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ABSTRACT

In a strong gravitational lensing system, the distorted light from a source is analysed to infer the properties of the lens. However,
light emitted by the lens itself can contaminate the image of the source, introducing systematic errors in the analysis. We present a
simple and efficient lens light model based on the well-tested multi-Gaussian expansion (MGE) method for representing galaxy
surface brightness profiles, which we combine with a semi-linear inversion scheme for pixelized source modelling. Testing
it against realistic mock lensing images, we show that our scheme can fit the lensed images to the noise level, with relative
differences between the true input and best-fitting lens light model remaining below 5 per cent. We apply the MGE lens light
model to 38 lenses from the HST SLACS sample. We find that the new scheme provides a good fit for the majority of the sample
with only 3 exceptions — these show clear asymmetric residuals in the lens light. We examine the radial dependence of the
ellipticity and position angles and confirm that it is common for a typical lens galaxy to exhibit twisting non-elliptical isophotes
and boxy / disky isophotes. Our MGE lens light model will be a valuable tool for understanding the hidden complexity of the

lens mass distribution.
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1 INTRODUCTION

Galaxy—galaxy strong gravitational lensing is a phenomenon
whereby light rays emitted from distant galaxies are strongly de-
flected by the gravitational potential of a foreground galaxy when
the galaxies are aligned along the line of sight. Multiple distorted
images of background galaxies are observed in this phenomenon, and
particularly, an Einstein ring of distorted images may be observed
when the galaxies are perfectly aligned. The first observation of
galaxy—galaxy strong lensing dates back to the late 1970s, when a
pair of strongly lensed quasars were observed (Walsh, Carswell &
Weymann 1979). Since then, over one thousand galaxy-galaxy
strong lensing systems have been discovered (Huang et al. 2021).
Furthermore, within this decade, newly launched space telescopes,
such as the JWST, Euclid, and China Space Station Telescope
(CSST), are expected to discover hundreds of thousands of new
systems (Collett 2015; Cao et al. 2023). These lenses are invaluable
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to explore fundamental cosmological questions, such as searches
for the small dark matter substructures that might help distinguish
different dark matter candidates, tests of gravity, and independent
measurement of the Hubble constant (Collett et al. 2018; Birrer et al.
2022; Vegetti et al. 2023).

Early-type massive elliptical galaxies dominate the statistics of
observed galaxy—galaxy strong lenses, for example, the Sloan Lens
Advanced Camera for Surveys (SLACS) sample (Bolton et al. 2006).
Studies of unlensed early-type galaxies reveal significant surface
brightness variations, including twisted isophotes, radial ellipticity
changes, and boxy / disky isophotes (Hao et al. 2006; Kormendy
et al. 2009). Goullaud et al. (2018) perform photometric analysis of
35 nearby massive elliptical galaxies with comparable masses to the
SLACS sample and see evidence for all forms of surface brightness
variations. At high-galaxy masses, independent kinematic analysis
(Krajnovié et al. 2011) suggests twisting and boxy isophotes may
be a result of the underlying 3D mass distribution being triaxial. No
study has yet performed a detailed photometric analysis of a sample
of strong lenses in this way and this work therefore provides the first
valuable insight.
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Such complexity presented by a lens galaxy introduces significant
challenges to lensing analyses, particularly the modelling of lens
light. The standard approach for modelling lens light is to use
multiple Sérsic profiles (Sérsic 1963). However, Nightingale et al.
(2024) have demonstrated that Sérsic profiles cannot accurately
capture complexities observed in real lenses. Beyond the application
of Sérsic profiles, Bolton et al. (2006, 2012) have adopted a B-
spline interpolation model to fit and subtract the lens light in SLACS
lenses. This model has shown flexibility in representing complex
morphologies of lens light emission. However, because this model
is not fitted simultaneously with the source model, it is necessary
to manually mask out the lensed source region during the lens
light fitting process. This requires prior knowledge of the location
and intensities of the lensed source emission, a task that becomes
particularly challenging with complex sources.

A multi-Gaussian expansion (MGE) method has been widely
used in stellar dynamics analyses and has shown great success
in fitting the surface brightness of realistic galaxies, especially
ellipticals, with remarkable accuracy (Cappellari 2002, 2008; Li
et al. 2019; Lu et al. 2023; Zhu et al. 2023). The key idea
is to approximate a galaxy’s brightness using tens or hundreds
of Gaussian profiles. As demonstrated by Cappellari (2002), this
approach allows for significant flexibility because each Gaussian
profile can be adjusted independently in terms of size, axis ratio,
position angle, and intensity, enabling the model to accurately reflect
the varying ellipticity and twisted isophotes observed in real elliptical
galaxies. However, the complexity and the huge number of adjustable
parameters have limited the MGE model’s application in strong
lensing analyses. To effectively incorporate it into lensing modelling,
a careful balance must be achieved between the model’s adaptability
and computational demands.

Beyond the complexity of a lens galaxy’s lens light distribution,
the lens mass complexity has recently become a focal point of
discussion, driven by the increasing need for more precise lens
mass models. The conventional lens mass model, a single elliptical
power-law profile (Tessore & Metcalf 2015), has encountered notable
limitations in various aspects of strong lensing analysis. This includes
challenges in inferring the Hubble constant (Cao et al. 2021; Van
de Vyvere et al. 2022), detecting subhaloes in strong lenses (He
et al. 2023; Nightingale et al. 2024) and measuring cosmic shear
around lenses (Etherington et al. 2024). In an effort to surpass
these limitations, researchers have introduced several sophisticated
models, including both free-form mass models and those integrating
additional multipole components (Vegetti & Koopmans 2009; Cohen
et al. 2024; O’Riordan & Vegetti 2024; Stacey et al. 2024) or stellar
discs (Hsueh et al. 2017, 2018). However, the full picture of lens
mass complexity remains unclear. It is widely hypothesized that the
systematic inaccuracies in current lens mass modelling may relate to
the observed complexities in stellar light, such as twisted isophotes.
This is because, in a standard galaxy—galaxy lensing scenario,
the stellar mass, which closely traces the stellar light distribution,
dominates the lens mass around and within the Einstein radius
(several kiloparsecs). Therefore, refining the modelling of the lens
light acts as a crucial step towards a comprehensive understanding
and more precise modelling of lens mass complexity.

In this work, our objective is to build a lens light model that
meets two key criteria. First, the model should have the capability to
represent the surface brightness of most real lens galaxies, accounting
for twisting non-elliptical isophotes. Secondly, it should be simple
enough so that it can be easily integrated into the existing framework
for strong lensing analyses and therefore be fitted simultaneously
with a model for the lens’s mass and a pixelized source recon-
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struction. To achieve that, we propose a lens light model based
on the MGE technique. The MGE model also offers the advantage
of making an analytical computation of deflection angles possible,
allowing for a straightforward conversion of the surface brightness
representation into lensing quantities, assuming a specific mass-to-
light ratio relation (Shajib 2019). MGE mass modelling will be
explored in our future work.

The MGE provides numerous benefits for automating strong lens
analysis (Etherington et al. 2022), which is key with surveys such as
Euclid poised to discover over 100 000 systems (Collett 2015). This
will be expanded upon in Franga et al. (in preparation), who perform
automated analysis of 21 lenses using the MGE for not only the lens
light but also the source galaxy.

The paper is structured as follows: In Section 2, we introduce our
MGE lens light model, its implementation and the lensing modelling
pipeline; In Section 3, we test the MGE lens light model against
mock data sets with realistic lens and source emission; In Section 4,
we then apply the model to real HST observed lenses to test its
performance on real data and show the complexity of the surface
brightness of realistic lens galaxies; In Section 5, we discuss our
results; Finally, in Section 6, we summarize our results. Throughout
the paper, unless otherwise specified, all lensing-related calculations
are conducted using the public code PYAUTOLENS.! (Nightingale,
Dye & Massey 2018; Nightingale et al. 2019, 2024; Nightingale,
Hayes & Griffiths 2021). For our analyses, we adopt a spatially
flat A-CDM cosmology with Hy = 67.8 & 0.9kms~! Mpc™' and
Qym = 0.308 £ 0.012 (Planck Collaboration XIIT 2016).

2 MODEL AND METHOD

2.1 Overview

An illustrative example of applying our MGE lens light model to
a real HST observed image, SDSSJ1020+4-1122, is shown in Fig. 1.
The lens galaxy’s emission is fitted using a total of 180 Gaussians,
which are grouped into 6 sets of 30 Gaussians, where in each set the
Gaussians share the same axis ratios, position angles, and centre. The
source galaxy is fitted simultaneously with the MGE, using a Voronoi
mesh which reconstructs its irregular morphological appearance. The
MGE fits all of the lens galaxy’s emission and effectively captures
its twisted isophotal contours, as illustrated in the bottom middle
panel of Fig. 1. More commonly adopted Sérsic profiles cannot
capture this complexity. The MGE has over 500 parameters and
the source Voronoi mesh over 1000. This method section will outline
how we parametrize both in a way that makes their joint application
computationally tractable. Our MGE implementation can also be
applied to non-lensed galaxies via the software PYAUTOGALAXY.?

‘We now explain our models and methods in detail. We first describe
the standard semi-linear method for fitting a pixelated model of
the source light in Section 2.2. We then present the MGE model,
designed for modelling the lens light, in Section 2.3. Next, we detail
the integration of the MGE lens light model into the likelihood
optimization framework of our strong lensing analysis in Section 2.4.
For completeness, we briefly explain the exact source and lens
mass models used in this work in Section 2.5 and Section 2.6.
Finally, in Section 2.7, we summarize our modelling pipelines used
in PYAUTOLENS.

