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Abstract

In reliability and survival analyses, right-censored observations are common. This type
of data occurs when an event of interest is not fully observed during an experiment and
there is no information provided about a random quantity, except that it exceeds a certain
value. Nonparametric Predictive Inference (NPI) is a frequentist statistical method that
relies on only few assumptions. It quantifies uncertainty by using imprecise probabilities
based on Hill’s assumption A,y and focuses specifically on future observations. NPI has been
developed for various types of data, including right-censored data, for some inferences such
as multiple group comparisons, uncertainty quantification of the survival function, and in
the context of competing risks. However, NPI with right-censored data has only considered
a single future observation. This paper aims to extend this method by considering two
future observations and taking into account that in the NPI approach, such multiple future
observations are not conditionally independent given the data. Specifically, we present NPI
lower and upper probabilities for the event that both future observations are greater than
a particular time. Examples are provided for illustration and an application to system
reliability is presented.

Keywords: Nonparametric predictive inference, right-censored data, censoring, imprecise
probability, future observations, system reliability.

1. Introduction

In survival analysis, one of the primary characteristics is that some data may not be
fully observable, but are instead censored. In many cases, event times are subject to right-
censoring, which simply means that for a specific individual it is known that the event has
not yet occurred at a particular time [1]. In other words, an observation for an individual
is right-censored at c if its lifetime is only known to be greater than ¢. While there are
several other common types of censoring, including left-censoring and interval-censoring,
right-censoring occurs most frequently in applied statistics. This paper considers data sets
including right-censored observations.

Nonparametric Predictive Inference (NPI) is a frequentist statistical method that is based
on Hill’s assumption A, [2, 3], which uses imprecise probabilities [4, 5, 6, 7, 8] to quantify
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uncertainty. NPI gives lower and upper probabilities for a future, observable, random quan-
tity, conditioned on observed values of related random quantities, based on the assumption
Ay [9]. NPT has been developed for a variety of data types, such as Bernoulli data [10, 11],
real-valued data [12, 13, 14], data with right-censored observations [15, 16|, bivariate data
[17], multinomial data [18, 19], and circular data [20]. Moreover, NPI has been developed for
a wide variety of statistical applications, such as reliability analysis [21], operational research
[22] and medical survival data [23]. This paper is mostly theoretical in nature, and uses data
from the literature to illustrate how the developed methods are used.

Due to the fact that the NPI method is a frequentist method based on Hill’s assumption
Ay and utilizes the imprecise probability theory to quantify uncertainty, in this section,
we will discuss the nature and properties of A,y as well as some basic aspects of imprecise
probability theory. Assume that X, Xs, ..., X,,, X,,;1 are real-valued absolutely continuous
and exchangeable random quantities. Let the ordered observed values of Xi,..., X, be
denoted as r; < xy < -+ < x,. To simplify notation, let xy = —oco and x,,1 = o0, or we
assume xo = 0 in case of nonnegative random quantities [24]. It is assumed that there are
no ties between the observations of the data. In the case of ties, we assume that the tied
observations differ by a small amount, which is a common strategy in statistics to break ties
[3]. These n observations divide up the real-line into n + 1 intervals I; = (z;,%;11), where
j =0,1,...,n. Based on n observations, the assumption A, [25] is that the probability
that the next future observation X,,;; is equally likely to fall in each open interval (z;, z;11),
forall j =0,1,...,n, so

1 .
Px, . (xj,xj41) = ] forall 7=0,1,...,n (1)

The data carry information about the location but no information about the rank of the
future observations, corresponding to the absence of prior knowledge, so A, is considered
as a post-data assumption related to finite exchangeability, and assumes nothing else [26].
For a detailed presentation and discussion of A, see Hill [25].

The assumption A,y alone is insufficient for constructing precise probabilities for many
events of interest, but it is still useful to derive bounds for probability, effectively by apply-
ing De Finetti’s Fundamental Theorem of Probability [26], or Walley’s concept of natural
extension [5], which provide lower and upper probabilities in interval probability theory.
Weichselberger [27] also developed a formal foundation for interval probability, via lower
and upper probabilities, by applying the principles of Kolmogorov’s axioms. These lower
and upper probabilities are also known as imprecise probabilities in accordance with the
imprecise probability theory [9, 8].

Imprecise probabilities have been proposed and studied since at least the middle of the
nineteenth century [28]. Recently, the topic of imprecise probabilities has become increas-
ingly prominent, resulting in a series of conferences and a project website, www.sipta.org.
There are several interpretations of the lower and upper probabilities for event A, which are
denoted by P(A) and P(A), respectively [20]. According to Walley [5], for instance, the
lower and upper probabilities for event A can be interpreted as supremum buying price and
infimum selling price, respectively, of a gamble on the event A, in which 1 is paid when the
event occurs and 0 if the event does not occur. From a classical perspective, lower and upper
probabilities can be interpreted as bounds on precise probabilities, because of the lack of in-



formation or the desire not to make further assumptions. The theory of imprecise probability
clearly demonstrates that bounds provide valuable information regarding the uncertainty of
events caused by a lack of information [9, 5, 7, 29, 27]. The precise classical probability of an
event A is simply a special case of the imprecise probability, when P(A) = P(A), whereas the
total absence of information about the event A can be reflected by P(A) = 0 and P(A4) = 1.
Next, we outline several important aspects of imprecise probability theory relevant to A,-
based inference [9]. As a general rule, in imprecise probability theory, the lower and upper
probabilities for the event A are P(A) = 1 — P(A¢), which is the conjugacy property, where
A€ represents the complementary event of A. In many cases, this conjugacy property can be
utilised in order to simplify the calculation of imprecise probabilities for events of interest
and their complementary events. For events A and B, such that AN B = (, the lower
probability is superadditive and the upper probability is subadditive, that is

P(AUB) > P(A) + P(B) and P(AU B) < P(A) + P(B)

In the following section, we will introduce the statistical method NPI which assigns lower
and upper probabilities to events involving a future random observation X, .

Furthermore, Coolen and Yan [15] have developed NPT for right-censored data based on
a generalization of A,), called the right-censoring A,y assumption, or rc-A,, but it was
only developed for a single future observation. In practice, however, there may be reasons
to be interested in multiple future observations; it is important that in the NPI approach,
such multiple future observations are not conditionally independent given the data. In this
paper, we develop NPI for two future observations based on the assumption rc-A,) without
further assumptions and as an example application we consider reliability of series systems.

This rest of the paper is organised as follows. First a brief overview about NPI for right-
censored data is given in Section 2. Using a new approach, we reformulate the NPI lower
and upper probabilities for the event X, .1 > ¢ in Section 3. In Section 4, we present NPI
for the event X, 1o >t given X, .1 > t. NPI for the joint event X, ;7 >t and X, 1o >t is
presented in Section 5. Section 6 illustrates how these inferences can be applied to quantify
the reliability of a small series system. Finally, this paper ends with concluding remarks in
Section 7. For further details and discussion, we would like to direct the reader to the thesis
of the second author [30].

2. NPI for right-censored data

Hill’s assumption A, [31] by itself is not suitable for right-censored data, so Coolen
and Yan [15] presented a generalization of A,), called the right-censoring A, assumption,
abbreviated as rc-A,), for right-censored data. They added a new assumption to A, to
makes it more suitable for dealing with right-censored data. It is assumed that, at the
moment of censoring, the residual lifetime of a right-censored observation is exchangeable
with the residual lifetimes of all other observations that are not yet failed or censored [15].

According to the A, assumption [31], the probability distribution for a real-valued
random quantity X, is partially specified by probability masses assigned to open intervals,
without any further restriction on the spread of the probability mass within each interval
[15, 32]. A probability mass assigned in such a way to an interval (a,b) is denoted by



Mx(a,b), and referred to as a M-function value for X € (a,b). The M-function value
should satisfy 0 < Mx(a,b) < 1 and the M-function values specified on all intervals should
sum up to one [15]. These M-functions are also in the theory presented by Shafer [33].

In this section, we follow the notation and definitions presented by Maturi [34]. Consider
the following data when determining the predictive probabilities for a future observation.
Assume X1, ..., X,, X,,11 are non-negative, exchangeable and continuous random quantities
representing lifetimes. Suppose that there are in total n observations containing v failure
times observations, r; < zs < --- < x,, and ¥ = n — u right-censoring times, ¢; < ¢y <
-+ < ¢,. For ease of notation, zyp = 0 and x,,; = co. Suppose further that there are s;
right-censored observations in the interval I = (x;,2;41), denoted by ¢] < ¢} <--- < ¢, s0
Yo s; = v, such that ¢l € (2, 241), where i = 0,1,...,u and i* = 1,2,...,s,. Assuming
there are no ties between the data observations, the issue of dealing with ties has been
previously discussed by Maturi [34].

On the basis of n given event times, the assumption A, offers a partially specified prob-
ability distribution for X, ;i in terms of M-function values. To deal with right-censored
observations being present in the data, a generalization of A, was considered, that is the

assumption A, [15].

Definition 2.1. (A, assumption)

On the basis of data including u event times and v = n — u right-censoring times, the
assumption fl(n) partially specifies the probability distribution for the next observation X,
assigning probability masses to two types of open intervals, one formed by consecutive event
times, (z;,%;11), and the other is formed by a censoring time and infinity, (c., o), expressed
via the following M-function values:

- 1

Mx, ., (Ti, Ti11) = p—— (2)
8 ) 1

MXn+1 (Ci*7 OO) = n -+ 1 (3)

where 1 =0,1,...,u and t* =1,2,...,s;.

Note that the notation M used in Equations (2) and (3) indicates that the values of the
M-function are based on the assumption of A(n). Based on Equation (2), the probability
masses for the intervals (x;, z;11) formed by the event times u are equal to n+r1 Moreover,
RLH is assigned to the interval
(cl,00), and as per Equation (3), the lifetime of this observation will occur at any point
past ci.. Finally, the probability mass assigned to the interval (c.., 0o) is divided into masses
on sub-intervals, as described in [15].

Let X denote the random quantity corresponding to the right-censoring at time Ch.

without any additional assumptions, a probability mass of

According to [15], the probability masses assigned to intervals (ci., 00) may have caused wide
bounds on probabilities, so it would be helpful if these probability masses can be split into
probability masses on sub-intervals. For this reason, Coolen and Yan [15, 35] proposed the
assumption Shifted—fl(n) for Xcz*, for which all we know is that the random quantity Xcgi*
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exceeds ..

Definition 2.2. (Shifted—fl(n) assumption)
The assumption shifted-A,) partially specifies the probability distribution for X. , given
that X, > cl., expressed via the following M-function values:

chi* (T, Try1) = ﬁ for k=i+1,...,u, (4)

Mx (CE*?karl) = ;a (5)
e i, + 1

My, (c},00) = ———— ! for l=di"4+1,...,v (6)
S Mei, + 1

where 7 represents the number of observations in the risk set at time c.., for ¢ € (z;, Ti11),
Z*
T =1,2,...,8;.

This assumption is related to the fact that if the random quantities X, X», ..., X, are ex-
changeable, then the random quantities in any subset of X, Xs, ..., X, are also exchangeable
[15, 35]. It also follows that as long as the random quantities X7, X, ..., X, are exchange-
able, then all are also exchangeable when they exceed a given value ¢ [15, 35]. In this sense,
the exchangeability assumption of all random quantities known to be in the risk set just
prior to ¢; is an appropriate assumption to handle random quantities that are right-censored
at time ci., and in fact implies the assumption of non-informative censoring [15, 35].

Based on the assumption of non-informative censoring, the assumption Shifted—fl(n) allows
us to apply A,y but with the starting point shifted from the value 0 to the observed right-
censoring time ¢ [15, 35]. Clearly, the sum of the M-function values for X._over these
sub-intervals, as in Equations (4), (5) and (6), is equal to one [15, 35]. Z

Taking into account the two previously proposed assumptions, fl(n) for X,,+1 and ’shifted-
fl(n) for Xcz;*, Coolen and Yan [15, 35] proposed the right-censoring fl(n) assumption, denoted

by rc—fl(n), which allows splitting the total M-function values for X,,,; assigned to interval
(cl., 00) into separate M-function values for X, assigned to sub-intervals of (ck., 00).

