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ABSTRACT: Integrated correlation functions in A/ = 4 supersymmetric Yang-Mills theory
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evaluating Hy to any desired order in 1/N and finite 7. We use this new data to constrain
higher loop corrections to the stress tensor correlator, and give evidence for several intriguing
relations between H and Cy to all orders in 1/N. We also give evidence that the coefficients
of the 1/N expansion of Hy can be written as lattice sums to all orders. Lastly, these
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1 Introduction

Four-dimensional maximally supersymmetric Yang-Mills (N =4 SYM) theory with gauge
group SU(N) is of great interest for a variety of reasons. It is a non-trivial four-dimensional

superconformal gauge theory parameterised by the complex coupling 7 = % + igﬁ” with
YM

Montonen-Olive duality group SL(2, Z) [1];! it is a toy model of QCD and an integrable system
in the planar limit. Importantly for our present considerations it provides a non-perturbative
formulation of type IIB string theory in an AdSs x S® background [3].2 In this holographic

n this paper we will focus on the theory with gauge group SU(N). S-duality involving more general gauge
groups is discussed by Goddard, Nuyts and Olive in [2].
2Similar holographic dualities exist for other gauge groups [4].



interpretation, type IIB string theory with coupling 75 = x + i/gs and string length scale ¢4
in a background AdSs x S° of length scale L is identified with N' = 4 SYM with gauge group
SU(N), where 7, = 7 and (L/¢;)* = g2 N. Therefore, the gravity description at small £y is
dual to SYM at large N and finite 7.% Super-graviton scattering amplitudes in string theory
on AdSs x S° are then dual to correlation functions of the stress tensor multiplet. While
this duality in principle gives a non-perturbative definition of string theory in terms of a well
defined CF'T, in practice it is difficult to use the duality to study string theory in the gravity
regime since the CFT is strongly coupled at large N. We thus need to study N' =4 SYM
non-perturbatively to make progress in studying quantum gravity via AdS/CFT.

1.1 Brief review of integrated correlators

Certain properties of ' =4 SYM can be obtained analytically for all values of N and 7 using
supersymmetric localisation (see [5] for a review). This method was originally used to compute
non-local quantities such as supersymmetric partition functions and Wilson loops [6]. More
recently, it was understood [7, 8] that certain integrals of the correlator of four superconformal
primary operators in the A/ = 4 stress tensor multiplet are obtained from the following
derivatives of the S* partition function Zy(m,7) deformed by the A = 2 preserving mass m:

Cn(T) = ~A,02 log ZN(m,T)|m Hy(T) = 9L log ZN(m,T)|m: (1.1)

=0 0°

e e

where A, = 4720,0; is the hyperbolic laplacian and 7 = 71 + iTo with 71 = 0/(27), and
T = 4w/ gzM. The quantities Cy and H v are identified with integrals over the insertion points
of the operators in the four-point correlator. The choice of integration measure distinguishes
the choice of integrated correlators.

The relations (1.1) are useful because Zy(m, T) can be computed using supersymmetric
localisation in terms of an (N — 1)-dimensional matrix model integral [6]. The integrand is
a product of a classical contribution that depends on g,,,, a one-loop contribution that is
T-independent, and a sum over an infinite number of instanton contributions that depend
on 7 and 7 [9-12]. In order to use these integrated correlators to study the gravity regime
of string theory via AdS/CFT, we need to compute these (N — 1)-dimensional integrals
explicitly for large N.

In particular thanks to [7, 8, 13, 14], we know how to reconstruct from the large-N
expansion of the integrated correlators (1.1), the first low-energy corrections R*, d*R*,
d®R* (with R a suitable contraction of the Riemann tensor), to the tree-level supergravity
contribution to four-graviton scattering in AdSs x S° as well as flat-space. In the present
paper we find intriguing large- NV relations between the two integrated correlators (1.1), which
in the future will hopefully shed light on higher derivative corrections, beyond d®R*, to
flat-space four-graviton scattering which are not known at the present time. The application
of the integrated corerlators to constrain scattering amplitudes in AdSs x S° will be discussed
further in section 6.

3At large N and finite 7, the bulk is weakly curved because £ is small, but the string theory is still strongly
coupled because 75 is finite. One can further take gs to be weakly coupled, which is then dual to the familiar
large-N large-A = giMN limit of SYM.



The perturbative sector of Cy(7) was first computed for both finite N and in a large-N
expansion in [15]. The instanton sectors were then also computed at large N in [13], and
the large-N expansion of Cy(7) was found to take the following form

N2 3VN 45 ) 1 39 4725
Cn(T) = - 2TE(%§T) + mE(%;T) + E [—213 (3;7) + 915 (3;7)

1 1125 99225 _7
N —216E(3;7)+218E(357)]+0(N 2),
2

(1.2)

where E(s;7) is the non-holomorphic Eisenstein series, that may be defined by the two-

dimensional lattice sum?*

M&ﬂzj; > o (1.3)
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which is the unique SL(2,7Z) invariant solution of polynomial growth at the cusp 7o > 1
to the homogeneous Laplace eigenvalue equation

(A —s(s—1))E(s;7) =0. (1.4)

It was shown in [16, 17] that, for all N and 7, Cn(7) can be written as a two-dimensional

lattice sum,

Cn(T) = Z /OOO dt By (t) exp (_mlm—i—nT|2> , (1.5)

T
(m,n)€Z? 2

where By (t) = On(t)/(t +1)2N*! and Qu () is a polynomial of degree (2N + 1). Although
the expression for By (t) was arrived at in [17] by analysing the perturbative and instanton
contributions for many values of N, a derivation of its form was given in [18] based on
the construction of a generating series, C(z;7) = 3%, Cn(7)z". The expression (1.5) was
shown to satisfy a Laplace difference equation

A.Cn(T) = N? [Cn+1(T) = 2CN(T) + Cn-1(T)] = N[Cny1(T) = Cn-1(T)] +2CNn (7). (1.6)

Using the initial condition C;(7) = 0, this recursion relation can be used to efficiently compute
all Cy(7) in terms of Ca(7).

The 1/N expansion (1.2) is non-convergent, and the explicit modular invariant trans-series
containing the large- N completion was obtained by ar\l/zilysing the generating series [18]. In the
-2V

19]. Many other results concerning the integrated correlator Cn(7) as well as its extensions

large-A limit, the large-N completion behaves as e as obtained first using resurgence [17,
for other gauge groups and more general 1/2-BPS operators can be found in the literature,
see e.g. [20-33].

Much less is known about the second correlator H (7), which is the focus of this paper.
While the perturbative sector was computed at finite N in [8], the large- N expansion of these

“The normalisation of E(s;7) differs from that of [13] in a manner that eliminates factors of 7 in the
coefficients of the series in (1.2) and subsequent expressions.



perturbative terms is much more challenging and only the first few orders were computed
in that study. In [14], it was shown that instanton terms could be computed more easily
at large N, which were used to compute the first few terms at large N and finite 7. The
resulting series has the following form

Hn (1) = 6N? + 1 (1) + Hiy(7) + ..., (1.7)

where ellipsis denotes terms that are exponentially suppressed in N. The series 7-[?\, contains
terms with half-integer powers of 1/N,

h — 3. _L 5.1
,HN<T)*\/NE(§7T) 2\/NE(§7 )+N%

1 1675 33075 _r
e QH)E(S;T)—QHE@;T)]+O(N 2),

(1.8)

where the coeflicients are rational multiples of non-holomorphic Eisenstein series, just as in
the case of Ciy in (1.2). The series H% contains integer powers of 1/N. The terms up to
O(1/N3) were evaluated in [14] and take the following form

i 27 1 14175 . 1215 .
HN(T):CO+ﬁg(47%7%77—)+ﬁ |:Clm5(77§73a7)+885(57§7357):| (19>
1
+W|:a38(47%)%77—)+ Z [0658(8,%,%;T)—i—ﬂsg(s,%,g;T)+’YS(9<S,%,%;T)]:|+O(N_4),
$=6,8,9

where «g, Bs,7s are known rational constants, while the values of the constants Cy and
(4 require further knowledge of the perturbative sector. The function £(s,s1,s2;7) is a
generalised Eisenstein series, which is an SL(2,Z) invariant solution of the inhomogeneous

Laplace eigenvalue equation®
(A; —s(s—1))E(s,81,82;7) = E(s1;7)E(s2;7) . (1.10)

An example of such a function, £(4, 2, 3;7), entered as the coefficient of dSR* in the low
energy expansion of the type IIB effective action in [34, 35] where it was expressed as a
four-dimensional lattice sum and its Fourier expansion was studied in [36]. More general
examples of such lattice sums were obtained in [37].° Starting at eigenvalue s = 6 it was
shown, in [38] for cases when s; and sy are integers and in [39] when s; and sy are half-integers,
that the Fourier-mode decomposition of £(s, s1,s2;7) in general contains terms which are
related to holomorphic cusp forms. This fact will play an important in our analysis.

We will now summarise the main results of this paper, which will shed much more
light on the structure of the large-N expansion of Hy and hint at its possible structure
for all values of N.

®Note that in [14] a different convention was used in which £(s, s1, s2;7) = —m*1752E(s+1, 51, s2; 7), where
&(s, s1,52;7) denotes the generalised Eisenstein series of [14].
5We will later see that such lattice sums require more careful definitions than those given in [35] and [37].



1.2 Summary of results

Most of the explicit results in this paper apply to the large- N expansion of H . This involves
developing techniques for determining the explicit form of the perturbative terms in Hy to
any desired order in 1/N. When combined with the large-N instanton expressions obtained
following [14], this determines the full Hy to any desired order in 1/N.

Several interesting relations between H and Cn will emerge from these explicit large-
N results. For example, we find that the half-integer power terms, H% in (1.7) satisfy a

Laplace difference equation

H?\/H(T)_ Hi (1) Hiy_1(7)

AT/H?\[(T) :N2(N2 _ 1) (N n 1)2 N2 + (N — 1)2 (1.11)
leij_vl l34N3 — (N = 1)°Cy41(7) + 3NCx(7) + (N +1)*Cx-1 (7))

which allows us to efficiently compute Hf’v to all orders in 1/N. This recursion relation is
similar to that of Cx in (1.6), except now both integrated correlators appear on the right
hand side, and furthermore we cannot use (1.11) to compute the full Hy at finite N because
H’ does not satisfy this recursion relation.

We also derived several new results concerning the integer power terms HY. Firstly,
the 7-independent terms Cy, Cq, ... that appear at even powers of 1/N in (1.9) can now
be evaluated. These coefficients can be used to constrain contact-term ambiguities of loop
corrections to the holographic correlator. In particular, we will use the Cj term to give a
consistency check on the unique contact-term ambiguity of the one-loop graviton exchange
term [40, 41], which was originally fixed using Cy in [15]; while C can be used to fix one of
the four contact-term ambiguities of the 2-loop graviton exchange term [42, 43].

Although we suspect that the full integrated correlator, Hy, satisfies some differential
equation analogous to the Laplace difference equation satisfied by Cx, this remains to be
understood. However, we find that the laplacian acting on H?, is related to Cx via a
nonlinear relation

92\ 2
AH() g = g (cw) - ]Z) , (112)
where A Hy|g means that the expression is restricted to the terms that are bilinear in non-
holomorphic Eisenstein series that appear when acting with the laplacian on the generalised
Eisenstein series &, as appeared in the right-hand side of (1.10). Although this relation
cannot recursively fix each order of HY; as (1.11) did for ’H?V, we will see that it does strongly
restrict the space of £ that arise in ’Hﬁv at each order in 1/N expansion.

As we commented earlier, an individual generalised Eisenstein series £(s, s1, s2; 7) with
eigenvalue s > 6 in general contains contributions which originate from holomorphic cusp
forms of modular weight 2s. However, we will show that the combinations of £(s, s1, $2;7)
that appear at each order of 1/N in (1.9) and its extension to higher orders are very special
ones in which the holomorphic cusp forms contributions cancel. Closely related to this, the
combinations appearing in the 1/N expansion are precisely the combinations of generalised
Eisenstein series that admit four-dimensional lattice sum representations.



