Journal of Computer and System Sciences 146 (2024) 103564

Contents lists available at ScienceDirect

JOURNAL or
COMPUTER
2" SYSTEM

Journal of Computer and System Sciences s

journal homepage: www.elsevier.com/locate/jcss

The complexity of computing optimum labelings for temporal  m)

Check for

connectivity ~

Nina Klobas **, George B. Mertzios ¢, Hendrik Molter°, Paul G. Spirakis

4 Department of Computer Science, Durham University, United Kingdom
b pepartment of Computer Science, Ben-Gurion University of the Negev, Beer-Sheva, Israel
¢ Department of Computer Science, University of Liverpool, United Kingdom

ARTICLE INFO ABSTRACT
Article history: A graph is temporally connected if a strict temporal path exists from every vertex u to
Received 3 March 2023 every other vertex v. This paper studies temporal design problems for undirected temporally

Received in revised form 24 May 2024
Accepted 28 June 2024
Available online 9 July 2024

connected graphs. Given a connected undirected graph G, the goal is to determine the
smallest total number of time-labels |A| needed to ensure temporal connectivity, where |A|
denotes the sum, over all edges, of the size of the set of labels associated to an edge. The
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Temporal graph We introduce the MIN. AGED LABELING (MAL) problem, which involves connecting the graph
Graph labeling with an upper-bound on the maximum label, the MIN. STEINER LABELING (MSL) problem,
Foremost temporal path focusing on connecting specific important vertices, and the age-restricted version of MSL,
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STEINER TREE hard, and while MSL remains NP-hard, it is FPT with respect to the number of terminals.

© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A temporal (or dynamic) graph is a graph whose underlying topology is subject to discrete changes over time. This
paradigm reflects the structure and operation of a great variety of modern networks; social networks, wired or wireless
networks whose links change dynamically, transportation networks, and several physical systems are only a few examples
of networks that change over time [25,38,40]. Inspired by the foundational work of Kempe et al. [27], we adopt here a
simple model for temporal graphs, in which the vertex set remains unchanged while each edge is equipped with a set of
integer time-labels.

Definition 1 (temporal graph [27]). A temporal graph is a pair (G, ), where G = (V, E) is an underlying (static) graph and
A :E— 2N is a time-labeling function which assigns to every edge of G a finite set of discrete time-labels.
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In our work we require the underlying graph G to be a simple graph, although in general this does not have to be the
case. Whenever t € A(e), we say that the edge e is active or available at time t. Throughout the paper we may refer to
“time-labels” simply as “labels” for brevity. Furthermore, the age (or lifetime) «(G, A) of the temporal graph (G, A) is the
largest time-label used in it, i.e., ¢ (G, A) = max{t € A(e) : e € E}. One of the most central notions in temporal graphs is that
of a temporal path (or time-respecting path) which is motivated by the fact that, due to causality, entities and information
in temporal graphs can “flow” only along sequences of edges whose time-labels are strictly increasing, or at least non-
decreasing.

Definition 2 (temporal path). Let (G, A) be a temporal graph, where G = (V, E) is the underlying static graph. A temporal path
in (G, ) is a sequence (e1,ty), (e2,t2),..., (e, ty), where (e1,e,,...,er) is a path in G, t; € A(e;) for every i=1,2,...,k,
and t] <ty <...<ty.

A vertex v is temporally reachable (or reachable) from vertex u in (G, A) if there exists a temporal path from u to v.
If every vertex v is reachable by every other vertex u in (G, A), then (G, ) is called temporally connected. Note that, for
every temporally connected temporal graph (G, ), we have that its age is at least as large as the diameter d¢; of the
underlying graph G. Indeed, the largest label used in any temporal path between two anti-diametrical vertices cannot be
smaller than d¢. Temporal paths have been introduced by Kempe et al. [27] for temporal graphs which have only one label
per edge, i.e., |A(e)| =1 for every edge e € E, and this notion has later been extended by Mertzios et al. [33] to temporal
graphs with multiple labels per edge. Furthermore, depending on the particular application, both variations of temporal
paths with non-decreasing [6,27,28] and with strictly increasing [15,31,33] labels have been studied. In this paper we focus
on temporal paths with strictly increasing labels. Due to the very natural use of temporal paths in various contexts, several
path-related notions, such as temporal analogues of distance, diameter, reachability, exploration, and centrality have also
been studied [1-3,8,10,17-19,22,30,37,41].

Motivated by the need of restricting the spread of epidemic, Enright et al. [15] studied the problem of removing the
smallest number of time-labels from a given temporal graph such that every vertex can only temporally reach a limited
number of other vertices. Deligkas et al. [12] studied the problem of accelerating the spread of information for a set of
sources to all vertices in a temporal graph, by only using delaying operations, i.e., by shifting specific time-labels to a later
time slot. The problems studied by Deligkas et al. [12] are related but orthogonal to our temporal connectivity problems.
Various other temporal graph modification problems have been also studied, see for example [6,11,13,16,39]. Furthermore,
some non-path temporal graph problems have been recently introduced too, including for example temporal variations of
maximal cliques [7,42], vertex cover [4,23], vertex coloring [32,36], matching [34], and transitive orientation [35].

The time-labels of an edge e in a temporal graph indicate the discrete units of time (e.g., days, hours, or even seconds)
in which e is active. However, in many real dynamic systems, e.g., in synchronous mobile distributed systems that operate
in discrete rounds, or in unstable chemical or physical structures, maintaining an edge over time requires energy and thus
comes at a cost. One natural way to define the cost of the whole temporal graph (G, A) is the total number of time-labels
used in it, i.e., the total cost of (G, 1) is [A| =D, | el

In this paper we study temporal design problems of undirected temporally connected graphs. The directed version has
already been investigated, as detailed shortly. The basic setting of these optimization problems is as follows: given an
undirected graph G, what is the smallest number |A| of time-labels that we need to assign to the edges of G such that (G, 1)
is temporally connected? As it turns out, this basic problem can be optimally solved in polynomial time, thus answering to
a conjecture made by Akrida et al. [2]. However, exploiting the temporal dimension, the problem becomes more interesting
and meaningful in its following variations, which we investigate in this paper. First we consider the problem variation where
we are given along with the input also an upper bound of the allowed age (i.e., maximum label) of the obtained temporal
graph (G, A). This age restriction is sensible in more pragmatic cases, where delaying the latest arrival time of any temporal
path incurs further costs, e.g., when we demand that all agents in a safety-critical distributed network are synchronized as
quickly as possible, and with the smallest possible number of communications among them. Second we consider problem
variations where the aim is to have a temporal path between any pair of “important” vertices which lie in a subset R C V,
which we call the terminals. For a detailed definition of our problems we refer to Section 2.

Here it is worth noting that the latter relaxation of temporal connectivity resembles the problem STEINER TREE in static
(i.e., non-temporal) graphs. Given a connected graph G = (V,E) and a set R C V of terminals, STEINER TREE asks for a
smallest-sized subgraph of G which connects all terminals in R. Clearly, the smallest subgraph sought by STEINER TREE is a
tree. As it turns out, this property does not carry over to the temporal case. Consider for example an arbitrary graph G and
a terminal set R = {a, b, ¢, d} such that G contains an induced cycle on four vertices a, b, c, d; that is, G contains the edges
ab, bc, cd, da but not the edges ac or bd. Then, it is not hard to check that the only way to add the smallest number of
time-labels such that all vertices of R are temporally connected is to assign one label to each edge of the cycle on a, b, c,d,
e.g., Alab) = A(cd) =1 and A(bc) = A(cd) = 2. The main underlying reason for this difference with the static problem STEINER
TREE is that temporal connectivity is not transitive and not symmetric: if there exist temporal paths from u to v, and from v
to w, it is not a priori guaranteed that a temporal path from v to u, or from u to w exists.

Temporal network design problems have already been considered in previous works. Mertzios et al. [33] proved that it
is APX-hard to compute a minimum-cost labeling for temporally connecting an input directed graph G, where the age of the
graph is upper-bounded by the diameter of G. This hardness reduction was strongly facilitated by the careful placement of
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Table 1

An overview of previously known results, our results, and open problems. Rows 2-5
concern ML (second column) and MAL (third column), while row 6 concerns MSL (sec-
ond column) and MASL (third column).

Graph restrictions Age non-restricted Age restricted
Directed graphs open APX-hard [33]
Directed acyclic graphs poly. time solvable (see poly. time solvable (see
Theorem 7) Theorem 7)
Undirected cycles poly. time solvable poly. time solvable
(see Theorem 5) (see Lemma 2)
Undirected graphs poly. time solvable NP-hard
(see Theorem 5) (see Theorem 13)
Steiner labeling, NP-complete, FPT w.r.t. |R| WI[1]-hard w.r.t. |A], |R]
undirected graphs (see Theorems 14 and 16) (see Theorem 17)

the edge directions in the constructed instance, in which every vertex was reachable in the static graph by only constantly
many vertices. Unfortunately this cannot happen in an undirected connected graph, where every vertex is reachable by all
other vertices. Later, Akrida et al. [2] proved that it is also APX-hard to remove the largest number of time-labels from a
given temporally connected (undirected) graph (G, 1), while still maintaining temporal connectivity. In this case, although
there are no edge directions, the hardness reduction was strongly facilitated by the careful placement of the initial time-
labels of A in the input temporal graph, in which every pair of vertices could be connected by only a few different temporal
paths, among which the solution had to choose. Unfortunately this cannot happen when the goal is to add time-labels to
an undirected connected graph, where there are potentially multiple ways to temporally connect a pair of vertices (even if
we upper-bound the largest time-label by the diameter).

Summarizing, the above technical difficulties seem to be the reason why the problem of adding the minimum number
of time-labels with an age-restriction to an undirected graph to achieve temporal connectivity remained open until now. In
this paper we overcome these difficulties by developing a hardness reduction from a variation of the problem Max XOR SAT
(see Theorem 13 in Section 3) where we manage to add the appropriate (undirected) edges among the variable-gadgets
such that simultaneously (i) the distance between any two vertices from different variable gadgets remains small (constant)
and (ii) there is no shortest path between two vertices of the same variable gadget that leaves this gadget.

Our contribution and road-map. In the first part of our paper, in Section 3, we present our results on MIN. AGED LABELING
(MAL). This problem is the same as ML, with the additional restriction that we are given along with the input an upper
bound on the allowed age of the resulting temporal graph (G, 1). Using a technically involved reduction from a variation of
MaAx XOR SAT, we prove that MAL is NP-complete on undirected graphs, even when the required maximum age is equal to
the diameter d¢ of the input static graph G.

In the second part of our paper, in Section 4, we present our results on the Steiner tree versions of the problem, namely
on MIN. STEINER LABELING (MSL) and MIN. AGED STEINER LABELING (MASL). The difference of MSL from ML is that, here, the
goal is to have a temporal path between any pair of “important” vertices which lie in a given subset R C V (the terminals). In
Section 4.1 we prove that MSL is NP-complete by a reduction from VERTEX COVER, the correctness of which requires showing
structural properties of MSL. Here it is worth recalling that, as explained above, the classical problem STEINER TREE on static
graphs is not a special case of MSL, due to the requirement of strictly increasing labels in a temporal path. Furthermore,
we would like to emphasize here that, as temporal connectivity is neither transitive nor symmetric, a straightforward NP-
hardness reduction from STEINER TREE to MSL does not seem to exist. For example, as explained above, in a graph that
contains a C4 with its four vertices as terminals, labeling a Steiner tree is sub-optimal for MSL.

In Section 4.2 we provide a fixed-parameter tractable (FPT) algorithm for MSL with respect to the size of the labeling
x| and number |R| of terminal vertices, by providing a parameterized Turing reduction to STEINER TREE parameterized by
the number of terminals. STEINER TREE is known to be fixed-parameter tractable with respect to the number of terminal
vertices [14]. The proof of correctness of our reduction, which is technically quite involved, is of independent interest, as
it proves crucial graph-theoretical properties of minimum temporal STEINER labelings. In particular, for our algorithm we
prove in Lemma 15 that, for any undirected graph G with a set R of terminals, there always exists at least one minimum
temporal STEINER labeling (G, 1) which labels edges either from (i) a tree or from (ii) a tree with one extra edge that forms
a Cy.

In Section 4.3 we prove that MASL is W[1]-hard even with respect to the number of time-labels of the solution. This
also implies that MASL is W[1]-hard with respect to the number |R| of terminals, since the number of time-labels in the
solution is a larger parameter than the number |R| of terminals.

Finally, we complete the picture by providing some auxiliary results in our preliminary Section 2. More specifically,
in Section 2.1 we prove that ML can be solved in polynomial time, and in Section 2.2 we prove that the analogue minimiza-
tion versions of ML and MAL on directed acyclic graphs are solvable in polynomial time.

For an easier overview of the area, we also outline all of the known and new results in Table 1.
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2. Preliminaries and notation

Given a (static) undirected graph G = (V, E), an edge between two vertices u, v € V is denoted by uv, and in this case
the vertices u, v are said to be adjacent in G. If the graph is directed, we will use the ordered pair (u,v) (resp. (v, u))
to denote the oriented edge from u to v (resp. from v to u). A tree is a connected graph that does not contain any
cycles. A subtree T of a graph G is a subgraph of G that is also a tree. The age of a temporal graph (G, 1) is denoted by
o (G, L) = max{t € L(e) : e € E}. A temporal path (e, t1), (e2,t2), ..., (ex, ty) from vertex u to vertex v is called foremost, if
it has the smallest arrival time t;, among all temporal paths from u to v. Note that there might be another temporal path
from u to v that uses fewer edges than a foremost path. A temporal graph (G, 1) is temporally connected if, for every pair
of vertices u, v € V, there exists a temporal path P; from u to v and a temporal path P, from v to u. Furthermore, given
a set of terminals R C V, the temporal graph (G, A) is R-temporally connected if, for every pair of vertices u, v € R, there
exists a temporal path from u to v and a temporal path from v to u; note that Py and P, can also contain vertices from
V \ R. Now we provide the formal definitions of our four decision problems.

MIN. LABELING (ML) MIN. AGED LABELING (MAL)
Input: A static graph G = (V,E) and k € Input: A static graph G = (V, E)
N. and two integers a, k € N.

Question: Does there exist a temporally Question: Does there exist a temporally
connected temporal graph (G, A), where connected temporal graph (G, 1),

] <k? where |A| <k and (L) <a?

MIN. STEINER LABELING (MSL) MIN. AGED STEINER LABELING (MASL)

Input: A static graph G = (V, E), Input: A static graph G = (V, E),

a subset RC V and ke N. a subset R C V, and two integers a,k € N.
Question: Does there exist a temporally Question: Does there exist a temporally
R-connected temporal graph (G, A), R-connected temporal graph (G, A),
where |A| <k? where |A| <k and o ()) <a?

Note that if the temporal paths are allowed to admit non-decreasing time-labels all problems are solved by simply
assigning label 1 to all (necessary) edges. Therefore, ML and MAL can be solved in polynomial time, while MSL and MASL
reduce directly to STEINER TREE. Observe also that for MAL, whenever G is not connected or the input age bound a is strictly
smaller than the diameter d of G, the answer is NO. Thus, we always assume in the analysis of MAL that G is a connected
graph and a > d, where d is the diameter of the input graph G. For simplicity of the presentation, we denote by « (G, d) the
smallest number k for which (G, d, k) is a YES instance for MAL.

Observation 1. For every graph G with n vertices and diameter d, we have that k (G,d) <n(n —1).

Proof. For every vertex v of G = (V, E), consider a BFS tree T, rooted at v, while every edge from a vertex u # v to its
parent in T, is assigned the time-label dist(v, u), i.e., the length of the shortest path from v to u in G. Note that each of
these time-labels is smaller than or equal to the diameter d of G. Clearly, each BFS tree T, assigns in total n — 1 time-labels
to the edges of G, and thus the union of all BFS trees T,, where v € V, assign in total at most n(n — 1) labels to the edges
of G. O

The next lemma shows that the upper bound of Observation 1 is asymptotically tight as, for cycle graphs C, with
diameter d, we have that «x (Cp, d) = ©(n?).

Lemma 2. Let C,, be a cycle on n vertices, where n # 4, and let d be its diameter. Then

d?, whenn = 2d

Cp,d)=
#(Cn. d) {2d2+d, whenn=2d + 1.

Proof. Let V(Cp) = {v1,V2,...,Vvn} be the vertices of C,. In the following, if not specified otherwise, all subscripts are
considered modulo n. We distinguish two cases, depending on the parity of n.

Case 1: n is odd. Let n = 2d + 1. Then, for each vertex v; € V(C,), there are exactly two distinct vertices v;.4 and v;_g4
at distance d from v;. In particular, there exists a unique path of length d from v; to v;;4, and thus the only way that a
temporal path (with labels at most d) can exist from v; to v;i4 is that the jth edge (for every j=1,...,d) of the unique
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path of length d from v; to v;;4 contains the label j. Due to symmetry, by just considering every vertex v; of Cy, it follows
that every edge of C, must contain each of the labels 1,2, ..., d. Therefore k (C,,d) >nd = 2d% +d.

Conversely, in the labeling of C,, where every edge contains every label in {1, 2,...,d}, clearly the age of the temporal
graph is d and there exists a temporal path from every vertex to every other vertex. Therefore k (Cp, d) < nd = 2d* +d, and
thus «(Cy,d) =2d2 +d when n=2d + 1.

Case 2: nis even. Let n = 2d. Then, for each vertex v; € V(Cp), there is exactly one vertex v;;4 at distance d from v;, and
exactly two distinct vertices viy4_1 and v;_g41 at distance d — 1 from v;. In particular, there exists a unique path of length
d —1 from v; to vi;4—1, and thus the only way that a temporal path (with labels at most d) can exist from v; to v 41 is
that the jth edge (for every j=1,...,d — 1) of the unique path of length d — 1 from v; to v;;4_; contains the label j or
the label j+ 1.

