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Abstract

We consider the behaviour of a passive tracer 6 governed by 0,0 +u -V =
Af+g in two space dimensions with prescribed smooth random incom-
pressible velocity u(x,7) and source g(x). In 1959, Batchelor et al (J. Fluid
Mech. 5 113) predicted that the tracer (power) spectrum should scale as
|0x> o< |k|~*uy|> for |k| above some F(u), with different behaviour for
|k| < R(u) predicted earlier by Obukhov and Corrsin. In this paper, we prove
that the BHT scaling does indeed hold probabilistically for sufficiently large ||,
asymptotically up to controlled remainders, using only bounds on the smaller
|k| component.

Keywords: passive tracers, random velocity, turbulence,
Batchelor—-Howells—Townsend spectrum

Mathematics Subject Classification numbers: 35Q30, 47A55, 60G99, 76F02
1. Introduction
The study of statistical behaviour of passive tracers in turbulent flows is nearly as old as

the statistical theory of turbulence itself: eight years after Kolmogorov’s seminal work, his
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student Obukhov [19] proposed that in a three-dimensional homogeneous isotropic turbulent
flow whose energy spectrum scales as E(k) k=3/3, the power spectrum of a passive tracer
should also scale as T(k) k=3/3; the same prediction was made almost contemporaneously
by Corrsin [5]. As there are several parameters involved, namely the transfer rates of energy
and of tracer (variance), viscosity (of the fluid) and diffusivity (of the tracer), the full picture
is more complicated. It was soon clarified that the above Obukhov—Corrsin regime is to hold
only in the energy inertial range (between the forcing and Kolmogorov scales) where tracer
diffusivity effects are weak compared to advection by the velocity. In those parts of the iner-
tial range where tracer diffusivity predominates, Batchelor et al [3, henceforth BHT] argued
that the tracer spectrum should scale as T(k) oc k= *E(k), so k~'7/3 in 3d. In the dissipation
range (smaller than the Kolmogorov scale), one has the Batchelor k~! spectrum [1] when the
diffusivity is still negligible. With smooth fluid velocity, both energy and tracer spectra decay
exponentially at the smallest scales, although some deviation due to thermal noise has been
predicted with white-noise velocity field [7].

A similar picture holds in two space dimensions, where Kraichnan [14], Leith [17] and
Batchelor [2] proposed an enstrophy inertial range where E(k) o k~>. Due to intermittency,
logarithmic corrections to this have been proposed by various authors. At the smallest scales,
beyond the ‘Kraichnan scale’, the energy spectrum is again expected to decay exponentially.
As for the tracer spectrum in the enstrophy inertial range, an analogous argument gives 7(k) o
k! where diffusivity is weak (OC spectrum), and T(k) oc k=7 where diffusivity predominates
(BHT spectrum). For modern synopses of these physical arguments, see, e.g. [6, 18, 23, 24]
for turbulence generally, and [10, 11, 21, 22, 25] for tracers specifically; we also refer to [20]
for closure approaches to the tracer problem, noting in particular that the BHT spectrum has
not been found using the ‘classical’ closure approach.

While invaluable for their important dynamical insight and deep physical intuition, these
arguments made many assumptions still awaiting mathematical justifications. Leaving aside
the much more difficult case of the Navier—Stokes equations (in both two and three dimen-
sions), there remain many open aspects of the passive tracer spectrum problem. An early
breakthrough was obtained by Kraichnan [15], using a rough random velocity whose correla-
tion timescale is less than the diffusive one, allowing the problem to be solved exactly in all the
Obukhov—Corrsin, BHT and Batchelor regimes. There have been many related works follow-
ing this paper, notably [9, 16]; we refer to [8] for references. As noted by Kraichnan himself
[15, p 947, paragraph 2], his setup uses ‘assumptions markedly different from Batchelor’s’;
we believe that one should therefore consider BHTS9 and K68 as treating different problems.

More recently, [4] rigorously established the Batchelor spectrum with velocity being a solu-
tion of stochastic Navier—Stokes equations (with hyperviscosity in 3d), so much smoother than
K68, and tracer source that is smooth in space but white in time.

It has been pointed out [10, 22, 26] that, in contrast with the Kolmogorov k—3/3 or Kraichnan
k=3 spectra, the BHT spectrum is difficult to observe in nature (the only known material allow-
ing very small Schmidt numbers and large Reynolds numbers are liquid metals) and in numer-
ical simulations with realistic velocity fields (since one is to resolve both the OC and BHT
regimes).

Following our previous works [12, 13], in this paper we consider BHT59’s original problem,
with a synthetic random velocity that is smooth in time and space (but having independent
Fourier modes). The prescribed energy spectrum extends either to infinity or to some large
cutoff, respectively giving zero or very small effective Prandtl/Schmidt number. Unlike in [12,
13], here we make no assumptions on the size of the velocity, so our tracer spectrum will in
general consist of both a (presumed) Obukhov—Corrsin part and a BHT part. Being unable to
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handle the OC part, we ‘model’ the lower modes by a pseudospectral system O and prove that
the higher modes have the BHT scaling (4.7), both up to controlled remainders.

One limitation of the current approach is that it cannot handle an energy spectrum shallower
than k3 in two dimensions; in fact, this K67 [14] energy spectrum is the marginal case for our
approach, necessitating an ultraviolet cutoff. It appears to us that new mathematical ingredients
would be needed to extend this type of result to three dimensions with the Kolmogorov k—5/3
energy spectrum. Another limitation is that we are only able to establish (4.7) for wavenumbers
k| > c||ul|%,, whereas the classical prediction gives the transition wavenumber to be o< ||ul|'/?;
this is discussed further following theorem 4.

We consider the evolution of a passive scalar 6(x, ) under a prescribed incompressible velo-
city field u(x, ) and source g(x),

90 +u-Vo=A0+g. (1.1)

For simplicity, we take x € D := [0,27]? and assume periodic boundary conditions in all dir-
ections (sometimes we will write d instead of 2 to emphasize the role of the dimension).

As noted in the original BHT paper [3] and justified explicitly in [12], the case with time-
dependent velocity u(x, ) is not fundamentally different from the static case u(x) provided that
the time derivative O,u is sufficiently regular. This is in sharp contrast with the case where u is
white noise in time treated in [15] and its many subsequent works, where the weak temporal
correlations of u are crucial to their argument; as we argued above, this should be considered
as a different problem. In this paper, therefore, we shall consider static velocity u(x), so here
6 is the solution of

~A0+u-Vo=g. (1.2)

With no loss of generality, we assume that

/Du(x)dxzo and /De(x>dx=o. (13)

For consistency, the same condition must be imposed on g. Due to the nature of the problem,
all functions then have zero integral over D; therefore all our L” and Sobolev H® spaces are
understood to be homogeneous.

