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Abstract

In this article, we consider a two-player zero-sum stochastic differential game with
regime-switching. Different from the results in existing literature on stochastic
differential games with regime-switching, we consider a game between a Markov
chain and a state process which are two fully coupled stochastic processes. The
payoff function is given by an integral with random terminal horizon. We first
study the continuity of the lower and upper value functions under some additional
conditions, based on which we establish the dynamic programming principle.
We further prove that the lower and upper value functions are unique viscos-
ity solutions of the associated lower and upper Hamilton-Jacobi-Bellman-Isaacs
equations with regime-switching, respectively. These two value functions coin-
cide under the Isaacs condition, which implies that the game admits a value. We
finally apply our results to an example.

Keywords: Stochastic differential games; controlled regime-switching; dynamic
programming principle; viscosity solutions; Hamilton-Jacobi-Bellman-Isaacs equations.

1 Introduction

The study of two-player zero-sum stochastic differential games has been rapidly devel-
oped since the pioneering work of Fleming and Souganidis [1]. In that article, the



authors proved that the lower and upper value functions satisfy the dynamic program-
ming principle and are the unique viscosity solutions of the associated Bellman-Isaacs
partial differential equations, respectively. In the case that the Isaacs condition holds,
the lower and upper value functions coincide, which implies that the game admits
a value. Following the publication of [1], two-player zero-sum stochastic differential
games in different situations were further considered in many works, for example,
backward stochastic differential equations were introduced into the study of stochas-
tic differential games in [2], stochastic differential games with jumps were considered
in [3], stochastic differential games involving impulse controls were studied in [4], to
name but a few.

Note, all the aforementioned works on two-player zero-sum stochastic differential
games dealt with It6 diffusions. Due to the needs of modelling fluctuations of random
environments arising in game problems and rich applications in real-world contexts,
stochastic differential games with regime-switching have drawn considerable atten-
tions in recent years, such as [5-11]. This kind of systems contains two components:
the continuous diffusion component describing the evolution of the dynamics of the
state process, and the discrete component describing the random switching of the
environments. The dynamics of state process is modelled by a stochastic differential
equation and the random switching is given by a Markov chain taking values in a
finite state space. In these existing literature on stochastic differential games with
regime-switching, Markov chains are normally assumed to be independent of the dif-
fusion processes. In addition, both control processes act only on the coefficients of the
stochastic differential equations.

In this article, we consider two-player zero-sum stochastic differential games with
controlled regime-switching. In contrast to the classical stochastic differential games
with regime-switching, two different kinds of controls are considered: one is on the
dynamics of the state process, and the other is on the transition rates of the Markov
chain. To the best of our knowledge, stochastic optimal control problems with such
set-ups were firstly considered in [12], but this kind of stochastic differential games
has never been studied in literature. Different from the classical stochastic models
with regime-switching, the Markov chain we consider here also depends on the state
process. In other words, the Markov chain and the state process are two fully coupled
stochastic processes.

These two controls we consider represent two different kinds of control mechanisms.
One controller, who is a relatively small player, can influence the state process by
improving the mean and the volatility to maximize the payoff function. The other
controller, on the contrary, can control the regime choice of the state processes to
minimize the payoff function. The regime controller is relatively powerful, e.g., a policy
maker can achieve their goal with more substantial impact to the game by controlling
the regime choices.

Such kind of games can be found in many real-world contexts, such as in the field
of finance and economics. The payoff function can be the tax paid by a group of com-
panies, the Markov chain is the powerful tax policy controlled by the government who
tries to maximize the payoff function, the state process is the revenue of the companies
who try to minimize the payoff function. Note, higher tax rate may not necessarily



imply higher tax collection as it can cause lower productivity. For this reason, in the
process of controlling the tax policy, the government takes into the consideration of
the revenue of the companies. The latter on the other hand, also depends on the tax
regime. The stochastic differential games with controlled regime-switching considered
in this article offers the right formulation for the tax-revenue model. The problem with
players in unequal status was also considered in some literature on zero-sum stochas-
tic differential games, e.g. in [13, 14], the game involves an agent as one player, who
aims to find an optimal portfolio to maximize its own utility and the market as the
other player, who controls the underlying probability measure to minimize the utility.

In addition, we consider the game before the state process leaves a bounded domain
D. The bounded set could be regarded as the game domain that these two rival game
players agree to play on in advance. When the state process is out of the region, the
game should be stopped immediately. For example, the game mentioned in the above
paragraph should stop as soon as the revenue of the company reaches zero or reaches
a certain level.

The main difficulty of studying stochastic differential games with a random horizon
is that the continuity of the associated value functions with respect to the time and
state variables is not always satisfied due to that the domain D is bounded. But this
is key in establishing the dynamic programming principle. In [15], the continuity of
the value functions of stochastic optimal control problems was considered under some
additional conditions, and more general results with weaker conditions can be found
in [16] and [17]. In this article, we prove a continuity result of the value functions for
the game problem. Consequently, we give their respective lower and upper dynamic
programming equations. This further leads us to prove that they are unique viscosity
solutions of the lower and upper regime-switching Hamilton-Jacobi-Bellman-Isaacs
equations. These two value functions coincide under the Isaacs condition, which implies
that the game admits a value.

The rest of this article is organized as follows. In the following section, we formulate
the stochastic differential game problem and give some useful estimations. We prove
the continuity of the lower and upper value functions and give the associated lower
and upper dynamic programming equations in Section 3, and as the unique viscosity
solutions of the lower and upper Hamilton-Jacobi-Bellman-Isaacs equations in Section
4. Finally, we give an example of these results in Section 5.

2 Problem formulation

Let (Q,F,P) be a complete probability space on which a d-dimensional stochastic
differential equation (SDE) is considered over the finite time horizon [0, T for a fixed
T >0,

{de = b(t,Xt, Ht,ut)dt + O'(t,Xt70t, Ut)dBt, 0 S S S t S T‘7 (1)

Xs=z€R% 9, =i€S,

where B. is a d-dimensional Brownian motion and 6. is a continuous-time Markov
chain taking values in a finite state space S. Let {F7,s < ¢t < T} be the natural



filtration generated by B. and . and augmented by all P-null sets in F. The F}-
adapted process u in SDE (1), taking values in a compact subset U of R”, is called an
admissible control of the state process X;. We denote by Us the set of all admissible
controls u. The coefficients

b:[0,T] xRIx SxU—=RY, ¢:[0,T] xR? x § x U — R4,

are assumed to satisfy the following conditions:

Assumption 1. 1) For any (x,i) € R? x S, the functions b(-,z,i,-) and o(-,x,i,-)
are continuous.

