, as described in [28]. An
absorption spectrum measures the transmission τ of the laser
beam after it traverses an atomic medium, and in general,

4 For the Rb thermal vapours in this study, the dominant contribution to the
Voigt lineshape is Doppler broadening via the Doppler effect. This is accoun-
ted for in our theoretical model ElecSus [91, 94], e. g. for a 87Rb vapour at
100◦C, the Doppler linewidth is 570 MHz [23].

τ = I(L)/I0, where I0 is the incident intensity, and I(L) is
the intensity after a propagation distance L. In the absence
of a magnetic field, τ is calculated using the Beer–Lambert
law; from literature, we find τ(ν) = exp(−χIkL) [23]. This
equation can then be rearranged to infer the imaginary com-
ponent of the electric susceptibility

χI (ν) =
−ln [τ (ν)]

kL
, (5)

where k= |⃗k|, and τ is measured as a function of linear detun-
ing ν from the weighted line centre of the absorption spec-
trum [22]. Application of equation (3) maps χI to its real
counterpart, where it is used to infer the refractive index nR =√
1+χR [20]. This provides the simplest picture of how one

can measure light dispersion from light absorption.
We extend the work presented in [28] to two analytic cases

where atoms in a thermal vapour are subject to an external
magnetic field. These cases are referred to as the Faraday and
Voigt geometries, where the relative angle between k⃗ and B⃗
is θB = 0◦ and θB = 90◦ respectively. We model the beha-
viour of light as it traverses an atomic medium in any geo-
metry using a modified version of the open-source computer
program ElecSus [91, 94]. Appendix A covers the method
ElecSus uses to propagate an input electric field through an
atomic medium; for further details, we refer the reader to [89,
91, 98] and references therein. In short, we solve a dispersion
equation to determine the refractive indices n1,2 and corres-
ponding propagation eigenmodes e⃗1,2 of the birefringent and
dichroic atomic medium. The eigenmodes are used to rotate
the incident electric field E⃗in into the natural coordinate sys-
tem of the atom-light geometry, and the refractive indices are
used to propagate the light through the atomic medium. The
output electric field E⃗out is calculated after an inverse rotation
back into Cartesian coordinates, once again using the eigen-
modes. From appendix A

n1,F ≈ 1+χ+1/2
}

e⃗1,F = 1/
√
2
(
1 i

)T
(6a)

n2,F ≈ 1+χ−1/2
}

e⃗2,F = 1/
√
2
(
1 −i

)T
, (6b)

for Faraday (F), whereas for Voigt (V)

n1,V ≈ 1+χ0/2
}

e⃗1,V =
(
1 0

)T
(7a)

n2,V ≈ 1+(χ+1 +χ−1)/4
}

e⃗2,V =
(
0 1

)T
. (7b)

The eigenmodes indicate the type of birefringence the medium
will exhibit; for Faraday, light exhibits circular birefringence,
whereas for Voigt, light exhibits linear birefringence. The
refractive indices indicate the types of transitions an atomic
medium will exhibit, since they are functions of the different
components of the electric susceptibility χq. In the Faraday
geometry, σ± transitions (∆ml =±1) are induced by left-
and right-hand circularly polarised light (equation (6)), and
therefore an atomic medium orientated with θB = 0 will not
exhibit π transitions (∆ml = 0)5. In the Voigt geometry, π

5 This is only true when light is a transverse wave [20].
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Figure 1. Figure showing the process to transform from experimental absorption spectrum into the real refractive indices of a two-level
atomic medium, assuming the linear optics regime. In the zero field case (top row), the imaginary electric susceptibility χI is calculated via
simple rearrangement of the Beer–Lambert transmission law τ(ν) = exp(−χIkL), where k is the wavevector, L is the medium length, and ν
is linear detuning. A HT maps χI ↔ χR, which is then used to calculate the real refractive index nR. In the presence of an external
magnetic field (bottom row), the excited state energy level splits via the Zeeman effect. Consequently, the lineshape is described by three
components χq, where q=∆ml ∈ {−1,0,+1} corresponds to electric-dipole transition rules. The general refractive index equations are
shown, and are linear combinations of χq weighted by real constants aq. The atomic medium is now birefringent; each refractive index ni is
isolated via inputting a light polarisation into the atomic medium which is one of its propagation eigenmodes e⃗i, assuming the eigenmodes
of the system are orthogonal (see text). Consequently, the output transmission τ⃗ei is only a function of the associated refractive index ni.
Energy level schematics represent toy atomic models.