Definition 2.3. (rc-A(,) assumption)
Let P = Mx,,,(c.,00) be the M-function value for X, on the interval (cl., o), taking

into account the effects of all previous right-censorings and A(,). The assumption rc—fl(n)
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splits the probability mass of My, ., (ci.,00) as

i P.i, ,
MXH+1($1<;,:131<;+1) = ﬁcg* 1 for k=i+1,...,u, (7)
4 Pc?*
MXln-H (Cz* ) $k+1> ﬁc?* Z_i_ 1’ (8)
M)CEZH(C;OO) = Ttﬁil for =4 +1,...,v. (9)

k3

where 72 represents the number of observations in the risk set at time ¢, for ¢l € (2, z;41),
. g .
where 1 =0,1,...,u and t* =1,2,...,s;.

With the combined assumptions fl(n) and rc—/Nl(n) forr=1,2,...,0"=1,*=1,2,...,s,,
and for any right-censoring time ¢l., the P, can be computed by

. 1 fie, + 1

where 7., is the number of individuals in the risk set just prior to time ¢, [15, 35]. Note that
throughout this paper, a product over an empty set is defined to be equal to 1.

Consequently, based on the assumptions fl(n), given by Definition 2.1, and rc—fl(n), given
by the Definition 2.3, the M-function values for X, ; are finally all assigned to intervals
(w4, 241) or (¢, miyq) for i =0,1,...,u and * = 1,2,..., s, via considering an assumption
called right-censoring A, which is also denoted as rc-A,) [15, 35].

Definition 2.4. (rc-A(,) assumption)

The assumption rc-A,) partially specifies the NPI-based probability distribution for the
observable and non-negative random quantity X, .1, via the following M-function values
[32],

1 fle, + 1
Mxnﬂ(l’i,xiﬂ) = ol { H }T (11)
r.cr<I;
: 1 fie, + 1
Cix {rier<ci,} r

where 1 = 0,1,...,u, ¢* =1,2,...,s; and n., represents the number of observations in the
risk set just before time c,.

Following Maturi [34] and based on the assumption rc-A,), all M-function values that
are assigned for X, to be in one interval created by two consecutive observed event times,



(i, wi11), lead to the following probability for the event X, 11 € (x;, z;11),

PXn+1 (xiv xiJrl) MX7L+1 L, x1+1 Z MX7L+1 xi+1)
i*=1
1 e, + 1
_ At 13
II = (13)

n+1 e

ricr<Tj41

Based on the rc-A(,) assumption, Maturi [34] derived simple closed-form expressions
for the NPI lower and upper survival functions, Sy, () = P(X,11 > t) and Sx,..(t) =

P(X,;1 > t). Coolen and Yan [15] compared the NPI lower and upper survival functions
based on the rc-A(,) assumption with the Kaplan-Meier estimator. They showed that the
lower survival function for X, based on the assumption rc-A,), becomes zero after the
largest observation, also the KM estimator will behave this way if that observation is an
event time. The upper survival function always remains positive, unless the range of possible
values for X, is restricted by choosing a finite upper bound [15, 35]. The KM estimate is
always equal to one for the first interval (0, z1), which is the case for the NPI upper survival
function. It is worth mentioning that the KM estimate only decreases at observed event
times. The NPI lower survival function decreases at every observation but the NPI upper
survival function decreases only at event times, like the KM. Coolen and Yan [15] claimed
that the rc-A(,)-based lower and upper survival functions for X, ; are more suitable for
graphical presentation compared to the KM-based lower and upper survival functions, as
they show the data in full, including right-censored observations, and can be interpreted in
a predictive manner [15, 35].

Coolen and Yan [15] presented NPI for right-censored data for a single future obser-
vation. There is a challenge to generalise the approach of NPI for right-censored data to
multiple future observations. NPI has been developed to multiple future observations for
uncensored real-valued data [36, 37] and for Bernoulli data [10], however, this is complicated
for right-censored data. In this paper, further theory is developed on NPI for two future
observations with attention to right-censored data. This will be achieved by applying the
rc-Agny assumption [15], without further assumptions, for X, ;1 and, conditionally on X1,
applying the rc-A(,41) assumption for X, . The focus is on NPI lower and upper probabil-
ities for the event that both future observations X, and X, 5 are greater than time t. We
also illustrate how the proposed method can be applied to system reliability.

3. Reformulating NPI for the first future observation

The main objective of this paper is to develop NPI for two future observations, X,,.; and
X129, for data that involves right-censored observations. Particularly, we present NPI lower
and upper probabilities for the event X, 1 >t and X,,» > ¢. According to the rc-A,) [15]
assumption, the probability distribution for X, is partially specified by probability mass
assigned to open nested intervals via M-function values, without further restrictions on where
it is in each interval. We consider X,,; and X, ;o such that X, is conditioned on X,
and the data set that contains n observations with right-censored observations. Without
making any further assumptions, we aim to apply the rc-A,) [15] assumption for X, 1, and



then, conditionally on X, we will apply the rc-A(,1) assumption for X, . However,
determining where to allocate probability masses for specific events of interest to obtain
lower and upper probabilities for the NPI can be challenging. So, we must consider where
the probability mass is for X, within an interval (z;, x;41), in order to apply rc-A, 1) for
X120 In this case, this interval (z;, z;41), which contains right-censored observations, must
be specified into sub-intervals (ck., z;41), i* = 1,2,..., s;, with respect to that the probability
mass for X1 according to its M-function value assigned to the interval (z;, x;+1), will be
distributed over these sub-intervals (¢t zi11). To do this, we introduce probabilities denoted
by o' and %+, i =0,1,...,uand i* = 1,2,...,s;, to enable us to determine where to put the
probability mass per interval over its sub-intervals. In this way, we can minimise or maximise
the probability for any event of interest involving the one or two future observations with
regard to the of and a%+ values. Overall, this allows deriving the NPI lower and upper
probabilities for the event X, > ¢.

To this ends, we start with deriving the lower and upper probabilities for the event
Xny1 > t, which has been done by Coolen and Yan [15], in a different way. For an interval

I' = (z4,7:41),1=0,1,2,... u, there are s; right-censored observations in this interval, and
si+1
a' = (ay,ay,...,a ), where 0 < aj. < 1and g ap =1
i*=1

If there are no censored observations in the interval (z;, ;11), that is s; = 0, then ol = o/i =1.

And, for each censored observation ¢, i* = 1,2,...,s;, in the interval (z;, z;41),
. . . . Si—i*—‘rl )
i ct ct ct ct cy
a“ = (", ay", . a7 ), where 0 < o < 1 and E a = 1.
=1

. . . i .
If there is only one censored observation in the interval (x;,x;41) then a%% = oy = 1.

The notation o and a% are the proportion of (a specific) probability mass assigned
to the intervals (z;,;41) and (c}, z;,1), respectively, that are distributed over sub-intervals.
It is just a way to specify how the probability mass is divided over sub-intervals, so that
we can then find the NPI lower and upper probabilities for any event of interest involving
Xni1- The b, are introduced to determine where to place the probability mass per interval
(x;, x;41) over its sub-intervals, whereas the alcé* are introduced to determine where to place
the probability mass per interval (¢}, z;,1) over its sub-intervals.

Consequently, we reformulate the original M-function masses shown in Definition 2.4,
having the notation o' introduced to them, to specify how much of each M-function value
is in sub-intervals.

Definition 3.1. (rc-A,- revisited)
Let I}, = (t.,tl.,,) represent an interval created by the n data observations, where
1=0,1,2,...,u, and

i*=0 if ti=uwxz; (failure time or time 0)
i*=1,2,...s;, if ti. =c. (right-censoring time)
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and for simplicity of notation let ts = tot! = 2;41. Thus, the assumption rc-Ay) partially
specifies the NPI-based probability dlstrlbutlon for the observable, non-negative and real-
valued random quantity X, ., via the following M-function values.

i*

MXn+1 (tﬁ* ) t§*+1) = az*JrlMXnﬂ (xh xi—&-l) + Z Oé’;l‘—l-‘rlMXnJrl (C;7 ZE¢+1) (14)
=1

In Equation (14), the M-function values My, ., (z;, zi11) and My, (ci, x4 1) are derived
from Equations (11) and (12), respectively. The My, ,, (ti, ti._ ), stated in Equation (14),
could be also denoted by My . cpi . We do this for convenience in order to be used later in
Section 5. '

With respect to that for all a’. € [0,1], ozlcz* c0,1], Y5t al. =Tand 35 B =1,
the M-function values as specified by rc-A(,) in Definition 3. 1 lead to the probablhty for
the event that X, 41 € (2;,241), @ = 0,1,...,u, denoted by Py, ., (2;,2i11), which can be
calculated by summing up all M-function values assigned to the interval I’ = (x;, z;,1) along
with all M-function values assigned to them sub-intervals (ci., z;y1) for X, 1, so that

PXn+1 (xiv miJrl) = Z ]\/[XTH_1 (t;:* ) t§*+1)

i*=0
S; 7*
- Z Q; *+1MXn+1 (xw xH-l + Z Z Q; - l+1MXn+1 (Cl’ xH—l)
i*=0 i*=1 [=1
s;  s;i—Il+1 ;
- MXn+1 Ti, $Z+1 + Z Z Oé MXn+1 Cla szrl)
=1 *=1
Sj
= MXn+1 (xiv xi-i-l) + Z MXn+1 (0;7 xi+1> (15)
=1
fori =0,1,...,u. Asexpected, Equation (15) is identical to Equation (13). For convenience,

Px, .. (%, zi41), stated in Equation (15), will be also denoted by Py, ci. The first term
after the second equality in Equation (15) is the sum of all M-function values assigned to
the interval (z;,2,11), and as 3 %'l al. = 1, this first term is equal to My, ,, (24, it1).

The second term after the second equality in Equation (15) is the sum of all M-function

values assigned to the sub-intervals (c},z;11) of (z;,7;11), and as f;_li*ﬂ a?* = 1, for
i=0,1,...,uand i* =1,2,..., s, this second term is equal to > ;" My, (¢}, xiy1). Let us
define the following equation

S; Si i* )
QXn+1 (tfp xiJrl) = Z a;*—i-lMXnH (xia xiJrl) + Z Z O/z':’l‘—l—i-lMXnH (027 xiJrl) (16)

i*=a i*=a [=1

where for @ = 0, Equation (15) and (16) are equivalent. This Equation (16) can be minimised
or maximised in order to derive the NPI lower and upper probabilities for the event X,,,1 > t.



For convenience, we may refer to the probability in Equation (16) as Qx, e This notation
will be useful in Section 5.

Now, let us consider the second term of Equation (16), and by rearranging the summa-
tions, we have

S; i* X
YN el My, (d =
Qg 1M X (s Tiy1) =

*=a [=1
a—1 s;—I1+1 ; s;  si—l+1 ;
<
E E o ‘Mx, ., ( e Tig1) + E E a: MXn+1(Cz>3fz+1) (17)
=1 i*=a l=a *=1

The first term on the right-hand side of Equation (17) is related to the probability masses

to the right of ¢/, corresponding to all ¢! < t:. The second term in Equation (17) is related

to the probability masses corresponding to all ¢f > ¢, and as > ;i Hl :l = 1, this second

term is equal to Y .,°  Mx, ., (¢}, z;+1). So Equation (16) can be rewrltten as

—1 s;—1+1 ]
l
QXn+1 tmxl-ﬁ-l E a*+1MXn+1 l‘Z,ZL‘H_l + E E MXn+1 Cla$z+1)
1*=a =1 1i1*=a
i
()
_'_E MX7L+1(Cl7xi+1> (18>

l=a

To determine the values of of and o that will minimize Q Xpoa (4, iy1) as shown in
Equation (18), we need to allocate all probability masses within the interval (x;, ;1) to the

left of !, that is
a—1
Z%H—O Zai*ﬂzl

i*=a 1*=0
and
a—1 ) si—l+1
< <
E o =1, E o =0
i*=1 i*=a

thus, the minimum value of Qx,,, (%, x;+1) 1s

an(i:“(ti, Tip1) = Z M, (¢}, i) (19)

l=a

Now, to determine the optimal values of o’ and a that maximize Qx, (i), as
stated in Equation (18), we need to assign all probability masses in the interval (z;, x;11) to

the right of ¢!, that is
Si a—1
Zai*ﬂzl, Zai*H:O

i*=a i*=0
and
a—1 ] si—l+1
< <
E ;e =0, E ol =1
i*=1 i*=a

10
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Figure 1: The original M-functions based on rc-A,) assumption for X5, Example 3.1

thus, the maximum value of Qx,,,, (t}, zi41) is

a—1 Si

§:11 (tfzv xi-i-l) - MXn+1 (xiv xi-i-l) + Z MXn+1 (C?, xi—l-l) + Z MXn+1 (C;" xi—i—l)
=1 l=a

i
= MXn+1 (xia xiJrl) + Z MXn+1 (0;7 xiJrl)
=1

= Px,., (v, Tiy1) (20)

For ease of notation, we will refer to the probabilities Q" (th, wip1) and QR (i, i)
presented in Equations (19) and (20) as Q" . and Q%" ., respectively. .
Consequently, the NPI lower probability for the event X, > ¢, for t € [t,, ¢, ) with

1=0,1,...,uand a =0,1,...,s;, can be written as follows.