More precisely we will see that at each order in 1/N up to order O(N~7) that we
have checked explicitly, the combination of generalised Eisenstein series that appears has
the form of an integral of a four-dimensional lattice sum of the type that has appeared
in [36, 37, 44] in the study of the low energy expansion of type IIB string amplitudes. Such
specific sums of generalised Eisenstein series (modulo linear combinations of single Eisenstein
series) have the form

3
[e’e] T
esm= ¥ | d3tB;?j<t1,t2,t3>exp<—Zt@-\pm), (1.13)
0 T2 T
P1,p2,p370 i=1
p1+p2+p3=0

where p; = m; + n;7 with m;,n; € Z. The function B}’ (t1,t2,t3) is a symmetric function

of (t1,t2,t3) which satisfies a Laplace eigenvalue equation”

(A — s(s — 1)) B (1) = 0, (1.14)

within the domain ¢; > 0, where s = 3i + j + 1 with 7,5 € N and A; is a laplacian expressed
in terms of derivatives with respect to ¢;, as given in (4.22). The value of the index w € N
determines the specific combinations of generalised Eisenstein series that arise in ;. Some
details of this expression will be described later. In previous work, such as [37, 44] the
function B};(t) was expressed in the form V'(¢)*A; ;(p(t)), where p = p1 + ips is a simple
complex function of %1, to,t3, as will be reviewed in appendix C.

The motivation for combining generalised Eisenstein series into expressions such as (1.13)
can be seen already at O(N~3) in (1.9). As we will show, the coefficients o, Bs,7s (With
s =6,8,10) of the generalised Eisenstein series at order 1/N3 in (1.9) satisfy a constraint for
each value of s. We will further see that this pattern continues to all the orders in 1/N that
we have evaluated — at each order the coefficients are in the basis defined by the integrated

lattice sums, £, which is a smaller basis than that defined by generalised Eisenstein series.

i
Since the non—hélomorphic Eisenstein series in H%, are already written as lattice sums in (1.3),
this shows that the full Hy can be written as a lattice sum to all orders in 1/N, up to at
least O(N~7) which we have verified explicitly.

All the explicit results concern properties of Hy at large N and finite 7, and we have
not yet found an analytic expression at finite NV and 7, as was found for Cy in [17]. However,
we will show that the asymptotic large N expansion for both Hy and Cy can be used to
accurately estimate these quantities at finite N for all 7 in the fundamental domain. We do
this by combining the exact N expressions for the perturbative terms from [8, 15] with the
instanton sectors of the 1/N expressions in this work truncated to a certain order in 1/N.
The result is shown to numerically match N = 2,3 expressions for all 7 to good precision,
which have been evaluated numerically from the matrix model integrals in [45].

1.3 Outline

The rest of this paper is organised as follows. In section 2 we review the localised expression
for H with emphasis on the zero instanton sector. We then determine the large-A expansion

"Here and in subsequent expressions we use the shorthand notation B(t) = B(t1,t2,3).



(where A = ggMN is the 't Hooft coupling) of the correlator, explicitly displaying the first
few terms in the 1/\ expansion at order N2 and N°.

In section 3 we will use the above methods to compute the coefficients of half-integer
powers of 1/N that arise in H}]’V We will see that this expression satisfies a recursion
relation, which generates ’H?V to all orders in 1/N and at finite 7, thereby enabling us to
determine the expression for H}](, to all orders. The structure of this expression is remarkably
similar to that of Cy.

In section 4 we consider terms with integer powers of 1/N in the large-N expansion
of H%,. We will see that the coefficients of each term in the 1/N expansion is a particular
combination of generalised Eisenstein series in which contributions from holomorphic cusp
forms cancel. We further show that H?\/ admits a four-dimensional lattice sum representation
at each order in the large-N expansion.

In section 5 we show how to use the large-N expansion of Hy and Cy to accurately
estimate the value of the integrated correlator at finite values of N and generic values of 7.

In section 6, we show how our new results for the 7-independent terms in H can be
used to constrain higher loop corrections to the stress tensor correlator at loop level.

We conclude in section 7 with a discussion of how these results might suggest further
insights. Technical details are relegated to the appendices, and we also include various results
in a Mathematica file incleded in the supplementary material attached to this paper.

2 Free energy at large N

In this section, we will review the form of the S* partition function Zy(m,7) of N' = 2*
SYM, which reduces to the partition function of N'= 4 SYM with gauge group SU(N) in the
m — 0 limit. We will be particularly interested in computing the large- N expansion of Hy.
The emphasis in this section is on the large-N and large-A expansion, which is not sensitive
to instantons. In subsequent sections we will then combine this new data as well as instanton
results obtained following [14] to fix the large-N finite-7 expansion to very high orders.

The N/ = 2* SYM S* partition function can be determined using supersymmetric
localisation and can be expressed as a matrix model integral [6]

— 87 S g2 L H(aij)
ZN(m, T):/dela CLZ- e Q%M i _275] v ‘Zin‘t(mﬂ-aa“)P 7
(11;[] ZJ) H(m)N 1Hi76j H(az’j —|—m) S %)
(2.1)
where a;; = a; — aj. The integration is over IV real variables a;, ¢ = 1,..., N, subject to the

constraint Y ; a; = 0. The function H(z) = e~ (= G(1 4 i2)G(1 — iz) is the product of
two Barnes G-functions, and Zj,s is the contribution from instantons localised at the poles
of S%. We can write the instanton partition function as

o0
k . T
Zinst(m, T, a;5) = E qui(ns)t(mvaij)) with q=e", (2.2)
k=0

where Zigfs)t(m, a;j) represents the contribution of the k-instanton sector and is normalised

such that Z\*) (m, a;j) can be found in [11, 12]. We

inst (M, @) = 1. Explicit expressions for Zi(k)

nst



can then take mass derivatives to get the perturbative contribution

2 log Zn|P = —12¢(3 +Z K" (aij)) +3 Y [(K'(aij) K'(a)) — (K'(aij))(K'(aw))]

1,5,k
(2.3)
where K(z) = — 2 &) and expectation values are taken with the Gaussian matrix model
H(z)
measure so that
_8TIN N 2
(Oa) = 5 [ a¥as(Xa) ([La)e 5" T Olay), (2.4)
i<j

where the normalisation factor A is chosen such that (1) = 1.

The instanton terms in (2.1) are contained in Nekrasov partition function, Zins(m, 7, asj),
whose small-m expansion has been studied in [13, 14]. In [14], it was already shown how
to compute these instanton terms to any order in 1/N, so in the following we will focus on
the perturbative terms (2.3) Whlch we denote by 92 log Zn|P<,.8

To evaluate 92 log Zy [P, we write the function K’(z) in terms of the integral rep-

m= 07
resentation [46]

K'(z) = — /0 ” Zw[czsiﬁ‘;i) —1 (2.5)

so that the perturbative sector in (2.3) can be written as

8w3I / dosr dors 12w wa J (w1, w2)
sinh? w

where we define the 2-body and 4-body expectation values

I(w) = Z<€2iwaij> : T (wi,ws) = Z [<62iw1a¢j€2iw2akz> _ <€2iw1aij><62iWQakl>] C@27)

1:7j /L‘?j?k?l

(2.6)

)

o0
94 log Zn Pt = —12 3+/ dw——"—"F5—>
'm 108 N’m:O q¢) 0 smh2 wy sinh? we

In [8, 15], it was shown how these expectation values can be computed to any order at large
N and finite X\ using topological recursion, where the expansion takes the form

T(w) = N*Ty(w) + N°Zy(w) + N 2T _o(w) + ...,

) 0 . (2.8)
J(wi,w2) = N*Ja(wi,w2) + N°To(wi,w2) + N"*T_o(wi,w2) + ... .

The 1/N? coefficients Z;(w) are expressed as products of two Bessel functions with the same
argument. For instance, the first two terms are

i (32)° Vi (24) 12 (432) 29)
Aw? ’ 127 ’

while higher terms are given in [15]. The coefficients J;(w1,w2) can be expressed as products

Iy(w) = To(w) =

of four Bessel functions. For instance,

Viwy Vws
o = GV LN )5 4) o (4201 (2.

Jo(wr,ws) = T3 (W), wo) + Ti(wy, wa) (2.10)

8Note that the perturbative terms have k = 0 (zero instanton number), but there is also an infinite set of
k = 0 instanton/anti-instanton terms, which do not contribute to the perturbative sector.



where we defined the auxiliary functions
jonon-faC(wwz)Em gy () (22 ) —opy (V2r) o (22 )] (2.11)
s () gy (Y2 ) iy (B ) gy (2]
+M[ o (Y2x) gy (V22 ) oy () g (V22

272 (w3 —w?)?
x {wzJo (@) J1 (@wz) —wiJ1 (fwl Jo (Iwz)} ;

[A—

TEe (wn ) = — 7“%‘]1(&?;12 1(52)? b (m;zrzj o (+5)° (212
Pt ()2 ()7 s (55) 0 () o () 5 ()
- 1272 52
Norndy () o (G ) 1 (522) 1 (452) by (43) 2 (452
- 1272 o2

Note that at order O(N?) we have separated the terms into J&°, which factorises in terms
of wy and wy, and J fac , which does not factorise. Higher order terms take a similar form;
they can be found in [8 ] and up to order O(N %) in the Mathematica file included in the
supplementary material.

The large-\ expansion of the 2-body term Z(w) in (2.6) is straightforward at all orders
in 1/N2. As shown in [7], we start by writing bilinears of Bessel functions in the Mellin-
Barnes form

ds  T(=s)(2s+pu+v+1) (5"
2mil(s+p+DI(s+v+D)I(s+pu+v+1)’

Tu@) (@) = ¢ (2.13)

where the contour separates the poles of each Gamma function. We then perform the w
integrals in (2.6) using the identity

o0 w? 1
dw ——— = —T 1 2.14
A = R OF (214

and then close the contour to the left to get an expansion in 1/\. For instance, using the
explicit expressions in (2.9) we get

oo 83T 1672 3272 2472%¢(3
[T a2 T 2 |00 B2 2L oot
0 sinh” w A A2 A2 (2.15)
472/ N 1372 2 '

15 1603 32A8

where the expansion at each order in 1/N? including a finite number of positive powers of
A, plus an infinite number of negative powers.

The large-\ expansion of the 4-body terms J (w1, w2) in (2.6) is much harder to evaluate
because the dependence on w; and ws does not in general factorise. As a result, even if we
write each pair of Bessel functions in Mellin-Barnes form, it is still difficult to perform the



w1, we integrals. In [8], the 4-body terms were instead computed at large A by numerically
evaluating the wy, w9 integrals in (2.6) for many values of finite A, and then using a numerical
fit to guess the large A values. This method only worked for the lowest few orders in 1/\
at each order in 1/N?, where it gave

/ oy duy 2102 T (1, 02)
sinh“ wq sinh” wy
96 288¢(5)  144¢(3)2 1672 3272 2473((3
N2 |6+ @3 Cé()_ C:S)_ ™ 7;+ 7T7@() +O(A—%)
A A2 A A A3 A3

471'2 1 0
(o) o

_ AP 5 _
+N [—1209604—0()\2)] +O(N79).

Njw

+ N°

Note that the 72 terms here exactly cancel those from the 2-body term in (2.15) up to
the order shown.