transitions are induced by horizontal linear light, whereas
σ± transitions are induced simultaneously by vertical linear
light (equation (7)). This specific example is illustrated in
figure 1(bottom row); the two components χI

+1 and χI
−1 are

summed and weighted by factors of a half. Since the HT is
linear, the total lineshape can then be Hilbert transformed to
infer the sum of their real components, and therefore n2,V .

We can isolate an interaction that only depends on one of
the two refractive indices by inputting light into an atomic
medium which is one of its propagation eigenmodes. This
statement is proved in appendix B, and assumes orthogonal
eigenmodes6. From the same appendix, the output electric
field after the medium is given by

E⃗out = f(ni)E0
(
ei1
ei2

)
= f(ni)E0⃗ei , (8)

where eij are components of the normalised eigenmode e⃗i =
(ei1,ei2)T, ni is the refractive index associated with e⃗i, and
f(ni) = exp(ikniL) is the corresponding complex phasor [98].
This field is induced by the input electric field E⃗in = E0⃗ei,
whose amplitude is E0 and polarisation is described by the
eigenmode e⃗i. We find an output electric field that depends

6 We learn from [98] that in general an atomic medium exhibits non-
orthogonal eigenmodes, and that Faraday (θB = 0◦) and Voigt (θB = 90◦) are
the only exceptions.

only on the refractive index associated with the input eigen-
mode, and therefore the transmission measured after the
atomic vapour cell is

τ⃗ei = f∗ (ni) f(ni) = e−2nIi kL , (9)

which again is derived in appendix B (equation (B.5)). Using
equations (6) and (7), we can write a general expression for
the refractive indices of the Faraday and Voigt geometries

ni,F/V =

√
1+

∑
q
aqχq ≈ 1+

∑
qaqχq
2

, (10)

where the frequency dependence has been omitted for clarity,
and aq are real constants which weight χq. An approximation
of a tenuous atomic medium has also been made (|χq| ≪ 1);
this is shown explicitly in both figures 3 and 4.We can separate
equation (10) into real and imaginary components

nRi,F/V − 1≈
∑

qaqχ
R
q

2
(11a)

nIi,F/V ≈
∑

qaqχ
I
q

2
=− ln(τ⃗ei)

2kL
, (11b)

where equation (9) has been used in the final expression. Since
the HT is a linear transform∑

q
aqχ

R
q =−H

[∑
q
aqχ

I
q

]
, (12)
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therefore the real component of the refractive index is given
by

nRi,F/V ≈ 1−H

− ln
(
τ⃗ei,F/V

)
2kL

 . (13)

In summary, the main difference when applying an external
magnetic field is that a specific electric field must be input
into an atomic medium in order to isolate one of its refractive
indices. The real component of each index can then be inferred
via equation (13), which we emphasise is only valid when the
eigenmodes of the medium are orthogonal.

4. Experiment: measuring the refractive indices of
a birefringent atomic medium

To demonstrate that the HT can be used to indirectly meas-
ure the refractive indices of a birefringent atomic medium, we
perform an experiment which follows the theory of the previ-
ous section. A schematic is shown in figure 2. Our setup util-
ises a distributed feedback laser (DFB) resonant with the Rb
D2 line, shown to produce a mode-hope free scanning range
>100 GHz [45]. This light is sent through reference optics:
a Rb vapour cell which acts as an atomic reference7, and a
Fabry-Pérot etalon used to calibrate the frequency axis [23].
The light is sent through an experimental arm containing a
2mm vapour cell; for the Faraday setup, the cell contains 87Rb
with approximately 98.2% isotopic purity [52], whereas for
the Voigt setup, it contains natural abundance Rb. Both cells
are heated by a resistive heater and situated in a large magnetic
field, orientated in the appropriate geometry. A field strength
of ≈0.6T is achieved using two NdFeB top hat magnets [70],
and therefore the atoms reside in the hyperfine Paschen-Back
regime [52, 56, 67, 74]. Before entering the cell, light is lin-
early polarised in the horizontal direction via the combination
of a half-waveplate and Glan–Taylor polariser (GTP). These
also control optical power through the cell in tandem with
neutral density filters, to order 100nW. We use a beam waist
of size (373± 2)µm× (559± 2)µm; this ensures the exper-
iment is in the weak probe regime [22, 99], as assumed by
our theoretical model. The waist is measured using a Thorlabs
CMOS camera and a custom image analysis code, analogous
to [100]. Light is detected by photodetectors, where it is con-
verted to a voltage and recorded on an oscilloscope.

