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1 Introduction

Despite the fact that dark matter (DM) comprises ∼ 85% of the total amount of matter in
our Universe, very little is known about its mass: the potential mass range of DM candidates
spans over 80 orders of magnitude. At the high end of this spectrum, macroscopic DM
candidates, with masses ranging from comparable to large asteroids to large stars, offer
an alternative to particle- and wave- like DM. Such celestial objects, formed in the early
universe, are so sizeable that they can in principle be detected via their gravitational effects.
As such, important constraints have been set using gravitational (micro-)lensing techniques
(e.g. [1–11]), and gravitational waves (e.g. [12–19]) on these objects as DM candidates.

Formed in the early Universe, celestial DM objects are also expected to accrete throughout
their lifetime. Thus, one can study the interaction between accreting compact objects formed
in the early Universe and the cosmic microwave background (CMB). As the objects accrete
matter, they emit high-energy radiation, which can influence the ionisation and thermal
state of the surrounding medium. This process of energy injection can lead to alterations in
the ionisation fraction, describing the ratio of free electrons to total hydrogen atoms in the
universe. Changes in the ionisation fraction prior to and during the epoch of recombination
have the potential to leave discernible imprints on the CMB.

Measurements of the CMB by satellites such as Planck have yielded precise data on
its temperature fluctuations and polarisation, and therefore the ionisation fraction. This
has enabled stringent constraints to be placed on the abundance of primordial black holes
(PBHs), popular examples of primordial compact objects, in the very high mass range
10 M⊙ < MPBH < 104 M⊙ (see e.g. [20–23]). Ref. [8] generalised the analysis of PBH to
objects with a uniform density profile comprising 100% of DM. In this work it was found
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that even relatively dilute objects of several hundreds of AU could cause observable levels
of ionisation in the CMB.

In this work, we generalise the accretion formalism further to account for extended dark
objects (EDOs) of arbitrary radius and density profiles. In contrast to [8], which focused on
an analytical calculation of the ionisation fraction, our computations are primarily numerical
which allows them to be easily adapted to any mass profile. We introduce a scaling technique
that significantly speeds up the numerical calculation. The primary purpose of this work is to
find the constraints on the fraction of DM that the extended dark objects can comprise. We
find stringent constraints for objects over 106 R⊙ or 104 AU in the mass range above 103 M⊙,
complementary to those found in microlensing [6–9] and projections such as those found in
pulsar timing delay studies [24], and dominating the constraints found by [25, 26] from the
dynamical heating of stars in ultrafaint dwarfs in the high mass range.

The structure of this paper can be conveniently inferred from the table of Contents.

2 Accretion

The gravitational influence of extended dark matter objects can lead to the accretion of
matter, leading to a possible alteration of the ionisation history of the universe. To calculate
the actual impact, first we need to obtain the density profile of accreted matter in the dark
matter object, as well as how this translates into its temperature, ionisation fraction and
electron/proton number. In this section, we will describe how this is calculated for a generic
set of EDO mass functions, closely following the steps in refs. [8, 22].

2.1 Baryonic matter

As a good approximation, we can assume that at the relevant redshifts the universe is made
up of non-relativistic electrons, protons and hydrogen atoms, which we refer to in this work
as baryonic matter. In this way, we can define the density of baryonic matter as

ρ = mene + mpnp + mHnH , (2.1)

where ne(r, t), np(r, t) and nH(r, t) are the number densities of electrons, protons and hydrogen
atoms, respectively, and me ≃ 0.511 MeV and mp ≈ mH ≃ 0.938 GeV their corresponding
masses. Assuming local charge neutrality implies

ne = np, (2.2)

which allows us to quantify each parameter through the fraction of ionized hydrogen atoms,
given by

xe = ne

ne + nH
. (2.3)

Therefore, considering that me ≪ mp, we obtain

ne(r, t) = np(r, t) ≈ 1
mp

xe(r, t)ρ(r, t), (2.4)

nH(r, t) = 1
mp

(1 − xe(r, t))ρ(r, t). (2.5)

Having defined these parameters, now we can address the evolution and thermodynamics
of the initially homogeneous baryonic fluid.
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2.1.1 Evolution and thermodynamics of baryonic matter

The dynamic evolution of the baryon fluid around an EDO1 will be dictated by its mass density
ρ(r, t), fluid velocity v⃗(r⃗, t), and internal energy density E(r, t) via the set of Navier-Stokes
equations

ρ̇ + 1
r2 (r2ρv)′ = 0, (2.6)

ρv̇ + ρvv′ + P ′ = ρg, (2.7)

ρ ˙(E/ρ) + ρv(E/ρ)′ + P
1
r2 (r2v)′ = q̇, (2.8)

which ensures the conservation of mass, energy, and momentum. Herein, we have used
˙= ∂/∂t, ′ = ∂/∂r, and have imposed rotational symmetry such that v⃗(r⃗, t) = v(r, t)r⃗/r. In
these equations, some terms are still to be defined and specified, which we proceed to do now.
Firstly, in the second equation, the g(r, t) term corresponds to the radial component of the
potential energy sources acting on the baryonic fluid. In particular, two terms are sourcing
this component, the main one is given by the gravitational pull exerted by the EDO,

g⃗grav(r⃗) = ggrav(r) r⃗

r
, with ggrav(r) = −G

M(r)
r2 , (2.9)

where G is Newton’s gravitational constant and M(r) is the mass distribution of the extended
dark matter object. In addition to the gravitational pull, there is also a drag term arising
from the interactions between the accreting and the CMB radiation, but as in [8] it can be
ignored for the systems we will be studying in this work.