Uhttps://github.com/Jammy2211/PyAutoLens
Zhttps://github.com/Jammy2211/PyAutoGalaxy

$20z 1snbny Zo uo Jesn weylnq 1o Ausiaaiun Aq 0220022/ ¥¥2/2/2ES/8101e/Seluw/wod dno-olwspeoe//:sdny woJj papeojumoq


https://github.com/Jammy2211/PyAutoLens
https://github.com/Jammy2211/PyAutoGalaxy

SDSS)J1020+1122 Image

Lens Light Model Image

Lens Light Model Contours

MGE:s for strong lensing 2443

- Source Model (Source Plane)
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
0.0 0.0
Source Model (Lens Plane) os
0.4
0.3
0.2
0.1
0.0

Figure 1. An overview of the lensing modelling of SDSSJ1020+41122 with the MGE lens light model described in this paper. The MGE lens light model
used here consists of 6 sets of Gaussian profiles, where each set has 30 Gaussian profiles with sigmas spreading the image. Top left: The HST image of
SDSSJ1020+41122 (a nearby galaxy on the left has been masked). Top middle: The best-fitting MGE lens light model image. Top right: The reconstructed
source image (on the source plane). The grid lines mark the Voronoi mesh used to construct the source plane. Bottom left: The normalized residuals of the
best-fitting model [(model-data)/errors]. The colour bar ranges from —3.5 to + 3.5. Bottom middle: Dashed lines are the isophotes of the best-fitting MGE
lens light model. Solid lines mark (only) the position angles and axis ratios of the 6 sets of Gaussian profiles of the MGE lens light model. Bottom right: The

reconstructed source image (on the lens plane).

2.2 Semi-linear scheme for modelling a pixelized source

To model background source galaxies of various morphologies,
Warren & Dye (2003) introduced a pixelized source model that
represents the background source plane as a rectangular mesh with
hundreds of grid points, each having its flux as a free parameter. With
this source model, the lens fitting problem is posed as finding the best
lens mass parameters and fluxes for the source plane pixels that can
fit the lensed image with realistic source emission. Here, ‘realistic’
implies the source emissions should resemble physical components
with spatially smooth fluxes.

A semi-linear inversion (SLI) method is used to solve the fitting
problem. For a lens model (without any lens light), the parameters are
naturally divided into two categories: the fluxes of source plane pixels
and the lens mass parameters. The lens mass parameters are non-
linear, meaning that they can only be inferred by non-linear fitting,
for example by a nested sampling algorithm. The source parameters
(or equivalently pixels) are linear, whereby their flux values can
be efficiently solved for via a linear inversion. The combination of
non-linear and linear parameters gives it the name ‘semi-linear’.

Given a set of lens mass parameters, one can build up a linear
mapping relation between the fluxes of the source plane grid,
S;(j =1,2, ..., Ns), and the fluxes of the model image grid, I; (i =
1,2, ..., N;), as

I=fxS5, (e))

where f is the (source-lens plane) mapping matrix and an element,
fij» quantifies the fraction of the flux contributed from the j-th source
grid to the i-th image grid. f;; is determined by the ray-tracing of the
lens mass profile, the source pixelization and instrumental effects,
such as blurring due to the point spread function (PSF).

With the mapping relation, equation (1), the x? is then defined as

2
=3l [ (22)
N [0 fsi-a ]’
=32 {7 : ] (2b)
=11ZS - Y|P, (20)
where
Zij = Fij/n;, (3a)
Y, = d;/n;. (3b)

The image data are d; and the noise is n;. In terms of S, equation (2c)
has a quadratic form, confirming that the x> minimization problem
reduces to a classical least-squares fitting problem with respect to
source fluxes. If we have no boundary constraints on the solutions,
the best-fitting source fluxes, 3, can be analytically expressed as

§=(z"2)" 2Z". “

The time cost for solving S is small, which makes it feasible to
reconstruct a source galaxy with thousands of pixels.
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We also require our model to produce a realistic background
source. A regularization term, G, is therefore added to the goodness
function, G, as

G=x*+G,. 5)

To ensure that G keeps the quadratic form as equation (2c), we require
G to be a quadratic polynomial function of S;(i =1, 2, ..., Ny) as

1
G, = Erlzj:HijS[Sj, (6)

where r is the regularization strength and H;; is called the regu-
larization matrix, whose elements are determined by the choice of
the regularization scheme. By design, the regularization matrix is
a positive-definite matrix, and thus has a ‘square root’ matrix, B;;,
such that H = BT B. Combining equation (5) and the regularization
term, the goodness function, equation (5), can be expressed as

G=x"+GL (7)

() 5= )

which keeps the quadratic form.

Following the descriptions of Suyu et al. (2006) and Nightingale &
Dye (2015), to objectively determine the regularization strength, we
put the SLI procedure in a Bayesian framework which maximizes
the Bayesian evidence, €, defined as

—2Ine=x"+G,+1In[det (f" f+rH)] —In[det(rH)]

Nj
+ Zln [Znn?] .
i=1

2
; (7b)

=1
—2

®

2.3 Multiple-Gaussian expansion

2.3.1 Basic formulas

The MGE model represents a galaxy’s surface brightness, /(x, y),
by a set of independent 2D Gaussian profiles of the form

N
I(x,y) =Y Gi(x, ). ©)
Here, G; is the ith Gaussian profile
R(x,
Gix.y) = I; - exp (—@) , (10)
207

where I; and o; are the ith Gaussian profile’s intensity and width.
R;(x, y) is its elliptical radius defined as

N 2
Rix, y) =[x + (y—) ,

" (1n
x' =cos6; - (x —x{) +sin6; - (y —yf),

y =cosb; - (y —yf) —sinb; - (x —xf),

where ¢;, 6;, (xf, yf) are the profile’s axis ratio, position angle and
centre, respectively. A 2D Gaussian profile has 6 parameters, and an
MGE model of N Gaussians has 6 x N parameters.

2.3.2 MGE parametrization

To simplify the MGE model for lens modelling and reduce the
number of non-linear free parameters, we introduce the concept of
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a ‘set’. A set is a group of Gaussians which share the same centre,
position angle, and axis ratio, and with o values fixed to preset values.
We typically fix the o values evenly in log-spaced intervals between
one-fifth of the image pixel scale and the circular radius of the mask
applied to the lens image. Our overall MGE lens light model is then
a combination of multiple sets of Gaussians with different centres,
position angles, and axis ratios. The formula is then written as

Np
hige(x, y) = Z Bi(x,y)
i=1

Ny N
= Z Z G,;_,-(x, y), (12)

i=1 j=1

where B; is the ith set of Gaussians, /Ny, is the number of sets and Né
is the number of individual Gaussians of the ith set. One can simply
customize N, and N, é to change the flexibility of the model depending
on the complexity of the surface brightness of a lens galaxy.

To model the extended luminous emission in each lens galaxy, we
assume Né =30 and N, = 2, 4 or 6, where these values depend on
the complexity of each lens. We also perform fits including a ‘point’
set, which fits point-source emission found in the centre of a subset
of lenses. A point set consists of 10 Gaussians, has o values spanning
one-fifth the pixel size to two times the pixel size and has a centre
that is independent of the centres of the other sets that model the
extended emission.

2.3.3 Semi-linear solution for gaussian intensities

We now describe the semi-linear procedure which solves for the
intensity of each Gaussian linearly, further reducing the number of
non-linear parameters of our MGE model. The surface brightness
of the MGE model is a linear combination of the intensity of each
Gaussian therefore the intensities can be linearly solved once their
other parameters (centres, axis ratios, sigma values) are given. Let
us first consider fitting the MGE model (with N, é"‘ Gaussian profiles)
to an image without any lensing. Given an image, d, with Ny pixels
and a noise map, n, we minimize the X2 of the fit defined as

Npix 2
1 X[ (xi, yi) — d
2 __ MGE\Ais Vi i
=5 Z [7;1,- ] (13a)
Ve I A —a]
j Joray T W
i v 13b
2|7 (1
1 2
=§||X1—Y|| ; (13¢)
where
Aij = exp (‘Rf;”;'“‘"')) (14a)
o
Y =di/n;. (14c)

X2 can again be expressed as a quadratic form with respect to the
intensities of Gaussians. As a result, we can obtain the best-fitting
intensities of the Gaussians linearly.

This formalism ensures that the intensities of the Gaussians are not
fitted for by the non-linear sampler. Therefore, only the centres, axis
ratios, and position angles of each set are. For example, for an MGE
model composed of 3 sets, where each set has 30 Gaussians, it has just
3 x 4 = 12 non-linear free parameters. By assuming the Gaussians
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in all sets share the same centre (which is a common assumption for
realistic galaxies), this reduces to 2 + 2 x 3 = 8 parameters. This
is less than the number of parameters used to fit Sérsic models
(Nightingale et al. 2024), which have significantly less flexibility
than the MGE.

2.4 Solving for the MGE and pixelized source simultaneously

2.4.1 Semi-linear solution for both lens and source intensities

We now describe how using the semi-linear inversion method we
solve for the MGE lens light intensities and pixelized source pixel
fluxes simultaneously. We extend the goodness function, equation
(7), as

G=x*+GL+Gu (152)
M| S ST An—di 2
=5 | X [ E e } +GL+ Gy (15b)
2
s Y
4 (Fan) G- QI 59

where Gy is a regularization term for the MGE light model, and By
is the corresponding ‘square root’ of the regularization matrix. The
MGE regularization stabilizes the quadratic minimization process
but has a negligible impact on the inferred intensity values. We set it
to be the identity matrix.

2.4.2 Non-negative least-square solver

f , the results
can be analytically obtained by setting the first derivative of equation
(15¢) to be zero, which is a common choice for pixelized source
models (Warren & Dye 2003; Nightingale et al. 2018). However,
in Section 3.2, we show that by combining two ‘free-form’ models
(both MGE lens light and pixelized source), a significant degeneracy
arises between the two, particularly around the lensed arc regions
where both models are capable of fitting the light. This can bias the
recovery of the lens and source emission and produce overfitting
whereby the intensities of the Gaussians alternate between large
positive and negative values.