We will now prove that, without loss of generality, for every two consecutive edges v;_1v; and v;v;1, the total number
of labels of these two edges is at least d, i.e., [A(vi—1V;)|+|A(ViVvit+1)| > d. Suppose otherwise that |A(vi_1vi)|+|A(Vivit1)| <
d — 1. Then there exists some a € {1,2,...,d} such that neither of the edges v;_1v; and v;v;;; contains label a. First, let
a=1. Then any temporal path from v; to v;;4 will have to start with label at least 2, and thus cannot arrive at v;;4 by
time d, a contradiction. Second, let a = d. Similarly, any temporal path from v;.4 to v; will have to arrive at v; by time
d — 1. However, this is not possible, as the distance between v;;4 and v; in C, is d, a contradiction.

Now let 2 <a <d — 1. Then, the only way that a temporal path (with labels at most d) can exist from vertex v;_q to
vertex Vij_qi+q—1 is that the edges v;_q1v; and v;v;y1 contain the label a+ 1 and the label a + 2, respectively, as both these
edges cannot contain label a by assumption. Similarly, the only way that a temporal path (with labels at most d) can exist
from vertex v;_q41 to vertex vj_q4q is that the edge edges v;_1v; and v;v;y; contain the label a — 1 and the label a + 1,
respectively. By symmetry it follows that edge v;v;;q also contains label a — 1 (by just considering vertices v;1, to vertex
Vita—d+1)- That is, for the two consecutive edges v;_1v; and v;v;;q we have that

a—1,a+1er(vi—1vi) NA(ViVig1) (M

Summarizing, consider two consecutive edges v;_qVv; and v;v;;1. The union A(v;_q1v;) UA(v;viy1) of their labels always
contains labels 1 and d. The only possibility that this union is missing some label a is that both A(v;_1v;) and A(viviy1)
contain both labels a — 1 and a + 1. Furthermore, it follows that it is not possible that two consecutive labels a,a + 1
miss from the union A(vi_1v;) UA(viviy1). Therefore [A(vi_1vi)| 4+ |A(Vivit1)| > d. Thus, as there are % disjoint pairs of
consecutive edges, it follows that x (C,, d) > %d =d2

Conversely, consider the labeling where, for every i =1, ...,d, the edge v,;_1Vy; (resp. the edge v;;vyit1) contains all the
odd (resp. all the even) labels within the set {1,2,...,d}. It is straightforward to check that, with this labeling, there exists
a temporal path (with maximum label at most d) from every vertex to every other vertex. Therefore k' (Cy,d) < 5d = d?,
and thus k(Cp,d) =d%. O

2.1. A polynomial-time algorithm for ML

As a first warm-up, we study the problem ML, where no restriction is imposed on the maximum allowed age of the
output temporal graph. It is already known by Akrida et al. [2] that any undirected graph can be made temporally connected
by adding at most 2n —3 time-labels, while for trees 2n — 3 labels are also necessary. Moreover, it was conjectured that every
graph needs at least 2n — 4 time-labels [2]. Here we prove their conjecture true by proving that, if G contains (resp. does
not contain) the cycle C4 on four vertices as a subgraph, then (G, k) is a YES instance of ML if and only if k > 2n — 4
(resp. k > 2n — 3). The proof is done via a reduction to the gossip problem [9] (for a survey on gossiping see also [24]).

The related problem of achieving temporal connectivity by assigning to every edge of the graph at most one time-label,
has been studied by Gd&bel et al. [21], where the relationship with the gossip problem has also been drawn. Contrary to
ML, this problem is NP-hard [21]. That is, the possibility of assigning two or more labels to an edge makes the problem
computationally much easier. Indeed, in a C4-free graph with n vertices, an optimal solution to ML consists in assigning in
total 2n — 3 time-labels to the n — 1 edges of a spanning tree. In such a solution, one of these n — 1 edges receives one
time-label, while each of the remaining n — 2 edges receives two time-labels. Similarly, when the graph contains a Cy4, it
suffices to span the graph with four trees rooted at the vertices of the C4, where each of the edges of the C4 receives one
time-label and each edge of the four trees receives two labels. That is, a graph containing a C4 can be temporally connected
using 2n — 4 time-labels.

The gossip problem considers a set A of n agents, each possessing a unique secret. Two agents X, y € A can communicate
by making a phone call, denoted as an unordered pair (x, y). During their conversation, they share all the information they
currently know. The objective is to determine a minimum sequence of phone calls that results in all agents knowing all
secrets. We focus on a specific variation of the gossip problem where each agent can call only a specific subset of agents
from A. This problem can be modeled using a graph G = (V, E), where each agent x € A is represented by a vertex vy € V
and for every allowed phone call between agents x and y we add an edge vyvy to the set of edges E of G. The goal is to
find a minimum sequence of edges in G such that, by following this sequence, all agents end up knowing all the secrets.

The above gossip problem is naturally connected to ML. The only difference between the two problems is that, in gossip
protocols, all calls are non-concurrent, while in ML we allow concurrent temporal edges, i.e., two or more edges can appear
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at the same time slot t. Therefore, in order to transfer the known results from gossip to ML, it suffices to prove that in ML
we can equivalently consider solutions with non-concurrent edges (see Lemma 4).

From the set of agents A and a sequence of calls C =c(1),c(2),...,c(m) we build a temporal graph G¢ = (G, 1) using
the following procedure. For every agent x € A we create a vertex vy € V(G) and for every allowed phone call between
agents x and y we add an edge vxvy to E(G). We now label edges of G using the following procedure: for every phone call
c(i) € C between its two corresponding agents x;, y; we add the label i to the edge (vyVvy,) of Gc. In the end, the labeling
A is completely determined by the sequence of phone calls.

Observation 3. If the sequence c(1), c(2), ..., c(m) of m phone calls results in all agents knowing all secrets, then the above construc-
tion produces a temporally connected temporal graph Ge = (G, ) with |A| =m.

Now note that the temporal graph G produced by the above procedure has the special property that, for every time-
label t =1,2,...,m, there exists exactly one edge labeled with t. In the next lemma we prove the reverse statement of
Observation 3.

Lemma 4. Let (G, 1) be an arbitrary temporally connected temporal graph with || = m time-labels in total. Then there exists a
sequence c(1),c(2), ..., c(m) of m phone calls that results in all agents knowing all secrets.

Proof. Let (G,)) be an arbitrary temporally connected temporal graph. W.l.o.g. we may assume that, for every t =

1,2,...,a(G, 1), there exists at least one edge e such that t € A(e). Indeed, if such an edge does not exist in (G, 1), we
can replace in (G, 1) every label t’ >t by t’ — 1, thus obtaining another temporally connected graph with a smaller age.
Now we proceed as follows. Let t € {1,2,...,2(G, A)} be an arbitrary time step within the lifetime of (G, 1), and let E;
be the set of edges of G that appear at time ¢t in (G, A). Let us denote with k; = |E;|. We now order edges from E; in an
arbitrary order, so we get eﬁ, eg, e, eir, where ef € E;. We repeat this for all ¢ in the lifetime of (G, 1) and get an ordering
Op =E1,Ez,....Eac) =e].0},.... € e, eg;((’;i‘)) of all edges e in G, that receive at least one label in the temporal

graph (G, 1). Note that some edges repeat in this ordering (as one edge can have multiple labels and therefore appears in
multiple sets E;). We now create a new labeling A" of G, where the i-th edge in the ordering O receives the label i. This
results in a temporal graph (G, A"), where each label occurs in exactly one edge. Note that every temporal path in (G, 1)
corresponds to a temporal path in (G, A’) with the same sequence of edges, and vice versa.

Finally we create the required sequence of phone calls as follows: for every i =1,2,...,m, if (G, ) contains the edge
e with time-label i, we add a phone call c(i) between the two endpoints of the edge e. Since both (G, ) and (G, 1) are
temporally connected, it follows that the sequence c(1),c(2),...,c(m) of calls results in every agent knowing every secret.
This completes the proof. O

Now denote with f(n) the minimum number of calls needed to complete gossiping among a set A of n agents, where
only a specific set of pairs of agents B C (’3) are allowed to make a direct call between each other. Let Go = (A, B) be the
(static) graph having the agents in A as vertices and the pairs of B as edges. Then it is known by Bumby [9] that, if Go
contains a C4 as a subgraph then f(n) =2n — 4, while otherwise f(n) =2n — 3. Therefore the next theorem follows by
Observation 3 and Lemma 4 and by the results of Bumby [9].

Theorem 5. Let G = (V, E) be a connected graph. Then the smallest k € N for which (G, k) is a YES instance of ML is:

ke 2n — 4, if G contains C4 as a subgraph,
" |2n-3, otherwise.

We now present a procedure to obtain labelings that achieve the bounds from Theorem 5, for an example see Fig. 1. Let
G be a connected graph, we distinguish two cases, one where G contains no C4 and the second one where there is at least
one C4 as a subgraph in G.

Labelings for graphs G with no C4. We start by finding a spanning tree T of G (for example, by using a BFS algorithm).
We can now in linear time determine the diameter dr of the tree T, and two vertices vs and v; that are exactly dr apart.
Let us denote with Py = (vg = vg, v1,V2,..., V4_1, Vg = V¢) the path between vertices vs and v;. We now label the path
Py as follows: for all i € {1,2,...,d — 1} the edge e; = vj_1v; receives the labels i and 2d — i, and the edge e = vg_1 V¢
receives only the label d. We have now created two temporal paths between vs and v, one starting at vs at time 1 and
finishing at v, at time d, and the other starting at v, at time d and finishing at v, at time 2d — 1. Clearly all the vertices of
P4 can reach each other.

Let v be a leaf of T that is not in Pg. We now denote with P, the path connecting v to P4, more precisely, let v; € P4 be
the first vertex of P4 that is on a unique path from v to v; in T. Then P, = (v =ug, U1, Uz, ..., Uy = v;) for some k > 1. We
now label each edge fj =u;j_qu;j of Py, where je{1,2,...,k}, with the labels j and 2d — j. Note that since the diameter
of T is d it follows that the distance between v and v; is at most d, therefore k +i <d (resp. k + (d — i) <d). Thus, there

6
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(a) An example of a labeling that temporally connects a graph (b) An example of a labeling that temporally connects a graph
that contains a C4, where the C4 edges receive one label and that does not contain a Cy, where one edge receives one label
all other edges of a spanning tree receive two labels. and all other edges of a spanning tree receive two labels.

Fig. 1. An example of labeling meeting bounds from Theorem 5 for a graph containing a C4 (Fig. 1a) and a graph without a C4 (Fig. 1b). We mark the edges
of a spanning tree or spanning tree with a C4 with a solid line and all other edges with a dashed line.

exists a temporal path from v to v, starting at time 1, reaching vertex v; € P, N Py at time k, continuing to v; with the
edge v;vi;1 at the time i 4+ 1 and finishing at time d. Similarly, there is a temporal path from v; to v starting at time d,
reaching vertex v; via the edge v;v;;+1 at time 2d — (i+ 1), continuing towards v at time 2d — k and finishing at time 2d — 1.

We repeat the above procedure to label all of the remaining edges of T. Afterwards, there is a temporal path from every
vertex v to v; (arriving at time d) and there is a temporal path from v; to all other vertices v (starting at time d). Recall
that v; is a leaf of T and let v4_1 denote its neighbor. We can construct a temporal walk from a vertex v to another vertex
v’ as follows. Start at v and move along the temporal path from v to v; until v4_y. The arrival time at vg_q is strictly
smaller than d. Now consider the temporal path from v, to v’. This temporal path visits v4_; and continues from this
vertex at a time strictly larger than d. It follows that we can obtain a temporal walk from v to v’ through v4_1.

This procedure assigns exactly one label to edge v4v4_1, and exactly two labels to every other edge of T. Therefore, we
end up with a labeling A of G, that uses 2n — 3 labels.

Labelings for graphs G that contain a C4. We first find a C4 in G, C = (a, b, ¢, d). Then, we contract C to a single vertex
p, i.e., we remove the C4 from G and add a vertex p that is connected to all of the vertices in G that have at least one
neighbor in the removed C4, and create a graph Gp. In G, we find a spanning tree T, rooted at p. Having determined T,
we can now construct the spanning subgraph H of G, that is a tree with a C4. We do this as follows; we iterate over edges
e = (vjvj) € E(Tp) and distinguish two cases. First, if p ¢ e then we add e to H, second, if p € e (w.lLo.g. p=v;) then we
add to H the edge from v; to one of the vertices a, b, c,d (we know that at least one such edge exists in G, if there is more
than one such edge we arbitrarily chose one).

We have now created a spanning subgraph H of G which is a C4, C = (a, b, c, d) together with 4 subtrees, each rooted
in a distinct vertex of C. Denote these trees as Tq, Ty, T¢, Tq. We note that these subtrees are allowed to be formed just
by the root. For a vertex u € {a, b, c,d} we label edges of a tree T, by starting at a leaf vertex v in T, and travel towards
the root u, using the unique path P;“u between v and u in Ty, where the first edge of P;“u (incident to v) receives the
label 1, second edge the label 2, etc., up to the last edge (incident to u) that receives the label d,, where d, is the length
of the path PI}’u. We now repeat this procedure for all the leaf vertices in T,. At this point, we have assigned at least one
label to each edge of T,. On edges with more than one label we keep the highest label and discard all others. We end up
with a labeling A of the tree T,, where each edge has exactly one label and for each vertex in T, there exists a temporal
path to the root vertex u. Let us denote with d, the value of the highest label we have assigned to any of the edges in T,.
We repeat this procedure for every u € {a, b, ¢, d}. Now, let ry = maXyeq p,c,dj{du} be the maximum label we have used on
any of the edges of all T, (for u € {a, b, c,d}) so far. We label the edges of the C4 as follows: A(ab) = A(cd) =ry + 1 and
M(ad) = A(bc) =ry + 2. All of the above results in the existence of a temporal path from each vertex v € V(H) to all of the
four vertices {a, b, c,d} of the C4. Moreover, note that each such temporal path reaches the vertices of the C4 by the time
ry + 2. If we now ensure the existence of a temporal path from each vertex u € {a, b, ¢, d} of the C4 to all of the vertices
in its corresponding tree T,, where the starting time of the temporal path is at least ry + 3, then we have successfully
constructed the labeling A that temporally connects all pairs of vertices. To achieve this we do the following: every edge
with a label i, that is not a part of a Cy4, gets the second label 2ry + 3 —i. It is not hard to see that these new labels now
ensure the existence of a temporal path from each u € {a, b, ¢, d} to every vertex in its corresponding T, using a temporal
path that starts at time ry + 3 or later.

Our procedure results in a labeling A of H that admits a temporal path among all pairs of vertices. The labeling assigns
just 1 label to all four edges of the C4 and exactly 2 labels to all other edges, which achieves the bound of 2n — 4 labels in
total.

2.2. A polynomial-time algorithm for directed acyclic graphs
As a second warm-up, we show that the minimization analogues of ML and MAL on directed acyclic graphs (DAGSs)

are solvable in polynomial time. More specifically, for the minimization analogue of ML we provide an algorithm which,
given a DAG G = (V, A) with diameter d¢, computes a temporal labeling function A which assigns the smallest possible



N. Klobas, G.B. Mertzios, H. Molter et al. Journal of Computer and System Sciences 146 (2024) 103564

Ly Ly Ly Ly

Fig. 2. Example of a canonical layering.

number of time-labels on the arcs of G with the following property: for every two vertices u, v € V, there exists a directed
temporal path from u to v in (G, A) if and only if there exists a directed path from u to v in G. Moreover, the age
(G, 1) of the resulting temporal graph is equal to d. Therefore, this immediately implies a polynomial-time algorithm for
the minimization analogue of MAL on DAGs. We want to point out that these results contrast the APX-hardness for the
minimization analogue of MAL on general directed graphs, proven in [33], while the more relaxed version of ML remains
still open. For notation uniformity, we call these minimization problems MLgjrecteg and MALgjrecred, Tespectively. First we
define a canonical layering of a DAG, which is useful for our algorithm.

Definition 3. Let G = (V, A) be a DAG with n vertices, m arcs, and diameter d. A partition Lo, L1,Ly,...,Lg of V into d + 1
sets is a canonical layering of G if, for every 0 <i <d, the set L; contains all the source vertices in the induced subgraph
Gi == Gl{Li, Lit1, ..., La}].

An example of a canonical layering of a DAG G is illustrated in Fig. 2.
Lemma 6. Let G = (V, E) be a DAG with n vertices and m arcs. We can produce the canonical layering of G in O (n 4+ m) time.

Proof. First we initialize an auxiliary vertex subset S = and a counter s, =0 for every vertex v. We start by computing
the vertices of Ly in O (n+m) time by just visiting all vertices and arcs of G; Lo contains all vertices u such that N~ (u) = @.
Now, for every i > 0 we proceed as follows. For every arc (u, v), where u € L;, we add v to S and we increase the counter
sy by 1. Then we set Lj11 ={v € S:s, =N~ (v)|}. Before we continue to the next iteration i + 1, we reset the set S to be
¢, and we iterate until we reach all vertices of G, i.e., until we add every vertex u to one of the sets Lo, L1, ..., Lg.

It is easy to check that the above procedure is correct, as at every iteration i + 1 (where i > 0) we include to L; all
vertices v which have zero in-degree in the graph induced by the vertices in V \U;(:1 L. Furthermore, the running time is
clearly O(n+ m) as we visit each vertex and arc a constant number of times. O

We use the canonical layering to prove the following result.

Theorem 7. Let G = (V, E) be a DAG with n vertices and m arcs. Then MLgjrected(G) and MALgirectea(G) can be both computed in
O (n(n+ m)) time.

Proof. For the purposes of simplicity of the proof, we denote by k(G) the optimum value of MLgjrecteq With the DAG G as
its input. First we calculate the canonical layering Lo, L1,...,Lg of G in O(n + m) time by Lemma 6. For simplicity of the
presentation, denote by G, the induced subgraph of G that contains v and all vertices that are reachable by v in G with
a directed path. Let d,, be the diameter of G,; note that d, is the length of the longest shortest directed path in G that
starts at v. For every vertex u € V, we define the set L§ = {u} and we initialize the set S, = N7T(u). Then, similarly to the
proof of Lemma 6, we iterate over all vertices v € S, = Nt (u) and over all vertices w € Nt (v). Whenever we encounter a
vertex w € Nt (v) " NT(u), we remove w from S,. At the end of this procedure, the set S, contains exactly those vertices
v € NT(u), for which there is no directed path of length two or more from u to v in G. The above procedure can be
completed in O (n(n+m)) time, as for every vertex u, we iterate at most over all arcs in G a constant number of times.

