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Abstract

In this paper, we investigate the base-p expansions of putative counterexamples to the p-adic
Littlewood conjecture of de Mathan and Teulié. We show that if a counterexample exists, then
so does a counterexample whose base-p expansion is uniformly recurrent. Furthermore, we show
that if the base-p expansion of x is a morphic word t(¢®(a)) where ®(a) contains a subword of
the form uXuXu with lim,_, 5 |@" (u)| = oo, then x satisfies the p-adic Littlewood conjecture.
In the special case when p = 2, we show that the conjecture holds for all pure morphic words.
© 2024 The Author(s). Published by Elsevier GmbH. This is an open access article under the CCBY
license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The p-adic Littlewood conjecture (pLC) is an open problem in Diophantine approx-
imation, first proposed by de Mathan and Teulié [8] in 2004, which states that for each
prime number p and all x € R the following equality holds

liminfq - Ig], - lgxl = 0. (1
q— 00
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Here, | - |, denotes the p-adic absolute value, || - || denotes the distance to the nearest
integer, and g runs over the positive integers. It follows trivially that if a real number x
is well-approximable, i.e.,

liminfq - |gx|| = 0,
q—>00

then x satisfies pLC, for all primes p.

In the paper that introduced this problem, de Mathan and Teulié showed that (1) is
equivalent to the condition that for each real number x and all non-negative integers k,
the partial quotients of pXx are not uniformly bounded from above.

Lemma 1.1 (/8, Lemma 1.3]). For each k € Zq, let pkx = [aos; aiy, ...] be the
continued fraction expansion of p*x. Then condition (1) is equivalent to

sup{a;x 11 > 1,k > 0} = +o0. 2)

In particular, the p-adic Littlewood conjecture is deeply connected to how the partial

quotients of a real number behave under iterative prime multiplication. Note that since

R {q - lgp*xll} < _
sup;; {aix} +2 7 ¢zl " sup;sy {aii}

for all k € Z> (see [7, Ch. 7]), conditions (1) and (2) are also equivalent to

’

. . . k —
gggq llgp*x| = 0. 3)

The main results regarding this conjecture can be broadly separated into two cate-
gories: (1) results which induce restrictions on the structure of the continued fraction
expansions of potential counterexamples to pLC, and (2) results regarding the measure
of the set of counterexamples to pLC and related objects. Notable works regarding the
continued fraction expansion of putative counterexamples to pLC include that of de
Mathan and Teulié [8], which shows that quadratic irrationals satisfy pLC; Bugeaud,
Drmota and de Mathan [6], which shows that all real numbers which have arbitrarily
many repetitions of a given finite block in their continued fraction expansion satisfy pLC;
and Badziahin, Bugeaud, Einsiedler and Kleinbock [4], which shows that the complexity
function of the continued fraction expansion of a counterexample to pLC must grow sub-
exponentially, but the continued fraction expansion cannot be recurrent, see Section 2.1
for a definition. In particular, the complexity function cannot grow too quickly or too
slowly. The main result regarding the measure of the set of potential counterexamples is
that of Einsiedler and Kleinbock [10], which shows that for each prime p the set of real
numbers that do not satisfy (1) has Hausdorff dimension 0. In fact, a stronger result was
shown: this set is a countable union of sets which have box-counting dimension zero.

In this manuscript, instead of looking at the continued fraction expansions of potential
counterexamples to pLC, we will look at the base-p expansions (see Section 2), which for
the most part appear to have been largely unexplored. Our main results are presented in
Section 2. In Section 2.1, we look at the base-p expansions of potential counterexamples
to pLC and put restrictions on the type of repetitive blocks that can occur in these
expansions. Furthermore, we show that if any counterexamples to pLC exist, then there
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exist counterexamples with uniformly recurrent base-p expansions. In Section 2.2, we
utilise the results of Section 2.1 to analyse the 2-adic Littlewood conjecture. Due to
the simpler alphabet, we are able to provide stronger results. In particular, we show
that any real number with a pure morphic base-2 expansion satisfies 2LC and that
no counterexample to 2LC can have arbitrarily long overlap-free subwords — see
Definition 1.2. The proofs of the results of Section 2.1 are contained in Section 3 and
the proofs for Section 2.2 are contained in Section 4.