We therefore require our solution (both the intensities of Gaussian
profiles and the fluxes of source pixels) to be non-negative, which
is a well-posed physical assumption as both the source and lens
galaxies should not have negative fluxes in reality. The trade-off for
switching to a non-negative SLI scheme is slower computational
run time. To alleviate this performance decrease, we use a modified
version of the fast non-negative least-square (fnnls) algorithm to
minimize equation (15¢) (Bro & De Jong 1997).% Hereafter, we use
‘nn-MGE’ to refer to analysis using an MGE lens light model with
non-negative constraints (on both the MGE lens light and pixelized
source model) and ‘pn-MGE’ to refer to analysis without the non-
negative constraints (on both the MGE and pixelized source).

Without any boundary constraints on the solutions,

3The fnnls code we are using is modified from https://github.com/jvendrow/
fnnls.
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2.4.3 Bayesian framework

This new goodness of fit is incorporated into an extension of the
Bayesian framework shown in equation (8), where

—2Ine=x*+G.+Gu+In[det (f7 f+rH)] —In[det(rH)]

Ny
+> In[2mn}]. (16)

Here, f and H are the same as defined previously for a pixelized
source model.

2.5 Source implementation

The formalism above describes how source pixel flux values are
solved for via a mapping matrix f and regularization matrix H. The
construction of these matrices depends on the source implementation.
In this work: (i) the source pixelization uses a Voronoi mesh with
natural neighbour interpolation; (ii) the Voronoi cell centres are
computed in the image plane via a k-means clustering algorithm
and ray traced to the source plane via the mass model and; (iii)
the regularization scheme adapts the degree of smoothing to the
reconstructed source’s luminous emission and interpolates values
at a cross of surrounding points. The implementation details are
given fully in Appendix A. This Appendix also illustrates how
these features address the noisy and stochastic likelihood systematics
described by Etherington et al. (2022).

2.6 Light and mass

A subset of fits will assume an elliptical Sérsic profile, which is given
by

, r\ "
I(r) = I exp {—bn (7) } , (17)

where I is the intensity, r is the effective radius, n is the Sérsic index
and b, is anormalizing coefficient determined by n (Graham & Driver
2005). Ellipticity is introduced to the profile following equation (11).
The lens galaxy mass assumes the elliptical power-law profile
(Tessore & Metcalf 2015), whose convergence is described as

3-v (Re
k(R) = 1—|—q ( ) , (18)

where Rg is the Einstein radius, ¢ is the axis ratio and y is the
slope. The ellipticity to the profile is introduced following equation
(11). The singular isothermal ellipsoid (SIE) is the case where the
power-law slope, y, equals 2.

An external shear is also included in the mass model, which is
parametrized as two components, ' and y5™,

ext

V2

ext’
1

Vext _ ylextz + sz:xtz7 tan 2¢exl (19)

where y* is the shear strength and ¢** is the position angle of the
shear.

2.7 Lens modelling pipelines

We construct automated strong lens modelling pipelines using the
SLaM (source, lens, and mass) scripts provided by PYAUTOLENS (Cao
et al. 2021; Etherington et al. 2022; He et al. 2023; Nightingale et al.
2024). These pipelines iteratively fit combinations of light, mass, and
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Table 1. The Source, Light, and Mass (SLaM) pipelines used in this analysis,
built using PYAUTOLENS.

Pipeline Phase Component Model Prior info

Source parametric SpP Lens mass SIE + Shear -
Lens light MGE -
Source light MGE -
Source pixelized SPix1 Lens mass SIE + Shear Sp
Lens light MGE SpP
Source light Voronoi -

SPix2 Lens mass SIE + Shear SPix1
Lens light MGE SP
Source light Voronoi -

Light L Lens mass SIE + Shear SPix1
Lens light MGE SP

Source light Voronoi SPix2

Mass M Lens mass EPL + Shear SPix1
Lens light MGE L

Source light Voronoi SPix2

source models, where the initial stages fit simpler lens models (e.g.
SIE mass profile, MGE source) for efficient and robust convergence
towards accurate results and later stages employ more complex mod-
els (e.g. power-law mass model, Voronoi source reconstruction). We
use non-linear nested samplers, DYNESTY (Speagle 2020a; Koposov
et al. 2023) and NAUTILUS (Lange 2023).

Table 1 provides an overview of each fit performed in the pipeline.
The SLaM pipelines used in this work consist of five steps, a
reduction from the ten or more used in previous works (Cao et al.
2021; Etherington et al. 2022; Nightingale et al. 2024). This reduction
is made possible because the MGE simplifies the fitting of lens
models in the early stages of the SLaM pipeline, which will be
expanded upon in Francga et al. in preparation.

An overview of the SLaM pipelines is as follows:

(i) Source parametric pipeline (SP): Computes an accurate
initial estimate of the lens model parameters. The lens and source
light are modelled using an MGE and the lens mass uses an SIE with
shear. The MGE lens light model comprises 2 sets of 30 Gaussian
profiles, where all Gaussians share the same centre, but the two sets
have different position angles and axis ratios. The MGE source uses
one set of 20 Gaussians. Fits investigating Sérsic profiles for the lens
light use two Sérsic profiles with the same centre.

(ii) Source pixelized pipeline (SPix): The source model is then
made more complex, by using the Voronoi mesh. This is performed
over two fits. For the first fit, the Voronoi mesh centres are based
on the mass model magnification, whereas for the second fit, they
adapt to the source’s unlensed morphology. Both fits subtract the lens
light using a 2-set MGE, where the centres, axis ratios and position
angles of all Gaussians are fixed to the previous maximum likelihood
solution. However, their intensities are still solved via the fnnls. For
fits using Sérsic lens light model, the light model is fully fixed to
the previous maximum likelihood solution. The mass model of the
first fit is an SIE plus shear where all parameters are free (with priors
based on the inferred model from SP). For the second fit, the mass
model is fixed and only the source pixelization parameters are fitted
for (the MGE intensities are again still solved via the fnnls).

(iii) Light pipeline (L): The Voronoi source reconstruction en-
ables a cleaner deblending of the lens and source light. However, the
lens light’s non-linear parameters were previously fixed. The light
pipeline therefore refits the MGE lens light model, assuming broad
uniform priors on the parameters of the MGE sets. The mass model
and source parameters are fixed to those inferred at the end of the SPix
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pipeline, however, the source fluxes are always solved simultaneously
with the MGE via the fnnls. Different lens light models are fitted,
including fits using 2, 4, or 6 sets of Gaussians, fits with and without
a point-source emission set of 10 Gaussians and a model with three
Sérsic profiles.

(iv) Mass pipeline (M): The mass pipeline fits a more complex
lens mass distribution, the single elliptical power law (EPL) plus
shear. The parameters of the lens light MGE and source reconstruc-
tion are fixed to those inferred in the light and source pipelines.
However, their intensities are linearly solved for, for every mass
model fitted. When using the Sérsic light model, we simultaneously
fit the light model parameters (e.g. effective radii, Sérsic index)
alongside the mass model. The Mass Pipeline is the final step of our
lensing modelling procedure in this work. All the results reported in
this work are the results of this pipeline.

3 TESTS ON MOCK DATA

In this section, we first simulate three mock lensing images with
realistic lens and source emission. We then use these simulated
images to test the MGE lens light model and compare its results
with those obtained using a Sérsic lens light model.

3.1 Mock data

To create mock lensing data with lens light emission close to that of
real lens galaxies, we simulate the lens light of three lensing systems
from the SLACS sample (Bolton et al. 2006), SDSSJ0252+0039,
SDSSJ0330—0020, and SDSSJ12054+4910. We need to simulate
images containing the complex lens emission our MGE is designed
to fit, but also want to simulate images independently of our specific
MGE implementation. We therefore use MGEFIT (a public MGE
fitting code by Cappellari 2002) to fit these real HST strong lensing
images, where the source emission is manually masked out. MGEFIT
models the emission of a galaxy using multiple Gaussian profiles.
However, unlike our MGE model, MGEFIT does not group the
Gaussian profiles into sets and each Gaussian profile has its own
position angle and axis ratio. When using MGEFIT, we assume all the
Gaussian profiles share the same centre.

In the first row of Fig. 2, we show the HST images of the three
selected SLACS systems, and in the bottom row, we compare the
best-fitting MGEFIT results (red-dashed contours) with the obser-
vations (black contours). MGEFIT fits the lens emission accurately,
capturing the complex features we want to include in our lensing
mocks, such as the twisting of isophotes. The blue patterns mark
the source emission regions, which are not included in the MGEFIT
fitting procedure. We use the best-fitting MGEFIT results to represent
the lens light emission of our mock data sets. The best-fitting
MGEFIT results are listed in Table 2. In total, the lens light of
SDSSJ0252+0039, SDSSJ0330—0020, and SDSSJ1205+4910 are
represented, respectively, by 16, 16, and 12 individual Gaussian
profiles.

For the mock source galaxies, we use HST images of three nearby
galaxies, IC1954, NGC5248, and NGC3690 to ensure that our mock
data have source galaxies with complex structures. The images of
these three galaxies are shown in the top row of Fig. 3. We obtain an
unrealistic extended lensed arc (compared to real lens observations)
if we directly place the images of the nearby galaxies at the source
redshifts. This is because actual strong lens source galaxies, such as
SLACS, are more compact than the three nearby galaxies we selected
here. Consequently, to simulate lensed arcs with similar sizes as those
seen in real observations, we re-scale (shrink) the size of the images
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Figure 2. Top row: The HST observations of three SLACS lenses, SDSSJ0252+0039, SDSSJ0330—0020, and SDSSJ1205+4-4910. Contaminations of nearby
galaxies are masked out. Bottom row: The isophotes of real observations (solid lines) and the best-fitting model of MGEFIT (dashed lines). The shaded patterns
mark the regions of source emissions, where are masked out when fitted by MGEFIT.