Now we define the labeling A of G as follows: Every arc (u,v) € A, where u € L;, velj, and v € Sy, gets the label
A((u, v)) = j. Note here that 1 < A((u, v)) <d for every arc of G, and thus the age «(G, 1) of the resulting temporal graph
is equal to the diameter d of G. We will prove that |A| =« (G). To prove that |A| <« (G), it suffices to show that every label
of A must participate in every temporal labeling of G which preserves temporal reachability. In fact, this is true as the only
arcs of G, which have a label in A, are those arcs (u, v) such that there is no other directed path from u to v. That is, in
order to preserve temporal reachability, we need to assign at least one label to all these arcs.

Conversely, to prove that |A| > x(G), it suffices to show that A preserves all temporal reachabilities. For this observe first
that every directed path P = (a,...,b) in G can be transformed to a directed path P’ = (a, ..., b) such that, for every arc
(u, v) in P/, there is no other directed path from u to v in G apart from the arc (u, v) (i.e., there is no “shortcut” from u to

8
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v in G). Therefore, since every arc in P’ is assigned a label in A and these labels are increasing along P’, it follows that A
preserves all temporal reachabilities, and thus |A| > x(G). Summarizing, |A| = k(G) and the labeling A can be computed in
O(n(n+m)) time.

Finally, since «(G, 1) =d, the obtained optimum labeling for ML is also an optimum labeling for MAL (provided that the
upper bound a in the input of MAL is at least d). O

3. MAL is NP-complete

In this section we prove that it is NP-hard to determine the number of labels in an optimal labeling of a static, undirected
graph G, where the age, i.e., the maximum label used, is equal to the diameter d of the input graph. It is worth noting here
that, for any x > 1, the complexity of MAL remains open in the case where the age is allowed to be at most d + x.

To prove the NP-hardness we provide a reduction from the problem MoNOTONE MAX XOR(3) (or MoONMAXXOR(3) for
short). This is a special case of the classical Boolean satisfiability problem, where the input formula ¢ consists of the
conjunction of monotone XOR clauses of the form (x; @ x;), i.e., variables x;, x; are non-negated. If each variable appears in
exactly r clauses, then ¢ is called a monotone Max XOR(r) formula. A clause (x; @ x;j) is XOR-satisfied (or simply satisfied)
if and only if x; # x;. In MONOTONE MAX XOR(r) we are trying to compute a truth assignment 7 of ¢ which satisfies the
greatest possible number of clauses.

MAx-CUT on cubic graphs reduces to MONMAXXOR(3) using the following reduction. Given a cubic graph G for each vertex
v € V(G) create a variable x, in the MoNMAXXOR(3) formula ¢¢. For every edge uv € E(G), add the clause (x, & x,) to ¢g.
It is easy to see that computing a maximum cut in G (i.e., a partition of V(G) into two sets A and A such that the number
l{uv € E(G) :u € A, v € A}| of edges between A and A is maximized), is equivalent with computing a maximum number of
satisfied clauses in ¢¢. Since Max-Curt is known to be NP-hard even in cubic graphs [5], we conclude the following.

Theorem 8. MoNMAXXOR(3) is NP-hard.

We now describe our reduction from MoNMAXXOR(3) to the problem MINIMUM AGED LABELING (MAL), where the input
static graph G is undirected and the desired age of the output temporal graph is the diameter d of G. Let ¢ be a monotone
Max XOR(3) formula with n variables x1,x3,...,x, and m clauses Cq,Ca,...,Cp. Note that m = %n, since each variable
appears in exactly 3 clauses. From ¢ we construct a static undirected graph Gy with diameter 10, and prove that there
exists a truth assignment t which satisfies at least k clauses in ¢, if and only if there exists a labeling A4 of G4, with

[Apl < 7n% + 49n — 8k labels, where the maximum used label is 10.

High-level construction For each variable x;, 1 <i <n, we construct a variable gadget X; that consists of a “starting” vertex
s; and three “ending” vertices tf (for £ € {1, 2, 3}); these ending vertices correspond to the appearances of x; in three clauses
of ¢. In an optimum labeling A4, in each variable gadget there are exactly two labelings that temporally connect starting
and ending vertices, which corresponds to the TRUE or FALSE truth assignment of the variable in the input formula ¢. For
every clause (x; ® x;) we identify corresponding ending vertices of X; and X; (as well as some other auxiliary vertices and
edges). Whenever (x; ® x;) is satisfied by a truth assignment of ¢, the labels of the common edges of X; and X; in an
optimum labeling coincide (thus using few labels); otherwise we need additional labels for the common edges of X; and
X;.

Detailed construction of G, For each variable x; from ¢ we create a variable gadget X; (for an illustration see Fig. 3),
that consists of a base BX; on 11 vertices, BX; = {si, a;, b;, ¢i, di, e, @i, b;, Ci, d;, &}, and three forks F'X;, F2X;, F3X;, each
on 9 vertices, F{X; = {tf,ff,gf,hf,mf,ﬁz,ﬁe,h_ie,ﬁf}, where ¢ € {1,2,3}. Vertices in the base BX; are connected in
the following way: there are two paths of length 5: s;a;b;cdie; and s;a;b;c;d;e;, and 5 extra edges of form y;y;, where
y €{a,b,c,d, e}. Vertices in each fork F¢X; (where £ € {1,2,3}) are connected in the following way: there are two paths
of length 4: t!mfhig! ff and tfﬁzh_ieﬁeﬁl, and 4 extra edges of form y;y;', where y € {m, h, g, f}. The base BX; of the
variable gadget X; is connected to each of the three forks F{X; via two edges e,-ff and e_iﬁe, where ¢ € {1, 2, 3}.

For an easier analysis we fix the following notation. Vertex s; € BX; is called starting vertex of X;, vertices tf (Lef1,2,3})
are called ending vertices of X;. Vertices a;, bj, ¢i. d;. e;, ff, gt hf,m! (resp. @, by, .. .m;%) are called the left (resp. the right)
vertices of X;. A path connecting s;, tf that passes only through the left (resp. the right) vertices is called the left (resp. right)
Si, tf—path. The left (resp. right) s;, tf-path is a disjoint union of the left (resp. right) path on vertices of the base BX; of X;,

an edge of form eifiZ (resp. eﬁﬁl) called the left (resp. right) bridge edge and the left (resp. right) path on vertices of the
£-th fork F®X; of X;. The edges y;y;, where y € {a,b,c,d, e, f%, gt,h¢, m®}, £ € (1,2, 3}, are called connecting edges.

Connecting variable gadgets There are two ways in which we connect two variable gadgets, depending on whether they
appear in the same clause in ¢ or not.
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Fig. 4. An example of two non-intersecting variable gadgets and inter-variable edges among them.

1. Two variables x;, x; do not appear in any clause together (for an illustration see Fig. 4). In this case we add the following
edges between the variable gadgets X; and X:

e from e; (resp. €;) to ff/ and f_j‘Z , where ¢’ €{1,2,3},
o from e; (resp. ;) to f! and i, where ¢ € {1,2,3},
e from d; (resp. d;) to d; and d;.

We call these edges the inter-variable edges.

2. Two variables appear in a clause together (for an illustration see Fig. 5). Let C = (x; ®x;) be a clause of ¢, that contains
the r-th appearance of the variable x; and r’-th appearance of the variable x;. In this case we identify the r-th fork

FTX; of X; with the r'-th fork F" X; of X; in the following way:

10
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Fig. 5. An example of two intersecting variable gadgets X;, X; corresponding to variables x;, x;, that appear together in some clause in ¢, where it is the
third appearance of x; and the first appearance of x;.

ol = t;/,

o {fl. gl hl,ml}= {f_jr/,g_jr/,h_jr,,m_jr/} respectively, and

o (i@ h Wy =1{f, g; h; m;./} respectively.

Besides that we add the following edges between the variable gadgets X; and X;:
e from e; (resp. ;) to ff/ and f_jl’, where ¢ € {1,2,3}\ {r'},

o from e; (resp. ;) to fie and ﬁe, where £ € {1,2,3}\ {r},
e from d; (resp. d;) to d; and d;.

This finishes the construction of G.

Remark 1. In our construction of Gy, the three “forks” F'X;, F2X;, F3X; of a variable gadget X; (see Figs. 3, 4, and 5) can
be also interpreted as “clause gadgets”, in the following sense. Each fork in the construction corresponds to exactly two
variables, say x; and x;, where the formula ¢ contains the clause (x; @ x;). In the construction, this fork appears both as Flh

and as Ff., for some 1 <h, £ <3, which is essentially the intersection of the two variable gadgets X; and X;.
Before continuing with the reduction, we prove the following structural property of Gg.
Lemma 9. The diameter of G is 10.

Proof. We prove this in two steps. First we show that the diameter of any variable gadget is 10 and then show that there
exists a path of length at most 10 between any two vertices from two different variable gadgets, which proves the desired
bound.

Let us start with fixing a variable gadget X;. A path from the starting vertex s; to any ending vertex tf (£e{1,2,3})

has to go through at least one of the vertices from each of the following sets {a;, @}, {b;, b;}, {ci, G}, {d;, di}, {e;, &7}, {ff, ﬁl},
{gf,Ee}, {hf,h_,'l}, {mf,ﬁiz}, before reaching the ending vertex. The shortest si,tf path will go through exactly one ver-
tex from each of the above sets, therefore it is of length 10. A path between any two ending vertices tf],tfz (where
l1,22 € {1,2,3} and €7 # ¢»), has to go through at least one of the vertices from each of the following sets {mfl,ﬁ-“},
{mfz,ﬁiez}v {hfl,h_igl}- {hfz,h_igz}, {gfl,El‘}. {gfz,glz}, {figlvﬁgl}, {ffz,ﬁh}, {e;, &;}. Similarly as before, the shortest path
uses exactly one vertex from each set and is of size 10. It is not hard to see that the distance between any other vertex

veXi\{si, tf} (where ¢ € {1, 2,3}) and the starting vertex or one of the ending vertices is at most 9, as vertex v lies on
one of the shortest (s;, tf) or (tfl,tfz) paths (where ¢1, ¢> € {1,2,3} and ¢; # ¢3), but it is not an endpoint of it. By the
similar reasoning there exists a path between any two vertices u, v € X; \ {si, tf} (where ¢ € {1, 2, 3}), of distance at most 9.
Therefore, the diameter of X; is 10.

Now we want to show that the distance between any two vertices from different variable gadgets is at most 10. Let
us start with the case where two variable gadgets X; and X; share no fork (i.e., x; and x; do not appear in the same

11
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clause of ¢). A path between s; and tf (for ¢ € {1, 2,3}) travels through at least one of the vertices from the following

sets {a;, @}, {bi, bi}, ..., {ei, &}, {fg,f_je}, {gf.,g_j(}, e {mf,m_je}. The shortest path goes through exactly one vertex in each
of the sets, therefore it is of length 10. From this it also follows that there exists a path between any base vertex v € BX;
and fork vertex u € FX; of length at most 10. Next, observe a path between s; and s; that goes through at least one of the
vertices from each of the following sets {a;,ai}, {bi, bi}, {ci, G}, {di, di}, {d}. d;}, {c}, j}, b}, bj}, {aj, @}}. Again, the shortest
path will use exactly one vertex in each set and is of distance 9. Therefore, all of the a, b, ¢, d vertices from X; and X; are
at distance at most 9 from each other. Since the path (e;, },ej) is of length 2 and (e;, d;,dj,cj,bj,aj,sj) is of length 6
it follows that e; is at distance at most 3 from e; and 6 from s;. Therefore, all of the vertices from BX; and BX; are at

distance at most 9 from each other. Lastly, a path between tfl and tfz (where ¢4, €3 € {1, 2, 3}) travels through at least one
of the vertices from the following sets {m|", mi;‘'}, {hfl,h_ie] Mg A 7' der e {fb,f_jez}, {gfz, IR {h?, h_jgz}.
{mf.z,m_jb}. Since the shortest path visits exactly one vertex from each set, it is of length 10. Similarly as before, it follows

that there is a path between any two vertices u € F&'X; and v € F‘ZXj (where ¢1, ¢, € {1,2,3}) of distance at most 10.
Therefore, we get that the diameter of a subgraph of G4 that contains any two variable gadgets that do not share a fork is
10. In the case when two variable gadgets X; and X; share a fork, it is not hard to see that the shortest path among any
two vertices u € X; and v € X; does not become grater than in the case when two variable gadgets do not share a fork.

All together it follows that the distance among any two vertices in Gy is at most 10. O

In the following, let OPTponmaxxor(3)(¢) denote the size of an optimal solution for MONMAXXOR(3) on instance ¢, and
let OPTmaL(Gy, 10) denote the size of an optimum solution for MAL on instance (G, 10).

Lemma 10. If OPTvionmaxxors) (¢) > k then OPTyiaL (G, 10) < 7n? + 49n — 8k, where n is the number of variables in the formula ¢.

Proof. Let 7 be an optimum truth assignment of ¢, i.e,, a truth assignment that satisfies at least k clauses of ¢. We will
prove that there exists a temporal labeling A4 of G4 which uses [A4| < 7n? +49n — 8k labels, such that (Gg, Ay) is temporally
connected and (G, A4) = 10. Recall that since ¢ is an instance of MONMAXXOR(3) with n variables it has m = %n clauses.
We build the labeling A4 using the following rules. For an illustration see Fig. 6.

1. If a variable x; from ¢ is set to TRUE by the truth assignment 7, we label the edges in X; in the following way:
o all three left (s;, tf)—paths, for all £ € {1, 2, 3}, get the labels 1,2, 3, ..., 10, one on each edge,
o similarly, all left (tfz, si)-paths, get the labels 1,2,3,...,10, one on each edge,
e all connecting edges (i.e., edges of form y;y;, where y € {a, b, c,d, e, f¢, g, h®, m%}) get the labels 1 and 10.
If a variable x; from ¢ is set to FALSE by the truth assignment 7, we label the edges in X; in the following way:
o all three right (s;, tf)—paths, for all £ € {1, 2, 3}, get the labels 1,2, 3, ..., 10, one on each edge,
e similarly, all right (tf, si)-paths, get the labels 1,2, 3,...,10, one on each edge,
e all connecting edges get the labels 1 and 10.
Labeling A4 uses 10 labels on the left (resp. right) path of the base BX;, 10 labels on the left (resp. right) path of each
fork F¢X;, where £ € {1, 2,3} and 10+ 3-8 labels on the connecting edges. All in total Ag uses 74 labels on the variable
gadget X;.
We now need to prove that there exists a temporal path among any two vertices in X;. Suppose x; is set to TRUE in
the truth assignment 7 of ¢ (the case of x; being FALSE is analogous). By the construction of Ay, there are temporal
paths from s; to any of the tf, where £ € {1, 2, 3}, and vice versa. Labeling A4 of G4 gives rise to the following temporal
paths. There is a temporal path from the starting vertex s; to the ending vertex tf, where ¢ € {1, 2, 3}, which uses the
left path of X;, and labels 1,2, ..., 10. Similarly, it holds for the temporal (tf,si)-path. The temporal path connecting

two ending vertices tfl , tfz (where £1, 85 € {1,2,3} and €1 # £3), uses first the left path of the fork F1 X;, with labels 1
to 5, to reach e;, and then continues on the left path of the fork F2X; using labels 6 to 10. Since the temporal paths
among starting and ending vertices use the left path of the gadget X; it follows that all vertices on the left path reach
all starting and ending vertices, and consequently, they also reach each other. Any remaining vertex, i.e., a vertex on the
right path of the gadget X;j, can reach the starting vertex using first their corresponding connecting edge at time 1, and
then the remaining part of the temporal path from tf (for ¢ € {1,2,3}) to s;. Similarly, it holds for the temporal paths
towards all of the ending vertices. In the case of temporal paths from s; (or tf) to the vertices on the right side of Xj,
the temporal paths start with the edges of the left path of X; at time 1 and finish using the corresponding connecting
edge at time 10. Lastly, temporal paths among two vertices from the right path of X; use as a first and last edge the
corresponding connecting edge at time 1 and 10 respectively, and a part of the (s;, tf) or (tf,si)-temporal path. This
proves that the labeling A4 of X; admits a temporal path among any two vertices in X;.

2. If two variable gadgets X; and X; do not share a fork, i.e., variables x; and x; are not in the same clause in ¢, and are
both set to TRUE by t, then we label the inter-variable edges as follows:
o the edge d;dj, connecting the left path of BX; with the left path of BX;, gets labels 5 and 6,
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o three edges of the form eiff/ (¢ €{1,2,3}) that connect the left path of BX; to the left paths of FK'X]- get labels 5
and 6,

o three edges of the form ejff (¢ € {1,2,3}) that connect the left path of BX; to the left paths of FtX; get labels 5
and 6.

We have assigned 14 labels to 7 inter-variable edges that connect both variable gadgets, while the number of labels

assigned to each variable gadget remains the same. Note that the other three combinations (x;, xj are both FALSE, one

of x;, xj is TRUE and the other FALSE) give rise to the labeling A4 that uses the same number of labels on both variable

gadgets and inter-variable edges, where the labeled inter-variable edges are chosen appropriately. For an example see

Fig. Ga.

Since labeling inter-variable edges do not change the labeling on each variable gadget, we know that there is still a

temporal path among any two vertices from the same variable gadget. We need to prove now that there is a temporal

path among any two vertices from X; and X;. First observe that there is a unique temporal path from s; to tf (for

¢ € {1,2,3}), that first uses the left path of the base of X; with labels 1,2, 3,4,5, the inter-variable edge e,~fJfZ with
label 6 and continues to tf using the left path of the fork Ff. with labels 7, 8,9, 10. The reverse (t?,s,-)—temporal path
uses the same edges with labels 1,2, ...,10, as defined by A4. From the above it follows that there exists a temporal
path from any vertex in the base of BX; to any vertex in a fork Ff. and vice versa (note, if any of the starting/ending
vertices is not on a left path of X; or X; we use corresponding connecting edges at time 1 or 10). Next, we show that
there is a temporal path between two ending vertices tf‘ € X; and tfz € X;j (where £1, 3 € {1, 2, 3}). More specifically,

the (tf1 R tfz)-temporal path first uses the left side of the fork Ffl with labels 1,2, 3,4, 5 to reach the vertex e; € X; and
then uses the inter-variable edge eiffz at time 6 and continues on the left side of the fork Ffz with labels 7,8,9,10
to reach tfz. Thus it holds that any vertex in any of the forks of X; can reach any vertex in any of the forks of X;. Note
that the last temporal path proves also that e; € X; reaches all of the vertices in all of the forks of X; (and vice versa).