1.1. Notation

Let A be a finite set which we refer to as an alphabet and let A* be the set of all finite
words over A including the empty word, which we denote as €. The set A* forms a free
monoid over 4 generated by concatenation. We denote the set of (right-sided) infinite
words of A as A®, and denote the union of this set with A* as A*. Given these notions,
we define the length | - | of a word w € A™ to be the number of letters that appear in
w, where |¢] = 0 and |w| = oo if w € A®.

Definition 1.2. A finite word w € A* is an a-power if it can be written in the form
w = vl where |V'|/|v] > {a} = o — |a]. A word w € A is overlap-free if it
contains no subword of the form uXuXu, where u € A and X € A*.

Note that a word contains an overlap if and only if it contains a subword that is a
(2 + 8)-power for some § > 0.

1.1.1. Morphic words

An important class of words are the morphic words. As a special case, these include all
automatic words, i.e., words which can be generated by a finite automaton with output.
Let ¢ : A — A* be a morphism. If there is some natural number j > 1 such that
<pj (a) = ¢, for a € A, then a is said to be mortal. The set of mortal letters is denoted by
M,. A morphism ¢ is prolongable on the letter a € A, if p(a) =ax and x € M,*. If a

morphism is prolongable on a, then the words a, ¢(a), <p2(a), ... converge to an infinite
word ¢®(a) of the form
9“(a) = ax - p(x) - @*(x) - ... 4)

Any word that can be formed in this way is referred to as a pure morphic word. If
there is a coding t : A — B — i.e,, a morphism that maps letter to letter — such that
w = t(p®(a)), then w is referred to as a morphic word. A morphism ¢ : A — A* is
k-uniform if |@(a)| = k for all a € A and is expanding if |p(a)] > 2 for all a € A. A
morphism ¢ is primitive if there exists some exponent n > 1 such that for every a, b € A,
the letter b appears in the word ¢”(a) at least once.

Example 1.3. The Thue—Morse word M is the overlap-free, infinite word that is the limit
©®(0) of the morphism w : {0, 1} — {0, 1}* with w(0) := 01 and (1) := 10. The first
few letters are

M =0110100110010110--- .
The complement of the Thue-Morse word M is the word given by p®(1).
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2. Main results

For every x € [0, 1] and every natural number n > 2, we can rewrite x in the following
form

[e.¢]
X = Zainfi,
i=1
where a; € {0,1,...,n — 1} for all i € N. Unless the number x is a rational number

with denominator n* for some k > 1, this series expansion is unique. Since pLC is
clearly satisfied for rational numbers, we will disregard this case and only consider real
numbers that correspond to a unique sequence of digits. The word formed by taking the
coefficients of this power series is called the base-n expansion of x. We denote this word
as w(x, n), i.e, w(x,n) = aa,---. Conversely, given a word w € {0,1,...,n — 1}*,
we will denote the real number whose base-n expansion coincides with w as w,. If
{nx} is the fractional part of nx, i.e., {nx} := nx — |nx], then the corresponding base-n
expansion is T'(ajazas - --) := azas ---. In particular, up to taking the number modulo
1, the shift map T induces multiplication by n. More generally, the base-n expansion of
{n*x} corresponds to the word T*(ajaxas - --) = arp1ar42 - - - -

Due to this structure, the base-n expansion is very well-equipped for producing
information regarding the limiting behaviour of a real point under repeated multiplication
by n. Whilst the rational approximations coming from the base-n (or base-p) expansion
are typically worse than the rational approximations coming from the continued fraction
expansion, in a number of cases this approximation is still good enough to induce
restrictions on the potential counterexamples of pLC. On the other hand, whilst the
continued fraction expansion gives a very good rational approximation of a real number,
the integer multiplication of continued fractions is far more complicated — see [12,14].

For our purposes, it will also be useful to deal with base-n representations of integers.
For any integer a > 0, we can uniquely write a as

m

Z ainm—i ,

i=1
with @; € {0,1,...,n — 1} and a,, # O (unless m = 1). The word v(a, n) formed
by taking the coefficients of this sum is the base-n representation of a. Given a finite,
non-empty word v, let v}~ denote the integer whose base-n representation coincides with
v.

