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A B S T R A C T 

We have computed cross-sections for elastic and inelastic scattering of electrons on small grains at low-collision energies. 
Significant differences are again found between the results obtained in the presence and the absence of a ‘permanent’ grain 

dipole moment. In addition to spherical grains, scattering on ellipsoidal grains is investigated. We conclude that the rate of 
electron attachment to interstellar grains may be substantially lower in regions of molecular clouds from which the radiation 

field is excluded, and where the grains are less likely to possess a dipole moment. 
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 I N T RO D U C T I O N  

 knowledge of the rate of electron capture by grains, particularly
mall grains, is essential for determining the charge state of inter-
tellar molecular clouds (Draine & Sutin 1987 ), which are also the
egions of star formation. At the low temperatures ( T � 100 K), and
ence low electron collision energies, which prevail in such clouds,
he techniques of quantum mechanics are, a priori, more appropriate
o studying electron–grain scattering than are classical mechanics. 

In a recent paper (Flower 2022 ), we used the methods of quantum
echanics to calculate the electron–grain momentum-transfer cross-

ection, extending earlier work by Flower & Middleton ( 2004 ) by
onsidering attachment not only to neutral but also to charged grains,
nd to grains possessing a permanent dipole moment (Jordan & Wein-
artner 2009 ). It was found that the presence of a dipole moment had
ignificant consequences for electron–grain scattering, as expressed
hrough the momentum-transfer (diffusion) cross-section 

d = 2 π
∫ π

0 
I ( � )(1 − cos � ) sin � d � (1) 

articularly in the case of grains with no net charge ( Q = 0). In equa-
ion ( 1 ), I ( � ) is the differential cross-section for scattering through
ngle � , and σ d is the diffusion cross-section. Specifically, the
resence of a permanent dipole moment reduced the discrepancies,
t low-collision energies E , between the diffusion cross-section and
he classical cross-section, as derived on the assumption that the
lectron orbits the grain when the centrifugal repulsion is balanced
y the attractive image potential (Draine & Sutin 1987 ) 

 ( r) = − ε − 1 

ε + 2 

q 2 α

2 r 2 ( r 2 − a 2 ) 
, (2) 

here ε is the dielectric constant of the grain and q = −e is the
lectron charge; r is the distance of the electron from the centre of the
rain. supposed spherical and of radius a ; α = a 3 is the polarizability
f the grain. 
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The image potential, equation ( 2 ), is singular at r = a , where
t presents an infinite potential wall to the electron. For this reason,
uantum mechanical calculations that use the image potential predict
hat the diffusion cross-section tends to the geometrical cross-section,
a 2 , as E increases; but the singularity in the potential is unphysical,

asting doubt on the results obtained at high-collision energies.
urthermore, the extent to which the cross-section at low energies
ight be modified by the use of a more realistic short-range potential

eeds to be established; this was one of the aims of the present
tudy. 

The shapes of interstellar grains are not known; but the assumption
hat they are spherical is unlikely to be correct. Accordingly, we
nvestigated the interaction of electrons with the simplest form of
on-spherical grains – ellipsoids – which have two, perpendicular
ymmetry axes with differing polarizabilities. 

In the following Section 2 , we describe the grain models that
e have used and illustrate the influence of both a more realistic

lectron–grain interaction potential and the non-sphericity of the
rains. Our conclusions are summarized in Section 3 . 

 A  QUA N T U M  M E C H A N I C A L  M O D E L  O F  

LASTIC  A N D  INELASTIC  E L E C T RO N – G R A I N  

O L L I S I O N S  

.1 Interaction potential 

n our previous studies of electron–grain collisions, the polarization
charge-induced-dipole) potential was assumed to take the form
f the image potential, equation ( 2 ), which derives from classical
mage-charge theory (cf. Jackson 1962 ). The image potential is
ingular and changes sign at r = a , and the momentum-transfer
ross-section tends to the geometrical cross-section of the grain
t high-collision energies. This limit is reached as the de Broglie
avelength 