For both experiments, we record transmission τ with a sub-
script that denotes the input light polarisation. The exception is
Iy, which is the intensity of the output electric field projected
onto the y-axis of a second GTP, where the initial polarisa-
tion is horizontally polarised (↔). We would typically refer to
this measurement as the atomic filter, since the output polar-
iser is placed after the cell and crossed with respect to the
input light polarisation. For the Faraday experiment we record

7 For the Faraday (Voigt) experiment, the atomic reference is 80 mm (75 mm)
long and contains 85Rb with ≈100% (72.17%) isotopic purity.

Figure 2. A schematic of the HT experiment. Light resonant with
the Rb D2 line is sourced from a distributed feedback (DFB) diode
laser, where its power is split between an experimental and
reference arm. Along the experimental arm, a Glan–Taylor polariser
(GTP) produces horizontally polarised light, which is then
transformed to circular/rotated linear light by a quarter/half-
waveplate (λ/4 & λ/2). This light traverses a 2mm vapour cell
(VC) situated in a resistive copper heater, which in the
Faraday/Voigt experiment is subject to a longitudinal/transverse
magnetic field. The signal is detected using photodetectors (P.D.).
Reference optics are used for calibration: a Fabry-Pérot etalon (FP)
removes non-linearities in the laser scan, while a room temperature
Rb VC acts as an atomic reference. Power is controlled using pairs
of half-waveplates and polarising beam splitter cubes (PBS), in
tandem with neutral density filters (ND). Note: for the Faraday
experiment only, a second GTP is placed after the VC for one of the
measured spectra. OI = optical isolator; M = mirror; L = lens.

four different outputs, shown in panels (a) and (b) of figure 3.
These are Iy (olive) and the transmission spectra of three dif-
ferent input polarisations: linear horizontal (τ↔, purple), left-
hand circularly polarised light (τö, red) and right-hand circu-
larly polarised light (τœ, blue). Since any linear polarisation
can decomposed into equal amounts of left and right handed
light [20], we see that τ↔ = τö/2+ τœ/2. This expression is
only true for the Faraday geometry. We record τö,œ by placing
a quarter waveplate in front of the cell. This produces circu-
larly polarised light, which by equation (6) are eigenmodes of
the medium. These two spectra are plotted as τö,œ/2 for two
reasons: direct comparison with τ↔, and also clarity. A simul-
taneous fit is used which implements a chi-squared minimisa-
tion on the combined residuals of all four outputs. These four
outputs form one dataset. In theory, the only variable which is
different within each dataset is the measured output transmis-
sion. We therefore constrain the fit parameters of each dataset
to be the same, with the exception of a small frequency shift
(≈10MHz) and a small angle offset (≈1◦) of the second polar-
iser for Iy. This allows for experimental imperfections in both
x-axis linearisation and polariser alignment.We use a differen-
tial evolution fitting algorithm in tandem with the open-source
program ElecSus [91, 94], which returns the best fit T and B
for that dataset. The variable T denotes the atom temperature,