P(Xp1 >t) = an(:irl(tz_{-la Tiy1) + Z Px, (5, 2541)

j=i+1
= Z MXnH(Cf;%'H) + Z Px, (5, T41) (21)
l=a+1 Jj=i+1

The corresponding NPI upper probability for the event X, 11 > t, for t € [x;, x;,1) with
1=1,2,...,uand a =0,1,...,s;, can be written as follows.

F(Xnﬂ > 1) = Q?éiil(ti, Tiy1) + Z PXnH(J:ju Tji1)
j=i+1

=Y Py, (@), 200) (22)
J=1
Example 3.1. Suppose that a data set consists of three failure observations at times x1, o,
x3 and one right-censored observation at time c}, as shown in Figure 1.
First, let us briefly illustrate the assumption rc-Ag,y [15]. Let X, denote the random
quantity corresponding to the right-censoring at time ci, where ¢} € (z1,z2). Accord-
ing to the 121(4) assumption, given by Definition 2.1, the M-function values for X5 are

11



Figure 2: Reformulating the original M-functions for X5, Example 3.1.

My, (0,21) = My, (21, 22) = Mx, (22, 23) = My, (x3,00) = £, and a further probability
mass 1/5 is distributed over the interval (c!, 00), i.e. My, (cl,00) = %, since it is known
without making any further assumptions that X5 will be at any point beyond c}.

As per the non-informative censoring assumption, the residual lifetime of the censored
observation is independent of the censoring process, therefore, the assumption shifted—fl(g),
given by Definition 2.2, allows us to apply Ay with the starting point shifted from 0 to the
censoring time cl. Based on the assumption Shifted—fl(g), the probability distribution for X1,
given X1 > cl, is partially specified via M-function values for X1 assigned to sub-intervals
as MXC% (ct,x9) = MXC% (x9,23) = MXC% (x3,00) = % Moreover, the assumption rc—fl(4), given

by Definition 2.3, splits the probability mass of M x.(c],00) = % to M-function values for X5

1 1 1
; ; €1 (.1 _ ‘1 _ 1 _ 1 1 _ 1
assigned to sub-intervals as My, (c1, 12) = My, (w2, 73) = My (23,00) = 5 X 3 = 15

The M-function values for X5 based on the assumption 121(4), given by Definition 2.1, are
then combined with the M-function values for X5 based on the assumption rc—fl(4), given
by Definition 2.3, leading to the M-function values for X5 based on the rc-A4) assumption,
as given by the Definition 2.4 [15, 35]. For example, the M-function value for the event
X5 € (w2, 23) based on the assumption rc-Ayy is derived as Mx, (w2, x3) = MX5 (9, x3) +
Mg(}s(l’g,xg) =i+Li=2

Thus, the original M-function values for the first future observation X5, based on the
assumption rc-Ag, [15], according to the Definition 2.4, are (see also Figure 1),

My (0,m) = £ = =

My, (1, 25) = % = %

My, (ci,x9) = % X % = %
My, (x3,00) = % + 1—15 = %

With the new technique presented in Section 3 on the basis of Definition 3.1, we have
the opportunity to specify the original M-function values for X5, shown in Figure 1, to
probability mass values assigned to their sub-intervals, as shown in Figure 2.

12



From Figure 2, as the data set presented in this example does not include any censored
observations in the intervals I° = (0, z;), I? = (29, 73) and I = (13, 00), we have ol = o2 =
a3 = 1. The interval I' = (z,x5) contains a single censored observation c}, so we split this
interval into two sub-intervals; I} = (z1,c}) and I} = (¢}, x5) and we introduce o} and o
for these intervals, respectively, such that the sum of them is one. Using these ol and ol
values, we can determine the distribution of a probability per interval over its sub-intervals
in order to minimise or maximise the probability for the event X5 > ¢.

As for ¢ € (w1, 23), it is necessary to determine where to put the probability mass for X,
that is, Mx. (z1,x9) = %, in this interval. Since there is only one right-censored observation
in (21, x), the probability mass My, (21, z2) = £, given by Equation (7), is now assigned into
two sub-intervals, with regard to aj and a4 introduced respectively to the two sub-intervals,
as

1
MX5(]J1,C%) :a%MX5<I17x2> = EO& (23>
1
My, (c1, @) =ayMx, (x1,25) = 5015 (24)
Taking into consideration the probability mass M;i(c%,xg) = %5, given by Definition

2.3, we consider the following probability mass, using Definition 3.1, to be assigned to the
sub-interval (cl, xs) for ¢t € (z1, z2)
1 Aol 1 a ol
My, (1, w2) =ay" My (¢, x2) = Baf, where o' =1 (25)
Therefore, the original M-function values for X5 [15], given by the Definition 2.4 and
shown in Figure 1, are now re-distributed based on the Definition 3.1, as follow (see Figure
2),

1
MX5(07~’171) :5
1
M, (o, ¢}) =5
1 1y L
M, (017 $2) :50‘2 + Bal
1 1
My, (o, x3) =z + R
1 1

MX5<CL’3, OO) :5 + B
Then, for the interval (x,xs) which contains the only right-censored observation ci, we
consider Qx, (1, z2) as representing a probability that can either be maximised or minimised
depending on how much the probability mass value is distributed over the sub-intervals of
the interval (x1,25). Using Equation (16), the function Qx,(c], z2) is defined by combining
Equations (24) and (25), as

1 Y AL (oL
QXs(Cla*TQ) o) Xs(xbe) + oy X5(Clvx2)
1 I

= 3045 + Eal
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te() | P(Xs>t) | P(X5>1)
(0, 21) % 1
(z1,¢1) % %
(c1,2) 18—5 %
(22, 3) % %
(x3,00) 0 %

Table 1: P(X5 > t) and P(X5 > t) according to Example 3.1

but Ofﬁ 1 since there is only one right-censored observation in the interval (x1,x3), so
Qxy(c1,02) = aj + 1.

The functlon Qx.(cl, ) can be minimised and maximised in order to obtain the NPI
lower and upper probabilities for the event X5 € (c}, z3), using Equations (19) and (20). The
minimum value of the function Qx. (ci, xg) is obtained by assigning all probability masses
within the interval (z1,z2) to the left of ¢}, that is ag = 0, so a7 = 1 and QR (c{, x2) = 1.
The maximum value of the function Qx,(cf,x2) is obtained by assigning all probability
masses within the interval (xy,xs) to the right of ¢}, that is af = 1, so af = 0 and
Q™ (ct,22) = £+ + 1= = 1.

The NPI lower and upper probabilities for the event X5 > ¢, based on the Definition 3.1,
are derived using Equations (21) and (22) respectively. The lower probability P(X; > )
is obtained by considering only the probability mass that necessarily lies in (¢,00). The
corresponding upper probability P(X5 > t) is obtained by considering the probability mass
that could possibly lie within (¢, c0).

Taking the case t € (x1,c}) as an example, the lower probability for the event X5 > ¢
is obtained by considering only probability masses that necessarily lie within (¢, 00), using
Equation (21), i.e., Px_(21,¢}) = Q" (c1, 22) + Px, (22, 23) + Px,(23,00) = 1/15 + 4/15 +
4/15 = 3/5. For the case t € (c%,a:Q) the upper probability for the event X5 > t is
obtained by summing up all probability masses that can be in (¢, 00), using Equation (22),
ie., Px,(ct,x2) = Q¥(ct, x2)+Px, (w2, x3)+ Px, (23, 00) = 4/15 + 4/15 4+ 4/15 = 4/5. For
t in an interval which does not contain right-censored observations, the NPI lower and upper
probabilities for the event X5 > t can be derived directly from the closed-form expressions
derived by Maturi [34]. Consequently, the NPI lower and upper probabilities for the event
X5 > t, based on the data in this example, are given in Table 1.

Note that we can straightforwardly apply rc-Ay) for X5, using Definition 2.4, where there
are no assumptions on where the probability mass is within each interval. But, as we aim
to apply rc-Ags) for Xg, based on re-Ay) for Xs, later on, we had to consider where the
probability mass is for X5 in this example using the new techniques presented in Section 3.

Next we need to consider the second future observation, X, o, based on the first future
observation, X, 11, as well as the data set that includes n observations with right-censored
observations. Section 4 derives the NPI lower and upper conditional probabilities for X, o >
t given X, ;1 > t, which will enable us to derive the NPI lower and upper probabilities for
the event that both future observations are greater than ¢, in Section 5.
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4. Lower and upper probabilities for X,, ;5 > t given X,,;; > 1

In this section, we will provide the NPI conditional lower and upper probabilities for
the event X, .o > t given that X, > t. To do this, we will use the rc-A,;) assumption
for X2, which applied conditionally on X, ;. Additionally, we will apply the rc-A,
assumption to X, .1, which was previously explained in Section 3.

Based on Definition 3.1, there are n + 1 cases of which X, ; falls in the intervals created
by the data set that contains n observations including right-censored observations, denoted
as I, = (th,th.,), where i = 0,1,...,u, * = 1,2,...,s;. For X, 41 € (t&,tl.,), when
considering X, .2, there will be n + 1 observations of which we have u + 1 event times,
Ty < Ty < -0 < Ty < Typr, and v = (n+ 1) — (u+ 1) = n — u right-censored observations,
1 < ¢y < ...<c,. Notethat u+ 1 refer to the failure observations in the data set including
X,11. So, there are n + 2 intervals created by the data set that contains n + 1 observations,
included X, 1, and the right-censored observations, denoted by Ij* = (tg*,ti* +1), where
Jj=0,1,...;u+1, j5=12,...,s;. Let xy = 0 and z,412 = oo for ease of notation. We
assume, in order to simplify our presentation, that no ties exist in the data set, so no two
observations (events or right-censoring) are at the same time value. In case there are ties,
we refer to the discussion in [34].

To derive the NPI conditional lower and upper probabilities for the event X, .o > t given
X1 > t, we will introduce the re-A,;1) assumption for X, o given X, 1 € I}, = (th, th. ).
This follows the approach outlined in Section 3 for the rc-A,) assumption for X, 1, where
we consider the probability mass of X,, 1 within an interval (z;, x;11). Here, in case of the
event X, 1o > 1 given X,, 1 > t, we use the same notation that used for the event X, >
in Section 3, with replacing the notation o’ and atis by " and 5%*.

Given that X, 1 € I}, = (t.,ti.,) and for an interval I/ = (z;,2;41), j = 0,1,2,...,u+
1, there are s; right-censored observations in this interval, and

Sj-‘rl

B = (8,8, ....8, ;1) where 0 < f. <land Y Bl =1

=1

If there are no censored observations in the interval (zj,xj41), that is s; = 0, then §7 = Bl =

1. Also, for each censored observation c;-*, Jj*=1,2,...,s;, in the interval (z;,x;41),
) ) ) ) s;i—j*+1 )
N g
B = (B, By . By _jey1), where 0 < 7 < 1and E g, =1.
=1

: i
if there is only one censored observation in the interval (x;,x;11) then @Cj = B;j* =1.

The notation £/ and ﬁc;* are the proportion of a (specific) conditional probability mass as-
signed to the interval (x;, ;) that is distributed over sub-intervals, given X,,41 € (z;,;41).
It is just a way to write how the probability mass is divided over sub-intervals, so that we
can then find the NPI conditional lower and upper probabilities for any event of interest
involving X, o given X,,,1.