= 2 π

(
2 mE 

� 2 

)− 1 
2 
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Figure 1. The reduced momentum transfer (diffusion) cross-section, σ / πa 2 , 
as a function of the collision energy, E / k B (K). for a = 0.001 μm; the grain 
dipole moment p = 0. Results obtained with a potential well (equation 4 ) and 
d / a = 0.01 are shown as the blue curve, and with d / a = 0.02 as the green 
curve. The classical cross-section, derived from the orbiting approximation, 
is plotted also (red curve). 
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ecomes smaller that the dimension of the grain. In this expression, 
 is the mass and E the kinetic energy of the electron. 
Given that the presence of a singularity in V is non-physical, it

s pertinent to consider other forms of the potential that are more
ealistic at short range. A simple, but more physically correct, ap- 
roximation of the interaction potential 1 would comprise equation ( 2 ) 
or r > a + d , where d is the solution of 

ε − 1 

ε + 2 

q 2 a 3 

2( a + d ) 2 ( d 2 + 2 ad ) 
= W + E F , (3) 

nd 

 ( r) = −( W + E F ) (4) 

or r < a + d . In equations ( 3 ) and ( 4 ), W is the work function and E F 

s the Fermi energy of the grain. Thus, the potential wall at r = a is
eplaced by a potential well of depth W + E F for r < a + d , thereby
nabling the electron to penetrate the grain interior. In practice, we 
 aried the v alue of d in order to investigate the dependence of the
ross-section on the value of the well depth. We note that, when d <
 a , the well depth is given approximately by 

 + E F = 

ε − 1 

ε + 2 

q 2 

4 d 

nd is independent of a . 

.2 Diffusion cross-section 

.2.1 Dipole moment p = 0 

n order to illustrate the consequences of replacing the potential wall 
f equation ( 2 ) by the potential well of equation ( 4 ), we consider
rst a case in which the dipole moment of the grain, p = 0. We
dopt a = 0.001 μm (10 Å) for the dimension of the grain and either
 + d = 1.01 a ( d = 0.1 Å) or a + d = 1.02 a ( d = 0.2 Å) for
he radius of the potential well, corresponding to well depths of
4 eV and 7 eV, respecti vely; these v alues are comparable with the
onization potentials of cyclic aromatic hydrocarbons and fullerenes, 
s reported by Omont ( 1986 ) and Weingartner & Draine ( 2001 ). As
n our previous study (Flower 2022 ), we take ε = 3. 

In Fig. 1 are plotted the momentum transfer cross-section, com- 
uted assuming a potential well, and the classical ‘orbiting’ cross- 
ection, obtained assuming a potential wall. It may be seen that the
esults for the two values of d are similar and both deviate from
he classical cross-section at both low- and high-collision energies. 

hen E / k B > 10 5 K, E � 10 eV, which is comparable with the
ell depth. As E increases further, the incoming electron becomes 
rogressiv ely una ware of the presence of the scattering dust particle.
At low energies ( E / k B < 10 2 K, E � 10 meV), the cross-section 

= 

l max ∑ 

l= 0 

σl . 

s dominated by a single-partial wave, l = 1; l is the angular
omentum quantum number of the electron, relative to the grain. 
he ‘ef fecti ve’ potential 

 eff ( r) = V ( r) + 

l( l + 1) � 2 

2 mr 2 

s the sum of the (attractive) electrostatic potential, V ( r ), and the
repulsive) centrifugal potential, which, for l > 1, prevents the 
 This approximation was suggested to the author by the anonymous referee 
f Flower ( 2022 ). 

c  

m
 

c  
lectron from attaining the potential well. Under these circumstances, 
he cross-section becomes independent of the value of d , and hence
f the well depth, and is much smaller than predicted by the classical
rbiting approximation. Indeed, orbiting in the classical sense is 
ot possible for E / k B � 50 K, as the energy of the electron is less
han the height of the ef fecti ve potential barrier. Subsequently, for
 / k B ≈ 50 K, the cross-section increases, by more than an order of
agnitude, owing to the progressive contribution of partial waves l >

, and becomes consonant with the classical orbiting approximation, 
hen averaged over the wave-mechanical interference effects. 