5
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Figure 3. Plot showing application of the Hilbert transform (HT) to
indirectly measure the refractive indices of a birefringent atomic
medium situated in the Faraday (F) geometry (⃗k ∥ B⃗). Light probes
a 87Rb vapour cell of ≈98.2% isotopic abundance in the vicinity of
the Rb D2 line. The vapour has the following parameters, found by
simultaneously fitting the four datasets in panels (a) and (b):
T= (87.02± 0.03) ◦C, B= (5984.0± 0.7) G and L= 2mm. (a)
Transmission spectrum τ for incident horizontal linear light (↔,
purple) and intensity spectrum Iy (olive), found by placing a crossed
polariser after the medium aligned with the y-axis. (b) Transmission
spectra for incident linear horizontal, left-hand circular (ö, red), and
right-hand circular (œ, blue) light. (c) Imaginary susceptibilities χI

calculated using τö and τœ. (d) Real refractive indices nR inferred
from the imaginary susceptibilities via the HT. The colours used in
(c) and (d) are chosen to match (b). (e) Faraday rotation angle, a
function of the difference between the inferred refractive indices
∆nR. This has a one-to-one correspondence with Iy. For plots
(a)–(e), we plot theory curves using ElecSus [91, 94] and the
simultaneous fit parameters. Since nR are the crux of the plot, we
show their residuals in (f). The residuals are normalised by the
maximum value of the corresponding nRi,F , and multiplied by 100.

which exponentially scales the number density of an atomic
vapour [23, 101]. For Iy only, the simultaneous fit implies an
offset in the second polariser, which we label θP. Each data-
set is taken four times to account for random errors [102];
the global best fit parameters are found by taking the mean
T, B and θP of all simultaneous fits, while the errors are found
by taking the standard error. For the Faraday experiment, we
find T= (87.02± 0.03) ◦C, B= (5984.0± 0.7) G and θP =
(1.12± 0.03) ◦. As shown in figure 3, excellent agreement
between experiment and theory can be seen8.

The rest of figure 3 follows the methodology shown in
figure 1 to determine the real refractive indices: panel (c)
shows the ±1 components of χI , found using equation (9)
after substitution of the Faraday refractive indices in
equation (6). These signals are then Hilbert transformed,
such that the real components of each refractive index can
be inferred in panel (d). We plot the real component of the
refractive indices returned by ElecSus using the simultan-
eous fit parameters; from the residuals in (f), we see excellent
agreement between theory and the Hilbert transformed data.
Only at the outer edges are systematic deviations seen, caused
by using a truncated dataset which does not span ±∞, like
the HT and KK relations do. We note that the total size of
laser scan used in the Faraday experiment is ≈110GHz, and
that the HT is taken over the whole scan range; figure 3 has
been cropped to only show the main region of atom-light
interaction. If we instead take the HT on the ±30 GHz range
shown, the root-mean-square (RMS) of the residuals in (f)
increases from 0.8% (0.9%) to 2.5% (2.7%) for n1,F (n2,F ).
Even at a lower frequency range, the transformed data still
shows very good agreement with theory. Panel (e) shows the
Faraday rotation θF = (nR2,F − nR1,F )kL/2 in units of π [67,
85, 86], which is a function of the difference between the two
refractive indices in panel (d). The HT technique therefore
provides an indirect measurement of atomic magneto-optical
rotation. By comparison of panel (e) with Iy in panel (a), we
see that atomic birefringence, and therefore magneto-optical
rotation, is the foundation of the atomic filter.

For the Voigt experiment, we record the two outputs needed
to measure nRi,V . These are shown in panel (a) of figure 4,
and are transmission spectra for the input polarisations linear
horizontal (τ↔, red) and linear vertical (τ↕, blue). The experi-
mental arm uses a half waveplate in front of the cell to rotate
the input plane of polarisation, producing the eigenmodes of
Voigt geometry (equation (7)).We use the same fittingmethod,
returning T= (99.31± 0.01) ◦C and B= (6006.0± 0.4) G.
Both refractive indices are indirectly measured, following the