Given that X,y € I}, = (.., t% ), the rc-A(,41) assumption partially specifies the prob-
ability distribution for the second future observation X, .o by the conditional M-functions
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denoted as My, ,,|x, - We present the conditional M-functions for X,, o to be in the inter-
val IJ = (tg*,t] 1) J=0,1,...,u+1, j*=1,2,...,s;, given that X, is in the interval
I, = (ti*, thi1), by the followmg deﬁmtlon

Definition 4.1. (Conditional M-functions)

The conditional M-function partially specifies the probabﬂity distribution for the second
future observation X,y given X, 11 € Ik, ie., z,01 € (th, z*+1) fore=0,1,...,u, i* =
1,2,...,s;, as follows

J Y ) . .
My Xnt2| Xni1€00 (t *:t *+1) = 5j*+1MXn+2|Xn+1eI;* (371va+1)

-k

o .
+ Z /ij—k+1MXn+2‘Xn+1€IZ* (ng ijrl) (26>
where
J =0 if t{) =x; (failure time or time 0)
Jr=1,2,...s; if tj cz (right-censoring time)

for j =0,1,...,u+1and j* =1,2,...,s;, and for simplicity of notation let ti_ = té“ =

j
Zjt1. For sunphClty of notation, we can refer to MXn+2‘Xn+1€IZ (the, t]*H) as My 2€l Xl

Similar to Definition 2.4, one can obtain the expression for the My v . ep. (25, 7j41)

and My, ,(x,, er’, (c?, z;j+1), given in Equation (26), as

1 fe, + 1
MXn+2\Xn+1€If* <xjvxj+1) = nto H Cﬁ—c (27)
{r:er<wx;} "
- 1 fie, + 1
My, Xy piers, (G, Tjr1) = n+ 2, I1 e (28)

J* {T:CT<C‘;* }

where 7. represents the number of observations in the risk set (still functioning or alive and
uncensored) just before time ¢,. The product terms in Equations (27) and (28) are assumed
to be equal to one if the product is taken over an empty set [15].

By utilising the M-functions for X,,;; according to Definition 3.1, we arrive at the ex-
pression for Py, ., (2;,x;11) as shown in Equation (15). Similarly, if we use the conditional
M-functions for X, 45| X, 41 based on Definition 4.1, we can obtain Py, ,x,  er (), :Bj+1) as

given in Equation (20). With 2. € [0,1], 7" € [0,1], Y3 gl = 1 and Y07 g7 = 1,
the conditional M-function values as specified by rc-A,41) in Deﬁmtlon 4.1 lead to the condi-
tional probability for the event that X, .5 € [j;, where j =0,1,...,u+ 1, given X, € I,
where i = 0,1,...,u, denoted by Px, ,x, . er, (j,z;41). The P, ol Xnell, (), z41) is
calculated by summing up all conditional M-function values assigned to the interval I/ =
(z;,7j41) given X, 41 € I’ along with all conditional M-function values assigned to the
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sub-intervals (C;*,xj+1) for X,,.1, given X,, 1 € I so that

PxolXoen, (T3, 7)) = E My, ixners, (G )
7*=0
S5 sj g*
N Z ﬁ] +1MX"+2|X"+1€P ($J’$3+1 - Z ZB *—l+1MXn+2|Xn+1€I’ (Clyvmﬁrl)
—0 =1 I=1
55 ijl+1 ]
CJ ]
— ) . . l ) .
= MXn+2|Xn+1€IZ* (xJ’ x]+1) + 2 : § : ’Bj*MXn+2|Xn+1€If* (Cl]’xj-i-l)
=1 j*=1
S5
= MXn+2|Xn+1€If* (xjv x]”rl) + § : MXn+2\Xn+1€If* (Cl77 x]”rl) (29>
=1

fori =0,1,...,uand j = 0,1,...,u+1. Tosimplify notation, we will refer to Px, ,(x, . eri (T, Tj1+1),

in Equation (29), as Px, ,eri|x, cri-

The first term after the second equality in Equation (29) is the sum of all the conditional
M-function values assigned to the interval (z;, z;41), given X,,41 € I’., and as pyal ol Bj =1,
this first term is equal to Mx, ,x,,,eri, (j,241). The second term after the thlrd equahty in
Equation (29) is the sum of all the conditional M-function Values assigned to the sub-intervals

(Clj7xj+1) of (z;,7;11), given X, 41 € I, and as .7, AN Bl =1, forj=0,1,...,u+1

and j* =1,2,...,s;, this second term is equal to 21:1 Mx, o 1x0icl, (¢, 2;41). And let us
define the following

Sj

(47 _ J )
QXn+2|Xn+1eI;* (th: xjp1) = E /Bj*+1MXn+2|Xn+1€I;* (), Tj41)
j*=a

s J” ,
C] .
D> B My ix e (@) (30)

J*=a l=1

where for a = 0, Equation (29) and (30) are equivalent.

The Qx, X, er, (t2,2441), given by Equation (30), can be minimised or maximised in
order to derive the NPI conditional lower and upper probabilities for the event X, .o >t
given X, 11 > t. We sometimes denote the conditional probability in Equation (30) by
Q Xns2€ld| X1 €1V, for convenience. Now, let us consider the second term of Equation (30),
and by rearranging the summations, we have

it a—1 sj—l+1
Cl ) 1
E § /8'*—l+1MXn+2|Xn+1€IZ* (Cl77 $j+1 z : : : 5 MX7L+2|X7L+1€IZ (Cly’ x]+1)
j*=a =1 =1 g*
Sj Sj*j+1 i
c .
+ E E ﬁj’l"MXn+2‘Xn+1€I;‘* (Cly7 I.?‘i'l) (31)

l=a j*=1

The first term on the right-hand side of Equation (31) is related to the conditional probability
masses to the right of ¢, corresponding to all ¢ < #. The second term in Equation
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(31) is related to the conditional probability masses corresponding to all 67 > tJ, and as

> A B o= = 1, this second term is equal to Y2, Mx, ,1x,,1ez+i (> j11). So Equation
(30) can be rewritten as

QXn+2\Xn+1€]f* (tﬁl, ijrl) = Z ﬁ]]'*+1MXn+2\Xn+1€]f* (xj’ ijrl)
Jj*=a

a—1 Sj—l+1

+Z Z /B ‘A4Xn+2|Xn-t,-1€IZ (Cl77$]+1)

=1 j*=a

+ Z Mx, X0 et (511 (32)
l=a

To determine the optimal values of B] and ﬁcl that minimize Qx, ,|x, ., e I, (t,241), as

presented in Equation (32), we need to allocate all conditional probability masses in (z;, z;11)
to the left of 2, that is

Sj 4 a—1 '
Z 6§*+1 =0, Z /85*+1 =1

j*:a ]*:0
and
a—1 ) s;—1+1
c c)
(A 1
S =1, > p 0
7*=1 Jj*=a

. . . ] . .
thus, the minimum value of Qx, ,,|x,, e, (t2,2j41) is

Sj

§2n+2|xn+1617' (ta7 $J+1 = Z MXn+2|Xn+1€Ii (CZ7 .’I/'j_;’_l) (33)

l=a

Similarly, to find the optimal values of éj and écg that maximise Qx, ,|x,, eri, (t,2541), as

stated in Equation (32), we need to assign all conditional probability masses in the interval
(z;,741) to the right of ¢, that is

Zﬁf*ﬂzlj Zﬂj+1_0

Jj*=a 7*=0
and
a—1 . s;j—1+1
c c
T 1 _
Y sl =0, S gt =1
j*zl j*:a
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. . ] . .
thus, the maximum value of Qx, ,x, ,er, (t2,2j11) is

a—1

max () A — ) o RO
Xnt2|Xnpr1€lL (th: zjr1) = MXn+z|Xn+1eI;* (25, xj41) + § :MXnJerXnHeI;* (d,zjt1)
=1
5

+ : : MX7L+2‘X7L+1€IZ* (CZ’ x]+1)

l=a
Si

= MXn+2|Xn+1EIf* (Ij7 xj"‘l) + § : MXn+2|Xn+1GIf* (Cl]7 xj+1)
=1

= PXn+2‘Xn+1€I;* ($J7 $]+1) (34)

For convenience, the probabilities in Equations (33) and (34) can also be represented as
min max :
Xnpse T Xnmiel, d Xo2€ | Xopicli, respectively.
Consequently, the NPI lower probability for the event X, 1o > ¢ given X, > ¢, for
teltd,t) ) with j=0,1,...,u+1and a=0,1,...,s;, is given by t

u+1
P(Xnia >t Xnp1 > 1) = Q%) ix,ers, (Fagrs Tign) + Y Pxoaixoner, (T2 2211)
z=j+1
S; A u+1
= Z MX,LH\X,LHGI;; (C‘Z,fﬁj+1)+ Z PX,LH\XnHeIZ?* (T2, %241) (35)

l=a+1 z=7+1

The corresponding NPI upper probability for the event X, o > t given X, ;1 > t, for
te€lrj,xp) withj=1,2,...,u+1and a=0,1,...,s;, is given by

u+1
P(Xni2 >t X1 > ) = XoyalXnpreti, (Far Titn) + Z Px, o1xprer, (T2, T211)
z=j+1
u+1

= Z PXn+2|X,L+1eI;; (22, 7241) (36)

z=j

One should note that the a approach, which involves minimizing and maximizing Equa-
tion (18), is only used to derive NPI lower and upper probabilities for the event X, .1 > t.
On the other hand, the [ approach, which involves minimizing and maximizing Equation
(32), is only used to derive NPI conditional lower and upper probabilities for the event
Xyi2 >t given that X, .1 > t. However, both approaches must be used together in order to
derive NPI lower and upper probabilities for the event X, .1 > t and X, 1o > ¢, which will
be explained in Section 5.

Example 4.1. This example aims to demonstrate the assumption of rc-A,1) for X, o,
which is based on the rc-Ag,) assumption for X,,;1 [15] as presented in Section 4. Specifically,
it illustrates how to calculate the NPI conditional lower and upper probabilities for the event
Xpyo >t given X, 11 > t, using the data set from Example 3.1. The data set consists of four
observations, including one right-censored observation, as shown in Figure 1.
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In Example 3.1, the probability distribution for X; was partially specified by five M-
function values associated with five intervals generated by the 4 observations, using Defini-
tion 3.1 (see Figure 2). In that example, we applied rc-Ayy for X5 considering where the
probability mass is for X5. Based on this. we apply rc-As) for Xg in this example.

Given that X5 falls in those five intervals created by the n = 4 data observations, i.e.,
I° = (0,21), I = (z1,¢1),1; = (c],x3),I? = (wq,23) and I* = (z3,00), respectively, so
there are five cases of which Xj falls into these intervals. Then, we consider Xg depending
on X5 being in a specific interval. This enables the probability distribution for X4 to be
partially specified by conditional M-function values assigned to six intervals formed by the
5 observations including X5, using Definition 4.1 separately for each case.

As a result of applying Definition 4.1 with the assumption rc-As) given by Equations
(27) and (28), these conditional M-function values for Xg given X5 € {I°, I}, I}, I? I*}, can
be obtained as follows (see Figure 3).

Case 1: Given X5 € I° = (0, z,), the conditional M-function values for Xg| X5 € I°, using
Definition 4.1 with the assumption rc-Ag) given by Equations (27) and (28), are shown in
the first box of Figure 3.

Since there is no censored observation in intervals (0, z5), (z5,21), (22, 23) and (z3,00),
respectively, the corresponding values 39, i, 32 and 3} introduced to these intervals are
equal to one, i.e. B0 = Bl = 32 = B} = 1, as discussed in Section 4. For ¢ € (1, x2) given
X5 € (0,2y), the conditional M-function value ¢ that is assigned to interval (z1,zs) will
be split up, based on Definition 4.1, and assigned to two sub-intervals with the M-function
value % 3% assigned to the sub-interval (w1, c?) and the M-function value % 2 assigned to the
sub-interval (c?, z5), where both 57 and 32 take values between 0 and 1, and 7 + 55 = 1.