Let us now show that e; reaches also all the vertices in the base of X; (and vice versa). First, the (e;, ej)-temporal path

is of length 2, starts with the inter-variable edge eiffz at time 5 and finishes with the edge ffzej at time 6. Second, e;

reaches vertex s; using the temporal path that travels through vertices e;,d;,d;j, c;bj,aj,s; with labels 5,6,7,8,9,10

on the respective edges. Conversely, the (s;, e;)-temporal path travels through the same vertices sj,aj,bj,c;j,dj,d;,e;

with labels 1, 2, 3,4,5,6 on the respective edges. From the above three temporal paths it follows that e; in fact does

temporally reach all of the vertices in the base of X; and vice versa. Lastly, we want to prove that all of the remaining

base vertices of X; (i.e. vertices of form a, b, ¢, d) reach all of the remaining base vertices in X;. To do so we just have

to provide a temporal path from s; to s;. This temporal path travels through the vertices s;, a;, b;, ¢;, d;, dj, cj, bj,aj,s;

using labels 1,2,3,4,5,7,8,9,10 on the respective edges. All of the above proves that there exists a temporal path

among any two vertices in X; and X;, when X; and X; share no fork.

3. If two variable gadgets X; and X; share a fork, i.e., variables x; and x; are in the same clause, are both set to TRUE and

F'X;i=F X j» then we label the following inter-variable edges:

o the edge d;d; connecting the left path of BX; and BX; gets labels 5 and 6,

e two edges of the form eiff/ (¢ € {1,2,3}\ {r'}) that connect the left path of BX; to the left paths of F‘Z’Xj get labels
5 and 6,

e two edges of the form ejf,.‘Z (€ €{1,2,3}\ {r}) that connect the left path of BX; to the left paths of FfX; get labels 5
and 6.

We have assigned 10 labels to 5 inter-variable edges that connect both variable gadgets. Note that the three other

combinations (x;, x; are both FALSE, one of x;, x; is TRUE and the other FALSE) give rise to the labeling A4 that uses the

same number of labels on inter-variable edges, where the labeled edges are chosen accordingly to the truth values of

x; and x;j. The only difference is in the labeling of the shared fork F'X; = Fr/Xj. There are two possibilities, one when

the truth value of x; and x; is the same and one when it is different, i.e., x; =X or x; #x;.

a) Let us start with the case when x; # x;. Then the labeling A4 of F"X; coincides with the labeling of FT/XJ-. Therefore
Ay uses 16 less labels on the shared fork.

b) In the case when x; = x;. The fork F'X; = Fr/Xj gets labeled from both sides, i.e., all edges in the fork get 2 labels.
Therefore A4 uses 8 less labels on the shared fork.

Identifying two forks F"X; = Fr/Xj and labeling them using the union of both labelings on each fork, clearly preserves

temporal paths among all the vertices from X; (resp. X;). What remains to check is that all vertices in X; reach all the

vertices in X;. This follows from the same proof as in the previous case, where the paths between the two variable

gadgets use the appropriate inter-variable edges. Note, since the fork F'X; = F'X j is in the intersection, the inter-

variable edges from X; (resp. X;) to F'X; = Fr’Xj do not exist. Therefore, the labeling A4 admits a temporal path

among any two vertices from the variable gadgets X;, X, that have a fork in the intersection.

Summarizing all of the above we get that the labeling A4 uses 74 labels on each variable gadget and 14 labels on
inter-variable edges among any two variables, from which we have to subtract the following:
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FX; F?X; F3X;
1 2 3
¢! 2 £
1,10 1,10 1,10
1,10 1,10 1,10
q q q
2,9 1,10 2,9 1,10 2,9 1,10
[ o ————O L
381 1,10 38 110 38 110
4, Y ® 4,7‘ 4,7“—.
1,10 1,10 1,10
[ q
5,6 5,6
5,6
5,6
5,6
1,10
q
L7110 5,6
X
) 3, 8‘ 1,10
29 110 1,10 |29
[ J
1, 10( ;1, 10
S; Sj
(a) z; and x; do not appear together in any clause.
FX, F2X; X, X, F3X;
t t? t t5 £
1,10 1,10 1,10 1,10 1,10
1,10 1,10 1,10 1,10 1,10
q q q p b
2,9 e

p *— =0
3,8 1,10 3,8
o———4¢

b J
4,7 4,7
] J

1,10( ;1,10

S; Sj

(b) z; and z; appear together in a clause, where x; appears with its third and z; with its first appearance. Here F3X; = FlXj
and t3 = tl.
i J

Fig. 6. Example of the labeling A on variable gadgets X;, X; and inter-variable edges between them, where x; is TRUE and x; FALSE in ¢. Note that edges
that are not labeled are omitted.

e 4 labels for each pair of inter-variable edges between two variables that appear in the same clause,
e 16 labels for the shared fork between two variables, that appear in a satisfied clause,
e 8 labels for the shared fork between two variables, that appear in a non-satisfied clause.

Altogether this sums up to 74n + 14@ —4m — 16k — 8(m — k). As a result, given that t satisfies a minimum of k clauses
of ¢, the labeling 14 admits at most 7n? 4 49n — 8k labels. O

Before proving the statement in the other direction, we have to show some structural properties. Let us fix the following
notation. Every temporal path from s; to tf (resp. from tf to s;) of length 10 in X; is called an upward path (resp. a downward
path) in X;j. Any part of an upward (resp. downward) path is called a partial upward (resp. downward) path. Note that, for
any ¢,¢ €{1,2,3}, £+ ¢, a temporal path from tf to tf/ of length 10 is the union of a partial downward path on the fork
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Ff and a partial upward path on Ff/. If a labeling A4 labels all left (resp. right) paths of the variable gadget X; (i.e., both
bottom-up from s; to t!,t2,t7 and top-down from t},t?,t? to s; with labels 1,2...,10 in this order), then we say that
the variable gadget X; is left-aligned (resp. right-aligned) in the labeling A4. Note that if at least one edge on any of these
left (resp. right) paths of X; is not labeled with the appropriate label between 1 and 10, then the variable gadget is not

left-aligned (resp. not right-aligned). The following technical lemma will allow us to prove the correctness of our reduction.

Lemma 11. Let A4 be a minimum labeling of G4. Then A4 can be modified in polynomial time to a minimum labeling of G4 in which
each variable gadget X; is either left-aligned or right-aligned.

Proof. Let Ay be a minimum labeling of G, that admits at least one variable gadget X; that is neither left-aligned nor
right-aligned (i.e. X; does not admit all left upward and downward paths, or all right upward and downward paths).

First, we prove that there exists a fork F¢X; of X; that admits at least three partial upward or downward paths, i.e., it
either has two partial upward paths (one on each side of the fork) and at least one partial downward path, or vice versa.
For the sake of contradiction, suppose that each of the forks F'X;, F2X;, F3X; contains at most two partial paths. Then,
since A4 must have in X; at least one upward and at least one downward path between s; and tf, t €{1,2,3}, it follows
that each fork F’X; has exactly one partial upward and exactly one partial downward path.

Assume that each of the forks F1X;, F2X;, F3X; has both its partial upward and downward paths on the same side of X;
(i.e., either both on the left or both on the right side of X;). If all of them have their partial upward and downward paths on
the left (resp. right) side of X;, then X; is left-aligned (resp. right-aligned), which is a contradiction. Therefore, at least one
fork (say F!X;) has its partial upward and downward paths on the left side of X; and at least one other fork (say F2X;) has
its partial upward and downward paths on the right side of X;. But then there is no temporal path from ti] to t,.2 of length
10 in Ay, which is a contradiction. Therefore there exists at least one fork FtX; (say, F1X; wlo.g), in which (w.lLo.g.) the
partial upward path is on the right side and the partial downward path is on the left side of X;.

Since the partial downward path of F1X; is on the left side of X;, it follows that the partial upward path of each of
F2X; and F3X; is on the left side of X;. Indeed, otherwise, there is no temporal path of length 10 from t} to 7 or ¢} in
Ag, a contradiction. Similarly, since the partial upward path of F!X; is on the right side of X;, it follows that the partial
downward path of each of F2X; and F2X; is on the right side of X;. But then, there is no temporal path of length 10 from
t? to t}, or from t? to t? in Ag, which is also a contradiction. Therefore at least one fork F'X; (say F3X;) of X; admits at
least three partial upward or downward paths.

W.Lo.g. we can assume that the fork F3X; has two partial downward paths and at least one partial upward path which
is on the left side of X;. We distinguish now the following cases.

Case A. The fork F3X; has no partial upward path on the right side of X;. Then the base BX; has a partial upward path
on the left side of X;. Furthermore, each of the forks F!X;, F2X; has a partial downward path on the left side of X;. Indeed,
if otherwise F!X; (resp. F2X;) has no partial downward path on the left side of X;, then there is no path with at most 10
edges from t] (resp. t?) to t7, a contradiction.

Case A-1. The base BX; of X; has no partial downward path on the left side of Xj; that is, there is no temporal path
from vertex e; to vertex s; with labels “6,7,8,9,10”. Then the base BX; of X; has a partial downward path on the right side
of Xj, as otherwise there would be no temporal path of length 10 from any of til,t,-z, t? to s;. For the same reason, each of
the forks F1X;, F2X; has a partial downward path on the right side of X;.

Case A-1-i. None of the forks F!X;, F2X; has a partial upward path on the left side of X;. Then each of the forks
F1X;, F2X; has a partial upward path on the right side of X;, as otherwise there would be no temporal path of length 10
from s; to t,.] or tl.z. For the same reason, the base BX; has a partial upward path on the right side of X;. Therefore we can
remove the label “5” from the left bridge edge e; fi3 of the fork F3X;, thus obtaining a labeling with fewer labels than Ag, a
contradiction.

Case A-1-ii. Exactly one of the forks F!X;, F2X; (say F!X;) has a partial upward path on the left side of X;. Then the
fork F2X; has a partial upward path on the right side of X;. Furthermore, the base BX; has a partial upward path on the
right side of X;, since otherwise there would be no temporal path of length 10 from s; to tiz. In this case, we can modify the
solution as follows: remove the labels “1,2,3,4,5” from the partial right-upward path of BX; and add the labels “6,7,8,9,10”

to the partial left-upward path of the fork F2X;. Finally, we can remove the label “5” from the right bridge edge e_,'ﬁs of
the fork F3X;, thus obtaining a labeling with fewer labels than Ag, a contradiction.

Case A-1-iii. Each of the forks F!X;, F2X; has a partial upward path on the left side of X;. In this case, we can modify
the solution as follows: remove the labels “10,9,8,7,6” from the partial right-downward path of BX; and add the same labels
“10,9,8,7,6” to the partial left-downward path of the base BX;. Finally, we can remove the label “5” from the right bridge

edge e_,'ﬁg of the fork F3X;, thus obtaining a labeling with fewer labels than A4, a contradiction.

Case A-2. The base BX; of X; has a partial downward path on the left side of X;; that is, there is a temporal path from
vertex e; to vertex s; with labels “6,7,8,9,10”.

Case A-2-i. None of the forks F1X;, F2X; has a partial upward path on the left side of X;. Then the base BX; and each
of the forks F!X;, F2X; have a partial upward path on the right side of X;, as otherwise there would be no temporal
paths of length 10 from s; to ti],tiz. Moreover, as none of F1X;, F2X; has a partial left-upward path, it follows that each
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of F1X;, F2X; has a partial downward path on the right side of X;. Indeed, otherwise, there would be no temporal paths
of length 10 between t,.l and tiz. In this case, we can modify the solution as follows: remove the labels “1,2,3,4,5” from the
partial left-upward path of BX; and add the labels “6,7,8,9,10” to the partial right-upward path of the fork F3X;. Finally, we
can remove the label “6” from the left bridge edge e; f,.3 of the fork F3X;, thus obtaining a labeling with fewer labels than
Ay, @ contradiction.

Case A-2-ii. Exactly one of the forks F!X;, F2X; (say F'X;) has a partial upward path on the right side of X;. Then the
fork F2X; has a partial upward path on the left side of X;. Furthermore, the base BX; must have a partial right-upward path,
as otherwise there would be no temporal path from s; to tiz. In this case, we can modify the solution as follows: remove the
labels “1,2,3,4,5” from the partial right-upward path of BX; and add the labels “6,7,8,9,10” to the partial left-upward path

of the fork F2X;. Finally, we can remove the label “5” from the right bridge edge e_iEB of the fork F3X;, thus obtaining a
labeling with fewer labels than 14, a contradiction.
Case A-2-iii. Each of the forks F!X;, F2X; has a partial upward path on the right side of X;. Then we can simply remove

the label “5” from the right bridge edge e_,-ﬁa of the fork F3X;, thus obtaining a labeling with fewer labels than Ag, @
contradiction.

Case B. The fork F3X; has also a partial upward path on the right side of X;. That is, F3X; has partial upward-left,
upward-right, downward-left, and downward-right paths.

Case B-1. The base BX; of X; has no partial downward path on the left side of X;. Then the base BX; of X; has a partial
downward path on the right side of X;, as otherwise there would be no temporal path of length 10 from any of tl.1 , tiz, ti3 to
s;. For the same reason, each of the forks F'X;, F2X; has a partial downward path on the right side of X;.

Note that Case B-1 is symmetric to the case where the base BX; of X; has no partial right-downward (resp. left-upward,
right upward) path.

Case B-1-i. None of the forks F'X;, F2X; has a partial upward path on the left side of X;. This case is the same as Case
A-1-i.

Case B-1-ii. Exactly one of the forks F!X;, F2X; (say F'X;) has a partial upward path on the left side of X;. Then both
the base BX; and the fork F2X; has a partial right-upward path, as otherwise there would be no temporal path of length
10 from s; to tiz. In this case, we can always remove the label “6” from the left bridge edge eifi3 of the fork F3X; (without
compromising the temporal connectivity), thus obtaining a labeling with fewer labels than 14, a contradiction.

Case B-1-iii. Each of the forks F'X;, F2X; has a partial upward path on the left side of X;. That is, each of F!X;, F2X;
has a partial left-upward and a partial right-downward path. The following subcases can occur:

Case B-1-iii(a). None of the forks F'X;, F2X; has a partial right-upward path. Then each of the forks F'X;, F2X; has a
partial left-downward path since otherwise there would not exist temporal paths of length 10 between ti1 and tl?. Further-
more, the base BX; has a partial left-upward path, since otherwise there would not exist a temporal path of length 10 from
si to t} and tiz. In this case, we can remove the label “6” from the right bridge edge e_iﬁ3 of the fork F3X;, thus obtaining a
labeling with fewer labels than 14, a contradiction.

Case B-1-iii(b). Exactly one of the forks F1X;, F2X; (say F!X;) has a partial right-upward path. Then the base BX; has a
partial left-upward path since otherwise there would not exist a temporal path of length 10 from s; to tiz. Similarly, the fork
F1X; has a partial left-downward path since otherwise there would not exist a temporal path of length 10 from ti1 to tiz. In
this case, we can modify the solution as follows: First, remove the labels “10,9,8,7,6” from the partial right-downward path
of BX; and add the labels “10,9,8,7,6” to the partial left-downward path of BX;. Second, remove the labels “5,6” from each
of t two right bridge edges e_iﬁ1 and e_iﬁ3 of the forks F1X; and F3X;, respectively. Third, remove the label “5” from the

right bridge edge eTﬁ1 of the fork F2X;. Finally, add the five labels “5,4,3,2,1” to the partial left-downward path of the fork
F2X;. The resulting labeling Aj, still preserves the temporal reachabilities and has the same number of labels as 14, while
the variable gadget X; is aligned.

Case B-1-iii(c). Each of the forks F'X;, F2X; has a partial right-upward path. In this case, we can always remove the label
“5” from the left bridge edge e; f,-3 of the fork F3X;, thus obtaining a labeling with fewer labels than A, a contradiction.

Case B-2. The base BX; of X; has partial left-downward, right-downward, left-upward, and right-upward paths. Then,
due to symmetry, we may assume w.l.o.g. that the fork F!X; has a left-upward path. Suppose that F!X; has also a left-
downward path. In this case, we can modify the solution as follows: remove the labels “1,2,3,4,5” and “10,9,8,7,6” from the
partial right-upward and right-downward paths of BX; and add the labels “6,7,8,9,10” and “5,4,3,2,1” to the partial left-
upward and left-downward paths of the fork F2X;. Finally, we can remove the label “6” from the right bridge edge eTEB of
the fork F3X;, thus obtaining a labeling with fewer labels than Ag, a contradiction.

Finally, suppose that F!X; has no partial left-downward path. Then F!X; has a partial right-down path since otherwise
there would not exist any temporal path of length 10 from til to s;. Similarly, the fork F2X; has a partial right-upward path
since otherwise there would not exist any temporal path of length 10 from ti] to tiz. In this case, we can modify the solution
as follows: First, remove the labels “1,2,3,4,5” and “10,9,8,7,6” from the partial left-upward and left-downward paths of BX;.
Second, add the labels “6,7,8,9,10” to the partial right-upward path of the fork F!X; and add the labels “5,4,3,2,1” to the
partial right-downward path of the fork F2X;. Finally remove the label “6” from the left bridge edge e; fi3 of the fork F3X;,
thus obtaining a labeling with fewer labels than 4, a contradiction.
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Summarizing, starting from an optimum A4 of G4, in which at least one variable gadget is neither left-aligned nor right-
aligned, we can modify Ay to another labeling A;;, such that A(’; has one more variable-gadget that is aligned and |A4| = |A;§|.
Note that this modification can only happen in Case B-1-iii(b); in all other cases, our case analysis arrived at a contradiction.
Note here that, by making the above modifications of 14, we need to also appropriately modify the bridge edges (within
the variable gadgets) and the inter-variable edges (between different variable gadgets), without changing the total number
of labels in each of these edges. Finally, it is straightforward that all modifications of A4 can be done in polynomial time.
This concludes the proof. O

Lemma 12. If OPTyaL(Gg, 10) < 7n? + 49n — 8k then OPTwvonMaxxor(s) (@) = k, where n is the number of variables in the formula ¢.