8 We note that the errors obtained from fitting the datasets are unreason-
ably small, and a more realistic measure is T= (87.0± 0.7) ◦C and B=
(5984± 9) G. For T, we estimate the temperature offset assuming an approx-
imate 5 % error in the atomic number density equation used by ElecSus [94,
101], and for B, we convert the average error on the atomic reference fre-
quency shift/calibration to a corresponding magnetic field (see [67] for a sim-
ilar discussion). Very similar errors are found for the Voigt experiment, since
it utilises the same reference optics.
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Figure 4. Plot showing application of the Hilbert transform (HT) to
indirectly measure the refractive indices of a birefringent atomic
medium situated in the Voigt (V) geometry (⃗k⊥ B⃗). Light resonant
with the Rb D2 line probes a Rb vapour cell of natural abundance.
The vapour has the following parameters, found by simultaneously
fitting the two datasets in panel (a): T= (99.31± 0.01) ◦C,
B= (6006.0± 0.4) G and L= 2mm. (a) Transmission spectrum τ
for incident horizontal linear (↔, red) and vertical linear (↕, blue)
light. (b) Imaginary susceptibilities χI calculated using τ↔ and τ↕.
(c) Real refractive indices nR inferred from the imaginary
susceptibilities via the HT, and (d), residuals for nR. The colours
used in (b)–(d) are chosen to match (a). Theory curves are found
using ElecSus [91, 94] and the simultaneous fit parameters. The
residuals are normalised by the maximum value of the
corresponding nRi,V , and multiplied by 100.

procedure outlined in figure 1. Excellent agreement between
theory and experiment can again be seen. For the Voigt exper-
iment, we used a much larger scan range of≈210GHz; taking
the HT on the ±30GHz range shown increases the RMS of
the residuals in (d) from 0.6% (0.9%) to 3.2% (5.3%) for n1,V
(n2,V ).We find that the expected RMS increase from using nat-
ural abundance Rb, which has a significantly more complex
atomic structure, is offset by the RMS decrease from using
a larger scan range (compared to the Faraday experiment).
This emphasises the utility of HT to measuring the refractive
indices of any atomic system in both the Faraday and Voigt
geometries. We add that, as discussed in [28], the method is
limited to a regime which is not optically thick. However,
we do expect the method to work at all magnetic fields, with
0.6T chosen in this study to highlight the complex resonance
structure of atomic media. From both figures 3 and 4, we

clearly see that the HT encapsulates the full dispersive beha-
viour of both systems.

5. Conclusion

In this study, we have utilised the HT as a method of meas-
uring both refractive indices of a birefringent atomic medium.
We have shown the method is valid in two cases which dif-
fer by the relative direction of the magnetic field and light
wavevector; these are commonly referred to as the Faraday and
Voigt geometries. In these geometries, the light propagation
algebra is analytic, and therefore an atom-light interaction that
is associated with only one of the two refractive indices can
be induced. We showed that this interaction is caused by spe-
cifically inputting a light polarisation into the atomic medium
which matches one of its propagation eigenmodes. This was
only valid for Faraday andVoigt since these geometries exhibit
orthogonal eigenmodes. We therefore found that the output
absorption spectrum is only a function of the refractive index
which corresponds to the input eigenmode. We can then meas-
ure the imaginary component of each refractive index nIi via
absorption spectroscopy, so that each real component nRi can
be inferred via the HT. This is significant, as typically nR is
very difficult to measure, and nI is not. Since both refractive
indices can be measured independently, the method provides
an indirect measure of atomic magneto-optical rotation. This
work builds upon the work presented in [28], and broadens
the range of applications of the HT in the field of linear optics
and atomic physics when an atomic medium is subject to an
external magnetic field.
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Appendix A. Propagating light through an atomic
thermal vapour

The text below summarises work presented in [89, 91], and is
used in appendix B. The output electric field E⃗out after light
traverses an atomic medium is given by

E⃗out = R−1PRE⃗in , (A.1)

where E⃗in = (Ex,Ey,Ez)T is the input electric field vector, R is
a rotation matrix, and P is the propagation matrix. Both R and
P are derived using the dispersion equation (A.2) for a non-
magnetic dielectric medium subject to plane monochromatic
radiation [89–91] (

ϵxx− n2
)
cosθB ϵxy ϵxx sinθB

−ϵxy cosθB ϵxx− n2 −ϵxy sinθB
−
(
ϵzz− n2

)
sinθB 0 ϵzz cosθB

Ex
Ey
0

= 0 ,

(A.2)

where θB is the angle of the magnetic field vector B⃗ relative to
the light wavevector k⃗, and ϵij are components of the dielectric
tensor ϵ⃗ [89]

ϵxx = 1+(χ+1 +χ−1)/2 (A.3a)