Also, based on Definition 4.1 and Equation (28), the M-function value %Bﬁ is assigned to

2
the sub-interval (2, z,), where 8" = 1. Thus, the conditional M-function values for the
event X¢| X5 € I° are

1
MXS‘X5€[0(O,£L'5) :6 (37)

1

Mxoxoern(#s,21) =5 (38)
1

Mxﬁ\xsefo(xl,cf) zgﬁf )
1 1 .2

Mxpsser(ch,22) =gfs + gt
1 1

Mx,\x5er0 (T2, 73) =5 + 5
1 1

Mxg|x;er0 (x3,00) =5 4 5

where the total conditional probability mass for Xg € (0, 21) given X5 € (0,x;), given in
Equations (37) and (38), is 1/641/6=2/6, see Case I in the first box of Figure 3.

Based on these conditional M-function values, we can derive the conditional probability
for the event X4 € (x1,z5) given X5 € (0, 1), by summing the probability masses assigned

2
to the sub-intervals (‘Tla C%) and (6%71.2)7 50 PXﬁ\XsGIO(x17x2) = %612 + %6% + 1_185? = %(612 +

c? . . . c?
B3) + 01", and as discussed in Section 4, 5 + 3 = 1 and ;' = 1, s0 Py |xzem(x1,22) =
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Figure 3: The conditional probabilities for X4| X5, Example 5.1

21



% + %8 = lis. Moreover, the conditional probabilities for X4 to be in intervals (xg,x3) or
(w3,00), given X5 € (0,71), are Py, x,er0 (T2, ¥3) = Pxylx,ero(r3,00) = % + %8 = %.

Then from Case 1 in which X5 € (0,z1), we now consider the event Xg > t given
X5 > t, where t € (0,21) (see the first box of Figure 3). By assigning all conditional
probability masses that must be within (¢, 00), Equation (35) is used to determine the NPI

lower conditional probability for the event Xg > t given X5 > ¢, where t € (0,21). Thus

4
P(Xg > t|X5 > ) = Q¥ co(0,21) + Y Pyyxaero (T, Top1)
z=2
= Mxgxser0 (5, 71) + Pxgxser (T1, ¥2) + Pxgxsero (T2, T3)
+ PXg\X5€IO(x3aoO)
1 4 4 4 5

"5 T B TR 6

where the value of Q?;T& ¢0(0,21) is obtained by using Equation (33).
The NPI upper conditional probability for the event X4 > t given X5 > t, where t €
(0, 1), is derived by assigning all conditional probability masses that could be within (¢, c0)

using Equation (36). Thus

4
P(Xg > t|X5 > t) = Q¥ co0(0,21) + Y Pxyixzero (s, 2j11)
z=2
= PXG\X5eIO(0, 331) + PX6|X5eIO (331, 552) + PX6|X5610 (552, st)
+ Pxg|xser0 (z3,00)
2 4 4 4

= — —_ _ —:1
6+18+18+18

max

where the value of Q¥ _;o(0,21) is obtained by using Equation (34).

Case 2: Given X; € I} = (x1,c}), the conditional M-function values for X4|X5 € I}, using
Definition 4.1 with the assumption rc-A() given by Equations (27) and (28), are shown
in the second box of Figure 3. Due to the fact that no censoring is involved in intervals
(0,21), (x1,75), (72, 23) and (23, 00), respectively, the values 37, 51, B3 and 3} corresponding
to these intervals are equal to 1, as stated in Section 4.

By using Equation (27), based on the assumption rc-As, the conditional AM-function
value for Xg € (z1,25)|X5 € I} is ¢. For ¢f € (x5,22) given X5 € I{, the conditional
M-function value % that is assigned to interval (x5, x9) will be split up and assigned to two
sub-intervals with the M-function value £} assigned to the sub-interval (zs,c}) as well as
the M-function value %53 assigned to the sub-interval (c?, z5), where both 37 and /33 take

values between 0 and 1, and 87 + 82 = 1. Also, based on Definition 4.1 and Equation (28),

2 2
the M-function value 1—185? is assigned to the sub-interval (¢, z;), where 3" = 1.
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Thus, the conditional M-function values for the event Xg| X5 € I} are

1

MXg‘X5€Ill(0,x1) :6
1

MXG\X5€[11(.’171,{L‘5) :6 (40)
1

My x;er (25, ¢1) :66% "
1 1 .

My, x,en1 (5, x2) :653 n Eﬂf
11

Mg x;er (T2, 73) =5 + 5
11

MXG‘XSEI%(J/B, ) 6 4 Tg

where the total conditional probability mass for X4 € (z1,¢1) given X5 € (21, ¢}), given
in Equations (40) and (41), is 1/6 (1+3%), where 87 € [0, 1], see Case 2 in the second box
of Figure 3.

From Case 2, where X5 € I{ = (x1,c}), we use Equation (35) to derive the NPI condi-
tional lower probability for the event Xg > t given X5 > ¢, where ¢t € (xy,c}), as

4
P(Xe >t| X5 >1) = Q?(;TX5€11(£E1, T2) + ZPXG\Xsefll (72, T201)
z=3
= Mxgxsent (T, 02) + Pxgixsen (T2, 23) + Pxg xsen (23, 00)
4 4 4 2

8T8 TR T3

min

where the value of Q! oIXser! (21, xz) is obtained by using Equation (33),1e., QY Xser! (x1,22) =
1

%ﬁl +562+1_8611 = 5(51 +52) %B And for /31 +62 = 1 and /31 =1, QXTX 611($17$2) =
RTRETS

The NPI upper conditional probability for the event X4 > ¢ given X5 > t, where t €
(71, cl), is derived by using Equation (36) as follows,

4

P(Xg >t|X5>1) = Q¥orxser (L1, 22) + Z Pxgixsen (T2 T241)
z=3
= PXG\X56111 (9517 1’2) + PX6|X56111 (5527 xs) + PX(,-\Xg,eIll(x& OO)
7 4 4 5

SRR

where the value of Q"% en (21, 22) 18 obtamed by using Equation (34), i.e., Q" Nsen (x1,22) =

_ 1 7
Pxpxsen (21, 25) + Pxgpxsen (5, 2) = 5 + 15 = 13-

Case 3: Given X5 € I3 = (c{, z3), the conditional M-function values for X4| X5 € I3, using
Definition 4.1 with the assumption rc-As) given by Equations (27) and (28), are shown in

the third box of Flgure 3.
The 37, 8%, B3 and B} values corresponding to the intervals (0, 21), (x5, x2), (22, 23) and
(x3,00), respectively, are equal to 1, since there no censoring is involved in these intervals.
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For ¢i € (z1,x5) given X5 € I}, the conditional M-function value % that is assigned to
interval (z1,x5) will be split up and assigned to two sub-intervals with the M-function value
% 31 assigned to the sub-interval (z1,ci) as well as the M-function value % 33 assigned to the
sub-interval (ci, z5), where both 5] and 33 take values between 0 and 1, and ] + 5 = 1.
Also, based on Definition 4.1 and Equation (28), the M-function value iﬁ‘% is assigned to
the sub-interval (c},z5), where B = 1. Thus, the conditional M-function values for the
event Xg|X5 € I are

1
Mx xsen (0,21) =5
1
Mxq|xser; (z1,c1) :65%
M ! s) =2 ) + o B0 1
Xopxen (€123) =g + 570 (42)
11
MXG\Xsefé (.%‘5,1'2) :6 + ﬂ (43)
11
1\4)('(5‘)(5612l (1‘2,1'3) :6 + ﬂ
11

M x,en1(73,0) =% + 21

where the total conditional probability mass for X4 € (cl,z5) given X5 € (cl, x9), given
in Equations (42) and (43), is 1/6 (33 +1/4 ﬁfi + 5/4), where 33 € [0,1] and ﬁf% =1, see
Case 3 in the third box of Figure 3.

From Case 3, where X5 € I, = (ci, xs), we use Equation (35) to derive the NPI lower
conditional probability for the event Xg > ¢ given X5 > ¢, where t € (], z3), as

4
P(Xe > t|X5 > 1) = Q?fose[% (21, 22) + ZPX(;\X5€I% (T2, T241)
z=3
= MXG\X5e121 (w5, 22) + PX6|X56121 (22, x3) + PX6|X561;(553; o)
5) ) 5} )

T 217212 B

where the value of Q?(;Txg,elg (71, x2) is obtained by using Equation (33), i.e., Q?(;TXSEI% (v1,m9) =

1,1 5
= + _ = =,
6 T 247 24
The NPI upper conditional probability for the event X4 > ¢ given X5 > t, where t €
(1, w9), is derived by using Equation (36) as follows,

4
P(Xg > t|X5 > t) = Q%o ixsen (T1,02) + prﬁ\x5e121 (T2, T211)
z=3
= PXg\X5eI21 (131, $2) + PX6|X5€I21 (Iza I3) + PXG\X5eI21 (x37 OO)
10 5 5 5

21721721 ©

where the value of QE??TXSGI; (x1, z2) is obtained by using Equation (34), i.e., Q?(ETXSEI% (x1,29) =

__ 5 5 _ 10
PX@‘X56121<'$17$5) + PX6|X5€]21 (x57 l’Q) - 24 + 24 — 24°

24



Case 4: Given X5 € I? = (13, x3), the conditional M-function values for X4| X5 € I?, using
Definition 4.1 with the assumption rc-As) given by Equations (27) and (28), are shown in

the fourth box of Figure 3.
The (Y, 52, 53 and B{ values corresponding to the intervals (0, z1), (79, 75), (75, 23) and
(x3,00), respectively, are equal to 1, since there no censoring is involved in these intervals.

For ¢; € (21,22) given X5 € I?, the conditional M-function value & that is assigned to
interval (z1,x2) will be split up and assigned to two sub-intervals with the M-function value
01 assigned to the sub-interval (z1,c}) as well as the M-function value 3] assigned to the
sub-interval (c}, zs), where both 8} and i take values between 0 and 1, and 8] + 1 = 1.
Also, based on Definition 4.1 and Equation (28), the M-function value iﬁc% is assigned to
the sub-interval (ci,zs), where B = 1. Thus, the conditional M-function values for the
event X¢| X5 € I? are

1

MXG‘X5€[2(O,x1) :6
1

M| x5er2 (z1,¢1) :6511
1 1 .

My, |xser(c1,w2) =283 + 5 A7
11

My xser (12.25) =¢ + 57 (44)
11

Mxoxser(@3,23) =5 + 55 (15)
11

MXG‘X{,EIQ (1'3, OO) :6 + ﬂ

where the total conditional probability mass for X4 € (29, z3) given X5 € (22, z3), given
in Equations (44) and (45), is 5/24+5/24=10/24, see Case 4 in the fourth box of Figure 3.

From Case 4, where X5 € I? = (x4, 13), we use Equation (35) to derive the NPI lower
conditional probability for the event X4 > t given X5 > t, where t € (z9,z3), as

4
P(Xg > 1] X5 > 1) = Q¥xep2(w2,03) + > Pxgixyer (@2, 2241)

z=4

= MX6|X5612 (I5, $3) + PX6|X5612(903, OO)

5.5 _5
2424 12
where the value of Q%;szeﬁ (x4, z3) is obtained by using Equation (33), i.e., Q%Z‘Xﬁp (T, x3) =
1,1 _ 5
= + _ = =
6 24

The NPI upper conditional probability for the event X4 > ¢ given X5 > t, where t €
(22, x3), is derived by using Equation (36), as follows,

4
P(Xg > 1]X5 > 1) = Qe (72, 03) + > Pxyixyer (2, 2241)
z=4
= PX@\X5EIQ($2>~T5) + PX6|X5€[2('T55 33’3) —+ PXs\X5EIQ(x37 OO)
5) ) ) )

21721721 8
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te () | P(Xe>tXs>1t) | P(Xg>t|X5>t)
(0,1) % 1
(w1, ¢1) % %
(c1,72) 2 %
(22, 3) % g
(x3,00) % %

Table 2: Lower and upper conditional probabilities for the event (X¢ > t|X5 > t), Example 4.1.

where the value of Q5 /2 (x4, z3) is obtained by using Equation (34), i.e., Qixser (29, 23) =

_ 5 5 _ 10
Pxﬁ\x5e12($2,$5) + Pxg|xser? (w5, 23) = 21 T 31 = 34

Case 5: Given X5 € I = (13,00), the conditional M-function values for Xg| X5 € I, using
Definition 4.1 with the assumption rc-A1) given by Equations (27) and (28), are shown in
the fifth box of Figure 3.