Assuming that 6 (and u later) is at least L, we expand 6(x) in Fourier series

0(x)= 3 Ope*r, (1.4)
kEZ?

where (1.3) implies that é() = 0; throughout this paper, sums over wavenumbers always exclude
k=0.For 1 < k < k’, we denote spectral projection by

(Pryrf)(x) = 3 frel®, (1.5)

r< k<K’
and write for conciseness (our k-intervals are always closed below and open above),

VERi=Prey, v i=Pgov and vy =Py oo (1.6)

To keep the proofs readable, we assume that g is spectrally bounded,

gx)= > get* (1.7)

1< [k| <#g

for some k, < co; we expect our results to extend to the more general case of sufficiently
smooth g.



Nonlinearity 37 (2024) 075025 M S Jolly and D Wirosoetisno

Notation. We denote by ||v||, the (Lebesgue measure) L norm in [0,27)?, and simil-
arly by 9], the (counting measure) ¢ norm in Z*\{0}. From the definition (1.4) and
Parseval/Plancherel, we have (these will often be used with no mention)

. )
1613 = (2m)"[|613  and [|6]|.c < (161, (1.8)

When the meaning is clear, we often write the L* inner product (v,w),, =: (v,w) for brevity.
We denote by * both the continuous and discrete convolutions, thus

(80 = [ fe-v)g0) @y and (74), = Siicsir (19)

They both satisfy Young’s inequality: for 1 < p,q,r <ocowith 14+ 1/r=1/p+1/q,
17+l < Ifl,llglly —and  [[F &[], < If1, /18- (1.10)

For any s € R, and for real-valued f implicitly having zero integral, we define |V|*f:=
(—A)*/?f formally by Fourier series,

(V) () = 3 [kl e (1.11)

k#0
and similarly component-wise for |V|*u. From the definition, |||V|f], = ||[Vf|l, so we will
usually use the latter expression for short; however, this equivalence does not hold for general

L7, and in particular |||V |f]| o 7%¢ || Vf]lo- We note some useful inequalities (see the appendix
for proofs):

V11V -l < e fully (1.12)
_ . 1/2 1/2
VIV ulo < el < ey Aul! (1.13)
_ 1/2
1911V -l < el < e[l (1 +log (Iaull/|Vul)' ). (1.14)
The last two inequalities show that ||| V|~V - u]| , is bounded by, respectively, the Agmon and
Brezis-Gallouét inequalities for ||u|| . Bounding |||V |~!Vh|| . < |||, is rather wasteful, and

we will need a sharper bound for later use.
Form € {0,1,2,...} and r > 0, first we define L,,(-,-) by

oo —rl m oo
/ k=" og” k dk = “7fg’ﬂr%/ K Nog" "k dk

=r ! (logm,‘{—|—m/r10gm_l K+ 4ml/r") =Ly, (k,r) [ (r&").

(1.15)

In this section c(s) denotes a generic constant depending on s that is bounded as s — 07 while
the generic ¢ does not depend on s (or any other parameter). With these we have:

Lemma 1. Fors >0, p € [1,00] and w € LP (D) with zero integral,

[IVI=w |, < c(s) k™" Ly (25, ) w7, for k=5, (1.16)
IV~ wll, < c(s)s 2w, (1.17)
V]~ IVW>”||p\ (s)s™1 ”L2(2/4:,s)||w>”|\p fork =5, (1.18)
IV owll, < c(s)s 7wl (1.19)

We note that this result is sub-optimal for p < oo, since (the case s = 0) the Riesz transform
|V|~!V is known to be bounded in L” whereas our bound (1.19) is infinite, but it suffices for
our purposes here. The proof can be found in appendix B.

4
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We collect some useful identities and inequalities involving P. The ideas are well-known,
but for completeness we prove (1.22) and (1.23) in the appendix.

Lemma 2. Given k > 1, for any zero-mean v and w, we have, whenever the expressions are
defined,

(v,w>’““)L2 = (v>"“,w>"‘)L2 = (v>'i,w)L2 (1.20)
(v,w<"””)L2 = (v<",w<"”“)L2 = (v<"”",w)L2 (1.21)
[ PR v (1.22)
<"1 < clog s |V =3, (1.23)

As we shall need u € L> N H' for our bounds, we consider two types of velocity. Fixing a
positive constant U and denoting k* := (—ky, k), in section 2 we consider (recall that ity = 0)

u(x) =Y e =10 Y kP~ kXl (1.24)
k k0
for 3 < —2 (corresponding to the |k|?#*~! energy spectrum in the physics literature); this
gives effectively zero Prandtl/Schmidt number. In section 4, we consider

ulx)=iu > |k 73kt Xelt (1.25)

1< k| <kp

to handle the important marginal case 3 = —2 (giving the hypothesized Kraichnan’s |k|~3
energy spectrum); since we shall take x,, as large as needed, this gives effectively very small
Prandtl/Schmidt number. This can be extended to the more realistic exponentially decaying
|it| for |k| > Ky, at the cost of considerable clutter. Further connections to 2d turbulence are
discussed in section 4 below.

We define the complex random variable X = e'% with the random phase ¢, ~ U(0,27).
This gives |Xx| =1 and EX] =0 for any integer n # 0. We note that X is circular, i.e.
E (ei¢Xk) = E X for any deterministic real ¢. We assume that X, are uncorrelated (in the sense
of complex r.v.),

EXXi=0x and EXX;=0 (1.26)
subject to the constraint that u(x) be real-valued, which implies X_; = X;. Therefore (1.26) is

taken for j, k € Z2 := {(k,l) : 1 > 0} U{(k,0) : k > 0} instead of the full Z>.

2. Steep energy spectrum: g < —2
Noting that k* - k* = |k|?, we compute
i = U2 k7| Xi* = U2 K[> 2.1

K 2 R 3 ©
(|3 = (2m)" 3 |uk|2:(27r)/ 2254 4y

k| >x
=K% (2m)* U2/ (28 4 2) ~ k2P |ul 3 2.2)
where in this paper, as in [12], ‘~” means up to x-asymptotically smaller terms incurred by
lattice approximations: f~ g means f = (1 + (k/x)M)g with M bounded; similarly for <. (If

a bound is needed in the above, one can replace x by x — 1.) We note that even though u is a

5
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random variable, thanks to |ii;| being deterministic, these L? norms have fixed deterministic
values. On the other hand, ||u||, is a random variable for p # 2, which we will need to bound
below. For (1.24), we have

IVu= |3 = (2m)* 32 kPl

k= r

~ 10 (2) U2/ (28 +4) = 25T |Vl 3. 23)

Moreover, since 3 < —2, we have u € H* N L> for s € (d/2,— — d/2). We can bound ||u|| o,
using Sobolev including the constant as

2
Il < (1 <3 5
k k k
2w —2rU?
T 2%—d2s+28+d =:f(5:5).
The minimum of f is attained for s = — /2, giving
[ull oo < llilly S =27 U/ (B+4) (2.4)
provided that 8+ d < 0.