Table 2. Best-fitting MGEFIT results of the three selected SLACS lenses. The units of x, y, o is arcsec. The units of I is e"s~'pix~! and the units of ¢
is degrees. The centre (x, y) of the three best-fitting MGE light models are (0.013”, —0.070”), (0.048”, 0.017”), and (—0.001”, —0.034"), respectively for

SDSSJ02524-0039, SDSSJ0330—-0020, and SDSSJ1205 + 4910.

SDSSJ0252+0039
gl 22 23 g4 5 26 g7 28 29 g10 gll gl2 gl3 gl4 el15 gl6
q 083 0.77 0.83 0.90 0.65 0.64 0.77 0.50 1.00 0.79 0.48 0.62 0.41 0.18 0.78 0.22
¢ -19 -19 71 -19 -70 4 56 —52 0 —80 -2 —178 28 49 —73 —25
gl 086 091 0.29 030 -024 -048 —-0.13 =075 -0.73 -0.76 —1.6 —14 —-2.0 -22 =22 24
Igo —-18 —-16 —14 —1.1 -10 -08 -075 -056 —-0.25 -0.14 -—0.13 0.0018 0.020 -0.19 043 —0.11
SDSSJ0330—-0020
gl g2 23 g4 5 26 g7 28 29 gl10 gll gl2 gl3 gl4 el5 gl6
q 0.82  0.64 1.0 0.60 0.62 0.91 0.58 0.34 1.00 0.46 0.59 0.76 0.21 0.30 0.44 0.48
¢ 65 —64 0 —78 -23 65 —55 84 0 —66 —89 —40 —81 7 65 —47
g 1 1.0 0.69 0.26 0.14 -047 -0.19 —-0.63 —1.1 -1.1 -086 —I1.1 —1.1 2.3 -23 -18 -17
lgo —-17 —-14 —1.1 -1 -091 -072 -072 -0.78 -0.25 -0.50 -0.23 —-0.11 —-0.15 0.018 0.18 0.22
SDSSJ1205+4910
gl 2 23 g4 5 26 g7 28 29 gl10 gll gl2
q 0.92 1.0 0.85 0.62 0.84 0.70 0.73 0.66 0.58 0.67 0.36 0.84
¢ —-63 —90 —24 27 —62 —25 —18 —70 —25 8 -31 —28
gl 0.78 1.1 0.71 -0.65 —-024 0.077 -0.015 -1.1 =061 —-090 —14 —-1.2
lgo —-18 —-13 —-098 -0.86 —0.68 —0.75 —-044 —-022 —0.17 0.085 0.082 —-1.2

when placing them at the source redshifts. Their actual sizes, used
in our mocks, are denoted in the bottom right corner of each panel.
Two of them are spiral galaxies with clear arm features, while the
third is a system of two merging galaxies.

As the main goal here is testing our MGE lens light model, we
simply set the mock lens mass as an elliptical power-law profile as
equation (18). We add no external shear to the lens mass. However,

when we model the mock images we include external shear as part
of our model.

We simulate our mock images as HST observations with a pixel
size of 0.05 arcsec and a Gaussian PSF with a sigma size equivalent
to the pixel size. For a given mock lens mass, following the lensing
equation, we trace each image pixel back to the source plane to
retrieve the flux value of the lensed source image. To ensure that
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S1:1C1954

B

-

S$2: NGC5248

M1: source only

M1: lens + source

M2: source only

M2: lens + source

S$3: NGC3690

M3: source only

M3: lens + source

0.0

Figure 3. Top row:HST images of three nearby galaxies that are used as source galaxies in our mocks. The angular scale is indicated in the bottom right corner
of each panel. Middle row: Source-only images of three mocks. Bottom row: Three mock images were used for our tests.

our lensed images capture sufficient details of the source galaxies,
we sample each image pixel with 16 x 16 sub-pixels. This means
that for each image pixel, we trace back 256 light rays to the source
galaxy plane and take the average flux of these 256 light rays as the
value of that image pixel. We then add the lens light emission to the
lensed images and convolve the resulting images with the PSF to
create mock lensing images. We set our mock images to match the
data quality, resembling the best case of SLACS lenses, which has a
maximum pixel signal-to-noise (S/N) ratio ~ 50.

In total, we simulate three mock lensing images denoted as M1,
M2, and M3: the lens light of M1 is from SDSSJ0252+-0039 and the
source is IC1954; the lens light of M2 is from SDSSJ0330—0020
and the source is NGC5248; the lens light of M3 is from
SDSSJ1205+4910 and the source is NGC3690. In the bottom row
of Fig. 3, we show the simulated mock lensing images. For clarity,
we also show the source-only versions in the middle row. In Table 3,
we summarize the parameters used for the three mocks.

MNRAS 532, 2441-2462 (2024)

3.2 Mock test results

We now use the SLaM pipeline to fit the mock imaging. The lens
mass model uses the elliptical power law profile plus an external shear
(the same model used to simulate the mocks) and the source uses
the Voronoi mesh. In the Light pipeline, when using the MGE light
model, we use 4 sets of Gaussians, each composed of 30 Gaussian
profiles, all with the same centre. The additional set of 10 Gaussian
profiles which model central point source emission in the lens is
also included (see Section 4.1.3). We first perform fits enforcing
non-negative constraints on the solutions of source pixel fluxes and
Gaussian intensities (denoted as ‘nn-MGE’), which we compare to
fits without boundary conditions for our solutions (as ‘pn-MGE’). We
also compare to models where the lens light is fitted using three Sérsic
profiles, which share the same centres but have different position
angles, axis ratios, and other parameters. We do not constrain the
source pixel fluxes to be positive-only when using the Sérsic model.
We fit data within circular masks containing the whole lensed arcs.

$20z 1snbny Zo uo Jesn weylnq 1o Ausiaaiun Aq 0220022/ ¥¥2/2/2ES/8101e/Seluw/wod dno-olwspeoe//:sdny woJj papeojumoq



MGE:s for strong lensing 2449
Table 3. Parameters used for the three mocks.
lens light source light mass (x, y) [(", )] mass Rg [”] mass g mass ¢ [°] mass y 21 Zs
Ml SDSSJ0252+0039 S1: IC1954 (0.013, —0.070) 1.2 0.8 45 2.1 0.28 0.98
M2 SDSSJ0330—0020 S2: NGC5248 (0.048, 0.017) 1.0 0.77 60 1.9 0.35 1.1
M3 SDSSJ12054+4910 S3: NGC3690 (—0.001, —0.034) 1.1 0.75 30 2.0 0.22 0.48
0.15
M1 nn-MGE M2 nn-MGE M3 nn-MGE
0.10
0.05
0.00
—0.05
-0.10
1.0"
-0.15
3
2
1
0
-1
=2
-3

Figure 4. Top row: Relative differences between the best-fitting ‘nn-MGE’ lens light model and the input lens light. Bottom row: Normalized residuals of the
best-fitting lensing model. The black contours mark the source emission (image data—best-fitting lens light model).

For mock M1 and M3, the mask radius is 1.8 arcsec and the mask
radius of M2 is 1.6 arcsec because it has a slightly smaller Einstein
radius.

We show results using the ‘nn-MGE’ model in Fig. 4. Different
columns show the results for different mock data. The first row
shows the ‘lens light relative difference map’ (model lens light—input
lens light/input lens light), therefore showing the relative difference
between the best-fitting MGE model and the true lens light input. The
model recovers the true input lens light to a very high accuracy, with
relative differences below 5 per cent everywhere except the central
regions, which are due to Poisson noise. The second row shows
the overall (including both lens and source emission) normalized
residuals [best-fitting model image—data)/errors] for the fits with an
MGE lens light model. The model fits the mock data to the noise
level, exhibiting no significant correlated residuals. Table 4 lists the
best-fitting parameters of our power-law mass model, with values in
brackets indicating the 30 confidence regions. The model correctly
recovers all of the parameters of the input power-law mass profiles
within the 3o error.

In Fig. 5, we show the same plots for fits using the ‘pn-MGE’
model. The lens light relative difference map shown in the top
row shows systematic issues for all three mock lenses. Undesirable

‘ring-like’ correlated residuals around the Einstein arc of M1 and
M3 are seen, meaning that the ‘pn-MGE’ model is systematically
overestimating the lens light fluxes in areas overlapping with the
source emission. The lens light relative difference map of M2 shows
non-physical stripes that alternate between positive and negative
values. Inspection of the MGE intensities reveals Gaussian profiles
with alternating positive and negative intensities that counterbalance
each other, indicating overfitting. The bottom row shows this model
again fits the mock data to the noise level. The second part of Table 4
lists the best-fitting parameters of the power-law mass model when
using the ‘pn-MGE’ lens light model. Despite the issues seen in the
lens light relative difference map, this model still correctly recovers
the input power-law mass profiles.