The 37, 8%, 33 and 3} values corresponding to the intervals (0, 1), (zo, x3), (73, 75) and

(x5, 00), respectively, are equal to 1, since there no censoring is involved in these intervals.
For ¢; € (21,22) given X5 € I®, the conditional M-function value % that is assigned to
interval (z1,x2) will be split up and assigned to two sub-intervals with the M-function value

% Bt assigned to the sub-interval (z1, cl) as well as the M-function value % 33 assigned to the

sub-interval (ci,z,), where both 8} and 31 take values between 0 and 1, and 8} + 1 = 1.
Also, based on Definition 4.1 and Equation (28), the M-function value for Xg, iﬁci, is

assigned to the sub-interval (¢, z), where BC% = 1. Thus, the conditional M-function values
for the event X4|X5 € I® are

1

MXg\X5€[3(O,$1) :6
1

MX6\X5613(m1,c%) :6611
1 1 .

Mxpx,ers (el v2) =g B3 + 5 87
1 1

MXG\X5€I3 ($2,x3) :6 + ﬂ
1 1

Moixser (#,75) =5 + 54 (46)
11

Mixxser (75,00) =5 + 55 (a)

where the total conditional probability mass for Xg € (x3,00) given X5 € (x3,00), given
in Equations (46) and (47), is 5/24+5/24=10/24, see Case 5 in the fifth box of Figure 3.

From Case 5, where X5 € I* = (x3,00), we use Equation (35) to derive the NPI lower
conditional probability for the event X4 > t given X5 > ¢, where t € (x3,00), as

5

P(Xg > 1] X5 > t) = QRlx, cps(3,00) = Mg x,e5(25,00) = 21

where the value of Q%;‘XS c2(T2,73) is obtained by using Equation (33).
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The NPI upper conditional probability for the event X4 > ¢ given X5 > t, where t €
(x3,00), is derived by using Equation (36), as follows.

P(Xg >t X5 >t) = Q?{foseﬁ(%a 00) = Pxgyixser3 (73, T5) + Pxgxsers (25, 00)
_ 5,5 _5
24 24 12

where the value of Q%Y. _js(22,23) is obtained by using Equation (34). Therefore, the
NPI lower and upper conditional probabilities for the event that X4 > ¢ given X5 > ¢, are
given in Table 2. The values of the NPI lower and upper probabilities at observations are eas-
ily derived from Table 2, using the fact that the lower probability is continuous from the left
at all observations, given by Equation (35), and the upper probability is continuous from the
right at event times, given by Equation (36). An effect of conditioning on the second future
observation X3 to be in the final interval (z3, 00), the NPI lower probability for Xg € (23, 00)
is positive which is given by the M-function value % that assigned to the sub-interval (x5, 00).

In the next section, we present NPI lower and upper probabilities for the event X,, .1 > ¢
and X, 1o > t, based on the results presented in Sections 3 and 4.

5. Lower and upper probabilities for X,,1 1 > ¢, X,,;2 >t

This section derives the NPI lower and upper probabilities for the event that both future
observations X, ;1 and X,, o are greater than time ¢ > 0. The notation used in this section
follow those introduced in Sections 3 and 4. Let I’ = (ti.,t.,,) be an interval created

by the n data observations, + = 0,1,2,...,u and ¢* = 1,2,...,s;, that is we have n + 1
intervals created by the data, and let I = (z;,2;,1) be the ith interval created by two
consecutive failures and I’ = (t\,x;41), ¢ = 0,1,...,u and a = 0,1,...,s;. Furthermore,
let M Xoirell, be the M-function values for X, i, based on the assumption rc-A,) [15], as

defined in Definition 3.1, where j = 0,1,...,u and j* = 1,2,...,5;. Let Px, <5 be the
probabilities for X, ;1 to belong to the intervals IV = (z;,2;11) as given by Equation (15).
Let MXn+zeI,’§*\Xn+1tef* be the conditional M-function values for X, ;o € I* = (zg, Tpy1), k =
0,1,...,u, k* =1,2,..., s, based on the assumption rc-A, 1), as defined in Definition 4.1.
Let Py, ,erx|x,, e be the conditional probabilities for the event {X, o € I X, € 17},
as given by Equation (29).

To find the NPI lower and upper probabilities for the joint event where X, 1 > t and
X9 >tforallt > 0, we will utilize the results from Sections 3 and 4. Firstly, we will derive
the NPI upper probability for the event where X, ;1 > ¢t and X,,4o > t for ¢t € [z;,2;41),
where ¢ =0,1,...,u.

Theorem 5.1. The NPI upper probability is derived by summing all probability masses that
can be to the right of t. This means all M-function values assigned to intervals IF., I j]* €

{1t . I L5t 1+ ,1¢ } will lead to the following NPI upper probability

) Si’ ) 5i+17

u u

P(Xui1 >4 X0 >8) =Y > Py e ix,ren Pxoen (48)

j=i k=i
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Proof. There are four terms of summations that, when added together, lead to derive the
NPI upper probability for the event X, ;1 > t and X,,;o > t. We refer to these terms as
Ji, Jo, J3, and Jy, stated in Equations (49), (50), (51), and (52), respectively, which are
illustrated in detail below.

) ; ™ ‘ . - ‘
First, we sum over Ij. € {Ig",... . I:F ... I} and IJ] e {Ig™, .. T
which is equivalent to summing over the intervals I* and I’ for k,j € {i +1,...,u}. This

will lead to constant probabilities using Equations (15) and (29), respectively, so these prob-
abilities are not functions of the a’s or #’s, so no optimisation is required here. We can write
these summations terms as

S5 Sk

u u
=20 D0 20 2 M erixonien. M e,

j=i4+1 k=i+1 j*=0 k*=0
Sk
E : MXn+2€I£*\Xn+1€I;*

Yy [z My,

j=i+1 k=i+1 Lj*=0 k*=0
u u
= § § PXn+2€Ik‘Xn+1€Ij PXn+1€]j (49>
Jj=i+1 k=i+1

where summing all M-function values for X, ., € Ijj as well as summing up all conditional

M-function values for X,, 1o € IF.| X, € 1 j], in the second equality, lead to the probabilities
for the event X,.; € I7, as well as to the conditional probability masses for the event
Xn1 € U\ Xy €l forj=i+1,...,uand k =i+1,...,u, as in the third equality. Thus,
we have advanced from the second equality to the third equality by using Equations (15)
and (29), respectively.

Secondly, we sum over If. € {Ii,... . I.} and I € {Ig™", ..., Ii*1 ... 1"}, which will
lead to a function of the ’s only, so we need to maximise this function. This leads to

u Sj S;
Jo = Z Z Z MXn+QEI,I§*‘Xn+le[;* MXn+1€I;*
j=it+1j*=0 k*=a
Si

u Sj
= 2 D My en 20 My ert e

j=i+15*=0 k*=a

u

Qmax , 2 )

- Xn+QEIé‘Xn+1€]J Xn41€D7
Jj=i+1

u
= § PXn+2€Ii|Xn+1€IjPXn+1€Ij (50)
Jj=i+1

max

. - is considered to maximise the
Xn+QEIé‘Xn+1EIJJ*

where in the third equality, the function @)

conditional probability mass for X, 1o € I! = (t! x;,1) given X, 1 € [;*, where j = i +
1,...,u, by assigning all conditional M-function values within the interval I = (z;, ;1)
to the right of ¢/. This leads to the conditional probability mass for the event X, o € I’
given X,,1 € I, where I' = (z;,2;41) and j = i + 1,...,u. Then, we are able to move
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from the third equality to the fourth equality via the product of the conditional probability
Px.,,eri|x, . ers and the probability mass for the event that X, € I7, where I' = (z;, 2;41),

D= (x;, z; and 7 =474+ 1,.... u. The function Q™ - which is a function of
(]’ J+1) J + 1 ) QXn+2€Ié|X7L+1€I§*’

the ’s only, is maximised by using Equation (34). '
Thirdly, we sum over If. € {Ig*',... [i*1 . It} and I]. € {I},...,I.}, which will
lead to a function of the a’s only, so we need to maximise this function. This leads to

Si Si

u
Ts= Y 3> :Mxmzefmxnﬂeq*MXnHeI;*

k=i+1j*=a k*=0

u Si
- E : E : PXn+2EI’“\Xn+1EI;* MXn+1€I;*
k=i+1j*=a
u
_ ) max ,
- § : PXn+2EIk|Xn+1EI;* QXnHEI;
k=i+1
u
= Y Px,ertixomen Px,per (51)
k=i+1
where in the third equality, the function Q2™ is considered to maximise the probability

Xny1€I8

mass for X,,11 € I/ = (¢, x;41), by assigning+all M-function values within the interval [7 =
(zj,2j41) to the right of ¢, using Equation (20). This leads to the probability mass for the
event X,, 11 € I' = (z;,z;+1). This has advanced from the third equality to the fourth equality
through the product of the conditional probabilities for the event that X,, .o € I*| X, € I*,
and the probability mass for the event that X,,,; € I*, where k =7 +1,...,u.

Finally, we sum over If. € {I¢,... . I{ }and I7. € {I%,..., I}, which will lead to functions
of the a’s and (’s, so we need to maximise both functions. This leads to

S; Si
J4 = Z Z MXn+2€I£*‘Xn+1€I;* M(Xn+1 E I;*)
J*=a k*=a
- Q§:12612‘Xn+161;* Qﬁiileﬁi
= PXn+2€Ii|Xn+1€IiPXn+1EIi (52)
where in the second Qquality, the function Q?:’; eri is considered to maximise the probability
mass for X, ;1 € I) = (t',x;41), by assigning all M-function values within the interval
I’ = (zj,2;41) to the right of ¢, using Equation (20), which leads to the probability mass
Px, . eri- Also, the function ?:’; €Li[Xiiel, is considered to maximise the conditional
probability mass for X0 € I} = (t,,%i1) given X,y € If., where j* = 1,...,s;, by
assigning all conditional M-function values within the interval I’ = (x;, z;,1) to the right of
t., using Equation (34), which leads to the conditional probability mass Px, ,,eri|x,. er-
As a result, the NPI upper probability for the event that X, ,; > t and X, .o > ¢,
for t € [x;,2:41), 1 = 0,1,...,u, and for all ¢ > 0, is obtained by summing the values of

Jl,...,J4, i. e. P(Xn+1 >t,Xn+2 >t):J1+J2+J3+J4. ]
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Next, we derive the NPI lower probability for the event that X,,,; > ¢ and X,,,» > ¢, for
telthth 4),i=0,1,...,uand a=0,1,...,s;.

Theorem 5.2. This NPI lower probability is derived by summing all probability masses
that must be assigned to the right of ¢%,,. This means all M-function values assigned to

intervals ],’;,IJ* e{Ii ... . IL g . I o T} This leads to

) 51" ) 5i+1’

u Sj u Sk
£<Xn+1 > t, Xn+2 > t) = Z Z Z Z MXn+2€If*|Xn+1€Ij* MXn+1€I;* (53>

j=i j*=a+1 k=i k*=a+1

where we must start from a + 1; that is, we start from the first right-censored observation
up to s; within the interval I°.

Proof. There are four terms of summations that, when added together, lead to derive the
NPI lower probability for the event X, .1 > ¢t and X, .o > t. We refer to these terms as
K, Ky, K3, and Ky, stated in Equations (54), (55), (56), and (57), respectively, which are
illustrated in detail below.