In terms of the internal energy density, E(r, t), and pressure, P (r, t), of the baryonic
matter, we can use Fermi-Dirac statistics for electrons and Maxwell-Boltzman statistics for
protons and hydrogen, leading to

E = 3
2T [nefE(T/me) + np + nH ] (2.10)

P = T [nefP (T/me) + np + nH ] , (2.11)

where T (r, t) is set to be the common temperature of the baryon fluid in local equilibrium.
The function fE(X) varies from fE(X ≪ 1) ∼ 1 to fE(X ≫ 1) ∼ 7π4/(270ζ(3)) ≃ 2.10, and
fP (X) from fP (X ≪ 1) ∼ 1 to fP (X ≫ 1) ∼ 7π4/(540ζ(3)) ≃ 1.05. These two functions
introduce the relativistic behaviour of the electron, which changes its thermal properties when
T ≫ me. Notice that, for a complete analysis, we would also have to include similar terms for
the proton and hydrogen atom, but throughout this work we will just consider temperatures
much smaller than the mass of the proton, for which the equivalent functions are set to unity.
Using the definitions in eqs. (2.4) and (2.5) we can simplify these two parameters as follows

E = 3
2

1
mp

Tρ [1 + xefE(T/me)] (2.12)

P = 1
mp

Tρ [1 + xefP (T/me)] . (2.13)

1We will calculate the accretion profile for a single, isolated extended dark matter object. This approximation
will be justified later in section 3, when studying these objects in a cosmological context.
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The last thing left to define in eqs. (2.6)–(2.8) is the q̇(r, t) term in the third equation,
which corresponds to the rate of heating (for q̇ > 0) or cooling (for q̇ < 0) per unit volume.
This is given by

q̇ = 4xeσTρcmb
mpme

(Tcmb − T )ρ, (2.14)

where σT ≃ 6.65 × 10−25 cm2 is the Thomson scattering cross section, ρcmb ≃ (1.97 ×
10−15 eV4)(1 + z)4 is the CMB energy density, and Tcmb ≃ (2.34 × 10−4 eV)(1 + z) is the
CMB temperature at redshift z.

Using the system of equations in eqs. (2.6)–(2.8) completely defines the evolution of
baryonic matter around the EDO. However, in practice, to handle these equations we still
need to take a set of approximations that will make it possible to perform this calculation.
These are the following:

1. We will focus on obtaining a static approximation, for which we can neglect the time
evolution of all the parameters defined so far. In this way, we will just calculate the
solutions for the functions ρ(r), T (r), P (r), ne(r), xe(r), E(r) and v(r).

2. Taking the hydrostatic approximation, we can take the baryon flow to vanish, such
that v(r) = 0. This is a valid approximation as long as the gravitational interaction
is not too intense, placing limits on EDOs with a radius of the same order as their
Schwarzschild radius.

3. We will set xe(r) to be constant when solving for the Navier-Stokes equations, and will
add the effects of the ionisation of the baryon fluid as a correction to their solution.

4. Taking the ratio between the internal energy, E(r), and pressure, P (r), we obtain the
adiabatic index, γ(r),

E(r)
P (r) = γ(r) − 1, (2.15)

which for xe ≪ 1, gives γ(r) ≈ 5/3, while for xe ≈ 1 we have γ(r) ≈ 5/3 if T (r) ≪ me

and γ(r) ≈ 13/9 if T (r) ≫ me. Therefore, we will approximate this function to be
always constant except for T (r) = me, such that

γ(r) =


5
3 T (r) ≤ me

13
9 T (r) > me.

(2.16)

Doing so, allows us to relate P (r) and the baryon density, ρ(r) as follows

P (r) = Kρ(r)γ , (2.17)

where K is a constant of mass dimension 4 − 4γ. Inserting this relation into eq. (2.13)
leads to

T (r) = Kmp
ρ(r)γ−1

1 + xefP
, (2.18)

where in order for T (r) to be continous at T (rrel) = me we will have different, but
constant, values for K, γ and fP in each side of that boundary.
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Considering this set of approximations, the Navier-Stokes equations simplify to

GM(r)
r2 + γKρ(r)γ−2 dρ(r)

dr
= 0. (2.19)

2.2 EDO mass profiles

The only thing left to define is the mass function, M(r), which will vary depending on the
formation mechanism for the EDO. In this work, we will consider the following mass profiles:

• Uniform spheres (of constant density): although this is a toy model, this mass
profile describes quark nuggets, either from standard [27] or axion [28] QCD. The mass
profile is given by

M(r) = M


(

r
R

)3
r ≤ R

1 R < r.
(2.20)

• Boson stars: obtained by the gravitational collapse of a scalar field [29]. They do not
have an analytical mass function, but they can be obtained by solving Schrodinger’s
equation for a scalar field under the influence of its gravitational potential [30]. As
the solution converges at infinity, we will define the radius where it encloses 90% of its
mass.

• Navarro-Frenk-White (NFW) subhalos: empirically obtained density distribution
that closely matches the behaviour of cold dark matter clustering [31]. The mass profile
is given by

M(r) =
∫ r

0
dr̂ 4πr̂2ρNFW(r̂), (2.21)

where
ρNFW(r̂) = ρ0

r̂
Rs

(
1 + r̂

Rs

)2 , (2.22)

is the NFW density profile, with Rs and ρ0 being parameters that define the total
subhalo mass and r90, the radius that encloses 90% of its mass. Because the mass of
this profile technically diverges, we choose to cut it off at 100Rs.