With these bounds on u, we have the following global bounds on 6:

Lemma 3. With u given by (1.24), g = g<"s by (1.7) and 6 by (1.2), we have

Ve, <1V~ "¢l (2.5)
126]1, < e [[Vull, IVl + llgll, < e[ Vullo[[IV] ™ gll, + gl (2.6)
10]l o < 11611, < c[|VO]l2 [1 +log'/> (|| A0,/ [ VO]l,) 2.7
V0]l oo < clladll 101, + 11V~ &ll,- (2.8)

We note that the ||Vu||, in (2.6) and the ||#||, in (2.8) both require 8 < —2, with a spectral
cutoff in the marginal case. As we do not have a lower bound for ||Vé||, in the Dirichlet
quotient ||A6)|,/]|V8||,, we will have to bound log(---) < |log||Ad||,| + |log||V8||,| where
needed.

Proof. Even though elementary for the most part, we do these explicitly as identical estimates
will be used in handling (2.44) in section 3.3. For (2.5), we multiply (1.2) by € in L?* and use
the fact that (u-V6,0) =0,

VO3 = (g,0) = (IV|"'&,IV16) < 11V glll[ V], (2.9)
Next, we multiply (1.2) by —Ad, integrate by parts, and use the fact that ), (u - V9,0, 0;6)) = 0
to get

1A0]3 = — 3 (G- V0,0) — (8, A0) < [[Vull, | VOIIZ + 18]l A0, (2.10)

J

followed by Ladyzhenskaya, | V0|3 < ¢||V0]|,||Af]|,, to get (2.6). The inequality (2.7) is
just Brezis—Gallouét, proved with Fourier series. Finally, for (2.8), we bound

V0]l < VO, = [[IV[71A0)), = V]~ (u-VO) — |V '&]s 2.11)

6
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and then bound the first term using [||V|~'V - w||; < ¢[|w]|; and (1.10) as

V|71V - (ud) |, < cl|(b)]], = cllixb]], < cllall, 1], (2.12)

We note that (u0) is the Fourier coefficient of (u6), which equals the (discrete) convolution of
u and 0; this type of estimate will be used again below. O

Since ||[Vu="|3 ~ k?#+4, a BHT scaling for 6§ would mean E||V6>%|3 ~ k3. It is fairly
straightforward to show a BHT-like upper bound for ||V6~"|,:

Proposition 1. Let u be given by (1.24) and g = g<"¢ by (1.7). Then the solution 0 of (1.2)
satisfies

V071, < KPe (B) |l VO] oo (2.13)
for k> 2V max{rg, |l ¢ (8) [ul| |ully '} where v :=[—28 — 1.

Here [x] :=min{m € Z : m > x}, rounding x up. This bound, and the identical one for ©
in (3.7) below, is suboptimal in two different ways. First, it depends on ||u||,, rather than
l|lull,, as suggested by (2.49). Second and more seriously, for its validity we need x > c||u?
rather than ||u||'/? proposed by classical theory, at least for 5 = —2. As will be seen below,
this limitation re-appears in (2.48) and (4.6) in the main theorems.

Proof. Multiplying (1.2) by 6~" and using (g,6~") = 0, we have
1V67 3 = = ((u- V=)™, 6> ) <IIVI™" (- Vo) L1910l 2.14)

Now since («<"/2 . V<*/2)>* =0, we can split

>K

>K
(- VO<")" = (/20 ) " (w20, o) 2.15)
and bound, using (1.22), Holder and (2.2),
- K)>H - K K - K
[N R e N PRy e v [P R v/ P

<K U VO o + 5 "2 o 1V O 21
S K2 uly 1V o + K7 [l o [ V672 (2.16)

The first term already has the correct x” scaling, so we compute the analogous bounds for
VO>r/2" writing v = ||u| 00 /5

IV6="72 1, < 572125 |ul| | VO o + 20]|VO7" 4
/2" —(m — m K /2"t
17672 ||y < kP27 DB || V0| o + 270 VOZ 2.

Using these repeatedly, we find
16712 < 527~ o Vllos (1427 70) + 207 V8™,
gKﬁ2—ﬁ—l|‘u||2|‘V0‘|w (1+.._+2V—1—Vﬂvl/) +21+...+yvu+l”v9>/{/2v+1”2

<2277 UL 1V 6| oo (1 oot 2”“‘”%") +2 g, (2.17)
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noting that for the penultimate step we need (g,9>"/ 2V) =0, i.e. kK > 2"k,. Invoking the
hypothesis % > 2V ||ul|%,, or equivalently v < (2Vx)~!/2, we can bound the bracket (1 + --- +
2v=1=vBy¥) by a constant. Finally, demanding that the first term dominates the second,

K ullal| VOl = ¢ (B) ™"~ lul VO
< w0227 ()7 ull 2P lull,, (2.18)

we recover the condition x > 2”c’(ﬁ)||u||§o||u||é/ﬂ. O

Much of the work in the rest of this paper is to show that E ||V6>*||3 consists of an exact
expression with BHT scaling plus an asymptotically smaller remainder.

2.1 Small U

As the current approach is different from that in [12], it is useful to consider the simpler case of
small U separately, as well as to motivate the analogous computation in section 3.2 We write
0 = © + 9, which satisfy

—-NO =g (2.19)
—AV4u-VI=—-u-VO=u-VA~'g. (2.20)

We note that since g = g<", we also have © = ©<"¢, s0 §~" = ~" for k > k,. Then the
following holds:

Proposition 2. Assuming ||u|| ., < c., with ¢, <1 defined in (2.40) below, and for k > 3k,
one can write 0 = © + 9 + 59 where

E|[Vo>" |3 ~ x> UPr (28)7" VO 2.21)
176975, < &7 (4[|l o) 1]l oo 11l VO .- (222)

The remainder VJ9>* has the same x° dependence as V(1)>*, but since it has a higher

power of u, scaling as ||ul| o, [|u||, ~ U?, it is smaller than (E HV19(1)>"||%)1/2 for ||u|| ., small.
Proof. We solve for ¢ by iterations: put ¥(*) = 0 and

A9 = . w9 4y ve. (2.23)
Now this implies

A9 = - V9™ (2.24)
where 59" t1 .= 9+ — 90 Multiplying this by —59' 1, we find
VoD |2 = — (u~V519("),519(”+1)) <V <u~V519(”)) I, [ V89 +D] (2.25)
and thus

V80D, < NIV (- 989 |, < o [ 759 . (2.26)

8
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Therefore, if ||u| ., < 1, then || V9™ ||, < |jul|"s!||Vé9MD||, — 0 as n — oo and

V9 —v9D|, = |[VeI? + V9D + ...,
<|[VoIPD |, + VI ||, + - (2.27)
<IVEIW oo/ (1= lull o) = V9 o llutllo / (1= lluel o) -
This tells us that 9 = 9(>) is close to ¥(1) in H" if ||u]| _ is small.

Following the argument in [12], and repeated after (3.15) below, ¥(!) has BHT scaling in
the sense that

V9>~ = k222 02|V g3/ (28 + d) (2.28)

asymptotically for K >> k.