2) There exists a constant C > 0 such that for all 0 < s < T, z,y € R%, i € S and
ueU,

|b(s,x,i,u) - b(S,y,i,U)| =+ ||O-(571'7iau) - U(Sayviau)” < O|1‘ - y|

From Assumption 1, we can get the global linear growth conditions of b and o with
respect to x, i.e., there exists a constant C' > 0 such that for all 0 < s < T, = € RY,
i€SandueU,

Ib(s, 2, w)| + o (5., w) || < (1 + [,
The Markov chain 6. is assumed to satisfy the regularity condition, i.e.
lim P(0s = j|6: = i) = 6,5,
i P(0, = |0y = 1) = b

where d;; = 1if j =4 or 0 otherwise. We denote by V; the set of all admissible controls
v, taking values in another compact subset V of R¥ and being adapted to {F;}i>s,
of the Markov chain 6.. For any v € V, the infinitesimal transition probabilities of 6.
are given by

qij(z,v)0 +0(8), if j # 1,

2
1+ qii(z,v)0 + 0(9), otherwise, (2)

P(Gs—i-é :]|09 :iaXS =T, Us :U) {

where the state-control-dependent transition rates ¢ are assumed to satisfy the
following conditions:

Assumption 2. 1) For any x € R? and v € V, g;j(x,v) > 0, if j # i.

2) For any i,j € S, the transition rates ¢;;(-,-) are bounded and continuous.

3) Foranyi€ S, x € RY andv €V,

Z qij (Ia U) =0.
JjES

In what follows, we denote Xy and 6, by Xff; and fof}, respectively, if emphases

on the initial conditions and controls are needed.



Consider a non-empty bounded open subset D C R with boundary 9D and closure
D. Without loss of generality, we assume throughout this article that D is connected.
Indeed, if D is disconnected, one can solve separately on each connected subset. We
define 752" as the first exit time of X;7 " from the bounded domain D (or the first

hitting tlme to the boundary 0D), that is

Tj:,f’i = 1inf{t > s, Xfff, ¢ D} AT =inf{t > s, Xfff, € OD} NT. (3)
For notational simplicity, we only give the dependence of 7 with respect to the control
processes © and v, T, if no confusion arises. B

We consider the following payoff function, for (s,z,7) € [0,T] x D x S

Tu,v
J(s,z,i,u,v) E[/ f(t, Xffé,@qu;,ut,vt)dt
S

+ (TUU7X IZ GSI’L ) ,

T, 0, Us V) Y Ty g, Uy U
where the mappings
F:0,T]xREXSXxUXV =R, g¢:[0,T] xRx S R,

are assumed to satisfy the following conditions:

Assumption 3. 1) For any (z,i) € R? x S, the mappings (t,u,v) — f(t,z,i,u,)
and t — g(t,x,i) are continuous.

2) There erists a constant C > 0 such that for any s € [0,T], z,y € R, i€ S, uecU
andv €V,

‘f(S,.T,i,U,U) _f(87y7i7u7v)| + ‘9(873777/) _g(S Y,1 )l < C|l’—y|

From Assumption 3, we can also get the linear growth conditions of f and g with
respect to x. In fact, the functions b, o, f and g are all bounded in [0, T]x Dx SxU x V.

Under Assumptions 1, 2 and 3, for each u € Us and v € V,, SDE (1) has an unique
strong solution, see [18]. Thus the payoff function (4) is well-defined. Moreover, we
have the following estimates:

sup ‘X”” <O+ |z,

t,u,v
s<t<T

(5)
sup ‘XS“ — XSyl

t,u,v t,u,v SL|1‘—y|2,
s<t<T

where C' and L are some positive constants. By the linear growth conditions of f, g and
the estimates (5) about X, the payoff function (4) has at most linear growth in z as

|

|J(s,2,i,u,v)| <FE

Tu,v,U,V? Tu,v,U,V

T
X o e 0| e+ g X200 057 0)




T .
sc/ (142 |x0
S

Jat+c(1+ B|xzm,,

)

where the constant C' > 0 may vary from line to line.

Besides the admissible controls, we also consider the admissible strategies.
Definition 1. An admissible strategy for player I is a mapping « : Vs — U satisfying
that for any {F;}-stopping time T and any v1,ve € Vs with v1 = vy on [s,7], it holds
that a(v1) = a(va) on [s,T]. An admissible strategy 3 for player II is defined similarly.
The set of all admissible strategies o and B are denoted as As and By, respectively.

Associated with the payoff function (4), the lower value function is defined as

)

<C(T+1) 1+ E sup ‘Xf;fﬁ
te(s,T) o

<C+ |z|),

W= (s,x,i) = inf sup J(s,z,i,u, B(u)), (6)
BEBs ueEUs

and the upper value function is defined as

Wt (s,z,i) = sup inf J(s,z,i,a(v),v). (7)

acA, VEVs

Note, W (s,x,i) < W~ (s,z,i) for all (s,z,7) € [0,T] x D x S and both W~ (s, x,1)
and W (s, z,i) are dominated by C(1+|z|). In the case that W~ = W™, we say that
the game admits a value. The main objective in this article is to prove that the game
admits a value.

3 Continuity of value functions

One of the most commonly used approaches to solve stochastic differential game prob-
lems is to establish the dynamic programming principle (DPP) based on the pioneering
work of Bellman [19]. However, the continuity of the value functions with respect to
the time and state variables, which is key to the establishment of DPP, is normally not
satisfied when we consider the first exit time payoff function from a bounded domain
D, see [20]. We need some more conditions to guarantee the continuity of the value
functions. For the fixed finite horizon or infinite horizon stochastic differential game
problems, the continuity holds naturally, see e.g. [6, 21-23].

Moreover, the interaction of the Markov chain and the state process can cause
many difficulties. The Markov chain coupled in the evolution of the state process, may
jumps from one state to another which leads the regime of the state process to switch
to another one. The control-state-dependent Markov chain may have totally different
distributions when the corresponding state diffusion processes have different initial
positions. All these are difficulties of this problem. Yin and Zhu [18] provided some
technical estimations about the dependence of the solution on the initial conditions.
We use some of their ideas in the proof of the following lemma.



Lemma 1. For any continuous function f which is Lipschitz continuous with respect
to the state variable and any T > 0 there exists a constant K > 0 such that

T . ) . 2
E/ ‘f(LX;E,Z,va ‘92’;,@) - f(an,ivv ety,fzv) dt < K‘I - y‘2a
0

and

B | f(1, X7 0 050) = FT X0 080,)| < Ko =y,

Proof. For any small n > 0,

s+n ) ) . o2
B X0 - 10|
S

. . 2
— f(t, X0 0 000 ,)| dt

s,u,v) t,u,v)

tyu,v t,u,v)

s+m . )
gKE/ ‘f(t,X’“ o

s+n A . | | .
+ KE/ ‘f(t,Xyﬂ Oziv) — f(t, X¥¢ v+ gt

S,u,v? S,u,v? t,u,v)

s+n ) ) ; )2
FRE [ | o) - X0
S

The constant K here and below is an universal one, its exact value may be different
at different lines. We use this convention throughout the proof, as their exact values
are not important.

By Lipschitz continuity, we obtain

s+n ) . . o2
E/ ‘f(ta Xiy,g,vv 9t77u,v) - f(tv Xg,yzi,vv ot,h,v) dt
s+n ) 2
<KE / X, - x| e (9)
s+n
gK/ (t —s)dt < Kn?.
Likewise, we also have

s,u, v’ Vt,u,v tyu,vr Vi, u,v

s+m ) ) ) 2
E / 70 X2E 008 ) — 7 X0 )| e < Fo (10)



Note that

s+n ) ) . 2
B[ X 07 - 1 X200
S

2

s+n ) ) ) )
<KE [ |#0X00 0070 - £ X000, di
S

s+n . . ) ) 2
+KE/ ‘f(t,XW ovi ) — f(t, xviovi | at.