We now show how to evaluate the 4-body terms at large A analytically to any order.
Let us begin with the leading N? term J2(wi,ws) in (2.10):

I(O)(A)
z/ o doy 2221022 (01 02) (2.17)
0

sinh? w1 sinh? wa
967wiwaJq (\F““) J1 (ﬁ)

T

/ dW1dWQ w% —w?) sinh? wq sinh? wo {wl Jo <@> & (@wz) —w2hy (fm) Jo ( i\rwzﬂ )

We start by applying the Bessel kernel identity

wi1Jo (\fwl) Ji (\fW) 2J1 (IM) 0 (@) :i4£7rj2e<fwl> Jat (fw) , (2'18)
1 wlwg\f

w3 —wi
to write (2.17) as an infinite sum of terms

(5] () 0 () 52)

™

(2.19)

2 gy
1O\ = Z3847T ¢ / ey dws

= sinh?w; sinh?ws

Since this expression now factorises in w; and ws, we can convert each pair of Bessel functions
to Mellin-Barnes form using (2.13), shift the contour integral variables by 1 — ¢, and perform
the wy and we integrals using (2.14), which gives

100 = ds dt p(s,t)e(s,t), c(s,t):icz(s,t), (2.20)
/=1

27i 271'1

where the f-independent prefactor is

g\ T2 sin(ws) SiIl(TFt)F(QS + 4)2F(2t + 4)QC(QS + 3)((275 + 3)

p(s;t) = QA5 +At+3 1 2(s+112) (2.21)
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while the /-dependent terms are

(l—s=3)l—t-3)Tl—-—s—3)T({l—s—1)T({l—t—-3)T(L—t—1)
Tl +s+2) Tl +s+3) 0l +t+2) 'L+t +3) ’

co(s,t) = (2.22)
We can now perform the contour integrals by closing the contours to the left, which includes
poles where s and t are each negative numbers, as well as poles where the sum s+t is a
negative number. The details of this pole counting are summarised in appendix A. The
result matches the leading large-N term in (2.16), but now we can extend the series to
any order in 1/ systematically.

The 4-body term at order N is more complicated, as Jo(w1,ws) in (2.10) now includes
twice the non-factorised denominator w? — w?.? To make the wi,ws factorise, we must
therefore apply the Bessel kernel identity (2.18) twice, so the resulting expression will be a
double infinite sum. In appendix A, we show how the above method is modified to compute
the large-A expansion in this case. After combining these 4-body results with the 2-body
expression (2.15), we find that the expansion of the full perturbative sector (2.6) is given by

r 96¢(3) 288¢(5) 144¢(3)> 3375¢(7) 1080¢(3)¢(5 9

o log Zy | = N* [64— Aé ) )\3( )_ A:,f S 4”/(2 ) ;4) ( )—1—0()\ 2)]
96¢(3)+23 3((3)  117¢(3) 45¢(5) s o
+{2f— T ST R v +0(X )]+O(N ).

(2.23)

We note that the 72 terms from the 2-body contribution (2.15) cancel at all orders, and
the AYN? term also receives a contribution from the first term in (2.6). All higher 1/N?
corrections can be evaluated similarly. In the Mathematica file included in the supplementary
material, we show explicit results to higher orders in both 1/N? and 1/)\. They take a similar
form to the above expressions, except the number of positive powers of A grows with each
order in 1/N?, and all subsequent A? terms are simple fractions. In the following sections we
will use these perturbative data, combined with the instanton results obtained following [14],
to determine the coefficients of the large-N finite-7 expansion.

3 Half-integer powers of 1/N at finite 7

We now consider the large- N and finite-7 expansion. As discussed around (1.7), this expansion
can be divided into terms with half-integer powers of N contained in ’H}](,(T), as well as terms
with integer power of N in H% (7). In this section we will consider the form of H" (7). We can
detemine the coefficients of the powers of 1/N using the perturbative sector of the localisation
expression (2.3), as well as the instanton terms. As discussed earlier, the instanton terms
were obtained in [14], so we will mainly discuss perturbative terms.

The perturbative sector at large N and finite 7 only depends on 75, and can be ob-
tained from the large-N and large-\ expansion in (2.23) by simply setting A = 47N /1
and reorganising the large-N expansion. In [14] it was observed that H% (7) is entirely

9This additional complication is only relevant for the O(N°) term.
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written in terms of non-holomorphic Eisenstein series E(s;7), which have the well-known
Fourier-mode decomposition

or (s — 4
E(s;7) = 2{7(59) T5 + WSEZF(E)) ¢(2s — 1)1 7°

(3.1)

+ Z;\(/s? % \k|si% o1-2s(k) K87%(27T k| 7o) 27tk

where the divisor sum oy (k) is defined as op(k) = > g4, d with d > 0, and sté is a
Bessel function of the second kind. The contribution to H% () coming from a particular
non-holomorphic Eisenstein series, F(s;7), is in fact uniquely fixed by the form of the two
k = 0 terms in the Fourier series (3.1). We can therefore determine H% (1) to any order in
1/N and finite 7 by simply comparing to the perturbative data from (2.23) (and the higher
order terms given in the Mathematica notebook included in the supplementary material).
We can then double check that the k£ > 0 terms in (3.1) are consistent with the & > 0 terms
derived in [14] (as well as new data obtained following the methods outlined in [14]). We
find that H%(7) takes the following form

S L o
Hi(r)= . N2 Ud B+ 4;7), (3.2)
=0
where the coeflicients dg for the lowest few j are found to be

(C+1)(4+3)0 (0=2) T (£+3)?

d)=— . , 3.3
¢ 413D (04 1) (3:3)
g (C4+1)(20413)(£(20+T)+9)T (+3) T (e+2)T (0+3)
¢ 3-46+20+ 5 (04 2)T(0+1) ’
. (0+1)%(£(20+T7)+15) (40(50+52)+219)T (¢+3) T (6+3) T (¢4 1)
¢ 4540451+ D(0+4) ’
B (£+1)%(£(20+T7)+21) (560" +10752¢° +-592726>+1248000+T5TTI)T (¢4 3) T (£43) T (¢+ 1)
¢ 2835-40+8 1+ 2 T ((4-5) ’
The integrated correlator Cy(7) can be written in a similar form
N? & 1, i
Cy(r) ==+ > N* " Ud B3+ 67), (3.4)
],EIO
where the lowest few coefficients are [17]
o (DT (=T (e+2)T (043
d%):( ) ( 2) ( 2) ( 2)7 (3.5)

A 7B T (041)

J— (L+1)*(20+13)T (¢+3)T <g+%)2

e 3.220+ 7+ 5 (04 3) ’

B (£4+1)% (2002 4+208¢+219) T (¢+2) T (¢+3) T (¢+4)
€= 45.226+13 0 5 D (04 4) ’

B 1)* (560" +107520° +-592720% 4+ 124800¢+75771) T (€+3) T ((+3) T (¢+ %)
g

28352219 (43T (04 12
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While the coefficients in both (3.3) and (3.5) may seem quite complicated, it turns out for
all j they are simply related by

(3+80+4%)df = —32(3+ 65+ 70+ 26%) dj (3.6)

These simple polynomials in ¢, j can be interpreted as coming from derivatives with respect
to 7 and N acting on (3.2) and (3.4), which implies the formal relation

A HR (1) = —8(3 — 30N + 2A,)Cn () + 6N? — 12N, (3.7)

where the polynomial in N cancels the N2/4 term in Cy (7). We can eliminate dy, whose
interpretation is confusing for integer N, by acting with dn on the recursion relation for Cn(7)
in (1.6) and combining with shifted versions of (3.7), which yields the recursion relation given
n (1.11). This recursion relation, or equivalently (3.6), can be used to generate H% (1) to
any desired order in 1/N from the known Cy(7) [17]. The new recursion relation essentially
puts H%(7) on the same level as Cn(7), which is known to any order in 1/N. However,
the full second integrated correlator Hx(7) does not obey the recursion relation (1.11).
In particular, the integer powers in 1/N expansion H’ (7) behave differently, as we will
discuss in the next section.

4 Integer powers of 1/N at finite 7

We will now discuss HéV(T), which contains the integer powers of 1/N in the large- N expansion.
The terms up to 1/N? were obtained in [14] and are reproduced in (1.9). The coefficients
of these terms are sums of generalised Eisenstein series £(s, s1, s2;7) with s1,s2 € N+ 1, as
well as 7-independent pure numbers. We find that the generalisation of (1.9) to arbltrary
orders in 1/N takes the following form,

) 0o oo |4/2]  304+65+4 i
3 ) 77"8 .
Hiv(7) :ZNQJ +ZZ Z Z N1J+£+2jg(57%+r°%+€_r’7)' (4.1)
=0 J=00=0 r=0 s=4+4£,6+¢,...

The 7-independent terms C; are associated with supergravity contributions, and terms
containing &(s, s1, s2;7) are due to the stringy effects. The choice of the eigenvalues s is to
ensure that the terms at order 1/N™ obeys a boundary condition such that the corresponding
(integrated) d?2n+1) R vertices in the holographic string amplitudes contribute only up to
genus-(2n + 1), which was previously observed in [14]. Whereas the choice of the sources,
which are labelled by si, s2, can be understood as a consequence of the relation (1.12).

The 7-independent terms C; in (1.9) were not computed in [14], because they can only
be fixed from the perturbative sector. Using our new perturbative data, we find that

96¢(3) + 23

s (4.2)

Co=—

while for j > 0 they all appear to be rational numbers. For instance, C; = 10 ,and Cy =

It is straightforward (but laborious) to compute higher orders from the perturbative results.
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As for the E(s, 51, 89;7) terms in Hi (), we first note that the £(s, s1, s2;7) have the
Fourier expansion

E(s,s1,8m) = Y EMM(s,51,50:m2)0" " . (4.3)

n,m=0

The coefficients £(™™)(s, s1, s9; ) correspond to terms in the n-instanton/m-anti-instanton
sector with total instanton number k = n — m. Further discussion of £ (”’m)(s, S1, 82;T2) can
be found in appendix B. The coefficients of terms in the 1/N expansion of H4(7) can in
principle be fixed directly by comparing with explicit results obtained from localisation for
certain choices of (m,n). This was the procedure used in [14] where all the terms up to
O(1/N3) were determined. This however becomes more and more challenging as we consider
higher-order terms. In order to simplify the computation, we will assume that ’H}V(T) satisfies
certain conditions at all orders in 1/N that are satisfied by low-order terms. We will then
check that the resulting expression indeed reproduces the localisation result. The conditions
that will be imposed are the following:

+ Up to order 1/N3 we observed in (1.12) that the action of A, on H% (7) results in
terms bilinear in Eisenstein series that are proportional to those in the square of Cx (7).
Assuming that this continues to hold at higher orders in 1/N provides strong constraints
on the coefficients of the generalised Eisenstein series that arise in the 1/N expansion.

o The second condition is that the coefficients o ¢, s of the expansion (4.1) in generalised
Eisenstein series are related for each eigenvalue s in such a manner that contributions
coming from holomorphic cusp forms cancel. As will be discussed in the next subsection
individual £(s, s1, s2;7) with s > 6 generically have such cusp forms, but they are
not present in the localisation result of Hy. Such cancellation was present (but not
appreciated) in the order 1/N?3 expression in [14]. Here it will be extended to arbitrary
order in 1/N. Furthermore, we will show that the combination of &(s,si,se;7) for
which the cusp forms cancel is one for which there is lattice sum representation.

These supplementary conditions significantly reduce the number of independent coeffi-
cients o ¢, s at each order in 1/N. For example, at order 1/N 3 although there are apparently
10 coefficients only 4 of these are independent once the above extra conditions are satisfied.
At order 1/N* there appear to be 13 independent coefficients, but this is reduced to 7 after
imposing the above conditions, and at order 1/N® the 34 apparently independent coefficients
are reduced to 16. Having constrained the coefficients in the 1/N expansion in this manner,
we will then use new perturbative and non-perturbative data obtained in this paper from the
localisation computation to fix these coefficients. In this way, we have determined H¥(7)
completely up to order O(N~7). It is important to stress that we have checked that the
results agree with much more localisation data than is needed to fix the coeflicients, This
procedure therefore provides non-trivial consistency checks on the properties observed in
the lower-order results.