Proof. Let A4 be an optimum solution to MAL(G, 10), which uses at most 7n® + 49n — 8k labels. We will prove that there
exists a truth assignment 7 that satisfies at least k clauses of ¢. Lemma 11 implies that every variable gadget of Gy is
either left-aligned or right-aligned in A4. Throughout the proof, we consider an arbitrary variable gadget X;, and we assume
w.lo.g. that X; is left-aligned.

First, we count the minimum number of labels needed in Ay, so that all temporal paths among vertices of X; exist.
Recall that s; is at distance 10 from any t!, where ¢ € {1,2,3}, and t! is at distance 10 from any t/, where ¢ € {1,2,3}\
{¢}. Therefore, any temporal path connecting any two of the vertices in {s;, t}, tlz, t3} is of length 10 and must use labels
1,2,3,...,10 along its edges (in this order). Which implies that the k-th edge on the path (s, a;, b, ci, .. ml , tf) admits
at least the labels k, 11 — k. In total, there must exist at least 5-2 = 10 labels on the base BXj, at least 4-2 = 8 labels on

each fork FfX;, and at least 2 labels on each left-bridge edge eiff. That is, we have at least 10 4+ 3 - (8 + 2) = 40 labels
to temporally connect the vertices {s;, t,l, t,z, t,3} (and also all vertices within the paths among them at the left side of the
variable gadget X;). Furthermore, we need at least two labels for each vertex y at the right side of X; such that there is a
temporal path to and from y in X;, i.e., we need at least 17 - 2 =34 more labels. That is, within the whole variable gadget
X; we need in total at least 40 + 34 = 74 labels in Ag.

Let X; be a variable gadget in G4 that does not share a fork with X;. W.L.o.g. we can assume that X; is right-aligned (all

other cases are symmetric). Using the arguing from above we know that the k-th edge of the path (s;, aj, bT ey m_j[, Fje/),
where ¢’ € {1,2,3}, admits at least the labels k, 11 — k. Observe that the shortest path between the starting vertex s; of

7= ey
Therefore, the inter-variable edge e,-f_jl must admit at least the labels 5, 6. This proves that all of the fork vertices in F‘Z X;j
are reachable by the vertices of the base BX;, and vice versa. Next, we have to make sure that there are temporal paths
among vertices from BX; and BX;. The temporal path from s; to s; through vertices s;,a;, ..., di,d_j, ...,8;j is of length 9.
Except for the edge d,'d_j, all other edges are labeled, therefore did_j has to admit either the label 5 or 6. Since these temporal
paths do not pass through any of the e vertices of BX; and BX;, we still need to ensure that there is a temporal path from
e; to e; and sj, and vice versa (because of the symmetry this is enough to argue that all of the base vertices of BX; and
BX; reach each other). First, to temporally connect e; to ej we do not require any new labels as e; reaches e; using edges

X; and any of the ending vertices tf./ (¢’ €{1,2,3}) of X; is of length 10 and is of the form (si,a;,...,e;, f] V..

elf_] and f] e] at times 5 and 6 respectlvely The (e}, e;)-temporal path uses the same edges, but in the reverse order,

first e; f] at time 5 and then f | el at time 6. The (e;, sj) temporal path that requires the least amount of extra added
labels to X; and X; is the path on vertices e,,dl,d], ..., sj. This implies that the edge d; d] has to admit the label 6. Using
the same path in the reverse direction, we get the temporal path from s; to e; that requires the edge d,-d_j to admit the label

5. Therefore, the edges d,-d_j, e;‘f_je must all admit at least the labels 5, 6. To sum up, to ensure the existence of a temporal
path among two vertices from two variable gadgets that do not share a fork, a labeling must use at least 2- (3+3)+2 =14
extra labels on the inter-variable edges.

Lastly, let X; be a variable gadget in G that shares a fork with X;. W.l.o.g. we can suppose that FlX; = F1Xj. By the
construction of Gy, there exists a temporal path between all vertices in the fork F1X; = F1Xj and all vertices in X; and X;.
As observed, these paths do not use the inter-variable edges. Using the same arguments as in the case when X; and X; do
not share a fork, we get that a minimum labeling must use at least 2 - (2 + 2) + 2 = 10 labels on the inter-variable edges.

The only thing left to inspect is the labeling in the intersecting fork. We distinguish the following two cases.

o The variable gadget X; is right-aligned. Then, by the construction of Gy, the fork F IX;=F!X j is labeled using the same
labeling as in the variable gadget X;. This “saves” 16 labels from the total number of labels used on variable gadgets X;
and X;.

e The variable gadget X; is left-aligned. In this case, each edge in the fork F1X; = lej admits two labels. This “saves”
only 8 labels from the total number of labels used on variable gadgets X; and X;.

From the labeling 14 of G4 we construct a truth assignment t of ¢ as follows. If a variable gadget X; is left-aligned, we
set x; to TRUE and if it is right-aligned, we set x; to FALSE.

17



N. Klobas, G.B. Mertzios, H. Molter et al. Journal of Computer and System Sciences 146 (2024) 103564

Suppose that the labeling 14 satisfies exactly k* clauses. As previously noted, 14 uses at least 74 labels on each variable
gadget. Whenever two variable gadgets X;, X; do not appear in the same clause we need at least 14 extra labels on the
inter-variable edges, and whenever X;, X; appear in the same clause we need at least 10 labels on the inter-variable gadgets.
In the case where X;, X; appear in the same clause and both X; and X; are left-aligned (i.e. clause of ¢ is not satisfied) the
common fork results in 8 less labels, while in the case where X; is left-aligned and X; is right-aligned (i.e. clause of ¢ is
satisfied), the common fork results in 16 less labels. Consequently,

n
|Agpl > 74n + 14(2) — 14m + 10m — 8(m — k*) — 16k*

=67n+7n — 12m — 8k*
= 7n% + 49n — 8k*.

In the above derived equation, we used the fact that ¢ has m = %n clauses. Since |Ag| = OPTmAL(Gy, 10) < 7n% + 49n — 8k
by the statement of the lemma, it follows that k* >k, i.e., A4 satisfies at least k clauses of ¢. O

MAL is clearly in NP, since temporal connectivity can be checked in polynomial time [27]. Hence, the next theorem
follows directly from Theorem 8 and Lemmas 10 and 12.

Theorem 13. MAL is NP-complete on undirected graphs, when the required maximum age is equal to the diameter of the input graph.

4. The Steiner-Tree variations of the problem

In this section, we investigate the computational complexity of the Steiner-Tree variations of the problem, namely MSL
and MASL. First, we prove in Section 4.1 that the age-unrestricted problem MSL remains NP-hard, using a reduction from
VERTEX COVER. In Section 4.2 we prove that this problem is in FPT, when parameterized by the number |R| of terminals.
Finally, using a parameterized reduction from MULTICOLORED CLIQUE, we prove in Section 4.3 that the age-restricted version
MASL is W[1]-hard with respect to the number k of labels (which is a larger parameter than |R|), even if the maximum
allowed age is a constant.

4.1. Computational hardness of MSL
In this section, we prove that MSL is NP-complete.
Theorem 14. MSL is NP-complete.

Proof. MSL is contained in NP, since temporal connectivity can be checked in polynomial time [27]. To prove that the MSL
is NP-hard we provide a polynomial-time reduction from the NP-complete VERTEX COVER problem [26].

VERTEX COVER

Input: A static graph G = (V, E), a positive integer k.

Question:  Does there exist a subset of vertices S C V such that |S| =k and Ve € E there exists a vertex u € S such that u
is an endpoint of e?

In the paper [26], the NP-hardness reductions for VERTEX COVER produce an instance (G, k) such that (G,k — 1) is a NO-
instance of Vertex Cover independently of whether the original instance of the problem that was reduced from is a YES- or
a NO-instance. Hence, we can make the following assumption. Let (G, k) be an input of the VERTEX COVER problem, then G
does not admit a vertex cover of size k — 1. We denote |V (G)| =n, |E(G)| =m and construct (G*, R*, k*), the input of MSL
using the following procedure (for an illustration see Fig. 7). The vertex set V (G*) consists of the following vertices:

two starting vertices N = {ng, ny},

a “vertex-vertex” corresponding to every vertex of G: Uy ={u, | v € V(G)},
an “edge-vertex” corresponding to every edge of G: Ur = {ue | e € E(G)},
2n + 2m(6k +m) “dummy” vertices.

The edge set E(G*) consists of the following edges:

e an edge between starting vertices, i.e., nony,

e a path of length 3 between a starting vertex ny and every vertex-vertex u, € Uy using 2 dummy vertices, and

o for every edge e = vw € E(G) we connect the corresponding edge-vertex u, with the vertex-vertices u, and u,,, each
with a path of length 6k +m + 1 using 6k +m dummy vertices.
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length 3 _H " length 6k +m+1 |

Fig. 7. Illustration of the MSL instance produced by the reduction presented in the proof of Theorem 14, where the blue vertices represent set R*. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

We set R* = {ng} U Ug and k* = 6k + 2m(6k + m + 1) + 1. This finishes the construction. Note that G* is a graph with
3n +m+ 2m(6k + m) + 2 vertices and 1+ 3n + 2m(6k +m + 1) edges. It is not hard to see that the described construction
can be performed in polynomial time.

We claim that (G, k) is a YES instance of the VERTEX CoveRr if and only if (G*, R*, k*) is a YES instance of the MSL.

(=): Assume (G,k) is a YES instance of the VERTEX COVER and let S C V(G) be a vertex cover for G of size k. We
construct a labeling A for G* that uses k* labels and admits a temporal path between all vertices from R* as follows.

For the sake of easier explanation, we use the following terminology. A temporal path starting at no and finishing at
some U, is called a returning path. Contrarily, a temporal path from some u, to ng is called a forwarding path.

Let Us be the set of corresponding vertices to S in G*. From each edge-vertex u, there exists a path of length 6k +m +1
to at least one vertex u, € Us, since S is a vertex cover in G. We label exactly one of these paths, using labels 1,2, ..., 6k+
m + 1. Doing this for all vertices u, € Ug we use m(6k +m + 1) labels. Now we label a path from each v € Us to ny using
labels 6k +m + 2, 6k +m + 3, 6k + m + 4. Each path uses 3 labels, and since S is of size k we used 3k labels for all of them.
At the end we label the edge ngn; with the label £* = 6k + m + 5. Using this procedure we have created a forwarding path
from each edge-vertex u, to the start vertex ng and we used 3k + m(6k +m + 1) + 1 labels.

To create the returning paths, we label paths from n; to each vertex in Us with labels ¢* + 1, £* 4 2, £* + 3. Now again,
we label exactly one path from vertices in Us to each edge-vertex u,, using labels £* + 4, ¢* +5,...,£* +4 + 6k +m. We
used extra 3k + m(6k +m + 1) labels and created a returning path from ng to each vertex in Ug.

Altogether, the constructed labeling uses k* = 6k + 2m(6k +m + 1) + 1 labels. What remains to show is that there exists
a temporal path between any pair of edge-vertices u.,uy € Ug. We can construct a temporal walk W (possibly visiting the
same vertex multiple times) from u, to uy as follows. Starting at u., we go along the forwarding path from u, to no until
we reach ny. By construction, we arrive at ny at time £* — 1. Now consider the returning path from ng to uy. This path goes
through n; and, by construction, arrives at ny at time £*. Hence, we can extend the temporal walk W from ny to uy by
following the returning path from u; onward.

(«<): Assume that (G*, R*,k*) is a YES instance of the MSL. We construct a vertex cover of size at most k for G as
follows.

Consider the temporal paths connecting ng to the vertices in Ug. By the construction of G* each temporal path from
np to a vertex in Ug passes through the set Uy. Hence, for each vertex u, € Ug there is some vertex u, € Uy such that
u, is temporally connected to u.. Now consider the temporal paths connecting the vertices in Ug to ng. Similarly to the
argument above, by the construction of G* each temporal path from a vertex in Ug to ng passes through the set Uy. Hence,
each vertex u, € Ug needs to be temporally connected to some vertex in u, € Uy. Fix some u, € Ug. We can conclude that
there is a u, € Uy such that u, is temporally connected to u, by a temporal path of length 6k +m + 1. Furthermore, there
is an u,s € Uy such that u,s is temporally connected to u. by a temporal path of length 6k +m + 1. If u, # u,s, then we
attribute 12k +m + 2 labels to vertex u.. However, if u, = u,s, then the temporal path of length 6k + m + 1 from u, to u,
and the temporal path of length 6k + m + 1 from u, to u, may share one time edge: Let P, be the unique path in G*
of length 6k +m + 1 that connects u, and u.. Then the (u,, u,)-temporal path (resp. (ue, u,)-temporal path) traverses the
edges of P, from u, (resp. ue) to u, (resp. u,), where the edges of P,. are labeled strictly increasingly. Hence the two
temporal paths may share at most one time edge. Therefore, in this case, we attribute at least 12k + 2m + 1 labels to ue.
Overall, we attribute at least m(12k + 2m + 1) labels to the vertices in Ug.

For a vertex u, € Ug, we call a temporal path from u, to some u, € Uy of length 6k +m + 1 a forwarding path F, for
ue. Similarly, we call a temporal path from some u, to u, of length 6k + m + 1 a returning path R, for u.. For every u,
we have exactly one forwarding path and one returning path. This is true since every additional path would require at least
an additional 6k + m labels on the edges between Uy and Ug, and then at most 1 label could be placed on the remaining
edges, which would result in no temporal paths between {ng,n1} and Uy.

This allows us to make the following observation. We define a partial order <jape; on the set P = {F.,R. | e € E} of
forwarding and returning paths as follows. For two paths P, Q € P, we say that P <jape Q if all labels used in P are strictly
smaller than the smallest label used in Q. We can observe that for any two e, e’ € E with e # e’ we have that F, <jape| Re’
since in order for u, to reach u,, the path F. needs to be used before the path R,. It follows that there is at most one edge
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Fig. 8. An example of an optimal labeling of an MSL instance, where the temporal (sub)-graph connecting terminal vertices R = {a, e} is neither a tree nor
a tree with a C4. Note that this is not a solution to ML, as for example there is no temporal path from c to a or to g. Now, we can remove the labels from
the edges bg, gf, fe and add them (in the same order) to the edges bc, cd, de, respectively. This way, we obtain an optimal solution, where the subgraph
which has labeled edges is a tree (in this case even a path).

e € E such that R, <jape Fe Or Re and F, are incomparable with respect to <japel, Otherwise we would reach a contradiction
to the above observation. From this we can deduce that we attribute 12k + 2m + 2 labels to each of the edges e € E with
Fe <iabel Re, since Fo and R, cannot share any label. Furthermore, there is at most one edge to which we can attribute
12k + 2m + 1 labels, since, as argued earlier, if F, and R, are incomparable with respect to <jape|, they can share at most
one time edge. It follows now that we attribute at least m(12k + 2m + 2) — 1 labels to the vertices in Ug.

We now conclude that there are at most 6k +2 labels used on the edges connecting the sets N and Uy. Next, we identify
two (potentially intersecting) subsets of Uy. We specify Uy € Uy such that u, € U; if and only if there exists a returning
path Re for some e € E that starts in uy. Similarly, we specify U;, € Uy such that u, € Uy, if and only if there exists a
forwarding path F. for some e € E that ends in u,. First, observe that it cannot happen that |U‘J,“| >k and Uy, | > k. If this
was true then we would use at least 2(k 4+ 1)3 labels on the edges connecting the sets N and Uy, which would imply we
have to attribute strictly less than m(12k +2m+ 2) — 1 labels to the vertices in Ug, which is not possible. Therefore, at least
one of the sets U; or U, is of size at most k. Assume that |U$| <|Uy| (the case where |U{,*| > |Uy/| is symmetric). We
claim that S={v|u, eU 3} is a vertex cover of size at most k for G. It is straightforward to see that S is a vertex cover for
G: By the definition of Uﬁ, for every e € E there is a returning path R, starting in a vertex u, such that v is one of the two
endpoints of e. Hence, for every edge e € E, one of its endpoints is contained in S. In the remainder, we show that |S| <k.

To this end, consider the temporal connections from n; to the vertices in Ug. Every edge-vertex u, € Ug is temporally
reachable from exactly one vertex-vertex u, € Uy through the returning path R.. Hence, there needs to be a temporal path
from nq to u, that arrives in u, sufficiently early, such that it can be extended to u, via the returning path R.. We call this
path from ny to u, the short returning path R), of e. Similarly, consider the temporal connections from the vertices in Ug to
ny. Every edge-vertex u, € Ug can reach exactly one vertex u, € Uy via a forwarding path F,. In order to reach ng, there
needs to be a temporal path from u, to n; that starts sufficiently late, such that it can extend the forwarding path from u,.
We call this path from u, to n; the short forwarding path F; of e.

Analogous as before, we define a partial order <jype on the set P’ = {F,, R, | e € E}UP of (short) forwarding and (short)
returning paths. For two paths P, Q € P/, we say that P <j,pe Q if all labels used in P are strictly smaller than the smallest
label used in Q. Now consider two edges e, f € E such that the forwarding path F. ends in u, and the returning path Ry
starts in u,» with v £ v’. Then, by the construction of G*, there must be a temporal path P from u, to n; and a temporal
path P’ from n; to u,r, such that F,, P, P’, and Ry can be concatenated to a temporal path from u, to uy. We can assume
w.lo.g. that P=F, and P’ = R’f. It follows that we must have F, <japel F} <iabel R/f <label Ry whenever the end vertex u,
of Fe is different from the start vertex u,, of Ry. Next, we categorize the short forwarding and short returning paths by
their start and end vertices, respectively. Define 7, = {F} | F, starts at u,} and R; = {R} | R, ends at u,}. From what we
proved above it follows that for any P € 7}, and Q € R|,, where v # v/, we must have P <jzpe Q.