Finally, we show the results using the Sérsic lens light model in
Fig. 6, following the same format as Figs 4 and 5. The first row
shows the relative differences between the best-fitting 3 x Sérsic
lens light model and the input lens light. The differences are much
larger than seen for either MGE model shown before, particularly
for M1 and M2, where in some regions the relative differences
can exceed 15 percent. The second row shows the normalized
residuals, where the 3 x Sérsic lens light model produces a poor fit
to the image with significantly correlated residuals. The best-fitting
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Table 4. Best-fitting power-law mass model parameters using MGE/Sérsic lens light model. Values in brackets indicate 3o confidence regions.

x["] y "

R ["] q ¢ [°] 4

M1 nn-MGE 0.014 (0.010, 0.018) —0.068 (—0.072, —0.065)
M2 nn-MGE 0.047 (0.044, 0.051) 0.017 (0.014, 0.019)
M3 nn-MGE —0.003 (-0.005, 0.000) —0.033 (-0.035, —0.031)
M1 pn-MGE 0.015 (0.010, 0.018) —0.068 (—0.072, —0.065)
M2 pn-MGE 0.047 (0.044, 0.051) 0.015 (0.012, 0.018)
M3 pn-MGE —0.000 (—-0.004, 0.003) —0.030 (-0.032, —0.027)

M1 3 xSérsic
M2 3 x Sérsic
M3 3 x Sérsic

0.013 (0.009, 0.017)
0.026 (0.022, 0.035)
—0.006 (—0.009, —0.003)

—0.067 (=0.072, —0.064)
0.010 (0.006, 0.023)
—0.032 (—0.034, —0.030)

1.198 (1.178, 1.218)
1.006 (0.990, 1.023)
1.101 (1.088, 1.124)

1.199 (1.178, 1.222)
1.013 (0.995, 1.032)
1.108 (1.089, 1.136)

1.184 (1.177, 1.193)
1.05 (0.99, 1.09)
1.14 (1.12, 1.15)

0.80 (0.77, 0.83)
0.77 (0.74, 0.80)
0.75(0.72, 0.77)

0.80 (0.76, 0.82)
0.76 (0.73, 0.79)
0.74 (0.70, 0.77)

0.80 (0.78, 0.82)
0.71 (0.68, 0.98)
0.73 (0.69, 0.74)

45.6 (43.1,47.9)
59.6 (58.0, 61.1)
31.2(30.2, 32.5)

46.1 (43.4,47.6)
59.2 (57.3, 60.6)
32.6(29.1,33.7)

46.0 (43.6,47.5)
—4.2(-17.7,9.5)
32.1(30.1,33.4)

2.08 (1.92,2.23)
1.94 (1.83, 2.05)
2.01 (1.94, 2.15)

2.08 (1.91, 2.25)
1.99 (1.86, 2.13)
2.04 (1.92,2.20)

1.96 (1.91, 2.02)

272 (2.61, 2.82)
2.27(2.18,2.36)

M1 pn-MGE

_

M2 pn-MGE

0.15
M3 pn-MGE
0.10
0.05
0.00

-0.05

-0.10

Figure 5. Top row: Relative differences between the best-fitting ‘pn-MGE’ lens light model and the input lens light. Bottom row: Normalized residuals of the

best-fitting lensing model. The black contours mark the source emission.

power-law parameters are listed in Table 4, where a biased estimation
of the lens mass profile is seen. Specifically, the slopes are recovered
incorrectly at 3 o confidence for all three mocks. This discrepancy
arises because the lens mass model compensates for inaccuracies in
the lens light model by adjusting its location, mass, shape and other
attributes to fit the residuals left by an imprecise representation of
the lens light.

3.3 Summary

The MGE models fit all three mock images with complex lens and
source morphologies to the noise level. However, without enforcing
non-negative constraints on the solutions of Gaussian intensities and
source pixel fluxes, the ‘pn-MGE’ model overestimates the lens light
flux in regions where the lensed source is observed and may suffer
from the overfitting due to the Gaussians alternating between large
positive and negative values. By enforcing non-negative constraints

MNRAS 532, 2441-2462 (2024)

on the solution, the ‘nn-MGE’ fixes these issues and accurately
recovers the input lens light distribution with a > 95 % accuracy.
It also accurately recovers the lens mass profile parameters. The
MGE is a significant improvement on a standard 3 x Sérsic lens
light model. The MGE lens light model demonstrates the ability to
capture the surface brightness of a realistic lens galaxy.

4 APPLICATION TO SLACS LENSES

4.1 Fitting results

4.1.1 MGE fitting results

We now apply the MGE lens light model with the non-negative
constraints to 38 SLACS lenses. We firstfita ‘2 x 30 + 1 x 10 MGE
model (2 sets of 30 Gaussians plus an additional set of 10 Gaussian
profiles which capture central point source emission). However, in

$20z 1snBny zQ uo Jasn weying Jo AsiaAiun Aq 02200.2/112/2/ZES/e10ne/seluw/wo dnooiwspese//:sdiy Woll papeojumoq



MGE:s for strong lensing 2451

M2 Sersic

- 0.15
M3 Sersic
0.10
0.05
0.00

—-0.05

-0.10

Figure 6. Top row: Relative differences between the best-fit 3 Sérsics lens light model and the input lens light. Bottom row: Normalized residuals of the

best-fitting lensing model. The black contours mark the source emission.

certain SLACS lenses the model left lens light residuals and we
therefore additionally fitted a more complex ‘6 x 30 + 1 x 10° MGE
model (6 sets of 30 Gaussians with an additional point-source set). We
fit the lens mass using an elliptical power-law profile plus an external
shear and use a Voronoi mesh for the source. Some SLACS lenses
have several nearby galaxies within their 3.0 arcsec circular mask.
To avoid light contamination from those nearby galaxies, following
the same procedure of Nightingale et al. (2024), we have manually
selected out the region of contamination and increased the related
noise by several orders to ensure the light of nearby galaxies would
not affect our analysis.

Fig. 7 shows the normalized residuals of our fits to the 38 SLACS
lensing systems, with the colour bar ranging from —3.5¢0 to +3.50.
The bottom-left corner of each panel shows the MGE lens light model
used for fitting the image. ‘X2’ denotes a ‘2 x 30+ 1 x 10° MGE
model, while ‘X6’ denotes a ‘6 x 30 + 1 x 10” MGE model. Black
contours outline the morphology of source emission. The MGE lens
light model fits the majority of SLACS lenses to the noise level.
However, for three lenses — SDSSJ0841+3825, SDSSJ1432+6317
and SDSSJ23414-0000, significant (>30) correlated normalized
residuals are observed in regions far from the source emission. These
residuals are due to an inaccurate lens light model, caused by distinct
asymmetric features that even an MGE model cannot fit, such as the
‘spiral’-like feature shown in SDSSJ14324-6317.

4.1.2 Three Sérsic lens light model results

For comparison, we have also applied the 3 Sérsic lens light model
to analyse the SLACS lenses. The normalized residuals of this

analysis are shown in Fig. B1. The model fits the SLACS images
significantly worse than the MGE light model, with around half of the
fits exhibiting significant correlated residuals related to the lens light.
Taking SDSSJ1143—0144 as a case study, the left and middle panels
of Fig. 8 compare the normalized residuals of the ‘6 x 30 + 1 x 10’
MGE lens light model and the 3 Sérsic lens light model. The three
Sérsics model shows significant correlated residuals and therefore
fails to capture angular complexity inherent in the light distribution
of the lens galaxy, which the MGE model fits successfully. While one
could theoretically increase the number of Sérsic profiles to account
for these residuals, this becomes impractical as it significantly
increases the complexity of the parameter space due to the addition
of more parameters.

4.1.3 ‘Point centre’ MGE set

Our MGE lens light model also includes a point source of light,
consisting of a set of 10 Gaussians with a centre distinct from the
other MGE sets. This fits point source emission observed in the very
central region of a subset of SLACS lenses. Fig. B2 shows MGE fits to
the SLACS sample without including this set. In approximately one-
quarter of the cases removing the set of 10 Gaussians leads to point-
like residuals appearing at the centre of the lens galaxy, illustrating
that it serves an important role in capturing this central point-like
emission accurately. Fig. 8 compares the normalized residuals for
SDSSJ1143—0144 using an MGE lens light model with (left panel)
and without (right panel) this set of 10 Gaussians. Omitting them
leads to the presence of minor dipole residuals in the central region
of the lens galaxy’s light distribution.
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Figure 7. Best-fitting normalized residuals for images of 38 SLACS lenses. The letter in the bottom left corner of every panel indicates the lens light model we
used to fit the image. ‘X2’ means a 2 x 30 + 1 x 10° MGE lens light model while ‘X6’ means a ‘6 x 30 4+ 1 x 10° MGE lens light model. The black contours

mark the source emission.

4.2 Complexity of realistic lens light emission

4.2.1 Ellipticity and position angles

For 35 out of 38 SLACS lenses with satisfactory MGE fits, we
assess the complexity of lens light emission based on the changing
ellipticity and position angles of their isophotes as a function of
the 2D radius. For example, in Fig. 9, we show isophote analysis

MNRAS 532, 2441-2462 (2024)

of the best-fitting MGE lens light models of SDSSJ0946+-1006. To
make the visuals close to observations, we incorporate the PSF and
realistic noise into the best-fitting lens light model for this analysis.
In the left panel, black contours represent the isophotes of the best-
fitting MGE lens light model. Each contour is fitted with an elliptical
curve, depicted by blue lines in the plot. The green curve represents
the critical curve on the lens plane. We measure the axis ratios and
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Figure 8. Normalized residuals for SDSSJ1143-0144 using three different lens light models, the ‘6 x 30 4+ 10’ MGE model (left panel), the 3 Sersic model,
the ‘6 x 30’ MGE model. The colour bar range is from —3.5 to +3.5. The black contours are the same as those in Fig. 7.
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Figure 9. Left panel: Black lines represent the contours of the best-fitting MGE lens light model. Blue curves are the best-fitting ellipses to the contours. The
green curve marks the critical line of the best-fitting power-law mass profile. Middle panel: Blue points show the axis ratios of the isphotes of the best-fitting
MGE lens light model as a function of radius. The horizontal green line indicates the axis ratio of the critical curve of the best-fitting profile. The green triangle
marks the Einstein radius. The horizontal red line represents the axis ratio of the best-fitting power-law profile with dashed lines showing its associated 3o errors.
Right panel: Blue points show the position angles of the isophotes of the best-fitting MGE lens light model as a function of radius. The green line indicates
the position angle of the critical curve of the best-fit mass profile. The green triangle marks the Einstein radius. The red line represents the position angle of the

best-fitting power-law mass profile, with dashed lines showing its 3o errors.

position angles of the best-fitting elliptical curves. The blue points
in the middle and right panels show the axis ratios and position
angles, respectively, as functions of the (semi-major axis) radius. In
the middle panel, the green horizontal line represents the axis ratio of
the critical curve, with the green triangle marking the Einstein radius.
The red horizontal line shows the axis ratio of the best-fitting power-
law profile, with dashed lines depicting its 3o errors. Similarly,
in the right panel, the green line and triangles denote the position
angle of the critical curve and the Einstein radius, respectively. The
red solid and dashed lines represent the position angle of the best-
fitting power-law profile and its associated 3o errors. We can see
that SDSSJ09464-1006 exhibits a highly complex surface brightness
with isophotes twisting nearly 90° from the inner to outer regions.
(Similar plots as Fig. 9 for all 35 SLACS lenses can be found at
https://github.com/qiuhan96/isophotes MGE_SLACS.)