Some examples of the coefficients of powers of 1/N will be displayed later in this section,
but in general the explicit expressions at higher orders in 1/N are rather lengthy, so we relegate
them to the Mathematica file included in the supplementary material attached to this paper.
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4.1 Holomorphic cusp forms and their cancellation

In [14], then generalised in [47], it was shown how one can construct particular solutions,
Ep(s, s1,82;T), to the Laplace equation (1.10). However, in the earlier works [38, 48] it was
demonstrated that when s1,s9 € N (relevant for modular graph functions), such particular
solutions do not always correspond to modular invariant functions. In such cases it was
shown that the failure of modularity of &,(s, s1,s2;7) requires the addition of a suitable
homogeneous solution.

Using the results of [39], a similar argument can be given for the case s1, s € N+ % that
is of present interest. It can be shown that the generalised Eisenstein series £ differs from the
particular solution &, constructed via [14, 47] in the purely instantonic or anti-instantonic
sector, i.e. for (n,m) = (n,0) or (n,m) = (0,m), and takes the form

an(n)

nS

g(n,0)<87 S1,89; 7'2) = Slg”’o)(s, S1, 82, 72) + Z )\A(Sv S1, 82)
A€$25

\/nrge%””Ks_; (2mnTy) .
2

(4.4)
The asymptotic expansion at the cusp of Slgn’o) (s, s1, S2; T2) produces a perturbative expansion
in 7, ', which are the terms that we matched to the instanton sector of H}(7) here and
in [14]. The second term in (4.4) was missed in the earlier analysis of [14, 47]' and it involves
a sum over the vector space Sas of all holomorphic cusp forms with modular weight 2s, i.e.
we need to sum over all A € Sy of the form

A(r) = i aa(n)q" € Sas, (4.5)
n=1

with Hecke normalisation aa(1) = 1, and again ¢ = exp(2mit).

Following [38, 48] we consider the contribution of a fixed cusp form, A € Sa, to
E(s, 81, 82;7) coming from the second term in (4.4) when summed over all instanton and
all anti-instanton sectors, which takes the form

HA(T)

o
Z CLAn(Sn) MKS_%(27I_”T2)(€27T’£TLT1 + e—27rin71) ) (46)
n=1

This function is not modular invariant but it does provide for a homogeneous solution to the
Laplace equation (1.10). We refer to the combination Aa (s, s1,s2)Ha(T) as the cusp form
A contribution to £(s, s1,$2;T), see appendix B for more details.

For the case s1, s2 € N relevant for modular graph functions, the coefficient \a (s, s1, s2)
was determined in [38, 48], while for s1,s9 € N+ % we use the results of [39] and find that
Aa (s, 81, 82) takes the schematic form

AA;s+1— 51— 52)A(A; s+ 51 — 52)
(A, A) ’

S1

Aa(s, 51, 82) = q(s, 51,52)(—1) (4.7)

where (s, s1,2) is a rational number depending on s, s1, s2, and symmetric under the
exchange s1 <> s2. We denote by A(A;t) the completed L-value of A,

A(Ast) = (20) T (HL(A; L), (4.8)

10As already mentioned, and will be shown in detail later, the holomorphic cusp forms cancel out in the
final expression of the integrated correlator, therefore the final result presented in [14] is not affected by this.
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which is defined for ¢ € C via analytic continuation of the Dirichlet series

L(A;t)

i GA(tn) 7 (4.9)
n=1

n
and the denominator in (4.7), (A, A), is the Petersson norm of A € Sy,.!'' Although not

manifest from (4.7), for A € S5 the coefficients Ap are symmetric under the exchange
s1 <> s as a consequence of the functional equation

A(A ) = (—1)°A(A, 25 — t). (4.10)

Therefore, whenever the eigenvalue s is such that dim S5 # 0, the particular solution
to the inhomogeneous Laplace equation (1.10), as constructed from the particular solution
SI()"’O) (s, s1,82;m2) [14, 47], in general does not lead to a modular invariant solution. Only
by adding the second term in (4.4), do we then arrive at the modular invariant solution
to (1.10) that we denote by &(s, s1, s2;7).

The dimension of the vector space of holomorphic cusp forms Sy is

%] -1 25 =2mod12.
dim 8o, = (4.11)
H—;J otherwise

Since dim 812 = 1, we see from our ansatz (4.1) that cusp forms become relevant starting
at order O(N~3) which is the first instance where the eigenvalue s = 6 appears. In this
case, the unique Hecke normalised cusp form of weight 12 is given by the Ramanujan cusp
form Ay =302, 7(n)g"™ where 7(n) (not to be confused with the coupling 7) denotes the
Ramanujan tau function.

Let us consider the s = 6 terms at order O(N3) as an example, which were denoted
in (1.9) as

()% = 7 [06 66,5, 5) + 66 €65, 57) +26E6. 5, 57]] . (412

From [39], we find that the contributions from the Ramanujan cusp form to the relevant
generalised Eisenstein series are

N 2A(A12;6)2
cusp  (Aqg, Aqg)
128A(A12;6)?

8(67%7%77—)’ X HAIQ(T) ?

5 5 = _ H 4.1
5(67 29 2’T)|cusp 2257T<A12, A12> X A12 (T) Y ( 3)
32A(A12;6)?
3. 7 = H
6.3 5wy = 105y, Ay ()

where we have used a classic result due to Manin [49], which implies that

12
A(A19:6) s A(A19:8) s A(Apg; 10) = 1 Z E3 (4.14)

"The precise definition of the Petersson norm is not essential for the following discussion.
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so that all the numerators are expressed in terms of A(Aj2;6), The coefficients in (4.12)
were determined in [14], to be

135 30375 42525

b — = 4.1
52 ) /86 332 ) 6 332 ( 5)

g =
With these particular coefficients we find that the sum of the cuspidal contributions (4.13)
to (4.12) is zero.

The cancellation of the cusp forms contributions is indeed expected, since they do not
appear in the localisation computation. So for each s, they must cancel between the different
(s, 81,82;7) that appear in Hi;(7), as we demonstrated explicitly for the above example.
This property leads to the aforementioned constraints on the coefficients «; /. .. We have
verified and exploited similar cancellations for all the other generalised Fisenstein series that
appear in the large-N expansion of H(7) up to order O(N~7) and explicit results can be
found in the Mathematica file included in the supplementary material.

4.2 Lattice sum representation

The linear relations between the coefficients ;g , s in (4.1) that lead to the cancellation
of cusp forms suggests that there is a more refined basis of modular functions than the
E(s, s1,82; 7). Following [37], which we summarise in appendix C, we introduce a new class
of modular invariant objects defined via lattice sums over four integers

- 3
3 w i 2
> / d’t B';(t) exp <—T2 ;tﬂpi\ ) ; (4.16)

p1,p2,p3#0 70
p1+p2+p3=0

&y(7)

where p; = m; + n;7 with m;,n; € Z. The function B:”J(t) is a symmetric function of
(t1,t2,t3) that can be expressed in the form

w—3
B =Y ()7 Aii(p(1), (4.17)
where Y (t) = tite + tit3 + tot3 and
0=t 0=y ith — p(t) = pi(t) +ipa(?) (4.18)
= ) - y W = X .
1 t1 +ta P2 t1 + to p P1 P2

The domain t; > 0 translates into the domain 0 < Y(t) < oo and

1

0<p <1, (=3 +pm= 7, (4.19)

which is the fundamental domain of I'g(2) illustrated in figure 1.

The function Ay (p) originally arose in the construction of the dS R* coefficient £(4, 3, 3; 1)
in [35], and a more general discussion in [37] presented the general procedure for constructing
linear combinations of £(s, s1, s2; 7). The expressions for A; j(p) are Laurent polynomials in
po with coefficients which are polynomial in p;. They satisfy homogeneous Laplace equation

with respect to the Laplace-Beltrami operator A, = p3(92 + 93,)

[Ap —s(s = 1] Aijj(p) =0, (4.20)
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P2
Il
(123) (213)
o &
" I
-~ o
1 t2 = Z = t3
(132) (231)
1 (312) (321)
3+
t3 +=0
P1
-1 _% 0 % 1

Figure 1. In the p-plane, the domain ¢; > 0 is mapped to the region shaded in grey, isomorphic
to a fundamental domain of I'g(2). Here the labels (ijk) denote the ordering ¢; < t; < t; of the
Schwinger parameters.

inside the domain'? p € H\I'¢(2) and where s = 3i + j + 1 (for example, s = 4 for A;).
In appendix C.2 we present the systematic construction of A;; given by Don Zagier
in unpublished notes that are expanded on in section 5.2 of [44], where they are called

‘modular local polynomials’, see also [50].
When translated into t-variables (4.20) implies that the function B}’ (t) defined in (4.17)
satisfies the homogeneous Laplace equation

[Ar —s(s = 1)] B{Y;(t) =0, (4.21)

where again s = 3i + j + 1 and the laplacian A; is defined by

3 3
AP = 23 0l () + Y 0,0;{[tat; + (205 — DYOIF(D)} . (4.22)

i=1 i,j=1
Furthermore it is straightforward to show that

3 3
7r T
A;exp <_Tz E ti|pi\2> = Ayexp (—7_2 E ti|pz~2> , (4.23)
i=1

=1

2The upper half p-plane is denoted by H = {p € C| p2 > 0}, while the congruence subgroup I'g(2) is defined
as To(2) = {(2%) € SL(2,Z) | c = 0mod 2}.
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so by acting with A; on (4.16) and combining (4.23) and (4.21) we deduce
[A; — s(s — 1)]&£%(7) = boundary terms, (4.24)

where the boundary terms arise from integrating by parts the Laplacian A;. In appendix D,
we show that the boundary terms produce the “source terms” in the inhomogeneous Laplace
eigenvalue equation,

s—2

A, — s(s — D)E%(r) = i ¢i.5(w,8)E <1;’ 4 T) B <12“ iy T> +dyy(w)E(wiT)

5:275

2 (4.25)

for particular values of the coefficients ¢; ;(w,9), d; j(w).

We note a few important facts. Firstly, when the weight w and the eigenvalue s =
3i + j + 1 have opposite parity (as in our case), the source terms are bilinears in Eisenstein
series with half-integer indices. Secondly, the modular invariant function £(7) satisfies an
inhomogeneous Laplace equation where the source terms have total “trascendental weight”
given by w = s1 + s3. It is always possible to use the functional equation

[(s)E(s;7)=T(1 - s)E(1 —s;7), (4.26)

to rewrite (4.25) so that all Eisenstein series in the source term appear with positive indices,
with the drawback of spoiling uniform trascendentality in weight.

Lastly, since we are interested in eigenvalues s > w + 1 it is always possible to use (1.4)

13

and invert the laplacian” over the single Eisenstein series that appear as source terms to get

s—2
2 w w d; j(w)
i = 1,7 \W, 'y P 7 E 5 ' 42
5= 3 el (55 +8.5 5T>+w(w_1)_s(s_1) (wir).  (427)
-2

Note that for eigenvalue s such that dim Sas = 0 it is possible to find an isomorphism
between the two vector spaces spanned by either £ () or by E(s, s1, s2;7) with s = 3i+j+1
and fixed weight w = s1 + s2 (modulo the addition of single Eisenstein series). For example,
in the first few cases relevant to (1.9) up to order O(N~2) we have

9 3
3 — _ 3 3 -
51,0( ) 107[-8(47 27 277-) 107TE(37 T) b
81 99
4 Rt 3 5..)_ 22 .
E1qa(T) 287r5(5, 3.5:7) 1407TE(4, 7), (4.28)
15 1
50(7) *ﬁﬂg(z%agﬁ)*ﬂﬂE(‘lﬁ)

3We can check from the lattice sum representation (4.16) that for the range of eigenvalues of present
interest, the coefficient of the homogeneous solution E(s;7) vanishes. This implies that there is no issue in
inverting the Laplace operator in (4.25).
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We can use these relations and similar ones at higher order in 1/N to express H4 (1) in terms
of £(r) (and E(s;7)). For example, up to 1/N?, we have

15 _, 9

H§V<T)’N71 = _Egl,O(T)_gE(&T)a (429)
. 945 105 297
Hi ()] g2 = C1-b oo o)~ 2o €41(7) - 12813(4 7, (430)
) 645 M5 5 1y 45 63 s
31185 . 23625 23625 s
+{5447r €3N+ S €2 (1)~ g Eral )}
45045 183645 10395 _, 496125 5805
B e itk ittty ) E(5:7).
{51% 30+ G008 E30 ()~ Ty E2s )] 116132 BT+ 515 BT

We thus see that H’ (7) can be written in terms of the more refined basis of modular functions
&1 (r) and E(w; 1), which manifestly does not include the unwanted cusp form contributions
that appear in generic sums of £(s, s1,s2;7). Furthermore, they are the objects that are
naturally written as lattice sums. This pattern generalises to all the higher orders, which
we have verified explicitly up to order O(N~7). The explicit expression for the lattice sum
representation is described in some detail in appendix C.