S,u,v? 7 8,u,v S,U,V? t,u,v)

The second term in (11) can be estimated as

s+n . ) . i \12

K
B [0 X 0 0%0,0) S X ) P
S

s+m . ) . i \12

K
B [ X0 O0) T XD 0P L oy

st . )
= Z E/ |f(t7 Xéj,ﬁ,m m) - f(ta Xsy,’z’i,m‘7)|21{93;1’l,v:m}1{9y’i :j}dt

tou,v
meS j#m S

<K Z Z E/ (14X 2]1{93,’:"%”:77@E[I{Gf"i,vzj}|X;/,7QZL,'L)7vS’ 0%0,0 = mldt

meS j#m

s+mn .
K B[ 0 XU Py
meS s -

XY (XY, ve)(t—5) + ot — s) | dt
j#m

s+n
SK/ (t — s)dt < Kn>.

(12)

To treat the first term in (11), a coupling method is used. For z, & and 4, j € .S, consider
the measure I'((x, 7), (%,7)) = |x — &| + d(j,4), where d(j,i) =0if j = ¢ and d(j,7) =1
if j # 4. That is, I'(-,-) is a measure obtained by piecing the usual Euclidean length
of two vectors and the discrete measure together. Let (871, 6%%) be a discrete random

process with a finite state space S x S such that

P[(Giﬁzmefjh) = (m’n)|(9?7i79?i) = (kvl (Xty’i’X?i) = (gw’i‘)’vt = U]

),
_ q(k,l)(m,n) (gv j:7 U)h + O(h)a Zf (m7 n) 7& (k7 l)a
L+ gy k) (3, &, 0)h + o(h), if (m,n) = (k,1),



where the transition rates satisfy, for any function f defined on S x S
Z Q(k,l)(j,i)(l‘w%vv)(f(jaZ.) - f(kvl»
(j,)€SXS

= Z(ij(x7v) - QIj(i'vv))+(f(ja l) - f(k7l))

+ Z(qu(iv) = aij (2, 0)) " (f(k, §) = (kD))

J

+ Z(qm(w, V) A iy (2,0))(f(,5) — F(k,1)).

J

Owing to the coupling defined above, for ¢ € [s, s+ n)
E[I{of,i:j}‘ggﬂ,i =iy, gzsm _ iQ,X:7i _ iX;m‘ — §,0s = U]

_ ) ) T _ g P Tl & L —
= § E[I{gfﬂ:jﬂ},,l:l}ws =1i1,0Y" =iy, X' =&, X" = §,vs = 0]
les

= Z Qi1,i2) (1) (T, T, 0) (t — 5) + ot — 5)
les

So we have

s5+n ) . ) )
E / P8 XV 050 ) — (6 XV 0vE ) Pdt

$,u,v Vs, u,v

s+n ) )
=K Z / |f(t,Xg,’zZL,mJ) - f(t,Xgiv, Zl)|21{9§«5,v:j}j{eyvi —il}dt

Daw=
i1€8 j#ip v 8

s+n -
<E ), Z/ [V 1XE0 o] Tt —iv 0t =ia)

i1,i2€8 j#i “°

(13)

; R Y L — @, Yt
x E |:I{9f1f 1]:j}w‘s,u,v - 7'17957u,v - 7'27Xs,u,v’ s,u,v7v$:| dt
<Kn?.

We thus now have proved from (9), (10), (12), (13) that (8) turns out to be

s+ ) . . )
E / F(6XPE 070 ) — f(6 XV 0% )2dt < Ko,
S



Then, we have

T .
E / (6 XV 650 ) — F(e X200 )P
0

[T+t ket , . , , (14)
< E/ ‘f(t7 Xiy,;j,v? otf,uz,,u) - f(ta Xty,i,qﬂ ozi,v)|2dt
k=0 kn
<Kn.

Similarly,

Ttn . , . .
E/ |f(t, X2 000 ) — f(t, X0, 000 VPdt < Kn?.

tau,v) Vtu,v tyu,vr Vt,u,v
T

Here we noted that both processes X and 6, are defined beyond T. For any § > 0,

) /T+77 |t XL, 000 ) — f(t,XE{Z,U,QZﬁ,v)Pdt ke

-F
n Jr n+o

In the limit of n — 0, we have

) /T+n f(t XY 000 ) — f(t,Xi’,;ﬁ,mH%,U)|2dt Cx

lim — F
n—0 n T 77+(5

which implies that

A [T B X ) — FO X B
dn Jr n+6 o
i.e.
_ \/T-H7 E|f(t7 Xty,;j,va aiat:,’zi,v) - f(tv Xt?{’vz,vv azz,v”zdt

v (n+3)? o

+ E‘f(T7 X’Zy“:i,,v7 H;Zlu,v) - f(T7 X’Zy“:i,,v7 9%7,2,11)'2 <K

n+0 - '

n=

Here it is desirable to consider the interval [T, T + ] rather than [T — 7, T] as the
Markov chain 6, s > 0 is only right-continuous. Hence, we have

E|f(T, XY 070 ) — F(T, X0 04, )P < KG6. (15)

T u,v? Tu,v? VT u,v

10



Since the 7 in (14) and the ¢ in (15) are arbitrary, let both 1 in (14) and § in (15) be
|z — y|7° with 7o > 2, then from estimates in (5) we have

T
E / F(6XE0L 070 ) — (6 X000 )2
0

T
<E / P8 X065 ) — F(6 X207 )P
0

r 7 x,1 7 7 2 (16)
+E | ft, XY, 000) — (XY, 000 )] dt
0
T . .
<KE / X2 - XL Pt + oz — y?)
0
<Kl|z —y|*.
Similarly, we have
E|f(T, X3 o, 055 ) — F(T, X408 0%, )] < Kz —y. (17)
O

In this section, we mainly give the proof of the continuity of the lower value function
W~ (s, x,1) with respect to the time and state variables, the proof for the upper value
function W (s, z,4) is analogous.

Let ¢ : R? x S — R be a function such that for any =,y € R? and i € S,

[ (2,49) =™ (y,9)] < Cla —yl, (18)

where ¢ = max{t,0}. For any € > 0, define
) 1 [t ) .
2% (t) := exp {—/ @[JJ“(Xf’f’;,Of’Z’f))dr}, te[sT).
e vt Uru,
Note, 0 < T'$®%(¢) < 1. Consider an auxiliary payoff function

JE(s,x, 1, u,v)

=B

» T, VT w0

T s,x,i s,x,1 pnSs,x,t s.x,i s,T,1 s,x,i (19)
/ DOPH ) f(t X O s e, ve)dt + T2 (T)g(T, X350 07757 ) |

and the corresponding value function

We(s,x,i) = inf sup J(s,z,i,u,v). (20)
vEVs UEU,

We will prove that for each fixed ¢ € S, the value function We(-, -, ¢) is continuous. Then

by the approximation technique, we deduce that the lower value function W~ (-, -, %)
is also continuous.