In order to show that ¢, and thus 6, also has BHT scaling asymptotically, we need to show
in addition to (2.27) that ||V (¢ —9())>*|]3 is dominated by (2.28). We start by multiply-
ing (2.24) by 69 +1>*% in 12,

>K
V890> 2 = (- Vo9, 50+ D>r) = <(u~V§19(")> ,519<"+1>>“>
(2.29)

>K
<IVI (- 009) 7 [, [0180 0>,

To bound this, we split u = u<"/2 4 u>"/2 and 59 <#/2 1 §9(">%/2 and use the fact that
(u<n/2 X V6?9(n)<n/2)>n =0,

>K

>K
1917 (1069 )y < w71 (e 909)
>K
:K_]” (M>K/2~V(519(n) _’_M<n/2_v519(n)>n/2) HZ
S e N ARl N P N el
<2 (8) KNl V69 ) g + 57 lull oo [IVI >3], 230)

where we have used (1.22) on the first line, Holder on the third, and (2.2) on the last. We bound
the first term as

V89 o <IIVI729 (w9097 D) |loo by 224)
< esflul o |V by (1.19) withp =oco and s = 1
< (e3 flull )" VI since 691 = 91, (2.31)
We then proceed by induction, seeking to prove that there are M| and N such that
[Ve9™W=>%|, < MNP fork>landne {1,2,3,...}. (2.32)

For n = 1, we have §9(") = 9(1). We first consider x > 2k, 50 K — kg > /2,

K — K — K—K Ko\ K
V9=, < IV (u-VO)~" I, <K (TR Ve TR,
e um T VOl < enT w21 VO
<

cs (B) KP||ull,||[ VO o » (2.33)
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which demands that M| > c4(5)|u||,||VO|| . Then for x < 2x,, we bound

IVl < [V, < s [|ull | VO oo (2.34)
Requiring that the rhs be no greater than (2r,)°M;, we find

My > es (2ng) " Jul | VO - (2.35)

Therefore (2.32) holds for n= 1 provided that M; > max{ca(B), (2r¢) Pes}Hull,[| VO]l no-
Next, forn € {2,3,...}, we seek to show that each term in (2.30) is bounded by 1M N"kP.
Using the bound

VOV || = IV 2V (u-VO) || <cllu-VO|,,  by(l.19)withs=1, (2.36)
we bound the first term as

n—1
eallully (esflull o) IV o

callull | VO™ o <
n—1
< callully (e3lfulloo)™ " esllull oo [[ VO oo (2.37)

whose rhs is bounded by N"~'M if N > c3][ul| o, and My = 2cac3|ul,|[u]| o [ VO oo As for
the second term in (2.30), we bound it using (2.32) as

K ulloo V0>, < k7 Jul| MNT (/2)”
= &P7127P || M N (2.38)

whose rhs is bounded by %N”Ml P if N> 2'"P|ju||.. Putting everything together, (2.32)
holds with

My = max {cs (8), (k)" es,2¢205 [l  [1],]| VO (2.39)
N=max{c3,2" 7} |Ju] . (2.40)
Therefore, if N < %, we have [cf (2.27)]

|[Voe>r —gygM>m)) = || vs9P>r 4 v >r ),
< [[VeI D= |+ V59D - 241
<KPMN/ (1 —N) <26°M|N.

This proves the proposition with 519 := 19(>) — (1),

2.2. Large U

Since the above argument relies on the smallness of ||u|| .., it will need to be modified for large
U. For some & to be fixed below, we split § = © + ¢ + ¢, which satisfy

—AO+(u-VO)F =g (2.42)
— A+ (u-VI) " =—(u-vO)" (2.43)
—Ap+u-Vp :—(u~V19)<F”. (2.44)

10



Nonlinearity 37 (2024) 075025 M S Jolly and D Wirosoetisno

The small u case in section 2.1 can be regarded as a special case with & < 1 and thus ¢ =0,
(+--)<F=0and (---)>" = (---). For clarity, we shall henceforth assume that & > x,; the gen-
eral case is messier but entails no essential difficulty. B

We first establish some basic facts to motivate the theorem. Taking P~ "(2.42) and using
(g<"¢)>F =0, we find

AO™F =0 = ©>F=0and© =O<F, (2.45)
This then implies (1”2 - VO)<F = (u>2F . VO<F)<F =0, s0 (2.42) is equivalent to

A0+ (u<*.vO)™"

=g (2.46)

The fact that © is independent of u~ %% will be important to establish the BHT scaling of 9
later. Similarly, taking P<"(2.43), we have

AG<E =0 2.47)

and thus 9 = 9¥>%. Here we expect O to obey the Corrsin—Obukhov scaling in some subinterval
of (kg, k), but since we have not been able to prove it, we seek to ‘isolate’ it from the rest. As
in the small U case, ¥ obeys the BHT scaling for large x > £ modulo subdominant terms, plus
an additional remainder ¢ which is absent when ||u]| ., is small.

The main result in this paper is the following:

Theorem 3. Let u be given by (1.24) and g by (1.7). We put
& = 2" max {ng, ul%, ¢’ (B) ||u\|go||u|\;/ﬁ} withv = [—28 —1]. (2.48)

Then one can write § = ©<F 4 9(>% 1 59, where 9") has BHT scaling for k > 3F,

E||VOD>"5|3 ~ g2 2HUPE||VO| 3473/ (—28) (2.49)
asymptotically for /R > 1, while the remainder 61 is bounded as

IV69=" ||, < &% (Mg +M,) (2.50)
with

My = c(B) ||ull| VOl ull log* & /7, 2.51)

M, = iPe(8) V0 [lul, +log > (|5*~ |V Ol..)] 252

50 ||V69>* |3 is subdominant to E || V91> 3 when |||, log® & /R < 1.

We defer discussions to after the analogous theorem 4, in order to relate to classical 2d turbu-
lence theory.

3. Proof of theorem 3

The proof of theorem 3 consists of three main parts. In the first part, very similar to the proof of
proposition 1, we show that | VO>%/2||, < &M if  is large enough. In the second part, partly
resembling that of proposition 2, we show that E || V99()>*|3 has BHT scaling and dominates
the remainder V(¢ — 9(1))>* for large enough %. The final part, with no direct analogue in the
small u case, bounds ¢. The theorem follows upon taking 69 = ¢ — 91 + .

1
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3.1. Bounding ©

By multiplying (2.42) by © and —A© and bounding, we find the following analogues of (2.5)—
(2.6),

IVOl, < IIV|~"gll, 3.1)

1AO], < c||[VullIVOI, + llglly < eI Vull, [V~ gll, + llgll (3.2)

VO], <clogk|AO, (3.3)
<2R

where one could replace u by u if desired, here and in the rest of this subsection. The last
bound is better than (2.8) since © = ©<" is spectrally bounded. Assuming that 27"R > K,
we then multiply (2.42) by ©~* for x € [k/2,R) to get

>K
IVO=" |5 =~ (u-VO,07") = — ((u<“/2 : V@>“/2+u>“/2~V@) ,@>“) . G4

giving the bound [cf (2.16)]
V07"l < K727+ ull,| VO o + 57 [l [[VOZ2 . (3.5)

As before, we iterate the second term to get [cf (2.17), recalling that v = [-23 — 1] and v =

il oo /)
V07"l < 7275 ul[ o[ VO|og {14 4277 P0) 5
+2t v, |

keeping in mind that we need x > k, in (3.5), and thus x /2Y > kg for the last term. Not sur-
prisingly, the bound in proposition 1 also applies to ©,

IVO~"l, < w7 (8) |ull2 [ VO o 3.7

for & € [R/2, %) provided that & > 2" max{k,, |ul|2, ¢’ (8)||ul|2 |3/ *}.