2.1. The p-adic Littlewood conjecture

For a finite word w on some alphabet .4 and a § € (0, 1), we will denote the prefix
of the word w of length [§ - |w|| as w®. Note that by construction, www?® is an «-
power for all @« < 2 + ([8|w|]|/|w]|). The following theorem shows that if the base-p
expansion of a real number x has a sequence of subwords of the form w;w; wj:i with

. 8; . .
lim;_, o |wj’| =lim;[d; - [wj|] = oo, then x satisfies pLC.

Theorem 2.1. Let w = (a,)52, be an infinite word on the alphabet {0,1,...,p — 1}
satisfying the property that there is a sequence (w_,-);?';l of finite words and a sequence of
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o . 5
positive real numbers (§ j);ozl which are less than 1 such that the word w;w jw ].’ occurs

. . 3j _ . .
as a subword in w and lim;_,  |w;'| = 0. Then w), = Y o a.p~" satisfies the p-adic
Littlewood conjecture.

Taking (6 j)§°:1 to be a constant sequence leads to the following corollary.
Corollary 2.2. Assume x is a counterexample to pLC and let w(x, p) be the correspond-
ing base-p expansion. For each fixed o > 2, the length of the a-powers appearing in
w(x, p) are bounded.

Theorem 2.1 can be generalised as follows.

Theorem 2.3. Let w = (a,)52, be an infinite word on the alphabet {0, 1, ..., p—1} that

contains a sequence (wj);’il of finite words with m; = |w;| and a sequence of positive
5 .

real numbers (& j)?ozl such that the word w;w j" occurs as a subword in w. Furthermore,

let (£ j);?o:l be the sequence of natural numbers satisfying

p"i—1 )

b =p. (&)

I <
T ged(p™i =1, (w))})

Iflimj_,.om; + |m;6;| —2¢; = oo, then w, satisfies pLC.

In the above theorem, the three most useful cases are:

e when ged(p™ — 1,(w))}) = L, £; = my, and lim;oo|m;8;] — m; = o0
(Theorem 2.1),

e when m; = 2n; with n; € N, ged(p™/ — 1,(wj);§) =p'—1,¢;=n;+1 and
lim;_, o |m;d;] = oo, and

e when lim;_, , §; = oco.

As an example of how the second of the above bullet points can be used, given a
word w = biby---b, in {0, 1,..., p — 1}*, the integer (ww);; will always be divisible
by p"* — 1 where b = p — 1 — b for letter each b in the alphabet {0, 1, ..., p — 1}. This
follows since

Yo [P+ p—1=b] =" =D+ (p" = Dp" b
i=1

i=1

Thus, we obtain the following corollary.

Corollary 2.4. Let w = (a,)s2, be an infinite word on the alphabet {0,1, ..., p — 1}
satisfying the property that there is a sequence (w j);?‘;l of finite words and a sequence

.. 4 .
of positive real numbers (& j);';l such that the word w ;w;w j’ occurs as a subword in w

. 3j . . . .
and lim;_, o, |w j’ | = co. Then w, satisfies the p-adic Littlewood conjecture.

Another property that can be deduced is that if a word w contains a sequence of
increasing prefixes of another word v and v, satisfies pLC, then so does w,.
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Proposition 2.5. Let w,v € {0, 1, ..., p — 1}* and assume that there exists a sequence
of prefixes (vi)i2, of v such that |vy| — oo and vy appears as a subword of w for all
k. If v, satisfies pLC, then so does w.

An infinite word w = (a,);2, is said to be recurrent if any finite subword v of w

occurs infinitely often in w. It is said to be uniformly recurrent if for every finite subword
v of w, there exists a constant N, such that v appears in every subword of w of length N,.
Using an idea similar to the work of Badziahin [3] on “limit words” of continued fraction
expansions, we can look at the topological closure of the set of base-p expansions of the
counterexamples to pLC under the action of the shift map. This allows us to deduce that
if this set is non-empty, then it contains an element with a uniformly recurrent base-p
expansion.

Theorem 2.6. If there is a counterexample to pLC, there is a counterexample with a
uniformly recurrent base-p expansion.

Remark 2.7. It is worth noting that none of the above statements rely on p being prime
other than to link to the p-adic Littlewood conjecture. In particular, we can replace p with
a composite number n to obtain analogous results on the “n-adic Littlewood conjecture”.