.2.2 Dipole moment p > 0 

e now turn to the case in which the grain possesses an intrinsic
ipole moment and the interaction potential is given by 

 ( r , θ ) = 

qp 

r 2 
cos θ − ε − 1 

ε + 2 

q 2 a 3 

2 r 2 ( r 2 − a 2 ) 
, (5) 

here θ is the angle between the grain dipole-moment vector, p ,
nd the electron position vector, r . In practice, we adopt p = ea
cf. Jordan & Weingartner 2009 , who considered silicate grains 
xplicitly), as in our previous work (Flower 2022 ). We use the
ame values of d , and hence of the well depths (14 eV and 7 eV),
s in subsection 2.2.1 . We note from fig. 5 of Weingartner & Draine
 2001 ) that the ionization potentials of neutral silicate and graphite
rains – approximately 8 eV and 7 eV, respectively – lie in this range
f well depth. Furthermore, as will be seen in Fig. 2 , the diffusion
ross-section is insensitive to the value of the well depth at low-
ollision energies ( E / k B � 1000 K) and temperatures, which are the
ost rele v ant here. 
We show first, in Fig. 2 , the momentum transfer cross-section cal-

ulated for a grain size a = 0.001 μm (10 Å), and d / a = 0.01 and d / a =
MNRAS 529, 3284–3288 (2024) 
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Figure 2. The reduced momentum transfer (diffusion) cross-section, σ / πa 2 , 
as a function of the collision energy, E / k B (K). for a = 0.001 μm; the grain 
dipole moment p = ea . In equation ( 3 ), d / a = 0.01 (blue curve) and d / a = 

0.02 (green curve); the classical cross-section, derived from the orbiting 
approximation, is shown also (red curve). Note that the polarizability, a 3 , and 
dipole moment, ea , depend on a . 
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Figure 3. The reduced momentum transfer (diffusion) cross-section, σ / πa 2 , 
as a function of the collision energy, E / k B (K). for a = 0.01 μm; the grain 
dipole moment p = ea . In equation ( 3 ), d / a = 0.002 (blue curve); the classical 
cross-section, derived from the orbiting approximation, is shown as the red 
curve. 
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.02, corresponding to well depths of 14 eV and 7 eV, respectively;
ig. 2 may be compared directly to Fig. 1 , where p = 0. At high-
ollision energies, E , the systematic deviation from the classical
ross-section, based on the orbiting approximation, is again apparent.
t low energies ( E / k B � 100 K), the inclusion of the dipole potential,
hich has the same r −2 -dependence as the centrifugal potential, has a

ignificant effect on the results. Although the dipole term contributes
nly through inelastic collisions, owing to its θ -dependence, the
f fecti ve rotational constant 

 = 

� 
2 

2 I 

nd the corresponding excitation energies are taken to be very small,
ompared with the collision energy, in view of the high moment of
nertia, I , of the grains; and hence the scattering process is quasi-
lastic. 

Analogous results for a larger grain, a = 0.01 μm (100 Å), are
hown in Fig. 3 ; the values of d (and corresponding well depth)
n this case are d / a = 0.002 (7 eV). It may be seen that the wave-
echanical and classical cross-sections deviate systematically only

or collision energies E / k B > 10 5 K ( E � 10 eV), that is, for collision
nergies greater than the well depth. 

.2.3 Validity of the orbiting approximation 

hen deriving the classical cross-section, it was assumed that there
s an ‘orbiting’ radius at which the centrifugal repulsion, which
s proportional to r −2 , is balanced exactly by the attractive image
otential, which varies as r −4 at long range. To this orbiting radius,
here corresponds a limiting value of the impact parameter, b , given
y 
NRAS 529, 3284–3288 (2024) 
b 2 

a 2 
= 1 + 2 

(
ε − 1 

ε + 2 

e 2 

2 aE 

) 1 
2 

, (6) 

here E is the collision energy; the classical cross-section is σ =
b 2 . As E → ∞ , b → a , owing to the presence of the infinite wall at
 = a in the image potential; but the introduction of a potential well
or r ≤ a + d invalidates this high-energy behaviour. 