11



Theorem 1. For each fixed € > 0 and i € S, the value function We(s,x,1) is
continuous with respect to s and x.

Proof. We will divide the proof into two steps.
Step 1. In this part, we will prove that W¢(s, x,) is continuous with respect to x.
From the definition (20) of W*¢(s,z,4), we have

|[We(s,2,i) — W*(s,y,1)]

inf sup J°(s,z,4,u,v) — inf sup J(s,y,i,u,v)
veVs weld, vEVs weld,

Ssup |J€(S,l'7i,u,’0) - JE(S,y,i,U,’U”

u,v

T
S sup E / Fg’z,l(t)f(t7 X:,f,,'iv 9:;5::;7 Ut Ut) - Fg’y’z(t)f(t X;,ﬁi;a 92’5::}7 Ut, vt) dt
u,v s
+sup B |T%(T)g(T, X' 0325 ) — T2V (T)g(T, X3 05:%7)]
u,v

By the Cauchy-Schwartz inequality and the fact that 0 < T'$%%(¢) < 1

E L3 U(T)g(T, X3%" 055" ) — D2V (T)g(T, X3%° 059"

Tu,v’ VT u,v Tu,v VT u,v

}

+ B (T2 (1) ‘g(T, Xt 0500 ) — g(T, X300, 054" )

T u,v? Tu,v T u,v

SE [‘F:’I,l(T) _ F:’y,i(T)’ % g(T,XS’x’i 98’“ )

Tu,v? 7T u,v

] (21)

2>1/2

Moreover, noting that |[e=® — e~?| < |a — b| for any a,b > 0 and using the estimates
(5) and (16), we can get that

, o oN1/2
< (B|rz=i(1) - r2vi(1)*)

Tu,v? VT u,v

« <E ‘g(T, Xs,w,i 98@,1’ )

+ B |g(T X300, 090, — o(T X3, 03%%)|.

Tu,w? T u,v Tu,v’ VT u,v

a

BITS4(T) = 3 (7)?

K T . , oy .
<GB [t eni) - o O ol dr
K

S?'x_y|2v

and by (17)

E|g(T, X300 0350) — g(T, X3%" 03207 )| < Ko — .

Tu,v? VT u,v T,u,v?

12



Thus, we have

E T8™ (T)g(T, Xy:o' 035" ) = TV (T)g(T, X340 05%° )| < Cllz — ],

Tu,w? T u,v T,u,v?

where the constant C. does not depend on s,y and u,v. We similarly also have by
(16) again that

t,u,v) Vtu,v t,u,vr Vt,u,v

E / ! D558 () (£, X550 0550 g, vp) — TEYHE) f(t, X2V 009wy, vp)|dt
SC!\; —yl.
Hence, we get there exists a constant L. > 0 such that
|We(s,x,i) — We(s,y,1)| < Le|z — yl. (22)

That is, the value function W¢(s, z,4) is continuous with respect to x.

Step 2. In this step, we will prove that W¢(s, z,4) is continuous with respect to s.
With the continuity of W¢(s,z,4) with respect to x, we have the following dynamic
programming equation, for any small § > 0

U, T,
vEVs yeld,

s+4
We(s,z,i) = inf sup F l/ T2 () f(ry X200 0250 ., vy )dr

D278 WS (s 8, X2 O3]

Then, we have
|W€(S + 53 SU,Z) - WE(S,{E,iN

inf sup F
vEVs yeld,

T,V Y T,U,v)

s+ ) ) ]
/ TS (r) f(r, X020 0200 e, vy )dr
S

T2 (s WS (s 4+ 6. X275 003 ) = WEs 4 0,2.0) |

s+6 ) )
SsupE/ [flr, X250 0500 ., v,.)|dr
S

Tu,v Y ru,n)
uU,v

+ sup BT (s + 0)We(s 4+ 6, X025 055" Y —We(s+6,z,1)|

s+0,u,v? 7 s+0,u,v
u,v

<CO+sup E|WE (s + 6, X250, 005 ) = We(s+6,2,007 )

s+8,u,v "V s+8,u,v ’ YV s+8,u,v
u,v

+sup B|We(s +6,2,02%" ) —We(s+0,z,i)|

s+0,u,v
u,v

+sup E|(T2" (s 4 8) = DWE(s + 6, X%, . 0555, |-

s+0,u,v? 7 s+5,u,v
u,v

13



By (22),

EIW=(s+ 6, X250 0 05550, o) = Wes +6,2,055 )

<STB [Tgpe iy X IS 8. X25 0 d) = W (s +0.2,)
JjES Y

Moreover, it is easy to see that

EIX25 , — x| SO0+,

and

E ‘Ws(s +6,2,07 Y~ W(s+ 0, 2,1)

» YV s48,u,v
=Y P03, =3} X} [WE(s + 6,2, 5) — We(s + 6,,9)|
J#i
<CP{0,., # 1} < K6+ o(d).

The last inequality follows from (2). And

E|(T2% (s +8) = DW= (s + 6, X150 00 0275000

S(EIWE(s 46, X500 0005012 BITE (s 4 8) — 1512

U,V VU,V

K s 3 i 2\1/2
<SEl [ e s
K5

— 5 .
Thus, we obtain that
|[We(s,x,i) —W(s+6,2,i)] = 0, as 6 — 0.

The continuity of W*(s,x,7) with respect to s is proved.

O

To see the continuity of the lower value function W~ (s, x, ), we need to make more

assumptions on .

Assumption 4. There exists a function ¢ : R? x S — R satisfying (18) and that

P(x,1) <0, V(z,i) € D x5,

and for any x € 0D, there exists some v € Vg such that

t
inf / YT (XEEL 0551 dr > 0, a.s. for any t € (s,T).

Tu,00 Y Tru,v
wEU, s Uy YUy

14
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Remark 1. For each u,v, the set of reqular points is defined as
I'i={z€dD:P(T)" > s) =0},

where T30 .= inf{t > s, X5 ¢ DY, If OD =T, then the Assumption 4 with (23)

t,u,v
without taking inf,cyy, on (23) holds naturally, see Proposition 8 in [17]. If the domain
D is convexr with a continuous boundary and o is nondegenerate, we can easily get the
reqular points set ' = 0D, see such as [24, 25]. But we need (23) uniformly for all
control processes u € Us. This is given by the following observation.
We say that o has bounded inverse if

lo™ oo < o0
We assume that the domain D is convex with a continuous boundary, ¢ is bounded
with a bounded inverse.

Consider a SDE:

dXt :J(t,Xt,Qt,ut)dBt, 0 <s<t< ,I‘7
X,=z€R! f,=ieS,

Let P(dw) = P(dw)M,, where

Mtexp{; / ()P - / ta(r)dBr},

and a(r) = —o~'(r, X, 0y, u)b(r, X, 0, u,.). The Girsanov theorem implies that
R t
B, = B; —|—/ a(r)dr
s
is a Brownian motion under the probability measure P. There exists a Brownian
motion (V;, ¢ > s) with initial value V; = x such that for all ¢ > s,
Xe=Vix,-
By (23), we let ¢(z,i) = —dist(x,0D) if x € D or dist(x,0D) if © ¢ D. Now consider
a fixed time t > s. We have for i € S

t
/ 1 (V(r),i)dr > 0 almost surely.