The proof of Theorems 2.1 and 2.3 can be found in Section 3.1. The proof of
Proposition 2.5 and Theorem 2.6 is in Section 3.2.

2.1.1. Results on morphic words

Let w = ¢®(a) be a pure morphic word. If the prefix ¢*(a) contains overlap of the
form uXuXu for some k € N, then ¢”(u)e" (X)@" ()™ (X)¢" (1) is a subword of ¢**"(a)
for all n € N. Under the assumption that u is not mortal for ¢, infinitely many instances
of overlap occur. Furthermore, if lim,_, o, |¢"(#)| = 0o, the word satisfies the conditions
of Theorem 2.1. This leads to the following proposition.

Proposition 2.8. Let w = ¢“(a) € A® be a pure morphic word containing a subword
uXuXu such that lim,_, o |¢"(u)] = oo. For any non-erasing morphism g : A —
{0,1,..., p— 1}, the real number g(w), satisfies the p-adic Littlewood conjecture.

Remark 2.9. Here we should note that the condition lim,_, « |¢"(#)| = oo is instantly
satisfied for morphisms which are expanding, including (powers of) primitive morphisms
and k-uniform morphisms for k > 2. Furthermore, due to a result of Durand [9],
all uniformly recurrent morphic words are primitive morphic. Therefore, if x is a
counterexample to pLC with a morphic, uniformly recurrent base-p expansion of the
form t(¢p®”(a)), then the underlying pure morphic word ¢“(a) must be overlap-free.

Similar to the previous argument, if a morphism ¢ is prolongable on the letters
a,b € A* and b appears in the word ¢®(a) at least once, then every prefix of ¢“(b)
appears in ¢“(a). Proposition 2.5 then directly implies the following corollary.

Corollary 2.10. Let w = ¢“(a) be a pure morphic word over A and let B be a sub-
alphabet of A such that ¢ : B — B*. Furthermore, assume that ¢“(a) contains a letter
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b € B such that ¢ is prolongable over b and let T : A — {0, 1, ..., p — 1} be a coding.
If ©(¢®(D)), satisfies pLC, then so does t(¢®(a)),.

2.2. Applications to the 2-adic Littlewood conjecture

In the case of the 2-adic Littlewood conjecture, all pure morphic words satisfy at
least one of three properties (P1)-(P3) — see Lemma 4.2. Combining this result with
Theorem 2.1 and other results in the literature leads to the following theorem.

Theorem 2.11. Let x € [0, 1] and assume that the corresponding base-2 expansion
w(x, 2) is a pure morphic word. Then x satisfies 2LC.

This theorem can be extended to a class of results regarding pLC by applying
Corollary 2.10.

Corollary 2.12. Let w = ¢“(a) be a pure morphic word over A and let B be a sub-
alphabet of A such that ¢ : B — B* and |B| = 2. Furthermore, assume that ¢“(a)
contains a letter b € B such that ¢ is prolongable over b. Then t(w), satisfies pLC for
any coding T : A— {0,1,...,p—1}.

Finally, as a result contrasting with Corollary 2.2, we show that the lengths of the
overlap-free subwords of the base-2 expansion of a counterexample to 2LC are bounded.

Theorem 2.13. Assume that x is a counterexample to 2LC and let w(x,2) be the
corresponding base-2 expansion. Then the length of the overlap-free subwords in w(x, 2)
are bounded.

The proofs of Theorem 2.11 and Corollary 2.12 can be found in Section 4.1 and the
proofs of Theorem 2.13 can be found in Section 4.2.

3. The p-adic Littlewood conjecture
3.1. Proof of Theorems 2.1 and 2.3
To prove Theorems 2.1 and 2.3, we will show that the conditions of these theorems

imply (3). To this end, we will produce sequences (g 1)?;1 and (k j);oz1 of natural numbers
such that

lim g; - [lg;p" x|l = 0. (6)
J—>00

Proof of Theorem 2.1. For each j € N, let k; be the length of the prefix of (a,);2, up
to the first occurrence of the subword w;w; wj.j . Set

) )
x' = {pij} = {pkj Zanpn} = Zakﬂ—npin-
n=1 n=1

. . . 8
Then, the base-p expansion of x’ begins with the subword w;w;w .
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Now, for each j, we denote w; as bg'i)b;j) . bf,{f where m; = |w;|, and define a

sequence of rational numbers
o Mj b(]) S 1 nj b(/)

=20 oy = 2

4j h=0 i=1 P h=0 P

These are the rational numbers (in reduced form) whose base-p expansion is obtained
by extending the word w; periodically. We will show that the sequence of denominators
(‘Zj)?il can be used in (6).