5 Numerical estimate of free energy at finite IV

We will now discuss how the large-V finite-7 results for Cn and Hy can be used to accurately
estimate these quantities at finite N and 7. This is especially important for Hy, for which
we have no exact expression. These finite-N numerical results will provide an important
input for the numerical bootstrap study of N' =4 SYM following [45].

Our strategy is to divide Cn and Hy into perturbative and non-perturbative terms as
g2, — 0, or equivalently for 75 > 1, arising in the matrix model (2.1) and (2.2)

CNICN| +CN| HN:HN| +’HN‘ (5.1)

pert non—pert ’ pert non—pert ’

which is a meaningful distinction for all N. The perturbative sector only depend on 7o,
and was already computed for finite N and 75 in [8, 15] using the method of orthogonal
polynomials. For instance, for Cy we have [15]'

B N ..
=, [ty 140 (2) - S5 b ()57 ()]
1,0=
(5.2)

where Ll(j )(x) are generalised Laguerre polynomials, and note that for all N we need only
perform a single integral and some finite sums. The analogous expression for H y|per¢ from [8]
involves two integrals and some finite sums for all N. Since it is much more complicated, we

do not show it here explicitly, but we include it in the Mathematica file in the supplementary.

1A slightly simplified version of this formula can be found in (A.12) in [18].
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For the non-perturbative sector, we will use the large-N finite-7 expressions from the
previous sections, which were written in terms of Eisenstein series and generalised Eisenstein
series. The advantage of only using the non-perturbative terms of these functions is that
we avoid the divergence at the free theory point 75 — oo that occurs for their perturbative
terms, as seen from the Fourier expansions (3.1) and (B.3). From the Fourier decomposition
of the non-holomorphic Eisenstein series (3.1) we see that non-perturbative terms correspond
to Fourier modes with k # 0 while from (4.3) we see that the non-perturbative terms of the
generalised Eisenstein series correspond to terms with (n,m) # (0,0). The non-perturbative
sectors converge extremely quickly for 7 in the fundamental domain

1
7l=21,  [Re(n)] =3, (5.3)

so that only a few values of k # 0 and (n,m) # (0,0) need be included from the Fourier
expansions to achieve good accuracy. Since the large- N expansion is an asymptotic expansion,
we expect that the expansion will actually get worse at some order. We observe that the
best approximation is given by keeping terms up to O(1/N %) in the non-perturbative sector
for Cn,"?

3vVN 45 1 39 4725
CN|non—pert ~ [_ 924 E(%,T) + 28\/NE (2;7-) + E [_ﬁE (%;T) + 215 E (%77-)}
(5.4)
1 1125 99225
+ ﬁ [_ 216 E(g;T) + 218 E(g;T)Hk;AO’
and for Hpy:
Hyl ~ l(s\/NE(s-T)—g E(37)+—£(4,3,3;7)
non—pert 27 2\/ﬁ 27 23N 1292
1 7117 3375 1 14175 - 1215 -
+43 [?E(%;T)— 510 E(%;T)]er [—7704 5(77573;7)+§5(5,§7%;T)]
1 1675 33075
+ 7 g B (1)~ g B (7)) o 655
(n,m)#(0,0)

where on the r.h.s. we only keep the k # 0 instanton terms in the Fourier expansions for
E(s;7) in (3.1) and the instanton/anti-instanton sectors (n,m) # (0,0) for £(s, s1,s2;7)
given in (4.3). The explicit expressions are given in the Mathematica file included in the
supplementary material.

We can check our approximations for Cy and Hy by comparing to low values of N,
where the exact expression can be computed from the matrix model integral (2.1) by doing
N — 1 integrals and truncating the instanton expansion in (2.2), which converges very quickly
in the fundamental domain. This finite-/V calculation was performed for N = 2,3 in [45]. In
figure 2, we compare these finite-N expressions to our large-IN approximation for two paths
in a fundamental domain of 7: from the free theory 7 — ico to the Zs self-dual point 7 = ¢
in/3

with 71 = 0, and from 7 = ¢ to the Z3 self-dual point 7 = €¢™/° along the arc |7] = 1. Along

5For Cn (T) we may use the exact result in [17]. However, as we will show, the simple approximation given
here already provides an extremely good estimate. And in this way, we treat Cn(7) and Hy (7) uniformly.
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Figure 2. Comparison of large-N approximation to exact N for Cy and Hy for two paths in the
fundamental domain of 7: from the free theory 7 — ico to the Zy self-dual point 7 = i along the line
71 = 0, and from 7 = i to the Zs self-dual point 7 = €™/ along the arc |7| = 1.
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the first path, instantons are very small, so is perhaps not so surprising that our large- N
approximation is so accurate, as we have included the exact perturbative sector. The precise
match is more surprising along the second path, where the range of the plots is much smaller,
and the variation is mostly due to instantons. The greatest discrepancy between large and
finite N is at 7 = €™/3, but even that discrepancy is only around .01% relative error, and
this error decreases as we increase from N = 2 to N = 3. We are thus confident that our
approximations are very accurate for all N and 7.

6 Constraints on stress tensor correlator

We now show how the stress tensor correlator can be constrained at large N using the
localisation quantities computed in the previous sections. We consider the four point function
of the bottom component S of the stress tensor multiplet, often also denoted by Os. This
operator is a dimension 2 scalar in the 20" of SO(6)g, and can thus be represented as a
rank-two traceless symmetric tensor Sy;(Z), with indices I, J = 1,...,6. For simplicity we
will contract these indices with polarisation vectors Y/, with Y - Y = 0. The four-point
function is then fixed by superconformal symmetry to take the form [51, 52]

" " " " 1 2 21 5
(S(F1, Y1) (2, Y2) S (&3, Y3)S (@1, Y1) = =1 |Siee + T(C,V)6] - B, (6.1)
12734
- N N 22,72 22, 72 . .
where Z;; = 7; — 7, and U = Z*33* and V = —}*=5% are the usual conformal invariant
T13%24 T13%24

cross-ratios. The precise forms of Sgee, © and B can be found in [7], and all non-trivial
information is given by the R-symmetry invariant correlator 7 (U, V'), which will be our focus.

We can expand T (U, V) at large ¢ = (N? — 1) /4, whose functional form is fixed by the
analytic bootstrap [14, 53, 54] to take the form

8 1 1 .
T=-TR+ ST+ BT + S [TRRR N BT +..., (6.2)
c c c .
i=0,2,3,4
where the ellipses denote both higher loop terms as well as contact terms involving higher
derivative terms such as R*, which at large ¢ and finite 7 generically come with fractional
powers of ¢.' We denote the supergravity exchange term by 7, which is given by [55]

1 .-
ThH = —§U2D2,4,2,2(U7 V), (6.3)

where Da,b,c,d(U , V) are standard functions whose explicit form can be found e.g. in [56]. The
coefficient of 71 is fixed by the conformal Ward identity [57]. Next we have the one-loop
graviton exchange term 7% which was fixed in position space in [41] from tree-level data
using the AdS unitarity method of [58] up to a contact-term ambiguity

T®=U?Dagaus. (6.4)

18T he first few higher derivative corrections to the correlator, including R*, d*R* and d°R*, were determined
in [13, 14]. Furthermore, starting from order O(1/c®) there is actually no difference between the loop and

TEIEIR are the same order in

higher derivative expansion in the large-c finite-r limit, since both d'?R* and
derivatives. In this case, we simply define the terms written in (6.2) to be those that are independent of 7, as

higher derivative terms generically depend on .
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In general, 7™ for integer n denotes contact terms with 2n 4 8 derivatives, which are related
to the divergences that appear at each loop level. The two-loop graviton exchange term is
denoted by TEIEIE and was conjecturally fixed in [42, 43] up to four contact-term ambiguities,
whose explicit form we will not use. The coefficients of contact-term ambiguities (i.e. By and
B;) are not fixed by general analytic bootstrap constraints, and so require the supersymmetric
localisation constraints discussed here.

We can constrain 7 (U, V) using an exact property of Hy (1) [8]:

Hn(r) = 48<< Je+ LTI,

I4[ = — / d?"/ dHT’ L+ g + VD1,171,1(U V)T(U, V) U 1r®— 91 cos 0 5 (6'5)
V=r2

where the 48((3)c term comes from the free theory contribution to (6.1). A similar integrated

constraint between 7 (U, V') and Cn(7) was derived in [7] and has been studied in the literature

so we will not use its detailed form here. Since we have two integrated constraints, one from Cy

and one from Hy, that means we can fix at most two B’s at each order in 1/c in (6.2). There

is just a single By at O(1/c?), which was fixed in [15] using the Cy integrated constraint to be

By= . (6.6)

For the integrated constraint arising from Hy, we make use of the following integrals:

LT =3-60(3), LIT')= %,

RIR 48¢(3) 83
I4[T | ]——T—E, (67)
where the first two integrals were computed numerically in [8] using the explicit expressions
n (6.3) and (6.4), while the last integral we compute now using the explicit expression in [41].
We find that these integrals applied to the correlator (6.2) using the integrated constraint (6.5)
exactly match Hy in (1.7) to one-loop order with the one-loop ambiguity By fixed as in (6.6)
and Cp fixed in (4.2). We do not have sufficient constraints yet to fix the ambiguities at
higher loop orders, such as the four ambiguities at two loops [42, 43|, but the localisation

data for Hy is now available for that purpose.

7 Discussion

There are four main results of this paper. Firstly, we found recursion formulae that relate
the half-integer terms and part of the integer terms in the large-N expansion of Hy(7) to
Cn (7). Secondly, we gave striking evidence that the large-N expansion of Hx(7) can be
written as a lattice sum to any order in 1/N. Thirdly, we used the large-N expansion of
Hn(7) to verify the one-loop contact term in the stress tensor correlator as originally fixed
using Cn(7) in [15], and gave new constraints at higher loops. Lastly, we showed how the
large-N expansions of H(7) and Cn(7) can be used to accurately estimate these quantities
for all finite V and 7. This estimate will be useful for the numerical bootstrap at finite N
and 7 [45], which was previously limited to low N due to the difficulty of performing the
(N — 1)-dimensional matrix model integral.
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While the recursion relations we found were sufficient to fix the half-integer powers of
N in Hy(7) to all orders, we have not found a recursion relation that applies to the full
Hn(7), which could be used to compute Hy(7) at finite N and 7 as was done for Cn(7)
n [17]. Since Hy(7) can be written as a lattice sum to all orders in 1/N, it seems likely that
a finite NV lattice sum expression should exist, analogous to the lattice sum expression for
Cn(7) in (1.5). Importantly that expression is finite even though it contains the term in the
lattice sum with m = n = 0. Based on the lattice sum for the large-N expansion of H(7)
in (4.16), a natural conjecture for the finite-N expression would be

%) ™ 2
Ha(r) = Z / d?’tBN(t1,t2vt3> exp <_7'2 Zti!pz‘P) , (7.1)

p1.p2.p3€Z+7L" 0 i=1
p1+p2+p3=0

where the function By (t1,t2,t3) is a symmetric function that can be shown to satisfy an
inversion relation of the form By (t1,ts,t3) = 1/Y (t)%2 Bn(f1, t2, £3) where t; = t;/Y (t) and
Y (t) = tyty + tots + t3ty. The unknown function By (t1,t2,t3) must also be well-defined when
t; = 0 and the large- N expansion of (7.1) would have to reproduce the terms with half-integer
as well as integer powers of 1/N. Perhaps a recursion relation could be found for By (t1,te, t3)
that would relate it to By (t) given in (1.5), just as we found a recursion relation connecting
parts of Hy(7) to Cx (7). This would also allow us to compute the contribution to Hx(7)
that is non-perturbative in N, analogous to that found for Cny(7) in [18].