First, similar to the summations in the derivation of the NPI upper probability for

this event, given in Equation (49), we sum over Ij. € {Ig*',... [it1 ... I} and L. €
(It ... ,];';;11, ..., I¢ }, which will lead to constant probabilities using Equations (15) and

(29), respectively, so these probabilities are not functions of the a’s or 4’s, so no optimisation
is required here. We can write these summations terms as

u u
Kl = Jl = Z Z PXn+2€Ik|Xn+1€IjPX7L+1€Ij (54)
j=i+1 k=it+1
Secondly, we sum over If. € {I},,... I} }and I7. € {I;", ... I7FY . 1t} which will

lead to a function of the ’s only, so we need to minimise this function. This leads to

u S5 Si
Ko= 30> D My e xoner. My, iem,
j=t+1 j*=0 k*=a+1

Si

u Sj
S S M 3 M,

J=i+15*=0 k*=a+1

u Sj
_ M ~ (Hmin ‘ )
Z Z Xn+1€IJ]-* QXn+2€I§|Xn+1EI§*

j=i+1j*=0
u
= 3 Q¥ e Proen (55)
n+2€lL| X1 €174 Xnqa€l
j=it1

in

. ; 1s considered to minimise the
n+2€Ié|Xn+1€Ij*

where in the third equality, the function Q;

conditional probability mass for X, 1o € I = (t,x;,1) given X, 1 € [j*, where j = i +
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1,...,u, by assigning all conditional M-function values within the interval I = (z;, ;1)

to the left of t2. This leads to the conditional probability mass Q?innue | X1 €0 that is we

sum all the conditional probability mass for the event X, .o € (ci,x;11) given X, € I7,
where ©+ = 0,1,2,...,u, ¢* = 1,2,...,s;, and j =1+ 1,...,u. Then, we are able to move
from the third equality to the fourth equality via the product of the conditional probability

Qr)n(inHE L X1 €1 and the probability masses for the event that X,,, € I?. The function

min )
Xnt2€L}| Xnt1€LL,”
Thirdly, we sum over If. € {Ig", ..., IiH1 ... It} and I). € {I},,,..., I} }, which will
lead to a function of the a’s only, so we need to minimise this function. This leads to

u Si Sk
K3 = E E E MXn+2€I]’§*|Xn+1eI;*MXn+1EIJ?*

k=i+1 j*=a+1 k*=0

which is a function of the ’s only, is minimised by using Equation (33).

u

Si
= E E PXH+2€I’“|XH+1EI;*MXnJrlEIJ?*

k=i+1j*=a+1

u

= Z P, e Xpenn@x e (56)

k=i+1
min
‘ : Xn+1€IL
mass for X,,1 € I! = (t%,2z,41), by assigning all M-function values within the interval
g = (z;,2;11) to the left of t. This leads to the probability mass for the event X, €
(ct.,xi41), using Equation (19). This enables us to obtain the product of the conditional
probabilities for the event that X?Hg € I*|X,11 € I, and the probability mass Q%ﬁrl eris
where k =i+ 1,...,uand I} = (£}, z;+1). '

Finally, we sum over Ij. € {I},,...,I}} and I]. € {I.,,,..., I\ }, which will lead to
functions of the a’s and f’s, so we need to minimise both functions. This leads to

where in the third equality, the function @ is considered to minimise the probability

S S;
Ki= Y >, Mx, seriXomer. Mx, et
7*=a+1 k*=a+1

= an(;nﬁemxnﬂelg Q%Lnﬂelg (57)
) : %:rlefg
mass for X, 41 € I) = (t',x;41), by assigning all M-function values within the interval
I' = (x;,7;41) to the left of ¢!, using Equation (19). Also, the functiqn Q?;“HGIQX”HGQ
is considered to minimise the conditional probability mass for X, 1o € I’ = (t,,z;41) given
Xni1 € It by assigning all conditional M-function values within the interval I' = (x;, 2, 1)
to the left of ¢!, using Equation (33).

As a result, the NPI lower probability for the event that X, .1 > ¢t and X,,,o > t, for
telft,tiy),i=0,1,...,uand a =0,1,...,s;, and for all ¢ > 0, is obtained by summing
the values of Kl> LKy, il e B(Xn—i-l > t,Xn+2 > t) =K+ Ky + K3+ Ky. ]

where in the second equality, the function @ is considered to minimise the probability

Using the results in Sections 3 and 4, we also get the same results of the derivation of
the NPI lower and upper probabilities for the joint event X,, 1 >t and X,,.o > ¢, presented
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Xe€I°=(0,21) | Xo € I] = (21,¢]) | Xo €13 = (cl,22) | X € I*> = (x9,23) | Xo € I® = (z3,00) | Total
Xy 1= (0,m) 2% o B+ 5 L
X € I} = (w1,¢l) Lo Lal(1+ ) Lol 4+ 1) & - dal & dal Lo}
XseB=(cha) | Hlab+d) Toeb+ D) | [had DB+ | [ F@+HO) || [Hd+HG) | | tad+E
X5 € I* = (22, 33) 53 % 361 5 4B+ % ] =
X5 € I* = (23,00) 53 % - 361 536 +D %3 &

Table 3: Joint probability of X5 and Xg, according to Example 5.1

above, if we straightforwardly multiply the NPI lower and upper probabilities for the event
Xn11 > t, given by Equations (21) and (22), respectively, in Section 3, with the NPI lower
and upper conditional probabilities for the event that X, .o > t given X,,.1 > t, given by
Equations (35) and (36), respectively, in Section 4. So, for ¢t € [¢4,t},,) with i = 0,1,...,u
and a =0,1,...,s;, the NPI lower probability for the joint event X, >t and X, 4o > t, is

B(Xn+1 > t,Xn+2 > t) = B(Xn+2 > t|Xn+1 > t)E(Xn+1 > t) (58)

and for ¢t € [z;,z;41) with i = 0,1,...,u, the corresponding NPI upper probability for the
joint event X, .1 >t and X, 1o >, is

P(Xp1 >, Xpo > 1) = P(Xpp2 >t Xny1 > ) P(Xpp > ) (59)

Example 5.1 illustrates the NPI lower and upper probabilities for the events X5 > t and
X > t, in particular it shows the steps leading to these lower and upper probabilities in
Theorems 5.1 and 5.2. It also demonstrates the results in Equations (58) and (59).

Example 5.1. Consider again the data set used in Examples 3.1 and 4.1, for which we
have n = 4 observations, including one right-censored observation. Based on the probability
masses for X5, presented in Figure 2, and the conditional probability masses for Xg| X5, in
Figure 3, the joint probability masses for X5 and Xg are given in Table 3. Note that from
Examples 3.1 and 4.1, aﬁ =1, 55% =1, and Bf% =

From Table 3, the upper probability for the event that X5 > t and Xg > ¢ when t €
(c1,22) can be calculated by summing all probabilities represented by blue cells as well as
maximising all probability masses represented by green, purple, and red cells. We refer to
these summations terms as Jy, Jo, J3, and Jy, as given by Equations (49), (50), (51) and
(52), respectively. These summations are illustrated in detail below.

Considering t € (ci, z5), we first sum over I? and I3, respectively, where X is in intervals
I%, I3 given X5 is in these intervals I2, I, respectively. This will lead to constant probabilities
which are represented by the blue cells in Table 3, which is not a function of the a’s or f’s,
so no optimisation is required here. These summations are derived by using Equation (49),
as

J1 = Pxgerrixserz Pxserz + Pxgerzixser Pxsers + Pxgers|xser? Pxsere

+ Pxger|xser Pxser
_1+1_%1+1_1
9 18 18 9 3
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By using Equation (50), we sum over the case where X is in interval I} = (¢, z3), given
X5 is in intervals I? and I3, respectively, represented by the red cells in Table 3. This will
lead to a function of the ’s only, so we need to maximise this function. This leads to

Jo = Q§2211|X5612PX5€I2 + QX5611|X5613 Px;ers
2 1 1 1 1
_“ z il Y= 29 -

Here, by using Equation (34), the function QX66121|X5€I¢ = 208 + %, for ¢ = 2,3, which is a
function of the §’s only, is maximised by assigning all conditional M-function values within
the interval I' = (xl,:UQ) to the right of ¢{. This is achieved when 33 = 1, so 3] = 0 and
Q;“(Z"G‘Il‘xﬁp =2+ 3 = 2. Consequently, Jo =2 x £ = §.

Using Equation (51) we sum over the case where Xj is in intervals I? and I3, given Xj
is in interval I = (cf,x5), respectively, represented by the purple cells in Table 3. This will

lead to a function of the a’s only, so we need to maximise this function. This leads to

_ max max
J3 = PX6€I2|X5€I21QX56121 + PX6€I3\X5€I21QX56121

LPSRENE O SUFENS NS D
=5 5)t+ o = 2a
21\ T g) T ggleet3) =50t 3)
Here, the function Qx,epn = 20 + 3, which is a function of the a’s only, is maximised,
using Equation (20), when o) = 1, so a3 = 0 and Q)m(?}e(fg =2+ 2 = £ Consequently,

J3:—X L

— 9

Flnally, by using Equation (52), we sum over the case where X given X5 are both in the
interval I = (ci, x9), represented by the green cells in Table 3. This will lead to functions
of the a’s and f’s, so we need to maximise both functions. This leads to

_ max max
Ju = Qxﬁelzl |Xsel3 QX56121

1 3 1
= %(521 + 5)(@ +3)

By using Equation (20), the function Qx ez = o + 3 is maximised when a3 = 1, so aj = 0

and QRIE, = = 1+% = 3. And the function Qx,cp1|x,ers = B3+3 is maximised, using Equation

(34), by a851gn1ng all conditional M-function values within the interval I' = (xy,z3) to the

right of cl, i.e., when 33 = 1, so 8§ = 0 and Q”X“ﬁep‘&al =1 —1—% = g Consequently,
2

Ji=35 X3 x3=4.

As a result, the NPI upper probability for the events X5 > t and X4 > t, for t € (ci, x9), is
obtained by summing J;+Jo+J3+Jy, that is 1/3+1/9+1/9+1/9 = 2/3. Thus, the NPI upper
probability for the events X5 >t and Xg > t, where t € (cl,z5), is P(X5 > t,Xg > t) = 2
(see Table 4). The NPI upper probabilities for the events X5 >t and Xg > ¢, for ¢ in other
intervals are given in Table 4, these have all been derived similarly using corresponding values
Ole,...,J4.

The NPI lower probability for the event that X5 > ¢t and X > t when t € (zy,c}) can
be calculated by summing all probabilities represented by blue cells as well as minimising

all probability masses represented by green, purple, and red cells of the Table 3. We refer to
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te() | P(Xs>t,Xe>1t) | P(X5>t,Xg>t)
(0,1) 2 1
(w1, ¢1) % %
(c1,72) % %
(29, 3) % %
(x3,00) 0 %

Table 4: NPI lower and upper probabilities for the event (X5 > ¢, X¢ > t), Example 5.1.

these summations terms as K7, Ks, K3 and Ky, as given by Equations (54), (55), (56) and
(57), respectively. These summations are illustrated in detail below.

First, and similar to the summation of the upper case which was represented by Equation
(49), we sum over I? and I3, respectively, where X is in intervals 1%, I given Xj is in these
intervals I2, I®, respectively. This will lead to constant probabilities which are represented
by the blue cells in Table 3, which is not a function of the a’s or ’s, so no optimisation is
required here. These summations are derived by using Equation (54), that is K; = J; = 1/3.

By using Equation (55), we sum over the case where X is in interval I3, given Xj is in
intervals 12 and I3, respectively, represented by the red cells in Table 3. This will lead to a
function of the f’s only, so we need to minimise this function. This leads to

o min min
Ky = QX66121|X5612PX5612 + QX6€I21|X5€I3PX5€I3

2 1
= (98t 4+ =
Here, by using Equation (33), the function Qxgeri|xscrz = 283 + %, for + = 2,3, which is a
function of the §’s only, is minimised by assigning all conditional M-function values within

the interval I' = (z1,x5) to the left of ¢}. This is achieved when ) = 0, so 8 = 1 and

min -1 -2 1 _ 1
Neerl|Xser2 = 2° Consequently, Ky = 5z X 5 = ;=.

Using Equation (56), we sum over the case where X is in intervals I and I?, given Xj
is in interval I1, respectively, represented by the purple cells in Table 3. This will lead to a
function of the a’s only, so we need to minimise this function. This leads to

K3 = Pxger|x;ern Q%Zg + Pxgers|xser} Q%Z@
1 2

= _—(2at 4+ Z

522+ 3)

Here, the function 1 = 2a2 + 2 which is a function of the a’s only, is minimised, usin
) Xs5€l, 2 3 ) )

7;;7;[% = 2. Consequently, K3 = 5; X 2 = 4.
Finally, by using Equation (57), we sum over the case where Xg given X5 are both in
interval I} = (ci, z2), represented by the green cells in Table 3. This will lead to functions

of the a’s and (’s, so we need to minimise both functions. This leads to

Equation (19), when a3 =0, so o} =1 and Q

_ min min
Ky = QX66121|X56121 Xsel]

5

b 3
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Figure 4: NPI lower and upper probabilities for event X5 >t and Xg > ¢, Example 5.1.

te() | P(Xs>t) P(X5>t)|P(Xs> g\Xs >t) P(Xg >t X5 >t) | P(X5 > g Xe>1) P(X5>t Xe>t)

(0>$1) e 1 6 1 El 1
CRCINI : i ] :
(c), 2) B i 3 8 i 3
o)y i § ; i i
L2, X3 15 15 12 8 9 ]
(:L'3,OO) 0 15 24 12 0 9

Table 5: NPI lower and upper probabilities for the events (X5 > t), (X¢ > t| X5 > t) and (X5 > t, Xg > t),
Example 5.1.