The numbers r;/q; approximate x’ rather well. Indeed,

hm}

- M W) o A 1
, il 2,i hi
- C]_ - Z i+2m; + Z p m;j Z < 2mj+8;m;]’
J i=16;m; 141 P =3 i=l p

where c(j = (@ thmj4i — bgj )). On the other hand,

qj \&pmi)\=p ] pri-1&p o phi—1

i=1 i=1

~

where r; € Z. Consequently, g; < p™/ — 1 < p™/ and therefore,

1

rj
—| < —ptéjij'

q; - lg;phxll < q} - |x' — =
j
Since §; - m; is assumed to tend to infinity with j, the theorem follows. [J

The above proof illustrates a very useful technique for using combinatorial properties
of base-p expansions to show that real numbers satisfy pLC. The proof of Theorem 2.3
serves as generalisation of the above method.

Proof of Theorem 2.3. For each j € N, let k; be the length of the prefix of (a,);2, up

6 .
to the first occurrence of the subword w;w w .’ and set

"= (plix)

Then, the base-p expansion of x" begins with the subword w; w .Letn; = [§;].
For each j € N, we denote w; as b(J)b(J) . bﬁ,{? and set

oo Mj b(]) 00
=33 = (X g ) () g

4j hO:lp n=0 P

These are the rational numbers (in reduced form) whose base-p expansion is obtained
by extending the word w; periodically. _
As in the proof of Theorem 2.1, this sequence of rational numbers —{ approximates
4qj

x" very well,

" mj C</> 0 i o) 1
U= ni
X - q_ - Z l+n mj + Z hml i < mj+8jm;|’
J i=1(8;—nj)mj|+1 p h=nj+1 p i=1 p
h (j) A b(/)
where ¢, = (ax;+2nm +i ).
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Let d; = ged(p™/ — 1, (w j);;). Then there exists some a € N such that

mj
ad; = mef*ibgj).
i=1
Combining this with (7) shows
i dj
qj pmj -1 .
From (5), it follows that ¢; < (p™i —1)/d; < p* and therefore

2¢;
2 . x/ _ r_] < V4 J _ 1
9; g; | = ] T
Since it was assumed that lim;_,m; + [§;m;] — 2¢; = oo, this completes the
proof. [

3.2. Proof of Proposition 2.5 and Theorem 2.6

Given an infinite word w € A®, we define the set of suffixes S(w) of w € A® to be
S(w) = {T*(w) : k € Z=o).

We can turn A® into a metric space by defining a metric d(x, y) = 27!, where u is the
largest common prefix of x and y and d(x, x) = 0. From this, we can take the topological
closure of the set of suffixes S(w). A word v € A® is an element of S(w) if and only if
every prefix of v appears in w. Analogously, for any x € [0, 1], we can define the set

Tp(x) = {{p"x}:n e NU{0}}.

Assuming x is not a rational number with denominator equal to p* for some natural
number k > 1, the sets T,(x) and S(w(x, p)) are in bijection, where each real number
corresponds to its base-p expansion. Likewise, the topological closures 7,(x) (using the
Euclidean metric) and S(w(x, p)) are also in bijection. This comes from the observation
that there is a subsequence {p*ix} that limits to y if and only if the base-p expansions
of {p*ix} limit to the base-p expansion of y. Using the notions above, the proof of
Proposition 2.5 essentially comes down to showing that if any accumulation point of
T,(x) satisfies pLC, then x satisfies pLC. The contrapositive of this statement is shown
in the next lemma.

Lemma 3.1. Let x be a counterexample to pLC and assume that there exists some ¢ > 0
such that mp(x) > €. Then m,(y) > € for all y € T,(x).