3.2. Computing ¥~ "

We now show that ¥ consists of a BHT-like part and a subdominant remainder. As in proposi-
tion 2, we solve (2.43) by iteration, but since « is no longer small, we make use of the smallness
of u”%, with ||u|| .,/ in place of ||ul| .. With © considered given, we put 9(®) = 0 and

A9 = (u-vO<F)7" (3.8)
>R e
AP = (w79 (- VOE) T (3.9)
Unlike in the small u case, we cannot obtain a BHT scaling directly since # and © are not
independent, so we split (1) = 1921) + 19;11) where
A = (. vO<F) 7" and  AYY) = (WF.VO<F)TT. (3.10)

Thanks to (2.46), ©<F and u>>* are independent, giving a BHT scaling for 19(1), as we will
prove shortly. We note the following facts:

9 =Praed) and 93 =P 0. (3.11)

12
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Moreover, even though (19£1) , 191(11) );2 # 0, we do have

) 41
E (ﬂp,ﬁﬁ,))y —0. (3.12)
This can be seen by writing
O(x)= Y Opei* (3.13)
k| <k

where Oy is a complex random variable that is independent of X; for |j| > 2% (but a priori the
Oy are not necessarily independent mode-wise, or with u<>%); we define ©; = 0 when |k| > k.
Then (writing k A j := kyjy, — kyjx)

E (0",95)) = 4w U2 S Ik 1P~ k= 117~ (kAJ) (kA D)
kjl
U|72‘l‘72EXk—jéij—lél-
ButEX, ;0,X, 0, = Exk_jéjaExk_, = Ossince, with |j], |l| < &, |k —j| < 2% and |k —I| >
2R, Xj—; is independent of © and X;_;, and EX;_; = 0. We thus have
E 0013 = E95"[3+E 105113, (3.14)

so E[[9M>%|2 = E[9$)”"|3 for k > 3k.
Writing 0 := 19,(11) for short, we now consider a single mode 9y with |k| > 3%,

Do =—Ulk|™> > |k—jl?~" (kAj) Xi—©), (3.15)
i<’
thus
E[0if = K0S k—j1P k=17 (kAj) (kA D) EXi—j©,Xi—O. (3.16)

jl

Since |k| > 3% and |j|, , |k—1| > 2R and thus X;_; and X;_; are inde-
pendent of the ©. Therefore EXk_jéij_zél =EXi—jXi— Eé)jél =0;E \C:)j|2, giving

E[0i|* = [k ~*U* X k— =2 (k Aj)*E|6). (3.17)

J

I| < R, we have |k —j

We then sum over all k with |k| > &,

BV B =4 32 K0 3 i (k) E G
ZK i<k

A _ £2
o~ 47r2U22 E|O; % k|28 (k A j)
J

2w poo
~ 47202 Y U|2E\@j|2/ / sin o1 dr dog
J 0 K

=4m°U* 3 E|jO;Pnr? [ (-26),
J

which gives the BHT tracer spectrum (2.49). For the second line, we have approximated
|k — j|*#=2 by |k|?#~2, and for the third line, we have written (k A j) =: |j| |k| sinco; and approx-
imated the k-sum by an integral; the errors in these approximations were shown to be x-
asymptotically subdominant in [12].
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Turning to the rest of ¥, we first consider global convergence. Writing §9(1) := 9(1) and
SOt .= Yt _ 9™ for n =2, ..., we have from (3.9)

>R
ASPUHD = (u : Véﬂ(”)) . (3.18)

This then gives [cf (2.31)]

>k
V890l = 191729 (- 969) ™

< s log? & || (u.v(w("))ﬂ I by(L18) withp=oo, s =1
< o3k og? R [lull o | V9™ || o
< (e3|ul| o log? 7 /R)" ||V19(1 lloo since 601 = (V)
< (es]lullc log? /)" IVO (3.19)

where for the last step we have used [cf (2.36)], proved using (1.18) with s =1,
VoD || o = [V 72V (- VO) || < ek ogk |lu- VO (3.20)

Therefore the iteration (3.9) converges with 9(") € W' if ¢3||ul|  log* & /R < 1.

We now show that 9> is dominated by 9()>*; here the argument is very similar to that
in proposition 2, so we omit details where a computation is essentially repeated. Noting that
59" <F = 0 by construction, we seek to prove that there are M; and N such that

|Veom>, <M\N'"'sP  fork>Randne {1,2,...}. (3.21)

For 69D, we first compute, for kK > R,

K2 (B) [ull I VO lae + £~ ull o [ VO™,
K¢ (B) [l VOl o (3.22)

V17" (- VO)™ [ <
<

where we have assumed that ||u/|2, /% < 27" and then used (3.7) for the last line. This then
gives

V9=, < &P e(B) ([lull o VO o (3.23)

Therefore (3.21) holds for n=1 with M; > c(5)]|ul|,|| VO] - Next, we multiply (3.18) by
—59tD>5 (o obtain [cf (2.30)]

V807D, < 2 (8) 67 [[ull [ VIO | oo + 57 [lull oo [ VOO =52 . (3.24)
Using (3.19) and (3.21), we bound this as

V89>, < o3 [ull, [ VOl o (e3]lull o log* 7 /R)"
+ 27757 |ul| (MNP, (3.25)

which satisfies (3.21) for n + 1 provided that

My =2max{c;(8),c(8)}ull, I VO],

(3.26
N:max{C3,21_'B}||u|\oo10g2/?;//?a. )
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As in (2.41), assuming that N < %, we have
>K
||v(19f19“>) I, < 26°MN =: kP My (3.27)

which is asymptotically subdominant to (E || V(1)>%|3)!/2 for small ||ul| o log® & /7.

3.3. Bounding ¢

We note that (2.44) has the same form as (1.2), with ¢ in place of § and I' =T'<F := —(u-
V19)<F in place of g = g<"s. We can thus apply lemma 3 and proposition 1, mutatis mutandis,
giving us

V™" 1l < % (B) ull oIV plloo < K7 (B) (Ilull, + ) [ Vepll oo (3.28)

valid for k > 2¥ max{r, ||u||io,c’(6)||u|\§o\|u||;/ﬂ} This already has the correct x” scaling,
so we only need to show that the coefficient ¢(5)(||u||, + ¢)||V¢||« can be made smaller than
the ¢’ (8)||u|l,]| VO||, in (2.49).