• Ultra-compact mini-halos: although it is widely known that primordial density
fluctuations seed the creation of primordial black hole, this fact depends on the gravita-
tional pull of the over-density. Thus, for small enough over-densities that do not form a
pbh, it is still possible to seed the growth of an ultra-compact mini-halo [32]. The mass
profile of these objects is expected to be [33]

M(r) = M


(

r
R

)3/4
r ≤ R

1 R < r.
(2.23)

We show the different mass profiles in figure 1. With this, we are all set to solve eq. (2.19)
and see the impact that EDOs can have on the ionisation history of the universe. In the
next subsection, we will proceed to obtain the density, temperature, ionisation fraction and
electron/proton number density of the accreted baryonic matter for a generic EDO.
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Figure 1. Mass profiles of the EDOs described in text.

2.3 Accretion profiles of baryonic matter

As introduced above, we solve our system of equations numerically, which, although it is
less efficient than the analytical route from ref. [8], allows extending our results to any mass
function. Moreover, in appendix A we present how this computation can be optimised so
that solutions for a specific EDO with a given total mass and radius can be easily generalised
to a different one.

Solving for the density profile of the accreted baryons around the extended dark matter
objects will first require solving eq. (2.19) both inside and outside the EDO, matching both
solutions at the boundary. To do so, we also need to specify the boundary conditions at
infinity, defined as

lim
r→∞

ρ(r) ≡ ρ∞ lim
r→∞

T (r) ≡ T∞ lim
r→∞

xe(r) ≡ x̄e, (2.24)

which will be defined by the homogeneous evolution of the Universe, as we will discuss in
section 3. Using eqs. (2.13) and (2.16), and the fact that T∞ ≪ me, we further obtain

P∞ = 1
mp

T∞ρ∞ [1 + x̄e] , and γ∞ = 5/3. (2.25)

From this, one can find a specific form for ρ(r), which is extended to the temperature and
electron/proton number density using

T (r) = Kmp
ρ(r)γ−1

1 + x̄e
(2.26)

ne(r) = 1
mp

x̄eρ(r), (2.27)

where we have defined K = T∞/ργ∞−1
∞ from the boundary condition at infinity. However,

this solution is incomplete until we include the thermodynamic corrections that lead to the
cooling due to interactions with the CMB radiation, the ionisation of the fluid, and the
relativistic transition of electrons. We will now explain how to account for each of these
corrections to our solutions.
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2.3.1 CMB cooling

One of the first assumptions we made in the previous subsection was setting the baryon fluid
heating rate to zero (i.e., q̇ = 0). Here we will allow for different values of this function, and
check its impact on the temperature obtained through eq. (2.26).

Starting from the static version for eqs. (2.6) and (2.8),

1
r2 (r2ρv)′ = 0, (2.28)

ρv(E/ρ)′ + P
1
r2 (r2v)′ = q̇, (2.29)

and using eqs. (2.13) and (2.15), we obtain

vργ∞−1 d
dr

(
T

ργ∞−1

)
= 8x̄eσTρcmb

3me(1 + x̄e)(Tcmb − T ), (2.30)

where we have also set the values at infinity for γ(r) and xe(r). To analyse the different
limits of this differential equation, let us first introduce two quantities that derive from the
sound speed of the baryonic fluid at infinity,

c∞ =
√

γ∞P∞/ρ∞. (2.31)

Defining the Bondi radius [34] as the characteristic distance where the EDO influences the
baryon fluid, we obtain

RB = GM/c2
∞, (2.32)

which is related to the escape velocity of the EDO. Similarly, the Bondi time can be defined
as the time it takes a perturbation of the baryon fluid to cover the Bondi radius, leading to

tB = GM/c3
∞. (2.33)

With this, we can now introduce these characteristic scales in eq. (2.30) to define the impact
of cooling on the EDO formation. Multiplying tB on both sides, we get

v

c∞
ργ∞−1RB

d
dr

(
T

ργ∞−1

)
= Θ(Tcmb − T ), (2.34)

where following ref. [8] we define the dimensionless cooling factor as

Θ = 8x̄eσTρcmb
3me(1 + x̄e) tB. (2.35)

For the region of interest, outside of the EDO, we expect both RBd/dr(T/ργ∞−1)/(T/ργ∞−1)
and v/c∞ to be O(1). Thus, we can see two extreme cases for this differential equation: for
Θ ≪ 1, the right-hand side vanishes, recovering the simplified temperature profile described in
eq. (2.26). On the contrary, when Θ ≫ 1, the only fixed point for eq. (2.34) is at T (r) = Tcmb,
cooling down the EDO due to the interactions with the CMB. By continuity, there must be a
threshold for which the cooling effect due to the CMB only partially affects the temperature
of the accreted matter. In ref. [22], the authors obtain an estimate for this boundary of
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rcool = Θ−2/3RB using the analytic solution for PBHs. However, we can arrive at the same
conclusion by studying eq. (2.34) itself. Focusing on the cooling factor, we can see that the
aforementioned two extreme cases can be also expressed in terms of a cooling time (defined
as the inverse of the cooling rate), given by

tcool = 3me(1 + x̄e)
8x̄eσTρcmb

. (2.36)

For tcool ≫ tB, accreted matter has enough time to escape the EDO before the CMB cools
it down, leading to a negligible effect on its temperature profile. However, when tcool ≪ tB,
the accreted matter cools down before it crosses the Bondi radius, which effectively shrinks
the radius at which the fluid can escape. This new effective radius, rcool, can be obtained
following the same arguments as for the Bondi radius, such that

rcool≡
GM

c2
cool

= GMt2
cool

r2
cool

= GM

c2
∞

c2
∞

t2
cool

r2
cool

= R3
B

r2
coolΘ2 , (2.37)

where ccool = rcool/tcool is the adiabatic sound speed of the cooled fluid. Eq. (2.37) can
be solved to give rcool = Θ−2/3RB. Therefore, when adding the cooling effect, the matter
temperature will be given by

T (r) =

Tcmb r ≥ rcool

Tcmb
(

ρ(r)
ρ(rcool)

)γ−1
r < rcool,

(2.38)

where ρ(r) is obtained by solving eq. (2.19). In our analysis, we will incorporate this effect
by shifting RB → rcool for values of Θ > 1, as this is when the effect becomes relevant.