By using Equation (19), the function Qx,ep1 = a + 3 is minimised when aj = 0, so af = 1
= 1. And the function Qxgerlixsery = B3+ 2 is minimised, using Equation (33),

Xsell
by assignirig all conditional M-function values within the interval I' = (z1, z3) to the left of
cl, i.e., when 83 =0, so 31 = 1 and Q%ZI%\XSGG = % Consequently, Ky = % X % X % = %.

As a result, the NPI lower probability for the events X5 >t and X > ¢, for t € (21, c}),
is obtained by summing K + Ky + K3 + Ky, that is 1/3 4 /45 + /36 + 1/60 = 2/5. Thus,
the NPI lower probability for the events X5 > ¢ and Xg > ¢, where t € (zy,¢1), is P(X5 >
t,Xg > t) = 2 (see Table 4). The NPI lower probabilities for the events X5 >t and X¢ > t,
for ¢ in other intervals are given in Table 4, and shown in Figure 4, these have all been
derived similarly using corresponding values of K1, ..., Ky.

Finally, if we multiply the results of the NPI lower and upper probabilities for the event
X5 > t, presented in Table 1, with the corresponding results of the NPI lower and upper
conditional probabilities for the event Xg > ¢|X5 > ¢, presented in Table 2, then we get
the same results of the NPI lower and upper probabilities for the joint event that X5 > ¢

and
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Figure 5: A series system with three types of components A, B and C, with two components of each type.

and Xg > t, shown in Table 4 and Figure 4. The point is clearly illustrated by the results
presented in Table 5, see also Equations (58) and (59).

6. Reliability of a series system

This section illustrates how the proposed method can be applied to the reliability of a
series system. The application focuses on a series system comprising three pairs of parallel
components, as illustrated in Figure 5. Each parallel pair consists of components belonging
to types A, B, or C. For each type, 20 components were tested, leading to the observed failure
times and right-censoring times presented in Table 6. The failure times of components of
different types are assumed to be independent, while failure times of components of the same
type are assumed to be exchangeable. Right-censoring is assumed to be non-informative with
regard to the component’s remaining time to failure.

First we need to introduce some notations. Let m 4, mp and m¢ represent the number of
components of Type A, B and C, respectively, so m4 = mp = m¢c = 2, with 20 observations
for each type, so ny = ng = nc = 20. In addition, let Xﬁl and X{f‘% fori =1,2,...,n4,
XP and X, for i = 1,2,...,np, and X5 and X5, for i = 1,2,... ,nc, represent the two
components of types A, B, C, respectlvely Let TfA, T ,’53 and T C .. represent the minimum
of the two components in Types A, B, and C, respectively, e.g. TA = min(X7, X/}), etc.
Let PTAA+1 TA L (t) and PTA '
event that the two future fallure tlmes of components of Type A are both greater than t,
with similar notation for Types B and C.

The data for the components failure and right-censoring times, presented in Table 6, are
obtained via simulation. For each component of Type A, 20 failure times are simulated from
the Weibull distribution with shape parameter 1.5 and scale parameter 1. Next, the minimum
of these two components is obtained, that is Ty = min(Xfl, X#,), for i =1,2,...,20. For
each component of Type B, X7 7 and Xﬁ, 17 failure times, and three right-censoring times
are simulated from the Welbull distribution with shape parameter 2 and scale parameter 1
and the exponential distribution with a rate of 0.27, respectively. Now, the minimum of these
two components is obtained, that is T3 = min(Xﬁ, Xg), fori=1,2,...,20. Also, for each
component of Type C, that are X7, 7 and Xi%, 13 failure times and seven right-censoring times
are simulated from the Weibull distribution with shape parameter 3 and scale parameter 1
and the exponential distribution with rate of 0.35, respectively. Next, the minimum of these
two components is obtained, that is T¢, = min(Xfl, Xi%), fori=1,2,...,20.

In order to compute the reliability of the system for the data set shown in Table 6, the

T, ( ) denote the NPI lower and upper probabilities for the
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T 5 T3
0.090 0.461| 0115 0490 | > 0.050  0.503
0.147 0464 | > 0.150  0.496 | > 0.161  0.602
0.216 0472 0185 0533 |>0.172  0.604
0.224 0536 | > 0.262 > 0.630 | 0.257  0.607
0.332 0552 | 0.343  0.640 | > 0.349  0.693
0.342 0786 | 0401  0.647 | 0377  0.728
0.356 0.903 | 0421  0.654 | > 0421  0.750
0.377 0937 0437 0729 | 0522 0.957
0.388 1.036| 0442  0.852 | > 0539  0.966
0431 1.400| 0450  1.282| 0563 > 0.976

Table 6: Simulated data with the three types of components A, B and C (> indicates a right-censored
observation).

results presented in Section 5 will be first applied separately for each type of component T,
TB and TS. As a result, we obtain the NPI lower and upper probabilities for the event that
both future failure times of components from each type exceed t. These probabilities are
summarized in Table 7 and depicted in Figure 6.

For Type A, we derive the NPI lower and upper probabilities, that are [P, P](T§ >
ta, Ty > ta), for t4 € (0, data(A), o0) and for Type B, we derive the NPI lower and upper
probabilities, that are [P, P|(T5 > tg, TS > tg), for tg € (0, data(B), o), and finally for
Type C, we derive the NPI lower and upper probabilities, that are [P, P|(TS > to, TS > te),
for tc € (0, data(C), 00).

Second, the reliability function of the whole system are derived by multiplying the cor-
responding intersection NPI lower and upper probabilities for each type presented in Table
7, with the emphasis that the exact values of the ¢’s in this table differ for the different
systems. The NPI lower and upper probabilities for the whole reliability system at time ¢,
denoted as Pps (¢) and ?Tzsl (t), respectively, are shown in Figure 7. So the reliability func-
tion of the whole system is calculated as [P, P](Ty > t, TS > t) = [P, P)(T4§; > ta, T35 >
ta) x [P, P(TE > tp, TS > t) x [P, P(TS, > tc, TS > te), for t € (0, data, 00).

It is worth mentioning that the NPI for the joint event X,, .1 >t and X,,.5 > ¢, presented
in this paper, takes into account the dependence between these two variables when there is
limited information in the form of n observations in the data. It is of interest to see the
effect of taking this dependence carefully into account. For this reason, we will compare
the results followed the proposed method with those resulting from ignoring, mistakenly,
the dependency between these two future observations, i.e., one would use the squared NPI
lower and upper probabilities for the event X, ,; > t. Next, we compare the results of the
proposed method with those that would occur if we ignored the dependence between the
two future observations. And (Pps (t))? and (FTQ‘S1 (t))? represent the NPT lower and upper
probabilities based on the wrong assumption of independence of the two future observations
per type of component, as shown in Figure 7.

Figure 7 shows that the proposed method provides lower and upper probabilities £T2§1 (t)

and FTQ% (t) of the system failure time, that are never smaller than the incorrect ones via the
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le Pra g (t) Prapa(t) Pre s (t) Prerz(t) Pre g (t) Prerg(t)
(0,t1) 0.909 1 0.909 1 0.909 1
(t1,t2) 0.823 0.909 0.823 0.909 0.905 1
(ta,t3) 0.740 0.823 0.818 0.909 0.900 1
(t3,t4) 0.662 0.740 0.732 0.818 0.895 1
(t4,t5) 0.589 0.662 0.727 0.818 0.795 0.895
(ts5,t6) 0.520 0.589 0.642 0.727 0.789 0.895
(ts, t7) 0.455 0.520 0.561 0.642 0.691 0.789
(t7,ts) 0.394 0.455 0.487 0.561 0.684 0.789
(ts,t9) 0.338 0.394 0.417 0.487 0.586 0.684
(fo, t10) | 0.286 0.338 0.353 0417 | 0.579 0.684
(t10,t11) | 0.238 0.286 0.294 0.353 | 0.482 0.579
(tll,t12> 0.195 0.238 0.241 0.294 0.395 0.482
(t12,13) | 0.156 0.195 0.193 0.241 0.316 0.395
(t13,t14) | 0.121 0.156 0.150 0.193 0.246 0.316
(tra,115) | 0.001 0.121 0.144 0.193 0.184 0.246
(t15,t16) | 0.065 0.091 0.103 0.144 0.132 0.184
(t16,t17) | 0.043 0.065 0.069 0.103 0.088 0.132
(t17,t18) | 0.026 0.043 0.041 0.069 0.053 0.088
(t1s,t19) | 0.013 0.026 0.021 0.041 0.026 0.053
(t19,t20) | 0.004 0.013 0.007 0.021 0.009 0.026
(tg9,00) | 0 0.004 0 0.007 0 0.026

Table 7: NPI lower and upper probabilities of Type A, Type B and Type C for the data in Table 6.

squared lower and upper probabilities (Pys (t))* and (Pgg ())*. And they only are equal
at the start (Pgs(t) = (Pgg(t))* = 1) or at the end (Pys (t) = (Pgg(t))* = 0). While
the differences between the lower and upper probabilities may only be small, it should be
remarked that for more than two future observations, the differences will be larger. Detailed
investigation is left as a topic for future research, as it requires the development of the NPI
approach for more than two future observations in case of right-censored data.

7. Concluding remarks

In this paper, we have developed NPI for two future observations in the presence of right-
censored data. Specifically, we have considered the event where these two future observations
exceed time ¢. For the first future observation, we have utilized the rc-A,) assumption [15]
without any additional assumptions. Then, we have employed the rc-A(,41) assumption
to establish a partially specified predictive probability distribution for the second future
observation conditioned on the first future observation. By employing an analytical approach
involving the a’s and (’s, we have obtained NPI lower and upper probabilities for various
events involving the next two future observations. These probabilities have been derived
explicitly for the event where both future observations exceed time ¢, but the method can
be extended to encompass general events.

38



oS | _
- Py a(t)
T %Tg,Tg(t)
@ Pre. s(t)
By re(t)
PTZClvTZCZ(t)
2 8 1 BT&,TZ%(t)
E
1]
S
£ 3
(qV]
N
4 SRS
© | T T T
0.0 0.5 1.0 1.5
Time

Figure 6: NPI lower and upper probabilities for Types A, B and C of the series system in Table 6.

Through the extension of NPI to two future observations with right-censored data, we
have effectively accounted for the dependence between these variables when the available
information is limited to n observations in the data. We have compared the results of our
proposed method with those obtained by ignoring the dependence between the two future
observations. Additionally, we have applied our findings to analyse the system reliability
of a small series system comprising three types of components, each consisting of multiple
components of the same type. This practical application demonstrates the tangible benefits
of our approach.

The joint event of the next two observations both exceeding ¢, and hence their mini-
mum exceeding ¢, was considered in this paper, and illustrated through the corresponding
reliability function for a series system. A similarly detailed approach could be developed
for a parallel system, by considering instead the event that the maximum of the next two
observations exceeds t. This, and generalisations to other system reliability scenarios, is left
as a topic for future research.

However, we acknowledge that the analytical approach becomes exceedingly complex
when dealing with more than two future observations. One possible direction for future
research could involve sampling the first future observation using the M-function values,
as given by Equations (11) and (12), for X, along with an assumption regarding the
distribution of these probabilities within the intervals. Subsequently, this sampled future
observation can be added to the dataset, and the process can be repeated for the next
observation. The resulting inferences will depend on the assumed distribution per interval,
but the computational aspects of this approach are straightforward. This approach aligns
with the NPI Bootstrap method [38, 39] and smoothed bootstrap for right-censored data
[40].
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Figure 7: NPI lower and upper probabilities for the whole series system.

In summary, the work presented in this paper shows great potential for extension into
various applications, although it is not without its share of mathematical challenges.
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