Assume now for contradiction that |S| > k which means that |U¢| >k and |U, | > k. We analyze the case where for all
uy € U, we have |F,|=1 and for all u, € U$ we have |R;| =1 and show that already this case yields a contradiction.
From here on we denote 7, ={F,} and R} = {R}}. Similarly, as in arguments we made before, we have that for at most
one v € V we can have that R, <japel F;, or R/, and F), are incomparable with respect to <. Hence, at most one pair of
paths, R}, and F}, can share a time edge. Since |U$| >k and |Uy | > k implies that there are at least 2k + 2 paths, we have
that 2k paths need three labels each and at most one pair of paths needs five labels in total. However, this yields a number
of at least 6k + 5 labels, which is more than the 6k + 2 labels available for these paths. Hence, the assumption that |S| > k
leads to a contradiction, which proves that S really is a vertex cover of size at most k. O

4.2. An FPT-algorithm for MSL with respect to the number of terminals

In this section we provide an FPT-algorithm for MSL, parameterized by the number |R| of terminals. The algorithm is
based on a crucial structural property of minimum solutions for MSL: there always exists a minimum labeling A that labels
the edges of a subtree T of the input graph G (where every leaf is a terminal vertex), and potentially one further edge that
forms a C4 with three edges of the subtree T. Here, recall a subtree T of G is a subgraph of G that is also a tree.
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Remark 2. Recall that in the case of ML (Theorem 5 and Bumby [9]), we also have that there exist optimal solutions
that label a spanning tree, and potentially one further edge that forms a C4 with the edges of the spanning tree. Note
however that, in the case of MSL, we have a weaker requirement on labelings, namely that only terminal vertices need to
be temporally connected, instead of all vertices as in the case of ML. Therefore, in MSL we have an additional difficulty: can
the abundance of non-terminal vertices (i.e., of vertices that do not need to be temporally connected) lead to a solution for
an MSL instance that is neither a tree nor a tree with a C4, but still has fewer labels than any solution that is either a tree
or a tree with a C4? As we prove in Lemma 15, this cannot happen, i.e., also in the case of MSL it suffices to search for
solutions that have this special topological structure. To do so, we specify how an arbitrary optimal solution for MSL (see
the example of Fig. 8 for an illustration) can be transformed into another optimal solution that is a tree or a tree with a C4.

Intuitively speaking, this insight allows us to use an FPT-algorithm for STEINER TREE parameterized by the number of
terminals [14] to reveal a subgraph of the MSL instance that we can optimally label using Theorem 5. Since the number
of terminals in the created STEINER TREE instance is larger than the number of terminals in the MSL instance by at most a
constant, we obtain an FPT-algorithm for MSL parameterized by the number of terminals.

Lemma 15. Let G = (V, E) be a graph, R C V a set of terminals, and k be an integer such that (G, R, k) is a YES instance of MSL and
(G, R,k — 1) is a NO instance of MSL.

e Ifkis odd, then there is a labeling X of size k for G such that the edges labeled by A form a tree, and every leaf of this tree is a vertex
inR.

o Ifkis even, then there is a labeling A of size k for G such that the edges labeled by )\ form a graph that is a tree with one additional
edge that forms a Ca4, and every leaf of the tree is a vertex in R.

The main idea for the proof of Lemma 15 is as follows. Given a solution labeling 2, we fix one terminal r* and then
(i) we consider the minimum subtree in which r* can reach all other terminal vertices and (ii) we consider the minimum
subtree in which all other terminal vertices can reach r*. Intuitively speaking, we want to label the smaller one of those
subtrees using Theorem 5 and potentially adding an extra edge to form a C4; we then argue that the obtained labeling
does not use more labels than A. To do that, and to detect whether it is possible to add an edge to create a C4, we make a
number of modifications to the trees until we reach a point where we can show that our solution is correct.

Proof of Lemma 15. Assume there is a labeling A for G that labels all edges in the subgraph H of G with k labels such that
all vertices in R are pairwise temporally connected. We describe a procedure to transform H into a tree T by removing
edges from H such that T can be labeled with k labels such that all vertices in R are pairwise temporally connected.

Consider a terminal vertex r* € R. Let Hﬂ; be a minimum subgraph of H and Art a minimum sublabeling of A for Hrt
such that r* can temporally reach all vertices in R\ {r*} in (Hrt, krt). Let us first observe that Hrt is a tree where all leaves
are vertices from R and )\‘rt assigns exactly one label to every edge in Hrt.

First note that all vertices in (Hrt, krt) are temporally reachable from r*. If a vertex is not reachable, we can remove it,
a contradiction to the minimality of Hﬁ;. Now assume that Hrt is not a tree. Then there is a vertex v € V(Hﬂ;) such that v
is temporally reachable from r* in (Hrt, kj;) via two temporal paths P, P’ that visit different vertex sets, i.e. V(P) # V (P’).
Assume w.lo.g. that both P and P’ are foremost among all temporal paths that visit the vertices in V(P) and V(P’),
respectively, in the same order. Let the arrival time of P be at most the arrival time of P’. Then we can remove the last
edge traversed by P’ with all its labels from (H?;,A;i) such that afterwards r* can still temporally reach all vertices in
R\ {r*}, a contradiction to the minimality of H . From now on, assume that H;. is a tree. Assume that H. contains a leaf
vertex v that is not contained in R. Then we can remove v from (H}%, A %) such that afterwards r* can still temporally reach
all vertices in R\ {r*}, a contradiction to the minimality of Hrt. Lastly, assume that there is an edge e = uv in Hj; such that
)\;i assigns more than one label to e. Let v be further away from r* than u in Hrt and let P be a foremost temporal path
from r* to v in (H%, 2;%) with arrival time t. Then we can remove all labels except for ¢ from e and afterwards r* can still
temporally reach all vertices in R\ {r*}, a contradiction to the minimality of A;.

Let H,. be a minimum subgraph of H and A,. a minimum sublabeling of A for H,. such that each vertex in R\ {r*} can
temporally reach r* in (H., A,.). We can observe by analogous arguments as above that H_. is a tree where all leaves are
vertices from R and A. assigns exactly one label to every edge in H_..

We define the following sets of edges:

The set of edges only appearing in H}\: Ef = E(H) \ E(H}»).

The set of edges only appearing in H.: E. = E(H) \ E(H:;).

The set of edges appearing in both H;\ and H.: E}.” = E(H,.) NE(H,.).

The set of edges appearing in both H;, and H_. that receive the same label from A and A.: Ef, ={e € E™ | Al (e) =
(@)
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£, H. such that HY is a minimum
subgraph of H and )»rt a minimum sublabeling of A" for Hrt such that r* can temporally reach all vertices in R\ {r*} in
(H%,»%) and H. is a minimum subgraph of H and A~ a minimum sublabeling of A’ for H,; such that each vertex in

o Mopx
R\ {r*} can temporally reach r* in (H., A..), and |E(Hrt)| +|E(H..)| — |Ef| =k — x for some x>0 and

We claim that there exists a labeling A’ of size k for G such that there are two trees H},

r*
o |Ef| <x+1ifkis odd, and

e if k is even, then |E'.| <x+ 2 and there exist two edges et,e” in H that each of them, when added to H

respectively, creates a C4 in Hrt, H_., respectively.

+H—

s Mgy

We first argue that the statement of the lemma follows from this claim. Afterwards, we prove the claim. Assume that
|E;§| <|E,.| (the case where |E;§| > |E,.| is analogous).
Assume that |E}.| < x + 1. Then we clearly have

2E(H)| —1=2|EL| +2|EL 7| =1 < |[EHD|+EH )| — 1=k —x+|Eji| — 1 <k.

It follows that we can temporally label Hrt with at most k labels such that all vertices in Hrt can pairwise temporally reach
each other, using the result that trees with m edges can be temporally labeled with 2m — 1 labels (see Theorem 5). Since
we assume (G, R,k —1) is a NO instance of MSL it follows that k =2m — 1 and hence this can only happen if k is odd.

Assume that |E}.| < x4 2 and there exist two edges et e in H that each of them, when added to H;’;, H_., respectively,
creates a C4 in Hj;, H_., respectively. Then we clearly have

20E(HE) Ule™)| —4=2|EL|+2|E | =2 < [E(HD)| + |E(H)| —2=k —x+ |Ef:| —2 <k.

It follows that we can temporally label H;Q together with edge e™ with at most k labels such that all vertices in H;Q with
edge et can pairwise temporally reach each other, using the result that graphs containing a C4 with n vertices can be
temporally labeled with 2n — 4 labels (see Theorem 5). Since we assume (G, R,k — 1) is a NO instance of MSL it follows
that k = 2n — 4 and hence this can only happen if k is even.

Now we prove that there exists a labeling A’ of size k for G such that there are two trees HY, H~ such that H is
a minimum subgraph of H and A; a minimum sublabeling of A’ for Hrt such that r* can temporally reach all vertices
in R\ {r*} in (H,A%) and H. is a minimum subgraph of H and A a minimum sublabeling of A’ for H such that
each vertex in R\ {r*} can temporally reach r* in (H..,A.), and |E(Hrt)| +|E(H2)| — |Ej| =k — x for some x > 0 and
[EX| <x+1.

Let H, H,. be two trees such that H;\ be a minimum subgraph of H and ;. a minimum sublabeling of A" for H\
such that r* can temporally reach all vertices in R\ {r*} in (H/, %) and H,. be a minimum subgraph of H and A a
minimum sublabeling of A" for H. such that each vertex in R\ {r*} can temporally reach r* in (H ., A). Furthermore, let
|E(H;§)| +|E(H)| — |Ef| =k —x for some x > 0. We will argue that by slightly modifying the labeling A (and with that )Lrt
and A, that way ultimately obtaining 1) and H;Z, H_., we achieve that |E(H,t)| +|E(H)| — |Ef| =k — X' for some x' >0
and either |Ef| <X +1 or |E}| <X’ + 2. We will argue that in the former case, we must have that k is odd, and in the
latter case we must have that k is even. Note that if |E}.| =1 we are done, hence assume from now on that |E}.| > 2.

We consider several cases. For the sake of presentation of the next cases, define the head of a temporal path as the last
vertex visited by the path and the extended head of a temporal path as the last two vertices visited by the path. Furthermore,
define the tail of a temporal path as the first vertex visited by the path and the extended tail of a temporal path as the first
two vertices visited by the path.

Case A. Assume there is a temporal path P from r* to some r € R \ {r*} in Hrt that traverses two edges in Ej.. Let
e,e’ € Ef. with e # e’ such that there is a temporal path P from r* to some r € R\ {r*} in H;’; that traverses w.l.o.g. first e
and then ¢’ and a maximum number « of edges lies between them in P and the distance 8 between r* and e is minimum.
Note that this implies that A (e) < A% (e").

In the following we analyse several cases. In some of them we can deduce that the labeling A must use labels that are
not present in )»rt or A.. that are unique to that case. This implies that for each of these cases we can attribute one label
outside of A, and A, to edge e or ¢'.

In some other cases we describe modifications that do not increase \E(Hj;) UE(H.)| and either

r*

e strictly decrease g, or

e strictly decrease « and not increase f, or

o strictly decrease |E}.| and not increase o and g,
while preserving that

e H and H;. are trees with leaves in R, and
. A;ﬁ and A_. assign at most one label per edge.
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o)

(a) Case A: an example of a path P from r* in H:Z7 that (b) Case A-1: an example of P in Hrt and P’ in H, ., that

traverses e, e’ € E:* . share e, e’ € E:f* -

(c) Case A-1-i: P* from 72 to 71 either uses no labels from
A or no from A .

(e) Case A-1-ii: P* from 71 to 7 either uses no labels from
A% or no from .. (f) Modification of Case A-1-ii.

Fig. 9. Cases A-1 - A-1-ii, where blue color corresponds to the labeling )\ﬁ; and red to A..

Whenever a modification satisfies the above requirements it is clear that it can only be applied a finite number of times.
Whenever we describe a case that requires modifications that do not satisfy the above requirements, we explicitly show
that these modifications can only be applied a finite number of times as well. Overall this then shows that after a finite
number of modifications, none of the described cases will apply.

We partition the temporal path P into the part Py from r* to e, the part consisting of e itself, the part P, between e
and e’, the part consisting of e’ itself, and the part P3 from e’ to r. Now in H,. we can have two different scenarios. For
illustrations of all variations of Case A see Figs. 9 to 13.

Case A-1. There is a temporal path P’ from some r’ € R\ {r*} to r* in H/. that traverses both e and e’. Note that this
implies that e is traversed before e’.

We partition the temporal path P’ into the part P} from r’ to e, the part consisting of e itself, the part P/ between e
and ¢/, the part consisting of e’ itself, and the part P from e’ to r*.

The analysis of each one follows from the observation that the labels in P} are larger than the ones in P;.

Case A-1-i. Assume there is a path Py in H;’; starting at a vertex that is visited by Py and ending at 7y € R \ {r*} such
that 71 =1 or 131 and P} intersect in a vertex. For our analysis, we treat these two cases the same since in both cases we
can assume that ' can reach 71, in the latter through the intersection point. If there is a path Py in H_. starting at some
f2 € R\ {r*,r'} and ending at the extended tail of P} or P, then the temporal path P* in (G, 2) from f; to ; either uses
no labels from )L:; or no from A..

Case A-1-ii. Assume there is a path Py in H,. starting at #1 € R\ {r*} and ending at a vertex that is visited by P}, such

that 71 =r or 131 and P3 intersect in a vertex. Again for our analysis, we treat these two cases the same since in both cases
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we can assume that 77 can reach r, in the latter through the intersection point. If there is a path Py in Hrt starting at the

extended tail of P; or P, and ending at some 7, € R\ {r*,r}, then the temporal path P* in (G, A) from 7 to 7, either uses

no labels from ;% or no from A..

Assume that one of the above two applies. We assume that there is no path P, in H,. starting at some 7, € R\ {r*, 1"}
and ending at the extended tail of P} or P in Case A-1-i and that there is no path P, in H;; starting at the extended tail
of P1 or P, and ending at some 7, € R\ {r*, r}, since in both cases we can directly deduce that we need labels outside of
Art and A... Then we modify A in the following way without changing its connectivity properties. First, we scale all labels
in A by a factor of |V|.

The idea is first to essentially switch the roles of P} and P; in Case A-1-i and switch the roles of P; and P; in Case
A-1-ii. Assume Case A-1-i applies.

e We remove P;’s edges and labels from H;; and A::, respectively, add Py’s edges to H... Add the edges between the
(original) tail of P to e to H,, and add the respective labels for those edges from A7, also to A~. Add new labels for
the edges of Py to A= such that there are temporal paths from r’ to r* that does use edges from P;.

e We remove P}’s edges and labels from H. and A, respectively, add P}’s edges to H:;, and add new labels for the
edges of P} to )L;Z such that there is a temporal path from r* to r’.

Now assume Case A-1-ii applies. We make analogous modifications.

e We remove Py’s edges and labels from H. and A_., respectively, add Py’s edges to H;’;. Add the edges from the head
of P; to e to H;’; and add the respective labels for those edges from A, also to )L;Z. Add new labels for the edges of
Py to A;’; such that there are temporal paths from r* to r that does use edges from Ps3.

o We remove P3’s edges and labels from H;’; and )\;Z, respectively, add P3’s edges to H
edges of P3 to A.. such that there are temporal paths from r to r*.

> and add new labels for the

Note that after the modifications H. and H. are still trees, and 2. and A still assign at most one label per edge.
Furthermore, we have that the modification do not increase the sum of edges in both trees |E(Hj;) U E(H..)|. Note that
these modifications potentially increase |E}.| and . However, note that in both cases we strictly decrease 8. From now on
assume that Cases A-1-i and A-1-ii do not apply.

We start with three further subcases. The analysis of each one follows from the observation that the labels in P} are
larger than the ones in P1.

Case A-1-iii. Assume there is a path P in Hrt starting at a vertex that is visited by Pq but is different from its tail and
extended head and ending at some 7 € R\ {r*, r}. Then the temporal path P* in (G, A) from r’ to 7 needs at least one label
that is not contained in kj; or ... More specifically, P* either uses no labels from x:; or no from A_..

Case A-1-iv. Assume there is a path P in H_. starting at some € R\ {r*,r’} and ending at a vertex that is visited by P}
but is different from its extended tail and head. Then the temporal path P* in (G, ) from 7 to r needs at least one label
that is not contained in k,t or A... More specifically, P* either uses no labels from x;t or no from A_..

Case A-1-v. Assume there is a path Py in Hrt starting at a vertex that is visited by P, but is different from its tail
and extended head and ending at some 1 € R\ {r*, r}. Furthermore, assume there is a path Py in H,. starting at some
2 € R\ {r*,r'} and ending at a vertex that is visited by P/ but is different from its extended tail and head. Then, if 7 # f;
and P, # P, or the starting vertex of Py is by at least two edges closer to e than the starting vertex of P, the temporal
path P* in (G, 1) from 7 to 71 needs at least one label that is not contained in )L;i or ... More specifically, P* either uses
no labels from Aj; or no from A_..

In the above three Cases A-1-iii to A-1-v we do not make any modifications, since we can directly deduce that we need
labels outside of k;’; and A.. For the remainder of this case distinction, we assume that Cases A-1-iii to A-1-v do not apply.

We can further observe the following using analogous arguments as above.

Case A-1-vi. Assume there is a path Py in H:; starting at the extended head of P; and ending at some 71 € R\ {r*,r,r'}.
If there is a path P, in H. starting at some 7 € R\ {r*,r’} and ending at a vertex from P/ that is not its tail or a vertex
from P}, then, if 7, # 74, the temporal path P* in (G, 1) from ; to 7 either uses no labels from )»;Q or no from A..

Case A-1-vii. Assume there is a path f’1 in H. starting at some f1 € R\ {r*,r,r’} and ending at the extended tail of Pg. If
there is a P, in Hrt starting at a vertex from P; or a vertex from P, that is not its head and ending at some 7, € R\ {r*,r},
then, if 71 # , the temporal path P* in (G, 1) from 7 to 7, either uses no labels from A;Z or no from A..