Proof. We trivially have that m ,(x) > ¢ implies that m ,({p"x}) > ¢ for every n € NU{0},
since

liminfgq - |g|, - llgp"x|| = liminf p"q - |p"q|, - | p"gx|l > liminfq - |q|, - llgx||.
q—>0 q—>00 g— 00
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Assume that y is a limit point of T,(x) such that m,(y) < e. Then there exists some
¢’ € R satisfying 0 < ¢’ < ¢ < 1 and some sequence (g,)5c, such that

lim qn - |Qn|p ' ||Qny|| =¢.
n—o00

For every n € N, let §, = 2_1qn‘ 2(¢ —¢’) and let k, be the smallest natural number such
that {p*x} = y + A, with |A,| < &,. The existence of each k, follows from the fact
that y is an accumulation point. This implies

“guxll = qn - qul, - llgnp* x|l

< qn1qnlp - NgnY Il + n - 1gnl, - l1gn Dnll
< qn - qnly - Ngn Yl + Gn - 1gn Anl.

P"qu 10" anl, - lp

Then
Jm P gn 1P qnl, 1P guxll <€ +27 (e — &) < e
Therefore, m ,(x) < & which is a contradiction. []

We will now use Lemma 3.1 to deduce that should a counterexample x to pLC exist,
there exists an element y of T,(x) with a uniformly recurrent base-p expansion that is a
counterexample to pLC. This is sufficient for Theorem 2.6.

Proposition 3.2. Let x be a counterexample of pLC. Then T,(x) contains a counterex-
ample of pLC with a uniformly recurrent base-p expansion.

Proof. By construction m is closed and bounded. Therefore, m is compact and
invariant under multiplication by p. The corresponding set of base-p expansions is given
by S(w(x, p)) and is also compact and invariant under the shift map 7. At least one
minimal, invariant, compact subset R of S(w(x, p)) exists, and by [13, Theorem 1.5.9],
this is a set comprised of numbers with uniformly recurrent base-p expansions. By
Lemma 3.1, all elements in R are counterexamples to pLC. [

4. The 2-adic Littlewood conjecture

4.1. Proof of Theorem 2.11

In order to prove Theorem 2.11, it will be useful to first introduce a number of
auxiliary results. The first result is that of Seébold [15], which shows that the only pure
morphic words over {0, 1} which are overlap-free are the Thue—Morse word M and its
complement M.

Theorem 4.1 ([/5]). M and M are the only pure morphic overlap-free words in {0, 1}*.

Using this theorem, we can give the following characterisation of all binary pure
morphic words.
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Lemma 4.2. Let w be a pure morphic word in {0, 1}*, where ¢ is the underlying
morphism. Then (at least) one of the following statements holds:

P1) wis M or M.

(P2) There is a non-trivial subword v of w, such that v" is a subword of w for all
neN.

(P3) w contains overlap of the form aXaXa where a € A and X € A* and
lim,—,  [¢"(a)| = o0.

Proof. In the case that w is overlap-free, Theorem 4.1 shows that w is the Thue—-Morse
word M or its complement M P1).

Assume that w is not overlap-free and that w = ¢“(0) — the case that w = ¢“(1)
follows by symmetry. Then, for some words u, v € {0, 1}*, we have

¢0)=0u and ¢@(1)=n.

Since ¢ is prolongable over 0, the word u is not the empty word. In particular, |¢(0)| > 2.
Note that if u consists only 0’s, i.e., u = 0" for n € N, then

w = ¢(0) =0,
where x® is the periodic word xxx - - -. Thus, w satisfies (P2).

Case I: v is the empty word .
Since ¢(1) = €, applying the morphism to ¢*(0) will ignore any 1’s in this sequence.
In other words, if i is the number of 0’s that appear in <p" (0), then

¢ 10) = (p(0)™ .
Therefore, iyy) = i - i} = i{‘“. Since ¢ is prolongable, u contains the letter O at least
once, and so i1 > 2. Since limy_, o iy = 00,
w = ¢”(0) = ((0)”.
In this case, w satisfies (P2).
Case II: v = 1".

As discussed above, we can assume that u contains the letter 1 at least once. If
(1) = 1" for some n > 2, then ¢*(1) = 1" . Since ¢(0) contains the letter 1, the
word ¢**t1(0) contains the subword ¢*(1) for all k¥ € N. Therefore, w = ¢“(0) satisfies
P2).