For an overview of the complexity in the lens light emission for
the 35 SLACS lenses, Fig. 10 summarizes the maximum changes
in axis ratios and position angles within the range of 0.5 arcsec
and 2.5 arcsec, covering the Einstein radii and the majority of lens

light emission. The top panel displays the histogram of the maximum
change in axis ratios and the bottom panel shows the histogram of the
maximum change in position angles. Notably, a significant portion
of SLACS lenses (~ 40 per cent) exhibit isophotes with changes in
axis ratios exceeding 0.1 or changes in position angles over 10°. This
suggests that the phenomenon of twisting non-elliptical isophotes is
common among typical lens galaxies.

4.2.2 Boxiness / diskiness

By analysing the isophotes of the best-fitting MGE light models we
can also assess the boxiness / diskiness of the 35 SLACS lenses. To
quantify an isophote’s shape, we follow the methodology outlined
by Bender & Moellenhoff (1987), employing Fourier analysis to
measure deviations from standard elliptical shapes. The equation for
this analysis is as follows:

N
SR(@O)=R(@®O)— R () =ap+ Z (a, cosnB + b, sinnd), (20)
1
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Figure 10. Top panel: The histogram of the maximum changes in axis ratios
within the range of 0.5 arcsec to 2.5 arcsec for 35 SLACS lenses. Bottom
panel: The histogram of the maximum changes in position angles for those
lenses.

where R(6) represents the polar coordinate of a given isophote, and
R.1(0) is the polar coordinate of the ellipse best-fitting the isophote.
The deviation, § R(9), is expressed in terms of Fourier coefficients a,
and b, (forn =0, 1, ..., N), which capture the deviation’s amplitude
and phase. We use the ratio a4/a, where a is the semi-major radius
of the isophote, to quantify the isophote’s shape. A positive value of
as/a indicates a ‘disky’ isophote, whereas a negative value indicates
a ‘boxy’ isophote.

We report the a4/a with the maximum absolute value within
the range of 0.5arcsec and 2.5 arcsec for each lens galaxy. The
histogram presented in the top panel of Fig. 11 shows the distribution
of these maximum |a4/a| values. We find that the vast majority of
the lenses, 32 out of 35, have a maximum |a4/a| less than 0.02.
Approximately half of the lens sample demonstrates a noticeable
degree of boxiness / diskiness, with their maximum |a4/a| falling
within the range of 0.01 to 0.02. Among the analysed systems,
SDSSJ125040523 has the most boxy isophotes, characterized by
an ay/a value of —0.037, while SDSSJ1032+4-5322 shows the most
disky isophotes, with an as/a value of 0.026. The middle and
bottom panels of Fig. 11 show the best-fitting isophotes of these
two lenses.

MNRAS 532, 2441-2462 (2024)

Number

0_
—0.04-0.03-0.02-0.01 0.00 0.01 0.02 0.03 0.04

asl/ a

SDSS)1250+0523
gafa: —0.037

y [arcsec]
o

-2 1

[ S S
x [arcsec]
SDSS)J1032+5322
. 24/ :0.026

2 4

y [arcsec]
o

-3 T T T T
-3 -2 -1 0 1 3 3

x [arcsec]

Figure 11. Top panel: The histogram of the a4 /a of maximum absolute val-
ues within the range of 0.5 arcsec to 2.5 arcsec for 35 SLACS lenses. Middle
panel: The isophotes of the best-fitting lens light model of SDSSJ1250+0523.
This lens has the most boxy isophotes in our analysis. Bottom panel: The
isophotes of the best-fitting lens light model of SDSSJ1032+4-5322. This lens
has the most disky isophotes in our analysis.
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From the analysis of the shape of isophotes, it is clear that while
the majority of the SLACS lenses do not exhibit significant boxiness
or diskiness, with the majority of lenses having a maximum |as/a|
smaller than 0.02, there are notable exceptions that exhibit distinct
boxy or disky shapes, with |as/a| exceeding 0.02. This diversity
highlights the variation in structural features across different lens
galaxies, with a small subset showing significant departures from
elliptical symmetry.

5 DISCUSSION

5.1 Origin of lens light complexity

The MGE model has demonstrated a remarkable capability to
accurately fit the light distribution of most real lenses, uncovering
complexities like radial ellipticity variations, twisting isophotes, and
boxiness / diskiness. Similar features have been observed in SO and
elliptical galaxy populations (Hao et al. 2006), including detailed
stellar kinematics studies (Emsellem et al. 2011; Krajnovi¢ et al.
2011). However, strong lens selection effects produce lens galaxies
with higher stellar masses than these galaxy samples, which is
correlated with these features. The MASSIVE survey studies about
100 of the most massive nearby elliptical galaxies, with comparable
masses to SLACS lenses. We therefore compare our results to
Goullaud et al. (2018), who conducted a detailed photometric study
of 35 massive ellipticals. Their methodology differs markedly from
ours, therefore the purpose of this comparison is to simply confirm
that the luminous complexity seen in SLACS lenses is reported in
samples of analogous unlensed massive ellipticals.

Goullaud et al. (2018) observe changes in galaxy ellipticities of
0.1-0.2 over a radial range of 1-10kpc, comparable to the axis-
ratio changes shown for SLACS lenses in Fig. 10. 37 percent of
their sample show variations in the position angle exceeding 20 deg,
comparable to values shown in Fig. 10. Boxy and disky isophotes
are observed in their sample with magnitudes of 0.01-0.02 and an
approximately fifty-fifty ratio of boxy and disky, consistent with the
values and distribution shown for SLACS in Fig. 11. The deviations
of SLACS lenses from elliptical isophotes are therefore broadly
consistent with nearby massive elliptical galaxies.

The isophotal analysis offers clues on a galaxy’s formation
history. Ellipticity variations and twists are readily explained by
an underlying triaxial 3D mass distribution which manifests in
2D projection. Stellar kinematic analysis reveals massive ellipticals
often show evidence for trixality, which is likely a product of their
merger history and growth. Even in prolate or oblate systems, recent
merger activity may produce departures from ellipticity. However,
morphological structures like bars and the presence of dust in the
centres of galaxies can also produce these features (Goullaud et al.
2018). Our MGE technique therefore has the potential to reveal more
about the formation history of strong lens galaxies.

We also observe central point-like emission in the centre of
~ 25 per cent of lens galaxies. Galaxies often exhibit central point-
like emission (e.g. Bruce et al. (2016)), which can be due to faint
emission associated with the galaxy’s central supermassive black
hole or nuclear stellar emission. These phenomena do not offer
much information on the galaxy’s formation history. However, a
tantalizing alternative is that these could be a dim lensed source
central image, made possible by the lens’s mass being centrally
cored (Winn, Rusin & Kochanek 2004; Quinn et al. 2016). Whilst a
somewhat unlikely hypothesis, the MGE does allow us to separate
this point-like emission from the main lens’s emission, motivating
future studies which fit cored mass profiles to SLACS lenses.

MGE:s for strong lensing 2455

5.2 Implications for the complexity of lens mass distribution

Recent studies on galaxy—galaxy strong lensing have shown that a
single elliptical power-law mass model is insufficient to accurately
describe the lens mass distribution, especially for scientific cases
involving subhalo detection and inference of Hy, where precise lens
mass modelling is crucial (Hsueh et al. 2017, 2018; Cao et al. 2021;
Van de Vyvere et al. 2022; He et al. 2023; Nightingale et al. 2024).
Lens mass complexity, beyond the power-law model, primarily arises
from the stellar component of the lens galaxy because it dominates
the mass within ~ 10 kpc, the scale of galaxy—galaxy strong lensing.
Angular complexity is particularly important, because strong lensing
is highly sensitive to the projected enclosed mass within the critical
curve, and any variations in the 2D angular shape of the mass
distribution can significantly alter the shape of the critical curve.

Our analysis of the isophotes of 35 SLACS lenses confirms that it
is common for a lens galaxy’s surface brightness to exhibit angular
complexity beyond a single ellipse, which a single elliptical power
law does not fully capture. This includes twisting (arising from the
varying position angles) and boxiness or diskiness (arising from
the varying ellipticity). Supposing that stellar mass roughly traces
the stellar light, it is reasonable to suggest that the stellar mass
would exhibit a similar level of complexity as the surface brightness.
There are hints of this in the literature, for example, our study notes
that SDSSJ1250+0523 is the lens with the most boxy isophotes,
and the same system is flagged by Nightingale et al. (2024) to
require an M4 multipole (which represents a boxy mass distribution)
in order to produce a robust dark matter inference. Stacey et al.
(2024) also find evidence that a mass-model multipole correlates
with lens light emission. Angular complexity in the stellar mass
could explain puzzling results regarding the external shear of strong
lenses (Gomer & Williams 2020, 2021; Etherington et al. 2024)
and inconsistencies between power-law lensing and stellar dynamics
measurements (Etherington et al. 2023).