First, assume that Case A-1-vi or Case A-1-vii or none of them apply. Then we modify A in the following way without
changing its connectivity properties. First, we scale all labels in A by a factor of |V|.

The idea is first to essentially switch the roles of P and Pg.
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(a) Case A-1-iii: P* from 7’ to 7 either uses no labels from (b) Case A-1-iv: P* from 7 to r either uses no labels from
)\:Z or no from A, )\:Z or no from A .

I 1

\\—~‘13L // "

(c) Case A-1-v: P* from 72 to 71 either uses no labels from (d) Case A-1-vi: P* from 72 to 71 either uses no labels from

)\:,r* or no from A .. )\:Z or no from A ..

(e) Case A-1-vii: P* from 71 to 72 either uses no labels from
)\j; or no from )\,r_*.

Fig. 10. Cases A-1-iii — A-1-vii, where blue color corresponds to the labeling A:Z and red to A..

e We remove Pq’s edges and labels from Hrt and )»;i, respectively, add Pq’s edges to H.., and add new labels for the
edges of P to A.. such that there are temporal paths from both endpoints of e to r* that only use the new labels.
e We remove P’s edges and labels from H_. and A, respectively, add P4’s edges to Hrt, and add new labels for the

edges of P} to Art such that there are temporal paths from r* to both endpoints of e that only use the new labels.

In both modification above, we assume w.l.o.g. that the smallest and the largest label assigned to an edge of P; by )\rt
before the modification are equal the smallest and the largest label, respectively, assigned to an edge of P} by )\pi after
the modification. Symmetrically, we assume w.l.o.g. that the smallest and the largest label assigned to an edge of P} by A ..
before the modification are equal the smallest and the largest label, respectively, assigned to an edge of P1 by A.. after the
modification. Note that now there is a path from r* to r in (H;’;, )L;i) that does not use edges e and e’. Furthermore, there
is a path from ' to r* in (H., A;») that does not use edges e and e'.

Now we have to adjust labels on e, €/, P2, and P/, depending on whether Case A-1-vi, Case A-1-vii or none of them

apply.

e If Case A-1-vi applies, then we remove e, ¢/, and the edges of P, and their labels from H_. and A, respectively.
Furthermore, we exchange the labels of e and e’ and the edges of P, assigned by Aj; in a way that there is a temporal
path from r* to 71 (see Case A-1-vi) in (H %, A%).

25



N. Klobas, G.B. Mertzios, H. Molter et al. Journal of Computer and System Sciences 146 (2024) 103564

TR

7 >
P .

- ”l
A

(a) Modification of Case A-1-vi.

(¢) Modification when none of the cases A-1-vi or A-1-vii
apply.

Fig. 11. Modifications for cases A-1-vi — A-1-vii, where blue color corresponds to the labeling A,*.; and red to A..

o If Case A-1-vii applies, then we remove e, ¢/, and the edges of P, and their labels from Hrt and Aj;, respectively.
Furthermore, we exchange the labels of e and e’ and the edges of P} assigned by A in a way that there is a temporal
path from 7y (see Case A-1-vii) to r* in (H ., A%).

o If none of the Cases A-1-vi and A-1-vii apply, then we remove e its labels from Hrt and )\;Z, respectively, and we remove
e’ its labels from H . and A, respectively. We modify the labels of P, assigned by Art is a way that all terminals that
were reachable from r* before the modifications can now be reached via e’. We modify the labels of P/ assigned by A.
is a way that all terminals that could reach r* before the modifications can now reach r* via e.

Note that after the modifications H:; and H_. are still trees, and Aﬂ; and A still assign at most one label per edge.
Furthermore, we have that the modification do not increase the sum of edges in both trees |E(H:;) U E(H)|. Lastly, and
most importantly, we have that at least one of Hrt and H;. does contain both edges e and e’. It follows that we strictly
decrease |E}.| without increasing «.

It follows that after exhaustively performing the above modifications we have that if Case A-1 applies, then one of the
Cases A-1-iii to A-1-v has to apply.

Case A-2. There are two temporal paths P’, P” from some r’,1” € R\ {r*}, respectively, to r* in H.. such that P’ traverses
e and P” traverses e’. We consider several different subcases. Let e = uv and let u be the vertex that is closer to r* in Hrt.
Partition P’ into P} from 1’ to e, then e, and then P} from e to r*.

Case A-2-i. Assume the head of P} is v.

We remove e and its labels from H. and A, respectively. To obtain a new path in (H, i), we traverse P/, then
traverse P, (by modifying A.. on P accordingly) which lets us reach P” and then we traverse P” to reach r*.

Note that after the modifications H,. is still a tree and X_. still assign at most one label per edge. However, the size of
E}. changes, in particular it can increase, but the maximal number o of edges between two edges from E}. in P decreases
by one.

Case A-2-ii. Assume the head of P} is u. Assume there is a path P in Hrt starting at a vertex that is visited by P1 but
is different from its tail and extended head and ending at some 7 € R\ {r*,r}, such that 7 =1’ or P and P} intersect in a
vertex. For our analysis, we treat these two cases the same since in both cases we can assume that r’ can reach 7, in the
latter through the intersection point.

Case A-2-ii(a). Furthermore, assume there is a path P’ in H,. starting at some ' € R\ {r*, 1’} and ending at a vertex that
is visited by P). Then the temporal path P* in (G, ) from i’ to r’ either uses no labels from Art or no from A..

Case A-2-ii(b). Furthermore, assume there is a path P” in H,. starting at some 7’ € R\ {r*,r’} and ending at a vertex
that is visited by P4. Then the temporal path P* in (G, ) from #” to 1’ either uses no labels from )\pi or no from A..

Assume that Cases A-2-ii(a) and (b) do not apply. Then we modify A in the following way without changing its connec-
tivity properties. First, we scale all labels in A by a factor of |V|.

The idea is to essentially switch the roles of P and P,
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Case A-2-ii(a): P* from ¥’ to r’ either uses no labels from

d)
. or no from A.

(
AT

(e) Case A-2-ii(b): P* from 7/ to r’ either uses no labels from  (f) Modification of Case A-2-ii when A-2-ii(a) and A-2-ii(b)
A or no from A L. do not apply.

Fig. 12. Cases A-2-i - A-2-ii, where blue color corresponds to the labeling )L:Z and red to A..

(a) Case A-2-iii: P* from #' to r either uses no labels from
)\;"* or no from )\T_*. (b) Modification of Case A-2-iii.

Fig. 13. Case A-2-iii, where blue color corresponds to the labeling A:Z and red to A..

e We remove P;'s and P’s edges and labels from Hrt and )L;CF, respectively, add P’s edges to H,.. Add the edges from the

tail of P to r* to H. and add labels for those edges to A, such that there is a path from 1’ to r* in (H:, 1) that uses
the newly added labels.
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+

~, and add new

e We remove P)’s and P)’s edges and labels from H_. and A, respectively, add P}’s and P)’s edges to H
labels for the edges of P} and P to A} such that there is temporal path from r* to 7 in (H;\, A%).

Note that after the modifications Hrt and H_. are still trees, and A;’; and A still assign at most one label per edge.
Furthermore, we have that the modification do not increase the sum of edges in both trees |E(H;’;) U E(H)|. Lastly, and
most importantly, we have that the path from r* to r in H;Z does not contain both edges e and e’. It follows that we
decreased o.

Case A-2-iii. Assume the head of P} is u. Assume there is a path P in H;’; starting at a vertex that is visited by P
but is different from its tail and extended head and ending at some 7 € R\ {r*,r,r’}. Then the temporal path P* in (G, 1)
from r’ to 7 either uses no labels from )L;Z or no from A.. Furthermore, assume there is a path P’ in H_. starting at some
# € R\{r*,r'} and ending at a vertex that is visited by P/, but is different from its extended tail and head. Then the temporal
path P* in (G, 1) from 7’ to r either uses no labels from )Lj; or no from A..

We again modify A in a way that does not change its connectivity properties. First, we scale all labels in A by a factor of
|V|. We essentially switch the roles of Py and P,.

We remove Pq’s edges and labels from Hrt and Aj;, respectively, add P1’s edges to H_., and add new labels for the edges
of Py to A.. such that there are temporal paths from both endpoints of e to r* that only use the new labels. We remove
P}’s edges and labels from H,. and A., respectively, add P}’s edges to Hrt, and add new labels for the edges of P to )\rt
such that there are temporal paths from r* to both endpoints of e that only use the new labels.

Note that now there is a path from #' to r* in (H.., 1) that does not use edge e. Further note that after the mod-
ifications Hrt and H. are still trees, and Art and A. still assign at most one label per edge. Furthermore, we have that
the modification do not increase the sum of edges in both trees |E(Hrt) UE(H.)|. It follows that we strictly decrease |E. |
without increasing .

Now consider the case where we have a temporal path P from some r € R\ {r*} to r* in H. that traverses both e and
e’ and two temporal paths Pq, P, from r* to some ri,r2 € R\ {r*}, respectively, in Hrt such that P traverses e and P,
traverses e’. This case is analogous to the previously discussed case.

From now on we assume that Case A-2 does not apply.

Case B. From now on we assume that none of the above described cases apply. This means that there is no path from
r* to some r € R\ {r*} in Hrt that traverses both e and e’ and there is no path from some r’ € R\ {r*} to r* in H,, that
traverses both e and e'. It follows that for every e € Ef. we have a path in Hﬁ; from r* to some r € R\ {r*} that only
traverses e from the edges in Ef. and we have a path in H . from some 1’ € R\ {r*} to r* that only traverses e from the
edges in E},. All the following cases are illustrated in Fig. 14.

Case B-1. Let e, ¢’ € E. and let Py be a path in Hrt from r* to some r; € R\ {r*} that only traverses e from the edges in
E¥ and let P, be a path in H., from some r; € R\ {r*} to r* that only traverses e from the edges in E.. Let P} be a path
in Hrt from r* to some rj € R\ {r*} that only traverses e’ from the edges in E’. and let P/, be a path in H.. from some
1, € R\ {r*} to r* that only traverses e’ from the edges in E}..

Consider the case where all choices of P1, P2, P}, P}, with the above properties we have r; =r} or P1 and P/ intersect
in a vertex after they traversed e and e’, respectively. Again for our analysis, we treat these two cases the same since in
both cases we can assume that r}, can reach ry, in the latter through the intersection point. The case where all choices of
Py, Py, P}, P, with the above properties we have r; =, or P{ and P, intersect in a vertex after they traversed e’ and e,
respectively, is symmetric.

Fix temporal paths Pq, Py, P}, P, with the above properties and r; =/, or Py and P} intersect in a vertex after they
traversed e and e’, respectively. Let P1 be the path segment from e to the first vertex included in P/, (excluding e) and let
135 be the path segment from the last vertex included in P; to e’ (excluding e’).

Case B-1-i. Assume |P;] < |I3/2| (the opposite case is symmetric) and [P1] + |13/2| > 3 (not both paths are only a single
edge). We remove 13/2'5 edges and e and the corresponding labels from H_. and A.., respectively, such that there is a
temporal path from 1, to e that uses the new labels.

Note that after the modifications H:; and H_. are still trees, and )L;Z and A still assign at most one label per edge.
Furthermore, we have that the modification do not increase the sum of edges in both trees |E(H:;) U E(H)|. Lastly, and
most importantly, we have that at least one of H:Z and H. does contain both edges e and ¢’.

Case B-1-ii. Assume |131\ = |13§| =1, that is, both paths are only a single edge é; and é,, respectively.

Case B-1-ii(a). The edges e, €/, 1, and &, form a C4. Then we are in the case that k is even. In this case we set &1 to be
et and we set &, to be e~. One of these two edges will be used to close the C4, depending on whether which of H:; and
H_. has fewer edges. The edges e and e’ stay in E}, and will be the only two edges for which we cannot account a label in
A that is not present in A:; or A... In this case we have that |E}.| <x +2 is fulfilled.

If Case B-1-ii(a) never applies, then we are in the case that k is odd and we have to be able to account a label in A that
is not present in Aﬂ; or A for all but one edge in Ej..

Case B-1-ii(b). The edges e, €/, &1, and e, do not form a C4. Let e =uv and ¢’ =u’v’ and let u and u’ be the vertices
closer to r* in Py and P}, respectively. Then this means there is either at least one edge e* between r* and u or between
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(e) Modification of Case B-1-ii-b. (f) Case B-2: rT # r;r and r— #7r;.

Fig. 14. Cases B-1 - B-2, where blue color corresponds to the labeling A:; and red to A..

r* and u’. Consider the case where e* is between r* and u and let e* = uu* for some vertex u*. In this case e* is contained
in Hrt. The other case is symmetric. Let e** be the edge between r* and u in H_., that is incident with u.

Note that Aj;(e*) < Art(e) < A (e™). We now make the following modification. We remove label )»:; (e*) and add a new
label to €5 in )»;; that is chosen in a way that allows for a temporal path from r* to ry via ¢’ and then é,.

Case B-2. Fix some e € Ef, and let P* be a path in Hrt from r* to some r* e R\ {r*} that only traverses e from the
edges in E}. and let P~ be a path in H.. from some r~ € R\ {r*} to r* that only traverses e from the edges in E}.. For all
ej € EL \ {e} let PI.Jr be a path in Hﬂ; from r* to some r;r € R\ {r*} that only traverses e; from the edges in E}. and let P;”
be a path in H,. from some r; € R\ {r*} to r* that only traverses e; from the edges in E}.. Note that for all i # i’ we have
that r}" #r; and r;” #r; . Now consider edge e;. If A% (e) < A% (ej), then the temporal path in (G, 1) from r; to r* needs
at least one label that is not contained in A% or A.. If A% (e) > A (), then the temporal path in (G, 1) from r~ to r;"
needs at least one label that is not contained in )\rt or A... This implies, if Case B-1-ii(a) does not apply, that A contains at
least |E}.| — 1 labels that are not contained in Art or A and hence |E}.| <X’ + 1. If Case B-1-ii(a) applies, then A contains
at least |E}.| — 2 labels that are not contained in Art or A and hence |E\| <X +2.

This finishes the proof. O

Having Lemma 15, we can now give our algorithm for MSL. As mentioned before, it uses an FPT-algorithm for STEINER
TREE parameterized by the number of terminals [14] as a subroutine. Recall the definition of STEINER TREE.

STEINER TREE
Input: A static graph G = (V, E), a subset of vertices R C V and a positive integer k.
Question: Is there a subtree of G that includes all the vertices of R and that contains at most k edges.

Let (G, R,k) be an instance of MSL. Note that if G is C4-free, then Lemma 15 immediately implies that we can use an
algorithm for STEINER TREE on the same input graph G with the same terminal vertices R and check whether the resulting
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solution subtree has at most k* = [(k + 1)/27 edges. In the case where G contains C4s, we have to determine first whether
there is a C4 in G that can be labeled in an optimal labeling. Formally, we show the following.

Theorem 16. MSL is in FPT when parameterized by the number |R| of terminals.

Proof. Assume we have access to an algorithm .4 for STEINER TREE that on input (G, R) outputs the size of a minimum
solution, that is, an integer k such that (G, R,k) is a YES instance of STEINER TREE and (G, R,k — 1) is a NO instance of
STEINER TREE.

Let (G, R,k) be an instance of MSL and let k* = A(G, R). For all C4’s in G let k¢, = A(G, R U V(Cy)). If there exist a
C4 in G such that kc, =k*, then (G, R, k) is a YES instance of MSL if and only if k > 2k* — 2. Otherwise (G, R, k) is a YES
instance of MSL if and only if k > 2k* — 1.

We first show correctness, then we analyse the running time.

(«<): Assume that our algorithm claims that (G, R, k) is a YES instance of MSL. We prove that in this case (G, R, k) is
indeed a YES instance of MSL.

First, consider the case where there exists a C4 in G such that k¢, = k*. Then there exists a subtree of G (a not necessarily
induced subgraph of G that is a tree) connecting all terminal vertices and containing three edges of the C4. We add the
missing edge of the C4 and label the subgraph using Theorem 5. This requires 2k* — 2 labels and clearly afterwards all
terminals can pairwise reach each other. Hence, we have that if k > 2k* — 2, and then (G, R, k) is a YES instance of MSL.

Next, consider the case where there is no C4 in G such that k¢, = k*. Then there exist a subtree of G connecting all
terminal vertices and containing k* edges. We label this tree using Theorem 5. This requires 2k* — 1 labels and clearly
afterwards all terminals can pairwise reach each other. Hence, we have that if k > 2k* — 1, and then (G, R, k) is a YES
instance of MSL.

(=): Assume that (G, R, k) is a YES instance of MSL. We prove that our algorithm correctly determines that (G, R, k) is
a YES instance of MSL.

Let kopt < k such that (G, R, kopt) is a YES instance of MSL and (G, R, kopt — 1) is a NO instance of MSL. By Lemma 15,
we have that if kop¢ is odd, then there is a labeling A of size kopt for G such that the edges labeled by A form a tree H, and
every leaf of H is a vertex in R. It is easy to see that H is a solution for the STEINER TREE instance (G, R). Hence, A(G, R)
outputs a lower bound k* for the number of edges in H. Furthermore, since all leaves of H are terminals, we have that
every vertex in (H, ) can temporally reach every other vertex. By Theorem 5 we know that then A needs 2k* — 1 labels.
This implies that k > kope > 2k* — 1 and the algorithm correctly determines that (G, R, k) is a YES instance.

Now assume that kop is even. Then by Lemma 15 we have that there is a labeling A of size k* for G such that the edges
labeled by A form a graph H that is a tree H’ with one additional edge that forms a C4, and every leaf of H' is a vertex in R.
For the C4 that is formed we have that A(G, RU V (C4)) outputs a lower bound k* for the number of edges in H'. Note that
we have k* < A(G, R), since otherwise 2k* — 2 > 2A(G, R) — 1, which means by Theorem 5 that kopr < 2k* — 2. However,
since all leaves of H’ are terminals, we have that every vertex in (H, A) can temporally reach every other vertex. Hence,
Theorem 5 implies that kope > 2k* — 2. It follows that kope < 2k* — 2 leads to a contradiction and we have k > kqpy > 2k* — 2
and the algorithm correctly determines that (G, R, k) is a YES instance.