In what follows, we shall write our bounds in terms of © as in theorem 3 rather than g. We
need to bound [cf (2.8)]

Vel < cllallllglh + 11V 'Tl - (3.29)
To handle the last term,
V™' Tl = 1V - () <%l < cll@d)]|y < cllax ]|, < cllal|[9],,  (3.30)

recalling that 1 = -, we use Agmon to bound [cf (A.3) for the first step]

19751, < e |95 32| A0 55> < er™ || A™F,
& ull o IV, + &I (u- VO)ZF

i ul IV (- VO 12 + &= (- VO) 7|,

INCININ

Noting (3.22) and the analogous estimate ||(u- VO)>% |, < &% 'c(B)||ull,||VO|| o, we have

19771y < R e (8) a2 VOlloo (1 + [l oo /7) < B (8) [l ]| VOl (3.3D)
using our standing assumption that & > ||u/| o, to give
VI Tlle < cllall 191l < &7 (8) l[all; lull2| VO - (3.32)

This shows that, for u given, we can make the rhs of (2.44) as small as we like by taking &
large.

We still need to bound the ||¢||, in (3.29). We first multiply (2.44) by ¢, use (1.12) and
bound,

IVl < VIl < @) =" o < Nulloo 975l < V07l llull oo /5
<V (- VO) ™" |lalull o /7 < B e (B) ulla IV Ol el oo /7
<E7e(B) VOl using [lullylulloo/F <c. (3.33)
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Next, bounding (2.44) directly using the above bounds and (3.22),

1Al < llu- Veelly + 1Tz < llll ool Vel + flu- V=&,
|

<

< el oo IVl + 1V0112) < oo (92112 + 11V17 (- VO) 77 1)
<| IMIIDQ(IIVszJrF» c(B) lull VOl )

<R (B) [l oo 1l 2 VOl g (1 + [t o /)

<RI (B)IIVOllo  again using |lullyl|ullo /7 < c

Using these in [cf lemma 3]: by (1.14),

121 < e 19, [1 +1og2 (1 A¢ll/ | Vo1l)|
<[V, [1+ (l1og | Agll| + [log [ Vi l,])' 7]
<c(B) R |VO Iy [1+10g"2 (577" e (8) [VO]l0) | (3.34)

Using (3.32) and (3.34) in (3.29) and then (3.28) gives the M, in the theorem.

4. Kraichnan energy spectrum: 3 = —2 with cut-off

For the ‘Kraichnan’ velocity (1.25), we have

|2 = (2m)? Sl ~ (21)° UZ/IR” 7 dr=(2n) U (1 k72) 2 @.1)
="} ~ (27)° U2/ 3 dr=2r) U? (K72 = k%) J2 2 572 |ull3 4.2)
Va2 = (2r)> IUEE (27)* 12 /1 Y dr = () Plogr, 4.3)
llall, = UEk: (k|72 = || Vull3/ (47°U) . (4.4)

Here we need to modify our ‘>~ to mean up to (absolutely bounded) terms of order x/x,, as
well as those of order %/x. We note that in what follows the only terms growing in «,, do so
no faster than log® «,,.

According to the classical Batchelor—Kraichnan—Leith picture of two-dimensional
turbulence [2, 14, 17] (see, e.g. [6, 18, 23] for modern synopses), in the enstrophy inertial
range with enstrophy transfer rate 7 the energy spectrum scales as 52/ |k|=3; comparing this
with our U?|k|~#*!, we have i oc U>. This enstrophy inertial range is supposed to lie between
the injection scale (absent for our synthetic velocity) and the dissipation (‘Kraichnan’) scale
x (v)/ n)'/® where vy is the kinematic viscosity. In the 2d Navier-Stokes equations, one can
specify the forcing and viscosity independently, implying that ||u||, and «,, can be independ-
ently varied; this motivates us to prescribe U and «,, in our synthetic velocity (1.25).

All bounds in lemma 3 also apply to this case, with ||u]|,, || Vu||, and ||&||, as given above
(and identical proofs). As does proposition 1: with u given by (1.25) and g by (1.7), we have
(here v = 3)

V6=l < e ull VO] o (4.5)

for k& > 23 max{kg, [Ju]| %, c|lul|% Hu||2/ﬁ} The proof is again identical to that of proposition 1.

16
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Next, we split § = © + 9 4 ¢, which as before satisfy (2.42)—(2.44). All the estimates in
section 3 apply with 5 = —2 and v = 3 (the &,, dependence is hidden inside ||u]| ), giving us:

Theorem 4. Let u be given by (1.25) and g by (1.7). We put

=2 max { gl 2 2/l (4.6)
Then one can write § = ©<F 4 9(>F 1 59, where 9V has BHT scaling for k > 3R,

E|VOW>%|2 ~ s~ UPE | VO3 73 4.7
asymptotically for k < k < Ky, while the remainder §V is bounded as

V69~ |, < k™2 (Mg + M) (4.8)
with

My = c||ul|,| VOl |ull  log* & /7, 4.9)

M, =52 ill, [VOll [lull +log? (I O]l.)] . (4.10)

As in theorem 3, here one can make the remainders My and M, smaller than the BHT part
(E|[V9(1|13)!/? by taking & large enough. Obviously for this theorem to be non-empty we
must have £ < k., but as noted above, this is always possible (mathematically), as one can
specify &, independently of U (and thus &).

Now according to the classical BHT argument, the transition between the Obukhov—Corrsin
and BHT regimes should take place around Fqs o< 17'/% oc U'/2. In this regard, our & oc U?
is much too large (noting that our % is a sufficient threshold: one is guaranteed to have BHT
spectrum for x > 3k, though of course one might have it for smaller k). A more careful analysis
might give a rigorous & oc U'T¢, but we do not see a way to bring the power on U below 1.
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Appendix A. Proofs of basic inequalities

For (1.12)~(1.14), we define v := |V|~!'V - u and note that ; = i(k/|k|) - ity. Now for each k,
[0l = | (k/ 1K) - > < | (k/ 1K) el = il

which gives us (1.12),

VIl = 19l < flally = flull,- (A.1)

<
Similarly, we have |||V [*v||, < ¢|||V|*u]|, for any s € R whenever the expressions are defined.

17
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As noted, the next two are simply Agmon and Brezis—Gallouét, proved using Fourier series.
For both, we start by writing for some x > 1 to be determined below (recall that all wavenum-
ber sums exclude k =0),

Wlloo < Bl = 9=y + 1971, (A2)
For (1.13), we bound

1=l + 1977y < e [0l +en™ |- 2977l (A.3)
and then choose k= ||Av||§/2/||vH;/2: |||~|2\3Hé/2/|\f)||;/2. For (1.14), we assume that

[IVv]l, = 1 (otherwise replace v by v/||Vv|,), bound
~<K ~A>K 1/2 <K — A>K
=51y + 1971, < ¢ (log )2 (|| - [9=% [l + x| - 25771 (A4)

and choose x = || Av|,.
In lemma 2, the first three are obvious from the Fourier representation. As for (1.23), we
compute using Cauchy—Schwarz,

/ /
< lloe < 22 [0l < 32 [0uf K] [KI 7
k| <k [k| <K

, 1/2 . 1/2
< ( > |9k|2k2> ( > k2> , (A.5)
k| <r k| <k

and bound the last sum by an integral,

> kT2 <2 [T dr =27 logks. (A.6)
[k| <k

Appendix B. Proof lemma 1

Demeter sketched the proof of (1.19), essentially in complete form. We are responsible for the
details and the (slight) generalisation to (1.16) and (1.18).