2.3.2 Ionisation of matter

Independently of the ionisation fraction at infinity, x̄e, the rising energy of the accreted
matter inside the EDO can provide enough energy for the electrons in the hydrogen atoms
to escape via scattering processes such as H + H → H + e− + p + γ, what is known as
collisional ionisation. The minimum temperature at which this effect comes into play depends
on the properties of the fluid at infinity; however, following ref. [8], we will take it to be
Tion ≃ 1.5 × 104 K ≈ 1.3 eV [35].

Therefore, the temperature of the fluid will evolve following eq. (2.26) until it reaches
the first threshold, rstart, given by T (rstart) = Tion = 1.3 eV. At that point, the accreted
matter collisionally ionizes until rend, defined by xe(rend) = 1. Inside this region of space, the
temperature of the fluid can be taken to remain constant as this process only redistributes
the internal energy of the gas, while the evolution of the ionisation fraction xe(r) can be
calculated using the first law of thermodynamics, leading to

d
dr

(3
2[1 + xe(r)]T (r) − [1 − xe(r)]EI

)
= −[1 + xe(r)]T (r)ρ(r)d (1/ρ(r))

dr
, (2.39)

where EI ≃ 13.6 eV is the binding energy of the neutral hydrogen. Solving this equation gives

xe(r) = (1 + x̄e)
(

ρ(r)
ρ(rstart)

)(
3
2 + EI

Tion

)−1

− 1, (2.40)

– 8 –
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where the ρ(rstart) denominator ensures the matching with boundary condition xe(rstart) = x̄e.
Once xe(r) reaches xe(rend) = 1, the temperature of the accreted matter unfreezes and
evolves similarly to eq. (2.26), ensuring continuity. Therefore, we can account for collisional
ionisation as follows:

T (r) =



Tcmb r ≥ rcool

Tcmb
(

ρ(r)
ρ(rcool)

)γ−1
rcool ≥ r > rstart

Tion rstart ≥ r ≥ rend

Tion
(

ρ(r)
ρ(rend)

)γ−1
rend < r

(2.41)

xe(r) =


x̄e r > rstart

(1 + x̄e)
(

ρ(r)
ρ(rstart)

)(
3
2 + EI

Tion

)−1

− 1 rstart ≥ r ≥ rend

1 rend > r.

(2.42)

We expect the photons produced through collisional ionisation also to ionize nearby neutral
atoms when their energy is higher than the binding energy, EI. This is called photoionisa-
tion [36], and is a second source of ionisation that can take place inside EDOs. Realistically,
both processes would occur simultaneously, but it is common practice to calculate both cases
separately, obtaining higher and lower bounds for the system. Since the most conservative
results are given by collisional ionisation, we will just focus on that case in our analysis.

2.3.3 Relativistic electrons

Depending on the specific EDO properties, it is possible to heat the accreting matter enough
so that electrons become relativistic, for which we will take T (r) ≥ 2me/3. As introduced in
section 2.1.1, the relativistic nature of electrons has an impact on the pressure and the internal
energy density of the baryon fluid, controlled by the functions fE(T/me) and fP (T/me).
However, in terms of the differential equation for the density profile in eq. (2.19), this
difference arises through γ, which, as defined in eq. (2.16), evaluates to 5/3 for non-relativistic
temperatures, and 13/9 otherwise.

Moreover, as we can see in eq. (2.26), the temperature relation to density also depends on
the adiabatic factor γ. However, this dependence perfectly cancels the one in the differential
equation from eq. (2.19), implying that the evolution of the temperature is not affected by
relativistic effects. Therefore, the only thing that we need to address is the energy density,
for which we can take two different routes: use eq. (2.19) to solve the evolution of ρ(r) for
the relativistic region numerically, or use the already calculated value for T (r), and rescale it
to ρ(r) using the correct value for γ = 13/9 inside the relativistic radius, rrel. Taking the
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second route, the relativistic effects are incorporated as follows:

T (r) =



Tcmb r ≥ rcool

Tcmb
(

ρsol(r)
ρsol(rcool)

)γ−1
rcool ≥ r > rstart

Tion rstart ≥ r ≥ rend

Tion
(

ρsol(r)
ρsol(rend)

)γ−1
rend < r

(2.43)

xe(r) =


x̄e r > rstart

(1 + x̄e)
(

ρsol(r)
ρsol(rstart)

)(
3
2 + EI

Tion

)−1

− 1 rstart ≥ r ≥ rend

1 rend > r

(2.44)

ρ(r) =

ρsol(r) r > rrel

ρsol(rrel)
(

ρsol(r)
ρsol(rrel)

)3/2
rrel ≥ r,

(2.45)

where we have called ρsol(r) to the solution obtained by solving eq. (2.19) for γ = 5/3.
Having this, the number of electrons is given by computing eq. (2.4) with the obtained
functions, such that

ne(r) = 1
mp

xe(r)ρ(r). (2.46)

In figure 2 we show some examples of the density, temperature, ionisation fraction, and number
of electrons for constant-density EDOs with various radii and masses. Additionally, in figure 3,
we show a comparison of the effect that different mass functions have on the accreted matter.

Taking the series of approximations and correcting for thermodynamic effects we have
thus obtained the static behaviour of a baryonic fluid around dark matter compact objects.
In particular, we expect the heating and ionisation of the accreted matter to have an impact
on the thermal history of the universe. In the next section, we will study EDOs in this
context, placing constraints on their formation.