Since V. is a Brownian motion which is independent of the control processes and there

exist positive constants A; < Ao independent of u, v and @ such that —-[X],. € [A1, Ao]
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for any r > s, so we have

inuf / Yt (V(r),i)dr > 0 almost surely,
ue

ie.,

inf / P ( X5 i)dr > 0 almost surely.

U, 1)7
uEU,

The Markov chain ¢. becomes a new Markov chain with different transition rates under
the probability measure P, so X is not the solution of SDE (1) under the probability
space ({2, F, P). Consider the SDEs

dX} =b(t, X}, 0}, u)dt +o(t, X}, 0F, uy)dBy
Xl=2 0! =i,

and

dXtZ = b(t, XtQ, 9?, Ut)dt + O'(t, XtQ, 9?, Ut)dBt
X2=z 02=1.

For any small enough § > 0 and t > s satisfying ¢t — s < J, the solutions X} and
X2 have identical distribution because of the regularity of the Markov chains. So, we
finally have

inf / YT (X5%T i)dr > 0 almost surely.

’U,EZ/{ U U’
Thus in this case, Assumption (4) holds.
Theorem 2. In addition to Assumptions 1, 2, 8 and J, we also suppose that the
terminal function g(-,-,i) € CY2 for each fized i € S, and that

asg(sﬂx,z) +'Iq-(s?:L,7Z.,'l’t71)7.g,Dg7 ‘D2g) Z 07 (24)
where the Hamiltonian function H is defined as

H(s,x,i,u,v,g,Dg,DQg)
1
:f(57 x,i,u, U) + Dg(S, z, Z) ! b(S, x,1, U) + itr[mf’(s, T, 1, ’U,)D2g(8, z, Z)]

+ 3 gy, ) (g(s, 2, ) — gls..1)).

J#i

Then W~ (-,+,1) is continuous.

16



Proof. We divide the proof into two steps.
Step 1. Assume that f > 0 and g = 0. Then by (23), for any = € 9D, u € Us and
some v € Vs,

. 1 [t ) )
hﬁ]l re®i(t) = 11&)1 exp{—f/ YH(XZE 955 Y dry =0, a.s. for any t € (s, T).
€ e e Js T,

Hence, by the dominated convergence theorem, we obtain for any € 9D and s € [0, T]

lim W* (s, z,4) = 0. (25)
el0

Let

h(e) :=sup{W*(s,x,i) : (s,z,4) € [0,T] x dD x S},
we have lim. o h(¢) = 0 by the Dini’s theorem. For any (s, x,7) € [0,T] x D x S, by
the dynamic programming equation for W€, we have

We(s,x,1)

= inf sup F [/ ‘ f(r,XS’I’i gt uT,UT)dTJrWE(Tu,U,XS’I’i g3t )

vEV, weld, U,V T, Tu, v, W,V 7 Ty v, U,V

Tu,v i .
<inf swp B[ Fn XET 05 v+ ()
vEV, wEU, s

=W~ (s,x,i) + h(e). (26)

Note that, for all r € [s,7,.,], X, € D. Thus, we have ['$*®%(r) = 1. By the definitions
of J¢ and 7,, and the assumption that g = 0, we have

J(s,x,1,u,v)
T B B .
-5 / Do () fr, X320 09wy, v, )dr
S
Tu,v . .
5 [ [ e Xz e
S

T
+I{Tu,v <T} / F?z’l (T)f(?”, Xﬁ7’$7’;, 0?,5:;’ Ur, vr)dr‘|
T,

u,v

=J(s,z,i,u,0)+ E

T
Iery [ TS0 Xﬁ;:f;;,ei;z;z,ur,mdr]
T,

>J(s, 2,4, u,v).
That is,
We(s,x,i) > W™ (s,2,1). (27)
Combining (26) and (27), we have

W= (s,x,1) < We(s,x,i) < W (s,x,i) + h(e).
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This implies that W¢ — W~ uniformly on [0, 7] x D x S. Since W*¢ is continuous with
respect to s and x, so does W .
Step 2. For general f and g satisfying (24), let

f(s,x,i,u,v) = 639(5,1'77;) + H(S,ﬁ,’i,ﬂ,’l},g,Dg,DQQ),
and § = 0. Then condition (24) implies that f > 0, and Step 1 implies that

W(s,z,i) = vléné Sélzg J(s,2,0,u,v)
s u

Tu,v

5,X,1 S,T,1

= inf sup F [/ f(r Xruv,ﬁruv,ur,vr)dr ,
vEVs yeld, s

is continuous with respect to s and . Now applying It6’s formula and Dynkin’s formula
to g from s to T,,, we have

Elg TUU,X‘“” g5 ) —g(s,z,1)]

Tu,v, U,V 7 Ty, U,V

7E XSI’L 0311)+Dg( XSZZ eszz).b( XSZIJ’L 0811 )

U,V 7 r,u,v U,V YV ru,v U,V ’I’"LLU’
S

1
+2t7“[0'0' (’I“ Xsrz eszz UT)DQ (’I“ X":‘Il eszl)]

U,V T,U,0? T,V 7 TU,V

D e (XS 0 (9(r X200 ) — g(r Xk, 0000 )

riulvsd

FAORE

Then it follows that

T,V T,

J(s x4, u,v) E/ P, X ST 98T v, )dr

,E/ Fr X320 055, 0,)dr

+ Bl9(Tu X35 00 0550 0 0) — 9(5,2,7)]

Tu,v, U077 Ty, v, UV

:J(Sa x,i,u, ’l)) - g(s,x, Z)'

Therefore, we conclude that W~ (s,z,4) = W (s, z,i) + g(s,z,4) is continuous. O

With the continuity of W~ and W™ at hand, we can establish the DPP satisfied
by W~ and W, respectively. By virtue of the same procedure as in the proof of
Theorem 4.1 of Buckdahn and Nie [24] employing the stochastic backward semigroup
introduced by Peng [26], we give the following theorem without proof.
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Theorem 3 (Dynamic programming principle). For any F}-stopping time © > s, we
have the following lower dynamic programming equation

Tu,B(u) \O
W= (s,x,i) = inf sup E / f(r, Xp, 0pyup, B(u),)dr

BEBs ueld, (28)
W (Tuu) A Oy Xory sy 05 eruyﬂ(u)/\@)} )
and the upper dynamic programming equation
To(v),0NO
W(s,z,i) = agélgs Uien\iE /s f(r, Xr, 0p, a(v)y, vy )dr (20)

+W (Ta(v),v A @7XT(1(11),1)/\@’ 97&(7,),”/\@” .

4 Viscosity solutions

In this section, we consider the following Hamilton-Jacobi-Bellman-Isaacs (HJBI)
equations with regime-switching: the lower case

OsW ™ (s,2,1) + in‘f/ sup H(s,x,i,u,v, W=, DW=, D?*W~) =0,
veVueu

(s,x,i) €[0,T) x D x S, (30)
W= (s,x,1) = g(s,x,i), (s,2,i) € Dr xS,

and the upper case

OW T (s,2,i) + sup inf H(s,x,i,u,v, WF, DW+ D*W+) =0,
uelU veV

(s,2,i) € [0,T) x D x S, (31)
Wt (s,z,i) = g(s,z,i), (s,x,4) € Dy x S,

where Dy := {T} x D U [0,T] x 9D and the Hamiltonian function H is defined as
in Theorem 2.