Proof. It is instructive to start with the one-dimensional version (a standard exercise in har-
monic analysis). Let

wx)= > el (B.1)

k| >k
and consider [abuse of notation: T denotes both the integral operator and its kernel]

Tw(x) = (T*w)(x) where T(x)= Y [k~ (B.2)
|k =k

Using the Dirichlet kernel

Dy(x):= Y &k, (B.3)
K| <N

we compute

T()C) = Z kS (Cikx + C_ikx) = Z k— [Dk (x) — Dy (x)]

k=K k=K

= 3 D) (K = (k1)) = D (0)

k>k
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Now by Taylor’s theorem, k= — (k+ 1)~ = s (k+ &)~ < sk~ ! with £ € [0, 1], so taking
|- ||, and using the triangle inequality,

1Tl < 32 1Dl k=1 4 1Dl 57 (B.4)

k>kK

Using the well-known fact that

IDil, < clogk (B.5)
and bounding the sum by the corresponding integral, we arrive at

7|, < ck*logr + s/ k" og(k+1) dk < ck ™ Ly (k,s). (B.6)

rk—1

Young’s (convolution) inequality, then implies, for all p € [1,o0],

[T wll, <[ITHIwll, < ex7 Ly (5, 5) ], (B.7)
An identical bound obtains for R= ik|k|=*~! by summing k; > 0 and k; < O separately, and
using Dy defined in (B.13) below instead of Dy; we shall do this explicitly in the 2d case.

For the 2d case, we will need to separate x = (x1,x2) and k = (ki,k2); we write |k| := (k +
k3)'/2. For w € L*(D) and & > 2, we define its high-mode ‘square’ projection,

W (x) == > W,elkr, (B.3)

[ki|Z 5, ko] 2k

We note that (w>")>("/v2) = > 5o for (1.18) it suffices to prove

IV w2, < ()7 Lo (20,5) [ (/) (B.9)

and similarly for the other inequalities.
We consider the operator Ry = |V| ™19, Instead of writing its symbol ik;|k| ~*~! expli-
citly, we write
s+1)/2

foo =k k) := ko (8 +43) (B.10)
and note the symmetry properties

f(=ki,k2) = =f(ki,k2) and f(ki,—k2) =f(ki,k2), (B.11)
as well as the bounds, regarding k; and k, as continuous variables in R2,
flkr ko) | < K175, 10uf (ky k2) | < e (s) |6~ and [0y (ki ko) | < e (5) K| 772 (B.12)
fori,je {1,2}.

For ¢ € [0,27), we put
~ N . o AINE
Dy (1) := Y e =elS =L (B.13)
k=1
Even though Dy(¢) is not quite the usual Dirichlet kernel, we do have
- eM — 1 1—cosNi)'/?  |sinNt/2
Dy (1) | = | = :( )12 :| - / ‘7 (B.14)
el —1 (1—cost)"/ |sinz/2]

so it can be bounded like the Dirichlet kernel,

1Dyl py < clogN  for N >2. (B.15)

19
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NN

NN

Figure 1. Partition of summation domain.

For convenience (when appearing in sums), we define Dy = 0. We partition our summation
domain as (see figure 1)

{(ki,k2) : [ki| = K, [ka| = K} —{(0,k2) ¢ |ko| > K}
=K,y UKp UK UK, UK UK, _
where

Ko = {(ki,k2) 1 k1 2> K, |ko| < K},
Kb+ = {(klakz) :0<k] g R, |k2| 2 Kj}’
KC+ = {(k17k2) :kl > R, |k2‘ > H}’

plus their analogues for k; < 0. Four points (+x,+x) are counted twice, so they are subtracted
off in (B.16).

We have
Ri(x)= > elhmthnp(l k)
[ki], k2| 2 (B.16)
= Ra+ (x) + +Rcf (x) - em(m +xz>fm$ - e_m(m +xz)ffmfn
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where R, (x) denotes the corresponding sum over K, , etc. Taking the L' norm, this gives us
(noting that |fi, 14| = |fir])

1Rl < [1Rat [y + -+ [[Re—[ly + 4efin- (B.17)

Bounding each term, we start by computing

Rey (x) = Y el 5 elhng = S~ ehng o (). (B.18)
>k [k2|>r ki=r+1

Now using fi,,—k, = fi,, and e + e = Dy(y) — Dy_1(y), we have

o0

Set o (X2) = . > 1 (etom 7o) f
=K+
o0
= > 1 [Dr, (x2) = Diy—1 (x2) Sk
1=K+

o0
= Y. Dy, () [fiur, —fis 1] — D (%2) froy it 1-
ky=r+1

Similarly, using e** = Dy (x) — Dy_1(x), we compute (abbreviating S, 4 to S;)

Rei(x)= % ehnsy (n)

ki=rk+1
= S D) = Deyma ()8 ()
ki=r+1
= io: Dy, (x1)[Sk, (x2) = Sk, 41(x2)] — Dyc (x1) S o1 (x2)
1=k+1
= % Duy (1) {Dux2) i 1,01 o]
ki >k
+k2 Dy, (2) [fisky — firko 1 — Sy 1,k +fk1+1,kz+1}}
2>K
+ D) { Dttt = 3 Dise)lfict s =it -

ky>k

Using Taylor’s theorem, we can write the f-differences as

Sat+1,m41 =i w1 = Oif (k1 + &6+ 1),
otk —frottjor1 = —Oof (k+ 1ka + &),
fklkz _fklk2+] _ﬁ<1+17k2 +ﬁ€1+1,kz+l = 82J(kl +§7k2 +§”) + alZf(kl + f,kz + E”)

for some &, §" € [0, 1] which may be different each time they appear. Recalling that || D[, <
clogk and || Di||, < clogk, we bound ||R. ||, term-by-term as follows,

1D () D () fstrwsallt < UDwlly 1Pwlhy i1 1| < cr ™ log? s (B.19)
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| 3> DD [fiatm1 =il [ < Z 1Dk 1 1D 101 (ki + €, + 1) |

ki>k
< clog/f S ki Moghk < clogkLy (k,5) / (sk*),

ki>k

(B.20)
sz DDy, [fr1ke — frttsoril]] <kz D]l 1Diy || 10af (5 + 1,z + €) |
2>K 21>K

<clogk Y Ky oghky < clogkLy (k,2) / (sK°).
kh>k

(B.21)