3 Ionisation of the cosmic microwave background

Before addressing the effect that EDOs have on the ionisation history of the universe, we
first need to define the boundary conditions at infinity for the EDOs. Here we will use the
Peebles Case B [37, 38] model of recombination, also called the three-level atom model, to
obtain the background evolution of baryon temperature (TM) and ionisation fraction (xe).
This is described by the set of equations2

dTM
dz

= 1
(1 + z)

[
2TM + 8π2σTTcmb

4

45H(z)me

xe

1 + xe
(TM − Tcmb)

]
, (3.1)

dxe

dz
= Cr(z) αB(TM)

H(z)(1 + z)

[
nx2

e +
(

meTcmb
2π

)3/2
e

− EI
Tcmb (1 − xe)

]
. (3.2)

2We recommend ref. [39] for a pedagogical introduction to these equations.
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Figure 2. Solutions for the electron/proton number density (top-left), energy density (top-right), tem-
perature (bottom-left) and ionisation fraction (bottom-right) for a uniform EDO of mass M = 105 M⊙
but different radii. The dashed solution represents an EDO at z = 800, while plain corresponds to
z = 200, as given in eq. (3.6). We can see the effect that collisional ionisation has on temperature,
and how the CMB cooling delays the heating of the accreted matter for the z = 800 solution.
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Figure 3. Temperature (left) and energy density (right) of accreted matter into EDOs with same
total mass (M = 105M⊙) but different mass functions. As expected, all profiles agree up to the EDO
radius, R = 107 m, after which each function leads to a different behaviour for the accreted matter.
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All the necessary definitions are described in what follows. H(z) is the Hubble parameter,
where we will take Planck’s value for H0 = 67.44 km/Mpc/s. σT ≃ 6.65 × 10−25 cm2 is the
Thomson’s constant, EI = 13.2 eV is the binding energy for the ground state of the hydrogen
atom, Tcmb ≃ 2.35 × 10−4 (1 + z) eV is the already mentioned CMB radiation temperature
and n(z) = ρ(z)/mp is the baryon density number. Finally, Cr(z) is the effective branching
ratio (or the so-called Peebles factor), and it describes the probability that excited electrons
in a hydrogen atom will reach the ground state. This factor is given by

Cr(z) = 1 + KHΛHn(1 − xe)
1 + KH(ΛH + βα(TM))n(1 − xe) (3.3)

where KH = λLy
3(8πH(z)) with λLy = 121.5 nm being wavelength of a Lyman-α photon,

ΛH = 8.227 s−1 is the two-photon decay rate of the hydrogen 2S state, and

βα(TM) = αB(TM)
(

meTcmb
2π

)3/2
e−EI/4Tcmb , (3.4)

αB(TM) = 9.8 α2

m2
e

(
EI
TM

)
log

(
EI
TM

)
(3.5)

are characteristic parameters for the ionisation and recombination rates, respectively, with
α = 1/137 being the fine-structure constant. Considering higher energy levels of hydrogen
and other atom species in the universe requires an extension of these equations that will
add sub-percentage corrections to these equations [40–43], but these are beyond the error
estimates of this work.

Therefore, we will use the solution for this system of equations as our boundary conditions
at infinity of the EDOs, such that

ρ∞ ≡ mpn(z), T∞ ≡ TM(z), x̄e ≡ xe(z). (3.6)

However, if an EDO is placed in this background, we expect it to backreact onto the baryon
fluid, modifying the recombination history as given by eqs. (3.1)–(3.2). For this, we will
calculate the luminosity and the energy deposition rate of these objects into the background,
allowing us to obtain the modifications to the ionisation fraction of the universe.

3.1 Luminosity and energy deposition rate

For a spherically symmetric extended dark matter object such as the ones described in
section 2, in-falling electrons and protons may scatter in such a way that can lead to
bremsstrahlung radiation via processes such as ee → eeγ or ep → epγ. The emissivity of
this radiation, defined as the emission power per volume per frequency per steradian, into
photons of frequency ν at a distance r of the EDO is given by

jν(r) = 8
3

( 2πme

3T (r)

)1/2 α3

m2
e

gff (ν, T (r))e−2πν/T (r)ne(r)np(r), (3.7)

where gff (ν, T (r)) is the free-free Gaunt factor that adds in the quantum corrections, and
T (r) and ne(r) = np(r) are given by eqs. (2.43) and (2.46), respectively.
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Integrating the frequency in the emissivity we obtain the radiation power density, defined
as the radiation per power per volume, which can be expressed as [44]

L(r) = ne(r)np(r)ασTT (r)J (T (r)/me), (3.8)

where J (T (r)/me) is a dimensionless function encoding the information from the free-free
Gaunt function. Considering both the formulas for e−p [45] and e−e [46] free-free emissivities,
ref. [22] provides a percent accuracy level approximation given by

J (X) ≈


4
√

2
π

√
π

X−1/2(1 + 5.5X1.25), X < 1,

27
2π [log( 2Xe−γE + 0.08

)
+4

3

]
, X > 1,

(3.9)

where γE = 0.557 is the Euler Gamma constant. Finally, by integrating over volume the
radiation power density we obtain the total luminosity. However, using eq. (3.8) to calculate
the luminosity will give us an overestimate, since we are only interested in the luminosity
difference due to the addition of the EDO. Therefore, we will use the following definition
of the EDO accretion luminosity,

L =
∫ ∞

0
dr 4πr2 [L(r) − L(∞)] , (3.10)

which vanishes in the absence of an extended dark matter object. Notice that our static
solution for the accreted matter into an EDO is consistent only up to r = RB, placing an
upper cut-off to this integral. Finally, the power density at redshift z is given by

P (z) = L(z)nEDO(z), (3.11)

where the redshift dependence comes from the boundary conditions at infinity as defined in
eq. (3.6), and nEDO(z) is the number density of extended dark objects at a given redshift,
defined as nEDO(z) = fDM ρDM(z)/M , where ρDM(z) is the density of dark matter and fDM
the fraction of dark matter covered by EDOs of same total mass M .