ϵxy = i(χ−1 −χ+1)/2 (A.3b)

ϵzz = 1+χ0 . (A.3c)

As described below, equation (A.3) therefore link the macro-
scopic refractive indices n of an atomic medium to its micro-
scopic electric susceptibility χ [91, 94]. We associate com-
ponents of χ with electric-dipole transition selection rules: a
transition that induces a change in an atomic state’s projec-
tion quantum number∆ml =±1, where l is the orbital angular
momenta, is known as a σ± transition respectively, whereas
light which induces ∆ml = 0 drives π transitions [95]. The
transition profiles for each atomic resonance are summed sep-
arately for ∆ml ∈ {+1,−1,0}, and assigned to the matching
component of χ ∈ {χ+1,χ−1,χ0}. These are then incorpor-
ated into the model via the dispersion equation. A detailed dis-
cussion of how our theoretical model calculates atomic state
eigenenergies, and therefore transition energies, can be found
in [94, 96]. The shape of the transition profile for each res-
onance is discussed in [22, 23]. We note that equation (A.2)
assumes an input transverse electric field whose polarisation
is constrained to the x-y plane. The field therefore propag-
ates along the z-axis (⃗k= kẑ), and consequently, the z compon-
ent of the electric field polarisation equals zero (Ez = 0). By
setting the determinant of the 3× 3 matrix in equation (A.2)
to zero, we solve for the two complex refractive indices n1,2
of a birefringent and dichroic atomic medium. The refractive
indices are functions ϵij, and therefore the different compon-
ents of χ. Each refractive index ni is substituted back into

equation (A.2) to find its corresponding propagation eigen-
mode e⃗i = (ei1,ei2,ei3)T (

ϵxx− n2i
)
cosθB ϵxy ϵxx sinθB

−ϵxy cosθB ϵxx− n2i −ϵxy sinθB
−
(
ϵzz− n2i

)
sinθB 0 ϵzz cosθB

ei1ei2
ei3

= 0 .

(A.4)

We use the components of e⃗i to populate the rotation matrix

R=

e11 e12 e13
e21 e22 e23
0 0 1

∗

, (A.5)

where the first and second rows are the eigenmodes of n1,2
respectively, and ∗ represents the complex conjugate. Using
equation (A.1), we see that applying R to E⃗in from the left
projects the polarisation of input light onto the eigenbasis of
the atom-light system [89]. The light is then propagated a dis-
tance z=L along the z-axis via application of the propagation
matrix P

P=

eikn1L 0 0
0 eikn2L 0
0 0 1

=

f(n1) 0 0
0 f(n2) 0
0 0 1

 , (A.6)

where each element f(ni) = exp(ikniL) is a complex phasor
associated with the eigenmode e⃗i [98], and L is the length of
the atomic medium. The propagation matrix is diagonal since
each row of RE⃗in is the input Cartesian polarisation projected
onto an eigenmode of the atom-light coordinate system, with
each row corresponding to a separate eigenmode. Since light
is transverse, only the x-y components of E⃗in evolve, and there-
fore the third diagonal component ofP is 1. The electric field is
mapped back to Cartesian coordinates via the inverse rotation
matrix R−1.

The dispersion equation can be solved analytically for the
Faraday (θB = 0) and Voigt (θB = π/2) cases using the method
described above. Both their refractive indices and corres-
ponding propagation eigenmodes can also be found in liter-
ature [89–91, 98]. The Faraday (F) solutions are

n1,F =
√
ϵxx+ iϵxy

≈ 1+χ+/2

}
e⃗1,F =

1√
2

(
1 i

)T
(A.7a)

n2,F =
√
ϵxx− iϵxy

≈ 1+χ−/2

}
e⃗2,F =

1√
2

(
1 −i

)T
, (A.7b)

and the Voigt (V) solutions are

n1,V =
√
ϵzz

≈ 1+χ0/2

}
e⃗1,V =

(
1 0

)T
(A.8a)

n2,V =
√
ϵxx+ ϵ2xy/ϵxx

≈ 1+(χ+ +χ−)/4

}
e⃗2,V =

(
0 1

)T
. (A.8b)

In all cases, we have used a tenuous atomic medium approx-
imation i.e. |χ| ≪ 1, and each eigenmode has been normal-
ised. Following [98], we can use the transverse nature of the
electric field to reduce the system to two dimensions. This
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means that only the upper left 2× 2 minor of the matrices
in equations (A.5) and (A.6) are relevant in propagation cal-
culations. We note that the eigenmodes in equations (A.7)
and (A.8) are orthogonal, and therefore the projection RE⃗in in
equation (A.1) is valid.