Here we have used the facts that, for k; > 0 and k, > 0, our bounds (B.12) are all monotone
decreasing in |k|, and that k~*~'logk is monotone decreasing for k > e (thus requiring x >
4> v/2e in the lemma), to bound the sum as

00 oo
Sk ogk < / ksl logkdk =L, (k,s)/(sK’). (B.22)
k=r+1 K

We bound the double sum as

o0 ~
| > Di Dy, [fur, —fiakott —ferrtdo a1l

ki, kr=rK+1
0 ~
<2 X IDulli 1Dkl |0nf (ki + & ko + ") |
ki, ko=r+1
(oo}
<c(s) > logkilogks | (ki ko) | =572
ki, ko=r+1

(e elayde ]
g//|m@mehm@m%,

followed by a change-of-variables to ny = (ki +k2), no = (ko — k1),

/ / I’l],l’lz zlog(nl —|—n2) log(nl —nz) dl’l]dl’lz
< c(s)/ 2ny | (my,m) |~ 210g(2n1) log (2ny) dny
< c(s)/ n " Mog? (2ny) dny < ¢ (s) Ly (k,5) / (sK*) . (B.23)
K

These give us, noting that log k L (k,s) < La(k, $),
IRty S c(s)s'w™Ly(k,s). (B.24)

Next, we compute

. K . .
Ry (x) = Z ik Z elklxlﬁqkz =: Z e‘k2x25b+,k2 ()Cl) . (B.25)
k2| >k k=1 k2 |>r
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Now using the definition DO =0,

K

Shtky (X1) = kz;l [Dy, (x1) — Di,—1 (x1)] fius

rk—1

= kzl Dkl (xl) [ﬁqkz _ﬁ<1+1,kz] +DH (xl)fnkzv

so, again writing Sy, for S 1,,

(o]

Ry (x) = k; [Dr, (x2) — Diy—1(x2)]S, (x1)

= > Diy(x2)[Sk, (x1) = Stp41(x1)] = Dis—1(x2) S (x1)

=k

= i Dkz(XZ){Dn(xl)[fnkz — frkot1)

kz:ﬁ

Kk—1 _
+ Z Dkl (xl)[fklkz _flirl,kz _.fklk2+1 +fk1+1’k2+1]}
k=1

Kr—1 _ ~
—anl(xz){ki_:l Dy, (x1) [firx —fri+1,6) + D (x1) m}-

We can bound ||R,+ ||, in the same way to that of R.; above, so we only sketch the most
difficult term: since |fi,k, — fis+1.k — firko+1 e +140+1| < €|(k1,k2)| 7572, the double sum is
bounded in L! by

0o K—1
> logks 3 logky|(ki ko) "2
=1

kzzli

00 K—1
< X loghy 37 log(r —1)|(1,k2)| ™72
ngK/ k]:l

[ee]
< (k—1)log(k—1) 3 logk|ky| =52
kz:l{
<cLi(k—1,s+ 1)log(k —1)/(s(k —1)°).
The single sums being easier to bound, this gives us

IRy |y <ce(s)log (k= 1)Ly (1,5 +1) / (s(x = 1)), (B.26)

which is subdominant to ||R.4|;-
Finally, we compute

Ry (x)= > elbm N gleng = 5™ ehng 4 (). (B.27)

k[:l{ kz:*l{ k]:l{
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As before, using fi, —, = fk k»»

Sk (x2) = g; (€% +e7%) fik + firo
= 3 1Du (2) = Dt ()it o
= ;:ID/«Z (x2) fiaks = fiako+1] + Do (x2)firn = Do (x2) fier1 +firo,
giving us
Rt (x) = ki:ﬁ [Dy, (x1) = D1 (x1)] Sy, (x2)
= kli; Dy, (1) [Sky (42) = Sty+1 (2)] = Doy (31) Sy (32)
= 55 D, (50) (Do () Ui i1 0 —foe 10— o111

r—1
+ 32 Di, (02) [firks —frakat 1 — Sl 1,k TS 1,k 1]
kr=1

r—1
+ D1 (x1) {k21 Dy, (%2) [fiks = freka+1] + D (X2) frore — f1 +f50}'

The double sum can be bounded in L! as we did with Ry above, while in the first sum

fiar = frar 1 T a0 = fra+1,0 = fit F 1,1
<|Of (ki +€,w) [+ (5) [0 (ki +€,6") | < | 77 e (s) k[ 772
so can be bounded as before. Not surprisingly, R, is bounded like Ry,
IRux |l; <c(s)s ' (k—1)"log(k— 1)L (k—1,s+1). (B.28)

Obviously identical bounds hold for R,_, R,_ and R._, so noting that logxL;(x,s+ 1) is
dominated by L, (k,s), we have

[Rilly <e(s)/(s5) La(r,2). (B.29)

The same bound holds for R, = |V| 5719, and, modulo a factor of 2, for R = |V|=*~!V. The
operator bound (B.9) then follows via Young’s inequality,

IR L, = [R5 w™ ], < (R[] 15 ], (B.30)

For (1.19), we could in principle add to (1.18) the contributions of the low modes with ||,
|k2| < 5. For a better bound, however, we write Ry = R, + R_ where

Ri()= 3 et 5L ety = 30 sy (). (B31)
1= 2=—00 1=

24



Nonlinearity 37 (2024) 075025 M S Jolly and D Wirosoetisno

Now as before

oS} . .
Sk] (XZ) :ﬁ(lo + Z (elkzxz + eflkzm)ﬁclkz
k=1

=fro+ kil [Dy, (x2) — Diy—1 (x2)] furko

:ﬁﬂo 7fk|1 =+ i Dy, (x2) [ﬁﬂkz 7ﬁ<1 ,k2+1]

k=1

and

[Di, (x1) = Dy —1(x1)]Sk, (x2)

=
+
=

I
118

ko
I
-

(el

o (1) [Sky (¥2) — Sy 41 (x2)]

e 108
O

ki (1) {fii0 = fit = fat1,0 + 41,0

K
I
LR

oo
+k2 Dy, (%2) [firky = firkat1 —fro 410 Hat1kot1] -
2=1

The double sum can be bounded as, up to a constant c(s),

o) (o) (o) o) )
> logkt 32 |(ki k)|~ 2logka < 32 30 [k~ "*log” [K|
1

k=1 ky=1 ki=1k—=
T[T 2 _ 3
gg/ k log”kdk=c/s’.

1

The single sum is subdominant, and the same bound applies to R_, giving us
IRy < c(s)/s? (B.32)

and (1.19) via Young.
For T'=|V|~*, we have in place of (B.11) the stronger symmetries

f(Eky, £hka) =f(ki,ka) and  f(ky, ki) = f(ki,k2), (B.33)
resulting in better bounds for small s,
|0:f (k1,k2) | < sc(s) |k|_s_land |0if (ki,k2) | < sc(s) |k\_‘f_2 (B.34)

for i,j € {1,2}. The above computations carry over almost line-by-line, except that one has
to add the (subdominant) contribution of the k;-axis, and that one gains a power of s thanks
to (B.34). These give (1.16) and (1.17). O
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