If for each ¢ € S, the lower and upper value functions W~ (-,-,i) and W+(-,-,7) are
both in C12([0,T] x D), then they are the unique classical solutions of the lower and
upper HJBI equations (30) and (31), respectively. By the continuities and the mea-
surable selection theorem (see [27] and references therein), we can further prove that
there exist optimal controls and strategies of this game, see such as [28-30]. However,
the value functions are usually not smooth enough, to treat the non-smoothness case,
viscosity solution as a kind of weak solution was introduced originally in [31] (another
kind of weak solution: Sobolev weak solution, of such nonlinear partial differential
equations (PDEs) is considered in [32]). In this section, we will prove that the lower
and upper value functions W~ (s, z,4) and W (s,z,i) defined as in (6) and (7) are
unique viscosity solutions of the lower and upper HJBI equations (30) and (31), respec-
tively. Furthermore, the lower and upper value functions coincide under the Isaacs
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condition, which implies that the game admits a value, i.e., W™ (s, z,i) = W (s, x,1)
for all (s,z,i) € [0,7] x D x S.

In this section, we mainly focus on the proof that the lower value function
W~ (s,z,1) is the unique viscosity solution of the lower HJBI equation (30). The proof
of that the upper value function W(s,z,4) is the unique viscosity solution of the
upper HJBI equation (31) can be done similarly.

Definition 2. A continuous function w(s,x,1) is called a viscosity subsolution of the
lower HJBI equation (30) if w(s,z,t) < g(s,xz,1) for all (s,x,i) € Dr x S, and for
any i € S

as¢(307 ‘TO) + inf sup H(507 Zo, ia U, v, w, D¢a D2¢) >0
veEV 4 ecU

whenever ¢ € CY2([0,T] x D) and w(s,x,i) — ¢(s,x) attains a local maximum at
(So,xo) S [O,T) X D.

A continuous function w(s, x,1) is called a viscosity supersolution of the lower HJBI
equation (30) if w(s,x,i) > g(s,z,4) for all (s,z,i) € Dy x S, and for any i € S

9¢(507I0) + lIl‘f/ sup H(S(),I’(),Z,’LL v, w D¢5D2¢)
uelU

whenever ¢ € CY2([0,T] x D) and w(s,z,i) — ¢(s, ) attains a local minimum at
(So,l‘o) S [O,T) X D.

A continuous function w(s,x,t) is called a viscosity solution of the lower HJBI
equation (30), if it is both a viscosity subsolution and a viscosity supersolution.

Theorem 4. The lower value function W~ (s,x,1) defined as in (6) is a viscosity
solution of the lower HJBI equation (30).

Proof. Viscosity subsolution property. For a given i € S and ¢ € CY2([0,T] x D),
suppose that W~ (s,z,i) — ¢(s,z) attains its maximum at (sg,x0) € [0,T) x D in
a neighborhood N(sg,zg) = [(so — ) V 0,80 + 8) x Be(xg), where B.(x¢) = {y
RY, |y — 29| < €} and §,& > 0 are small enough so that N(so,zo) C [0,T) x D. Let
denote the first jump time of 0. after sy and 750%0¢ = inf{t > s, XSO’IO’ ¢ Be(z0)}.
Recall the lower dynamic programming equation (28) satisfied by W~ (s, z, 7), we know
that for any g8 € Bs,, there exists & € Us, such that

W_(So,l‘o,i) < F f r, XSO 0t 7980@07 ,UT,ﬁ(ﬂ)T)dT
ra,B8(a)’ " ra,8(4)
So (32)

S0,T0,1 S0,T0,1 2
W X2 sy Ora,eia)) +0%

where T = 15 A 750708 A (50 + 6).
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Define ¥ : [0,7] x R? x S — R as follows
b1y = [0 )+ 5=,
W= (s, z,j), j#i.
Applying Dynkin’s formula between 0 and 7, we have

E[Y(r Xf“fg(l)ﬁi“f%))] W(s0, 20, 1)

_EU D, X5 50i) + DOy X550 - b, X5 iy s )

+ 2tr[00 (ry X200 1 @) D2 (r, X208 )] )
37 i (500 B(),) < (W, X200 ) — W, X000 i ))dr} .
J#i
Moreover, for any r € (s, 7],
W (r, Xf(;’wg(’u), i) < W™ (s0,20,1) — d(s0,T0) + &(r, Xfouwﬂo(u))
Thus, (33) turns out to be
W X2 O] = W ez
<E [ / 0,000 X355 + D XJ8500) - U X205 i)
(34)
+ Qtr[aa( LX) D2 (r, X35
+ @i (X550 B@)e) ) (W (r, X550 5) = W (r, X570 ) )|
i
Combining (32) and (34), we have
—§? <E [ / OT Sl X0 008 6 s B(@) )
+ 05(r, X20T00) + D, X080 ) - b(r, X208, )
+ %tr[aa (r, X200 1 @) D2 (r, X080 )]
i (X570 @) % (W (r X200 5) = W (r, X000 ) dr]

Ji
Dividing both sides of the above equality by ¢ and letting 6 — 0, we have

5¢(50a$0) + inf sup H(So,l‘o,’&,u v, w= D¢7 D2¢)
veV yeU
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Thus, we have proved that the lower value function W~ is a viscosity subsolution of
the lower HIBI equation (30).

Viscosity supersolution property. For any fixed i € S and ¢ € C12([0,T] x D),
suppose that W~ (s, z,7) — ¢(s,z) admits a minimum at (sg,z¢) € [0,7) x D in a
neighborhood N (so, o) = [(so —0) V 0,50 + 0) x Bc(x) C [0,7) x D. Let 79 denote
the first jump time of 6. and 750:%0:" = inf{t > s9, X;*"*" & B.(x0)}. Then by (28),
for any u € Us,, there exists Be Bs, such that

W™ (s0,x0,1)

.
50,0,% $0,%0,% A — $0,%0,% 50,%0,% 52
- U Fr X gty Crstay U B+ W, Xt | =0
where 7 = 79 A 750701 A (50 + ).
With a similar argument as in the first part, we can prove that

0sd(s0, o) + inf sup H(sg, zo, %, u, v, W, D¢,D2¢) <0.
veEV 4 eU

Thus, we have proved that the lower value function W~(s,z,4) is a viscosity
supersolution of the lower HIBI equation (30).