Appendix B. Isolating the refractive indices of a
birefringent atomic thermal vapour

This appendix details a method to isolate the refractive indices
of a birefringent atomic thermal vapour. For any atom-light
system described by equation (A.2), we prove that this is pos-
sible by inputting an electric field into an atomic medium
which is one of its propagation eigenmodes. The proof requires
one condition: the system must exhibit orthogonal eigen-
modes. This is true for the Faraday and Voigt geometries
(equations (A.7) and (A.8)), but not in general [98].

To start, we follow appendix A in order to derive a general
equation for the output electric field vector after light traverses
an atomic medium. Using equations (A.1), (A.5) and (A.6)

E⃗out = R−1PRE⃗in =
1

e∗11e
∗
22 − e∗12e

∗
21

×

(
e∗22 f(n1) [E1e∗11 + E2e∗12]− e∗12 f(n2) [E1e∗21 + E2e∗22]

e∗11 f(n2) [E1e∗21 + E2e∗22]− e∗21 f(n1) [E1e∗11 + E2e∗12]

)
,

(B.1)

where ni is the refractive index associated with the eigen-
mode e⃗i = (ei1,ei2)T, and the input transverse light is described
by the polarisation vector E⃗in = (E1,E2)T. Note there is no
z-component, since the system has been reduced to two-
dimensions9. There are two cases to consider, each corres-
ponding to one of the eigenmodes of the system. Explicitly,
these are E⃗in = E0⃗e1/2, where E0 is the amplitude of the elec-
tric field. In this appendix, the proof is only shown for e⃗1, as it
is trivial to extend the proof to e⃗2. We input into the medium
the vector E⃗in = E0⃗e1 = (E0e11,E0e12)T i.e. E1/E0 = e11 and
E2/E0 = e12, and find

R−1PRE0e⃗1

=
E0

e∗11e
∗
22 − e∗12e

∗
21

×

(
e∗22 f(n1)

[
|e11|2 + |e12|2

]
− e∗12 f(n2) [e11e

∗
21 + e12e

∗
22]

e∗11 f(n2) [e11e
∗
21 + e12e

∗
22]− e∗21 f(n1)

[
|e11|2 + |e12|2

]) ,

(B.2)

where |eij|2 = eije∗ij. Next, we make the assumption that the
eigenmodes of an atomic medium are orthogonal. This is only
true for the Faraday and Voigt geometries [98]. In this regime,
e⃗1 · e⃗2 = 0, and therefore

e∗11e21 =−e∗12e22 ≡ e11e
∗
21 =−e12e∗22 . (B.3)

9 Using a full three dimensional expansion of equation (A.1), we find the z
component of the output electric field vector Eout,z = 0, since the z component
of the input electric field vector Ein,z = 0.

Substituting equation (B.3) into equation (B.2)

E⃗out = R−1PRE0⃗e1 = f(n1)E0
(
e11
e12

)
= f(n1)E0⃗e1 ,

(B.4)

which depends only on the refractive index associated with the
input propagation eigenmode. The transmission measured by
a photodetector after an atomic vapour cell is therefore

τ⃗e1 =
E⃗†
outE⃗out
E⃗†
inE⃗in

= f∗ (n1) f(n1) = e−2nI1 kL ,

(B.5)

where n1 = nR1 + inI1 is used, and the subscript e⃗1 denotes
using a propagation eigenmode as the input light vector. By
rearranging equation (B.5), the imaginary component of the
complex refractive index n can be found and used to determ-
ine the real component via the HT.We therefore show how one
can isolate the two refractive indices of a birefringent atomic
thermal vapour under the assumption of orthogonal propaga-
tion eigenmodes.
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