The rele v ance of the orbiting approximation depends on the
ssumption that the probability of a reaction – in the present case, of
ttachment – is enhanced, owing to the relatively long time that the
ncoming particle spends in proximity to the target. In the presence of
 potential well, an alternative classical criterion could be the limiting
alue of b for which the point of closest approach of the incoming
lectron is equal to the radius, a + d , of the spherical potential well.
t this point, 

L 

2 

2 μ( a + d) 2 
= 

ε − 1 

ε + 2 

q 2 a 3 

2( a + d) 2 [( a + d) 2 − a 2 ] 
+ E, (7) 

here L 

2 = 2 μEb 2 is the square of the orbital angular momentum of
he electron. Equation ( 7 ) takes the form 

b 2 

a 2 
= x 2 

(
ε − 1 

ε + 2 

q 2 

2 aEx 2 ( x 2 − 1) 
+ 1 

)
, (8) 

here x = 1 + d / a . When the first term in brackets on the right hand
ide is much greater than 1, σ ∝ E 

−1 . The corresponding quantum
echanical expression is obtained on setting L 

2 = l ( l + 1) � 2 , whence 

( l + 1) � 2 = 2 μa 2 x 2 E 

(
ε − 1 

ε + 2 

q 2 

2 aEx 2 ( x 2 − 1) 
+ 1 

)
. (9) 

f the first term in brackets on the right hand side is much greater
han 1, 

( l + 1) ≈ ε − 1 

ε + 2 

a 

a 0 ( x 2 − 1) 
, (10) 
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Figure 4. The reduced momentum transfer (diffusion) cross-section, σ / πa 2 , 
as a function of the collision energy, E / k B (K), for a = 0.01 μm; the grain 
dipole moment p = ea (upper panel) or p = 0 (lower panel). In equation ( 3 ), 
d / a = 0.002. The cross-section that derives from the orbiting approximation, 
is shown as the blue curve, and that which derives from equation ( 10 ) as the 
black curve; see text, subsection 2.2.3 . 
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Figure 5. The reduced momentum transfer (diffusion) cross-section, σ / πa 2 

of ellipsoidal grains, as a function of the collision energy, E / k B (K), for a = 

0.01 μm, d / a = 0.002, and p = ea (full curve) or p = 0 (broken curve). See 
text, subsection 2.2.4 . 
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here a 0 = 0.5292 × 10 −8 cm is the atomic unit of length (the Bohr
adius). In practice, the nearest integral value of l ≡ l max is taken to
e the upper limit in the sum of the partial cross-sections, σ l , o v er l ,
hich determines the total momentum-transfer cross-section 

= 

l max ∑ 

l= 0 

σl . 

he corresponding values of the diffusion cross-section are shown, as 
unctions of the collision energy, in Fig. 4 , where they are compared
ith the results of the ‘orbiting’ model, for the parameters of Fig. 3 .
hen these parameters are adopted, equation ( 10 ) is valid for E / k B 
 10 4 K. 
It may be seen from the upper panel of Fig. 4 that, when p =

a , the cross-section that derives from the orbiting approximation 
the blue curve) lies below that which derives from equations ( 10 )
the black curve) for E / k B � 10 4 K, with the difference approaching
wo orders of magnitude at E / k B = 10 K. The trend line of the black
urve for E / k B � 10 4 K is approximately consistent with σ ∝ E 

−1 ,
s anticipated. The reason for the difference in the models at low
nergies is that the orbiting criterion excludes the contribution to the 
ross-section from relative angular momenta (equivalently, impact 
arameters) that are too large for orbiting to occur. We note that the
nhancement of the diffusion cross-section that is seen in Fig. 4 is
ssociated entirely with the presence of the grain dipole moment, p =
a . When p = 0, the cross-section that derives from equation ( 10 )
ields results (for E / k B � 10 4 K) that do not differ significantly from
rom the orbiting approximation: see the lower panel of Fig. 4 . 