Let v = 1. Note that if u does not contain the letter 0, i.e., u = 1¥, then

©*(0) = p(0)p(1") = 017, ¢*(0) = p(0)p(1*) = 01, and ¢"(01%) = 01",
In this case, ¢®(0) = 01> and (P2) is satisfied. Furthermore, if u = w01% with k € N,
we note that for all m € N

@(01™) = 0u'01%1™ = 0u'01%+™,

In particular, for all n € N the word ¢"(u) ends in the term 1¢+Dk Therefore, w satisfies
(P2), and so we have now reduced our considerations to the cases where u ends in the
letter O.
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If u = 1¥0 with k € N, then
9*(0) = p(0)1*p(0) = (01¥0)1%(01%0).

Since this word contains the subword 01¥01¥0 and ¢ is prolongable on 0, the length of
¢"(0) tends to infinity and (P3) is satisfied.
Finally, assume that u = u’01¥0 with k € Zo. The word

@(01%0) = 0u'01*01%0u'01%0

contains 01¥01%0 as a subword. Since ¢ is prolongable on 0, the length of ¢"(0) tends
to infinity and (P3) is satisfied.

Case III: v contains 0.

Again, we can freely assume that u# contains the letter 1. Since v contains the letter 0,
the morphism ¢ is primitive: if v contains both 0 and 1, it follows by definition; if v only
contains the letter 0, then ¢2(1) will contain ¢(0) which contains both the letters 0 and 1.
Since ¢ is primitive, lim,_,  [¢"(0)| = lim,_ o |¢"(1)| = co. Under the assumption that
these words contain overlap (otherwise (P1) applies), it follows that (P3) is satisfied. [l

The final result needed to prove Theorem 2.11 is due to Badziahin and Zorin, which
shows that the real number that has the Thue—Morse word (or its complement) as its
base-n expansion is well-approximable provided that n is not divisible by 15. Note that
if n is divisible by 15 the result is unknown, as opposed to being false.

Theorem 4.3 ([5]). Let M, be the real number whose base-n expansion is the Thue—
Morse word. If n is not divisible by 15, then M, is well-approximable.

Combining together Section 3.2, Lemma 4.2, and Theorem 4.3 provides the proof for
Theorem 2.11.

Proof of Theorem 2.11. From Theorem 4.3, M, is well-approximable and therefore,
satisNﬁes 2LC. In this case, ]\712 is given by 1 — M,. Since M, is well-approximable, so
is M,. Therefore, the real numbers whose base-2 expansion satisfy (P1) satisfy 2LC.
For words satisfying (P2), we note that for any periodic word v, i.e., v = X, the
real number v, is rational and therefore, well-approximable. Applying Proposition 2.5
shows that the real numbers whose base-2 expansions satisfy (P2), also satisfy 2LC.
Finally, Proposition 2.8 implies that for any base-2 expansion which satisfies (P3), the
corresponding real number satisfies 2LC. [

4.1.1. Proof of Corollary 2.12

From Corollary 2.10, we can extend Theorem 2.11 to Corollary 2.12, by showing that
for any morphism ¢ : {a, b} — {a, b}* which is prolongable on a with a, b € A and any
coding 7 : A — {0, 1, ..., p — 1}, the real number 7(/“(a)), satisfies pLC. Note that
since a and b are arbitrary letters, we can consider them to be letters in {0, 1, ..., p— 1}
and forget the coding. By the same argument, the word ¥“(a) can be rewritten as a
coding of a pure morphic word w over the alphabet {0, 1}, i.e., ¥“(a) = o(w) where
0(0) = a and o(1) = b. If w satisfies (P2) or (P3), then ¥*(a), satisfies pLC using
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the same arguments as in the proof of Theorem 2.11. When ¥ “(a) is a coding of the
Thue-Morse word or its complement, the situation is a bit more complicated.

Let TM(a, b) be the coding of M, where 0 is mapped to a and 1 is mapped to
b. In order to complete the proof of Corollary 2.12, we will show that T M(a, b), is
well-approximable for all primes p and all a, b € {0, 1,..., p — 1}.

Proposition 4.4. Let a, b € {0, 1,...,n — 1}. If n is not divisible by 15, then T M(a, b),
is well-approximable.