3.2 Depositing EDOs in our universe: relative distances and velocities

So far, the solutions for extended dark matter objects we studied were simplified so that they
were isolated and in the same frame of reference as the thermal bath. In this subsection, we will
address these approximations, getting a more realistic solution for their effects on the CMB.

To make sure that the isolation approximation is valid, we need to compare the Bondi
radius for the EDOs, defined in eq. (2.32), with their average separation as a dark matter
candidate, ds. Using the dark matter density, we find

ds(z) ∼
(

M

ρDM(z)fDM

)1/3
. (3.12)

Therefore, the condition ds(z) ≫ RB translates into

M ≪
√

(γ∞T∞(z))3

(2Gmp)3ρDM(z)fDM

z→50≈ 3 × 104M⊙√
fDM

, (3.13)
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which places an upper limit in our analysis, depending on the dark matter fraction cor-
responding to EDOs.

Taking into account relative velocities is more complicated. As one might expect, an
EDO with a high relative speed compared to the speed of sound of baryon fluid, vrel > cs, will
be more evasive, leading to a smaller total accretion of matter and therefore emitted radiation.
To deal with this scenario we will take the approach from refs. [22, 34, 47], where these effects
are considered by shifting the speed of sound at infinity by c∞ →

√
c2

∞ + v2
rel, decreasing the

Bondi radius for the extended dark matter object. We thus expect vrel to be a stochastic
variable, and take it to be controlled by a three-dimensional Gaussian linear distribution with
a standard deviation ⟨v2

s⟩1/2. For large relative speeds, it can be argued that the spherical
accretion approximation should break down. Instead, disk-like accretion of baryonic matter
should dominate above a certain threshold for vrel [23, 48]. Including this effect would lead to
tighter bounds on EDOs. In this work, we remain conservative and focus on this simplified
system.3 Following ref. [22], the redshift dependence of the standard deviation is given by [50]

⟨v2
s⟩1/2 = min[1, z/103] × 30km/s. (3.14)

For a realistic estimation of the energy deposition rate of EDOs into the CMB radiation,
we will have to calculate the weighted power density

⟨P (z)⟩ = ⟨L(z)⟩nEDO(z), (3.15)

where the brackets include the effect of the relative velocities when applied on a function
O as follows

⟨O⟩ = 4π

(2π⟨v2
s⟩/3)3/2

∫ ∞

0
dvrel v2

rele
−

v2
rel

2⟨v2
s ⟩/3 O|

c∞→
√

c2
∞+v2

rel
. (3.16)

Numerical calculations of this expression for the total luminosity are computationally
expensive. In appendix A we show how this process can be made more efficient by conveniently
rescaling the radial components of the accreted matter profiles.

In figure 4 we show the relative velocity integrated luminosity for EDOs with different
radii and mass functions. As we can see, the total luminosity from any mass function can
be obtained to very good approximation by just shifting the uniform sphere solution. With
this, we are ready to quantify how the accretion of matter into extended dark matter objects
changes the ionisation fraction of the background evolution.

3.3 Effect on CMB anisotropies

After recombination at redshift z ∼ 1100, it is assumed that most electrons and protons
are combined into hydrogen, leading to an ionisation fraction of xe ∼ 10−4 − 10−3. This
background neutrality allows the CMB radiation to move freely through space until today,
except for the ignition of stars at z ∼ O(10). Therefore, strong constraints can be placed using

3We do not consider the effect of outflows. See [49] for a discussion about the appropriateness of accretion
approximations in light of potential outflows, which may weaken the constraints, particularly for supersonic
relative velocities.
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Figure 4. Relative-velocity averaged luminosity of a uniform EDO for different masses (left),
normalized over the Eddington luminosity, given by LEdd = 4πGMmp/σT, defined as the luminosity
at which radiation pressure due Thomson scattering balances the accretion of hydrogen due to gravity.
On the right, we plot the total averaged luminosity for the different EDO profiles with the same total
mass M = 102M⊙, also normalized over the Eddington luminosity. Although the accretion profiles
from figure 3 differed greatly inside the EDO radius, we can see that changing the mass function is to
very good approximation equivalent to shifting the uniform sphere solution, as represented by the
dashed and dot-dashed lines in the right-hand side plot.

the state of the universe through the so-called dark ages, as any deviation from neutrality
would be a possible source for the absorption of photons, decreasing the visibility of CMB
anisotropies. This is where the existence of EDOs comes into play, as their emitted radiation
does not just overlay the CMB, but also heats the matter around it, ionizing the neutral
hydrogen and locally causing xe → 1. To place constraints, we need to find how this local
change in the ionisation fraction affects the global evolution of the universe as studied in the
Peebles case B recombination case in eqs. (3.1) and (3.2). As derived in ref. [22], the fraction
of the power density that is deposited into the background, called the energy deposition
rate, ρ̇dep(t), is given by4

a−7 d
dt

(
a7ρ̇dep

)
≈ 0.1 n σT(⟨P ⟩ − ρ̇dep), (3.17)

where the 0.1 prefactor comes from the efficiency of the Compton scattering. We see that for
0.1 n σTa7 > 1 all the energy produced by the EDO gets deposited in the neutral background,
until z ≈ 200, after which the energy injection decays as a−7.