The identities we found that relate Hy(7) to Cn(7) suggest that higher mass derivatives
of the partition function Zy might also be related to lower mass derivatives, or at least certain
parts of the large-N expansion as found in this paper. From the localisation expression for
Zn, it is clear that the perturbative part of the 2p-th mass derivative of Zn can be written in
terms of products of p zeta functions. While the stress tensor correlator was recently shown
to contain single-valued multiple valued zeta functions [59, 60], it appears that these vanish
after taking the integral of the correlator that is related to mass derivatives of Zx.'7 It would
be interesting to find the modular completions of these products of zeta functions.

The 7-independent terms in the large-N expansions of Hy(7) and Cy(7) give two
constraints at each orders in the loop expansion of the holographic correlator. At one
loop, there was a single contact-term ambiguity, which was fixed using Cy(7) in [15], and
verified using Hy(7) in this paper. At two loops, there are four such ambiguities, so we
need two additional constraints. It is possible that derivatives with respect to the squashing
parameter b of Zn on the squashed sphere might give an additional independent constraint.
It would be interesting to find another source of constraints, so that the 2-loop term can
be fixed completely.

The methods developed in this paper to compute the perturbative contributions to Hy ()
should also apply to other 4d N/ = 2 gauge theories, since the localisation expressions for all
4d N = 2 gauge theories include Barnes G-functions that lead to Bessel functions at large
N. Indeed, our methods were already used to fix the O(N?) term in the USp(2N) gauge
theory considered in [32, 61].!% It would be interesting to study the large-N expansion of
mass derivatives of Zy for other N' = 2 gauge theories.

'7Similar phenomena were observed in the weak coupling regime [23, 26].
80ur methods were shared with the authors of those papers prior to this publication.
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A Matrix model details

In this appendix, we will discuss some details of the large- NV large-A expansion from section 2.
We will first discuss the pole prescription that gives the leading O(N?) result in (2.23). We
will then discuss how the O(N?) term in that expression can be computed using a similar
but more complicated calculation due to the double sum.

A.1 O(N?) at large A

We start with the expression for the 4-body contribution in (2.20), which we repeat here
for ease of access:

ds dt s
700 - ¢ — =
\) g Petelst),  ols,t) ;ce(s,t),
3N 2gin(s) sin(rt)T(2s + 4)2T(2t + 4)2((2s + 3)C(2t + 3) (A1)
p($7t) - 245+4t+3ﬂ.2(s+t+2) ’ '

Ul—s—3)(l—t—3)(l—s—3)(l—s— DI —t—3)T(—t—1)

co(s, ) = T2 (C+ s+ 2)0(0+ s+ 3)0(0+t +2)T(£ +t + 3)

We find it convenient to use the following representation for c(s,t)

(s, t) = i PBD (5, 4)¢(4s + 4t 4 15 + 2¢) (A.2)
q=0

((4s + 4t + 15)
2

+ PO (s,t)C(4s + 4t +17) + - - -,
n

where P9 (s,t) are polynomials of degree 3¢, easily computable by expanding c(s,t) for
large ¢ and performing the sum over £. This representation is useful, as it makes explicit poles
located at Re(s+t) < 0 that are easy to miss otherwise. In addition, we will have poles of the
type Re(s), Re(t) < 0. We now compute all contributions to I(®)(\) by degree of complexity.

First there is a contribution arising from the explicit poles of p(s,t)ci(s,t) at s = —1
and t = —1,-2,-5/2,—7/2,—-9/2,--- (and the same with s <> ¢). This can be computed
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analytically to all orders in 1/\ and gives

16 1>n4n+2 2n— 2)\5—nr _ 5 3 C/<2 _ 2n>
P = Yr (- Yr(os heta-2
I'(n—1)T'(2n—2)
(A.3)
Naively there is a contribution when s = —m,t = —n, with m,n = 2,3,---. It turns

out however, that this contribution is zero, as ¢(—m, —n) = 0. This can be seen from the
representation for c(s,t) in terms of zeta functions. For negative integer s, ¢ the polynomials
are such that the series truncate, and we can directly evaluate c(s,t) at those points and

see that it vanishes. Then there is a contribution from s = —m — 1/2,t = —n — 1/2, with
n = 2,3,4,---. This contribution can be written as
m+n24m+4n 1 2(m+n 1)~ A—mntl (99
_3 Z C( ) C( )c(—m—%,—n—%),

['(2m — 2)2T'(2n — 2)?

m,n=2

(A.4)
where ¢(—m—1/2,—n—1/2) can be easily computed for any pair of integers m,n. For
s =-m—1/2,t = —n — 1/2 we find

[(—s — DI(=s)T(—t — ))T(~t)

c(s,t) = 6m20(s + 3)L(s + 4)T(t + 2)T(t + 3)

Py(t), (A.5)

where the polynomials Ps(t) can be computed for s = —5/2,-7/2,---

P_5)5(t) =1,
1
P_yp(t) = - (—8t2 —12t+5), (A.6)
P_ 128t% — 128t% + 272t% + 152t + 105
9/2(t) = 105 ( + + + ) ;
and so on. Lastly, we have the poles at s = —m and t = —n — 1/2 (and the same with

s,t exchanged). These are slightly subtle because the zeta functions have poles at these
locations. We find their contribution is given

= 22N (3 2m)T (m—§) T (m—§)

(0) (yy
I, ()\)*m:2 F(%_m)F(m—Q)F(Qm—?%)
= 2222 EAE (3 2m)T (m—§) T (m—3)
33 T (Z—m)T(m—1)0(2m—3) 0
—1)™r 2m— 3/\5—mr(m_§)[‘(m_7)§(2 2m)
732 F(m71)22
, 0o gmntl 2m+2n—5c(3,2m))\—m—n+%r(m+n—g)l“(m+nf%)§’(272n)
_ m%:Z 20 (2m—3)L'(2n—2)T (—m—n+2)T(m+n—2) :

Now we discuss poles where s 4+ t = negative, which are apparent from the expression for
c(s,t) as a sum over zeta-functions in (A.2). More precisely

Ry(t)
s—3(—(2¢+7)—2t)’

c(s,t) ~ with ¢=0,1,2,---, (A.8)
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where we will first perform the integral over s. The residues at those poles can be calculated,
and are given by

47010 (g = 5T (q+3) T (a+3) T(2q +t+2)

Rq(t) = = 7721 (q + 1)D(2t + 4) (A.9)
We can now perform the integral over s for each ¢, and obtain
D) = i)\ 31, where Iy = 2qu( ), (A.10)
with
Qq(t) = (A.11)

(=174 (g 1) T (q+3) T (g5 ) T(2t+4)C(2643)T(~ 29— 2t =3)((~2(q+1+2))

3 i
752D (g41)

There is a subtle question of which poles to include in the integrals for Iéo) (A). This is akin
to the precise choice of the contour. It turns out we need to choose all poles for negative
t. Let’s consider the leading order contribution, arising from ¢ = 0, as this already has the

ingredients we will encounter later on:
dt
1% = 372 ]f 0 28T (—2t — 3)T(2t + 4)¢(—2(¢ + 2))¢(2t + 3), (A.12)
’ i

summing over all poles with Re(¢) < 0 we can see that the poles in the region —4 <t <0
cancel each other, and we obtain the following sum

1Y) = 3722 i C(3=2n)¢(2n —4). (A.13)
n=4

This is a divergent sum, and we should regularise it. Using the integral representation

[e%s) xn—l
((n) = F(ln) /0 0 (A.14)

which is valid for n > 1, together with the reflection relation, we can obtain the following

expression

210 2n 4 2n 2n— 3y2n 5COS(7TTL)

Iy =-3 Z/ Aoy (o 1) T = 1) (A.15)

We can now exchange the sum and the integral, and perform the sum over n to find

0 (2msin (52) — zy)
I30_48/ dvdy” 2 1) (A.16)

which is a convergent double integral that yields
4

8
1§ = —96¢(3) — 5 16 (A.17)
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One may be worried about the regularisation procedure. However, the integral over ¢ can
also be computed numerically, choosing a contour slightly to the left of the imaginary axis,
and the result agrees perfectly with our analytic result. At higher orders we can do exactly
the same, but the sums involved are a bit harder:

—1)et192a+7p ( ) r <q+ ) r ( §> I'(2n—2q—3)
I(0> — 3n§q =127 (2n — 3)['(q + 1;

¢(3—2n)¢(2n—2q—4).

(A.18)
Introducing an integral representation for the zeta functions and performing the sum over
n we obtain

o257 (¢ = 1)1 g+ 3) T (a+3) Hylw,y)
(2m)2at9 (e* — 1) (e¥ — 1) (¢ + 1) ’

1Y) = —48n° / dady (A.19)
0

5 7 $2y2 B 5 .T2y2
H =222 1By [ 2;9+ = 4; — — 32721y [ 19+ = 3 — .
q(xay) Ty 1 2( 3q+ 27Q+ ) 1671'2 T 112 3 q + 27q+ y 1671'2

For any integer value of ¢ the regularised hypergeometric functions reduce to something
simpler. The integrals over x are always of the form

/ dr—— =T(a+1)¢(a+1), (A.20)
e Y
/ dazw = 1772 (4 — csch? (y)) , (A.21)
0 er—1 20 \y2 2
o z?sin ($) 5 (8 1. 4y
/0 dxeﬂﬂi—l =T <y3 — 5 Slnh(y)CSCh (2)) . (A22)

For every fixed ¢, this allows to perform the integral over x. The integral over y can also
be performed, using'?

0o acsch? (4
/0 dyyey}il(g) = T(a+ 1)(2¢(a—1) - 2(a)), (A.23)
0 ¢ sin csch? (¥ a
| he(f)_ o (5) _ 4r( Y (5 - 2) ~ 3¢(a 1) + (@) (A.24)

With these results we can compute the integrals for any given ¢ and we can actually write
down the contributions analytically. We find a structure which resembles very much IQ(O)()\).
More precisely we get

0y o= 227 INE T 3=2m)T (m=3) T (m—3)
I3 ()\)_ Z F(Q_m)P(m—Q)P(Qm—?))

m=2
% pmergndd gt (- 3T (n)
_3mZ:2h;1(m) T (Z—m) D(m DT (2m—3) (A.25)

64( 1)77L7T277L 3)\577nr\( g) ( %) 2_2m)
—-1)?

_SZIiQ(m) T(m

m=2
3 Z 4m+n+1ﬂ_2m+2n—%<(3_2m))\—m—n+%1—\ (m+n_g) r (m+n_7)< (2 2'{7,)
e 2'(2m—-3)r'(2n—2)r (—m—n—i—%) I'(m+n—2) ’

19Tn practise, the simplest way to perform the integrals over y is to multiply by 3¢, use the expressions
below and then take e — 0 at the end.
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with

fa(m) = Wms —1,  ra(m) = — 3>§)2m - (A.26)

Note that we can combine the last two contributions into

32 X 64(—1)mm(7—2m)7r2m_3)\%_mf m—3)T (m—3)¢(2—2m)
Iéo)(/\)—l-fg(,o)(/\)zw—z F(m_l()g 2) ( 2>

m=2

2
+mz::2 T (5—m)T(m)l(2m—2)

(A.27)

Finally, the derivative of Riemann zeta function can be simplified using the identity

(=1)™(2m)!
valid for any m strictly positive integer. We can then put all ingredients together and compute
IO(\) to any desired order. The lowest few orders match (2.16), while higher orders are
given in the Mathematica file included in the supplementary materia attached to this paper.