Running time: We can use the FPT-algorithm for STEINER TREE parameterized by the number of terminals by Dreyfus
and Wagner [14] for algorithm A, by trying out values for k* from 1 until we find that (G, R, k*) is a YES-instance of
STEINER TREE or k < 2k* — 1. Note that this increases the running time of the algorithm by Dreyfus and Wagner [14] only
by a linear factor. Furthermore, we need to iterate over all C4s in G (there are at most n* of them). Each time we invoke
A(G, RU V(C4)), we increase the number of terminals by at most four. It follows that overall we obtain an FPT running
time for the number of terminals as a parameter. O

4.3. Parameterized hardness of MASL

Note that, since MASL generalizes both MSL and MAL, NP-hardness of MASL is already implied by both Theorems 13
and 14. In this section, we prove that MASL is W[1]-hard when parameterized by the number k of labels, even if the
restriction a on the age is a constant. Note that the number of terminals can be upper-bounded by a function of the
number of labels, since by Theorem 5 we know that to temporally connect |R| at least 2|R| — 4 labels are necessary. Hence,
our results also imply that MASL is W[1]-hard when parameterized by the number |R| of terminals, even if the restriction
a on the age is a constant.

To show our parameterized hardness result, we provide a parameterized reduction from MULTICOLORED CLIQUE. This,
together with Theorem 16, implies that MASL is strictly harder than MSL (parameterized by the number |R| of terminals),
unless FPT = W[1].

Theorem 17. MASL is W[1]-hard when parameterized by the number k of labels, even if the restriction a on the age is a constant.
Proof. To prove that the MASL is W[1]-hard when parameterized by the number of labels, even if the restriction on the
age is a constant, we provide a parameterized polynomial-time reduction from MULTICOLORED CLIQUE parameterized by the

number of colors, which is W[1]-hard [20].
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length 3 I length 3 | length 6 ‘

Fig. 15. Illustration of the MASL instance produced by the reduction presented in the proof of Theorem 17. For better readability, some paths among the
vertices in W and paths among ¢; € C and cj, € W (i # j # k), are not depicted.

MULTICOLORED CLIQUE
Input: A static graph G = (V, E), a positive integer k, a vertex-coloring c: V(G) — {1, 2, ..., k}.
Question: Does G have a clique of size k including vertices of all k colors?

Let (G,k,c) be an input of the MULTICOLORED CLIQUE problem and denote |V(G)| = n,|E(G)| = m. We construct
(G*, R*, a*, k*), the input of MASL using the following procedure (for an illustration see Fig. 15). The vertex set V(G*)
consists of the following vertices:

e a “color-vertex” corresponding to every color of V(G): C={c;|i€{1,2,...,k}},

a “vertex-vertex” corresponding to every vertex of G: Uy = {u, | v € V(G)},

an “edge-vertex” corresponding to every edge of G: Ug = {u. | e € E(G)},

a “color-combination-vertex” corresponding to a pair of two colors of V(G): W ={c; j |i,je{1,2,...,k},i < j}, and
2n+4m+5m + L (k* — 2k — k? + 2k) + L (k3 — 3k? + 2k) “dummy” vertices.

The edge set E(G*) consists of the following edges:

a path of length 3 (using 2 dummy vertices) between a color-vertex c;, corresponding to the color i, and every vertex-
vertex u, € Uy, where v is of color i in V(G), i.e, c(v) =i,

o for every edge e = vw € E(G), where c(v) =i and c(w) = j, we connect the corresponding edge-vertex u, with

- the vertex-vertices u, and u,,, each with a path of length 3 (using 2 dummy vertices),

- the color-combination-vertex c; j, with a path of length 6 (using 5 dummy vertices),

a path of length 12 (using 11 dummy vertices), between each pair of color-combination-vertices, and

a path of length 12 (using 11 dummy vertices), between all pairs of color-vertices c¢; and color-combination-vertices
Cjk» where i ¢ {j,k}, i.e,, we connect the color-vertex of color i with all color-combination vertices of pairs of color that
do not include i.

We set R* = CUW, a* = 12 and k* = 6k+6(k? —k) +6(k? — k) +3(k* — 2k> —k? +2k) + 12(k? — 3k? +2k). Note that k* € O (k*),
hence the parameter number of labels of the MASL instance is upper-bounded by a function of k. Furthermore, observe that
the restriction on the age is a constant. This finishes the construction. It is not hard to see that this construction can be
performed in polynomial time. At the end G* is a graph with 3n+10m+ 3 (k? +k) + 4 (k* — 2k> —k? +2k) + L1 (k® — 3k? 4 2k)
vertices and 3n + 12m + 3 (k* — 2k® — k? + 2k) + 6(k> — 3k? + 2k) edges.

We claim that (G, k,c) is a YES instance of the MuLTICOLORED CLIQUE if and only if (G*, R*, a*, k*) is a YES instance of
the MASL.

(=): Assume (G,k,c) is a YES instance of the MULTICOLORED CLIQUE. Let S C V(G) be the set of vertices that form a
multicolored clique in G. We construct a labeling A for G* that uses k* labels, which are not larger than a* = 12, and
admits a temporal path between all vertices from R* as follows.

Let Us be the set of corresponding vertices to S in G*. For each v € S of color i we label the three edges connecting c;
to u, with labels 1,2, 3, one per each edge, in order to create temporal paths starting in ¢; and with labels 12,11, 10, one
per each edge, in order to create temporal paths that finish in c;. For every edge vw =e € E with endpoints in S we label
the path from both of its endpoint vertex-vertices uy, u,, to the edge-vertex u, with labels 4,5, 6, one per each edge, and
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with labels 9, 8, 7, one per each edge. This ensures the existence of both temporal paths between ¢; and c;. More precisely,
(ci, cj)-temporal path (resp. (cj, ¢j)-temporal path) uses labels 1, 2,3 to reach uy (resp. uy ), from where it continues with
4,5,6 to ue, then with 7, 8,9 reaches uy, (resp. uy) and finally with 10, 11, 12 it finishes in c; (resp. ¢;). Note that since S is
a multicolored clique then each vertex v’ € S is of a unique color i’ and all vertices in S are connected. Therefore, using the
above construction for all vertices in S, vertex ¢; reaches and is reached by every other color vertex c; through the vertex-
vertex uy. Even more, since there is an edge e connecting any two vertices v, w € S, there is a unique edge-vertex u, (and
consequently a unique path), that is used for both temporal paths between vertex-vertices uy, u,, and their corresponding
color-vertices. The above construction clearly produces a temporal path (of length 12) between any two color-vertices. This
construction uses 2 - 3 labels between every color-vertex ¢; and its unique vertex-vertex u,, where v € S and c(v) =1, and
2 -6 labels from each edge-vertex u, to both of its endpoint vertex-vertices, where e is an edge of the multicolored clique
formed by the vertices in S. All in total we used 6k + 12('5) = 6k+6(k? —k) labels, to connect all edge-vertices corresponding
to edges formed by S with their endpoints vertex-vertices.

Now, let ¢;; and cy j be two arbitrary color-combination-vertices. By the construction of G* there is a unique path
of length 12 connecting them, which we label with labels 1,2,...,12 in both directions. This labeling uses 2 - 12 labels
for each pair of color-combination-vertices, hence all together we use 24% labels, since |W|= (’;) this is equal to
3(k* — 2k3 — k2 + 2k).

Finally, let ¢y and c; j be two arbitrary color and color-combination-vertices, respectively. In the case when i’ ¢ {i, j}
there is a unique path of length 12 in G* between them (that uses only the dummy vertices). We label this path with labels
1,2,...,12 in both directions. This procedure uses 2 - 12 labels for each pair of such vertices, hence all together we use
24k(k;1) labels, which equals 12(k3 — 3k2 + 2k). In the case when i’ € {i, j} (w.l.o.g. i’ = i) we connect the vertices using the
following path. In S there exists a unique vertex of color i, denote it v. By the definition of S there is also vertex w € S of
color j, which is connected to v with some edge, denote it e. Therefore, to obtain a (c;, ¢; j)-temporal path, we first reach
uy from ¢; with labels 1,2, 3, then continue to u., using labels 4,5, 6, from where we continue to ¢; j using the labels
7,8,...,12. The (c; j, c;)-temporal path uses the same edges, with labels in reversed order. This construction introduced
2 -6 new labels on the path of length 6 between the edge-vertex u. and the color-combination-vertex c;; and reused all
labels on the (cj, ue)-temporal paths. Repeating this for every color-combination-vertex we use 2 - 6|W| new labels, since
[W|= (’2‘) this is equal to 6(k? — k).

All together A uses 6k + 6(k? — k) + 6(k? — k) + 3(k* — 2k3 — k2 + 2k) + 12(k3 — 3k? + 2k) labels.

(«<): Assume that (G*, R*,a*, k*) is a YES instance of the MASL and let A be the corresponding labeling of G*. Before
we construct a multicolored clique for G, we prove that the distance between any two terminal vertices from R* in G* is
12.

Case A. Let ¢j,cj € C be two arbitrary color-vertices and let e be an edge in G with endpoints of color i and j, i.e.,
e=vw € E(G) and c(v) =1i,c(w) = j. There are two options on how to reach c; from c;. One when the path connecting
them passes through the set Ur and the other, when it passes through the set W.

Case A-1. If the path passes through the set E, we must first go through a vertex-vertex u,, then we go to the edge-
vertex u, continue to the vertex-vertex u, and finish in c;. Since all these vertices are connected with a path of length 3,
we get that the distance of the whole (c;, ¢;)-path is 12.

Case A-2. If the path passes through the set W, then we must go through the color-combination-vertex c¢; j. Since the
path between any color-vertex and color-combination-vertex is of length 12 (we prove this in the following paragraph), the
whole (c;, ¢j)-path is of length 24.

Therefore, the shortest path connecting two color-vertices is of length 12 and must go through the appropriate edge-
vertex.

Case B. Let ¢; ; and ¢y be two arbitrary vertices from the color-combination-vertices and color-vertices. We distinguish
two cases.

Case B-1. First, when i’ ¢ {i, j}. Then, by the construction of G*, there exists a direct path of length 12, connecting them.
Any other (cy, ¢ j)-path must either go from ¢y to some color-combination-vertex cy j, which is then connected with a
path of length 12 to the ¢; j, or go to one of the color-vertices and then continue to the ¢; ;. In both cases the constructed
path is strictly longer than 12.

Case B-2. Second, when i’ € {i, j}. Let c(v) =i and vw =e € E(G) be such that c(w) = j. Then there is a path from c; to
ci,j that goes through the vertex-vertex uy (using a path of length 3), continues to the edge-vertex u. (using a path of length
3), which is connected to the color-combination-vertex ¢; j (using a path of length 6). Hence the constructed (c;, ¢; j)-path
is of length 12. There exists also another (c;, ¢;,j)-path, that goes through some other c; j color-combination-vertex, but it
is longer than 12.

Case C. Let ¢; j and cy j» be two arbitrary color-combination-vertices. By construction of G*, there is a path of length
12 connecting them. Any other (c; j, ¢y jy)-path, must use at least one vertex-vertex, which is at distance 9 from the color-
combination-vertices (therefore the path through it would be of length at least 18), or a color-vertex, which is at distance
12 from the color-combination-vertices. In both cases the constructed path is strictly longer than 12.

It follows that the distance between any two terminal vertices in R* is 12, hence a temporal path connecting them must
use all labels from 1 to 12. Using this property we know that any labeling that admits a temporal path among each pair
of terminal vertices must use all labels 1,2,...,12 on the temporal paths between any two color-combination-vertices ¢; ;
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and ¢y j, and between a color-vertex ¢y and a color-combination-vertex c; j, where i’ ¢ {i, j}. This is true as by construction
there are unique paths of length 12 connecting each pair of them. For these temporal paths we must use 2 - 12%
labels (since |W|= (’;) this is equal to 3(k* — 2k> — k2 + 2k)) and 2 - 12k(";1) labels (which equals 12(k> — 3k? + 2k)).
Therefore, the labeling A can use only 6k + 6(k? — k) + 6(k? — k) labels to connect all other terminals.

Let us now observe what happens with the temporal paths connecting remaining temporal vertices. To create a temporal
path starting in a color-vertex c; and ending in some other color-vertex (or color-combination-vertex), A must label at least
3 edges to allow c; to reach one of its corresponding vertex-vertices u,. Similarly it holds for a temporal path ending in
ci. Since the path connecting ¢; to some other terminal is of length 12, the labels used on the temporal paths starting and
ending in ¢; cannot be the same. In fact the labels must be 1,2, 3 for one direction and 12, 11, 10 for the other. Therefore,
A uses at least 6k labels on edges between vertices of C and Uy. Extending the arguing from above, for c; to reach some
(suitable) edge-vertex u, (where v is one of the endpoints of e) the path needs to continue from u, to u, and must use the
labels 4, 5,6 (or 9, 8,7 in case of the path in the opposite direction). From u, the path can continue to the corresponding
color-combination-vertex c¢; j where it must use the labels 7,8, ...,12, or to the vertex-vertex u, corresponding to the
other endpoint of edge e (the edge e is between v and v’). This finishes the construction of the temporal path from a
color-vertex to the color-combination-vertex and the temporal paths among color-vertices. It remains to connect a color-
combination-vertex with its corresponding color-vertices. The temporal path must go through some edge-vertex u., that
is at distance 6 from it, therefore the labeling must use the labels 1,2,...,6. From u, the path continues to the suitable
vertex-vertex and then to the color-vertex. Using the above labeling we see that A must use at least 2 - 6|W| labels (which
equals 6(k* —k) labels) on the edges between the color-combination-vertices in W and the edge-vertices in Ug and at least
2. 6(’;) labels (which equals 6(k? —k) labels) on the edges between the edge-vertices in Ug and vertex-vertices in Uy. Since
all this together equals k*, all of the bounds are tight, i.e., labeling cannot use more labels.

We still need to show that for every color-vertex c; there exists a unique vertex-vertex u, connected to it such that all
temporal paths to and from c; travel only through u,. By the argument on the number of labels used, we know that there
can be at most two vertex-vertices that lie on temporal paths to or from c;. More precisely, one that lies on every temporal
path starting in ¢; and the other (possibly the same) that lies on every temporal path that finishes in c;. Let now uy, u,
be two such vertex-vertices. Suppose that u, lies on all temporal paths that start in ¢; and u,s on all temporal paths that
end in ¢;. Now let u, be the edge-vertex on a temporal path from ¢; to cj, and let uy, be the vertex-vertex connected to c;
and u.. Therefore the (c;, cj)-temporal path has the following form: it starts in c;, uses the labels 1,2, 3 to reach u,, then
continues to ue with 4,5, 6, then with 7,8,9 reaches u,, and with 10,11, 12 ends in c;. To obtain the (c;, ¢; j)-temporal
path we must label the edges from u, to ¢; j with the labels 6,7, ..., 12, since the edge-vertex u, is the only edge-vertex
connected to the color-combination-vertex c; j that can be reached from c; (if there would be another such edge-vertex,
then the labeling A would use too many labels on the edges between Uy and Ug). Now, for the color-vertex c; to be
able to reach the color-combination-vertex ¢; j, it must use the same labels between u, and ¢; j (using the same reasoning
as before). Therefore the path from c; to ue (through) u, uses also the labels 1,2,...,6. But then for c¢; to reach c¢; the
temporal path must use the vertex-vertex u,,, even more it must use the edge-vertex u, and consequently the vertex-vertex
uy, from where it would reach c;. This implies that we must have that u, = u,.. Therefore, every color-vertex c¢; admits a
unique vertex-vertex uy that lies on all (c;,cj) and (cj, ¢;)-temporal paths. For the conclusion of the proof we claim that
all vertices v corresponding to these unique vertex-vertices u, of color-vertices c;, form a multicolored clique in G. This is
true as, by construction, a temporal path between two vertex-vertices uy, u, corresponds to the edge vw =e € E(G). Since
every vertex-vertex is connected to exactly one color-vertex, this corresponds to the vertex coloring of V(G). In G* there is
a temporal path among any two color vertices, therefore the vertex-vertices used in these temporal paths can be reached
among each other, which means that they really do form a multicolored clique. O

5. Concluding remarks

In this paper we studied four natural temporal labeling problems. We distinguished the settings where we have an age
restriction on the labeling or not. Furthermore, we investigated settings where the labeling has to temporally connect every
vertex pair and settings where only a given set of terminal vertices have to be pairwise temporally connected. One variant
(ML) is polynomial-time solvable, whereas the tree other variants (MAL, MSL, and MASL) turn out the be NP-hard. For
the latter two we also give parameterized complexity results with respect to the number of labels and to the number of
terminals as parameters. Our work spawns several future research directions.

Recall that a labeling A satisfying MAL with the age restriction being the diameter of the graph, is of the size 0(n2) (see
Observation 1). In Lemma 2, we show that on cycles, the labeling uses @(n?) labels. Therefore, it would be interesting to
study, for which graph classes the optimal labeling uses o(n?) or O (n) labels. We show that MAL is NP-complete when the
upper age bound is equal to the diameter d of the input graph G. On the other hand, if the upper age bound is 2r, where r
is the radius of G, MAL can be computed in polynomial time. Indeed, using the results of Section 2.1, it easily follows that
if G contains (or does not contain) a C4, then the labeling consists of 2n — 4 (or 2n — 3) labels. An interesting question that
arises now is: For which values of an upper age bound a, where d < a < 2r, can MAL be solved efficiently? Furthermore, it
would be interesting to analyse the parameterized complexity of MAL. A canonical starting point would be to consider the
number of time labels as a parameter.
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Our results for MSL and MASL also leave some open questions and several natural future research directions. Recall that
the number k of labels is a larger parameter than the number of terminals. Hence, the parameterized complexity with
respect to those two parameters of MSL is resolved. For MASL it remains open whether we can obtain an XP algorithm for
those parameters.

More generally, it would be interesting to investigate structural parameterizations for all NP-hard problem variants of this
paper. We conjecture that all problem variants are polynomial-time solvable if the input graph G is a tree. Consequently,
parameters that measure tree-likeness, such as treewidth, are promising candidates for obtaining FPT results.
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