Our MGE lens light model is well suited to being used in a two-
component decomposed mass model, where the MGE represents
the stellar mass and is modelled simultaneously with a dark matter
halo. The ease of computing deflection angles from Gaussian
profiles facilitates this (Shajib 2019). This model is more physically
motivated than a power law and scientifically could open many doors,
for example measuring the centre, mass and ellipticity of the dark
halo hosting the lens galaxy, which are challenging to measure with
alternative methods like stellar dynamics. Decomposed mass models
have previously been used (Nightingale et al. 2019, 2024; Schuldt
et al. 2019; Chen et al. 2022), however, these studies rely on light
profiles like the Sérsic model which we have shown in this work
are limited in their applicability. The next steps are therefore for us
to begin fitting MGE mass models and to investigate assumptions
regarding the conversion of stellar light to stellar mass, for example,
whether a constant mass-to-light ratio is sufficient.

5.3 Automated lens modelling with an MGE

With samples of over 100 000 strong lenses incoming (Collett 2015),
automated lensing analysis is crucial (Etherington et al. 2022). The
MGE offers significant advantages over traditional Sérsic profiles
in lens modeling, for both the lens galaxy and source galaxy.
First, it provides enhanced flexibility in capturing complex light
distributions, effectively reducing residuals from foreground lens
light subtraction which often lead one to infer incorrect mass and
source models (Etherington et al. 2022). Second, parametrizing the
MGE requires only 4 non-linear parameters (compared to 6 for a
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linearized Sérsic profile), leading to a reduction in the overall number
of non-linear parameters. Crucially, the MGE’s parametrization does
not have a non-linear parameter governing the galaxy’s size or
luminosity (which are solved for linearly), eliminating a significant
degeneracy between the source galaxy’s size and the lens mass model
parameters, ensuring more reliable sampling and reducing the risk of
incorrectly inferring local maxima during optimization. Approaches
like the B-spline lens light subtraction are user-intensive, requiring
that the subtraction is performed manually via the graphical user
interface. These benefits will be expanded upon by Franca et al.,
who perform automated analysis of 21 lenses using an MGE for the
lens and source galaxies.

6 CONCLUSIONS

We present a novel lens light model for galaxy—galaxy strong lensing
analysis. The model is built on a multi-Gaussian expansion (MGE)
method which has been widely used in stellar dynamical analysis.
The key idea is to represent the lens light as sets of Gaussian profiles
and linearly solve the intensities of each individual Gaussian profile.
To simultaneously fit both the MGE lens light model and a pixelized
source model, we incorporate the MGE lens light model into the
conventional semi-linear scheme for pixelized source modelling
(Warren & Dye 2003). We note that because we are fitting two free-
form models simultaneously, there could be a degeneracy between the
lens light and pixelized source model, particularly in the lensed arc
regions where both models can fit the light. To mitigate degeneracy
between the MGE lens light model and the pixelized source model,
we also introduce non-negative boundary constraints to the semi-
linear inversion scheme which applies the physically motivated
constraints that all lens and source emission must be non-negative.
Compared to traditional lens light models like Sérsic profiles, the
primary advantage of an MGE lens light model is its ability to capture
complex angular and radial features of real lenses using only a few
parameters.

To verify that the MGE lens light model can accurately fit realistic
lens galaxies, we simulate three mock lensing images with realistic
lens and source emission and employ them to test our MGE lens
light model. The lens light is derived from three real SLACS lenses,
while the source emission is represented by HST images of three
nearby galaxies. We have demonstrated that the scheme utilizing the
MGE lens light model can fit the mock images to the noise level
(the second rows of Figs 4 and 5). For the MGE model with the
non-negativity constraint, the relative difference between the best-
fitting lens light model and the true input is small, remaining below
5 per cent (the first row of Fig. 4). This result confirms that the MGE
accurately captures the lens emission and that it enables a clean
deblending of lens and source light. This is not the case when the
non-negative constraint is relaxed (a common assumption in many
lensing methods), with fits to the three mocks showing correlated
residuals and evidence of overfitting, because the MGE unphysically
fits lensed source emission (the first row of Fig. 5). Fits using three
Sérsic profiles produce significant residuals (Fig. 6) and biased best-
fitting lens mass profiles (Table 4).

Having confirmed that the MGE lens light model with the non-
negative constraints enables a robust fit of a lens galaxy’s emission,
we apply it to 38 SLACS lenses. We judge that the MGE lens light
model fits the majority — 35 out of 38 of SLACS lenses — accurately.
We examine the ellipticity and position angles of the isophotes of
these lenses. For approximately 40 per cent of the lenses, the axis ratio
(position angle) of the isophotes can change as much as 0.1 (10°)
fromr = 0.5" tor = 2.5” (Fig. 10), suggesting that it is common for
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a lens galaxy to exhibit twisting non-elliptical stellar emission. We
also measure the boxiness / diskiness of the isophotes using Fourier
analysis to evaluate deviations from standard ellipses (Fig. 11). The
majority of the 35 SLACS exhibit boxy or disky isophotes that are
relatively small in overall magnitude, but large enough to impact
lensing studies (Van de Vyvere et al. 2020; Cao et al. 2021; Cohen
et al. 2024). We compare our results to a sample of unlensed massive
elliptical galaxies with similar stellar masses to SLACS (Goullaud
et al. 2018) and confirm that the departures from ellipticity we have
seen in SLACS lenses are observed with a similar frequency in non-
lens samples. Approximately ~ 25 per cent of lenses also require
us to include an extra set of Gaussians which capture point-source
emission at their centre, indicative of nuclear emission from the
lens’s black hole or supernova or possibly a central image of the
background source.

Our study confirms that the stellar emission of nearly all strong
lenses shows angular complexity which the model commonly used to
model their mass — the single elliptical power law — can not capture
accurately. The MGE model will therefore form the basis of a mass
model which decomposes each lens galaxy into its stellar mass and
dark matter. Future work seeks to fit this model to SLACS lenses
and use it to inform studies of dark matter, cosmology and galaxy
evolution.

SOFTWARE CITATIONS

This work uses the following software packages:

(1) (O:sc )astropy(/0:sc) (Astropy Collaboration et al. 2013; Price-
Whelan et al. 2018)

(i1) (0:sc )colossus(/0:sc) (Diemer 2018)

(iii) (O:sc )corner.py(/O:sc) (Foreman-Mackey 2016)

(iv) (O:sc )dynesty(/O:sc) (Speagle 2020b)

(v) (0:sc ymatplotlib(/0:sc) (Hunter 2007)

(vi) (0:sc y)numba(/0:sc) (Lam, Pitrou & Seibert 2015)

(vii) (O:sc ynumpy(/O:sc) (van der Walt, Colbert & Varoquaux
2011)

(viii) (O:sc )pyautofit(/0:sc) (Nightingale et al. 2021)

(ix) (O:sc ypyautogalaxy(/O:sc) (Nightingale et al. 2023)

(x) (O:sc )pyautolens(/O:sc) (Nightingale et al. 2018, 2019, 2021,
2024)

(xi) (0:sc )python(/O:sc) (Van Rossum & Drake 2009)

(xii) (0:sc )scikit-image(/0:sc) (Van der Walt et al. 2014)

(xiii) (O:sc )scikit-learn(/0:sc)(0:sc  )(0O:ext-link  O:ext-link-
type="uri"3:href="https://github.com/scikit-learn/scikit-learn") (/0:
ext-link) (/0:sc) (Pedregosa et al. 2011)

(xiv) (0:sc )scipy(/0:sc) (Virtanen et al. 2020)
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APPENDIX A: NATURAL NEIGHBOUR
PIXELIZATION AND CROSS-LIKE
REGULARIZATION

In Section 2.2, we have described the semi-linear inversion frame-
work for a pixelized source model. Here, we introduce the specific
natural neighbour source pixelization and cross-like regularization
scheme utilized in this work. We then show how it achieves a smooth
likelihood curve and a robust estimation of lens parameters.

A1 Method

Al.1 Mesh centres

The source pixelization first determines the centres of the Voronoi
source pixels. Initial fits overlay a rectangular Cartesian grid of shape
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Lensing Image
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Figure Al. Left panel: An example lensed mock image. Black points are the source grid points mapped to the image plane. Middle panel: Voronoi pixelization
of Nightingale & Dye (2015). Black points mark the source pixel positions on the source plane. Grey points are image pixels traced to the source plane. Colours
show the reconstructed fluxes of the source pixels. Right panel: New pixelization scheme used in this work, involving natural neighbour interpolation plus

cross-like regularization.

(Vpix»> Xpix) over the image plane, which extends to and from the mask
edges. All coordinates on this uniform grid which fall within the
mask are retained and traced to the source plane via the mass model
(pixels outside the mask are discarded). These coordinates, M;, are
used as the centre of the Voronoi cells, which therefore trace the mass
model magnification.

Subsequent fits adapt the mesh centres M; to the source’s unlensed
morphology. This uses a previous model of the lensed source
emission, & ;, which is used to compute the weights

E; —min &

W, = (ﬁ (A1)
max &; —min &

> + Wioor + max &;.
The first term on the right-hand side runs from zero to one, where
values closer to one correspond to the lensed source’s brightest pixels.
Wioor controls how much weight is given to the source’s brightest
pixels and is a free parameter in certain fits. W is passed to a weighted
k-means clustering algorithm (Pedregosa et al. 2011) to determine
image-plane coordinates which are traced to the source plane. The
k-means assumes N,ix = 1500 source pixels throughout this work.
This scheme adapts to the lensed source emission.

Al.2 Mapping matrix

The reconstruction computes the linear superposition of PSF-
smeared source pixel images which best fits the observed image.
This uses the mapping matrix f;;, which maps the jth pixel of each
lensed image to each source pixel i, giving a total of J lensed image
pixels and I source pixels. When constructing f;; we apply image-
plane subgridding of degree 4 x 4, meaning that 16 x J sub-pixels
are fractionally mapped to source pixels with a weighting of %,
removing aliasing effects (Nightingale & Dye 2015).