Once we obtain the total energy deposited by EDOs at any redshift into the background,
we are ready to see how they will impact the average temperature and ionisation fraction
of the universe. For this, we just need to modify the Peeble’s equations from eqs. (3.1)

4This analytical approximation uses the fact that, for the considered range of energies, the main process
for photon cooling is via inelastic Compton scattering of electrons. Extending this calculation to allow
for all interaction channels for photon cooling would add small corrections to our result, increasing the
energy deposition rate and, thus, the obtained constraints. We also assume that all these interactions at a
certain redshift occur on the spot. Relaxing this approximation is not trivial and requires taking a numerical
approach [51, 52].
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Figure 5. Modification of the ionisation fraction due to the presence of uniform-sphere EDOs. On
the left, the ionisation fraction is presented against the ΛCDM evolution (blue) obtained solving
eqs. (3.1)–(3.2), while on the right we show the net modification for each set of parameters.

and (3.2) as follows

dTM
dz

= 1
(1 + z)

[
2TM + 8π2σTTcmb

4

45H(z)me

xe

1 + xe
(TM − Tcmb)

]
− 2

3 n

1 + 2xe

3H(z)(1 + z) ρ̇dep, (3.18)

dxe

dz
= Cr(z) αB(TM)

H(z)(1 + z)

[
nx2

e +
(

meTM
2π

)3/2
e

− EI
TM (1 − xe)

]
− 1 − xe

3H(z)(1 + z)
ρ̇dep
EI n

. (3.19)

In figure 5, we show how the ionisation fraction is modified by the addition of EDOs
with different masses, radii, and dark matter fractions. To constrain these objects against
their impact on the CMB anisotropies, we would have to implement the modified xe(z)
in a Boltzman code and solve for the CMB power spectra, as it was done for PBHs in
refs. [22, 53]. However, following ref. [8], we note that we may also compare our EDO results
to the existing results from PBHs without explicitly repeating this analysis. This is because
all accreting massive objects lead to similar imprints on the CMB independently of their
shape or nature. Therefore, we can reuse previous constraints if we know how they modify
the universe’s ionisation fraction history.

For this, using PBHs constraints from ref. [22], we can compare how different modifications
to the ionisation fraction (figure 12 in ref. [22]) relate to the obtained constraints (figure 14
in ref. [22]). Moreover, as these modifications are largest for small redshift, as in figure 5,
we focus on the modifications at z = 50, which gives ∆xe(z = 50) < 10−4, equivalent to
having ∆xe/xe < O(1) at all times.5

We present our results in figure 6. On the plot on the left, we express the EDO radius
which leads to large ∆xe as a function of the mass, while keeping fDM constant. We can
see that the contour for fDM = 1 perfectly agrees with the result from ref. [8], while we
extend the calculations also to present constraints for fDM = {10−1, 10−2, 10−3}, finding a

5It is reasonable to expect that with better observations this threshold will be constrained to smaller
values for ∆xe(z = 50). Since the corrections to the recombination equations from eqs. (3.18)–(3.19) are
subdominant, we can generally predict the impact that a change in ∆xe(z = 50) would have on the EDO
constrains by just conveniently shifting fDM, as they are related by δ∆xe/∆xe = δfDM/fDM.
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Figure 6. Constraints on uniform density EDOs for different dark matter fractions as a function
of mass vs radius (right) and for different radii as a function of mass vs dark matter fraction (left).
The gray regions mark the limitations of our analysis, where the EDO’s radius is of order of its
corresponding Schwarzschild radius.

logarithmic shift of the contours to higher masses for the same radii. On the right, we keep
the radius constant, constraining EDOs with a given mass constituting some fraction of
the total dark matter, going down to fDM = 10−5. These results complete the impact that
extended dark objects may have on the CMB anisotropies, which can now be added to the
rest of constraints via different tests, as will be discussed in the next section.

4 Discussion

Extended dark matter objects such as boson stars, subhaloes and miniclusters are popular
dark matter candidates, associated with a variety of creation mechanisms and potential mass
ranges. So far, gravitational microlensing and gravitational waves from binary mergers have
been used to constrain a wide range of the EDO parameter space ≲ 10 M⊙. At large masses,
the ionisation of the CMB due to the accretion of baryonic matter, which for PBHs implies the
leading constraint, can be used to constrain the dark matter fraction of these extended objects.
In ref. [8], the authors calculated the bounds for EDOs with uniform-sphere mass functions
making up the 100% of dark matter. In this work we extend this analysis in two important
ways: we study different mass functions, and allow for these objects to be a subcomponent of
DM. Specifically, besides uniform spheres (2.20) we focus on mini-haloes (2.23), boson stars,
and NFW subhaloes (2.21). This allows us to place large-mass constraints on EDOs of these
classes. We explain how our analysis can be easily extended to account for other dark objects.

The impact of different mass profiles is rather subtle, and primarily affects the interpre-
tation of constraints. As described in figure 4, in the scenarios studied in this work changing
the mass function is equivalent to rescaling the radius for the uniform sphere. However, the
rescaling of the constraints between mass functions is model-dependent and non-trivial, so one
first needs to calculate the averaged luminosity for each case to find the ratio between them.
Once this is obtained, the constraints from figure 6 can be mapped into the new rescaled
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Figure 7. Complementarity of constraints on the maximum allowed dark matter fraction as a function
of mass, for boson stars and NFW subhaloes of particular sizes. Shown here are constraints from the
non-observation of microlensing signals [7, 9] in the EROS-2 [54], OGLE-IV [4] (note that this does
not include the latest results based on a combination of the OGLE-III and OGLE-IV datasets [55]),
and Subaru-HSC [56] datasets; gravitational wave signals from the inspiral regime of binary mergers
assuming binary formation in the early Universe ([19]), and collisional ionisation of the CMB due to
accretion (this work). The gray regions show the limitations of our analysis, corresponding to those
EDOs whose radius is comparable to their corresponding Schwarzschild radius, or those whose Bondi
radius breaks the isolated EDO assumption (eq. (3.13)).

radii. To ease up this process, we provide the Mathematica notebook used to numerically
generate the constraints for the uniform sphere,6 which works on any mass function as long as
it can be expressed as M(r/R) where R is defined such that M(1) = Mtot (see appendix A).