Combining these two parts, we obtain that the lower value function W~ (s, x, ) is
a viscosity solution of the lower HIBI equation (30). O

There exist equivalent definitions of viscosity solutions of (30) and (31), respec-
tively, which is useful for proving the uniqueness results, see [31]. Define the second
order superdifferential of ¢ at (t,z) € [0,T) x D as

D_l‘_’2¢(t,x) = {(¢,p,P) ERx R4 x 8%

g, 29 —9(ta) —als—t) —p-(y—2) = 5tr((y —2)(y —2)'P)
im sup

s—t,s€[0,T) |S_t‘ + |y—$‘2
y—x,yeED

<0},

where S denotes the collection of d x d symmetric matrices. The second order subd-
ifferential of ¢ at (¢,z) is defined as Dl_’2gz5(t, x) = fDi_’Z(fgi))(t, x). We also denote by
Di2¢(t,x) and D"?¢(t, z) the closures of Dizc/)(t,x) and D"?¢(t, z), respectively.
Definition 3. A continuous function w(s,x,1) is said to be a viscosity subsolution of
the lower HJBI equation (30) if w(s,xz,1) < g(s,x,4) for all (s,z,i) € Dy x S, and for
any (s,x,1) € [0,T) x D x S and any (q,p, P) € D_l‘_’2w(s,:r,i),

q+ inf sup H(s,z,i,u,v,w,p, P) > 0,
veEV 4 ecU

and a continuous function w(s,x,t) is said to be a wviscosity supersolution of (30) if
w(s,z,4) > g(s,xz,4) for all (s,z,i) € Dr x S, and for any (s,x,i) € [0,T) x D x S
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and any (q,p, P) € DX2w(s, x,1),

q+ inf sup H(s,z,i,u,v,w,p, P) <0,
veV ueU

a continuous function w(s,x,1) is called a viscosity solution of (30), if it is both a
viscosity subsolution and a viscosity supersolution of (30).

We refer to [23] for more details about the superdifferential and subdifferential and
the connection of Definition 2 and Definition 3. To see the uniqueness properties of
viscosity solutions of HJBI equations, we will give some lemmas first, this method is
introduced in [33].

Lemma 2. Let Wi (s,x,i) be a viscosity subsolution and Wy (s,x,i) be a viscos-
ity supersolution of the lower HJBI equation (30). Then the function w(s,z) =
magc(Wf(s,x,i) — Wy (s,2,1)) is a viscosity subsolution of the following nonlinear
1€

PDE:

Osw(s,x) + sup{%tr[oa’(s,x,i,u)DQw(s,x)] + Dw(s,z) - b(s,x,i,u)} =0,

u,l

(s,z) €[0,T) x D, (35)
w(s,z) =0, (s,z)€ Dr.

Proof. Let ¢ € CY2([0,T] x D) and assume that w(s,z) — ¢(s,z) attains a local
maximum at (so, zo) € [0,T)x D, let O C [0,7]x D be a closed neighborhood such that
(s0, o) is the global maximum in O, and 4 is such that w(sg, o) = Wy (s, Zo, i0) —
W5 (S0, 0, o). Define the function

P(s1, 21,82, 22,1) =W (s1,21,1) — Wy (52,22,1%)

2 2
Tl — T2 S1 —32|
- | 62 | - ‘ 52 _(b(slaml)a

where €, € (0,1). Because of the continuity, there exists a global maximum point
(89,29, 59,29,7) of ¥ in O x O x S. In particular,

o,0 .0 ,0 - o,0 .0 .0 . o,0 .0 .0 .
17[}(51,171,8171'1,2) +¢(327$2752a$2a1) S 2¢(81,$1,$2,$2,Z),

which implies

o~ B 2 — ol
€2 62
SW{(S?,x?,Z) - Wl_ (Sga Qfg, Z) + W2_(S?ax(1)7i)
- W{(ng‘rga Z) - ¢(8?7$(1)) + ¢(887x(2))
<C.
. 0 .0 - 0 .0 - . |29 —29]2  |s9—s9)2
Thus it follows that (s7,2%,1), (s3,23,1) — (s0, Z0,%0) and ——2~, =52~ — 0 when
g0 —0.
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In addition, by [31], there exist X,Y satisfying

(2(8(1)6 55)

2(%? )

+88¢(517x1) +D¢(81,IE1),X Dl 2W (Stl)axtl)ﬂ)a

9 0_ .0 ) 0_ ,0 _

and

X 0 4 (1 -1 D%¢(s%,29) 0
(O—Y><52<—1 1>+( 0 10)'

Since the definitions of viscosity solution of the lower HIBI equation (30), we have

2(s9 — SO 2 mo -z
asqb(s(l’,x?) + % + 1n‘f/228H(sl,xl,z,u v, W ,% —I—Dqﬁ(s?,x?),X)
>0,
2(5(1)*5(2)) . 0.0 — 2(5”(1)*5”(2))
TJrz}Iel\f/iggH(SQ’%’l’u’v’WQ , = ,Y) <0

They lead to that
_asd)(scl)a x(l)) < Sup {f 8(1)3 x(l)aivuav) - f(sg,$(2),i,u7’l))

+un I1a Wl (Slvx(l)v ) Wl (Slvx(l)v ))
J#i
_ZqU an W2 (82733(2)7 ) W2 (32733(2)7 ))
J#i
2 0_ .0
+ (Dotetat) + 2E) b i

2(29 — 29 .
_ %.b(sg,x&w)

1
#3rlo0" (a0 X] = 1o (s, B L)Y }.

In addition, (for & = f,b,0)

|§(S?,$(1),i,u, 'U) - f(sg,xg,i,u, 'U)| < C‘.’E? - .’Eg| + w(s(lJ - 88)7
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where @w(s) — 0 as s — 0. In the limit of § — 0 and then ¢ — 0, we have

—0:6(50,20) <SUP Y Gioj (w0, v) (W (S0, 0, 5) — Wy (50, %0, o))

U\ G#io
- Z qioj(x07v)(W2_(807x07j) - W2_(807x07i0))
Jj#io
1
+D¢(s0,z0) - b(s0, T, i0, 1) + 5757“[0'0/(307370, iovu)D2¢(50’l‘0)]} ,

(36)
Since the definition of w(s, z), we have for any j € S
Wi (s0,20,5) — Wy (80,20, J) < Wy (S0, %0, i0) — Wy (80,0, o).
Hence, (36) turns out to be
1
9s¢(s0,20) + sup{D¢(so, o) - b(s0, Zo, %0, u) + 5”[00'(80,95071'0, u)D?(s0,20)]} > 0,

i.€.,

1
9s5¢(s0, o)+ sup{ D¢(s0, o) - b(s0, To, i, u) + itr[aa’(so, xo,1,u) D?*$(s0,10)]} > 0.

i
Therefore, w(s, z) is a viscosity subsolution of the PDE (35). O
Lemma 3. Set

fla) = [1og((|:c\2 F1)V2) 4 1}2, z e R
For any A > 0, there exists Cy > 0 such that the function

X(s,2) = exp{(C1(T — 5) + A) f ()}

satisfies

1

U,

in [t1, T] x RY, where t, =T — &

Proof. Tt is easy to verify this lemma directly, so we omit the proof. The reader is
referred to [21] for detailed derivations. O
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Theorem 5. The lower HJBI equation (30) has at most one viscosity solution in
[0,T] x D x S.