.2.4 Ellipsoidal grains 

he alignment of grains in a magnetic field has long been recognized
s being responsible for the polarization of starlight (Hall 1949 ) and
mplies the presence of non-spherical grains. The simplest model that 
an be adopted is that the grains are ellipsoids, of ef fecti ve radius
Draine & Hensley 2021 ) 

 = ( a 1 a 2 a 3 ) 
1 
3 , 

here 1, 2, and 3 denote the principal axes. We assume the grains to
e spheroids, elongated along one axis (prolate) and having optical 
nd electrical properties that differ along this and any perpendicular 
xis. Thus, the mean polarizability of the grain 

= 

α‖ + 2 α⊥ 

3 
, 

here α‖ and α⊥ 

are the polarizabilities parallel and perpendicular 
o its extension axis. In this case, there is an extra contribution to the
nteraction potential, 

− α‖ − α⊥ 

3 r 4 
3 cos 2 θ − 1 

2 
, 

hich is θ -dependent, varies as r −4 and is proportional to ( α‖ − α⊥ 

);
or the purpose of this illustration, we adopted ( α‖ − α⊥ 

)/ α = 0.3,
orresponding to an eccentricity of approximately 0.85 for prolate 
pheroidal grains (Kr ̈ugel 2008 ). 

Although this additional term in the potential contributes only 
hrough inelastic collisions, owing to its θ -dependence, the excitation 
MNRAS 529, 3284–3288 (2024) 



3288 D. R. Flower 

M

e  

t  

c
f  

b  

F  

h  

g  

e  

t

3

W  

s  

t  

m  

t  

t  

‘  

t  

e  

c  

c  

m
 

c  

p  

t  

I  

z  

t  

i  

t  

g  

o  

t  

e  

w  

m  

i  

h  

r  

c  

o  

u  

t  

e

A

I

D

T  

R

D
D
F
F
H
J
J
K  

O
W

T

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/529/4/3284/
nergies are very small, compared with the collision energy, and
he process is quasi-elastic. Thus, the interaction potential may be
onsidered to have acquired a quasi-elastic term that varies as r −4 

or all values of r , including r < a + d . Ho we ver, as may be seen
y comparing the results in Fig. 5 with the corresponding curves in
ig. 4 (for p = ea and p = 0), the additional term in the potential
as only modest ef fects. Alternati vely, we see once again the much
reater influence of introducing a finite grain dipole moment, p =
a , whose presence enhances the cross-section, particularly at low
emperatures. 

 C O N C L U D I N G  R E M A R K S  

e have studied elastic and inelastic scattering of electrons on
mall grains, making various assumptions regarding the form of
he interaction potential, relating to the presence of a finite dipole
oment on, or the non-sphericity of, the grains. We find that

he introduction of a grain-dipole-moment is sufficient in itself
o lead to agreement of cross-sections derived from the classical
orbiting’ approximation and quantum mechanical calculations of
he momentum-transfer (‘diffusion’) cross-section, even at the low
nergies ( E / k B � 10 2 K) that characterize interstellar molecular
louds. Alternatively, in the absence of a dipole moment, the diffusion
ross-section at low energies falls below the prediction of classical
echanics. 
Jordan & Weingartner ( 2009 ) considered that the hole that

onstitutes the positive charge of the grain dipole is created by
hotodetachment of an electron, whilst the electron that constitutes
he ne gativ e charge is generated by electron collisional attachment.
f this were the case, grains would be expected to possess a non-
ero (time averaged) dipole moment in regions that are exposed
o ultraviolet radiation, but not in the cold, molecular regions of
nterstellar clouds, which are shielded from the radiation field. There,
he rate of electron attachment to the grains, including the small
rains considered here, would be considerably lower, and the density
f free electrons in the gas phase would be correspondingly higher
NRAS 529, 3284–3288 (2024) 

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an 
( https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reus
han anticipated on the basis of classical estimates of the rate of
lectron attachment to grains. The free electrons would recombine
ith positive ions, thereby reducing the degree of ionization of the
edium. Dissociative recombination of electrons with molecular

ons, such as H 

+ 

3 and HCO 

+ , would inhibit the formation of
eavier, more complex molecules in the gas-phase. Thus, a reduced
ate of electron attachment to small grains could have important
onsequences for both the molecular composition and the dynamics
f the cores of molecular clouds. Calculations of the grain charge
sing a rate of electron attachment that is much smaller, at low
emperatures, than predicted by the classical model (cf. Figs 1 and 2
arlier) are required to test this hypothesis. 
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