A.2 O(N9) at large A

Recall that there are two contributions to the 4-body term in (2.10): those that factorise in
w1, w2, and those that do not. The factorizable terms jgac(wl,wg) can be computed at large
A just like the 2-body terms by writing them in Mellin space using (2.13), performing the

w1, we integrals using (2.14), and closing each contour to the left. We obtain

@) 13V 55 3 13¢(3)+6  273¢(3) Ly
LY\ = ——" 4+ — - — A7), A.29
For the non-factorizable terms J@¢(wy,ws), the first two lines in (2.10) take a similar form

as the O(N?) terms in the previous section, i.e. they have (w3 — w?) in the denominator, so

they can be evaluated using similar methods to get an “easy” contribution

) _Q+17 (_31 772> 1 §(3)+6+<51C(3)+57r2>1+O(/\_2)'

8 6

A) = -t
easy( ) 6 12 + + 64 8 A\3/2

VA 4N
(A.30)

The other terms in Jf°(wy,ws) have (w3 — w?)? in the denominator, so they require a

slightly more complicated approach. As with the other non-factorizable terms, we use the
identity (2.18) to write these “hard” terms as

ds dt >
2 g _— g
Ihard(A) - 27 27”-])(57 t)C(S, t)v C(S, t) ]; ck7f(87 t) (AS]')
=0
with
sin(7s) sin(7t)T(2s + 4)T'(2s + 6)T(2t + 4)2¢(2s + 5)¢(2t + 3)A5H+3
p(s,t) =3 Qs+ A+T r2(s+1+4) (A.32)
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and
Ee+1)I'k—C0—s—2)T(k+l—s—1)I(k—C—t—-2)['(k+(—t—1)
Nk—Cl+s+2)T'(k+0+s+3)T(kE—L+t+2)I'(k+L+1t+3)

Ck,€(37 t) =

(A.33)

We can apply the method described above by changing variables, and writing c(s,t) =
> oot Cp(s,t) where each ¢;(s,t) is given by a finite sum

(s t)_ZQ(2P—2(]+1)F(19—8—1)F(p—t—1)F(—p+2q—8—2)F(—p+2q—t—2)
e Flp+s+3)(p+t+3)(—p+2¢+s+2)['(—p+2¢+t+2)

q=1

(A.34)
In this form it can be shown that ¢, (s, t) satisfies a second order homogeneous recursion relation
fo()ep(s,t) + fi(p)epra(s,t) + f2(p)cpra(s,t) =0, (A.35)

with
fo(p) = (p+2)*(p—s—1)(p—5)*(p—t —1) (p—1)°, (A.36)
filp)==(p—s)(p+s+3)(p—t)(p+t+3) (A.37)

x [(2p2+6p+5) 3t—|—(5p2+15p+11> (s+t)+2p4+12p3+36p2+54p+29} :

Fa(p) = (p+1)*(p+5+3)*(p+5+4) (p+1+3)* (p+1+4). (A.38)

Supplemented with the leading order terms in the large p expansion, this recursion relation
allows us to compute arbitrarily high orders. The final answer takes the form

| ] 25+ 2t + &
o AL N A.39
50 = s 2T 5) (35 + 24 7) ( v ) o

73245442 ese(ms) ese(mt)D (s +t + L 1 +t+3
. (s+1+3) (1-sties, ),

I'(2s + 402t + 4T (s+t +4)  p2B+s+) »

with two distinct type of terms. Summing over p term by term we obtain a representation
analogous to (A.2). The rest of the computation proceeds as above and yields

47r2> Vig @) -88 204w 3 (ANB) 4 )

I} =(4-
hasd (M) < 15 10 6V 16 \3/2
(A.40)

We then sum (A.29), (A.30), and (A.40) along with the 2-body term (2.15) and the —12¢(3)
in (2.3) to get the final answer in (2.23).

B Generalised Eisenstein series
A Generalised Eisenstein Series satisfies the inhomogeneous Laplace eigenvalue equation
(Ar —s(s—1))&(s,s1,52;7) = E(s1;7)E(s2;7) . (B.1)

Whereas non-holomorphic Eisenstein series arise as the coefficients of the R* and d*R*
interactions in the low-energy expansion of four-graviton amplitude in type IIB superstring
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theory, the coefficient of the d®R* interaction is the generalised non-holomorphic Eisenstein
series £(4, 2, ;1) [35]. More general examples with half-integral indices in the source term
arise in the low-energy expansion of two-loop eleven-dimensional supergravity amplitudes
compactified on a two-torus [34]. This is the prototype for this general type of modular
functions that arise in H% (7). For generic eigenvalue s, we define the generalised Eisenstein
series as the unique modular invariant solution to (B.1) satisfying the boundary condition
that the coefficient of the homogeneous solution 75 vanishes.

Within string theory contexts, the eigenvalue spectrum of £(s, s1, s2; 7) is sensitive to
whether s1, so are integer or half-integer. It has been argued [48] that when s1,s2 € N the
spectrum of s is restricted to s € Spec(sy,$2) = {|s1 — s2| + 2, |s1 — s2| +4,...,51 + s2 —
4, s1 + so — 2}. However, for the generalised Eisenstein series with s1,s2 € N 4 % arising as
coefficients of the 1/N" terms in the large-N expansion of the integrated correlator Hy [14],
the spectrum is found to be restricted to s = {s1 + s2 + 1,51 + s2 + 3,...,3r + 1}. This
is discussed further in the main text.

The generalised Eisenstein series £(s, s1, s2;7) can be decomposed in Fourier modes
in the form

5(5781782;7—): Z g(n,m)(8)81782;7—2)qn(jrn’ (B2)

n,m=0

2mT and ¢ = e~ ?™7. The non-zero modes represent the contributions of instantons

where g = ¢
and anti-instantons, with instanton number k& = n — m, where k > 0 for instantons and
k < 0 for anti-instantons. Terms with k& = 0 get purely perturbative contributions from the
m =n = 0 term and instanton/anti-instanton contributions from terms with m =n > 0.

The Laurent polynomial of £(s, s1,s2;72) (i.e. the £00) term) is given by
5(070) (8751)52;7—2) =

Ar=251-252((251)( (252) 47~ 282T(S1—l)4(281—1)ﬁ(252)

s1+s2 1=s14s2
7T31+52(51+82—5)(81+52+57 )( 7') + (52—81+S)(82*51*S+1)F(81) ( 7'2)
4~ QSIF(SZ ) (2s9—1)((2s1) 1—s2+s1
(81—82+8)(51—82—8+1)F(52) (mr2) .

AT (s1—$)T(52—3)((251—1)((252—1)
m(s1+s2—s—1)(s1+s2+5—2)'(s1)'(s2)

(m72)2 75152 4 B(s, 51, 82) (172) 7%,

where the first four terms can be obtained by matching powers of 7 on the left-hand and
right-hand sides of (B.1) and the last term satisfies the homogeneous equation and its
coefficient is given by [35, 37]%°

45l (*(s—s51—89+1)C*(5+51—52)C*(5—51+82)*(s+51+52—1)

['(s1)T(s2) (1—25)¢*(29) ’(B g

/8(8781752):

with ¢*(s) = ((s)T'(s/2)/7%/2.

20In these references, this coefficient is determined by projecting the Laplace equation (1.10) on E(s;T).

Alternatively, it may be obtained from a Poincaré series representation as in [48].
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In addition to the Laurent expansion, the & = 0 sector contains contributions from
instanton/anti-instanton pairs, (n,n) with n > 0, which have the form

n51+827201—251 (n)01—252 (n)
F(Sl)F(SQ)

5("’")(8,51,52;7'2): <I>5751752(47rn72). (B5)
When s1,s2 € N the expression @, s, (47n7) is a polynomial in inverse powers of 7o of
degree sy + s1 — 2. The first two perturbative orders in the (n,n) sector do not depend
on the eigenvalue s and have the form

8 8[81(81 — 1) + 82(82 — 1) — 4]
(4nTo)? (4mnTy)3

D 5, s, (dTTR) = +0(15 4. (B.6)
Higher-order coefficients do depend on s and can be computed from the differential equa-
tion (B.1) as performed in [14, 47] or via resurgence analysis methods [62, 63]. The contribution
of the general (n,m) sector with n,m # 0 is given by

n8171m527101_251 (n)01_252 (m)

['(s1)T(s2)

1
£ (s, 31, 395 72) = (G + 0)) + (s m).

(772)
(B.7)
These terms correspond to non-perturbative contributions in the topological sector with
instanton number n — m.

For the purely instantonic sector, i.e. the (n,0) term, and purely anti-instantonic sector,
i.e. the (0,m) term, we need to be more careful since in these sectors we now have the
freedom of adding homogeneous solutions to the differential equation (B.1). An algorithm
for constructing a particular solution, & (s, s1,s2;7), to (B.1) was proposed in [14], and later
generalised in [47]. As discussed in the main text, whenever the eigenvalue s is such that the
vector space, S2g, of holomorphic cusp forms with weight 2s is non-trivial, this particular
solution & (s, s1, s2;7) does not correspond to a modular invariant solution to (B.1), i.e. the
particular solution does not correspond to the generalised Eisenstein series.

To construct the generalised Eisenstein series £(s, s1,$2;7), a certain homogeneous
solution has to be added to the particular solution, so that the complete solution is a modular
function. Since we have fixed the boundary condition in the perturbative, i.e. the (0, 0) sector,
this is only relevant for the instantonic (and anti-instantoic) pieces, namely we can only add
an homogeneous solution to Ef,n’o)(s, s1, 82;72) (and SI(,O’m)(s, S1,82;72)).

Based on [38, 48], we can use the novel results [39] to show that even in the case of
present interest the homogeneous solution that must be added is given by

)\A(S,Sl,SQ) ‘HA(T), (BS)

where the coefficient Aa (s, s1,s2) is presented in (4.7). The function Ha(7) takes the form,

. aa(n)
7; ;

Ha(T) \/ﬁsté (2mnTg) (™ML 4 g7 2mINTL) | (B.9)

n
and satisfies the homogeneous equation

(Ar —s(s—1))Ha(T) =0. (B.10)
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Note the important fact that Ha(7) alone is not modular invariant. However, the addition of
a suitable multiple of Ha(7) to the particular solution &,(s, s1, s2;7) is crucial for obtaining
a modular invariant solution to (B.1), i.e. for constructing the generalised Eisenstein series

E(s,81,82;7) = Ep(s, 51,52;7) + Z AA (8,81, 82)HA(T) . (B.11)
AESQS

C Properties of lattice sums

In general there is no known lattice integral representation for an individual generalised
Eisenstein series. However, we shall now describe the construction of a lattice representation
of the special linear combinations of generalised Eisenstein series which are relevant for
the integrated correlator under discussion (see [34, 35, 37, 44, 64] for further details). This
gives a four-dimensional lattice representation that generalises the two-dimensional lattice
representation of a non-holomorphic Eisenstein series.

C.1 A family of lattice sum integrals

Following [35], we here consider a class of lattice sum integrals constructed from the special
non-holomorphic functions A; ;(p), called modular local polynomials, introduced in section 4.2
and whose precise definition and properties will be reviewed in appendix C.2. We will

consider the lattice sum integral in the form?!

0o 3
w w— 7T
gy(r) = /O dPt[V(£)]“ 7 A (p(t)) exp (—72 Ztipi|2> : (C.1)
P1,p2,p370 i=1
p1+po+p3=0

where the parameters p(t) and V (t) are defined in (4.18). The p; are discrete loop momenta
of a two-loop Feynman diagram on a two-torus of complex structure 7 and are defined by

pi = m; + n;T, (C.2)

with m;,n; € Z.

The analysis of the inhomogeneous Laplace equation satisfied by Ele(v') will demonstrate
that the parameter w € R™ corresponds to the total transcendental weight of the sources, i.e.
the sum of the indices of the bilinears in Eisenstein series which appear as source terms.

In [35] a slightly different lattice sum was considered which gave rise to ultraviolet
divergences arising at the boundary of the integration region from particular SL(2,Z) orbits
of the lattice sums variables. With the present constraints on the lattice sum, the integral (C.1)
is completely well-defined since it is exponentially convergent at all boundaries of the domain

of integration.