Proof. Let Wy (s,z,i) and Wy (s,z,4) be viscosity solutions of the lower HJBI
equation (30) with same boundary condition. In fact, Wy (s, x,) is also a viscosity
subsolution and Wy (s, z, %) is also a viscosity supersolution of (30), we will prove that
Wy (s,2,i) < Wy (s,m,1) for all (s,2,i) € [0,T] x D x S. Conversely, we can also prove

that W, (s, z,4) > Wy (s,x,i) for all (s,2,i) € [0,T] x D x S by the symmetry. Let
w(s,x) = measg((Wf(s,mJ) — W5 (s,,1)). It is clear that for t; =T — Cil and £ > 0,
7

M = max _(w(s,x) — kx(s,z))exp(s —T),
(s,z)€[t1,T]xD

can be achieved at some point (sg,xg), where x(s,z) > 0 is defined in Lemma 3.
Without loss of generality, we assume that w(so, 7o) > 0. Otherwise, M < 0 and
w(s,x) < kx(s,x) in [t;,T] x D holds trivially for any x > 0. Consequently, letting
x — 0, we obtain for all (s,z,7) € [t1,T] x D x S

Wi (s,z,1) < Wy (s,2,14).

Note, w(so, o) > 0 implies (so,2¢) € [t1,T) x D. From the definition of (so, o), we
know that for all (s,z) € [t1,T] x D

w(s,z) — kx(s,2) < (w(sg,zo) — kX(S0, To)) exp(so — ).

Then (sg, 7¢) can be seen as a global maximum point for w(s, z) —h(s,x) in [t;, T] x D,
where

h(s,z) = kx(s,z) + (w(so, o) — KX(S0, Zo)) €Xp(S0 — ).

Since w(s, x) is a viscosity subsolution of PDE (35), then we have

1
9sh(s0, o) + sup{Dh(so, o) - b(so, To, i, u) + itr[aa'(so,xo,i,u)D2h(so,xo)]} > 0.

By the definition of h, we deduce that

w(so, o) < ksup{dsx(so, zo) + Dx(s0,Z0) - b(s0, o, i, u)

1
+ itr[aal(so,xo,i,u)D2x(so, zo)] + x(s0,70)}-
By Lemma 3 and for any x > 0, we have
w(so, o) < ksup{dsx(so,zo) + Dx(s0,T0) - b(s0, 0,7, 1)

u,t
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1 .
+ itr[ool(so,xo,z, u)D2x(so,x0)] + x(s0,20)} <0,

which is a contradiction since w(sg, 2g) > 0. Finally, by applying successively the same
argument on the interval [to,t;], with ¢t = (¢; — C%), and then, if to > 0, on [t3, 2],
etc., we get W, (s,z,i) < Wy (s,z,1), for any (s,x,i) € [0,T] x D x S. In a similar
way, we can prove W, (s,x,i) > W, (s,x,i), for any (s,x,i) € [0,T] x D x S.

Thus, the proof is completed. O

In Theorem 4 and 5, we proved that the lower and upper value functions (6) and
(7) are unique viscosity solutions of the lower and upper HJBI equations (30) and
(31), respectively. Moreover, if the Isaacs condition

inf sup H(s,x,i,u,v,w,p, P) = sup inf H(s,z,i,u,v,w,p, P),
veV 4eU welU VEV

holds, then the lower and upper value functions coincide, which means that the game
admits a value.

5 Example

In this section, we consider a one-dimensional stochastic differential equation

(37)

dXt = antdt + GfutdBt,
Xs=ux, 05 =1.

The state space of the controlled Markov chian 6} is S = {1,2}. The transition rates
of the Markov chain 6 is

q1(v) = —v, q2(v) =v, @u(v)=v, ga(v)=—v.
We denote by U and V the sets of feedback controls u; and v, taking values in U = [a, D]

and V = [\, 7], respectively.
We consider the following payoff function

J(s,2,0u,0) = B [/:(vf + uf)dt} , (38)

where 7 = inf{t > s, X; ¢ D} AT, and D is an open bounded set. Then the lower
value function is

W™ (s,z,i) = inf sup J(s,z,i,u,v), (39)

vEVs u€EU,
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and the upper value function is

Wt (s,z,i) = sup inf J(s,x,i,u,v). (40)
u€ls VEVs

It is worth pointing out that the continuity of the value function holds naturally
by virtue of the assumptions in Section 3.

The lower value function (39) and the upper value function (40) respectively satisfy
the lower dynamic programming equation

tAT
W™ (s,x,i) = in£ sup E {/ (02 +u)dr + W (t AT, XMT,GMT)} ,
veEVs ueld, s

and upper dynamic programming equation

tAT
W (s,z,i) = sup in£ E {/ (02 +u)dr + WH(t AT, Xt,\T,Ot/\T)] .
u€U; VEVs s

We also have the lower and upper HJBI equations

0 =0,W ™ (s,2,i) + 0. W™ (s, ,i)iz + sup{u® + %i2u28mW*(s,x,i)}
uelU

+ 12;[“/{1}2 + U(W_ (871',j) - W_(S, xvl))‘[{];ﬁz}}a

and

1
0 =0, W (s,2,i) + 0, W (s,2,i)ix + sup{u® + §i2u26mW+(s,x, i)}
uelU

+ 12€{U2 + ’U(W+(S,ZIJ,j) - W+(8"1:7 Z))I{]#Z}}

This means the Isaacs condition holds, i.e., the game admits a value.

For a numerical experiment, let D = (0,50), Az = 0.1, U = {1.0,1.1,--- ,3.0},
V ={15,1.6,---,2.5}, T =10, At = 0.01 and N = T/At. The discrete-time dynamic
programming principle is stated in the following steps.
Step 1: Let W~ (n,z,i) = Wt (n,z,i) =0 for all (n,z) € {N} x {0.1,0.2,---,49.9} U
{0,1,--- ,N} x {0,50} and i € {1, 2}.
Step 2: For x ¢ 0D, n € {N —1,---,1,0} and j #1

W™ (n,z,i) = min max {(v2 +u?)At + Z W= (n+1,y,i)P{Xnt1 = y| X, =z}

v u
Yy

+ ZvAtP{Xn+1 =y|X, =2} x W (n+1,y,j) - W (n+1,y,9)]},
Y
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and

Wt(n,z,i) = msxmgn {(v2 +u?)At + Z Wt(n+1,y,1)P{ X1 = y| X, =z}
y

+ > VAP{X 1 =y X, =2} x W+ 1,y,5) =W (n+1,y,0)]} .

Y

Step 3: Record controls v and v.

In Step 2, we use the probability P{y — Az/2 < X411 < y+ Ax/2|X,, = z} as
the approximation of the transition probability P{X, 1 = y|X,, = z} by the 'pnorm’
function in R language. The optimal control processes u and v are recorded as two
matrixes, respectively, which can provide the optimal policies for each optimal control
problems starting from any (s, x,i) € [0,7] x D x S.

We calculate W=(0,2,4) and WT(0,z,4) numerically using the above scheme for
x €{0,0.1,0.2,---,49.9,50} and i € {1,2}, and plot them in Fig. 1.

upper value function

Fig. 1 Graphs of upper value function W~ (0, z, ) and upper value function W+ (0, z, 1), respectively.

It is not difficult to see from Fig.1 that the lower and upper value functions coincide.
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