Each image sub-pixel is mapped to multiple Voronoi source
pixels weighted via interpolation. We use Voronoi natural neighbour
interpolation via Sibson’s technique (Sibson 1981). For every sub-
pixel, j, the method considers a new polygon that adding this point
to the Voronoi mesh computed from M; would create. The new
polygon captures some of the area that was previously covered by
its neighbours, which the method computes and uses to compute the
interpolation weights in f;; as

1 K
—K . § Acaplure 2k s

K
Zi:l Acapture =1
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w=fi = (A2)

where K is the number of neighbours of a given Voronoi cell i.*

Al.3 Regularization

Performing an inversion using equation (A2) by itself is ill-posed,
therefore to avoid overfitting noise the solution is regularized using
a linear regularization matrix H described by Warren & Dye
(2003). The matrix H applies a prior on the source reconstruction,
penalizing solutions where the difference in the reconstructed flux of
neighbouring Voronoi source pixels is large. Initial fits use gradient
regularization (see Warren & Dye 2003) adapted to a Voronoi mesh
(see Nightingale & Dye 2015). The main results and those illustrated
in this appendix use a scheme which adapts the degree of smoothing
to the reconstructed source’s luminous emission and interpolates
values at a cross of surrounding points. The formalism for the
calculation of these regularization matrices H is given in Appendix A
of (Nightingale et al. 2024).

Al.4 Inversion

Following the formalism of Warren & Dye (2003), we define the data
vector 5,- = Z/].=] fijd; —b j)/(cfj)2 and curvature matrix Fj =
Z;=1 fij fij/(@;)?, where d; are the observed image flux values
and b; are the model lens light values. The source pixel surface
brightnesses are given by s = [F + H]™! D which are solved via a
linear inversion that minimizes

+sTHs.

J / .
X2+GL:Z [(Zizl Sifij).—f—bj—dj )

=1 i
The term Zi':l s; fij maps the reconstructed source back to the image
plane for comparison with the observed data and G. = s” Hs is a
regularization term.

The degree of smoothing is chosen objectively using the Bayesian

formalism given by equation (16).

4More details about the natural neighbour interpolation technique can be
found at https://gwlucastrig.github.io/TinfourDocs/NaturalNeighbor Tinfour
Algorithm/index.html.
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Figure A2. Top panel: The log evidence as a function of the power-law
slope using the new source pixelization scheme. Bottom panel: The log
evidence as a function of the power-law slope using the source pixelization
scheme of Nightingale & Dye (2015).

A2 Likelihood surface noise

In strong lensing analysis, modelling with pixelized source models
may lead to noisy likelihood surfaces. This implies that a slight
change in the parameter space of the lens mass could result in
a disproportionately large jump in the likelihood (see fig. 3 of
Etherington et al. 2022). The noisy behaviour of a likelihood curve
makes it difficult for a non-linear sampler to efficiently sample the
parameter space, leading to an underestimation of parameter errors.
Even worse, in complex strong lensing analyses, such as searching
for small dark matter subhaloes, obtaining a robust estimate for the
subhalo’s mass and location becomes difficult, because the non-linear
sampler may easily get trapped in a random local maximum due to a
noisy likelihood surface.

The key reason for a noisy likelihood curve is the discreteness
inherent in the construction of a pixelized source model. Taking the
Voronoi source pixelization scheme of Nightingale & Dye (2015) as
an example, we illustrate the lensed image and the corresponding
source reconstruction in Fig. Al. The left and middle panels depict
the lensed image and the source reconstruction, respectively. Given
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the lens mass profile and the source grids on the lens plane,
represented by black points in the left panel (1/5 of them shown for
clarity), we can construct Voronoi cells on the source plane, which are
the irregular cells in the middle panel, with black points indicating the
locations of the source grids on the source plane. As depicted in the
Voronoi tessellation, the source plane is naturally divided into regions
corresponding to different source pixels. To establish a connection
between the image pixels and the source pixels, the image pixels are
also traced back to the source plane, marked as grey points in the
middle panel (only 1/200 of them are shown for clarity). The image
pixel is then assigned the same flux as the Voronoi cell to which
the traced image pixels fall. With small changes of the lens mass
parameter, such as the slope or the Einstein radius, the positions of
points (both grey and black points) on the source plane will undergo
slight adjustments. As the change is small, the fluxes of most traced
image pixels (grey points) do not change significantly. However, for
a point located right between two Voronoi cells, such as the point L1
between the cell of S1 and S2 in the middle panel, a slight change
in its location could entirely alter which cell it belongs to, resulting
in a discontinuous change in its flux and, consequently, an unsmooth
likelihood curve.

To alleviate this issue, we could introduce an interpolation scheme
on the source plane so that we can ensure that when grey points
smoothly change their locations on the source plane, their fluxes
also change smoothly. The most commonly used 2D interpolation is
a bilinear interpolation implemented upon a Delaunay tessellation.
However, we note that although the bilinear interpolation provides a
continuous source plane, the first derivative of the interpolation is not
continuous at the boundaries of Delaunay cells. This characteristic
makes it not ideal for analyzing subhalo signals, as a subhalo’s
perturbation to the lensed image is sensitive to the first derivative
of the surface brightness of the source galaxy (Vegetti & Koopmans
2009). For this reason, we opt for the natural neighbour interpolation
scheme (Sibson 1981) to represent the source plane. For a given
point on a Voronoi source plane, the natural neighbour interpolation
computes the value of that point as an area-weighted sum of the
fluxes of its ‘neighbours’. These neighbours are determined by
treating this point as a new member added to the Voronoi tessellation
and weighting the neighbours according to the overlap of the new
Voronoi cell with the original Voronoi cells. Despite the complexity
of the algorithm, by design, the first derivative of natural neighbour
interpolation is continuous, except at the sample points (Hiyoshi &
Sugihara 2000). In the right panel of Fig. A1, we show the pixelized
source scheme of this work where the values of traced image
pixels (grey points) are computed through the natural neighbour
interpolation.’

The mapping relation between the image and source plane is not
the only source of the discreteness. We note that the regularization
between source pixels could also give rise to issues. Following
Nightingale & Dye (2015), the regularization of a source pixel is
defined as the differences between the fluxes of the pixel and its
neighbours, determined by the Voronoi tessellation. For example,
the regularization of the source pixel SO is computed as (half
the absolute) differences between its flux and fluxes of its seven
neighbours, S1, S2...., S7. However, it is noted cells S0 and S1 are
barely connected. We can imagine that a slight change in the points’
locations could cause SO and S1 to no longer be neighbours, resulting

SFor high performance, we have taken a C version of this natural neighbour
interpolation algorithm from https://github.com/sakov/nn-c modified it and
made a PYTHON wrapper.
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in two terms being lost in the regularization term. This, in turn,
leads to a sudden change to the overall likelihood (evidence). The
purpose of regularizing source pixels by flux differences between
Voronoi neighbours is to ensure a reasonably smooth solution for
our pixelized (free-form) source model. However, we note that it
is actually not necessary to define the flux differences relying on a
neighbour relation given by the Voronoi tessellation. Instead, similar
to the regularization scheme of Vegetti & Koopmans (2009), we
define the regularization of a source pixel as the sum of absolute
flux differences between the pixel and four cross points surrounding
the pixel. For example, as shown in the right panel of Fig. Al, the
regularization of the source point SO is computed as the sum of
absolute flux differences between it and its four cross ‘neighbours’,
S1, S2, S3, and S4. The distance between the source pixel and
one of its cross points is determined as the square root of half
of the associated Voronoi cell’s area. The values of those cross
points are computed through the natural neighbour interpolation.
With this definition, a sudden change in a source pixel’s neighbour
relation would not lead to a sudden addition or subtraction of
terms in the regularization. Instead, the total number of terms in
the regularization remains fixed at four times the number of source
pixels.

MNRAS 532, 2441-2462 (2024)

Finally, we assess the performance of our new source pixelization
scheme by examining the smoothness of log evidence in response
to small changes in the lens mass parameters. In the top panel
of Fig. A2, we show the changes in log evidence with the slope
of a power-law lens mass model for the mock lensed image, as
presented in the right panel of Fig. Al. For the test, we employ a
constant strength for the regularization, and we also constrain the
solutions of the semi-linear inversion process to be non-negative.
The minimum change in the power-law slope is set to be 0.0004.
As shown, the log evidence changes smoothly with the power-law
slope under the new source pixelization scheme, which incorporates
natural neighbour interpolation and cross-like regularization. For
comparison, we also plot the log evidence as a function of the slope
under the old pixelization scheme in the bottom panel. As shown,
the log evidence exhibits noisy behaviour with small changes in the
power-law slope. At certain values, with a one-step change (0.0004)
in slope, the corresponding change in log evidence can be as large as
~ 8, which is statistically significant.

APPENDIX B: NORMALIZED RESIDUALS OF
SLACS IMAGES WHEN APPLYING TWO
OTHER LENS LIGHT MODELS
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Figure B1. Best-fitting normalized residuals for images of 38 SLACS lenses using the 3 Sersic lens light model. The colour bar range is from —3.5 to + 3.5.
The black contours are the same as those in Fig. 7.
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Figure B2. Best-fitting normalized residuals for images of 38 SLACS lenses using the MGE lens light model without the ‘point source’ set. The letter in the
bottom left corner of every panel indicates the lens light model we used to fit the image. ‘X2’ means a ‘2 x 30° MGE lens light model while ‘X6’ means a
‘6 x 30’ MGE lens light model. The colour bar range is from —3.5 to + 3.5. The black contours are the same as those in Fig. 7.
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