The constraints we find are complementary to those found through the non-observation of
gravitational microlensing events and binary mergers. In figure 7 we show these complementary
constraints for boson stars and NFW subhaloes together with the CMB constraints derived
in this work. As the gravitational wave constraints were derived assuming the inspiral regime,
in which the waveform of these object binaries would be known, the objects in the plot have
too low of a compactness (C ≲ 10−3) to be observed by the LVK collaboration, as the inspiral
regime would have ended at frequencies outside of its observational window. The apparent
open window for stellar mass objects with stellar radius can be closed through gravitational

6The repository can be found in the following link: https://gitlab.com/SergioSevillano/edo-accretion.
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heating of dwarf galaxies [25, 26]. There is additionally a wide range of already existing
PBHs constraints that may similarly apply to EDOs, such as radio and X-ray emission [57].

In summary, this study extends the exploration of DM by introducing constraints on large
mass EDOs, setting upper limits on their allowed mass fraction for a large range of masses
and sizes. We have worked out constraints on boson stars, NFW subhaloes, and miniclusters
in detail, and provided a Mathematica package to generalise our results to arbitrary other
EDO profiles. Our results complement existing constraints derived from the non-observation
of gravitational microlensing, binary mergers, and dynamical heating of dwarf galaxies.
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A Improving the efficiency of the integral over relative velocities

In section 2 we showed how to obtain the temperature, density, and ionisation fraction for the
accreted matter around an EDO, and in section 3 the impact that they have on recombination
history. Allowing for generic mass functions requires solving this system numerically, which
is computationally expensive, especially when averaging the Luminosity for relative speeds of
the EDOS. This requires performing the Gaussian integral over vrel from eq. (3.16),

⟨L⟩ = 4π

(2π⟨v2
s⟩/3)3/2

∫ ∞

0
dvrel v2

rele
−

v2
rel

2⟨v2
s ⟩/3 L|

c∞→
√

c2
∞+v2

rel
, (A.1)

where, a priori, for every evaluated value of the integrated, we would need to follow all the
steps from section 2 with a shift in the sound speed at infinity by c2

∞ → c2
∞ + v2

rel. However,
in this appendix, we will show how one can recycle EDO solutions for this problem so that
this integral can be solved more efficiently.

This shift in the sound speed leads to a shift of the Bondi radius, RB → GM/(c2
∞ + v2

rel),
which only impacts the density equation,

GM(r)
r2 + γKρ(r)γ−2 dρ(r)

dr
= 0, (A.2)

through the constant factor K, defined outside of the ionizing region as

K = GM

γ∞RBργ∞−1
∞

. (A.3)

Therefore, in what follows, we will show that eq. (A.2) is independent of the Bondi radius
by conveniently rescaling most quantities. For this, we will have to split the calculation
into two regions

• Outside the EDO (r > R): this region is defined as where the mass function becomes
a constant (M(r > R) = M). Thus, inserting K into eq. (A.2) and rescaling r → RBr′

and ρ(r) → ρ∞ρ′(r′) gives

1
r′2 + ρ′(r′)γ−2 dρ′(r′)

dr′ = 0, (A.4)

– 19 –



J
C
A
P
0
7
(
2
0
2
4
)
0
6
0

10-13 10-10 10-7 10-4 0.1

10

105

10-13 10-10 10-7 10-4 0.1

108

1012

1016

1020

100 106 1010 1014

10

105

100 106 1010 1014

108

1012

1016

1020

Figure 8. Example for the rescaling technique to save computing time when evalutating different
relative velocities. The top two plots show the system with a rescaled radial component, r′ = rRB,
while the plots on the bottom correspond to the real solutions, obtained by inversing the rescaling for
r′.

which can be solved for r′ ≤ 1, and matched at the boundary (r′ = R/RB) with the
interior solution.

• Inside the EDO (r ≤ R): in this case, we will need to take into account the radial
dependence of the mass function. The rescaling is possible as long as the mass function
can be expressed as a function of r/R, which is generally the case. In this way, rescaling
r → r̂R, ρ(r) → ρ∞ρ̂(r̂)R

1
γ∞−1 and M(r̂) → M̃(r̂)Mtot, we obtain

M̃(r̂)
r̂2 + ρ̂(r̂)γ−2 dρ̂(r̂)

dr̂
= 0, (A.5)

which again does not explicitly depend on RB.

Therefore, the idea is to solve these equations without specifying RB, and then rescale and
match the solutions at the boundary for each evaluated vrel in the integral. Moreover, since
the temperature of the accreted matter and its density are related via

T (r) = T∞

(
ρ(r)
ρ∞

)γ−1
, (A.6)

and this does not depend on RB either, we find that the rescaled quantities corresponding
to the ionisation start and end, r′

start = rstart/RB and r′
end = rend/RB, respectively, will not

depend on RB either, so they can also be rescaled after being computed for the general case.
However, given that the relation between T (r) and ρ(r) depends on their values at infinity,
we will have to compute the whole system for different redshifts.
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In figure 8 we show an example of this rescaling for different relative velocities (upper
plots); by rescaling r → r/RB, the solutions perfectly agree up to the beginning of the
different interior regions. However, this is only because in the rescaled units the boundary to
the interior region is R/RB, which depends on the relative velocity. All lines correspond to
EDOs with the same mass and radii, as can be seen in the un-rescaled plots at the bottom.
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