2n earlier lieterature, such as [35] the variables ¢1, t2 ¢3 corresponded to ‘inverse Schwinger parameters’
t; = fi/(fl to + t1t3 + 1?21?3)7 where #; (: = 1,2,3) are the Schwinger parameters for a two-loop vacuum diagram.
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C.2 Modular local polynomials: definition and properties

We now present the definition and clarify the most important properties of the non-holomorphic
functions A; ;(p), which feature prominently in the formula (C.1) for the modular invariant
functions under consideration.

The function Aj o(p) arose in the construction of the dSR* coefficient £(4; 3, 2;7) in [35],
and a more general discussion in [37] presented the general procedure for constructing
particular combinations of £(s, s1, s2;7) once the A; ;j(p) are known. The following general
construction of A; j(p) was given by Don Zagier (in unpublished notes that are reproduced
in [44] with more details).

The result of this analysis will be that A;;(p) are Laurent polynomials in pp with
coefficients which are polynomial in p;, and inside the domain p € H\I'¢(2) they satisfy
the homogeneous Laplace equation (4.20),

A, — (s — 1] Ai(p) =0, (0:3)

where the eigenvalue s = 3i + j + 1 (for example, s = 4 for Ay ).
The first step in constructing these Laurent series is to define the complex combinations

u=p*(1—p)?, v=p*—p+1. (C4)
The functions A; j(p) are given by
A i(p) = D) (uivd), n=s—-1=3i+j with 4,j>0. (C.5)

The polynomials u’v7, holomorphic in p, can be understood precisely as the modular local
polynomials of modular weight —2n discussed in [50]. Here D(fgn is the iterated derivative
operator

—2i)"n!
D(jLQ)n = ((2?3)!1)_2 o D_4 Oo---0 D—2n+2 o} D_Qn 5 (C6>
where the differential operator Dy, = 9, + k/(p — p) satisfies Ay1o - Dy — DAy = —kDy,
where A = 4Dy _» ,038[; is the laplacian acting on weight £ modular forms. Explicitly, the
(n)

5, can be written as

w _ (220"t~ (n) (Zn=m)y O
—2n — (2n)! 0 (m) (p—p)m Opn—m ) (C.7)

operator D

where (z)p, is the Pochhammer symbol.

The functions A; ;j(p) constructed in this manner satisfy the Laplace equation (C.3) in
the interior of the fundamental domain H\I'g(2). Furthermore they are Laurent expansions
that have the following form,

2i+j o
Aij(p) = 3 A (1) (C)
k=0

where Ag? (p1) is a polynomial of degree k in p1(1—p;1). Since it is invariant under p; — 1—py,
it may be expressed as a linear combination of Bernoulli polynomials Boy(p1) of even index.
It is often clarifying to re-express p1, p2 in terms of t1,?2,t3. The function A;; is then by
construction a homogenous function of the ¢;’s, invariant under permutations.
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Examples of A; ;. From (C.5), it is easy to generate expressions for A; ; with very high
eigenvalues s = 3i+j + 1. Here we display the A; ; that appear in the main body of the paper
— in particular in (4.29)-(4.31). For convenience, we express A; ; in terms of the t-variables
using (4.18). Since A; ;(p(t)) is a symmetric function of ¢; we shall make use of a basis
(01,02,03) of symmetric polynomials defined by

o=t +1t2+ 13, 09 EY(t) = t1tg + t1t3 + tots, o3 = titats. (Cg)

Below we list examples of 4; ; that are relevant for Hy () up to order 1/N3,

s 1
s=4: 05A10= 50102 — 03 (C.10)
s=25: O'%All 0102+ 2 %—0103, (C.11)
’ 7 35
H 1
s=6: 04A10= §Uf02 + ﬁalag — o3 + 30203, (C.12)
3 10 15
03 Ags =0 — 30%02 + 70103 , (C.13)
. 1 6 16
s=17: 03Asg = 330%05 + 17710203 + 23102 + 02, (C.14)
I 3 28 6 4
s=8: 05A21 = EU%U% + @alag’ 13010203 + 0102 — 1430%03 , (C.15)
z 18 43 27
o5 A14 = 130102 ofos+ 1430102—|— 130%0203—4—290105’—EU%03 , (C.16)
2 1 3 7 15
s=10: 05 A3 = ﬁa%ag’ 170% 0503 + 24310102 + 1701020%
24 4 3
— 1
g 1 5 2 1 2 2 2
05 A3 = 350102 ~ 17010203 + 2210102 +od02 + 17710203
4 4
- malag — 1—7010203 + 221(7;’03 (C.18)

D From lattice sums to generalised Eisenstein series

In order to determine the properties of the modular invariant functions which can be
represented via the lattice sum integrals just discussed, it is very useful to apply the laplacian
A, to (C.1) which gives

ALES(T) = Z / BV ()3 A j(p(t)) Ay exp <Zt |pil > , (D.1)

P1,p2,p370 i=1
p1+p2+p3=0

where A, = ,02(82 + 02 ,), and we have used (4.23). We now integrate by parts and note
the property

AV ()] = V(O A F ()], (D.2)
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for all . We will also define

BY() = VO]~ Ai(p(t) (D.3)
and note that (C.3) and (D.2) imply
ABE 0] = V@12 [ApAis ()] == DB, (D.4)

with s = 3¢ + 57 + 1. It follows that

Agl(r) = Y /Ood‘gtB;f’()Atlexp(—Zﬂp, )]

p1,p2,p37#0 70 1
p1+p2+p3=0

= > /OO d’t Ay [BY(t)] exp (—Zt \pZF) +b.t.

p1,p2,pa#0 70 1
p1+po+p3=0

= s(s = 1)&5(7) +b.t., (D.5)

where ‘b.t.” represents boundary terms.

The boundary terms in (D.5) are easily collected by integrating A; by parts using the
definition (4.22). We start by noting that since all the momenta p;, p2, ps = —p1 — p2 are
non-vanishing we only need to worry about boundary contributions coming from ¢; — 0 since
the integral is exponentially suppressed along any direction as t; — oco. Using the fact that
the integrand is invariant under permutations of (¢1,t2,t3) we arrive at the expression

tilpi> wta|psf?
bt = 3 [t [tta(0n - 01— ) BY (0. ta,t)] ﬁ@(ﬁHM|—WM2>
-

T T
p1 p2,p3¢0 2 2
p1+p2+p3=0

iy 67r|p|2/0 (o (tl’t%t?))} e (_7r|1)|2(’51+t2)> , (D.6)

i
p#0 2

where we have defined p = m + n7 with (m,n) € Z2/{(0,0)}. It is easy to check with the
definition of A; ; given above that the first term produces terms bilinear in Eisenstein series,
while the second term will produce terms linear in Eisenstein series.

Although we do not have a closed formula for the boundary term associated with a

specific B}";, we can make some general observations. It follows from (C.8) that when A; ;(p)

K3 ] ’
is rewritten in terms of ¢; and expressed in terms of the symmetric variables o1, 09, o3 defined

n (C.9), it takes the general form

2 3

Z Z Z c(a, B,7)ot oy 6‘73 ) (D.7)

a= Oﬂ am;)dZ y= =0

where the coefficients ¢(a, 8,7) € Q implicitly depend on 4,j (and s = 3i 4+ j + 1).
We note that when s is even 5 € N while for s odd € N+ % Furthermore the A;; are
homogeneous functions of ¢; since p; and po (defined in (4.18)) are, and hence it follows that

a—28+3y=0. (D.8)
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From (4.18) we also deduce that the transformation p — p is equivalent to t; — —t;, or
equivalently
01— —01, o9 — 02, o3 — —03. (D.9)

Hence, using (C.8), we see that

Aij(p) = (=1) Ay5(p) = (=1)"""Ai5(p)
A

— i3 (p(=1)) = Aij(p(t) = (=1)"" Ay (p(t) | (D.10)

which from the expansion (D.7) implies
c(a, Byy) =0, for a+v#(s—1) mod 2. (D.11)

We can then focus on the integrand (D.3) and expand it as

3 w—3

w < o U5iop
Bty ta,ts) = Y > cla,fy)ofoy” oy, (D.12)

from which it is rather easy to compute the boundary contribution (D.6) where only the
terms with v = 0 and v = 1 contribute. The boundary terms are given by

mt1|p112 _ wtolpo|?

s—1
bt.=— > > Bac(a / Pt (tite) 7 () e o
a=(s—1)mod2 p1,p2,p37#0
p1+p2+p3=0

5—2 ot 2 2
w—2—o _mialpy|® _ wialpal®
+ Z Z 3e(o, 53, / d*t (tity) 2 (t1 +ta)% = ™2
a=smod2 p1,p2,p3#0
p1+pro+p3=0

67 et _mlpl(tatt)
+ Z Z |p| / d2 t1t2 (t1+t2) e 2 . (D13)

a=(s—1)mod2 p#0

Note that the sum truncates at & = s — 2 in the second line since (D.11) implies that
c(s—1,8,1) =0 for « = s — 1.

Since a € N we can use the binomial expansion on (t; + t2)® and integrate term by term,
arriving at the sum of three boundary contributions,

b.t. =

a—1
2

s—1 3
-3 Y a<‘f1 )(a,g,o>r(§+5)r(eg—5)[E(g”m;T)E(g—(s;T)—E(w;T)]
1)mod 2 §=1=2 2

a=(s— 1=

s—2 %
@ [0 w w w w
+3 Z 3 <3+5> c(a, —;3, 1)F(§+5)F(7—6) [E(§+5; T)E(%g—0;7)—E(w; 7')}
mod2 §——o
’ a+1

+6 Z_j Z (‘f ) cla, 2,000(% + 0)I(% + 1 — 8) E(w; 7), (D.14)

a=(s—1)mod2 §=
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where we have used the identity

>

P1,p2,p37#0
p1+p2+p3=0

(7.2/71.)81+82

’p1‘251 |p2‘252

(7'2/71')81+s2

(7-2/7[-)31+S2
‘pl ’251 ‘p2’252

[p[pGsi+s)

- ¥

p1,p270

-2

peEN’
= E(s1;7)E(s2;7) — E(s1 + s2;7) . (D.15)

Note that if the eigenvalue s in (D.14) is even then the sum in the first line is over odd
values of « since otherwise ¢(«, 3,0) vanishes from (D.11), so ¢ must be an integer. Similarly,
if s is even the o sum in the second line is over even values since otherwise ¢(«, 3,1) vanishes
again from (D.11), and once more ¢ is an integer. Conversely for s odd in the first line the
sum over « is over even integers, so J is half-integer. For s odd in the second line the «
sum is over odd values and the ¢ sum is again over half-integers. We conclude that for even
eigenvalue s the bilinears terms in both sums are of the form E(§ + 0;7)E(§ — d;7) with
integer 6. The third line gives terms proportional to non-holomorphic Eisenstein series with
integer indices. Thus we have reproduce the claim (4.25) stated in the main text.

Comparison with modular graph functions. In the case of modular graph functions
even eigenvalue s is accompanied by an even trascendental weight w > 4 such that 2 < s <
w — 2, hence in this case the sources are always of the form F(s1;7)E(s2;7) with s1, 59 € N22,
Conversely, for the generalised Eisenstein of present interest even eigenvalue s is accompanied
by an odd trascendental weight w such that s > w 4+ 1. In this case the bilinear sources are
always of the form E(sy;7)E(s2;7) with s1,80 € Z + % such that s; + s9 = w.

Mutatis mutandis, modular graph functions with odd eigenvalue s must have odd
trascendental weight w > 5 such that 3 < s < w — 2, hence again the sources are always of
the form E(s1;7)FE(s2;7) with s1, s € N2, While again the generalised Eisenstein series’ of
present interest and odd eigenvalue s are accompanied by an even weight w and again the
bilinear sources are of the form E(s1;7)E(s2;7) with s1,82 € Z + % such that s; + s9 = w.
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