Proof. We start this proof by noting that if a real number x is well-approximable, then
adding a rational number p/q or multiplying by a rational constant will preserve this
property. In particular, TM (0, 1), is well-approximable if and only if r - TM(0, 1), is
well-approximable for all r € Q. If we restrict r to {0, 1,...,n — 1}, then the base-n
expansion of TM(0, r), is

v

STM©O, 1), =r-Y —2 =
PIMO = 2= 0

o0 rm©.1),.

n

where o (i) returns the ith letter in the Thue-Morse word.
Similarly, TM(0,n — 1), is well-approximable if and only if TM(n — 1,0), is
well-approximable. This follows from the following observation:

(n—1-00)

nl

1—TM((),n—1),,=1—Z
i=l
zim—l)'(l—f’@)

i=l1

nl

= TM(n —1,0),.

Multiplying by k/(n — 1) shows that the number T M (k, 0), is well-approximable for all
ke{0,1,...,n—1} if and only if TM(n — 1, 0), is well-approximable.

Furthermore, we note that for £ € {0, 1,...,n — 1}, the real number whose base-
n expansion is an infinite string of £’s corresponds to the rational number ¢/(n — 1).
Therefore, if £ <n — 1 — k, then

; P kooi) o=l  k-o(i)+4
TM(0, k), = : — =Y 2 —TMWU, {+k),.
0, )y + ~— Z " +Z > (€. e+k)

i=

i=1
Likewise, TM(k,0), + ¢/(n — 1) = TM(k + £, £),,. This, combined with the previous
arguments, shows that for all a,b € {0,1,...,n — 1} the real number T M(a, b), is
well-approximable if and only if 7 M(0, 1), is well-approximable. Applying Theorem 4.3
completes the proof. [

4.2. Proof of Theorem 2.13

Let © be the Thue—-Morse morphism. In order to prove Theorem 2.13, we will use
Section 3.2, Theorem 4.3, and the following two lemmas.
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Lemma 4.5. For every overlap-free word x € {0, 1}*, there exist words u, v,y € {0, 1}*
with |u|, |v| <2 and x = up(y)v.

Lemma 4.6. Let y € {0, 1}*. Then y is overlap-free if and only if u(y) is overlap-free.

For Lemma 4.5, see [11, Theorem 6.4] or [1, Lemma 3]. For Lemma 4.6, see [2,
Lemma 1.7.4].

Proof of Theorem 2.13. In order to prove this result, we will show that every overlap-
free base-2 expansion of length K contains a prefix of M or M of length p(K), where
limg_, o p(K) = 00. The result then follows from Proposition 2.5 and Theorem 4.3.

Let x be an overlap-free word of length K. By Lemma 4.5, there exist words
up, vy, y1 € {0, 1}* with |uy], |vy] < 2 and x = u;u(y;)v;. Using this construction, we
can conclude that |u(y)| = K — |u| — |v| = K — 4. Furthermore, since p is 2-uniform,
i.e., |n(0)| = |u(1)| = 2, the length of y; is equal to |u(y;)|/2. Provided that K —4 > 1,
we also have that y; is not the empty word.

Since x is overlap-free, it follows that w(y;) is overlap-free. Additionally, Lemma 4.6
implies that y, is overlap-free. As a result, there exist u,, v,, y, € {0, 1}* with |us|, |va] <
2 such that y; = upu(y2)v,. Then x can be rewritten as

x = wp(y)vr = g p(u)id (y2)u(v2)vr.
The length of y, is bounded as follows:

[yi| —4 [yl
<yl < —

2 2
More generally, for any k € N, the subword y; can be rewritten as

Vi = Ui 1 Ykt 1)Vt 1,

where ugy1, Vigt, Vi1 € {0, 1}, Jug1l, [vig1] <2 and

Note that w1, k41 and yxy; can all be the empty word.
Using this substitution, x can be rewritten in terms of y; as

x = uipun) - @t ou W) - pwa)vr,
where the length of y; is bounded below:
K—4-2=1)

2k '

From (8), the word y; is non-empty provided that K —4-(2% —1) > 0. By rearranging,
the largest value of k that guarantees that y; is non-empty is k = [log,(K + 4)] — 2.
For such a value of k, let a be any subword of y, of length 1. Then u*(a) is a prefix of

either M or M. Since W is 2-uniform and |a| = 1, it follows that the length of this prefix
is

®)

[kl >

|k (a)| > 2F
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> 2(10g2(K+4)—3)

K+4

—3
Since limg _, (K + 4)/8 = 00, the result follows. [J
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